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Abstract

For the incompressible Navier-Stokes equations in R? with low viscosity v > 0, we consider
the Cauchy problem with initial vorticity wg that represents an infinitely thin vortex filament
of arbitrary given strength I' supported on a circle. The vorticity field w(z, t) of the solution
is smooth at any positive time and corresponds to a vortex ring of thickness /vt that is
translated along its symmetry axis due to self-induction, an effect anticipated by Helmholtz
in 1858 and quantified by Kelvin in 1867. For small viscosities, we show that w(z,t) is well-
approximated on a large time interval by wyin (€ —a(t), t), where wyin(+, t) = exp(vtA)wy is the
solution of the heat equation with initial data wp, and a(t) is the instantaneous velocity given
by Kelvin’s formula. This gives a rigorous justification of the binormal motion for circular
vortex filaments in weakly viscous fluids. The proof relies on the construction of a precise
approximate solution, using a perturbative expansion in self-similar variables. To verify the
stability of this approximation, one needs to rule out potential instabilities coming from very
large advection terms in the linearized operator. This is done by adapting V. I. Arnold’s
geometric stability methods developed in the inviscid case v = 0 to the slightly viscous
situation. It turns out that although the geometric structures behind Arnold’s approach are
no longer preserved by the equation for v > 0, the relevant quadratic forms behave well on
larger subspaces than those originally used in Arnold’s theory and interact favorably with
the viscous terms.

1 Introduction and main result

We consider the Cauchy problem for the 3d incompressible Navier-Stokes equations in the vor-
ticity form

Ow+u-Vw—w-Vu = vAw in R3 x (0,00), (

1.
wli=o = wo in R?, (1.

1)
2)
where we use the familiar notation w(z,t) for the vorticity of the fluid, and the velocity u(x,t)
is given by the Biot-Savart law u(z,t) = (47) 7" [ps w(y,t) A (z — y) |z — y|~®dy . Our focus is
on the special case where the initial vorticity wy = I'd¢ is an idealized vortex filament given by

a current! of strength I concentrated on an oriented circle C C R3. More precisely, wp is the
vector-valued measure on R? defined by the identity

3
(wo, @) = P;/Cﬂﬂidwi, (1.3)

which is assumed to hold for any continuous test function ¢ = (¢1, @2, ¢3). In the well-known
analogy between fluid mechanics and electromagnetism, wy can be thought of as an electric

'Here the term current can be understood in its heuristic meaning but also in the technical meaning of the
geometric measure theory, such as in [24].



current of intensity I' flowing through an infinitely thin wire represented by the circle C; the
direction of the current is then given by the orientation of the circle and the sign of I'. Vortex
filaments were already considered in the classical 1858 paper of Helmholtz [40] which deals with
the inviscid case v = 0 corresponding to the Euler equation. Helmholtz argued that a circular
vortex filament of zero thickness would move with infinite speed along its symmetry axis. In
1867 Kelvin [44] established the following formula for the speed of a vortex ring of small but
finite thickness d > 0 and radius rg > d:
87“0

V = 471;0 <log = C) ) (1.4)

where C' € R is a dimensionless constant that depends on the distribution of vorticity inside a
cross section of the ring. If the distribution is uniform, which is probably the assumption made
by Kelvin, the relevant value is C' = %, see [46, §163].

thickness ~ /vt
wo = F(SC

v

t=20 t>0

Figure 1: An illustration our main result. Starting from a vortex filament supported on an oriented circle
C, the solution of the Navier-Stokes equation evolves into a viscous vortex ring of thickness proportional
to v/t which moves along the symmetry axis at a speed V given by the Kelvin-Saffman formula (1.5). In
the right picture, the vortex lines are circles that fill the solid torus depicted in blue, whereas the black
arrows denote the trajectories of the fluid particles.

In the viscous case v > 0, the solution originating from the singular filament wg = T'd¢
becomes smooth for any positive time ¢ > 0 and is expected to represent a viscous vortex ring
of thickness proportional to v/vt, as long as that quantity is small compared to the radius rg
of the ring. Based on Kelvin’s formula one anticipates that the vortex ring will move at the
(time-dependent) speed (1.4) with d = /vt and C corresponding to a Gaussian distribution of
vorticity inside the core. To the best of our knowledge, the relevant value of the constant C' was
first determined by Saffman in [55]. The computation gives C' = 3 log(2) + 3(1 — vg), where
vE ~ 0.5772... is Euler’s constant.? We will refer to the formula
_ %TO <1og \8/% _ ;log2 - %(1 - w)) (1.5)
as the Kelvin-Saffman formula for the speed of a viscous vortex ring.

When the initial circle C is parametrized by (rgcosf,rosiné,0) for 6 € [0,2x], with the
orientation in the direction of increasing €, the translational motion will be in the positive
direction along the xz-axis if I' > 0.

V(t)

*Fraenkel’s paper [26] contains formulae that can be used to obtain the same result. Tung and Ting in [56]
also give a formula for C' of a similar nature, which however needs a small correction.



It is proved in [33] that the Cauchy problem (1.1), (1.2) with wy = I'dc has a unique solution
in natural classes of axisymmetric fields. The main result of the present paper, Theorem 1.1
below, describes the precise behavior of that solution in the low viscosity regime where the
circulation Reynolds number Re := T'/v is large. Our description is valid on a time interval whose
length is intermediate between the advection time and the diffusion time, defined respectively
as

2 2

T T
Ty = -2 Ty = 2. 1.6
adv T’ dif U ( )

Note that T,qy < Tgif when Re > 1. The leading term in our approximation is exactly the one
suggested by the Kelvin-Saffman formula together with the simplest diffusion heuristics: The
ring diffuses according to the linear heat equation, and translates with speed (1.5) along its
symmetry axis. Denoting by wy,(z,t) the solution of the heat equation dyw = vAw with initial
condition wli=o = wo = I'éc, and defining ||n[| = [|n/r[/1®s), where r = r(z) is the distance
from z to the symmetry axis, we can state our main result as follows.

Theorem 1.1. There exist dimensionless constants K > 0, Ry > 0, and o € (0, %) such that,
for allT > 0, all 79 > 0, and all v > 0 satisfying Re := I'/v > Ry, the following holds. If
wo = I'dc where C is an oriented circle of radius rqy, the unique axisymmetric solution w of the
Cauchy problem (1.1), (1.2) established in [33] can be expressed for t € (0, Toay Re?) as

' \/V—t 1-30
w(x,t) = win(x —a(t),t) + weor(z,t), with |weor(-,t)|| < KT [ — ) (1.7)
To
where a(t) describes the translation of the ring along its symmetry azxis according to the Kelvin-
Saffman formula (1.5). Specifically, if C = {(rgcosf,rosinf,0); 6 € [0,2x]} is oriented posi-
tively, one has a(t) = (0,0, a3(t)) where az(t) = fg V(s)ds and V is given by (1.5).

An extended version of our result, including a more precise approximate solution and a much
stronger control of the correction term, is formulated as Theorem 2.6 below, after the necessary
notation has been introduced in Section 2. In particular, the exponent 1 — 3o in (1.7) can be
improved to 1 if we take into account higher-order corrections to the Kelvin-Saffman formula.

In Theorem 1.1, the constants K and Ry are large, whereas the exponent o > 0 is taken
small. We conjecture that an approximation result of the form (1.7) remains valid on longer
time scales of order TadVRe"/ with ¢’ close to 1, but we have no proof so far. In view of (1.4),
the advection time T,q, can be interpreted as the time needed for a vortex ring of circulation I'
and small (but not infinitesimal) aspect ratio d/rg to travel over a distance comparable to its
radius rg. In contrast, the diffusion time Tyt = ToqvRe is the time at which the diffusion length
Vvt becomes equal to the radius rg, so that the vortex ring structure is essentially lost. The
assumption that Re > 1 means that the vortex ring can travel along its symmetry axis over a
very long distance, compared to its radius rg, before being destroyed by diffusion. In particular,
on the time scale T' = T,qy Re? where Theorem 1.1 provides a rigorous control we find, using
(1.5) and (1.6),

r 7nO l—0oc ,
la(T)| = / V(t)dt = ERe”(]og(ReT) +C),
0

for some constant C’. Obviously the quantity in the right-hand side grows boundlessly as
Re — +o00, even in the limiting case where 0 = 0 and T = Tyqy.

It is instructive to compare the situation for vortex rings with the case of a rectilinear
filament, where the vorticity is initially concentrated on a straight line ¢ in R3. Let us denote
this initial vorticity field by wg = I'ds. In that case the solution of the full vorticity equation is
given by w(-,t) = T'e”*™§;, because the nonlinear terms vanish identically due to symmetries



when evaluated on the solution of the heat equation 0;w = rvAw. Although the evolution of the
velocity and the vorticity fields does not look very dramatic, the fluid particles in the vicinity of
¢ do move at very large speeds when vt is small, and the inertial forces in the fluid are therefore
significant. However, these forces are exactly balanced by the pressure gradient.

When the rectilinear filament is bent into a vortex ring (as already considered in Helmholtz’s
1858 paper), the inertial forces are no longer in balance and the ring has to move. To achieve a
relatively smooth motion, the bent vortex has to be “well-prepared” so that the inertial forces
generated by the fast-moving fluid particles are still mostly canceled and do not generate fast
oscillations. The initial condition wg = I'dc has the advantage of letting the equation to adjust
the vorticity field into a well-prepared state without trying to achieve this “by hand”. Quite
remarkably, this adjustment is made in exactly such a way that the oscillations are avoided.?
The largest inertial forces still cancel and the situation remains somewhat close to the rectilinear
case with only two significant differences: (a) some motion of the ring along its axis of rotational
symmetry is needed to balance the forces, but the speed of this motion is much lower than the
speed of the fast particles in the fluid; (b) once the thickness of the ring becomes comparable to
its radius, new effects (not discussed in this work) appear.

Theorem 2.6 can be compared with a result by Brunelli and Marchioro [9], where the authors
consider general axisymmetric vorticities that are initially supported in a torus of major radius
ro > 0 and minor radius 0 < py < rg. Under certain technical assumptions, they show that the
solution of the Navier-Stokes equations remains essentially concentrated in a thin torus which
moves along the symmetry axis according to Kelvin’s law. If the vortex strength I' is kept fixed,
the solution is under control on a time interval of length T log(ro/po) !, which therefore shrinks
to zero as pp — 0. Also, the authors assume that the viscosity satisfies vT" < pg (up to a
logarithmic correction), so that the viscous effects can be treated perturbatively. In the same
spirit, the case of several vortex rings with a common symmetry axis was recently considered
in [11], see also [7,12] for similar results in the inviscid case. Our Theorem 2.6 is restricted to
specific initial data, which correspond to pg = 0, but it provides a more precise control of the
solution on a much longer time scale, and the diffusive effects are not treated perturbatively.

1.1 Main ideas of the proof of Theorem 1.1

Our analysis starts with the construction of a precise approximation of the solution w(z,t).
This is achieved by writing the solution in suitable self-similar coordinates that capture well the
singular behavior of the solution at ¢ = 0 through explicit rescalings of a smooth “profile” 7
that can be thought of as a perturbation of a suitable Gaussian 1. The perturbed profile 7 is
expressed as an asymptotic series in the time-dependent parameter € = /vt/F, with 7 = 7(t)
denoting the instantaneous radius of the ring. To achieve a precision that is sufficient for our
purposes, we need an expansion up to the fourth order: 7 = 19 + en + €212 + €13 + €14 + Neor-
The profiles n; with j > 1 are obtained by inverting operators containing the small parameter
9 = 1/Re =v/T', and in that sense we really deal with a two-parameter expansion. As far as we
know, this is somewhat different from other expansions in the literature, such as [14,55,30]. A
one-parameter formal expansion in € would treat § as ~ €2, in view of the relation 72¢? = §I't.
Keeping both parameters makes it easier to cover the regimes when €2 and ¢ are not really
comparable, as is the case for very small and very large times. For the sake of completeness,
we mention that the vorticity profiles n; for j > 1 can also depend on loge. That phenomenon
is well known, and the leading term in the speed of the ring is precisely related to choosing a
moving coordinate system in which the terms with log e in 7; are eliminated.

3In the related situation of interacting vortices in R?, this was already observed in [31].



The main difficulty in the proof of Theorem 1.1, however, is not in the computation of an
approximate solution, but in showing that the true solution remains close to this approximation
on a large time interval. This requires fairly strong stability properties for the linearization of
the vorticity equation at the approximate solution, which is very singular in the low viscosity
regime. When the initial condition corresponds to a finite number of parallel rectilinear vortices,
a stability analysis was carried on in [31] by using suitable weighted L? spaces adapted to the
specific features of the rectilinear vortices with Gaussian profiles. In the vortex ring case the
nonlinearity of the equations starts affecting the formal expansions earlier and it is unclear
whether the setup in [31] can be used to show that the vortex ring will not disintegrate on
time-scales approaching zero as v — 0. A recent important work [6] extends some of the 2d
methods for proving stability to a relevant 3d situation, but the length of the time interval over
which the solution is under control may approach 0 as v tends to 0.

In physical flows and numerical experiments one observes a remarkable degree of stability
of vortex rings as well as signs of instabilities with respect to non-axisymmetric perturbations,
see for example [59,52]. At a rigorous mathematical level the stability issues have not been well
understood. In fact, when I'/v is not small, not only the stability, but even the uniqueness of
the solutions of the Cauchy problem above with wy = I"dc (and also with wg = I"dy) is open in
classes of solutions that do not share the symmetry of the initial data.

In the 1960s, V. I. Arnold suggested a variational method for proving stability of steady
solutions to Euler’s equation based on a geometric insight that can be summarized as follows,
using the Hamiltonian setup of [49]:

(a) The incompressible Euler equation can be viewed as a Poisson system with a Hamiltonian
function given by the usual kinetic energy.

(b) The steady states are critical points of the energy on the symplectic leaves. The latter
coincide with the coadjoint orbits, called just orbits in what follows, of the group of the volume-
preserving diffeomorphisms of the fluid domain acting by push-forward on the vorticity fields.

(c) When the critical point is a local maximum or a local minimum on an orbit, the corresponding
steady state should be stable.

These ideas fit into a broader family of methods used for proving stability of solutions of
Hamiltonian systems by invoking extremality properties of a conserved quantity under con-
straints given by other conserved quantities. For example, a circular planetary orbit in the
three-dimensional Kepler problem is stable because it minimizes energy for a given angular
momentum.* In the applications to vortex rings, it is natural to restrict the analysis to azisym-
metric flows with no swirl, which means that the velocity field is invariant under rotations about
a symmetry axis and under reflection across any plane containing that axis.

Arnold’s method has found many applications to Euler flows in 2d (see, for example, [4]),
and has also been invoked in the work of Benjamin [8] on inviscid vortex rings that is directly
relevant for our purposes here. Although some arguments in [8] may not be fully rigorous, they
provide important suggestions for investigating stability of inviscid vortex rings in the class of
axisymmetric solutions. In a different direction, the conservation of energy, impulse, and vortex
strength has been used to control the evolution of a general class of concentrated solutions of
the Euler equations describing vortex rings, see for example [7,12].

There is voluminous literature on the stationary vortex ring solutions of the Euler equation,
starting with the explicit solution of Hill [42], see e.g. [1,2,5,10,15-18,26-29,53,54,57]. Many of
these works rely in one way or another on variational aspects of the underlying PDEs that have
connections to the work of Arnold and Benjamin, albeit in an indirect way. Roughly speaking, if

“It is well-known that this is no longer the case in dimension four and higher [39)].



we compare Arnold’s setup to the maximization of a function f(x) under constraints g;(z) = ¢;,
one can compare some of the variational approaches in the references above to searching for
critical points of f(x) — A\gi(x) — -+ — Angm(x) when the Lagrange multipliers Aq, ..., A, are
given. Readers interested in related links can find more details in [34].

In our asymptotic expansions of the solutions of (1.1), (1.2) inviscid vortex ring solutions
can also be discerned. For each fixed time ¢t > 0 the third-order expansion in our parameter
€ = \/vt/7 is a good approximation of an inviscid vortex ring, at least in the limiting case where
our second parameter § = v/T" is taken equal to zero. A part of our stability analysis can be
thus understood in terms of the stability properties of this ring, see Remark 2.3 and Section 3.8
for more details.

If one wishes to apply Arnold’s ideas to the solutions of (1.1), (1.2), there appears to be
a non-trivial obstacle: The viscous flows do not preserve the geometric structures that are at
the basis of Arnold’s considerations and the influence of the viscosity is too large to treat the
viscous terms perturbatively. At first this may seem to be a serious problem: If the preservation
of the orbits and the Hamiltonian nature of the equations are violated beyond the reach of the
perturbative approach (such as [9,11]), can the geometric structure relying on maximization of
the energy on symplectic leaves be helpful? In our previous work [34] we showed, in a much
simpler situation, that the answer to this question can be positive. It turns out that the quadratic
forms coming up in Arnold’s stability analysis, although originally envisaged as quadratic forms
on the tangent spaces to the orbits, are often well-behaved on much larger subspaces. This point
can still be conceptually explained by the geometry of the Euler equation. What we find more
surprising is that Arnold’s forms also have favorable behavior with respect to the dissipative
term generated by the viscosity. We can show this by direct calculation, but we do not have
a good conceptual explanation of this fortuitous circumstance. In the paper [34] we showed
that the above ideas can be used to prove the stability of the rectilinear vortex solution (in
self-similar variables) with respect to perturbations for which the vorticity field stays parallel to
the original vortex line. This result has been established previously by a different method [36].
The new proof in [34] can be thought of as a proof of concept that the ideas of Arnold can be
applied even in the presence of viscosity. The application to vortex rings presented here is more
complicated, but we are not aware of any simpler approach in that case.

To conclude this section, we mention a recent important work by Davila, Del Pino, Musso,
and Wei [22], where the authors rigorously establish “leapfrogging” of inviscid vortex rings.
The construction uses “gluing methods” that were previously developed in [21] to study the
interaction of vortices in the plane. The approach shares similarities with ours, as it relies on
the construction of accurate approximate solutions and their stability analysis. The stability
part also uses an Arnold-type energy functional, although the connection to Arnold’s geometric
viewpoint is not explicit. In the inviscid case, the expansion parameter ¢ > 0 does not need
to change during the motion, and the solution is controlled on a time interval of size T'/|log €].
This is shorter than in Theorem 1.1, but our result is restricted to a single vortex ring, and uses
viscous effects. One expects the viscosity to have a stabilizing role, but its interaction with the
geometric structures of Arnold requires a careful analysis. One needs to show that the solutions
will stay “coherent” for a sufficiently long time and the viscous effects will not be enhanced too
much by the high velocities inside and near the ring.

Another description of the leapfrogging motion of vortex rings, in a different parameter
regime, can be found in [13].



1.2 Comments on the local induction approximation for general filaments

The problem studied in this paper can be considered as a special case of the viscous version of
the local induction approrimation conjecture. In the setup considered here the conjecture could
be formulated as follows: if we replace the circle C be a general smooth closed curve and consider
the Cauchy problem (1.1), (1.2) with wy = I'dc, the motion of the filament C should still be
determined essentially by two effects: the diffusion, which transforms the filament into a vortex
tube of thickness d(t) ~ /vt at time ¢, and the advection by the self-induced velocity field. The
latter is described by a geometric equation that represents an extension of Kelvin’s formula to
general smooth curves, and was derived by Da Rios [20] in 1906:

V = <L log &> b. (1.8)

Here V is the vector representing the local velocity of the filament, b denotes the local binormal
vector, 1 is the local radius of the curvature, and d denotes the local thickness of the filament. (All
these quantities may be time- and position-dependent.) In the limit v — 0 the approximation
should be valid until the geometric evolution of the curve by the binormal flow leads to a self-
intersection. For general initial curves C the time of the first self-intersection may be approaching
zero as v approaches zero. The first significant step towards this general case, a local-in time
well-posedness result for a fixed v > 0, was obtained in [6]. Some formal computations related
to the conjecture are presented in [14] and we also refer the reader to the important conditional
result in [43]. Our result can be viewed as a proof of the viscous formulation of the conjecture
in the special case where the curve C is a circle.

For a general smooth curve C and a sufficiently small Reynolds number I'/v, the Cauchy
problem (1.1), (1.2) is globally well-posed as first shown in [38] by a perturbation analysis,
see also [45] for a more general result in the same spirit. Accurate calculations in the recent
noteworthy preprint [25] suggest that even in these perturbative regimes the motion by the local
induction approximation can still be discerned, although its effect is small and the distance
traveled by the ring due to the velocity field (1.8) seems to be quite shorter than its thickness.

The general case of the local induction approximation conjecture for the setup considered
in this paper seems to be difficult. In fact, it is unclear whether the strongest version of the
conjecture is valid even for small perturbations of the circle, as the perturbed filaments may
perhaps become unstable to general 3d perturbations before possible self-intersections. For
example, the instabilities studied in [59,52] may be relevant.

2 Preliminaries and sketch of the proof

In this section we introduce the notation that is necessary to formulate our result in its stronger
form, and we give a pretty detailed sketch of the overall proof. The construction of the approx-
imate solution will be performed in Section 3, and the stability analysis in Section 4. Technical
calculations are postponed to Appendix A and B.

2.1 Formulation of the problem in cylindrical coordinates

In a suitable Cartesian coordinate system, the circle of radius r9 > 0 which represents the
support of the initial vorticity (1.3) is given by C = {(rgcosf,79sin6,0); 6 € [0,27]}. Due to
the symmetries of the problem, it is natural to introduce the standard cylindrical coordinates
(r,0,z) defined by x1 = rcosf, zo = rsinf, xs = z and to restrict our attention to velocity and



vorticity fields of the form
u(z,t) = up(r, z,t)e, +uy(r, z,t)e, , w(z,t) = wy(r,z,t)eq, (2.1)

where e, eg, e, denote unit vectors in the radial, azimuthal, and vertical directions, respectively.
In the usual terminology, we thus consider azisymmetric flows with no swirl, see [48]. Due to
the incompressibility condition divw := rilar(rur) + 0, (u,) = 0, the velocity components u,, u,
can be expressed in terms of the Stokes stream function 1 :

1 1
up = —= 09, uy = =0t (2'2)
r r
With this notation the vorticity formulation of the Navier-Stokes equation (1.1) becomes
w w
Ouwo + {0, 22} = v|(92 + 0w + 0,22 (2.3)

where {-,-} is the Poisson bracket defined by {¢, ¢} = 0,9 0,¢ — 0.9 0,¢. Eq. (2.3) is to be
solved in the domain 2 = {(r,z) € R?|r > 0}. The smoothness of the fields in the original
variables imposes the “boundary conditions” wy(r, z,t) = r((r, z,t) and (r, z,t) = r2U(r, 2,t)
near r = 0, where ¢ and ¥ can be extended to smooth functions on R? x R, that are even
functions of r.

The Stokes stream function can be represented in terms of the vorticity wg = 0,u, — Opu,
by the Biot-Savart law

Y(r,z) = %/ﬂ\/r_rF<(T_T)2+(Z_Z)2>w9(r,z) drdz, (2.4)

rr

where F': (0,00) — R is defined by

/2 1—281n21/1

F(s) = 5$>0. 2.5
=) 0 +/sin?e +s/ (25)
Formula (2.4) provides a solution to the equation
10, 0?
curl curl (f eg> = wgeg or, equivalently, — Br( r1/1> — 2= = wy, (2.6)
r r r

which is familiar in magnetostatics, see for example [51, §701]. The same expression can also be
found in the classical book [46, §161]. It is well-known (and not hard to check) that
lo —240O(slogs) ass—0,
Fs)={ ¢ v : 2( 85) (2.7)
283/2+O(_/) as s — 00.
Since we wish to solve the Cauchy problem (1.1), (1.2) with initial data wy = I'dc, we assume
that the vorticity wp in (2.1) satisfies the initial condition

we‘ = I'0(y,0) - (2.8)

t=0

where (., .,y denotes the Dirac mass at the location (rg,20) € €2. Our starting point is the
following global well-posedness result for the vorticity equation (2.3) with such initial data.



Theorem 2.1. [33] For any T’ > 0, any v > 0, and any (ro, z0) € Q, the axisymmetric vorticity
equation (2.3) has a unique global mild solution wy € CO((0,00), L*(Q) N L*°(Q)) such that

sup [lwy(t)|| 1 (@) < oo, and  wp(t)drdz =T 0., ast—0. (2.9)
t>0

Moreover there exists a constant C' > 0, depending only on the ratio I'/v, such that

F (r—r )2 (z—= )2 \Y t
[ Jeotr 2 = g e T vz < or ¥ og(JL41). 210
Q 4t 7o vt

whenever t € (0, Tair), where Ty = r3/v.

Here and in what follows, it is understood that L'(€Q) = L'(Q,dr dz), and similarly for the
other Lebesgue spaces. Theorem 2.1 establishes the existence of a four-dimensional family of
vortex ring solutions to (2.3) parametrized by the circulation I" > 0, the viscosity v > 0, the
initial radius rg > 0, and the initial vertical position zg € R. Due to translation invariance in the
vertical direction, we may assume without loss of generality that zyg = 0, and we can also take
ro = 1 by rescaling the space variables. Then a rescaling of time allows us to change the values
of both v and T', while keeping the ratio I'/v fixed. Therefore, up to symmetries, the viscous
vortex ring solutions we consider here form a one-parameter family indexed by the circulation
Reynolds number Re :=T'/v.

The uniqueness of the vortex ring solution under the minimal assumptions (2.9) is discussed
in some detail in [33], so we concentrate here on the short-time estimate (2.10), which is of
limited use despite appearances. For a fixed value of the Reynolds number Re = I'/v, the
right-hand side of (2.10) is small whenever ¢ < Tyir, which means that the solution of (2.3) with
initial data (2.8) is well approximated by a Gaussian vortex ring of thickness proportional to
Vvt located a the initial position (rg,20) € Q. However, since the constant C' depends on the
Reynolds number in a very bad way, estimate (2.10) gives no information on the solution at a
fixed time ¢ > 0 in the low viscosity regime v — 0. This limitation is not surprising: due to
the translational motion along the vertical axis predicted by the Kelvin-Saffman formula (1.5),
the vortex ring at time ¢t > 0 is actually located at a new position which is rather far from the
initial one if v is small.

Our goal in this paper is to replace (2.10) by an improved estimate of the form

= 2 = 2
/ ‘wg(r,z,t) Ut o~ e < KF@, t € (0,Tav Re?),  (2.11)
Q At 70

where the constant K is now independent of the Reynolds number, if Re > 1. Comparing with
(2.10), we observe that (2.11) is valid up to the intermediate time T,qy Re?, for some o € (0, 1),
which is shorter than Ty = Tagy Re. But the main difference is that (2.11) compares the
solution wy(r, z,t) to a vortex ring located at a time-dependent position (7(t), Z(t)), which has to
be determined. As we shall see, we can take 7(t), zZ(t) to be continuous functions of time which
are smooth for ¢ > 0 and satisfy 7#(0) = ro, z2(0) = z9. Moreover

F(t) = (’)(%) i) = %(bg?lt) +@) <1 +O(e(t)’ +52)), (2.12)

where €(t) = Vut/7(t), © = 3log(2)+ 3 (yg—1), and § = v/T. The first relation in (2.12) implies
that 7(t) = ro(1 + O(e(t)?)), which means that the change in the radius of the vortex ring over
the time interval under consideration is much smaller than the diffusion length v/vt. The second

equality coincides with the Kelvin-Saffman formula (1.5), up to higher order corrections.



2.2 Self-similar variables

From now on, we fix the circulation I' > 0 and the position (rg,0) € Q of the initial filament,
and we consider the vortex ring solution given by Theorem 2.1, in the regime where the viscosity
v > 0 is small. In view of the approximation formula (2.11), which is our objective, it is natural
to make the following self-similar Ansatz for the axisymmetric vorticity and the associated Stokes
stream function :

<r —7(t) z—Zz(t) t)
N RV
~ r—7(t) z—2z(t)
r,z,t) = T'r(t ( , ,t),
wirt) = Tri o~ D0 2
where the time-dependent position (7(t),z(t)) € Q has to be determined. We introduce the
important notation

T
QJ@(T', Z, t) = E n
(2.13)

623, e:\jyt, R:r—r(t), Z:z—z(t) (2.14)
r 7(t) vt Vvt
The evolution equation for the rescaled vorticity n(R, Z,t) is found to be
T n t/. N €en
t — — /- = 2.15
atn+u{¢’1+eR} \/:(7’(9377—{—,28277) EU+6R<1+6R)’ ( )

where {(;5, X} = Or¢ dzx — 0z¢ Orx is the Poisson bracket in the new variables (R, Z), and L is
the Fokker-Planck operator

1
L= 8§+8%+§(R83+Zaz) +1. (2.16)
Eq. (2.15) is to be solved in the time-dependent domain
Qe = {(R,Z2) eR*|1+€R > 0}, (2.17)

with the Dirichlet boundary condition n(—1/¢, Z,t) = 0 for all (Z,t) € R x Ry.
As in [33], it is useful to introduce the velocity field U = (Ugr, Uz) defined by

0z¢ U, — Oro

UR:_l—l—eR’ d 1+eR’

(2.18)

in terms of which the nonlinearity in (2.15) reads {¢, 745} = Or(Urn) + dz(Uzn). The
stream function ¢ in (2.15) satisfies the elliptic equation

Or¢ >_ 93¢
1+€eR 14+ €eR’

n = dyUp — OpU; = —aR( (R, Z) € Q, (2.19)

with boundary conditions ¢(—1/¢, Z,t) = Orp(—1/¢,Z,t) = 0 for all (Z,t) € R x R;. Using
(2.4), we easily obtain the representation formula [33]

N2 _7\2
6(R,Z) = % /Q | \/(1+6R)(1+6R’)F<62 (R(lfe)R;l(JrZeR/Z)) >77(R’,Z’)dR’dZ’, (2.20)

where F' is as in (2.5). In what follows we write ¢ = BS[n] when (2.20) holds.
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The quantities introduced in (2.14) are all dimensionless. The first one is the inverse Reynolds
number & > 0, a fixed parameter that is assumed to be small. The second one is the time-
dependent aspect ratio € > 0, which appears in the evolution equation (2.15), in the definition
of the domain (2.17), and in the Biot-Savart formula (2.20). Finally, the variables R, Z are self-
similar coordinates centered at the time-dependent location (7(t), z(¢)) and normalized according
to the size v/vt of the vortex core. Note that the rescaled functions 7, ¢ defined in (2.13) are
also dimensionless.

Remark 2.2. Recalling that § = v/T and Thqy = r3/T, we observe that

o vt g 6t vy 6t 991
€ = S (12 ’ (2.21)
) T'(t) Tadv T(t) Thav

as long as the ratio ro/7(t) remains close to unity, which will always be the case thanks to (2.12).
It follows in particular that €2 is comparable to § whenever t is comparable to Tyqy. Our goal is
to control the solution of (2.3) when t < T,qy0~ % for some o € (0, %), and on that interval it
follows from (2.21) that €2 < 6177,

2.3 Approximate solution

The first important step in our analysis is the construction of an approximate solution of (2.15)
with initial data

1
m(R,Z) = - e~ FH2/4 (R Z)eQy=R2. (2.22)

The associated stream function satisfies —Ag¢pg = 19, where Ag = 312% + 3%. As ng, ¢o are both
radially symmetric, it is clear that {¢g, 70} = 0, and the Gaussian profile (2.22) has the property
that Lny = 0. Since € = 0 when ¢ = 0 in view of (2.14), we conclude that equation (2.15) is
satisfied at initial time if 7y is given by (2.22).

For ¢t > 0, we construct our approximate solution as a power series in the time-dependent
parameter € = \/vt/F, the coefficients of which depend on the small parameter 6. To this end,
we multiply both sides of (2.15) by ¢ and rewrite the equation in the equivalent form

stom+ {6, —" }—e—f(ﬁaanLéazn):a[ﬁmaR(

2.23
1+eR T ( )

€n
14 eRﬂ '
This equation is defined on the time-dependent domain €2, but expanding the factors (1+eR) ™!
in powers of € we get at each order a relation that can be solved in the whole plane Qy = R2.
The corresponding approximation for the stream function ¢ is obtained in a self-consistent way
by expanding the integrand in (2.20) in powers of ¢, and integrating order by order over the
whole plane R2. As is shown in Section 3, this results in an asymptotic expansion of the form

M M
77aupp(]:€7 Z, t) = e Wm(R, Z, 55) ) ¢app(Ra Z, t) = Z e ¢m(Ra Z, 55) s (2-24)

where the dependence of the profiles 7, and ¢,, on S := log(1/¢) is polynomial. The profiles
also depend on the small parameter J, but to make the notation lighter this dependence is
not indicated explicitly. The velocity of the vortex center is not known a priori, but can be
approximated in a similar way as a power series in €:

M-1 M-1
Ft) = > (B, Al = D M Ea(Be), (2.25)
m=0 m=0

11



where the quantities 7,,(3c), Zm(B¢) depend on § and are polynomials in 3.. As will be explained
below, the quantity z.(¢) in (2.25) is only an initial approximation of the vertical speed of the
vortex ring; the final approximation z(¢) will be obtained from it by a small adjustment. It is
perhaps worth emphasizing that, throughout the paper, the point (7(¢), Z(t)) is not necessarily
the exact center of our vortex. Rather, it is its suitably chosen approximation.

The outcome of the analysis carried out in Section 3 below is that, if we want our expansions
(2.24), (2.25) to hold uniformly with respect to the parameter ¢ in the limit where 6 — 0, there
is a unique choice of the profiles 7,,, ¢, and of the velocities 7,,, Z,, such that :

M+1) " modulo powers of S;

a) Both members of (2.23) agree up to order O(e
b) The point (7(t), Z«(t)) € Q is the center of the vorticity distribution napp (R, Z,1).

The integer M in (2.24), (2.25) determines the accuracy of our approximate solution. It turns
out that M = 4 will be sufficient for our purposes. The velocities (), z.(t) given by (2.25) are
found to satisfy estimate (2.12) with § = 0.

Remark 2.3. If we set § =7 =0, equation (2.23) reduces to

{‘75’14:76}2}_%282’75{(b_%(l“R)z’lﬁeR}:O’ (226)
which is the relation satisfied by the vorticity n and the stream function ¢ of a stationary solution
of the Euler equations in a frame moving with speed % e,. These are precisely the vortex rings
constructed, for instance, in [26,28,29,1,10]. In that situation the aspect ratio € > 0 is fived and,
as in (2.14), the dimensionless variables (R,Z) are defined so that (r,z) = (7,2) + er (R, Z).
An approxzimate solution of (2.26) can be constructed in the form of a power series in €, as
in (2.24), where all profiles Ny, ¢m are even functions of the variable Z € R, since this is the
case for the coefficients in (2.26) and for the initial approximation (2.22). Returning to the
approzimate solution (2.24), we deduce by uniqueness that Napp, Gapp are even functions of Z in
the limit & — 0, and that 7 = f—o O(6) as § — 0.

Remark 2.4. In view of (2.14) and (2.25), the function e(t) is implicitly defined by the relation

N M—1 .
@ =7(t) = ro+ Z /0 €(8)™ P (Be(s)) ds (2.27)

which should hold when 0 < t <« Tgi. As was mentioned in the previous remark, the radial
velocities T, are small when 6 < 1, so that Eq. (2.27) will be easy to solve, see Section 3.6.

The asymptotic approximation 7,pp (R, Z, t) is defined on the whole plane and does not vanish
on the boundary 0f2.. To obtain a valid approximate solution of (2.15), we fix o9 € (0,1) and
we truncate n,p, outside a large ball of radius e 7° by setting

77*(R7 Z7 t) = Xo (600 (R2+ZQ)1/2) napp(Rv Z7 t) ) ¢*(7 t) = BS&[W*(H t)] ) (2'28)

where xo : Ry — [0,1] is a smooth function such that xo(r) = 1 for » < 1 and xo(r) = 0 for
r > 2. The remainder of that approximation is defined as

€T)x

1+eR

Rem(R, Z,t) = Ln, + 3R( > — Oy — % {(b* ; e } + o (7% R« + Zx 32?7*) . (2.29)

1+€eR or

By construction this quantity depends on time only through the parameter € = v/vt/7(t).

The accuracy of our approximate solution is quantified by the following result, which is
established in Section 3.7 below :

12



Proposition 2.5. Given any v < 1 and any 5 < 5, there exist a constant C' > 0 such that the
remainder (2.29) satisfies

sup 0 HZ)/4 Rem(R, Z,t)| < C(ed+€7571), (2.30)
(R, Z)€Q2

whenever the parameters €,0 are small enough.

2.4 Stability estimates

In our previous work [33], the evolution equation (2.15) was carefully studied in the particular
case where 7(t) = 9 and Z(t) = z9. This does not make any substantial difference for the initial
value problem at fixed viscosity, and we can thus infer from the results of [33] that Eq. (2.15) has
a unique solution n(R, Z, t) with initial data ny given by (2.22). Our purpose is to show that, if
the inverse Reynolds number ¢ = v/T" is sufficiently small, the solution n(R, Z,t) remains close
to the approximation (2.28) on a long time interval of the form (0,T,qv0~7), for some small
o > 0. We use the decomposition :

n(R,Z,t) = n(R,Z,t) + dn(R, Z,t), d(R,Z,t) = ¢u(R, Z,t) + 5<;~S(R, Zt), (2.31)

where ¢ = BS€[7j] in the sense of (2.20). Similarly we assume that the vertical speed of the
vortex ring takes the form .
Z(t) = z(t) +62(t), (2.32)

where 7, (t) is given by (2.25) and Z(t) is a small correction which is chosen so that the perturba-
tion 7 has vanishing first order moment in the vertical direction, see Section 4.1. The equation
satisfied by 7 then reads

£ + %{QS*’H—%R} + %{‘5’ 1113} * {Qg’ 1+ﬁeR} B %(mmﬂé*aﬁ)

~ €n 1 €T -
= £n+33(1+77€R> —i-gRem(R,Z,t) + Ezazn.

(2.33)

Since 1« (R, Z,0) = no(R, Z), the nonlinear evolution equation (2.33) is to be solved with zero
initial data. The solution is therefore driven by the source term 6~ 'Rem(R, Z,t), which is small
in view of Proposition 2.5 and Remark 2.2 if the parameter o is small enough. As long as 7 stays
small, the nonlinear term {¢, (14-€R)~'7} is of course harmless. The most serious difficulty in
controlling 77 using (2.33) comes from the linear terms with a large prefactor 6! = I'/v. These
terms could conceivably trigger violent instabilities that might lead to strong amplification of 7
in a short time. Our goal is to show that this scenario does not occur, due to the special structure
of the advection terms in (2.33). A similar strategy was applied in the previous work [31] devoted
to the vanishing viscosity limit of interacting vortices in the plane, but the specific estimates
used there do not seem to be easily adaptable to the present situation.

To control the time evolution of the solution of (2.33), we use the energy functional

1 1 5
E(t) = 5/Q W.i?dRdZ — 5/9 ondRdAZ, (2.34)

where W, : Q. — (0,400) is a weight function that will be described below. The first term in
the right-hand side of (2.34) is a weighted L? integral of the vorticity 7, similar to weighted
enstrophies that were used for the same purposes in [36,31,33], for instance. The second term is

13



just the kinetic energy associated with the vorticity perturbation 7}, as can be seen by invoking
(2.18), (2.19) and integrating by parts:

1 / 0rdI2 + 192912
2 Q 1+€R

1 [ - 1 i i
5/ $iidRAZ = dRAZ = 5/ (I0R? +|02*)(1 + €R) dRAZ .
Qe Qe

To construct the weight W, in (2.34), we consider three different regions:

1) The inner region where p := (R?*+2Z%)'/? < e, for some small oy > 0. Here we choose

1 s
= P’ 2.
W 1+e€eR 6(1+GR>’ (2.35)

where 7, is the approximate solution (2.28) and ®. : (0,+00) — R is a smooth function with
the property that, in the region under consideration,
T2
2r

e (14 eR? = o () + O(ed +€7), (2.36)

1+e€eR

for some 3 < 3 that can be arbitrarily close to 3. It is not difficult to understand intuitively why
such a function should exist. Indeed, in the dimensionless variables (2.14), the left-hand side
of (2.36) is nothing but the stream function of the approximate solution 7, in a frame moving
with constant speed Z, in the vertical direction, see Remark 2.3. If we drop the remainder term
O(ed 4 €73) and consider € > 0 as a fixed parameter, Eq. (2.36) expresses a functional relation
between the potential vorticity (. := (1 + ¢R) ™1, and the stream function, which implies that
7 1S a stationary solution of the Euler equation in the moving frame. This is not exactly true,
of course, but the estimate on the remainder Rem(R, Z,t) in Proposition 2.5 ensures that the
approximate solution 7, (for a fixed value of € > 0) is not far from a stationary solution of Euler,
and in Section 3.8 we verify that this implies the existence of a function ®. satisfying (2.36).
Moreover, an easy calculation shows that

: CI),( ” >:i2(p2/4_1)+0(5)7 PIZ\/WSG_OL

1+eR “\1+e€R p

2) The intermediate region where e 7t < p < e 72, for some o9 > 1. In this area we assume
that the weight is approximately constant in space, with value W, ~ exp(e =271 /4).

3) The far field region where p > ¢ °2. Here we take W, ~ exp(p??/4), where v = 01 /0.

The actual construction of the weight is more complicated, and ensures that W, is Lipschitz
continuous at the boundaries of the three regions under consideration, see Section 4 below
for details. For the moment, we just mention that our choice of the energy functional in the
inner region is related to Arnold’s variational characterization of the steady states of the Euler
equation, as discussed in our previous work [34]. In fact, if we suppose that 7, is a stationary
solution of the axisymmetric Euler equation in a moving frame (which not exactly true), then
the functional (2.34) with the weight (2.35) corresponds, up to a constant factor, to the second
variation of the kinetic energy on the isovortical surface, which is the set of (potential) vorticities
¢ := (1 4+ eR)"'n that are measure-preserving rearrangements of (, [3,34]. Since the kinetic
energy is conserved under the inviscid dynamics, the advection terms involving §—1 in (2.33),
which originate from the linearization of Euler’s equation at the “steady state” (,, do not
contribute to the time evolution of the functional E.. In reality (. is only an approximate
steady state of Euler, and the cancellations alluded to above only occur up to correction terms
of order O(e§ + €72), but this is sufficient to cancel the dangerous factors §~! in (2.33). On the
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A(p) exp(p*/4)

exp(e291 /4) T

1 ~ ‘6701 €90 671 €02 p
. -—

Figure 2: When e > 0 is small, the weight W,(R, Z) entering the energy functional (2.34) is close to a
piecewise smooth radially symmetric function, which satisfies W, ~ A(p) := (4/p?) (epz/ 4—1) in the inner
region where p := (R?+2%)'/2 < €791, When W, reaches the threshold value exp(e~27*/4), the weight
is taken approximately constant until p = €92, and outside that region we set W, ~ exp(p*7/4) with
v = 01/02. The dashed lines reflect the fact that exp(p®Y/4) < W, < A(p) where the implicit constants
do not depend on the parameter e. The intermediate scales €90, where the truncation (2.28) occurs, and
€1, which is the distance from the origin to the boundary 09, are indicated for completeness.

other hand, away from the inner region, the last term in (2.34) is extremely small, so that our
functional E, reduces to a weighted enstrophy. We assume that the weight W, is approximately
constant in the intermediate region, so that the advection terms in (2.33) do not contribute
to the evolution of E., and in the far field region the dynamics is dominated by the diffusion
operator £ in (2.33) so that we can just take any radially symmetric weight with appropriate
growth at infinity.

A technical difficulty inherent to our approach is the fact that the functional E. is not
coercive, unless the perturbed vorticity 7 satisfies some moment conditions. The problem comes
from the inner region, where the last term in (2.34) plays an important role. The results
established in [34, Section 2| indicate that E. is positive definite provided 7 has zero mean and
vanishing first order moments with respect to the space variables R, Z. In practice this means
that, in addition to the information provided by the energy E., we must control the integral
and the first order moments of the perturbed vorticity 7. It turns out that [7dRdZ is always
extremely small, of the order of O(exp(—c/e?)) for some ¢ > 0. The radial moment [R7dRdZ
may take larger values, but can be controlled using the conservation of the total impulse of the
vortex ring. Finally, we choose the correction Z(t) of the vertical speed (2.32) in such a way that
[Z7dRdZ = 0, see Section 4.1 below for further details. This correction thus plays the role of
a “modulation parameter”, see [58,50] for a similar idea in the context of the stability analysis
of solitary waves.

Disregarding these technical questions for the moment, we briefly indicate how the argument
is concluded. If we differentiate E. with respect to time, and use the evolution equation (2.33)
together with the estimate (2.30) on the source term, we obtain after lengthy calculations a
differential inequality of the form

273
LEL(t) < —e1Bo(t) + CQ<62 + 65—2) . te (0, Taqed ™), (2.37)
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for some positive constants ¢, cp. Here we assume that €27 < §2 so that the source term in
(2.37) is small. Since €2 < §'77 by Remark 2.2, this is the case if o < 1—2/~3, which is possible
if o < 1/3 and 3 is close enough to 3. Integrating (2.37) with initial condition E(0) = 0, we
find

2 6273
E.(t) < 03<e +55 ) t € (0, Taayd "), (2.38)

and using in addition the bounds on the moments of 7 that are obtained by a different argument
we arrive at an estimate of the form 6]|7j(t)||x. < c(ed + €7?), where X, is the weighted L? space
equipped with the norm

1/2
lillx, = ( | w2, Z)PdeZ) | (2.39)

This space depends on time through the parameter € > 0, but we recall that the weight function
satisfies a uniform lower bound of the form W,(R, Z) > exp(p®7/4), see Figure 2.

The main result of this paper can now be formulated as follows:

Theorem 2.6. For any 73 € (2,3), there exist constants K > 0, g > 0, and o € (0, %) such
that, for allT > 0, all ro > 0, and all v > 0 satisfying 0 := v/T" < &y, the following holds. There
exist continuous functions 7(t), Z(t) which are smooth for positive times and satisfy (2.12) with
7(0) = ro,2(0) = 0 such that the unique solution n of (2.15) with initial data (2.22) satisfies

In(®) = n()llx. < K(ed+€®), € (0,Taaed7), (2.40)
where € = \/ut/7(t) and n. is the approzimate solution defined by (2.24), (2.28).

We recall that estimate (2.12) for the radial velocity 7 implies that 7(¢) = ro(1 + O(€?)),
meaning that the major radius of the vortex ring remains essentially constant on the time interval
(0, Taavd~ 7). As for the vertical velocity, it is given by (2.32) where the approximate speed Z,
defined in (2.25) and the correction Z satisfy

5 = 4:7«) (log%%—f)) (1+o(®), - f—oo((e+§)1og%+5). (2.41)

This gives the announced formula (2.12) for the full velocity % = 2, + 2.

It is not difficult to verify that Theorem 2.6 implies Theorem 1.1, see Section 4.9 for details.
Here we just show how to derive estimate (2.11), which is essentially a reformulation of (1.7). By
construction, our approximate solution satisfies ||n.(t) — no||x. = O(€), where g is the Gaussian
function (2.22). Moreover, the lower bound W (R, Z) > exp(p*’/4) implies that X, — L*(Q)
uniformly in e. It thus follows from (2.40) that

I9(t) ~ mllzr@n < Cu(ln®) ~ Ol + e (6) = mllx.) < Coe.
for any t € (0,T,qv0~?), and returning to the original variables we arrive at estimate (2.11).
Remark 2.7. It follows from (2.24) and (2.40) that the solution of (2.15) satisfies

(R, Z,t) = no(R,Z) +em(R,Z) + €2ma(R, Z, Bc) + (9(56 + 673) , (2.42)

where the remainder term is estimated in the topology of X. as ¢ — 0. Here g is the Gaussian
function (2.22), and the vorticity profiles n1,m2 are explicitly constructed in Section 3. Since
§ < €2 except for very small times, see Remark 2.2, we see that (2.42) determines the shape of
the vortex core up to third order in €.
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3 Construction of the approximate solution

In this section we construct perturbatively an approximate solution of (2.23) such that the
corresponding remainder satisfies (2.30). Approximations of vortex rings with varying degrees of
accuracy were obtained by many authors, and typically rely on matched asymptotics expansions
where the inner core of the vortex and the outer region are considered separately, see [44,41,23,
26,27] in the inviscid case and [56,14,30] in the viscous case. Here we rather follow the direct
approach introduced in [31] for interacting vortices in the plane, which does not rely on matched
asymptotics techniques.

3.1 Expansion of the Biot-Savart formula

Our first task is to compute an accurate asymptotic expansion of the function F'(s) defined by
(2.5) in the limit where s — 0. This can be done by expressing F' in terms of elliptic integrals,
a procedure initiated in the early references [40,51].

Lemma 3.1. For 0 < s < 4 we have the power series representation

F(s) = log< ) Z Aps™ + ZBms (3.1)

where Ay,, By are real numbers. Moreover

3 15 1 31
Ap=1, Ay=—, As=———, By=-2, Bi=——, By=—. 2
0 ) 1= 150 2 Tooa® o ) 1 6’ 2= 5048 (3.2)
Proof. If s >0 and k =2/v/s+4 € (0,1), it is straightforward to verify that
/21— 2sin? 2 — k? 2
F(s) = sin” ¢ K(k)— = E(k), (3.3)

k

0o y/sin®¢ +s/4 V= k

where K (k), E(k) are the complete elliptic integrals with modulus & :

1 w/2
= / —d0, E(k) = / 1— k2sin?60dé
0 V1—k2sin%6 0

We are interested in the limit where s — 0, namely & — 1. Introducing the complementary
modulus k = /1 — k2, we have the power series expansions (see [19])

. 1
= Z aZ, k¥ (log -+ 26m> ,
K
m=0
o ) (3.4)
gn K2m+2 (log ; + bm + bm+1> ’

where ag = 1, by = log(2), and

2m
1 3 2m—1 (—1)¢
e — log(2 .
an = 57 Sy b og()—i-; 7 meN
Combining (3.3), (3.4), we obtain a representation of the form
1+ k2 2
F(s) = ———— K(k) - ———E 10()§ CmFLQm—FE Dy 3.5
) = g KW = =g Bk = los (3:5)
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which converges for 0 < kK < 1. Moreover, a direct calculation shows that

3 33 3 81

Co=1, Ci=-, Cy=—, Dyg=-2, Di=—-, Dy=——. 3.6
0 ) 1 4’ 2 64’ 0 ) 1 4’ 2 128 ( )
As k? = 5/(s +4), the right-hand side of (3.5) can be written in the form (3.1), and using (3.6)
we see that the first coefficients satisfy (3.2). O

Remark 3.2. Various asymptotic expansions of the stream function given by the Biot-Savart law
(2.4) can be found in the literature [41,23, 46, 56, 30], and are easily recovered using Lemma 3.1.

We next consider the rescaled Biot-Savart formula (2.20), which can be written in the equiv-
alent form

1
G(R,Z) = o / KR, Z; R, 2\ n(R, 7'y dR 47, (3.7)
™ Qe
where
Ke = \/(1+€eR)(1+€R!) F D" D* = (R-R)* +(2-Z')* (3.8)
€« ‘ ‘ (1+eR)(1+eR)) )’ B ' '
To simplify the notations below, we define
B =log=, LIRZR.Z) —log(D). (3.9)

Lemma 3.3. For any (R,Z), (R',Z') € R? with (R,Z) # (R, Z') and any sufficiently small
€ > 0, we have the expansion

Ke=(B4L)Y P+ > €"Qm, (3.10)
m=0 m=0

where Py, (R, Z; R, Z"), Qm(R,Z; R',Z') are homogeneous polynomials of degree m in the three
variables R, R', and Z — Z'. Moreover

Py = 1 Qo = —2
P = 3(R+R) Q = -LR+R) (3.11)
Py = %(R—R/)Q—{—E’—G(Z—Z,)Q Qs = i(RQ—FR/Q)—%DQ

Proof. If (R,Z), (R, Z') are as in the statement, we take € > 0 small enough so that

max(|R|,|R/|) < E and s = D" < 4 (3.12)
’ €’ " (14eR)(1+€eR) ' '

As D # 0 by assumption, we have 0 < s < 4, so that we can apply expansion (3.1) to the
quantity F'(s) in (3.8). In view of definitions (3.9) we have

10g<%) = fe+ L+ %log(l +€R) + %log(l +€R)). (3.13)
We observe that the last two terms in (3.13), as well as the prefactor \/(1+eR)(1+€R’) in (3.8)
and each monomial s™ in the series (3.1), can be expanded into a power series in the three
variables €R, €R', and ¢(Z — Z'). Thus, combining (3.1) and (3.8), we obtain a representation
of the form (3.10), where the first homogeneous polynomials P,,, @, are easily computed using
the explicit values (3.2). O
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Remark 3.4. In what follows, with a slight abuse of notation, we denote by L the integral
operator on R? given by the kernel (3.9). For any continuous and rapidly decreasing function
n:R? = R, we thus have

(L?y)(R,Z) - / i

R ==

>mRQZUdeZk (3.14)

Similarly, we associate integral operators to the homogeneous polynomials Pp,, Q. in (3.10),
and to the functions LPy, for all m € N*.

Definition 3.5. Using the notation introduced in Remark 3.4, we define the linear operators

BSy = % L, and BS, = % (8P + LPu+Qu), Jor allm € N*. (3.15)

Note that, for m > 1, the linear operator BS,, depends on the parameter e through the
constant factor B, = log(1/¢), but for simplicity this mild dependence is not indicated explicitly.
For convenience, we do not include the constant term B.FPy + Qo = S — 2 in the definition of
BSy, because the stream function is only defined up to an additive constant. It is important
to observe that, in (3.14) and in the corresponding definition of the integral operators P,,,, Qm,
and LP,,, the integration is performed on the whole plane R2, rather than on the half-plane €.
This is justified because these operators will always be applied to functions that decay rapidly
at infinity, so that the integration on R? \ () gives a contribution of order O(¢*) as € — 0,
which can be neglected in our perturbative expansion. If  : R> — R is compactly supported,
then according to Lemma 3.3 the following equality holds in any bounded region of R?:

_ /86_2
21

BS¢[1] /R 2 n(R,Z)dR'AZ" + > " BSuln, (3.16)

m=0

provided € > 0 is sufficiently small. As was already mentioned, the first term in the right-hand
side of (3.16) is a constant that can be omitted.

3.2 Function spaces and linear operators

We next introduce the function spaces in which we shall construct our approximate solution of
(2.23). These spaces consist of functions that are defined on the whole space R?, and not just on
the half-plane Q.. Indeed, at each step of the approximation, the vorticity profile n,,(R, Z, ()
and the stream function ¢,,(R, Z, B.) in (2.24) are defined for all (R, Z) € R2. To simplify the
writing we often denote X = (R, Z), and we use polar coordinates (p,) in R? defined by the
relations R = pcost, Z = psind.

Following [35,36] we introduce the weighted L? space

v = {ner2@) /R ()P XX < oo}, (3.17)

equipped with the scalar product (n1,7m2)y = [go m(X)na(X) eX1?/4dX and the associated
norm. We also introduce the differential operator £ : D(L) — Y corresponding to (2.16),
namely

1
Ly = An+ X -Vitn,  neDKL) = {ney‘Aney, X-Vney}, (3.18)
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as well as the integro-differential operator A : D(A) — Y defined by

An = %({Lﬁo N+ {Ln,no}> ,  meDA) = {77 € y( {Lno.,n} € y}, (3.19)

where 79 is the Gaussian function (2.22) and L denotes the integral operator (3.14). Here and
in what follows the Poisson bracket is understood with respect to the rescaled variables (R, Z),
so that {¢,n} = Ord Ozn — 0z Orn. We recall the following well-known properties:

Proposition 3.6. [35,36,47]

1) The linear operator L is self-adjoint in Y, with purely discrete spectrum

o (L) = {—g‘n:0,1,2,...}.

The kernel of L is one-dimensional and spanned by the Gaussian function ng. More generally,
for any n € N, the eigenspace corresponding to the eigenvalue A, = —n /2 is spanned by the n+1
Hermite functions 0%ng where o = (a1, 2) € N and oy + as = n.

2) The linear operator A is skew-adjoint in ), so that A* = —A. Moreover,
Ker(A) = Yo ® {B10rn0 + B20zm0 | Br, B2 € R}, (3.20)
where Yy C Y is the subspace of all radially symmetric elements of Y.

A crucial observation is that both operators £, A are invariant under rotations about the
origin in R?. It is therefore advantageous to decompose the space ) into a direct sum

Y= Zqé’o Vn, (3.21)

where )y C ) is as in Proposition 3.6 and, for all n > 1, the subspace ), C Y consists
of all functions n € Y such that n(pcos?d, psin?d) = a1(p)cos(nd) + az(p)sin(nd) for some
aj,az : Ry — R. Tt is clear that ), L YV, if n # n’. In particular, in view of (3.20), we have
YV, € Ker(A)* for all n > 2. When n = 1, the functions drng, dzno belong to Y1 N Ker(A), and
we define

V| = Y1 NKer(A)t = {77 €N

/ n(R,Z)RARdAZ = / n(R,Z)ZdRdAZ = 0} . (3.22)
R2 R2

Since A is skew-adjoint, we know that Ker(A)* = Ran(A), but the image of A is not dense
in ) and, therefore, we cannot solve the equation An = f for any f € Ker(A)*. As is shown
in [37,31], the problem disappears if one assumes in addition that f belongs to a smaller space
such as

z = {?7 R2 SR

el X124y ¢ S*(JRQ)} cy, (3.23)

where S,(R?) denotes the space of all smooth functions which are slowly growing at infinity.
More precisely, a smooth function w : R? — R belongs to S,(R?) if, for any o = (a1, a0) € N2,
there exist C' > 0 and N € N such that [0%w(X)| < C(1 + |X])V for all X € R2.

Remark 3.7. We do not need to specify the topology of the space Z, but the following notation
will be useful. If f € Z depends on a small parameter € > 0, we say that f = O(e) in Z if, for
any o = (o1, an) € N2, there exist C > 0 and N € N such that |0*f(X)| < Ce(1+|X|)Ne1XI*/4
for all X € R2.
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To formulate the main technical result of this section, we introduce the notation

p°/4
A1’

w(p) (1=, hip) = p>0. (3.24)

- 27 p?
The following statement is a slight extension of [31, Lemma 4]. For the reader’s convenience, we
give a short proof of it in Section A.1, emphasizing the case n = 1 which was not treated in [31].

Proposition 3.8. If n > 2 and f € Y, NZ, orifn =1 and f € Y| N Z, there exists a
unique 1 € Yp N Z (respectively, a unique n € Y1 N Z) such that An = f. In particular, if
f = a(p)sin(nv), then n = w(p) cos(nd), where

_ a(p)
w(p) = h(p)Q(p) + o) 7 0, (3.25)

and where Q : (0,00) — R is the unique solution of the differential equation
| n? alp)
—Q"(p) —=Q(p)+ (= — hip))Qp) = , p>0, 3.26
(0) = 292 (0) + (55 = h(0)) Qo) = 22 (3.26)

such that Q(p) = O(p™) as p — 0 and Q(p) = O(p™™) as p — .

Remark 3.9. As was observed in [31], if f = a(p) cos(n?d), then n = —w(p) sin(nd), where w
is still given by (3.25), (3.26). The general case where f = a1(p) cos(n?) + az(p) sin(nd) follows
by linearity.

In the construction of an approximate solution of (2.23), we shall encounter linear equations
of the form

(k= L)’ + A = f, (3.27)

where k > 0 is fixed and the parameter § > 0 can be arbitrarily small. Proposition 3.6 implies
that the linear operator d(x — £) + A is invertible in ), so that (3.27) has a unique solution 7°
for any f € Y. In general, the best estimate we can hope for is

9y = 1 56s = £)+ ) flly < < Iflly- (3.2)

However, if f satisfies the assumptions of Proposition 3.8, the solution 7° admits a regular
expansion in powers of the small parameter §. More precisely :

Proposition 3.10. Assume thatn > 2 and f € Y, NZ, or that n =1 and f € YN Z. For any
fized k > 0 and any § > 0, equation (3.27) has a unique solution n’ € Y, (respectively, n° € YV,).
Moreover, for each nonzero N € N, there exists a constant C > 0, depending only on f and N,
such that

N-1
S m N
- Y5 ’”H < ooV 3.29
| = 32 7], < (3.29)
where the profiles Ty, € Vn N Z (respectively, f, € Vi N Z) are determined by the relations
Any = f and Afy, = (£ — K)fjm—1 for m > 1.

Proof. Assume first that n > 2. Since the space ), is invariant under the action of both
operators £ and A, it is clear that n° € ), if f € V,. If we suppose in addition that f € Z,
Proposition 3.8 shows that there is a unique 79 € YV, N Z such that A7y = f. A direct calculation
then shows that (£ — k)ng € V,, N Z, so that we can define 71 € ), N Z as the unique solution
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of Ay = (£ — k)np. Repeating this procedure, we construct the profiles 7, for m =0,..., N,
and we define 77 = 1’ — (ﬁo + 0+ -+ 5NﬁN), so that

(6= £)+ A )it = £ = (6(x = £) + A) f: i = ONTHL — k)N . (3.30)

m=0

Estimate (3.28) then gives the crude bound ||7j|ly < C", which nevertheless implies (3.29).
The proof is identical if n =1 and f € Y| N Z. O

3.3 First order approximation

We now begin the construction of an approximate solution of (2.23) in the form (2.24), (2.25).
We recall that, for an exact solution, the stream function is determined by the relation (2.20),
which we write in the compact form ¢ = BS®[n]. For our approximate solution, we expand the
Biot-Savart operator as in (3.16), omitting the constant term in the right-hand side. We thus
obtain the formal relation

00 M M
S o] - S o
m=0 m=0 m=0

which we assume to be satisfied order by order in ¢, up to order M. This leads to the relations
90 = BSolno, 1 = BSoln] + BS1[no], and more generally

(bm = BSO[nm] + BSl[nm—l] +-+ BSm—l[nl] + BSm[nO] . (331)

In particular, in view of (2.22) and (3.15), the leading order of our approximation is

1 _(peype 1
(R, Z) = e W 6o(R, Z) = —(Lm) (R, Z), (3:32)

where L is the integral operator (3.14). The stream function ¢ has the expression

1 R?+7? Tl—et
60(R, 7) = ¢0(0) — —Ein( =22} where Ein(x) = / ‘dr,  (3.33)
47 4 0 t
so that ¢ is radially symmetric and ¢g(R, Z) ~ —(27) tlogp as p := (R? + Z*)Y/? = 4o0.
The value at the origin does not play a big role in our analysis, but can be computed too, see
Section A.2:

so(0) = B2y 28

) where vg is Euler’s constant.
7'(' 47

Before proceeding further, we estimate the time derivative of the quantity ¢ = /vt/7(t)
introduced in (2.14). In view of (2.25), we have

M-1
€ T, (3.34)
=0

té =

Mlm

DN
=S| o+
“m-

ﬁ\|@

At this stage the radial velocity profiles 7, are not determined yet, but in view of Remark 2.3
we can anticipate the fact that || = (I'/rg) - O(§) as § — 0. Since 6t = (r3/T) - O(€?) by
Remark 2.2, it follows that 7(t) = ro(1 + O(€?)) and that té = ¢/2 4+ O(e?) as € — 0.
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With that observation in mind, we substitute the expansions (2.24), (2.25) into the evolution
equation (2.23), keeping only the terms that are exactly of order € or ¢f.. This gives the relation

{o1,m0} +{P0,m} +n00z00 — ;—0 (7%0 Orno + Zo 32?70) = 5[312770 +(L—3)m— tatm} . (3.35)

To solve (3.35) we first impose the relation

Fo = — 10 (3.36)
To

which ensures that the terms involving Orng cancel exactly. We also assume that 7, does not
depend on S, so that dym; = 0 (this property will be verified later). On the other hand, from
(3.31) with m = 1 we deduce that {¢1,m0} = {BSo[n1], 7m0} +{BS1[n0] .m0}, where BSy, BS; are
defined in (3.15). Using (3.32) and the definition (3.19) of the linear operator A, we thus find

1
{é1,m0} + {0, m} = %({Lm .m0} + {Lmo ﬂh}) + {BS1[no] ,m0}
1 1
= Am + % {Pino,mo} + %{meo N

where in the second line we used the definition (3.15) of BS; and the fact that Q; = —P; in
view of (3.11). Now, elementary calculations that are reproduced in Section A.2 show that

1 1 1
{Pino,m} = 532770, and g{LPmo,Uo} = 532(%770)- (3.37)
It follows that we can write (3.35) in the equivalent form
o . e — 1 3 1
Ay +6(5 = L)m = <FO Zo — ﬁ4ﬂ )32770 = 5 (9zd0)m0 — 5 $odz10 - (3.38)

Using the explicit expressions (3.32), (3.33) of the profiles 79, ¢, it is straightforward to
verify that the right-hand side of (3.38), which we denote by —R1, belongs to Yy N Z, where Y,
Z are the function spaces defined in (3.21), (3.23). Therefore, according to Proposition 3.10,
the linear equation (3.38) has a unique solution 7; € Y for any § > 0, and that solution has a
well-defined limit as § — 0 if and only if Ry € (ker A)*, namely if Ry € J{. In view of (3.22),
this gives the solvability condition fRQ R1ZdRdZ = 0, which determines uniquely the value of
the constant zp in (3.38). The calculations are reproduced in Section A.2, and yield the following
expression of the vertical velocity to leading order :

. T 3 1 1
20 = o <ﬁe -1+ 21}) , where v = 1 log(2) + 17E + 1 (3.39)

Here again vg = 0,5772... denotes Euler’s constant.

Remark 3.11. The formula (3.39), including the leading term (5. = log(1/€e) and the correct
value of the constant 2v — 1, was established by Saffman [55], see also Fukumoto & Moffatt [30].

We assume henceforth that Zp is given by (3.39), so that (3.38) reduces to

v 3 1
Am +6(35— L)m = 5 9210 = 5 (9z90)10 — 5 dodz0 , (3.40)

where the right-hand side —R; now belongs to Y] N Z and is independent of €. Equation (3.40)
is of the form (3.27), and can be solved using Proposition 3.10. For our purposes, it is sufficient
to consider the approximate solution corresponding to the choice N = 2 in (3.29), which reads

m(R,Z) = Rnwo(p) +9Zmi(p), p=VR*+272, (3.41)
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where A(Rni9) = =Ry and A(Z 1) = (£ — 3)(Rmio). Note that n; € Y’ N Z, which implies
in particular that the functions 719, 711 are smooth and have a Gaussian decay at infinity. The
corresponding stream function ¢; = BSg[n;] + BS;[no] is computed in Section A.2 and takes the
form

ﬁe -1

(R, Z,Be) = e R+ g $o — Ordo + Ro1o(p) + 02 p11(p), (3.42)

where R ¢19 = BSo[Rm10] and Z ¢11 = BSg[Z m11]. One can check that the functions ¢19, ¢11 are
smooth and decay at least like 1/p? as p — +0o. Note that ¢; involves the time-dependent term
Be = log(1/e), so that d;¢p1 # 0. With the choices (3.36), (3.39), (3.41), and (3.42), the relation
(3.35) is not satisfied exactly, but the difference of both members is O(§2) in the topology of Z,
which is all we need.

3.4 Second order approximation

We next compute the second order terms in the asymptotic expansion (2.24). As we shall see,
it is consistent at this stage to take
=g =0, (3.43)

so we make that assumption from now on. As before, we deduce from (3.34), (3.36), (3.43) that
7(t) = ro(1+ O(e?)) and té = €/2 + O(€®) as € — 0. Substituting (2.24), (2.25) into (2.23) and
keeping only the terms involving €2 or €2f., we obtain the relation

{d2.m0} + {d1.m —Rno} + {do,m2 — Ry + R*no} — 0 (%o 0rm + %0 0zm
T

(3.44)
= 5[(5 —1)n2 + Or(m — Rno) — taﬂh} .

In view of (3.36), the terms involving Orm cancel exactly. Moreover, we know from (3.15),
(3.31) that

1

P2 21

(Lﬁz + (BeP1+ LP + Q1)m + (BeP2+ LPy + Qz)ﬁo) ; (3.45)

where the notations are introduced in Lemma 3.3. Recalling the definition (3.19) of the operator
A, we can thus write (3.44) in the equivalent form

A + 5(tamz +(1- c)nz) YRy =0, (3.46)

where

1 1
Ry = 5—{(B = DPim + LPim mo} + 5—{BcPomo + LPymo + Qaro o }

+{o1,m} + (0z01)n0 + (Bzdo)m — R({¢1 ot + {do,m}+ 2(82%)770) (3.47)

roZ
+ 60R(Rng) — % dymy -

We have the following result, whose proof is postponed to Section A.3:
Lemma 3.12. The function Ry defined in (3.47) belongs to (6Yp + V2) N Z and satisfies

353
167

Ro = —< RZny+ RZx20 + 6<x21 + (R? - ZQ)XQQ) +6?°RZxa3, (3.48)
for some (time-independent) radially symmetric functions x20, X21, X22, X23 € Yo N Z.
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In view of (3.48), we look for a solution of (3.46) in the form 7y = Befjag + 7jo1 + 722, where
120,721 € Yo and 722 € Yy do not depend on S.. Inserting this ansatz into (3.46) and using the
fact that t0;8. = —1/2 + O(e?), we obtain the system

3
A7 0(1—L)n — RZng = 0
20 + ( )7720 + 167 1o )

- L0 3P _ (3.49)
Afjg1 +6(1 — L)fin 5 20 + Po <R2 T6m RZ??O) =0,

6(1— L)z +PoRe = 0,
where P,, denotes the orthogonal projection in ) onto the subspace },,. The first two equations
in (3.49) have a unique solution by Proposition 3.10, and as in Section 3.3 we are satisfied with
the approximate solution corresponding to (3.29) with N = 2. Since PyR2 = dx21 by (3.48),
the third equation reduces to (1 — £)722 + x21 = 0, which also has a unique solution due to
Proposition 3.6. We conclude that we can choose 73 in the form

na(R. Z, 5) = B.((B= 220 + R Za1 ) + (R = Z%)oz + 6R Z1jas + ot (3.50)

where all functions 7, belong to Yy N Z. Using (3.45) and the calculations at the beginning of
Section A.3, we obtain a similar expression for the corresponding stream function

62(R, 2, ) = B ((R?=2%)b0 + 6RZ 1 ) + (R*=Z%) o + SRZ6ns + Bedar + 625, (3.51)

where the functions ¢; are radially symmetric and belong to S,(R?). With these choices, the
left-hand side of (3.46) is of size O(B:.6% + €2§) in the topology of Z.

3.5 Third order approximation

The third order in the asymptotic expansion (2.24) can be computed in a similar way. According
to (3.36), (3.43) and Remark 2.3, we have 7(t) = ro(1 — e+ O(e'7)) as € — 0, and using (3.34)
we deduce that té = €/2 + €3 + O(e>7). So, if we substitute (2.24), (2.25) into (2.23) and keep
only the terms involving €3 or €., we find

{#3,m0} + {p2.m — Rno} + {¢1.,m0 — R + R?no} + {bo,m3 — B2 + R*m — R}
To
T

= 5[(5 — 33 + Or(np — R + R*no) — tdims — m] :
On the other hand, using (3.31) with m = 3 and (3.15), we obtain

(7%0 Orne + (F2—70) Orio + 20 Dz7e + (22— %) 32”0) (3.52)

3 1 1 3
¢3 = Z Bsm[n?;fm] = % L773 + % Z ((,Be + L)Pm + Qm)"?Bfm, (3-53)
m=0

m=1
where the polynomials P,,, @, are defined in (3.11) for m < 2 and in (A.19) for m = 3. We can
thus write (3.52) in the form

Ans + 5<t(9t?73 + (% — E)773> +R3 =0, (3.54)
where
3
1
R3 = %{Z ((Be + L) P + Q) M3—m 770} + {¢2,m — Rno}
m=1
+{¢1,m — Ry + R*no} — {¢o, Rno — R*m1 + RPno } (3.55)
,

_ FO <(7%2 — 70)Ormo + (22 — Z0)Ozm0 + ,?062772) + 60 (R — R%n) + 0 -
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Lemma 3.13. The function R3 defined in (3.55) belongs to (V1 + V3) N Z and satisfies
Rs = Be (R2ZX3O + ZX31> + R*Zxs2 + Zxs3 + O(6), (3.56)

for some (time-independent) radially symmetric functions xs0, X31, X32; X33 € Yo N Z.

The proof of Lemma 3.13 is a direct calculation that is briefly outlined in Section A.4. In
particular we verify there that the quantity R3 does not contain any factor 42, which is perhaps
surprising since ¢1, ¢2, and 72 all contain at least one term multiplied by .. We do not need
the expression of the O(J) terms in (3.56), but they can be computed too and are found to be
of the form 63 (R*Xs0 + Rx31) + 6 (R3X32 + RX33), where X3; are radially symmetric functions.
Finally we mention that R3 also includes terms of the form (3.56) that are multiplied by 2.

As can be seen from the last line of (3.55), there is a unique way to choose the quantities
79 and z3 so that Rg € V| + Vs, where Y] is the subspace defined in (3.22). In view of (3.56),
(3.36), (3.39), the velocities obtained in this way satisfy

;—07%2 = (01,864-02)5, TFOEQ = 0355+C4+O(52), (3.57)
for some constants ci,co,c3,c4. Now, decomposing R3 = [R31 + R3e where Rz, Rge are
independent of S, we look for a solution of (3.54) in the form 13 = B¢f31 + 7j32 where

R R R R J .
Mg +6(3 — L)Ag1 + Rap = 0, A7732+5(%—5)7732—§?731+7332 = 0. (3.58)

Since R31, Ra2 € Vj+Ys, both equations in (3.58) can be solved using Proposition 3.10. However,
at this stage, it is sufficient to use the crude approximation corresponding to N = 1 in (3.29).
This means that we can determine our profiles by solving the equations A7nz; + R3; = 0 for
j = 1,2 using Proposition 3.8. We thus obtain an approximate solution of (3.54) of the form

n3(R, Z,Be) = Pe (337730 + R7731) + R*n32 + Rss, (3.59)

where all functions 73; belong to Yy N Z. Using (3.53) we deduce the corresponding expression
of the stream function

$3(R, Z,3c) = Be (R3¢3o + R¢31) + R%¢3s + Ress (3.60)

where the functions ¢3; are radially symmetric and belong to S.(R?). Note that (3.60) does
not contain any factor 82. With the choices (3.59), (3.60), the left-hand side of (3.54) is of size
O(B9) in the topology of Z.

3.6 Fourth order approximation

Finally we compute the fourth order approximation, which is the final step in our construction.
No modification of the vortex speed is needed at this stage, so we can take

r3 = z3 = 0. (3.61)
The full expansion of the vortex speed is therefore

F(t) = 7o + €27 (fe) Z(t) = Zo(B.) + €%(8.), (3.62)
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where 7, zo are defined in (3.36), (3.39) and 7, z5 satisfy (3.57). As is easily verified, this implies
that 7(£) = ro(1 — €2 + O(e'B.)) and té = ¢/2 4 €3 + O(e°B,) as € — 0.
We look for an approximate solution of (2.23) of the form

4 4
Dapp(RoZ,t) = 3 €™ nn(R.Z,B), bupp(RZt) = Y "om(R, Z,8),  (3.63)

where the profiles n,,, ¢, for m < 3 have been constructed in the previous steps, and 19, 11, ¢
are actually independent of .. In analogy with (3.53), we have
1 1 o
b1 = 3= L+ 5 Zl<(ﬁe + L) P+ Q) (3.64)
m=
where the polynomials P,,, @, are defined in (3.11) for m < 2, in (A.19) for m = 3, and in
(A.20) for m = 4. Replacing (3.62), (3.63), (3.64) into (2.23) and proceeding as in the previous
sections, we obtain the following equation for the profile 74 :

Ay + 5(75@774 +(2- 5)774) YRy =0, (3.65)
where
1 4
Ry = %{n;((ﬂg + L)Po + Qm)a—m » 770} +{¢3,m — Rno} + {¢2.,m2 — Rm + R*no}
+ {1,135 — Rno + R°m1 — RPno} — {0, Rz — R*na + Rm — R'no} (3.66)
0

-T <(L2 — 70)Orm + (22 — Z0)Ozm + 5032773) + 60r (Rn2 — R?n1 + RPno) + 267 .

Lemma 3.14. The function R4 defined in (3.66) belongs to (6Vo + V2 + Va) N 2 and satisfies

2
Ry = 3 B (R Zxa + RZxs) + 0(0), (3.67)
k=0

for some (time-independent) radially symmetric functions xak, X5k € Yo N Z.

The proof of Lemma 3.14 is the same as that of Lemma 3.13, and can therefore be omitted.
The only important observation is that the projection of R4 onto the subspace ) is of size O(9).
This can be seen as a consequence of Remark 2.3: when § = 7 = 0, all profiles 7,,, ¢,, are even
functions of Z, so that the quantities R,, are odd in Z.

We now project Eq. (3.65) on the subspace Y, for m = 0, 2,4, and compute an (approximate)
solution Pp,n4 invoking either Proposition 3.8 (for m = 2,4) or Proposition 3.6 (for m = 0). In
the latter case, we use the observation that PyR4 = O(d) to show that Pyny is regular in the
limit § — 0. Altogether, we obtain an approximate solution of (3.65) in the form

2
(R, Z, ) = Zﬂf <RQZQ774k + (R* = Z%)nsi + 776k) , (3.68)
k=0

where the functions 7;, € Yo N Z are radially symmetric and time-independent. Using (3.64)
we deduce a similar expression for the stream function

2
¢4(R, Z, Be) = Zﬁf (R222¢4k + (R* = Z%) sk + ¢6k) : (3.69)
k=0
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and with these choices the left-hand side of (3.65) is of size O(/326) in the topology of Z.

Since we have now completed the construction of our approximate solution, we explain pre-
cisely how to define the vortex radius 7(¢) and the time-dependent aspect ratio €(t) = vvt/7(t).
In view of (3.36), (3.57), and (3.62), the function 7(¢) satisfies the differential equation

f(t) = —z—f <1 — e(t)2(01ﬂg(t) + Cz)) = —£—05 <1 — %52 <01 log :/(—Z_)t + CQ)) , (3.70)
with initial condition 7(0) = rg. The right-hand side of (3.70) is a smooth function of 7 > 0,
uniformly in ¢ € (0, Tyit), and also a C%* function of time for any o < 1. Applying the Cauchy-
Lipschitz theorem, we obtain a unique local solution of (3.70), which can be extended as long
as 7(t) > 0. Now, if we define €(t) = /vt/F(t), it follows that 7(t) = ro(1 — €(t)? + O(e*Be)),
and it is easy to see that the solution of (3.70) is well-defined and has the required properties
on the time intervals relevant for our considerations.

Remark 3.15. It is useful to notice that the approximate solution napp given by (3.63) satisfies,
for allt >0,

/ Napp(R, Z,t)dRAZ = 1, (3.71)
R2

/ R7app(R, Z,t)dRAZ = / Z Napp(R, Z,t)dRAZ = 0. (3.72)
R2 R2

Indeed, at each step m > 1, the vorticity profile n,, is constructed by solving equations of the form
A, + (% — E)nm + Ry = 0, where the source term R, has vanishing integral (by definition)
and zero first order moments (due to the choice of the speeds Tm—1, Zm—1). These properties are
inherited by the profile 1y, due to Proposition 3.6, and in view of (3.32) this leads to (3.71),
(3.72).

3.7 Estimate of the remainder

This section is devoted to the proof of Proposition 2.5. Our task is to estimate the remainder
(2.29), where 7., ¢, are defined in (2.28), and for this we need bounds on the derivatives of
the stream function in terms of the vorticity. If ¢ = BS€[n], where the Biot-Savart operator is
defined in (2.20), we have the formulas

0y6(R, Z) = —— /Q VTR (1R F(s)

(Z-Z")n(R',Z')
(R—R')? + (Z—2')?
(R—R)n(R,Z')
(R—R2+ (Z2-2')2

dR' 7',

T or

dR' 47’ (3.73)

Ono(R, Z) = _% /Q JOFR) (1R F(s)

e/ﬂm(

— F F R'.Z"NAR 47’
yp 7 (s)+ F(s))n(R',Z") ,

where F(s) = —2sE"(s), see [33, Section 4.2]. Here, as in (3.12), we use the shorthand notation

€2D2 (R_RI)Z + (Z—Z/)2
R rR) — (R (reR) (3.74)

In view of (2.7), we have Fi(s) — 1 as s — 0 and F(s) = O(s3/2) as s — +00.

Throughout the proof, we fix ¢+ > 0 and we assume that the parameters ¢ = \/vt/7(t) and
9 = v/I' are small enough. By construction the vorticity n.(R, Z,t) defined by (2.28) vanishes
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identically when p := (R?+2%)'/2 > 2¢799, so we can assume henceforth that p < 2790, In
that region, we have for any v € (0,1) the a priori bounds

SN (R, Z )| < Ce N |0l (R, Z,t)| < O, (3.75)

|or| <2 |a|=1

where o = (a1, a2) € N* and 9% = 931 0%*. Indeed, the first estimate in (3.75) holds because 7,
is obtained by truncating the asymptotic approximation 7,pp (R, Z, t) which belongs to the space
Z defined in (3.23). The second estimate can then be obtained using the expressions (3.73) with
¢ = ¢« and n = n,. To see this, we first observe that 1 + eR ~ 1 and 1+ eR’ =~ 1 in (3.73),
because both quantities p and p' := (R>4+2'*)Y/2 are smaller than 2¢~7 < ¢ 1. If we use the
estimates |F'(s)| < C in the first two lines of (3.73) and |F(s) 4+ F(s)] < Cs~/? in the third
line, we thus obtain

1.(R, Z,1)
w /(R-RY + (2-2))

0rO«(R, Z,1)| + [02¢+(R, Z,1)| < C drR'dz’ < C,

which concludes the proof of (3.75). Finally, since
75(9#7* (R’ Za t) = Xo (EUOP) tatnapp (R’ Za t) + 0o EUOpX6 (Eoop) napp(Ra Z, t) tat log(e) )

it follows from the expressions given in Sections 3.3-3.6 that t0:n, satisfies the same bound as
Ny in (3.75). Summarizing, in view of (3.75), the remainder Rem(R, Z,t) satisfies

10’ /4 IRem(R, Z,t)] < C5 1 (1+p) e~ (rmm0)P*/4 when p <2e 7, (3.76)

for any 79 € (0,1). If we assume that v € (79, 1), we conclude that the right-hand side of (3.76)
is O(671>) if p > ¢ 9°. So from now on we may concentrate on the inner region p < ¢ 9,
where 7, = 7app is given by (3.63).

In that region we decompose the stream function as ¢« = BS[x0 Napp] = ¢2 — oL+ ¢2, where

4 4 [ee)
@bg = Z e Bsm[napp] ) ¢»1s = Z €™ BSp[(1-x0) Uapp] ) Qﬁ = Z €™ BSm[xo napp] .
m=0 m=0 m=>5

Here o is a shorthand notation for xo(e’p). The convergence of the series defining ¢? is
easily justified using Lemmas 3.1 and 3.3, if we observe that both inequalities in (3.12) are
satisfied since p, p’ < e~!. The principal term BSs|[xo Napp] can be estimated using the explicit
representation (3.15), where P5, Q5 are homogeneous polynomials of degree 5, and this leads to
a bound of the form

0rOI(R, Z, )| +10202(R, Z,t)] < CB(1+p)°,  p<e ™,

where 3. = log(1/€). Moreover we have |0l +|9z¢1| = O(€>) because (1 — X0)Napp = O(¢>).
Finally, in view of (3.31) and (3.63), we have the identity

from which we easily deduce
|8R(¢8 - ¢app)| + |8Z (¢g - ¢app)| < 06553 (1 + ,0)5 .
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Collecting the estimates above, it is straightforward to verify that the remainder (2.29) satisfies

IRem(R, Z,t) — Rem(R, Z,t)| < C67'B2 (1+p)S e/t p<e, (3.77)

where PTer\n(R, Z,t) is the quantity defined for all (R, Z) € R? by the formula

1 ro. .
Lnapp + €0p (S477app) — 10¢Napp — 5 {¢app ) S477app} + g_; <77 ORNapp + 2« 8277app> ) (3.78)

with Sy =1 — eR + (eR)? — (eR)> + (eR)*.

Now the crucial observation is that the asymptotic approximation (2.24), (2.25) was con-
structed precisely so as to make the quantity (3.78) small in the topology of Z. More precisely,
the results of Sections 3.3-3.6 can be rephrased as follows:

SRem(R, Z,1) = Oz (652 + 2B.0% + 8.6 + 4626 + e5ﬁ§) . (3.79)

Inside the parenthesis in the right-hand side, the first four terms represent what remains from
the quantities €™ (Anm +0 [t@t +5— E] Nm+Rm) for m = 1,2, 3,4 after the profiles 7,, have been
determined, and the last one corresponds to those terms in (3.78) which are of order O(e®) or
higher and were therefore not considered in the construction of 7,p,. Combining (3.77), (3.79)
and using Young’s inequality, we obtain

Q

sup €0°/4 [Rem(R, Z,t)| < —< 62+ 360 + e5ﬁ§) < C(ed+ 675(571) ,

p<e 70 0

for any v5 < 5. This concludes the proof of (2.30). O

3.8 The Eulerian approximation

As was already observed in Remark 2.3, if we set § = 77 = 0 in the expansion (2.24), we obtain
an approximate solution nfpp, (bfpp, zp of equation (2.26), which is nothing but the stationary
Euler equation in a frame moving with (constant) velocity zge,. As is well known [3], steady
states of the Euler system are often characterized by a global functional relation between the
vorticity and the stream function. In our case, in view of (2.26), we expect finding a function
®. : Ry — R such that

E 7"0§E 2 naﬁ)p(R7 Z) M+1—
Garp (R, Z) — oT (14 €R)* = &, “xa )t Ole ), (3.80)
for all (R, Z) € R? such that p:= VR2 + Z2 < e L.

In this section, we first verify that a relation of the form (3.80) holds to second order, namely
with M = 2. Using the expressions (3.41), (3.42), (3.50), (3.51) with § = 0 and simplifying
somehow the notation, we can write our approximate solution in the form

(R 2) = m -+ ey + (R~ + .
EulR2) = o+ el + AR 2)03 + gy,

app

(3.81)

where 79, ¢g are given by (3.32), and the profiles 11,712,713 € Z and ¢1, g2, 3 € S«(R?) are all
radially symmetric. Note that 7,,, ¢, may include factors of 5. = log(1/e) when m > 1, but
this dependence is not explicitly indicated. We also expand the unknown function ®. in (3.80)
in powers of €:

De(s) = Do(s) + Py (s) + 2 Do(s). (3.82)

30



Finally, to simplify the writing, we denote

w = %(ﬁe —1+42v) = % + O(e28,), (3.83)

where the last equality follows from (3.39), (3.43), (3.57).

If we consider equality (3.80) to leading order in €, thus neglecting all terms that are O(e)
or O(efe), we obtain the relation ¢g —w/2 = ®y(ny), which determines the principal term ®¢ in
the expansion (3.82). In view of (3.32), (3.33) we thus have

w 1 1
) = 600 — 2 — L Bin(1og L) . s
o) = 60(0) =% — T Bin(log ). >0 (389
The constant in (3.84) has no relevance, but it is important to note that ®g(s) ~ —ﬁ log log%
as s — 0. For later use we define

Ordo _ Ozpo _ 4 2
Alp) = @ - - :—(ep/4—1), > 0. 3.85
() = ®o(mlp) = 5~ =5 = 2 P (3:85)
Incidentally we observe that A(p) = 1/h(p) where h is defined in (3.24).

To the next order in ¢, we deduce from (3.80) the relation

(1 —w)R = (o) (m — no)R + 1(m0) , (3.86)

which can be satisfied only if ®; = 0, because ®1(7g) is the only radially symmetric term in
(3.86). Dividing by R, we obtain the equality ¢1 —w = A(n1 — o), which happens to be satisfied
in view of our definitions of the profiles 71, ¢1. This fact can be verified by following carefully
the calculations in Section 3.3.

Finally we exploit (3.80) to order €2, keeping in mind that ®; = 0. In this calculation, we
neglect the O(e2f3.) correction in (3.83), because this term would only add an irrelevant constant
to the function ®3. We thus obtain the relation

w
(R2=22)60 + 63 — 5 B = B (n0) (R*=2)mz + 13 + (0 — m) B?)
1
+ 5‘@/0,(770)(770 — )2 R* + ®y(no) ,

where it is useful to substitute R? = 2(R?+Z?) + $(R?—Z?). The terms containing R?—Z>
cancel exactly due to the identity

1 w 1
$2 — V¥ — Amg = 0, where ¥ = o + o (n0) (o —m) + 5‘56'(770)(770 —m)?,

which is satisfied by definition of the profiles ¢2, 12, as can be verified by following the calculations
in Section 3.4. We are thus left with a relation involving only radially symmetric terms

b — %(R2+ZQ)\II Ay = Do), (3.87)

which provides the definition of the second order correction ®5 in (3.82). Summarizing, if ®. is
defined by (3.82) with ®; = 0, @ given by (3.84) and P, by (3.87), we have shown that (3.80)
holds with M = 2.

We now come back to the approximate solution 7., ¢. of (2.23) constructed in Sections 3.3
3.6, and we show that it also satisfies a relation of the form (3.80), in a sufficiently small region
near the origin. To formulate that result, we denote

TZ

O(R. Z.t) = 6u(R. Z.t) — 5 (B, Z,t)

1+eR

(1+€R)? — <I>E< > : (R,Z) € Q.. (3.88)
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Proposition 3.16. There ezist o1 € (0,00) and N € N such that, for any v3 < 3, the quantity
© defined by (3.88) satisfies, for some C > 0,

0rO(R, Z,1)] +1020(R. Z,1)] < C(eb+®)(1+p)Y,  p<c™,  (389)

whenever € and § are small enough.

Proof. The idea is to compare © with the second order Eulerian approximation

nfpp(R7 Za t))

E
© 14+ €R

app

(R, Z,t) = ¢E (R, Z,t) — roin (1+€R)? — c1>€< (3.90)

2r
which is of size O(e37) in view of (3.80). Here we consider both quantities nfpp, ¢§pp as time-
dependent, because we deal with the viscous case where ¢ = v/vt/7(t). We already estimated

the difference ¢, — ¢app in the proof of Proposition 2.5, and by construction we know that
Gapp = gbfpp + O(ed + €3B,). These arguments lead to the bound

0r (¢ — S5 ) | +107(6x — 0l0)] < C(ed+€B8) L+p)°,  p<e. (3.91)

On the other hand, we know that that 7(t) = ro(1 + O(€?)), and in view of (3.43), (3.57) the
difference between the vertical speed z, and its second order Eulerian approximation zg is of
size (I'/rg) - O(€%3.). We thus find

Fé* TQZLE
2T 2

‘ ‘(93(1 + eR)2| < CéB., p<e . (3.92)

Finally 7, is just a truncation of 7,,, and by definition 7,p, — nfpp = O(e§+€38,) in the topology
of Z. This gives the following bound

ST 0% (e —nEL ) (R, Z,1)| < Cled+ 6 A+ p)Ne /4, p<e, (3.93)

o<1

for some NN € N.

At this point we observe that n, — n9 = O(e) in the topology of Z when p < e 7°. In
particular, there exists N € N such that |, — no| < Ce(1 + p)Vnp in that region, and one can
verify that N = 3 is in fact sufficient. If we choose o1 > 0 small enough so that No; < 1, it
follows that . (R.Z.1)

U ) t
- < TR
mlp) < - F

: <2m(p),  pLe, (3.94)
whenever € > 0 is small enough. The same estimate holds for the Eulerian approximation ni)p.

To conclude the proof of Proposition 3.16, we need bounds on the derivatives of the function
O, defined in (3.82). We begin with the leading order term ®( which is given by the explicit

formula (3.84). We have

/O(i) __1l-s iqﬂo’(i) :_S_1+10g(1/;), §>0.
47 slog(1/s) 47 47 s2(log(1/s))
Thanks to (3.94) we only need to evaluate these expressions when the argument s/(4m) takes

its values in the interval [$19(p), 210(p)]. In view of Lemma 3.17 below, there exists C > 1 such
that, for all A € [1/2,2] and all p > 0,

% < @ (Mmo(p)) < CA(p),  [25(Am(p)| < CB(p), (3.95)
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where A(p) is defined in (3.85) and

167

Blp) = ~@(m(p) = —; (0 = /2 44 11) >0, (3.96)

The second order contribution ®5 is not known explicitly, but from the definition (3.87), where
the left-hand side belongs to S.(R?), we deduce that there exist C' > 0 and N € N such that

|5 (Mo(p))| < CA(p)1+p)Y,  |@5(M(p))| < CB(p)(L+p)Y, (3.97)

for all p > 0 and all X € [1/2,2].
Now, if 9% = O or 0z, we decompose

E E
o) - e 2) - om0 (Gm) - (55%)

E E
+ (o () - () 7 (5%
‘\1+4€R ‘\1+€R 14+€eR/’
and we estimate the right-hand side using (3.93), (3.95), and (3.97). Taking into account the
preliminary bounds (3.91), (3.92), we arrive at an estimate of the form

Z 0% (B(R, Z,t) — of (R,Z, )| < Cled + 81+ p)V, p<e .

app
af=1

As was already mentioned, the approximation @fpp (R, Z,t) is O(e37) in the topology of S, (R?),

so altogether we arrive at (3.89). O

In the argument above we used the following elementary result, whose proof can be omitted.

Lemma 3.17. Let f,g: (0,+00) — (0,+00) be defined by

1—s s —1+1og(1/s) ,
f(8) = ——=, g(s) = = —f'(s), 5>0.
5) slog(1/s) ) 32(10g(1/s))2 (#)
Then given any A > 1 there exists C > 1 such that, for any A\ € [A"1, A] and any s > 0,
1 f(As) 1 g(As)
— < <Cc, =< < C.
C = f(s) ~ C = g(s)

4 Energy estimates and stability proof

In the previous section we constructed an approximate solution 7, of the rescaled vorticity
equation (2.15) which corresponds, in the original variables, to a sharply concentrated vortex
ring of radius 7(¢) located at the approximate vertical position z,(¢). Our goal is now to control
the difference between this approximation and the actual solution 1 of (2.15) with initial data
Mo, which is located at the modified vertical position z(t) = Z.(t) + dZ(t) given by (2.32). This
will conclude the proof of our main results, Theorems 1.1 and 2.6.

Our starting point is the evolution equation (2.33) for the perturbation 7 defined in (2.31),
which can be written in the form

1, = 1,- S s €T :
1047+ ={ 6 .C} + 56} + {68} — 5 (70t + 2027
. (4.1)
N s 1 E i
:En—i—e@RC—l—gRem(R,Z,t)—i—%<8277*+58277>,
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where to simplify the notation we use the letter ¢ to denote the potential vorticity:

~ (R, Z,t)

n*(lg’z’t)
R, Z t) = =
C( ’ ’) 1+eR ’

G(R.Z,t) = T (4.2)

From our previous work [33] we know that Eq. (4.1) has a unique solution 7, in an appropriate
weighted L? space, with zero initial data. Our goal is to control the evolution of that solution
on a large time interval, uniformly with respect to the viscosity in the limit ¥ — 0. This is not
an easy task, because several terms in (4.1) are multiplied by the Reynolds number 6! =T'/v,
which becomes arbitrarily large in the regime we consider. As was explained in the introduction,
we shall use energy estimates to control the solution of (4.1), but a few preliminary steps are
necessary before starting the actual calculations.

4.1 Control of the lowest order moments

To implement our strategy based on energy estimates, we need a precise information on the
lowest order moments of the solution of (4.1). We first define, for all ¢ > 0,

fo(t) = /Q AR, Z4)dAX,  (t) = /Q (R+ eR%/2) ii(R, Z,t) dX , (4.3)

where dX = dRdZ denotes the Lebesgue measure in R2.

Lemma 4.1. The moments defined in (4.3) satisfy po(t) = O(e*5~1) and pui(t) = O(e+€52)
for any v5 < 1, whenever € and § are small enough.

Proof. The conclusion can be obtained by direct calculations, but we find it more illuminating
to use the conserved quantities of the original equation (2.3). The first one is the total circulation

M(t) = /ng(r,z,t)drdz - r/

(n+07) (R, Z,t)dX =T / ne dX +Touo(t), (4.4)
Qe

Qe

which satisfies M (0) = I" and is almost constant in time. In fact it is proved in [33, Section 4.4]
that 0 <1 — M(¢)/T < Cexp(—c/e®) for some positive constants C' and c. Moreover, since the
approximate solution 7,pp, lies in the space Z defined by (3.23), it follows from (2.28) and (3.71)
that [, 7. dX =1+ O(exp(—c/e??)). Therefore pg(t) = O(exp(—c/e27°)5~1) by (4.4).

We next consider the total impulse in the vertical direction
I= / rwy(r, z,t)drdz = F?“(t)2/ (1+ ER)Q(n* +07) (R, Z,t)dX , (4.5)
Q Q.

which is known to be exactly conserved [48,32], so that I = I'r3 for all times. Equality (4.5)
can be rephrased as I/I" = L.(t) + 67(t)?u(t), where

L) = 0P [+ RPLRZOAX,  4l0) = w(®) +2m(0). (L6)
Qe
It is not difficult to show that
tIl(t) = —7(t)? / (1+€R)?*Rem(R, Z,t)dX . (4.7)
Qe

The easiest way to establish (4.7) is to observe that the impulse I,(¢) would be conserved if
n. was an exact solution of (2.15), so that the remainder Rem(R, Z,t) defined in (2.29) is
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the only term that contributes to the evolution of I.(t). However equality (4.7) can also be
verified by a direct calculation. In any case, since Rem(R, Z,t) satisfies estimate (2.30) and
er Rem(R, Z,t)dz = O(¢>), we deduce from (4.7) that [tI,(t)] < Cr§ (€6 + €°T1671), hence

P e(s)25 + e(s)rsis—t

ds < Org (€25 + e tis1) .
s

t
L= < [ nelds < o
0 0

As r§ — L.(t) = 67(t)*p(t), we conclude that p(t) = O(e? + €»*1672), which gives the desired
estimate for puq(t). O

It is not clear if the strategy above can be applied to control the first order moment of the
perturbation 77 with respect to the vertical variable Z. In particular, we are not aware of any
(approximately) conserved quantity that we could use for this purpose. Instead we choose the
modulation parameter Z(¢) in (2.32) so that the vertical moment vanishes identically :

pa(t) = /Q ZH(R,Z,t)dX = 0. (4.8)

Differentiating (4.8) with respect to time and using (4.1), we obtain the relation

Z(t) / Z(0gms + 6077)) dX = 52 / ZR(R,Z,t)dX , (4.9)
Qe Qe

€r

where
1, oo 1 N .

° (4.10)

— L7 — edr( — 5 Rem(R, Z,t) .
In view of Lemma 4.1 the integral in the left-hand side of (4.9) is equal to —1 + O(e*°), and is
therefore bounded away from zero if € is small enough. The integral in the right-hand side is a
priori of size O(§1), but we observe that R = §'A7j + O(ed~!), where A is the linear operator
defined in (3.19). Using the properties established in Proposition 3.6, we see that the leading
term gives no contribution :

1

T |, ZAdX = (Zmo, Aq)y, = = (A(Zmo),71),, = 0,

since Zny = —20zno is in the kernel of A. These considerations, which will be made rigorous
in Section 4.8 below, show that the modulation speed Z is uniquely determined by (4.9), and
suggest that 2(t) = O(||71]|x,) as long as ||7]||x. remains of size O(1). In particular §2(¢) is indeed
a small correction to the vertical position of the vortex ring.

4.2 Definition and properties of the weight function

We now provide the precise definition of the weight function W, : Q. — (0, +00) which appears
in the energy functional (2.34). We give ourselves three positive numbers o1, 02,7 such that

0< o1 <opg <1< oy, v = o1/o9, (4.11)

where op € (0,1) is the cut-off exponent already introduced in (2.28). As we shall see o9 > 1
can be chosen arbitrarily, but o1 > 0 has to be taken sufficiently small. In particular o should
be small enough so that Proposition 3.16 holds.
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As in (4.2), if ¢ > 0 and 0 > 0 are sufficiently small, we denote (. = n./(1 + €R), where
7. is the approximate solution of (2.15) given by (2.28). We recall that (, and ¢, := BS[n,]
satisfy the relation (2.36), where ®. : R; — R is the function constructed in Section 3.8. We
decompose the domain Q, = {(R,Z); 1+ €R > 0} into a disjoint union Q, U QY U QY where

{ R, Z) € Q; (C(R, Z)) < exp(e*2<’1/4)},
QF = {R Z) € Q\ pge_”}, (4.12)
QY = {RZ EQE,p>602}

Here and in what follows, if (R, Z) € R?, we denote p = (R?+Z2)1/2. The domains €, Q" also
depend (mildly) on §, but for simplicity this dependence is not indicated explicitly.

Lemma 4.2. If e > 0 is small enough, the inner region Q. defined in (4.12) is diffeomorphic to
a open disk, and there exists k > 0 such that

{(R2)ip<senyc ol c {(R2); 0 < 4rlog}. (4.13)

Proof. The main properties of the function ®. are established in the proof of Proposition 3.16.
In particular, using estimates (3.94), (3.95), (3.97), it is easy to verify that

Ap) < DL(¢(R,2)) < 2A(p), when p <2e 7. (4.14)

DO =

Here A(p) = (Zl/;)z)(ep2/4 — 1), see (3.85). Since 24(¢™7") < exp(e 27! /4) as soon as € 7! > 3,
we deduce that (R, Z) € Q. if p < e 7', Similarly, using the lower bound in (4.14), it is easy to
verify that the inner region €2/ is contained in the disk p? < ¢271 4 /{log% if Kk >40; and € >0
is small enough. Finally Q. is diffeomorphic to a disk because ®.((,) is C*-close to a strictly
increasing radially symmetric function when e > 0 is small, see (3.82). O

We next choose a smooth cut-off function x; : R — [%, 3] such that

1
x1(z) = 112 for |z| < Xi(z) =0 for |z| > (4.15)
00) i

er—l
B~ w

The weight W, : Q. — (0, is defined by

O (¢C(R, Z)) in Q,
We(R,Z) = x1(eR) x S exp(e"21/4) in Q, (4.16)
exp(p?7/4) in Q,

where v = 01/09 < 1 and Q, Q7 Q" are the regions defined in (4.12). In other words, we assume
that W, = ®/((.)/(1+€R) as long as the numerator remains smaller than the threshold value
exp(e 271 /4). Outside this inner region, the weight is radially symmetric except for the geometric
factor x1(eR), and the radial profile remains constant as long as p < €72 before increasing again
like exp(p?Y/4) when p > €72, By construction the function W, is locally Lipschitz continuous
in €, and smooth in the interior of all three regions (4.12). The (mild) dependence of W, upon
the parameter 6 > 0 is not indicated explicitly. A schematic representation of the graph of W,
is given in Figure 2.

Further properties of the weight W, are collected in the following lemma.
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Lemma 4.3. There exist positive constants C, Co such that, if €, §, and o1 are small enough,
the weight W, satisfies the uniform bounds

Crexp(p?/4) < We(R,Z) < C2A(p), (R, Z) € Q. (4.17)

where p = (R*4+Z>)Y2 and A(p) is defined in (3.85). Moreover, given any v, < 1 there exists
Cs > 0 such that the following estimates hold in the inner region

(We(R,Z) — Ap)| + |VW(R, Z) — VA(p)| < C3e™Alp), (R,Z) € QL. (4.18)

Proof. Since 3 < x1(eR) < 3 and exp(p?’/4) < CA(p), we deduce from (4.14) that the bounds
(4.17) hold in the inner region 2., as well as in the far field region Q. In the intermediate
region 7 we know that p < €792, so that exp(p?7/4) < exp(e 271 /4) since v = o1 /02, and this
gives the lower bound in (4.17). If p > 2791, it is clear that exp(e~291/4) < A(p), which is
the desired upper bound. Finally if (R,Z) € Q) and p < 2¢ 7!, we deduce from (4.14) that
exp(e 271 /4) < ®L(¢.(R, Z)) < 2A(p), which concludes the proof of the upper bound in (4.17).

To prove (4.18), we start from the expression (4.16) of the weight W, in the inner region Q.
We know from (3.85) that A(p) = ®((no), where ng is defined in (3.32). We thus find

(We(R, Z) = A(p)| < [x1(eR) — 1|@(C) + [@L(C) — ®Llmo)| + [ Dc(no) — Ro(no)| . (4.19)

Since x1(eR) = (1+€R)~! when (R, Z) € €., the first term in the right-hand of (4.19) is smaller
than Ce|R| ®.((.) < Cel=1A(p). For the second term, we use the bounds (3.94), (3.95), and
(3.97) to obtain

|@0(¢.) — @e(mo)| < sup |27 (Ano)| [¢« — 1m0l < CB(p)(1+ p)Neno < C*A(p),
<2

where in the last inequality we assumed that o7 > 0 is small enough so that Noj < 1—~7. The
last term in (4.19) is bounded by €2|®%(ng)| < Ce A(p) in view of (3.97). Altogether we arrive
at the estimate |W (R, Z) — A(p){ < Ce" A(p). The corresponding inequality for the first order
derivatives can be obtained in a similar way, and we omit the details O

4.3 Coercivity of the energy functional

For € > 0 small enough, we introduce the weighted L? space X, = {n € L*(Q); [nflx. < o}
defined by the norm (2.39), namely

HMB;=:[;MQGLZHMRJﬁFdeZ- (4.20)

In the limiting case € = 0, it is understood that Qg = R? and Wy(R, Z) = A(p), in agreement
with (4.18). Assuming that € > 0, we consider the energy functional (2.34), namely

1 in
Bl = S0l - B, ne (121)
where EX" is the kinetic energy defined by

ENn[p) = 1/ ¢ndRAZ = 1/ VO jpaz, - BS[n] (4.22)
¢ 2 Qe 2 Q€1+€R ’

Since we are interested in the regime where € is small, it is important to observe that EX"[y]
becomes singular in the limit ¢ — 0, if the vorticity 1 has nonzero mean. This divergence is
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related to the well-known fact that any (nontrivial) nonnegative vorticity distribution in R?
has infinite kinetic energy. The regular part of EX"[n] is given, to leading order, by the two-
dimensional energy

. 1 1 8

E§™n) = — / (LmndX = — / / log (75 ) n(R, Z)n(R', 2') dX X', (4.23)
47 R2 47 R2 JR2 D

where L is the integral operator (3.14) and D? = (R—R')? + (Z—Z')%. More precisely, we have

the following statement, whose proof is postponed to Section B.1.

Lemma 4.4. If € > 0 is small and n € X, satisfies supp(n) C Be := {(R,Z) € Q¢; p < e 71},

we have the expansion

ﬂs —2
4

where Be = log(1/e) and po = [ ndRdAZ.

BE ) = S g+ B + O(eBll%,) - as e =0, (4.24)

We now consider the (formal) limit of the functional E.[n] as e — 0, assuming that n has
zero mean to avoid the logarithmic divergence in the right-hand side of (4.24). In view of (4.18)
and Lemma 4.4, we obtain the limiting functional

1 in 1 in
Eoln} = 5 - Alp)n(R. Z)? AR AZ — Eg™ (] = 5 Ill%, — E§™[n], (4.25)
which is studied in detail in our previous work [34]. In particular, we have the following property :

Proposition 4.5. There exists constants Cy > 2 and Cs > 0 such that, for all n € Xy,
1%, < CaEoln] + Cs(ug + ui + 43) , (4.26)
where po = [pondX, p1 = [g2 RndX, pg = [po ZndX.
Proof. The results of [34, Section 2] show that (4.26) holds when pg = u1 = pa = 0, and the
general case is easily deduced by the following argument. Given 1 € Xy we define
i = n—pomo + mOrno + p2dzmo, ¢ = ¢ — podo + p1dreo + 120z ,

where ¢ = (2m) ! Ln and 19, o are as in (3.32). By construction the integral and the first order
moments of the new function 7 € Xy vanish, so that we can apply the results of [34] which give
the bound [|7)[|3, < CsEo[f)]. On the other hand, expanding the quadratic expressions |7)[|3,
and Ey[7] and using Holder’s inequality, it is straightforward to verify that

. 1 . 1
Il = 5 Inll, = Cud + pi +w3), - Eolil] < Eoln] + g Inlls, + €+ i + 13)
for some C' > 0. If we combine these estimates, we arrive at the bound (4.26) with a deteriorated
constant Cy. O

Using Proposition 4.5, we now establish a similar coercivity property for the functional F.
when € > 0 is small. The proof of the following proposition is again postponed to Section B.1.

Proposition 4.6. If the weight W, satisfies (4.17) and (4.18), there exist constants Cg > 0 and
C7 > 0 such that, for all sufficiently small € > 0 and all n € X, we have the estimate

Inl4, < CsEcln] + Cr(Bepd + ud + 1) , (4.27)
where e =log(1/€) and pg = er ndX, u = er RndX, pe = er ZndX.

In what follows we use the bound (4.27) to estimate the vorticity perturbation 7 introduced
in (2.31). The corresponding moments (i, 111 are under control thanks to Lemma 4.1, and pe = 0
according to (4.8). So it remains to bound the energy functional E.[7], which is the purpose of
the remaining sections.
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4.4 Time evolution of the energy

Let 7 be the solution of (4.1) with zero initial data. Assuming that 6 > 0 and o > 0 are
sufficiently small, we consider for t € (0,T,q,0~7) the energy function

/WRZ (R, Z,t)*dX — = /gbRZt) i(R, Z,t)dX (4.28)

where ¢ = /vt/7(t) and W, is the weight function defined by (4.16). The first term in the
right-hand side of (4.28) is equal to %HﬁH%(e, and the second one is the kinetic energy EX™[7],

which satisfies (4.22) and involves the stream function b = BS€[n] defined by the Biot-Savart
formula (2.20). Differentiating (4.28) with respect to time and using the relations (3.34), (4.22)
together with the evolution equation (4.1), we obtain by a direct calculation

1 N - té RV
. = | (Weitdi + SHOW. 2)dX—/ (Btori+ 5 s ) aX
; /Q 110, + SO We)n Qe(b m+2(1+6R)2
=h+L+L+L+15+ 1,
where the quantities Iy, ..., I collect the following terms.

1. Local advection terms :

€7 Z,

1 -
n--z/ Wil $Jax + G /Wnazndx
Qe

= [ walo. - v er? ax (4.2)
Qe

0 2T

_ 1 {We(l Y €R), 6 —
Qe

(1 +€R) }52 dX.

20 2F

2. Nonlocal advection terms :

. %/Qﬁ{m,é}dX—m*/ sosax — 5 [ (Wi d){s, ¢Jax
- %/Q &{@ o S (L4 eR), 5 dX——/ Wei{é, (.} dX (4.30)
_ %/Q{‘f’ T2 (1+ €R) } S/Q€WE(1+eR){¢§,g*}§dX.

3. Nonlinear terms :
I3 = —/Qe(Weﬁ—gE){&,f}dX = —/QE{Weﬁ,as}édX. (4.31)
4. Diffusive terms :
I = /Q e(Weﬁ — ) (Eﬁ n eaR§> ax.

Integrating by parts as explained in Section B.2, we obtain the equivalent expression

- [ wavipax - [ (ow.vigax - [ vitax
Qe Qe Qe

¢ . € R|V¢|?
< 1 2ax + = [ X _gx
2/9 Or(We(l + cR))Ed +4/Q€ X

€

(4.32)
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where

1 1
Ve = Z(RBR + Z07)W, — §WE — (1+€R). (4.33)
5. Remainder term : 1
Iy = 5 / (Weiy — ) Rem(R, Z,t) dX . (4.34)
Qe

6. Additional terms:

2 or
: 112

_fe [ BIVOP . e
2 Q. (1 —|— 6R)2 (SF

Is = l/ t(OW )i dX + @/ (Weiy — ¢) OridX
e (4.35)
i (Weii — &) (92ms + 60277) dX

For the purposes of our analysis, it is useful to reorganize some terms appearing in the
quantities Iy and Is. First, using (2.19) and integrating by parts, it is easy to verify that

—/ $0 NdX—/ 10RpGAX = 5/ IVoP (4.36)
o R7 = 9677 R =5 o, (1+6R)2 . .

So, if we collect all terms involving |V@|? in (4.32), (4.35), and (4.36), we obtain the quantity

€ té R|V¢[? EFF V|2 tr / V|2
- _ = A 34X dX = — ——dX
(4 2)/Q (14 €eR)? T /Q (14 €R)? 27 Jo, 1+€eR 7
where we used the expression (3.34) of té. Next, we prefer including the term involving t9, W, in

14 rather than Ig, because it will be combined with the diffusive terms in I4 to obtain negative
quantities that will allow us to control the evolution of the energy. Summarizing, if we define

- / W[ Vij* dX — / (VWe - Vij)ijdX — / Vot dX
Qe Qe Qe

: ) . (4.37)
__/ 8R(We(1+eR))C2dX+—/ tHOW)R? dX
2 Q. 2 Qe
and
Is = 2L / W.iioRidX + L ging) + T2 / (Weii — &) (0zms + 60z77) dX,  (4.38)
(SF Qe T 6F

we obtain the identity tO;F. = I; + I + I3 + f4 + Is + fﬁ, which we exploit in Sections 4.6—4.9.

4.5 Bounds on the stream function

In this section we collect a few estimates on the stream function ¢ = BS€[n], where BS€ is the
e-dependent Biot-Savart operator (2.20). We are especially interested in bounds on the velocity

field U = (Ug,Uyz) defined by (2.18).
Lemma 4.7. There exists a constant C' > 0 such that, for all € € (0,1),

Oro 3Z¢ C

R, ZH|ldX'. 4.39
1+6R 1+eR _/ \/R R+ (Z-2')° In( )| ( )

In particular, for any q > 2, we have [|Ul|pa < Cyl[nl|lx, where U is the velocity field (2.18).
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Proof. Estimate (4.39) is established in the proof of [33, Lemma 4.1], which in turn relies
on [32, Proposition 2.3]. Using the Hardy-Littlewood-Sobolev inequality, we deduce from (4.39)
that |Ul|re < Cyllnllre if ¢ > 2 and p € (1,2) satisfy the relation 1/p = 1/q + 1/2. Finally, the
lower bound on W, in (4.17) implies that ||n|z» < C||n| x. for any p € [1,2]. O

The particular case where 7 = 7, is the approximate solution (2.28) plays an important role.
Lemma 4.8. The following estimates hold for the stream function ¢. = BS[n.] :

OR®« 07+« C ‘ 07+ ‘ < C
1+eR 1+eRl = 1+p+e2p3’ (14+eR)?2l — 14+ p+e3pt’

(4.40)

where p = (R2+2%)1/2.

Proof. In the region where p < 1/(2¢), we can use estimate (4.39) with = 7,. Since 7, satisfies
the Gaussian bound (3.75), we easily deduce that |[U| < C(1+ p)~!, which gives estimate (4.40)
in that case. We now concentrate on the region p > 1/(2¢), where a more careful analysis
is needed. We start from the formulas (3.73) with n = 7., and we first estimate the vertical
derivative dz¢,. Since |F(s)| < Cs~3/2 for all s > 0, we see that

Oz P« g (1+€R/)2 ‘77*(R/7 Z/)’ sy
‘(1 + eR)Q‘ =3 /Qe (R—R')? + (Z—Z’)2)2 A dz.

(4.41)

Note that the integral is, in fact, taken over the support of 7,, which is included in the ball
p = (R*+Z'*)1/2 < 2790 where ¢ < 1. In particular we can disregard the factor (14+-eR’)? in
the numerator, and the denominator is always larger that p*/2 if € is sufficiently small. So the
right-hand side of (4.41) is bounded by Ce=3p~* when p > 1/(2¢), which concludes the proof of
the second inequality in (4.40). Since 1 + eR < 1 + €p, the estimate on dz¢s/(1+€R) in (4.40)
follows immediately.

To conclude the proof of the first inequality in (4.40), we must estimate the quantity Ords
which contains an additional term given by the last line in (3.73). In the region where p > 1/(2¢),
using the fact that |F(s)| + [F(s)| < Cs3/2, we see that the contribution of that term to the
vertical speed Uz = Or¢./(1+€R) is bounded by

1 /\2 » / Z/
92/ ( +€R) ‘77 (R7 )’32dR/dzl S 2613‘
¢ Ja. (R—R)? + (2—2')2)" €p
The proof of (4.40) is thus complete. O

4.6 Control of the advection terms

In what follows we always assume that § > 0 is sufficiently small and that €2 < 617 for some
small ¢ > 0, see Remark 2.2. As in Lemma 4.3, we also suppose that the exponent o1 > 0
is small enough. We first estimate the advection terms I;, I» defined in (4.29), (4.30). These
terms are potentially dangerous because they include a factor 1/6 which is very large in the
vanishing viscosity limit, but the energy functional (2.34) was designed precisely so that these
contributions can be controlled.

Lemma 4.9. There exist y1 > 0 and C > 0 such that

e .
L) < cen il + TG/Q WP dX . (4.42)
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Proof. To exploit the properties of the weight W, we decompose the integral (4.29) defining
I in three pieces, which correspond to the subdomains (4.12). If (R, Z) € ., we know from
(4.16), (3.88) that

P (¢ T2

We=1rerr > or

(1+€eR)? = O () + O, (4.43)

where © is a remainder term that is studied in Proposition 3.16. It follows that

T2
2T

(Wl +eR), 6. = T2 (1 +eR?| = {01, 2.(¢) + O} = {2(¢), 0}

where the right-hand side can be controlled using the bounds (3.89) on © and the estimates
(4.14), (4.18) on the weight W, in Q. This gives, for some integer N and any 73 € (2,3),

{2L(¢), O} < Cleb+ ) (1+ p)V We < C(ed+ ) N, (444)

where we used the fact that 1+ p < 267! when (R, Z) € Q.. Since { ~ 7 in Q. and since
61 < e2/(1=9) in the parameter regime we consider, it follows from (4.44) that

1 / ) €\ —No =2 7112
= [ o). 0} Pax < Cet o) eV | waPdx < Ceralf,, (445)
Q Q
where 7 is taken so that 0 < 1 < 3 —2/(1—0) — Noj. As 3 < 3 is arbitrary, such a choice is
always possible if we assume that o > 0 and o7 > 0 are small enough.
We next consider the intermediate region Q7 in which W(1 + €R) = x2(eR) exp(e 271 /4),
where x2(z) = (1 + x)x1(x). In that region, we thus have
TZy
2T

Je = {We(l +€eR), ¢« (1+ eR)Q} = ex5(eR) exp(e_201/4)(9z¢* .
Since xa(z) = 1 when |z| < %, the quantity J. vanishes when p := (R?+22)!/2 < 1/(2¢). In the
region where 1/(2¢) < p < ¢ 2, we know from (4.40) that |0z¢./(1+€eR)?| < Ce 3p~ < Ce,
and that W, =~ exp (6_2"1 /4) Since x4 is a bounded function, we deduce

1 1 | Je| 72 - Ce?

- || CPdX = =

. — | W.?dX. 4.46
5 QQ’ 5 Qé’ (1+6R)2 - (5 Qg 77 ( )

Finally, in Q" we have W, (1 4+ €R) = xa(eR)W, where W, = exp(p>’/4), so that

- €7 Z4 . .
Jo = ex4(eR)W, 0z + T x1(eR)(1 + €R)?0,W, + x2(eR){We, ¢}

The first term in the right-hand side is estimated as above, with the difference that we now have
the improved bound |0z¢./(1+€R)?| < Ce 3p~* < Ce*?273. For the second one we observe that

|BRW6‘ + |32WE| < NPT < 4 €W, since p > € 02, (4.47)
and the last term is estimated using (4.47) and the first bound in (4.40). Altogether we find

1 =9 C 1 T|Z«| € 1
5 Q/€//’JE’C dX < 5 Q/€H<62p4 I pl=2v + €2pi—2v

YWt dx < e il (4.48)

provided 0 < 1 < o9 +1—207 —2/(1—0). Since o2 > 1, such a choice is again possible if o > 0
and o1 > 0 are small enough. Combining (4.45), (4.46), (4.48), we arrive at (4.42). O
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Lemma 4.10. There exist v1 > 0 and C' > 0 such that
1| < C i, - (4.49)

Proof. In Q2 we have W, (1+€R) = ®L({,) by (4.43), hence W (1 —|—€R){QZ~5, G} = {(;5, G}
Using the second relation in (4.43), we deduce that

TZs

{6,0.- =

The first-order derivatives of © are estimated in Proposition 3.16. Proceeding as in the previous
lemma, we thus obtain

= (14 R - W1+ eR){$, ¢} = {4, ©}. (4.50)

1 ! - € —No ‘V(b’ o
5/§22|{¢a@}"C’dX§C<E+T)e 1/ 1—|—R’ ‘dX<CelH77HX7 (4.51)

where 0 < 71 <7y3—2/(1—-0)—Noy. In the last step, we used Hélder’s inequality with exponents
3 and 3/2, and we invoked Lemma 4.7 to control the L3 norm of V¢/(1 + €R).

In D, := Q. \ L, we consider both terms in the left-hand side of (4.50) separately. The
contribution of the first one to Iy is estimated by

V| [V, : N
il AT 51 ax 4 T [ 1osillalax = o(alk,). (45)

because |V¢.| < C by (4.40), |[Vé/(1+€R)|| s < C||7||lx, by Lemma 4.7, and

1/2 1/6
llgorzpyy < (/D W2 dX> ( [ We3dX> _ o ill)

The second term in the left-hand side of (4.50) is nonzero only if p < 2¢779, in view of (2.28).
In that region, we know that W,|V (.| < C(1+4 p)" for some integer N, because W, satisfies the
upper bound in (4.17) and 7, belongs to the space Z defined in (3.23). The contribution of that
term to Is can therefore be estimated in the same way as above:

1 \4 _
ffowaeeaax < § [ TG pvax - oeag). wsy
Combining (4.51), (4.52), (4.53), we obtain (4.49). O

4.7 Control of the diffusive terms

Our next task is to estimate the diffusive terms collected in (4.37). To formulate the result, we
introduce the continuous function p, : R? x Ry — R, defined by

p if p<e ™,
py(R,Z,€) = S €70 if el <p<eo?, (4.54)
p7 it p>e 2,

where as usual p = (R? + Z2)'/2. Our goal in this section is:

Proposition 4.11. There exist £ > 0 and C > 0 such that
Iy < —n/ We(\VﬁP + P27 + ﬁQ) dX + C(up + 15 + 13) , (4.55)
Qe

where Lo, 1, P2 are defined in (4.3), (4.8).
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The proof of Proposition 4.11 requires several steps. We first control the term in I, that
involves the time derivative of the weight function W..

Lemma 4.12. There exist C' > 0 and ;1 > 0 such that

/ tOW)F dX < —% Wi dX +C | Wei dX + Ce" |7|[3, - (4.56)
Qe Qé/ le”

A

Proof. Following (4.16) we decompose W (R, Z) = x1(eR) W¢(R, Z), so that
to W, = x1(eR)td,W(R, Z) + téRX,(eR) W.(R, Z) . (4.57)

We first estimate the right-hand side in the region €2 defined by (4.12), where W, = ®(C,). As
d, = By + 2By according to (3.82), we have td;W, = () td;Cs + 2teé P4(C,) in that region.
We recall that 2t¢ = e(1 + O(e?)) by (3.34), and that the functions ®, @ satisfy the estimates
(3.95), (3.97). It follows immediately that [te¢ B ()| < Ce2 N1, < CeW.. Moreover, since
Ce = 14/ (14€R) with 7, = napp in @, we also have B (C)tDiCs| < Ce(1+ p)NW, < CeMW,
provided 0 < 71 < 1 — Noy. Finally, the last term in (4.57) is bounded by CepW, < Cel=71W..
Altogether we have shown that [t0,W,| < CeW, in QL.

In the intermediate region Q/ we have W, = exp (e7271/4) and py = € 7', so that

to,W. = —% exp(e_201/4) = ——W.

té g1 .2 2t€ 01 & 2
6201+1 2

p’y?’\‘ 4W€pfy'

Since [téRx)(eR)| < |eRx|(eR)] < C, it follows that t8,W. < —(01/5)Wep? in Q7. Finally, in

the exterior region €2, the function W, = exp(p®Y/4) does not depend on time, and we deduce
from (4.57) that |t0,W,| < CW.. Collecting all these estimates, we arrive at (4.56). O

We next consider the term involving ¢ in (4.37).

Lemma 4.13. There exist C' > 0 and v > 0 such that
~ 2 ~,
—g/ Or(We(l+€R))(*dX < _EZ/ W2 dX + Ce i, - (4.58)
Qe Qe

Proof. If D, denotes any of the three regions defined in (4.12), we have

~, 2 ~ ~
—%/ Or(We(1+ €R))CZdX = —% WﬁdX-%/ (0rW,)CidX (4.59)
€ DC €
e ) 1 (5RWE)2 2
< < X4 | YYD gy 4.
< -G [ wax e [ ORESirax. e

where in the second line we used Young’s inequality. In the inner region . we observe that
¢ ~ 7, because |eR| < 2¢'~71 < 1. Moreover we have e|drW,| < Ce"W, for some 7; > 0, so
taking D. = Q. and using (4.59) we obtain the analogue of (4.58) in that region. Outside €2,
we cannot directly compare ¢ and 7, so we prefer using inequality (4.60). In the intermediate
region 7, we have |OrW,| < CeW, by (4.16), and (4.58) easily follows. Finally, in the exterior
region Q' we observe that

EXE(ER) YR 9, 9
OpW,. = — p7 W..
R (Xl(eR) + 2 p

Taking o1 small enough so that v = 01/02 < 1/2, and using the fact that p > € 2 in Q7
we deduce that |OpW,| < CeMW, for some ; > 0, and this leads to (4.58). The proof is thus
complete. O
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To conclude the proof of Proposition 4.11, we consider the quadratic form given by the first
line of (4.37), namely

Qi = [ WvaPax+ [ (VW Vnax + [ Vifax, (4.1
Qe Qe €
where V; is defined in (4.33). Taking formally the limit e — 0 in (4.61), we obtain using (4.18)
Qoln] = / A|Vn?dX + / (VA-Vn)ndX +/ Vin?dX, (4.62)
R2 R2 R2

where A is defined by (3.85) and V = 1(ROg + Z07)A — $A — 1. The limiting quadratic form
(4.62) is carefully studied in our previous work [34], and we have the following result:

Proposition 4.14. There exists constants Cg > 2 and Cg > 0 such that, for all n € Xy with
pn € X and Vn € X2, we have

I3, + llenliz, + lInll, < CsQoln) + Co(ug + ui + 13) | (4.63)
where py = fRQ ndX, pu; = fRQ RndX, pus = fRQ ZndX.

Proof. In [34, Theorem 4.2] we prove that there exists dy > 0 such that Qo[n] > do|lnl%, for
any 1 € Xy such that pg = g1 = ps = 0. On the other hand, if we apply Young’s inequality to
the middle term in the right-hand side of (4.62), we obtain the lower bound
1 |VAP? 1 1
> 5 [ AVnPax+ [ (V=S50 )X > Sl + o5 llenl, - Clll
Qoln] = § /]R2 [V[*dX + /RQ aa )1 AX = 2Vl + S llenll, = Clinll, »
because a direct calculation reveals that V/A — |V A|?/(342) > p?/(24) — C for some constant

C > 0. Taking a convex combination of both estimates, we see that there exists Cs > 0 such
that

IVnllZ, + llenll%, + I, < CsQolnl, (4.64)
whenever n € Xp satisfies po = p1 = pz = 0. It remains to deduce (4.63) from (4.64), which is
easily done using exactly the same arguments as in the proof of Proposition 4.5. O

The analogue of Proposition 4.14 for the full quadratic form (4.61) is the following statement,
whose proof is postponed to Section B.3.

Proposition 4.15. There exists constants Ci1g > 2 and C1 > 0 such that, for all sufficiently
small e > 0 and all n € X with pyn € X and Vn € X2, we have

WW&HM%+AQlm%%XSQwMHG(M+AWM%@, (4.65)
e ¢

where p? = pf + pf + p3 and po = fo ndX, p = fo RndX, p2 = [o ZndX.
End of the proof of Proposition 4.11. In view of (4.37) and (4.61) we have

€

~ 5 ~ 1 5

Iy = —Q[7) — 5/ 8R(WE(1 + eR))g2 dX + 5/ t(@,W )i dX .
Qe Qe

The three terms in the right-hand side are estimated using (4.65), (4.58), and (4.56), respectively.

Taking € > 0 sufficiently small and recalling that p, > € 7t > 1 outside the inner region

Q, we arrive at (4.55). The slight discrepancy between the definitions of u1 in (4.3) and in

Proposition 4.15 is completely harmless. O
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4.8 Control of the remaining terms

In this section, we estimate the remaining terms I3, I, and I defined in (4.31), (4.34), and
(4.38), respectively.

Control of I3. We deduce from (4.31) that

Vo _ Vo
w< [ Fhmmnox < [ T gaww s wwa)ax. o)

To estimate the right-hand side, we use (4.39) and [35, Lemma 2.1] to obtain the uniform bound

||, < cmanal? < enay (any + 19a15).

On the other hand it is easy to verify that |[VW,| < C(1 + p,)We where p is defined in (4.54).
It follows that
_13/2 (1~ 11/2 _1/2Y (1= _ _ _ _
131 < Gl (1l %2 + IVl (llle. + ol + [9il) < Clilx. D], (4.67)

where for convenience we denote

D[] = [IVallx + lpyillx + I3, - (4.68)

Control of I5. Proposition 2.5 asserts that the remainder Rem(R, Z,t) satisfies the pointwise
estimate (2.30), which implies in particular that Rem € X,. In view of (4.34), we thus find

5] < < [Rem . (allx. + W, 0) < €(e+ S ) (Walla + W9l

It remains to estimate the norm of We_lé in the space X,. This can be done by decomposing the
Biot-Savart kernel as in the proof of Lemma 4.4, see in particular Eq. (B.2) below. Neglecting
contributions of order O(e>), we can restrict the integrals to the region where R? + Z2 < ¢~201
and R + Z'* < €291 Invoking (B.3) and recalling that po(t) = O(¢>°) by Lemma 4.1, we find

that W' dllx. = [IWe 3|12 < ClIfillx.. We conclude that

5 < O(e+ S5 ) .. (4.69)

Control of I5. The first two terms in (4.38) are easily estimated, because ¥ = O(3) by (3.70).
Proceeding as in Lemma 4.4 to control the kinetic energy, and recalling that pg(t) = O(e*), we
find

IO =

67'7' in
/WW%MX+ #[ﬂ<cwwawx+a%w&

So it remains to estimate the last term in (4.38), which involves the correction Z(t) to the vertical
speed introduced in (4.9). Using (2.19) and integrating by parts we first observe that

Qe Qe (4.70)
_ / (0,0)7dX + /Q (Wb, = 0760.)74X.
é //U é//

46



where O is defined in (3.88). In the second line, we used the expression (4.16) of We in the
inner region Q. to obtain the identity W.0zn. — 0z¢s = ®L(()0zC — Oz = —070. The
last integral in (4.70) is of order O(e*||7]|x,), and the integral over Q. can be controlled using
Proposition 3.16. We thus obtain |Z;| < C(ed + €73)||7|| x.. Moreover, we obviously have

ZQ =

K;O%ﬁ—$ﬁbﬁdX‘SCMMMﬂVMMp

Finally, to control the velocity é(t), we need the following lemma:

Lemma 4.16. Let J(t) = er ZR(R,Z,t)dX where R is defined in (4.10). Then there exists a
constant C > 0 such that

Cefe
0

(hill. + oI, ) + 0 (e + 7). (a.71)

] < —

Proof. We consider separately the various terms in the right-hand side of (4.10). Integrating
by parts, we find

_ 1 3 7 _ 1 10rG. | 10RO
Ji = 5/£)£Z({¢*,g}+{¢,<*})dx - 5/Q€<1+ER ; 1+ER>01X

In the right-hand side, we can restrict the integration to the region where p < €771, because the
integral on the complement is of order O(e*||7j||x.). Thus, expanding the Biot-Savart formula
as in Section 3.1, we obtain

—oi = o= [ (#0n(Ln.) +n.0n(L0)) AX + O(efielillx) (172

™ JR2

where L is the convolution operator (3.14). Since L is symmetric in L?(R?) and commutes with
OR, the integral in (4.72) vanishes and we conclude that |J1| < 6~ YeB||7l x. -

Similarly, we have

.. S 70pd
o ::/QZ{QS,C}dX:/Q{Z,gb}CdX:—/Q ¥+§ZdX.

Here again, up to a negligible error, we can assume that 7 is supported in the ball p < e771.
Proceeding as before, we thus find

1

o=~ [ AOR(L) X + O(ebielillk.) = O(chelil.) - (4.73)

The remaining terms in (4.10) are easier to treat. In view of (4.8) we have
/ Z(ﬁﬁ + 6635) dz =0, and / Z(F ORT + 2« azﬁ) dX = —Z.uo,
Qe Qe

where 19(t) = O(e*) by Lemma 4.1. Finally, using estimate (2.30), we obtain

1 A VA X < Cle+ <
- < ). .
5 /Q6 |Z] |Rem(R, Z,t)|d <e 5 > (4.74)

Combining (4.72), (4.73), and (4.74), we arrive at (4.71). O
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Corollary 4.17. There exists a constant C > 0 such that the velocity % defined by (4.9) satisfies

< o, (Il + ol ) + C(o+ ). (4.75)

We now conclude the estimate of the term Ig. To simplify the writing, we assume that
|7]lx. < 1 and we use the shorthand notation (4.68). Also, since €2 < §'~7 we observe that
€ €3
€+ 7 < Re(t), where R (t) = e+ 5 (4.76)
Here 73 = 75 — 2/(1—0) < 3, so that 73 can be chosen arbitrary close to 5 — 2 if o > 0 is small
enough. In view of (4.9) and (4.38) we have |Is| < Zo + |J|(|Z1] + 6Z2), so that

Is| < Ce|fj||x. DM? Be 17 ] illx DY
ol < Celil Y2+ (e il + %) (il + il D)
< Cllillx. (DI + Re) (eBe + 6Re) < Cebefillx. (DX + Re) .

4.9 Conclusion of the proof

We are now in position to conclude the proof of Theorem 2.6, hence also of Theorem 1.1. Let
7 be the unique solution of (2.33) with zero initial data. The associated energy (2.34) satisfies
the evolution equation

t@tEe(t) = Il —|—Ig+[3—|—[4—|—[5+[6, (478)
where the various terms in the right-hand side are defined in Section 4.4 and estimated in
Sections 4.6-4.8. Using (4.42), (4.49), (4.67), (4.55), (4.69), and (4.77), we find that, as long as
t < Toqv0~ 7 and ||7]|x. < 1, there exist positive constants C, Cy, k such that

~ ~ 1/2 Cé ) 2
10B1) < D, + CullilaDe + Ol (9 + e6.DX) + S [ W dX + Oy,
Q
where D, is defined in (4.68), R, in (4.76), and p? := pd + p? + p3 < CR2 by Lemma 4.1. Since
p > € 7L in the region 7, the integral term can be estimated as follows
2 24201

— [ WatdX <
5 Qél Qél

Wepli? dX < €D,

where v, = 24201 —2/(1—0) > 0if 0 > 0 is small enough. So, if we assume that C,||7||x, < x/4
and that e is sufficiently small, we obtain by Young’s inequality

tOE.(t) < —%D€+CSREH77HXE +Oou? < —ZDQLCSRS.

Integrating that differential inequality over the time interval (0,¢) and recalling that E.(0) = 0,

we arrive at . . )
D, R
E.(t) +5/ ) 45 < C/ ) 45 < omot)?.
4 )9 s 0 s

Finally, in view of (4.27), (4.8), and Lemma 4.1, we infer that
1713, < CoEe(t) + Cr(Bepo(t)* + p(t)*) < CR(t)?. (4.79)

Inequality (4.79) holds as long as ||7j(¢)||x. < min(1,x/(4C\)) and t < T,qy6~ 7. But on that time
interval we know that R, < €32/(1=9) « 1, 50 (4.79) is actually valid for all ¢t € (0, Tyqy 6~ 7) if
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€ > 0 is small enough. Returning to the solution of (2.15) with initial data (2.22), we obtain in
view of (2.31), (4.79)

In(t) = ne(llx. = dlla®)lx. < COR(t) = Ced+€P),  t€(0,Taaed 7),
which gives (2.40). This concludes the proof of Theorem 2.6. O

Remark 4.18. The correction Z(t) to the vertical position of the vortex is small, and produces
negligible effects in our calculations. Indeed, it follows from (4.75) and (4.79) that

EGl
T

i

< (BeR+96), hence  6|Z(t)] < €7(t)(6 + B Re) . (4.80)

This gives in particular (2.41).

Proof of Theorem 1.1. Let wy,(r, z,t) be the solution of the (axisymmetric) heat equation in
2 with initial data I' (., .,). Using the same self-similar variables as in the proof of Theorem 2.6,
we define the rescaled vorticity m, by the relation

(17 — as(£),1) = %min( }Z—f) 2o Z(\/t)_yt_ O%(t) t) 7 (4.81)

where as(t) = fg V(s)ds and V is given by (1.5). A direct calculation then shows that ny,
satisfies the linear equation

€r
or
with initial data 7y, where the shift s(t) = z.(t) — ag(t) + 02(t) measures the difference between
the vertical position of the vortex as computed in Theorem 2.6 and the approximation given by

the Kelvin-Saffman formula (1.5) without correction terms. Since a3 = Zp, it follows from (3.62)
that § = €225 + dz. Using (3.57) and (4.80), we thus obtain

<7% ORMin + 8 827711n> = Lmin + 5R< hin ) : (4.82)

tin 1+ eR

s 3

3Ol c(ﬁe—e + Bee? +65) < Cel37, (4.83)
or )

because €2 < 6177 so that Be367! < el 737 if 0 < 0 < 1/3 and € > 0 is small enough.

The solution of (4.82) with initial data 79 can be estimated as in [33, Section 4.4], with
substantial simplifications. We use the approximate solution (R, Z,t) := xo(4ep)no(R, Z),
where xq is the cut-off function in (2.28). Decomposing ny;, = 7o + 7, we see that the correction
7 satisfies

t0yi) — Ej(f@gﬁJr s070) = £+ on(

4.84

€n
1+eR

where

. €f) €r (. . . ca )
Ro = 5770+3R(1IZR> +E<T8R770+582770> — tOo -

To control the solution of (4.84), we introduce the space X, defined by the norm
HﬁHgE‘ — / e(R2+Z2)/47¢](R7 Z)Q deZ

In view of (4.83) we have |[Roll5 < Ce'=37 and using energy estimates as in [33] we deduce
that the solution of (4.84) with zero initial data satisfies [|7)[| p < Ce'=37 for t € (0, Toqyd9).

Since X, < X. by (4.17), (4.20), we conclude that |7, — 7ollx, = O(e!737) as e — 0.
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Now the solution of (2.3) with initial data I' 0, ., satisfies, instead of (2.13),

T0,20
L /r—7(t) z—Z«(t) —02(t)
’ 7t = - ) ; t 5 4.85
wp(r, z,t) — ( ot N ) (4.85)
so combining (4.81), (4.85) we obtain
1
T /Q‘wg (7", z,t) - wlin(r, z— ag(t),t) ‘ drdz = [[n(t) — min ()l 21 (0 (4.86)

< Cln(t) = min(t)llx. < Ce'™7,
because ||n(t) —nollax. < Ce and ||no — Minllx. < Ce!=39. Using the notations of (1.7), inequality
(4.86) exactly means that |Jweor(-,t)|| < CTe! =37, This concludes the proof of Theorem 1.1. [

A Appendix to Section 3

A.1 Inverting the operator A

Following [31], we give here a short proof of Proposition 3.8. Assume that n > 2 and f € },NZ,
or that n = 1 and f € Y, N Z. In both cases, we have f € Ker(A)*. We want to show that
there exists a unique n € ), N Z (respectively, n € Y| N Z if n = 1) such that An = f.

To make things concrete, we suppose without loss of generality that f = a(p)sin(nd), for
some function a : Ry — R. Our hypotheses imply that a is smooth, that a(p) = O(p™) as p — 0,
and that e?”/ 4a(p) grows at most polynomially as p — oo. We look for a solution of the form
n = w(p) cos(n?), where w : Ry — R has to be determined. By (3.19), we have

1 1
An = {do,n} +{¥,m0}, where ¢g = %Lﬁm U = %Ln- (A1)
The function ¢q is radially symmetric and satisfies 0,00 = —pp(p), see (3.24) and (A.12) below.

It follows that 1
{¢0,n} = 3@0;&977 = np(p)w(p) sin(nd) . (A.2)

On the other hand, as —AW¥ = n, we have ¥ = Q(p) cos(n?), where Q is the unique regular
solution of the differential equation

’I’L2
—Q"(p) - %Q’(p) + 7o) =wl), p>0. (A.3)

Since 79 is radially symmetric and 9,nm0 = —(p/2)n0 = —pp(p)h(p), see (3.24), we deduce

(W .m) = =0 05% = —ng(ph(pRAp)sin(rn). (A4)

In view of (A.1), (A.2), (A.4), the equation An = f is equivalent to the relation (3.25), and
using in addition (A.3) we obtain the differential equation (3.26) for the stream function €.

The main step in the proof is to show that (3.26) has a unique solution that is regular at
the origin and decays to zero at infinity. Here we distinguish two cases according to the value
of the angular Fourier mode n.

1. If n > 2, the homogeneous equation (3.26) with a = 0 has two linearly independent solutions
¥y, ¥_ which satisfy

pt asp—0, kp~™ as p—0,
v_(p) ~ { N Vi(p) ~ { - (A.5)
kp" as p — 00, P as p — 00,
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for some x > 0, see [31]. Here we use the crucial observation that (n?/p?)—h(p) > 0 when n > 2,
so that the differential operator in the left-hand side of (3.26) satisfies the Maximum Principle.
We deduce the following representation formula for the solution of the inhomogeneous equation :

a(r)

ne(r)

%) = v4(0) | Ly Marsv ) [T L0, e
p

ne(r)

where wg = 2nk. It is then straightforward to verify that Q(p) = O(p") as p — 0 and Q(p) =
O(p™™) as p — oo. Moreover, if w is defined by (3.25), the function n = w(p) cos(nd) lies in
Y, N Z and satisfies An = f by construction. The details can be found in [31, Lemma 4].

2. The situation is quite different when n = 1, because the lower order term 1/p% — h(p) in
(3.26) is no longer positive. In that case, it happens that the homogeneous equation (3.26) with
a = 0 has a solution ¥(p) = py(p) which satisfies 1(p) ~ p/(87) as p — 0 and (p) ~ 1/(27p) as
p — oo. In other words, the linear operator in the left-hand side of (3.26) has a one-dimensional
kernel, and for that reason we have to impose the solvability condition

f e Y c Ker(A), or equivalently / a(p)p®dp = 0. (A.7)
0

To solve (3.26) for n = 1, we look for a solution of the form Q(p) = b(p)y(p), which leads to a
first-order differential equation for b(p). In view of (A.7), we thus find

/ _—71 paTT2T: 1 OOGTT2T
) =~ ) et ar = o [ atnar, (4.8)

Integrating (A.8) gives the representation formula

b(p) = by — /OP a(r)r? <]:(,0) - ]:(7“)) dr, for some by € R,

where

2 1 1
Fip) = s (lon(e/ = 1) = i) T =

We now substitute Q(p) = b(p)y(p) into (3.25) with n = 1, and we choose the constant by so
that fooo w(p)p?dp = 0. This is always possible in a unique way, since

0o 00 1 o 1
/ h(p)(p)p® dp = / hp)e(p)p*dp = — | e /pPdp = — £ 0.
0 0 T Jo T

To conclude the proof, it remains to verify that the function n = w(p) cos(¥¥) constructed above
belongs to Y] N Z and satisfies An = f. These are straightforward calculations, which can be
omitted. 0

A.2 First order calculations

We first establish the relations (3.37). As 19 € ) has unit mass we find, using (3.11),

P2y = [ B2 "

w(R,Z)dR 47 = 7 (A.9)
R2

hence {Pyng,no} = %62770. On the other hand, since dgny = —(R/2)ny and L is a convolution
operator, which therefore commutes with derivatives, we have

(EPo) (R 2) = 5 (Lno) (R, 2) + L () (R, 2) = & (Lmo)(R. Z) ~ O (L) (R, 2).

51



Recalling that Lny = 2m¢g, and that {¢g,m0} = 0 because both ¢g, 1y are radially symmetric,
we thus obtain

1 R 1
%{LPIUOaUO} = 5%—31«2%,770} = §¢032770+{¢0,3R770}

N =~

R
$0 Ozm0 — {¢0 '3 770} = = ¢0 Ozno + = (3Z¢0)770,

which concludes the proof of (3.37).

We next prove formula (3.39) for the vertical velocity. Assuming that zp is given by (3.39)
for some v € R, we see that the right-hand side of (3.38) belongs to )V} = Y N Ker(A)* if and
only if

v 3 1
/R (52 020 — S(0260)m — 56002m) 7 dRAZ = 0. (A.10)

Since dzno = —(Z/2)no and [po Z*no dRAZ = 2, it is straightforward to verify that (A.10) is
equivalent to

v = 7T/ $ono (3 — Z°) dRAZ = E/ domo (6 — |X %) dX (A.11)
R2 2 Jgr2

where X = (R, Z) and | X|? = R* + Z2.
To evaluate the right-hand side of (A.11), we temporarily denote 1y = 2w¢g = L1y, namely

1 8 )
X)=— [ 1 —IYIF/4 qy X € R2.
Yo(X) 47T/RQ Og(|X—Y|>"’ ’ <

This function satisfies —Aygy = 279 = = e —1X12/4 , so that

X] 1 _ g/t )

wmzwm—A L%iwwmmmm X eR?, (A.12)
where 1

Yo(0) = log(8) ~ /R og([Y e P Ay = 2log(2) + 22 (A.13)

Using (A.12), (A.13) and integrating by parts, we easily find

_ 3
/wonodX— /wo )e P Mpdp = 1(0) /w ”2/4dp:§10g(2)+%E,

and similarly

/ ¢0770\X’2dX = 44(0 / 1/10 )e p/4(p +4)dp = 6log(2) + 2y — 1.

Returning to (A.11), we conclude that

1

1 3 1
= - — [X*)dX = Slog(2) + - - Al4
v =7 [ vom(6 = IXP) dX = Jlog) + {95+ ] (A14)

A.3 Second order calculations

Our goal here is to prove Lemma 3.12. To establish (3.48), we consider separately the various
terms in (3.47). As n; € Y has zero mean, we find as in (A.9) that Pjn; is a constant, which
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can be disregarded. Moreover LPyn; = }—2%L771 + L(}—gm), hence using the expression (3.41) of
we find that

LPiy = (R* = Z*)xa1(p) + SRZx2(p) + x3(p) ,

where X1, X2, ... are functions of the radial variable p = (R? + Z2)1/2. As nqg itself is radially
symmetric, we deduce that

{(Bc = 1)Pimy + LPimy ,mo} = RZxa(p) + 6(R* = Z*)x5(p) - (A.15)

Next, using the expression (3.11) of P,, we see that

1 R?* 377 1
P 7 _ P2 Z_Z/2 ' INAR' 47 = o~ -
(P) (R 2) = 55 [ ((R=RP +3(2-27) (R, Z)aR 47’ = T5 + 50+ 5.
and a similar calculation gives QQang = % — % + i. Moreover,
1 8
(LPymo) (R, Z) = £ / log( ) (202 + (-2 = (R—R)?) (R, 2') AR dZ'
R2

where D? = (R—R')? + (Z—Z')%. Using the fact that ng given by (3.32) is radially symmetric,
we easily obtain

o~ (L) (R, ) = xo(p) + (B — Z%)x2(p).

Altogether, we arrive at

{ﬁepwo + LPyno + Qano,mo} = ﬁ— RZ??O + RZxs(p) . (A.16)

The remaining terms in (3.47) are easier to treat. In view of (3.39), (3.41), (3.42), we have
ﬁe

70 ZO

{o1,m} - —52771 = {¢1

= {5 $o0 — Orgo + R¢10(P) +0Z d11(p) , Rmo(p) +Z ?711(,0)} - % oym (A7)

= RZ xo(p) + 5<X10(P) + (R* — ZQ)XM(P)) +8*RZ x12(p) -

v
R 771} - %32771

It is also easy to verify that the terms (9z¢1)n0 + (0z¢0)m —2R(0z¢0)no +I0r(Rno) are exactly
of the same form. Finally, using again (3.41), (3.42), we obtain

e —1
R<{¢1 0} + {do,m ) BM Ozmo + Zx13(p) + 5RX14(P)> - (A.18)
If we now combine (A.15), (A.16), (A.17), (A.18), we arrive at (3.48). O

A.4 Higher order order calculations

The calculations carried out in Sections 3.5 and 3.6 do not require new ideas, but a more
compact notation is often helpful. To prove Lemma 3.13 and similar statements, it is important
to understand how the decomposition (3.21) of the function space )’ behaves under the Poisson
bracket. If we use polar coordinates R = pcosd, Z = psind, we recall that ), is the subspace
of ) spanned by functions of the form a(p) cos(n) and b(p) sin(nd). Since

{7 .9} = Onfoz0= 02f0ns = - (0,f0ng — D0 S0ya).

we easily obtain the following result :
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Lemma A.1. Ifa,b: Ry — R are smooth functions and n,m € N, then
{a(p) cos(n?), b(p) cos(m?)} = c11(p) sin((n—m)d) + c12(p) sin((n+m)d),
)

{a(p)sin(nv), b(p) sin(mv)} = ca1(p) sin((n—m)?) + ca2(p) sin((n+m)d
{a(p)sin(nd), b(p) cos(md)} = caa(p) cos((n—1)0) + caalp) cos((n-+m)0),

)

where ¢;; : Ry — R are smooth functions. In particular {Vn, Ym} C YVnem + Vonem if m < n.

It is also necessary to compute the homogeneous polynomials P;,Q; in (3.10) for higher
values of j than in Lemma 3.3. This is a cumbersome calculation that can be done for instance
using computer algebra. For j = 3 we find

1
P = —(R+R) <(R ~R)?43(Z - Z’)2) ,
1 (A.19)
_ = / N2 7 1\2
Qs = —5(B+R)((B+R)?-6(2-2')?),
and the calculation for j = 4 yields the more complicated expressions
15 21 3
P - _ v Z—Z/ 4 e _ /N2 Z_Z/ 2 -~ / Z_Z/ 2
! 1024 ¢ V' 5 (BB V¥ 16 BE )
17 1
RQ_RQ 2__RR/ R_R/ 2
* 1024 ( ) 256 ( ) (A.20)
31 89 1 ‘
= (Z-Z"" -~ —— (R+R)*(Z-Z")? + — RR (Z-Z')*
Q1= 3058 { )"~ Toaa (BHEDA ) 556 BE )
19 2 22 35 / 12 [
6144(R R”) +1536RR(R+R) 1%RR .

The proof of Lemma 3.13 is similar to that of Lemma 3.12, and the details can be omitted.
We use the expressions (3.41), (3.50) of the vorticities 71,72, the formulas (3.42), (3.51) for the
stream functions ¢1, @2, and the definition (3.15) of the Biot-Savart operators, which involve
the polynomials (3.11) and (A.19). Using Lemma A.1, it is straightforward to verify that the
quantity defined in (3.55) satisfies R3 € V1 + V3 and takes the form

Ry = x1(p) sin(9) + x2(p) sin(39) + 8 (x(p) cos(v) + xa(p) cos(39) ) + O(%),

where x1, X2, X3, X4 are radially symmetric functions which may depend linearly on .. To arrive
at (3.56), it remains to verify that R3 does not contain any term involving 82. Indeed, according
to (3.11), (3.50), we have

5 Py = f_;r/RQ(R+R/) (R, Z")dR' dZ" =

BeR
2 4

e / 7724(R/,Zl) dRIdZ/,
T R2

so that the first term in (3.55) does not contain 32. The only other terms that we have to check
are

{¢1 - WR,W},

but using the expressions (3.42), (3.50) we immediately see that the right-hand side does not
contain any factor 32. Altogether we arrive at (3.56). O

{¢1,m2} — ;—0 Zo0z1m2 =
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B Appendix to Section 4

B.1 Properties of the energy functional

Proof of Lemma 4.4. We use the first expression of EX"[5] in (4.22) and the representation
formula (2.20) for the stream function ¢. Since supp(n) C B, by assumption, we have

: 1
) = = [ | KR 2R Z)0(R 2 (R, 2) dX aX', (B.1)

where the integral kernel K, is defined in (3.8). As B2+ Z2 < ¢ 201 and R + 2% < ¢ 21,
the argument of F in (3.8) is not larger than Ce>=2t for some C' > 0. Using the asymptotic
expansion of F'(s) as s — 0 and proceeding as in Section 3.1, we easily obtain the decomposition

K(R,Z;R,Z") = B — 2+ log% + K.(R,Z;R',Z"), (B.2)
where 8, = log(1/¢) and D? = (R—R')? + (Z—Z')%. The remainder K, satisfies the estimate

\K(R,Z;R,Z")| < Ce(|R| +|R|) (ﬁe + 1+ log %) + O(Be2727) . (B.3)

If we insert the decomposition (B.2) into (B.1), the contributions of 3. — 2 and log(8/D) give
exactly the first two terms in the right-hand side of (4.24), in view of (4.23). Moreover, taking
into account estimate (B.3) where €27271 < ¢, we see that the contributions of K, to the kinetic
energy (B.1) are of order O(eﬁeHnH%(e), as stated in (4.24). O

Proof of Proposition 4.6. Given n € X, we decompose n = n; + 12 where 171 = nlp_ and
1p, is the indicator function of the ball B, = {(R, Z) € Q.; R? + Z? < ¢ 271}, We thus have

1 1 1
En] = 5/9 WeW%dX—i‘g/Q Weﬁng—§/Q (f1 4 ¢2) (m +m2) dX, (B.4)

where ¢; = BS®[n;] for j = 1,2. We claim that

1

3 [ (0 0)(m o+ m) dX = EEfm) + O(elnl,). (1.5)

so that 1
Ecn] = Edm] + 5!!772!!356 +0(e=nl%,) - (B.6)

To prove (B.5), we recall that ¢;(R,Z) = %fﬂe K(R,Z,R',Z")n;(R',Z")dX’, where the
kernel K. is given by (3.8). Using the crude estimate |F(s)| < C(|log s| 4 1), we easily obtain

|Ke(R, Z; R, Z")| < C(1+¢€|R|)*(1+¢€/R')*(Bc + [log D| + 1), (B.7)
for some a > 1/2. It follows in particular that
$(R, 2)] < C(Be+ 1)1+ p)lmllx s p = VR +22,

for some b > 1/2, and using Holder’s inequality we deduce

1/2
[ w2 210x < ook ([ asprwim s ax)
Qe

B¢
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where the last integral is O(e*) in view of (4.17). In a similar way we have

1/2
r@mzwgc@+uu+m%Am+ﬂWWHﬂw%x) = O Inll) 1+ ).

c
€

so that fﬂengm dz = O(EOO||77H%(€). Altogether we arrive at (B.5).
Now, since 7; is supported in the ball B, it follows from (4.18) and Lemma 4.4 that

186_2 kin

Il = lmllz, + O nll%),  Em] = = Ho+ B[]+ O(ehelnlx.) - (B-8)
Moreover we know from Proposition 4.5 that
Imlx, < CaBolm]+ Cs(fig + iif + fi3) (B.9)

where fig, fi1, fiz are the moments of 7y, which satisfy fi; = p; + O(e*°[|n[|x.). Combining both
estimates in (B.8) we obtain

1 . 1 . Be—2 _
Eolm] = 3lml%, — BS"(m] < 5lml, — BSmm] + 2= 5 + 0(" [l

namely Ey[ni] < Eclm] + 52;2,&(2) + O(em ||77H/2,(€) Using in addition (B.9) we deduce
Inil%, < I, + O Inl%,) < Caelm] + O (Befi + it + i) + O (" Inll%,) -
Finally, invoking (B.6) and recalling that Cy > 2, we find
Cy 9 .2 -
il < i, + < lInollx < CaBeln + C(Befig + it + i3) + O (" |nll.)

and estimate (4.27) follows, since fi; = p; + O(e®||n||x,) for j = 0,1,2. O

B.2 Diffusive terms in the energy functional

We justify here the expression (4.32) of the quantity Iy. Integrating by parts as in [34], we find
[ waiznax = - [ wivipax - [ ow.vigax - [ Tiax,
Qe Qe Qe Qe

where V, = i(R(?R + Z07)We — %We. Similarly,

€

S _ o & _ € 2
e/ﬂe WenOr(dX = E/Q6 We(l+ eR)(Or¢dX = —Q/QEOR(WE(I—FER))C dX.

On the other hand, integrating by parts and using the relation (2.19) between ¢ and 7], we obtain

/Qegs(LmeaRé) X = /Qeﬁ(AgE—%) dX—%/Qeﬁ(R(?R%—ZOZ)gEdX

- _/ ﬁ2(1+eR)dX—%/ i(ROR + Z0z)¢dX .
Qe Q

€

It remains to treat the last term in the right-hand side. Here again, we use the relation (2.19)
and integrate by parts to obtain

1 [ - ¢ [ RIVg/?
— A X = - ———dX.
2/52677(R83+ 8z)¢d 4/96 (1+6R)2 d

Altogether we arrive at (4.32), with V, = V. — (1 + €R).
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B.3 Coercivity of the diffusive quadratic form

This section is devoted to the proof of Proposition 4.15. Given € > 0 sufficiently small, we take
a smooth partition of unity of the form 1 = x3 + x3, where x3, x4 are radially symmetric and
X3 = 1 when p < %6_01, X3 = 0 when p > e 71, We can also assume that |Vxs|+|Vxs| < CeL.
Given 7 as in the statement of Proposition 4.15, we define n3 = x3n, 74 = x4n. We thus have
the decompositions 7% = 72 + 13, nVn = n3Vn3 + Ny Vg, and

V2 = [Vns)? + |Viul® — (IVxs? + [Vxa?)n?. (B.10)

As a consequence, the quadratic form Q.[n] can be decomposed as

Qulil = Qulns) + Qela] — / W (IVxs[? + [Vxal2) 2 dX (B.11)

€

The last term in (B.11) is bounded by C’eQ("1H77||%(6 and is thus negligible when € < 1. So our
main task is to estimate from below the terms Qc[n3] and Q[na].

We first consider the function ns which is supported in the region where p < e~7*. We recall
that the weight W, in (4.16) satisfies the estimates (4.18), which read

IVWe(R, Z) = VA(p)| + We(R, Z) — A(p)| < Ce™A(p),  when p<e®,  (B.12)
where v; > 0. We easily deduce that

Qc[ns] > Qolns] — C™ (IVnsllz, + lemsllz, + Imsllx,) s (B.13)

where Q) is the limiting quadratic form (4.62). On the other hand, we know from Proposi-
tion 4.14 that

CsQolns] = [IVnsla, + llonsllz, + lInsliz, — Co (A + A% + f3) , (B.14)

where fig, fi1, flo are the moments of 13, which satisfy fi; = p; +O(GOOH77HX€)- Combining (B.13),
(B.14) and using (B.12) once again, we arrive at

IVasliz, + llenslz, + Insll, < 2CsQclns] + C (g + it + 7a3) - (B.15)
We next consider the function 7y, which is nonzero only if p > %e*"l. Our starting point is

the lower bound

A

1
Q) = 7 [ wivnPax+ [ (vi- Eryuax,

which is obtained from (4.61) by applying Young’s inequality to the middle term in the right-
hand side. Using the expression (4.16) of the weight function, as well as the estimates (B.12) in
the inner region €2, it is not difficult to verify that

Cp?>—C in Q,
-C in Q7
Cp* in Q,

Vo [V
W, 3WZ =

for some positive constants C, C. Tt follows that

1 ~
Qulmi] = SIvml3, + /Q W2 dX —C [ WenddX. (B.16)

U " 1
€UQE Qe

o7



If we now combine (B.15) and (B.16), we obtain

IVl + IVl + Il + [ Wopknax
e (B.17)
< C10(Qe[ns] + Qelnal) + Ca <ﬂ2 + Wen? dX) )
Qv
for some positive constants Chg, C11, where fi? = ji2 + ji? + fi3. Finally, using again (B.10) as
well as (B.11), and recalling that fi; = p; + O(€*||n||x.), we deduce (4.65) from (B.17). O
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