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ANDRE-QUILLEN COHOMOLOGY IN THE CONTEXT OF CURVED
ALGEBRAS

JOAN BELLIER-MILLES AND SINAN YALIN

ABSTRACT. The André—Quillen cohomology of an algebra with coefficients in a module is de-
fined by deriving a functor based on Kahler differential forms. It can be computed using a
cofibrant resolution of the algebra in a model category structure where weak equivalences are
quasi-isomorphisms. This construction works for algebras over an operad, providing a cohomol-
ogy theory tailored for each type of algebra.

For curved algebras however, the notion of quasi-isomorphism is meaningless. The occurrence
and importance of curved structures in various research topics (symplectic topology, deformation
theory, derived geometry, mathematical physics...) motivate the development of their homotopy
theory and André—Quillen cohomology theory. To get a homotopical context with an appropriate
notion of weak equivalence, we consider filtered complete modules with a predifferential inducing
a differential on the associated graded. Curved algebras in such modules are algebras over a
curved operad.

In this article, we consider curved operads which are not necessarily augmented. Bar and
cobar constructions adapted to these curved operads are developed, as well as Koszul duality
theory. Consequently, we obtain homotopy versions of our curved algebras and make it explicit
for interesting cases. Two main examples are the curved operads encoding curved unital associa-
tive algebras and curved complex Lie algebras. In particular, homotopy curved unital associative
algebras describe the structure of Floer complexes of lagrangian submanifolds and Fukaya cate-
gories in symplectic topology. Bar and cobar constructions for curved algebras are also developed,
and we obtain resolutions from which we compute their André-Quillen cohomology with module
coefficients.

Our computations of André-Quillen cohomology in the case of curved complex Lie algebras
reveal an interesting way to implement integrable almost complex structures in derived analytic
geometry.
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INTRODUCTION

Motivations and antecedents. In this article, our goal is to further develop the homotopical and
homological theory of curved algebras in continuity with [BMDC20]. A first example of algebras is
associative algebras. They are made of an underlying vector space or module and a multiplication
that satisfies the associativity relation. The study of extensions and deformations of an associative
algebra leads to the definition of the Hochschild cochains and cohomology. We can enrich the notion
of associative algebra by adding a unit, by assuming that the underlying object is a chain complex
or even by relaxing the associativity relation (A..-algebras). The definition of the Hochschild
cohomology extends to these settings.

It happens that an associative algebra (A,-) may have a derivation d whose square is not zero
but is equal to the bracket with an element 6 in A, called curvature: d*> = [0, —] = (6 - —) — (— - 0).
Examples can be built by means of a vector bundle endowed with a connection (and the curvature
coincides with the curvature of the connection) or can be obtained from a matrix factorisation
(nevertheless, in this example, 6 is central so d*> = 0 = [#, —]). Defining Hochschild cohomology in
this setting poses some problems as for example the fact that it vanishes for curved algebras built
from matrix factorisations, see Theorem 4.2 in [CT13]. Other definitions are proposed there but the
relation with Hochschild cohomology is not well-understood. A different direction has been followed
in [FOOOQ7] where the authors assume that the algebraic objects are filtered and complete. This
is also the context used in [BMDC20]. Let us note also that curved Aso-structures appear naturally
as deformations of an A..-algebra or an A..-category, in the formal moduli problem controlled by
its (full) Hochschild complex (see for example [vdK23] and [LVABTH]).

The first cohomology theories of algebras (associative and Lie algebras) were defined by describing
explicit cochain complexes. Later, in order to study commutative algebras, Quillen [Qui70] and
André [And74] have proposed a cohomology theory described by means of a derived functor. These
ideas have been applied to many types of algebras using the notion of operads, and widely studied
under the name of André—Quillen cohomology ([GHOQ, [Mill1l [HNP18] for example). Following
this guideline, the article [BMDC20] presents model category structures on a base category of gr-
dg modules, on curved operads and on algebras over a curved operad (that we consider as curved
algebras in a wide sense). In order to compute the cotangent complex which appears in the definition
of the André—Quillen cohomology, we need cofibrant resolutions.

Part of this effort has been made in [BMDC20]. However, in the present article, we are concerned
in a more general situation than the one presented there. While the curved operads studied in
the aforementioned article are augmented, we are interested with curved operads that are not.
Two interesting examples of non-augmented curved operads are the one encoding curved unital
associative algebras (cuAs) and the one encoding curved complex Lie algebras (cCx). Beware that
in the second example, the operad is defined over R and not over C (so it is not the C-linear operad
parametrising complex Lie algebras). The related operad Cx encoding (uncurved) complex Lie
algebras appears in the study of formal complex structures as integrable almost complex structures
(see [BM18]). In order to define meaningful homotopy versions of these algebras, we extend the bar
and cobar constructions and the Koszul duality theory in this context. We then provide cofibrant
resolutions of algebras over such curved operads and we use them to compute their André-Quillen
cohomology.

One of our motivations for these, sometimes technical, generalisations, comes from symplectic
topology. Given an ambient symplectic manifold M, the Floer complex of a lagrangian submanifold
inherits the structure of a filtered homotopy cuAs-algebra, whose operations encompass the count-
ing of pseudo-holomorphic disks in M bordered by the lagrangian as well as pseudo-holomorphic
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polygons. There is a relative version defined for a pair of lagrangians, which acquires the structure of
a filtered A,.-bimodule. At a categorical level, the Fukaya category of M consists in lagrangian sub-
manifolds with Floer complexes as morphisms and forms a curved unital A.-category [FOOOQT].
Together with Lagrangian Floer cohomology, these are central objects of study in symplectic topol-
ogy and are closely related to homological mirror symmetry. In particular, their deformation and
obstruction theory has still to be well understood.

Another motivation comes from derived complex analytic geometry, which has experienced a
striking development during the past few years relying in particular on the works of Lurie, Porta
and Porta-Yu [Lurl [Porl6, PYY20]. Indeed, complex structures on a formal manifold are examples
of homotopy cCx-algebras (see [BM18] for its uncurved version Cx). The peculiarity of Cx is that it
is an R-linear (not C-linear) operad parametrising complex structures as integrable almost complex
structures, which offers an explicit way to set up a homotopy coherent notion of integrability suitable
for derived geometric objects.

As detailled below, the current literature does not allow for an operadic treatment for theses two
motivations.

In relation with the André—Quillen cohomology, we prove that there is a fully faithful functor from
formal derived complex structures to EFC-dgas (dg algebras with an entire functional calculus),
defined in [Pri20] as the building blocks of a dg model for derived analytic geometry. In [Pri20],
derived analytic spaces locally structured by these algebras are proved to be equivalent to the
derived complex analytic spaces of [Lurl, [Porl6] whose 0-truncation is a complex analytic space.

We use this bridge between operadic homotopical algebra and derived complex analytic spaces
in an ongoing work devoted to integrability in derived complex geometry. We say a few more words
about this perspective at the end of the introduction.

Homotopy algebras in the curved context. Given a type of algebra described by a curved
operad P, homotopy P-algebras are algebras over an (S-)cofibrant resolution Py, of P. When the
curved operad P is augmented, two classical resolutions are given by the bar-cobar resolution and
the Koszul resolution. In the present article, our curved operads are not assumed to be augmented.
A bar construction for (not necessarily augmented) curved operads and a cobar construction for
(not necessarily coaugmented) curved cooperads already exist in [Lyuld]. However they don’t form
the adjunction that is required to describe the bar-cobar resolution (see Propositions 6.1.2 and 6.1.3
in [Lyuld]). We provide in this article similar constructions adapted to the gr-dg context. Our bar
and cobar constructions represent (on the right and on the left respectively) a bifunctor of operadic
curved twisting morphisms. These operadic curved twisting morphisms are maps from a curved
cooperad C to a curved operad P, a : C — P, of homological degree —1 solutions to a curved
Maurer—Cartan equation © + da + [a, a] = 0 where © is a curvature term. In order to obtain this
adjunction, we have to consider (as in [Lyuld]) lax notions of morphisms between curved operads
and between curved cooperads. The counit of the bar-cobar adjunction provides then a functorial
cofibrant resolution. To summarize our main results of this part, we have:

Theorem 0.1 (Theorems and [1.30)). Let P be a curved semi-augmented operad and C be a
curved altipotent cooperad.

(1) The bar construction B and cobar construction Q define an adjunction between curved sa
operads and curved altipotent cooperads with lax morphisms, and the adjunction relation
factors naturally through twisting morphisms

A~

Homcurv. saop.lax (ch P) = TW(Ca P) = Homcurv. alti. coop.l‘“‘x (Cv BP)
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(2) Suppose that GrP is a connected bounded below weight filtered operad. Then the counit of
the adjunction
QBP - P
is a graded quasi-isomorphism and a strict surjection.
(3) Under good assumptions on the filtration and the curvature of the curved operad P, this

counit forms a functorial cofibrant resolution in the model category structure on curved
operads described in [BMDC20, Appendix C].

To obtain a smaller resolution of our curved operads, we develop a curved Koszul duality adapted
to some inhomogeneous quadratic curved operads. In good situations, this produces a resolution
of the curved operad which is cofibrant in the underlying category of S-modules (S-cofibrant reso-
lution):

Theorem 0.2 (Theorem [1.37]). (1) Let P be a Koszul inhomogeneous quadratic curved operad
such that GrqP is connected bounded below weight graded. The curved operad morphism

fo: QPP
is a graded quasi-isomorphism and a strict surjection.
(2) Under good assumptions on the filtration and the curvature of the curved operad P, the

Koszul resolution QP is S-cofibrant in the model category structure on gr-dg S-modules
described in [BMDC20, Appendix C].

Remark 0.3. By Theorem C.45 in [BMDC20], the model categories of QPi-algebras and of QBP-
algebras are both equivalent to the model category of P-algebras (because all operads are S-split
in characteristic 0). Consequently, up to equivalence, the oo-category of homotopy P-algebras does
not depend on a choice of resolution, similarly to what happens for uncurved algebras over operads.

Our two main examples of interest are the curved operad cuAs encoding curved unital associative
algebras and the curved operad c¢Cx encoding curved complex Lie algebras as algebras over an R-
linear operad. Both satisfies the conditions of the Theorems above, by Theorems and We
describe the S-cofibrant resolutions obtained by means of the curved Koszul duality and denote
them by cuA., and c¢Cx., respectively.

Resolutions of curved algebras. As for curved operads, we construct a cofibrant resolution of
algebras by means of the bar-cobar adjunction. Given an algebra A over a curved (semi-augmented)
operad P, a coalgebra C over a curved (altipotent) cooperad C and an operadic curved twisting
morphism « : C — P, we define a curved Ly-algebra structure on the module of maps hom(C, A)
following ideas given in [Wiel9|. It is defined by means of the following results:

e Proposition [3.21] says that hom(C, A) is an algebra over the curved operad Hom(C, P);

e Proposition [I.28] ensures that there is a bijection

Tw(C,P) = Homypy. saop.tax (s¢Loo, Hom(C, P))
where scLo, is the curved operad encoding shifted curved Lie algebras;

e and Proposition makes explicit the map scLo, — Endpom(c,a) obtained from a as a
collection of maps {I%},>0.

Algebraic twisting morphisms with respect to « are then degree 0 maps ¢ : C' — A solutions to the
Maurer—Cartan equation

1
Zﬁlz(tp,...,gp):&

n>0
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We use these algebraic twisting morphisms as follows:

Theorem 0.4. (1) The bifunctor of algebraic twisting morphisms with respect to « can be
represented on the left by the cobar functor Q. and on the right by the bar functor B..
(2) Under good assumptions, the counit of this adjunction QuBaA — A provides a cofibrant
resolution of A.

The cobar construction (), allows us to define a notion of oo-morphisms for curved algebras in the
same way they are defined in the uncurved case. That is, an co-morphism from A to B is a curved
coalgebras morphism Q. A — Q.B. By the theorem above, such an co-morphism corresponds to a
zig-zag of curved algebra morphisms A <= Q.BoA — B of morphisms.

André—Quillen cohomology. Given an algebra A over a curved operad P, we define the notion
of A-module as a gr-dg module (M, dys) with a coherent action vy; of A by means of the operations
in P on M. The difference coming from the curved context is that the equality dp? = Y (Op @ =)
has to be satisfied. It follows from this equation that the underlying module of the free A-module
on a gr-dg module (N,dy) depends on the gr-differential dy. As usual, we can define derivations
as a linearized version of the notion of morphisms and we can represent on the left (by means
of Kéahler differential forms) and on the right the module of derivations. Deriving the module of
Kéhler differential forms, we obtain the André—Quillen cohomology:

Theorem 0.5 (Theorems and Definition Proposition 4.25]).

(1) Let P be a curved operad and A be a P-algebra. Let us note |\/|od§’0 the category of operadic
A-modules with degree zero A-module morphisms commuting with the predifferentials. The
following two functors (abelianisation induced by Kahler differential forms on the left, and
square zero extension by A on the right)

A&7 Qp— : P-alg/A = Mod;° = Ab(P-alg/A) : Ax —
form a Quillen adjunction, and the cotangent complex of a P-algebra A, denoted by LL 4, is
then the derived abelianisation Ly = }L(A®7_DQ7>—)(A) of A.
(2) Given an A-module M in Ab(P-alg/A) = Modi’o, the André-Quillen cohomology of A with
coefficients in M s defined by

H2g (A, M) i= Homyyoqno, (La, M[n]) = H” (HomModvj (L a, M) ,a) .

(3) Let P be a curved sa operad, C be a curved altipotent cooperad and « : C — P be an op-
eradic curved twisting morphism. Let A be a P-algebra. Assume that QuBoA is a cofibrant
resolution of A. Then the corresponding cotangent complex is a quasifree A-module over
the bar construction B, A.

We provide explicit chain complexes to compute it in certain good situations such as for curved
unital associative algebras (or cuA.-algebras) and for curved complex Lie algebras (or ¢Cxqo-
algebras), the two main examples presented at the beginning of the introduction.

c¢Cx-algebras in derived complex analytic geometry. We show for example that 0-cycles of
a cCxyo-algebra A with coefficients in the trivial A-module C of complex numbers coincide with oco-
morphisms between the cCx.-algebras A and C. In particular, when A encodes a formal complex
structure (see [BM18§]), O-cycles are formal holomorphic functions on a formal complex manifold.
We also show that a chain complex computing the André—Quillen cohomology of A with coefficients
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in C is a C-cdga (see Proposition and that it produces a fully faithful functor to EFC-dgas (see
Theorem 5.7)):

Theorem 0.6. The functor
Chg: (cCxu-alg,00-mor) — EFC-dga,
(A,74,d) > (Homyaqe (B.4,C), 0, )
is well-defined and fully faithful.

Here (cCxo-alg., co-mor) is the category whose objects are cCxo-algebras and morphisms are oo-
morphisms. We also note EFC the category whose objects are the C,n € N and the morphisms are
the complex analytic maps. It is a small category closed under finite products and generated under
products by C, that is, a Lawvere theory. An EFC-algebra is then a product-preserving set-valued
functor EFC — Set. This means that an EFC-algebra is a set A equipped with operations induced
by the ring of holomorphic functions O(C™) on C™ for every n (in particular, for n = 2 it implies
that A is a commutative C-algebra). An important example of EFC-algebra is the ring of global
functions of any complex analytic space. An EFC-dga is then a dg algebra whose 0-cycles carries
an EFC-algebra structure. Derived analytic spaces & la Pridham [Pri20] are homotopy sheaves
over the site of EFC-dgas, so these play a role similar to affine schemes in algebraic geometry and
cdgas in derived algebraic geometry. The comparison with derived analytic spaces in the sense of
|[Lur, [Por16] follows from [Pri20, Proposition 4.3, Proposition 4.5]. Briefly, derived analytic spaces
in the sense of Lurie-Porta whose 0-truncation is a classical analytic space are equivalent to Pridham
analytic spaces.

The theorem above points out a very interesting relationship between cCx-algebras and such
derived complex analytic spaces. Indeed, as mentioned above, André—Quillen complexes of the
appropriate cCx-algebras are dg enhancements of formal holomorphic functions on formal complex
manifolds and, (bar) dually, cCx.-algebras encode a homotopy coherent notion of integrable almost
complex structure on tangent spaces of such formal manifolds. Therefore, we consider such ¢Cx -
algebras as the local picture of yet-to-be-defined derived integrable almost complex analytic spaces.
This indicates how to implement a homotopy coherent notion of integrable almost complex structure
in derived complex analytic geometry (a derived flavour of the Newlander-Nirenberg integrability
theorem), which does not appear in the currently existing models based on the locally ringed space
approach. Theorem provides then a way to compare our model with Pridham’s model (and
consequently with Lurie-Porta’s model), showing that “going back to the ring of functions” gives
a dg EFC-algebra structure whose O-truncation is a standard complex analytic structure. The
detailed construction of this new model with various examples and applications in mind is the focus
of a subsequent ongoing work.

Model category structures on curved algebras. There exist other model category structures
related to curved algebras. In the references [CLM16), [Gri19, [Roc23|, the model category structure
on curved algebras or curved operads is obtained via transfer through the bar-cobar adjunction.
This is possible because the category on the other side of the adjunction has a well-defined model
category structure where weak equivalences are quasi-isomorphisms. In the present article, the
same idea cannot be used since our objects are curved on both sides of the bar-cobar adjunction,
and therefore quasi-isomorphisms aren’t relevant on both sides.

In [Poslll Section 9.3], Positselski describes a model category structure on curved coassociative
coalgebras. He considers increasing filtrations on the coalgebras with conditions based on the fact
that the coalgebra admits a coaugmentation. Weak equivalences are then generated by graded
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quasi-isomorphisms (called filtered quasi-isomorphisms). This model category structure is Quillen
equivalent through the bar-cobar adjunction to a model category structure on a category of aug-
mented dg associative algebras (see the end of Section 9.3 in [Pos11]). In this latter model structure,
weak equivalences are quasi-isomorphisms. In the present paper, both our algebras and coalgebras
have curvature and they’re not augmented or coaugmented on the algebraic level. This forces us
to use different model category structures.

The reference [Pos12] deals with curved homotopy associative algebras which are modules over
a local ring and such that the curvature is divisible by the maximal ideal. In this context, it
proposes a Koszul duality theory based on the derived functor Tor and Ext. This a specific case
of a filtration that we can consider in our article but our examples, cuAs and cCx, don’t fit in
the context described in [Pos12]. It is not only because they are curved operads instead of curved
algebras, but also because we are working over a field (R) and in this case, the maximal ideal is
zero so the curvature would necessarily be zero. This constraint is highlighted in the introduction
of [Pos12], paragraph 0.23.

The notion of weak equivalences defined in [CCN21] is similar to ours but the context is slightly
different and the authors starts from operads which are augmented and connected. It is not clear
whether their results extend to our examples of curved operads.

In their recent paper [BL24], Booth and Lazarev propose model category structures on the cat-
egory of curved associative algebras and on the category of curved coassociative coalgebras. These
model category structures don’t rely on any filtration conditions on the curvature. Nevertheless,
they explain in the end of the introduction that their article do not extend directly to other kind of
algebras or to symmetric operads. Maybe more problematic, they restrict to curved coassociative
coalgebras for which the comultiplication of an element is a finite sum. Our Koszul dual cooperad
does not satisfy this property.

Acknowledgements. The first author thanks Joost Nuiten for regular discussions on this work.
We also would like to thank Ricardo Campos and Victor Carmona Sanchez for useful discussions.

NOTATIONS AND CONVENTIONS

We fix a field K of characteristic 0. We have to work over a field of characteristic 0 for two reasons:
having a well-defined functor Gr from complete filtered cooperads to complete graded cooperads
and having model category structures on the involved categories (on the algebraic side: operads,
algebras). In the paper, R will denote a unital K-cdga (commutative differential graded algebra)
and Modgr the category of dg-modules over R. The category Modgr is a Grothendieck category
endowed with a closed symmetric monoidal structure given by the tensor product and we can apply
the results of [BMDC20]. We denote by Mody the category of complete filtered predifferential
graded (pg for short) objects in Modg and by Mody the category of complete filtered gr-dg objects
in Modg, called P/‘il\thModR) in [BMDC20]. The categories of complete filtered gr-dg modules are
reflective subcategories of the categories of complete filtered predifferential graded objects. An
object (M, F,d) in Mody is an object M in Modg

e endowed with an N-filtration M = FoM D F{ZM D FoM D ---, and

e complete with respect to this filtration, that is M = lim,, M/F, M,

e endowed with a Z-cohomological degree M® and with an endomorphism d : M® — M*+!
of cohomological degree 1 called a predifferential.

Such an object (M, F,d) is more specifically in Modg when
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e (M,F,d) is gr-dg, that is the endomorphism d satisfies
d*: F,M — F,y 1M

for all p > 0, or equivalently d induces a differential on the associated (N-)graded GreM
defined by Gr,M = F,M/F,1 M, for all p > 0.
Morphisms in Mody (resp. Modg ) are morphisms in the category of graded objects in Modg which
respect the filtration and the cohomological degree and which commute with the predifferentials.
By abuse of notation, we often write only M instead of (M, F, d) for a complete dg object (or a
complete gr-dg object).
In the following, the algebra R might be dg and complete. We emphasize that in the dg setting,
the module structure map pp; of an R-module M doesn’t commute with the differential but satisfies
the following compatibility relation

dar - py = pu - (dr ®k idy +idr ®kdar),
where ®k denotes the complete tensor product over the ring K.
In this article, we use the notations 7 (M) and T¢(M) for the free operad and cofree cooperad
given by trees indexed by element in M. The notations 7 (M)®*) and 7¢(M)™*) stand for the trees
with exactly k vertices.

0.1. Sign conventions. We mainly work with homological conventions and we denote the ho-
mological degree n elements in a graded object M by M,,. However, for geometric examples, we
use cohomological convention and we denote the cohomological degree n elements in M by M™ or
M[—n]. We go from one convention to the other by M™ = M[—n] = M_,,.

The (homological) suspension of a graded object M is denoted by sM = sK ® M where s is
a homological degree 1 element. It follows that (sM), = M, _;. Similarly we denote by s~1M
the (homological) desuspension of M. From a cohomological point of view, the element s has a
cohomological degree equal to —1 and the element s~! has cohomological degree 1.

In the whole article, the signs are computed by means of the Koszul sign rule, that is a sign
appears when graded elements or maps are switched. For example given two maps f and g and
two elements v and w in their respective domains, we have (f ® ¢)(v @ w) = (=1)19/1"I f(v) @ g(w)
where |z| denote the degree of the element or map x.

When working with homotopy algebras as A.-algebras or L.,-algebras, we have to choose a
convention on the signs appearing in the relations between the maps defining the A, structure
(respectively the Lo, structure). For example, in the case of A -algebras, as it is written in Part
1, Section 4.2 in [Maz21], two possibilities are:

(0.1) > (1) g g opprmg =0
prg+r=n

(0.2) Z (_1>p+qrmn+lfq Opt1 Mg = 0.
prqtr=n

The difference is induced by the sign convention of the homotopy for the associativity relation. In
the first situation we have:
d(m3) = mg 01 ma — My 03 My
whereas in the second one:
d(m3) = —mg 01 ma + Mgz oz Ma.
In our article, we follow the convention . This choice is different from the one made in some
references that we use as [BMDC20, HM12| [LV12] to cite a few. We can go from one convention to
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. . (n=1)(n+2) . . . . .
the other by considering (—1) 2 my, instead of m,,. The main differences in our article are
visible for (homotopy) curved Lie algebras:

e the equation appearing in the definition of curved Lie algebras is d?> = [f, —] instead of
d2 = [_7 9]7

e there is a similar sign difference in the formulas for homotopy curved Lie algebras and for
the definition of curved coalgebras or cooperads;

e a Maurer—Cartan element in a curved Lie algebra is a degree —1 element satisfying the
equation © + da + 3[a, a] = 0 instead of the equation da + %[a, a] = ©;

e there is a similar difference for the definition of a Maurer—Cartan element in a homotopy
curved Lie algebra.

Of course some signs appearing in the construction of this kind of objects likewise the bar construc-
tion of a curved operad or the convolution curved Lie algebra are adapted accordingly. Our feeling
is that these sign conventions are closer to the original definitions in the field.

1. OPERADIC TWISTING MORPHISMS IN A CURVED CONTEXT

In this section we are interested in building a cofibrant resolution of a curved operad. When
the operad P is differentially graded (the curvature is zero), we are able to provide a cofibrant
resolution of P in [HM12, [HM23]. When the curved operad is augmented, we provide an S-cofibrant
resolution in [BMDC20]. We prove here that the bar-cobar resolution described in [BMDC20) is in
fact cofibrant.

The bar-cobar adjunctions exchange the default of (co)augmentation and the curvature. In order
to define a model category structure on curved operads and curved algebras, we require a filtration
condition on the curvature (f € FyP) in [BMDC20]. It isn’t possible to require such a condition
relative to the default of augmentation of an operad or for the curvature of a curved cooperad.
The consequence is a small difference on the base categories on which we consider our (co)algebraic
structures:

e the base category for curved operads (or algebras over a curved operad) is Mod§, and we
have a model category structure on it,

e the base category for curved cooperads is Modp, and we don’t provide a model category
structure on it.

1.1. Complete and curved context. Similarly as in [BMDC20], we consider the categories
(S-Mod(Mod§g), 8, I) of S-modules in Modf and (S-Mod(Mod§;),8,I) of S-modules in Mod§. In
particular, objects in this category are filtered and complete with respect to their filtration.

1.1.1. Curved operad and cooperad. For operads and cooperads, we define two notions of morphisms.
The second one is a lax version of the first one and is a useful enlargement for representing the
curved twisting morphisms by the bar and the cobar constructions. The lax version is very close to
the original definition of morphism between curved associative algebras given in [Pos93].

Definition 1.1. o A curved operad (P,v,n,d,0) is a gr-dg operad (P, v, 7, d) in the monoidal
category S-Mod(Mod§;) equipped with a map 6 : I — (F;P(1))_2 such that
(1) d? = [97 *]a

(2) d(0) =0 (0 is closed).
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e A morphism f : (P,d,0) — (Q,d,0") of curved operads is a morphism of gr-dg operads
which preserves the curvature, that is satisfying the equations
f-d=d-f and
f(0)=10"
o A laxz morphism (P,d,0) — (Q,d’,0") of curved operads is a pair (f,a) where f : P — Q is

a morphism of complete operads and a : I — F;Q is an S-module map of degree —1 such
that

(1.1) d-f+la,fl=f-d and
1
(1.2) f(@):9'+d’-a+§[a,a].
e The composition of two lax morphisms (g,b) and (f,a) of curved operads is given by:
(9,0) - (fya) == (g- f,9(a) + b) and the unit for the composition is (id, 0).

We denote by cOp the category of curved operads with morphisms of curved operads and by
cOp™ the category of curved operads with lax morphisms of curved operads.

Lax morphisms admit a description as strict morphisms by twisting the predifferential and the
curvature on the codomain curved operad.

Lemma 1.2. Let (Q,',d',8") be a curved operad and a : I — F; Q.

(1) The tuple (Q,+',d, = d'+[a,—],0, = 0'+d -a+3[a,a]) is a curved operad that we denote
Q. In particular, d), is a derivation with respect to ', 0, € F1Q_o is closed and it satisfies

dy? =10, -]

(2) The data of a laz morphism (f,a) : (P,d,0) — (Q,d’,0") of curved operads is equivalent to
the data of a morphism f: (P,d,0) — (Q,d,,0.) of curved operads.

Proof. (1) We first check that d/, is a derivation with respect to 4. It is enough to show that
[a, —] is a derivation with respect to 7/. We emphasize that this is true only with a in arity

1 (a € Q(1)). The Lie bracket [—, —] on ®,>0Q(n) used above is the anti-symmetrisation
of a pre-Lie product that we denote {—, —}. With the notations e; = (—1)l#lH¥l++vial
we have

’7/([G,M};V17-~-,Vk) +Z€ﬂ/ V7S Z PR [N 7 R 7%
i

= ’}/ ({CL,ILL};Z/17...,Vk) + (_1)‘#"}/ ({:U’va};yla"'vyk)
+Z€i (’y/ (v, .. {a, v, o ove) + (—1)'”"‘7/ (145 Vl,...7{ui,a},...yk))

=~"({a,u};ve, .. vk) + ey (sva, .. k), a}
= [a,’y'(ugyl,...,uk)]

by the associativity of /.
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We have 0/, =0’ +d'-a+ %[ma] I > F1Q osincea: I - F1Q jand @, : I — F1Q 5.
It is closed since

4, +dat L la.a)) =
1
d'0' + [a,0) +d’a+ [a,da] + 5(4/[% al + [a, [a,a]]) =0

since @' is d'-closed, d’a = [0, a], d' is a derivation with respect to [—,—], and [—, —]
satisfies the Jacobi relation.
Then we compute

d," = d(d +[a,~]) = d° +d'la, =] + [a,d'~] + [a, [a, -]

=10, -]+ [d'(a), -] + [;[a, al, —} (d' is a derivation for [,])

=10 +d(a) + %[a,a], —:| =10, —].
This proves that Q, is a curved operad.

(2) A lax morphism of curved operads (f,a) : (P,d,0) — (Q,d’,8’) is the data of a morphism
of the underlying graded operads f : P — Q and a map a : I — F;Q such that d,f =
d-f+lafl=f dand f(0) =6 +d -a+ 3[a,a] = 0). It is therefore equivalently the
data of a morphism of curved operads f : (P,d,0) — (Q,d.,0.).

»ar v a

O

Example 1.3. A first example of curved operad is given by the endomorphism operad of a complete
gr-dg R-module (M, d)

EndM = ({Hom(M®", M)}nzo, Y, 8, 9)
where Hom(M ®”, M) is seen as a K-module, the composition map  is given by the composition
of functions and

for f € Hom(M®™, M),
0 = d>.
Definition 1.4. Let (P,~,n,d,0) be a curved operad. A structure of (P,~,n,d, 0)-algebra (P-

algebra for short when there is no ambiguity) on the gr-dg module (A,d4) is a curved operad
morphism

YA - (,Pv Y, 1, d7 9) — End(A,dA)~
Explicitly A is endowed with a (P,~,n, d)-algebra structure and the gr-dg endomorphism d4 : A —
A of degree —1 is a predifferential (with respect to the P-algebra structure) such that

dA2 =y4(0 oida).
(The notion of predifferential of a P-algebra is recalled in Definition [3.4})

Example 1.5. Given a gr-dg module (4, dy4), the identity map idgnd 4 4,, Provides a structure of
End4,q,)-algebra on (A, da).

We define dually the notion of curved cooperad.
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Definition 1.6. e A curved cooperad (C, A, e,d, 0°) is a pg cooperad (C, A, €, d) in the monoidal
category S-Mod(Mod}?) endowed with a curvature 6¢, that is a map 6° : C — I of degree
—2 such that
(1) &2 = (idc ®0° — 0° ® idc) o A(l),
(2) 6¢-d=0,

where A(j) is the infinitesimal decomposition map defined in [LVI12, section 6.1.4]. The
map A : C — C4C is called the decomposition map, the map ¢ : C — I is the counit map.
e A morphism (C,dc,0°) — (C',dcr,0°") of curved cooperads are morphisms of pg cooperads
which preserve the curvature, that is satisfying the equations
d-f=f-d and
6" - f = 6°.
e A lax morphism (C,dc,0¢) — (C',dc:,0¢") of curved cooperads is a pair (f,a) where f :
C — (' is a morphism of complete cooperads and a® : C — I is a degree —1 S-module map
such that

(1.3) der - f=f-de+(f®a®—a®®f)-Auyy and
(1.4) 6 - f =6°4a® - d+ a*af,
with a® x a® := 7 - (a° ® a®) - A(y).
e The composition of two lax morphisms (g,b¢) and (f,a®) of curved operads is given by:
(9,6 - (f,a°) == (g- f,a®+b°- f) and the unit for the composition is (id,0).
Remark 1.7. We emphasize that there is no filtration assumption on the curvature 6¢ of a curved

cooperad.

We recall from [HMI2] (up to the sign) the definition of (C,dc,6c)-coalgebra over a curved
cooperad.

Definition 1.8. Let (C,A,¢,d, 0 be a curved cooperad. A (C, A, e,d, 6°)-coalgebra (C-coalgebra
for short) is a triple (C,A¢,dc) where (C,A¢,dc) is a (C, A, e, d)-coalgebra in Modp and the
predifferential d¢ : C' — C (of degree —1) satisfies:

de? = —(6°0ide) - Ac.
(The notion of predifferential of a C-coalgebra is recalled in Definition )

1.1.2. Semi-augmentation. Following [HM12], we define the notion of curved semi-augmented op-
erad.

Definition 1.9. o A curved semi-augmented operad, or curved sa operad for short, (P,~,n,d,0,¢)
is a curved operad endowed with an augmentation of (complete) S-modules € : P — I.

e A morphism between two curved sa operads (P, €) ER (P’,€’) is a morphism of the underlying
curved operads.

1.1.3. Altipotence. We now recall the notion of altipotence from [BMDC20]. The gr-flat condition
required is automatically satisfied since our base field is of characteristic 0. The definitions, given for
dg complete cooperads in the above reference, only depend on the underlying complete cooperad.
The definitions apply therefore to curved (complete) cooperads without modifications.

Definition 1.10. Let (C,A,¢,d, 6) be a curved cooperad.
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o A gr-coaugmentation n : I — C is a map of complete S-modules, such that applying the
graded functor Gr to (C, A, e, d, 0 n) provides a coaugmented curved cooperad.

e In the context of complete gr-coaugmented curved cooperads, we call morphism of complete
gr-coaugmented curved cooperads a morphism of curved cooperads which commutes with
the gr-coaugmentations after applying the graded functor Gr.

The infinitesimal coideal of n, notated 5, is the complete S-module which is the pushout (in
complete objects)

We denote by 77 the map I[—1] — C in the pushout.

Remark 1.11. Since the filtration on I is the trivial filtration
Fopl=1IDFKI=0D>---
we obtain that a gr-coaugmentation is in fact a coaugmentation on the level of complete S-modules.
Following the terminology of the previous section, it is a semi-coaugmentation.
Definition 1.12. Let (C,A,¢e,d, 6 n) be a gr-coaugmented curved cooperad.
e We define the reduced decomposition map A : C — C6C by
A=A—((n-e)oid)-A—(ido(n-€))-A+((n-)o(n-€))-A.
e We define a bigraded collection ¢t?C of subcollections of C recursively as follows. For
p,n € Z, we fix «P°C := F,C and «t""C := FyC. Next, supposing that a? "' C is defined
for 0 < n/ <nand 0 < p' < p, we first define a subobject ct”"(C8C) of CoC. We define it
as the sub-object in CoC

A~ A A M
E F,,C(m)&® ® F, cepiton—lc
69mzo po+-+pm+i=p ° (m)@s,, i=1 P ’

where the integers p; are non negative. Then define ¢tP"*C as the following pullback:

o G » C

L

a”"(csC) —— CacC.
Recursively, there are natural inclusions ct?"C — ct?~1"C and «?"C — P F1C.

Definition 1.13. Let C be a gr-coaugmented curved cooperad.
e For k € Z, we define the k-primitives of C to be the S-module:
Prim;C == (] ee?th7C,
p=>0
where we fix ctP*PC = «t%PC = FyC when p+ k < 0.
e We call C altipotent when the following conditions are satisfied

(1) the map
colim,, ct»"C — C

is an isomorphism for all p,
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(2) the coaugmentation n(I) lies in PrimC, and
(3) for all k € Z we have

(%) A(Prim;C) C @mka”_Mm:kHFkOC(m)@ (Primy, C& - - - ©Primy,, C)
where we set Fj,,C = FypC when kg <0,
We recall that the infinitesimal coideal is left adjoint to the tree cooperad.

Proposition 1.14 (Corollary 3.34 in [BMDC20]). The tree cooperad, viewed as a functor from
S-modules to altipotent cooperads, is right adjoint to the infinitesimal coideal. That is, the tree
cooperad is cofree in the category of altipotent complete cooperads and in particular, there are bijec-
tions, natural in C and M

Homg_modrs (5, M) = Homy,y, coop. (C, TC(M))

1.2. Bar and cobar constructions in the unital and curved context. We describe a bar
construction in the context of curved semi-augmented operads. Similarly we provide a cobar con-
struction associated with curved altipotent cooperads. Then we obtain a bar-cobar adjunction in
this context. These constructions are similar to the ones given by Lyubashenko in [Lyul4l, Sections
5.3 and 5.4] but slightly different since he doesn’t have an adjunction.

We use the free and cofree constructions described in [BMDC20].

1.2.1. Bar construction of a curved sa operad. Let (P,~,n,d,0,¢) be a curved sa operad with
P = kere. Its bar construction BP is given by the curved altipotent cooperad

BP = (TC(sP),Ap,ep,dg = do + d1 + da, 05, 1p) ,

where Ag is the cofree decomposition map, g is the usual counit, ng is the usual injection (I —
TeM, it will be a gr-coaugmentation only), the curvature 9/‘; is the composition

T(sP) = 5P & 82(PoyP) " P 5 1

and the different coderivations dy, di and dy are respectively the unique coderivations which extend
the degree —1 maps:

o Te(sP) - I =% 5P,

o T¢(sP) —» sP 4 4P,

o T¢(sP) — sPd(1)sP m sP.
Proposition 1.15. The curvature 9/‘; has degree —2 and is closed with respect to the coderivation
dg. The coderivation satisfies

(1.5) dg® = (id @05 — 05 ®1d) - Agy).
Moreover the bar construction induces a functor
B : Curved sa op."™ — Curved. altip. coop.'® .

Proof. To prove Equation (L.5), we first adapt the proof of Lemma 3.3.3 in [HM12] in order to
take the curvature into account. The map 65 has degree —2 by definition. Because 6 is zero on
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I ®T¢(sP)>?), to get the equality 05 - ds = 0, it is enough to notice the following equalities:

05 - dojr = ¢-d-0=0 (since 0 is closed),

05 - (do +dv), 5 = e (=[0,s7 ] +d*(s7'=)) =0,

05 (di+ d2) ey = €°71)° (d-d)@id+ide(d—d))(s72=) =0,

9?3 'd2|7‘c(sﬁ)(3) = &= (’7(1)(:)/(1)(_7_)7_) _7(1)(_7:7(1)(_7_)))(8_3_)
0.

The maps dg” = 3[dg, dg] and (id ®05 — 05 @id) - Ag;, are coderivations (see [HM12, Lemma

3.2.2] for the second statement), so it is enough to prove that the projection to the cogenerators sP
of Equation (|1.5)) is satisfied. We have

(do +di + d2)2 = d02 +dod; + didyp +d12 + dods + dody + d1do + dody + d22 .
— ——

The term (do?)!*? is zero since im(dy?) € T2 (sP). We have (dody +d1do)*P = (dydo)*P = d-0 =
0 since @ is closed. The term (d12)|573 corresponds to 82 and the term (dods + d2d0)|57) = (dgdo)|573

is equal to —[0,—] = —d? on sP so (d12 + dods + d2d0)|s5 = 0. Then we have
sP = 7 s . 7 — sP
(didy + dodh)*P = —s(3)) (d — ) @ id +id @(d — d)(s 7)o

= —sGm)((e- ) @id+ide(- ) )T o

= (d @b — 05 @id) - Ag () 1 7e(sP)@ -

Finally
sP _ — — sP
(d:)'*F = 5 (1) () (= =) =) = Ay (=7 (= -))) (s 3—):70(55)@)
— (9% ®id —id ®92) . Aﬁ(l)\TC(sf)“)

since 7 is associative. It follows that Equation (1.5)) is satisfied.

The bar construction is gr-coaugmented since dg(1) = do(1) = —s € F1sP C FyBP and it is
altipotent since it is built by means of the cofree altipotent construction.

It remains to prove that B sends lax morphisms of curved operads to lax morphisms of curved co-
operads and that it preserves composition of lax morphisms. Let (f,a) : (P,d,¢,0) — (P',d’,¢’,6")
be a lax morphism of sa curved operads. The map of S-modules underlying f is characterized by

the morphism of S-modules f : P — P’ and the morphism ¢’ - (s~1f) : sP — I. Because the tree
cooperad is cofree in the category of altipotent cooperads (Proposition [1.14)), the map

To(sP) — I @ sP L, 5p7
induces a cooperad morphism B(f,a) : T¢(sP) — T¢(sP’). Moreover &' - (s~ f) induces a map
ac(f) : T¢(sP) — I by precomposition by the projection to sP. We now show that the couple
(B(f,a),a(f)) is a lax morphism of curved cooperads. We abbreviate the map a“(f) by a® when
there is no ambiguity.
First, we prove Equation (1.3). The cooperad T¢(sP) can be seen as an infinitesimal 7¢(sP’)-
comodule by means of the cooperad morphism B( f,a). Noting dg, resp. d:,_g, the coderivation on

T¢(s~'P), resp. on T¢(s~*P’), the map d’ﬁ-]%(f, a)—B(f,a)-dg is a coderivation T¢(sP) — T¢(sP").
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(This is a direct computation for two coderivations and a cooperad morphism.) Similarly, the map
(B(f,a)®a®—a°@B(f,a))-Aq) is a coderivation T¢(sP) — T(sP’) by Lemma 3.2.2 in [AMI2]. It
follows that it is enough to prove the corestriction of Equation to the generators of the cooperad
in the codomain (by means of Lemma 15 in [MV09]). The morphism f satisfies Equations
and so by considering the projection to P, we get

I +1afl=Fd and J(0)=0'+da+ laa)

with [a, f] = [a, f] since 7/(1) is central. We compute the contributory terms as in Lemma 4.4 in
[BMDC20], using Construction 3.10. The image in I @ sP’ @ T¢(sP")?) @ ... of the morphism
B(f,a) is equal to

B(f,a)(1)=1+sa+sa®@sa+...,
B(f,a)(sp) = sf(n +Zsf )oisa+sa®sf(p)+...,

B(f,a)(spoj sv) = Sf(u) oj sf(v) +
for any p, v € P. We therefore obtain

A . |sP7 - , 51
(4 B(f.a) - B(f.0) .dﬂ)ll = (f(e) —0' —da- 2[a,a]> =0,
;A ~ |sP’ _ — __
(¢ BUs.0) = Bf.a) - dg) " = =s (4F(=) + [ F)] - Fil-)) =0,
R N |sa _ _
(@ B(f.0) = B(f.a) - dﬁ)m(ﬁ)w = (foa —a"®f) Ay
We conclude that B( f,a) satisfies Equation , that is
(1.6) d/ﬂ ]?‘)(f7 a) — B(f, a)-dg = (B(f, a)®a® —a®® B(f7 a)) - Ay

For the second equation (that is (T.4))), it is enough to check it on I @ sP @ T¢(sP)? because
of the definition of the maps involved. On I, we have:

(%c B(f,a) — 05 — a®ds — a®* ac> (1)
=03°(1+sa+ sa®sa) — 0 — a®(—s0) —

1
=¢ (—d’a - i[a, al + f(0)> =£(0)=0.
On su € sP, we compute:
(%C B(f,a) = 05 — a®dy —a®x “C) (sn)
=05 | sf (1) +sa@sf(p —|—Zsf jsa | +edp — a“(—sdp) —

= (=d'f(p) - [6% F()] + f(dp)) + edp
= —&'(fned(p)) + edp = —'n’ed(p) + edp = 0.
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Finally, on suo; sv € T¢(sP)?), we have

(%c B(f,a) — 05 — a®dg — a® * ac> (spoj sv)
= 05" (sf(1) 05 sf(v)) = (=)™ (ex(poj v) + a*(s7(p 05 v)) — &' f(w)e' f(v))
= ()M (e f(r(poj v) —exlmojv) = fA(uojv)) = 0.
It follows that Equation is satisfied and the bar construction sends lax morphisms to lax

morphisms.
We now prove that the bar construction preserves the composition of lax morphisms. Let

(f;a): (P,d,,0) — (P',d',",0') and (g,0) : (P',d',&’,6") — (P",d",",60")

be two lax morphisms of sa curved operads. We denote by a® = a°(f) and b = a®(g) the maps
appearing in the definition of the bar construction. We have
(B(g.0).b%) - (B(f.a),a) = (B(g,0) - B(f, a),a° + 07 - B(f, a))
that we want to compare to
Blg- f,0+9(a)),a(g- ).

The morphism E(g, b) - B(_ f,a) is characterised by its projection to the cogenerators sP” which is
given by (b+g(a))+g-f =b+g(a)+g- f (since a € F;P’). On the other side, the morphism
B(g- f,g(a) +b) is characterised by g(a) +b+ g - f. Thus they coincide. Similarly, a® + b - B(f, a)
is non zero only on I @ sP where it is equal to ¢”(g(a) + g(f)) +&'(f) =" -g-f+& - f=¢"-g-f
since a € Fy'P. This coincides with a®(g- f). This proves that the bar construction is a functor and
this concludes the proof. O

1.2.2. Cobar construction of a curved altipotent cooperad. We consider now a curved altipotent
cooperad (C,A,e,d,6°n) with C := kere. Using the gr-coaugmentation 7, we obtain a projection

map C — C that we use to define the maps d : C 4,¢—Cand A(l) (defined similarly).
The cobar construction QC is given by the curved semi-augmented operad

QC = (T(S_lz)»VM»m,dw = DO + Dl + D279w75w) )

where 4, is the free composition map, 7, is the usual unit, €, is the usual projection (TM — I),
the curvature 6, is the composite

—s td—sT2A

Ihe — " "9 s Caw s72C6(1)C — T (s~ 'C)
and the different derivations Dy, Dy and Dy are respectively the unique derivations which extend
the degree —1 maps:
o 51T =01 T(s71C),
e 51T % 51T T(s710),
e s7I1C e ON s71C8(1)s71C — T (s7'C), where Ag-1(s™1) = —s72.
Proposition 1.16. The curvature 6, has degree —2 and is closed with respect to the coderivation

dy,- The derivation satisfies

(1.7) dwg = [ewv_]'
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Moreover the cobar construction induces a functor
Q1 : Curved altip. coop.™ — Curved. sa op.'2*.

Proof. The proof that d,0,, = 0 and d,> = [0, —] is dual to the beginning of the proof of Propo-
sition Similarly, we can prove that {2 sends lax morphisms of curved cooperads to lax mor-
phisms of curved operads. Let (f,a¢) : (C,d,n,0°) — (C',d',n’, °) be a lax morphism of curved
cooperads. The map of S-modules underlying f is characterized by the morphism of S-modules
f:C — C’ and the morphism s~ f -9 : I — Fy(s~C’) (f is gr-coaugmented) which induces a map
a:l— FyT(s71C"). We write Q(f,a) : T(s7'C) — T(s~'C’) the operad morphism induced by
sTIC =M, 1 sm1E T(s7C).
The proof that (Q( fya%),a) is a lax morphism of curved operads is dual to the second part of

the proof of Proposition We prove similarly as in Proposition that it preserves the
composition of lax morphisms. O

Example 1.17. We denote by Lie the operad encoding Lie algebras and by cLie the operad
encoding curved Lie algebras. It is defined by

cLie := (T(r,l\;)/(k/”f)\f’/lf’\g/) ,0,9:&().

1 2
where t is of degree —2, g is of degree 0 and the predifferential is zero. We filter cLie by the

number of ?, say
FycLie := {u € cLie s.t. the number of ? in p is greater than or equal to p}.

(This filtration is in fact a graduation.) It is a curved operad whose curvature belongs to FjcLie.
Indeed, 0 = d? = [, —] because it is a suboperad of the curved operad cAs for which it is proved in
[BMDC20, Proposition 6.2].

We also fix sLie := Endsg ® gy Lie the operad encoding shifted Lie algebras and scLie := Endsg ® g
cLie the operad encoding shifted curved Lie algebras.

The operads encoding homotopy version of these algebras are built by means of the cobar
construction and the Koszul duality theory of curved operad [BMDC20] and are denoted by
Lo = QLiel, cLy = QcLiel, sLy = QsLiel and scLo = QscLiel.

The coproduct A and the partial coproduct Ay of the cooperad sLie! are computed in [BM18|
Appendix A]. The case of the cooperad scLie', Koszul dual cooperad of the curved operad scLie,
can be done similarly as Theorem 6.9 in [BMDC20] which concerns the operad encoding curved
associative algebras.

We obtain that the Koszul dual cooperad scLie! is 1-dimensional in each arity, scLie'(n) = K-I¢,
where [¢ is an element of degree 0 on which S,, acts trivially. The infinitesimal decomposition map
on scLiel is given by

(1.8) Aqy)= > Y (5o11)°,
pte=ntlsegn !
p>1,4>0 op-l
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where Sh;;f1 is the set of (g, p — 1)-unshuffles, that is, inverses of (¢, p — 1)-shuffles. The formula
for the full decomposition map is given by

A= S S ()

atetn=n" gesngt

where Sh, ! is the set of (g1, ..., ¢p)-unshuffles o.

s dp

1.2.3. Conwvolution curved operad. We aim to extend the L,.-algebra structures on the convolution
algebras hom(C, A) of R-linear maps from a C-coalgebra C' to a P-algebra A given in [Wiel9] to
the curved setting. We first describe the convolution curved operad Hom(C,P) and see how it is
related to the bar and cobar constructions.

Let (C,A,ec,dc,0%nc) be a curved altipotent cooperad and (P,~,np,dp,0,ep) be a curved sa
operad.

We consider the graded collection of modules

Hom(C,P) := {Homgit. K-mod(C(n), P(n))}n>0-

In order to get an S-module, we endow each module with the following action of the symmetric
group: for f € C(n) — P(n), o0 €S, and v € C(n), we have

1

(f)w) = (f(7 ).
Let f: C(k) = P(k) and let, for 1 < j <k, g; : C(i;) — P(i;) be a collection of filtered maps.
We define a composition map vy (f;g1,...,gk) by the formula

C(n) 2 (€5C)(n) —

C(k)OKis,] ((C(iau))@ + @Cio(r))) Ok, x---xSig(k)]K[Sn])

Does, I B0 ()@ B0 ®id

~ A

P(k)®K(s,) ((P(io(l))® - QP (igry)) DK, ) ><~~><Sig(k)]K[Sn]>
— (P8P)(n) - P(n).

It is well defined and it is filtered since the maps f, g1, ..., gx are, and A and - are compatible
with the filtrations.
Let ng : I — Hom(C,P) the composite np - ¢ and ey : Hom(C,P) — End(I) = I be given by

(f:C—)P)»—)(sp-f-nc:I—>])7
so that eg - ng = id;. We note also 9(f) =dp - f — (=) f - de.

We consider on Hom(C, P) several filtrations. First we denote by F, the filtration induced by
the filtrations on C and P, that is for all p > 0
F,Hom(C,P) = {f € Hom(C,P) | Vg > 0, f(F,C) C Fy1,P}.

The maps vy and 0 are compatible with this filtration since the maps involved in their definitions
are filtered. The filtration is complete since the filtration on P is.
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Secondly, we consider on Hom(C, P) a coarser filtration I's that is still complete and such that
our intended curvature for Hom(C, P) is in filtration degree 1. We consider all the filtrations G,
compatible with vy and 0 such that

GoHom(C,P) = FoHom(C, P) = Hom(C, P)
(1.9) G1Hom(C,P) D FiHom(C, P) + Hom(C, P)(0) + Hom(C, P)(1)
GpHom(C,P) D F,Hom(C, P) for all p > 2.

The constant filtration given by G,Hom(C, P) = Hom(C,P), for p > 0, is a filtration satisfying
the above conditions . Therefore there exists a smallest such filtration, namely the intersection
of all filtrations satisfying . We denote it by

I'yHom(C,P) = Hom(C,P) 2 I'tHom(C,P) D - --
and we call it the lower central filtration I's of Hom(C, P).
Remark 1.18. We prove in Lemma that 'y is complete.

Before describing slightly the lower central filtration, we prove several properties on a (curved)
altipotent cooperad. First of all, by the freeness property of the tree cooperad (see Corollary 3.35

in [BMDC20]), there exists a cooperad morphism A:C— TC(C~) corresponding to the identity
map id : C — C. Because C is gr-coaugmented, we have on the level of S-modules the isomorphism

C = I & C and we deduce a map
AT [[Te@C. D= ]]TC D,

1>0 1>0

where 7¢(C, I); stands for the S-module of trees labelled by elements in C or in I with exactly [
elements in I.

Lemma 1.19. Let C be a curved altipotent cooperad. Let Cf C C be a finitely generated sub-S-
module. Fiz an integer p. Then there exists an integer s(f,p) > 0 such that for each lo > 0, the

image Igo’p of the composite
¢! S5 TI7e@ 1 — [TE@, i)y = TEC, Do /B T(C, D,
1>0

factorises through
T D0 (BT, DE ),

where T¢(C, I)l(ogs(f’p)HO) C T(I®C) (=sGP+) stands for the trees with at most s(§, p) + 1o vertices
and exactly ly vertices labelled by an element in I.

Proof. The size of a tree appearing in the image under consideration is bounded in width by the
fact that A : C — C&C is well-defined and in depth (or height) by the fact that C is altipotent. O

Lemma 1.20. The collection Hom(C, P) is complete for the lower central filtration Ts.

Proof. The S-module T',Hom(C,P) is the S-module of multiple compositions of vy applied to
elements f1, ..., fm such that there exists a partition {1,...,m} = E; U Ey with

(1) f;j € Fp,Hom(C,P) for all j € E,
(2) f; € Hom(C,P)(0) x Hom(C,P)(1) for all j € Es,
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and (3 ;cp, pj) + [E2| > .

For each n € N, we fix a direct sum decomposition by finite-dimensional S,,-submodules C(n) =
@sez.,C of the S,-module C(n) (which exists since K is field and therefore K[S,,] is semi-simple)
so that

Hom(C, P) = {Hom(C(n), P(n))}nen = {Hom (&1e5,CT, P(n)) bnen
(1.10)

1

[ Hom(c",P(n))

feSn neN

The filtration F, on Hom(C,P) restricts to Hom(C’,P(n)) and we keep the same notation for it.
For all f € ., because C' is finite-dimensional and the filtration F, is complete, there ex-

ists a smallest integer, denoted ¢(f), such that C' N Fy;)41C = {0}. Fix an integer p. Because

C is altipotent and by Lemma we get that for all I[j > 0 the image IlA”’q(f)er lands in

T(C, I)l(fs(f’p)ﬂo)/Fq(f)erTc(a I)lfs(f’p)ﬂo), where s(f,p) depends only on Cf and p.
We now prove that for any

(L11) 0>+ s(f,p)

we have
Vo € T'yHom(C,P), pjcr € F,Hom(C, P).

An element ¢ € T,Hom(C,P) is a sum >, Yu - (fi ® -+ @ fim,)) - tv, where t, € T(C) is
a tree with m(t,) vertices, ¥y is induced by vg and the f;’s are elements in Hom(C,P) such
that there exists a partition {1,...,m(t,)} = E; U Ey with f; € F, Hom(C,P) for all j € E;
and f; € Hom(C,P)(0) x Hom(C,P)(1) for all j € Ep, and (3,5, p;) + |E2| > v. Due to the
isomorphism C 2 I @ C, we can assume without loss of generality that the vertices of ¢, are either
in I or in C. When jem Pi = Ds We automatically have the desired conclusion. Otherwise by
Condition , we have |Es| > p + s(f,p). This implies that there are at least p maps f;, for
J € Es, that are applied to I (thus each of them increases the filtration degree by at least 1) and
therefore the term Y - (f1 ® -+ ® fin(t,)) - tv increases the filtration degree by at least p. It follows
that ¢)c; € FyHom(CT,P) as expected.

Let us now prove that the filtration is complete. For § € §, we note Hj = Hom(C',P). We
write 45 : C' < C for the inclusion and i Hom(C,P) — H7 for the restriction. We have just seen
the existence for all p € N of some integer v, such that z‘;Tva C FpiFH = i’f"FpH, where the last
equality follows from the decomposition . Using moreover that H := Hom(C, P) is complete
for the filtration F, and the interchange property of limits, we obtain

= li lim Hy/(Fy Hy + T H) 2 lim i i H/ (i F, H + 5T, H)

&7 lim H/T' H.
iy lim /T

This isomorphism being valid for all § € §, we get by the decomposition (1.10]) the identification
H =lim, H/T';H. This concludes the proof. O
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We define the degree —2 element O = 6 -c¢ + np - 0¢. Because np - 0¢-ne = 0 and by definition
of the central lower filtration I'y, we have

Oy € Hom(C,P)(1) c I'yHom(C, P)(1).

Remark 1.21. We use the filtration I'y instead of the filtration F, on Hom(C, P) so that the element
O©p belong to I'yHom(C,P)(1). Since 6¢ cannot have filtration degree > 1 (for the filtration Fj)
when it is non zero, the element @y doesn’t belong to FiHom(C, P) in general.

Proposition 1.22. The collection (Hom(C,P),Le,Yrr,NH,0,Om,c5) is a curved sa operad. It is
called the convolution curved operad.

Proof. The operad structure g is associative since A is coassociative and ~y is associative. The
map 7y is a unit for the composition map since e¢ is a counit for C and np is a unit for P. The
map €y is a semi-augmentation since ey - ng = id;.

Finally, the element © 5 € I';Hom(C, P) is closed since §¢ and # are, and a direct computation
shows that for a linear map f : C(k) — P(k), we have

O*(f) =dp®- f - f - de®
=(0-ec; f Zv £:1d%07D @6 - ec @ id® ki)

= X w6 @104 ) £ om0 )

~(Ou; f Z’y 1d®<i*1) ®0y @id®**F 7Yy = [0y, f].

O

Remark 1.23. In the sequel, we are mainly interested in the central lower filtration on the convolu-
tion curved operad (rather than the filtration F,).

To the symmetric operad Hom(C,P), we can associate a pre-Lie product x on hom(C,P) =
[L,>o Hom(C,P)(n) as in Section 5.4.3 in [LV12]. The product f g is given by a symmetrical
version of the formula

(=CNNGESCENG S JRON
This pre-Lie product restricts to invariant elements under the conjugation action to endow the
gr-dg module homg(C,P) = (Hn>0 Homg(C,”P)(n)J‘.) with the pre-Lie product x. The anti-

symmetrisation of * provides a Lie bracket [f,g] = f x g — (—=1)//ll9lg x f. The computation seen
at the end of the proof of Proposition shows that (homg(C,P),[—,—],0,0x) is a curved Lie
algebra.

Definition 1.24. An operadic curved twisting morphism is a degree —1 element a € homg(g, P)
(that is a - ne : I — F1P) solution to the curved Maurer-Cartan equation

1
Oy +0(a) + i[a,a] =0.
We denote by Tw(C, P) the set of operadic curved twisting morphisms.
Lemma 1.25. Operadic curved twisting morphisms form a bifunctor

op
Tw(—,—): (curved alt. coop.lax) x curved sa op.™* — Set.
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Proof. We first prove the functoriality in the left variable. Let (f,a®) : C — C’ be a lax morphism
between curved altipotent cooperads. To a curved twisting morphism « : C’ — P, we associate the
map F(f,a)(a) =a-f+np-a®:C— P. We first compute

INa-f+np-a)=(0a) f—a- - (f@a®—a°®f) Agy+np-a®-dc.
Then

(a-fHnp-a)x(a-f+np-a) =
(axa) - f+ra- (f@®a"—a*®f) Aq)+np - (a“®a’) - Ap,
It follows that
A(F(f,a%)) + F(f,a®) x F(f,a®) = —np -0 f+1p - (a° - de + (a° ® a®) - Ay))
— Ol fup (07— 6°) = —Op.
Therefore F(f,a¢) is a curved twisting morphism (we have F(f,a¢) € homg(C,P) since a° has
degree —1). It is direct to check that F'(id,0) = id and F' preserves the composition.

Similarly we prove the functoriality in the right variable. Let (f,a) : P — P’ be a lax morphism
between curved operads. To a curved twisting morphism « : C — P’, we associate the map
G(f,a)(a) = f-a+a-ec:C— P'. We first compute

f at+a-ec)=—la,fl-a+f - (0a)+dp -a-cc.
Then
(frata-ec)x(f-ata-e)=f (axa)+][a,fl-a+ad® e
It follows that
AG(f,a)) +G(f,a) xG(f,a) = f - (Da + axa) + (dpra+a?) -ec
=—f-On+(f(0p) — 0p) - cc = —O.
Therefore G(f,a) : C — P’ is a curved twisting morphism (we have G(f,a) € homg(C,P) since

a: I — FyP'). Tt is direct to check that G(id,0) = id and G preserves the composition. This
concludes the proof. O

Theorem 1.26. For any curved altipotent cooperad C and any curved sa operad P, there are natural
bijections
Homyyy. sa op.lax (ch P) = TW(C’ P) = Homcurv. alti. coop.12x (Cv BP)

Proof. We make the first bijection explicit. A lax morphism of curved sa operads (fa,aq) :
T (s7'C) — P is uniquely determined by a map —sa : s7!C — P of degree 0 and an S-module map
Qo : I — F1P of degree —1. This is equivalent to the data of a map a == an -e¢c + a : C — P of
degree —1 such that - ne : I — F1P, or equivalently to o € homS(CN7 P). Moreover, f, commutes
with the predifferential up to the term [an, fo] if and only if the following diagram commutes

—sa dp

P

s~IC P

D0+D1+D2l idp +7a1)

I@S_lé@(s_léa(l)s_l(:) P@dPonyP

NP+ (—s&)+(—s&)6(1)(—sa)
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up to the term [a,, —s@]. This corresponds to the equality np - ¢ + (@) + [aa,a] + @x @ =0 on
C, or equivalently to the restriction of the equality O + d(a) + a* a =0 on C. The fact that the
morphism f, sends the curvature 6, to 6p + dpa, + %[aa, a,] coincides with the restriction of the
equation O + d(a) + axa =0 to imne since a - e = aq.

We now make the second bijection explicit. A lax morphism of curved altipotent cooperads
(ga,al) : C — T¢(sP) is uniquely determined by a map sa : C — sP (by Proposition and
an S-module map af, : C — I of degree —1. This is equivalent to a map o ==a+np -as :C = P
of degree —1 satisfying a-np : I — F1P, or equivalently to o € homg(g, ‘P). Moreover, because
9o (1) = ec(p) + sa(p) + (sa @ s@)Apy +--- € I ® sP ® sPS(1ysP @ ... (by Construction 3.10 in
[BMDC20]), the morphism g, satisfies Equation ifand only if ep-(—dp-a—vyq)(@®a)-An)) =
0°+aldc+at xat,, that is to say ep (O +Ja+axa) = 0. Also g, commutes with the predifferentials
up to (ga ® af, — af, ® ga) - A1) (see Equation ) if and only if the following diagram commutes

ectsat+((s@)®(sx)) A

I D Sﬁ &b sfé(l)sﬁ

de ldgsp_(do+d1+d2)'“’

C _ sP

1%

up to the term (sa ® af, — ag, ® sa) - A(y). Similarly as before, this is equivalent to the projection
of the equality O + d(a) + ax a = 0 on to sP. This concludes the proof. O

Example 1.27.

e Through the adjunction the identity morphism id : BP - BP corresponds to the operadic
curved twisting morphism 7 : BP - sP =P — P,

e Through the adjunction the identity morphism id : Oc — Q¢ corresponds to the operadic
curved twisting morphism ¢ : C — C = s~1C — QC.

In Section [I.2.4] we study the counit of the bar-cobar adjunction above and we prove that it
provides a cofibrant resolution in the model category of curved operads.

Before that we use the bar-cobar adjunction in order to describe operadic curved twisting
morphisms as lax morphisms of curved sa operads from scL., to the convolution curved operad
Homg(C,P). This extends a result given in [Wiel9l Section 7] which applies to dg operads and
cooperads which are connected (that is satisfy P(0) = 0 = C(0) and P(1) = K = C(1)). Then, in
Section we use this lax morphism in order to describe an scL., structure on the convolution
algebra hom(C, A) for a C-coalgebra C' and a P-algebra A (on which Hom(C, P) acts).

Let a € T1Hom(C,P)(1) = homg(C,P)(1) be an operadic curved twisting morphism. For f €
Hom(C, P), we fix 0,(f) == 9(f) + [a, f] and O, := O +da+ 1[a,a]. By Lemma the collection
(Hom(C,P),vu,Ni, Oas O, err) is curved sa operad, that we call a twisted convolution curved operad
and denote Hom(C, P),.

Proposition 1.28. For any curved altipotent cooperad C and any curved sa operad P, there is a
bijection

TW(C7 P) = I—Iorncurv. saop.lax (SCLooa HOIH(C, P))
Moreover, given an operadic curved twisting morphism « € Tw(C,P), we get a morphism of curved
operads fq : scLioo — Hom(C,P),, = (Hom(C,P), 4., O, ), where ay : I — Hom(C, P) is defined
by an(1) = (1) : C(1) — P(1).
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Proof. By Theorem we have
Homyry. saop.tax ($€Loo, Hom(C, P)) = Tw(scLie', Hom(C, P)).

Given a curved sa operad (Q, F,), there is an isomorphism

homg (scLiei, Q) > F,0(0)% x F1Q(1)% x [ n)*
n>2
since the S, action on scLiel is trivial. When applied to (Q, F,) = (Hom(C,P),Ts) (on which the
S-action is given by conjugation), this implies the isomorphisms

homg (S/C—I\JQ,Hom(C,P)) = homg/(C, P).

Then, denoting by YT, € homg (scLiei,Hom(C,P)) the element associated with a € homs(a, P)
through the bijection, a direct computation using that:

e the curvature on scLiel is zero, and that
e the infinitesimal decomposition map of scLie' is given in Equation (1.8)),

shows that T, is a solution of the curved Maurer—Cartan equation if and only if « is a solution of
the curved Maurer—Cartan equation.

Then, given an operadic curved twisting morphism o € Tw(C, P), the previous bijection provides
a corresponding lax morphism (f,aq) : scLo — Hom(C, P), where a (1) = (1) : C(1) — P(1).
By Lemma this is equivalent to a morphism of curved operads f, : scLo, — Hom(C,P),, . This
finishes the proof. O

1.2.4. Bar-cobar resolution. In order to make use of the known bar-cobar resolution in the dg
context, we put some weight condition on our curved operad. The weight filtration should not be
confused with the complete filtration F, of the objects of the base category.

We call an S-module M weight filtered if it is endowed with an N-filtration

M:M(SO)CM(SDC...CM(SW)C...

We assume moreover that the structural maps of M (the maps defining the actions of the symmetric
groups and the predifferential) and the maps of weight filtered S-modules are compatible with the
weight filtration. Because we are working over a field of characteristic 0, we can find (by Maschke’s
Theorem) a splitting on the level of S-modules of the filtration. We denote by M (), for w > 0, the
elements of weight w when such a splitting is fixed.

We call a dg operad Q weight filtered if its underlying S-module is weight filtered and if its
structural maps (the composition map, the differential, ...) are weight filtered. We say that the
weight filtration is connected if 00 = 9(=0) — T Moreover, we call @ bounded below when for
each fixed w > 0, the chain complex underlying Q(<*) is bounded below.

Remark 1.29. In the next proposition, we consider a curved operad such that GrP is weight filtered.
Be aware of the fact that the filtration F,P differs in general from the weight filtration (GrP)(=w).

We work here the model category structure on curved operads described in [BMDC20, Appendix
C] and recalled in Appendix In that article, the notation 7 (1) stands for the initial object of the
category of curved operads with non-zero curvature (that is 9 is a degree —2 element in filtration
degree 1). We say that a morphism of curved operads f : R — P is an S-cofibrant resolution
when it is a graded quasi-isomorphism and a strict surjection (that is f a surjection such that for
all p > 0, f(F,R) = f(R) N F,P) and when moreover the gr-dg S-module map 7(9I) — R is
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cofibrant. Furthermore, we say that the filtration F, on an object M comes from the graduation
GryM when F,M = @4>,Gr M.

Theorem 1.30. Let P be a curved operad such that Gr'P is a connected bounded below weight
filtered operad. The counit of the adjunction

OBP — P
obtained from Theorem[1.26 is a graded quasi-isomorphism and a strict surjection.
Assuming moreover that the filtration Fy on the curved operad P comes from a graduation Gre
(on the level of S-modules) and that the curvature of P is concentrated in GriP, then the map

cT(0) =TMWI) — OBP is cofibrant in the model category structure on curved operad described in
IBMDC20, Appendix C].

Proof. We denote by 2 the cobar construction of a coaugmented curved cooperad and by B the
bar construction of an sa dg operad. These constructions appear [HM12] (see also the corrigendum
[HM23]). The functor Gr is strong monoidal since K is a field so, by a careful inspection of the
differentials, GrQBP = QBGrP. By Theorem 3.4.4 in [HM12], we obtain that OBP — P is a graded
quasi-isomorphism. It is a strict surjection since it is the composite of the two strict surjections
OBP - T(P) L P.

When the curvature 6p is non zero, the curvature 6,, = 0p of QOB?P is also non zero and we have
ker([0p,—]) = T(6p) = T (I1) by the fact that the graded operad underlying the cobar construction
is free. Assume now that the filtration Fy, on P comes from a graduation Gr,P. We now show
that the map T (¢I) — OBP, sending ¥ to 6, = Op, is a cofibration. We recall the following
notations from the definitions of the bar and cobar constructions. The gr-dg differential on the
cobar construction is d,, = Do + D1 4+ Do, where D, is induced by the pre-differential on the bar
construction dg + dy + ds.

We first define the map h : BP — BP by
N
h(t) = —t' whent = and

s6
I

h(t) = 0 when the bottom tree of ¢ is in V satisfying Kop @& V = sP.

This defines a contracting homotopy for dy on BP as we can see by a direct computation:

N \”',/ o N
(doh + hdo) ﬁg =do(~t)+h| - d“S; - s:(; - 7
| ° s0 °

and when the bottom vertex tg of t = to isinV
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because dj is a coderivation. As a consequence, we have ker dyg = im dy on BP. We decompose BP

by the number of vertices BP = @1en-T (sP)D. We denote by V; = V the direct complement of
K0p in s7(sP) = P as above. We fix

So = {0},
S1 = ker(Grdyy,) ® Diker(Grdy,y,) Cs '(sP& T(sP)?),
Sy = S oW ®DW; Cs M (sP@T(sP)?),

where W is a direct complement of ker(Grd,,y,) into Vi (such a direct complement exists since
K is a field of characteristic 0 and KIS,,] is semi-simple for every n € N) and the inclusions hold
because the filtration F, comes from a graduation. A direct sum appears in the definition of Sy
and Sy since Vi Nkerdy = Vi Nimdy|; = V1 NKOp = {0}. For [ > 2, we fix by induction a direct
complement V; of s~ VT (sP)(S=D @ D1V in s~ T (sP)(=D, that is

sTIT(sP)SY = s 1T (sP)SY @ D1V @ W
Moreover let W, be a direct complement of ker Grd,, |y, into V;. Then we define for each [ > 2

Soi_1 = Sg(l,l) (&) ker(Grdel) @® Dq ker(Grde),
Sa = S 1 W & DWW,

As above, the second direct sum which appears in the definition of Sy and Sy follows from the
following argument. For v € V;, Dyv € 5’1T(5P)(§) implies dpv = 0 so v € ker dOSfl?(sf)(l) =
imdos,lﬂsﬁ)(,,l) where

sTIT(sP)UD ¢ s 1T (sP) S = s 1T (sP) S22 @ Vi @ D1 Vi

so there exists v € s (sP) (=12 ® Vi—1 ® D1Vi—2 such that v = Dv' — div' — dov'. Because
Dy (s T (sP)E=2 @ D1 Vi_y) € s T (sP) =D | we get

ve (sTIT(sP) SV e DV NV = {0}

By definition, (9)), is an exhaustive increasing filtration of s™17(sP) and it satisfies S;_; — S
are split monomorphisms of S-modules with cokernels isomorphic to

Si/Sia = [ K[Sm.] & ¢* - K[Sm,])
where £% is in homological degree n, + 1 and filtration degree g, and (¢ is in homological degree
ne and filtration degree g, + 1. The predifferential d,, is such that d,,(£*) + ¢~ € (T(Si-1), dw,)
since d, = Do + Dy + D with (D + D2)(v) € T1(S;—1) for v € S; and because dj increases
exactly the filtration degree F, by 1 since 0p € GriP. Moreover d,(¢) is obtained by the fact
that d2(£%) = [0p, £€%]. This is precisely the description of cofibrant curved operads described in
[BMDC20, Proposition C.33] hence QBP is cofibrant. O

1.3. Curved Koszul duality. In this section, we merge Section 4 in [HM12] and Section 5 in
[BMDC20] in order to obtain a generalisation of Koszul duality to the context of curved inhomo-
geneous quadratic operads.

Definition 1.31. A curved operad (P,dp,0p) is called inhomogeneous quadratic if the following
requirements are satisfied.
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(1) The curved operad P admits a presentation of the form
P = (T(E)/(R)7 dp =0, Q'P)a

where E is a S-module and (R) is the ideal generated by a strict sub-S-module R C I® E @
T(E)® and the curvature #p is induced by a map 0p : I — F;T(E)?). The superscript
(2) indicates the number of vertices and defines the weight degree.

(2) The sub-S-module R is a direct sum of (homological) degree homogeneous subspaces.

A first consequence is that the curved operad P is degree graded and has a weight filtration P(<%)
induced by the S-module of generators E. We denote the associated graded (curved) operad by
PO Let q : T(E) - T(E)® be the canonical projection and let qR C T(E)® be the image
under q of R. We assume further that the following conditions hold:
(I) The space of generators is minimal, that is RN {I & E} = {0}.
(IT) The space of relations is maximal, that is (R)N{I & E® T(E)?} = R.
(ITI) The quadratic part of the relations satisfies qR N F1 T (F) = {0}.
We assume moreover that the curved operad qP := (T (E)/(qR),0,04p = [ép]) is homogeneous
quadratic (in the sense of Definition 5.7 of [BMDC2()]), that is
(3) the counit T¢(sE) — I does not factor through the coideal quotient (.S), where we fix

C:=T(sE) and S = (I @ TC(SE)(2)> / (s’aR & (id+5°6p)(I)) .

Since RN{I @ E} = {0} and qRN F, T (E) = {0}, there exists an K-linear map ¢ : qR - IS F
that we assume to be filtered such that R is the graph of ¢:
R = {X+¢p(X), X € qR}
= {X +v1(X) +po(X), X €qR, p1(X) € E, po(X) € I}.
The relations qR hold in P(*). Therefore, there exists an epimorphism of graded (curved) operads
p:qP — P,

We recall from [BMDC20, Section 5] that the Koszul dual cooperad of the homogeneous quadratic
curved operad P is the sub-cooperad of T¢(sE) generated by the strict epimorphism 7¢(sE) — S
and we denote it by:
qP!:=C (sEB, s*qR @ (id +5%0p)(I)) .

It is a sub-cooperad of the cofree cooperad T¢(sE) on sE and its counit is given by the composite
gqpi 1 QP — T¢(sE) — I. By the definition of qPi, since qP' — T°(sE) — S is zero, we obtain
that the projection qPi — I @ T¢(sE)®) factors through s2qR @ (id +s20p)(I) and we can define
the projection map p : qPi — sqR. There exists a unique coderivation dp: : P — T¢(sE) of
degree —1 which extends the map

-1
qPt — s?qR 22 DL, SE.
Moreover, we denote by 0%, : P! — I the map of degree —2

-2
0%; : qPT — s*qR == 8, T,

Lemma 1.32. Let P = T(E)/(R) be an inhomogeneous quadratic curved operad. Condition (1)
implies that:

e The image of dp; lies in qP! = C (SE, s2qR @ (id —|—529~7>)(I));

e The coderivation dp: satisfies dp;> = (idgpi ®0%; — 0%, @ idgpi) - Dy;
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e The coderivation dp; satisfies 0%; - dp; = 0.
Proof. Proposition 5.5 in [BMDC20] says that

(ld ®A)A(1) idc O(1>€Oidc
ey Sy

qPi = ker <C Ca(l)C62 Cé(l)(56C)> s
where C = T¢(sE) and S = (I & T¢(sE)®) / (s*>qR & (id +s%0p)(I)). Applying dp: to an element
in qP1, we obtain that the result lands in qP" whenever & - dpi = 0 (since dp; is a coderivation and
by the characterisation of P! just recalled). The cooperad qP! is a sub-cooperad of T¢(sE) so an
element ¢ in qP can be written as a sum ¢ = >, -, c¥) of trees ¢®) in T¢(sE)*). By definition,
the coderivation dp: decreases on each component the number of vertices by one. Since € - dp: = 0,
we have & - dpi(c) = & - dpi ().

Then the proof works similarly as [AMI2, Lemma 4.1.1]. Any kind of tree in 7¢(sE)®) has one
of the two forms

~N 0
N ~ 17 ses
se se /
2 ‘ 3 ~
N ~ Se
seq 9 \ | 2 )

| Seq
I

where the elements e; are in sE. Applying A(j) to the trees above , we obtain

| | 2 3
569 ses (seal|ses| N4 N
Ay ~N |- = (—1)lsezllses \ se3 4 Ses / ,
seq | - ~ |
| S€q se1
| |
N N
N ses ses
ses - ~ 7
A Sses o N n seq
W\~ N NI N
s€1 seq seq

It follows by a careful computation of the signs that applying
(Sflpa) 2 pV +p0 @ 571p<2>) Ag)

(where p) is the projection qPi —» sE) to an element in qP' gives 0. Therefore, we obtain

((5_1 ® (idqR +p1 + 4,00) -p(2)) ®p(1)+
PV @ (571 @ (idgn +o1 + 20) - p?) ) - Ay (aPY)
C{sR®a) sE + sE ®q) sR} N s*{E & T(E)?} c s’R

by Condition (IT) for the last inclusion. Denoting s~ ® o1 - p® by $1 and s @ o - p by @o,
we get the following system of equations

(1) (in T(E)®) (#1@pW +pD @ @1) - Apy(qPi) C s*qR;
(2) (insE)  (¢1- (@1 @pM +pM @ ¢1) =57 (o @pM +pM) @ o)) - A)gp = 0
(3) (in I) @o - (¢1 @pM +pM @ @) - A(1)|qpi =0.
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Equation (1) is equivalent (up to sign) to &-dp: = 0. This ensures that the image of dp; lies in qP!.

Equation (2) corresponds to the projection of the second point of the lemma to sE. The equality

extends to qP since dpi® = %[dpx, dpi] and (idgpi ®0%, — 0%, @idypi) - A(q) are coderivations (see

Lemma 3.2.2 in [HM12]). Equation (3) corresponds to the third point of the lemma. O

Definition 1.33. Let (P,6p) be an inhomogeneous quadratic curved operad with presentation
P = T(E)/(R) satisfying the conditions of Definition [L.31]

e The Koszul dual curved cooperad of (P, 0p) is the curved cooperad
Pi = (P, dp, 0.

It is altipotent since it is a (strict) sub-cooperad of an altipotent cooperad (the cofree one).
e We define the application « : Pi — P of degree —1 by

k: Pl TC(sE) » sE > E — P.

e The curved operad (P,0p) is called Koszul when

(1) (P,60p) = (GrP, bp) with GrP = Free(E)/(R) in filtered operads and P = T(E)/(R)
in complete operads is the presentation which makes the curved operad (P, 6p) inho-
mogeneous quadratic, and

(2) (qP,04p) = (@3, 0p) and GrqP = qGrP as (curved) quadratic operads, and

(3) the inhomogeneous quadratic operad GrP is Koszul in the sense of [HM12], 4.3] or
equivalently the curved quadratic operad qP is Koszul in the sense of [BMDC20|
Definition 5.20], that is qGrP = GrqP is a Koszul (quadratic) operad.

Lemma 1.34. Let (P,0p) be an inhomogeneous quadratic curved operad as in the previous defini-
tion. The degree —1 map K is an operadic curved twisting morphism, that is

1
O +9J(k) + 5[/@',/@} =0,

where O = 0p -epi +np - 0%, and O(k) =dp - K+ K -dp; = K - dp; since dp = 0.

Proof. As in [BMDC20, Section 5.17], we have
npi(l) =1+ <32§p +Zszqr) 4+ e l®T(E) D@

with Y s?qr € s2qR. On npi(I), we therefore obtain

1
(@H “pi + (k) e+ S [k, K] ‘77791) (1) =
O0p —np - wolqr) = > eilqr) —0p —> qr=0€P.
Then, on Pi C sE @TC(SE)(Q) @- -+, because the decomposition product appearing in the definition

of [—, —] is the cofree one and by the definition of x and dp:, it is enough to consider elements in
Pi whose projection on T¢(sE)? is non zero. Again by [BMDC20, Section 5.17], these elements



ANDRE-QUILLEN COHOMOLOGY IN THE CONTEXT OF CURVED ALGEBRAS 31

write Y s2qr +--- € T¢(sE)? @ T¢(sE)2Y | with " s2¢r € s?qR. On such an element, we get

(@H +0(k) + ;[li,ﬁ]) (Z s2qr + - ) =
(7773 S 4k (—s L @)+ %[m, m]) (Z 52q,,) -
_Z(<P0+<P1+idqR) (qu) =0€eP.

O

As a consequence of this lemma and of Theorem [1.26] we can associate to x two maps:

o fi.: QP 5> Pisa morphism of curved sa operads,
e g, : Pi — BP is a morphism of curved altipotent cooperads.

Theorem 1.35. Let (P =T(E)/(R),0p) be a (presented) Koszul inhomogeneous quadratic curved
operad such that GrqP is connected bounded below weight graded. The curved operad morphism

fo: QPP
s a graded quasi-isomorphism and a strict surjection.
Assuming moreover that the filtration Fy on P comes from a graduation and that the curvature 6p
is non zero and is concentrated in Gr1P, then the map cT(0) = T (9I) — QP! is an S-cofibration,

that is, a cofibration in the underlying category of S-modules, in the model category structure on
gr-dg S-modules described in [BMDC20), Appendix C].

Proof. The proof follows the same lines as the proof of Theorem [1.30 The functor Gr is strong
monoidal since K is a field of characteristic 0 so GrQdPi = QGr(Pi) as dg operads (by a care-
ful inspection of the differentials). Moreover, on the level of S-modules, we have the following
isomorphisms
Gr(P') = Gr(qP') = (GrqP)! = (qGrP)!

where the first isomorphism follows from the Poincaré-Birkhoff-Witt type isomorphism in [BMDC20,
Theorem 5.21] (since qP is a curved quadratic Koszul operad) and the second isomorphism is true
since P is Koszul. Since P is Koszul, the data (E, R) of generators and relations of P and GrP
are the same. It follows that Gr(dpi) = d(a,py and Gr(0%,) = QfGrP)i. Therefore, we obtain by
[HM12], Theorem 4.3.1] the quasi-isomorphism

GrQP = Q((GrP))) = GrP.

This says precisely that f is a graded quasi-isomorphism. The map f, is a strict surjection since
it is the composite of the two strict surjections QP — T(E) — P.

When fp # 0, the curvature 6,, of QPi is also non zero and we have ker([0,,, —]) = T(6.,) = T (II)
by the fact that the graded operad underlying the cobar construction is free. Assume now that the
filtration Fy on P comes from a graduation Gr,P and that 6p, hence 6, is concentrated in Gr;P.
Then, as in [BMDC20, Theorem 5.24], we get that the underlying gr-dg S-module map 7(9) — QP
is cofibrant, so QPi — P is an S-cofibration. O

Remark 1.36. (1) A priori, we cannot hope in general for QPi to be cofibrant in the model
category structure on curved operad (obtained by transfer) since its curvature is a linear
combination of products.
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(2) Nevertheless, by Theorem C.45 in [BMDC20], the model categories of QPi-algebras and of

QBP—algebraS are both equivalent to the model category of P-algebras (because all operads
are S-split in characteristic 0). In particular, up to equivalence, the co-category of homotopy
P-algebras doesn’t depend of a choice of resolution.

2. EXAMPLES OF INHOMOGENEOUS QUADRATIC CURVED OPERADS

In this section, we make the case of the K-linear operad encoding curved unital associative
algebras and the R-linear operad encoding curved Lie C-algebras explicit. We show that they form
Koszul inhomogeneous quadratic curved operads.

To shorten the notations, we use in this section the convention [n] := {1,...,n} for an integer n.

2.1. Curved unital associative algebras. We consider the curved operad presented as follows

CuAs = (T(?mY)/(K/—\% V-l ¢—|> 0,0:= 2% — \g).
where ? is of degree —2, ¢ and Y are of degree 0 and the predifferential is zero. We filter cuAs by

the number of ?, say
F,cuAs := {{ € cuAs s.t. the number of ¢ in y is greater than or equal to p}.

(This filtration is in fact a graduation.) It is a curved operad whose curvature belongs to FjcuAs.
Indeed, we have already seen in [BMDC20l Proposition 6.2] that the bracket of the curvature with
the elements in cAs C cuAs is 0. It is therefore enough to remark that [0, ¢ ] = 0, which is true

because § is a unit for Y.

Lemma 2.1. A cuAs-algebra on a gr-dg module A is the same data as a curved unital associative
algebra (A, pu,na,da,04) with curvature 04 € F1 A.

Proof. A map of curved operad cuAs — End 4 is characterized by the image of the generators ¢,

t and Y which give respectively three maps: n4 : K — A of degree 0, 4 : K — F; A of degree —2

and p: A®? — A of degree 0. The relation defining cuAs ensures that p is associative and that 74
is a unit for u. The fact that the curvature is sent to the curvature says finally d4® = [04, —]. O

We now describe our sign convention for a basis of the cooperad As' and the consequences
for the formula describing its decomposition map. Following [LV12, Section 9.1.5] we note pé =
— tePBT, sgn(f)t for n > 3 (where the sum runs over planar binary trees with n leaves identified

with 7 (u$§)(n)) and we fix ¢ = (71)%112 for n > 0. This change of sign gives for example
g = —pg, A = pf and g§ = p§. With this basis, we obtain the following formula for the
decomposition map.

Lemma 2.2. The decomposition map A on As’ = {il }n>1 is given by
~C (15—1 A g~c ~C ~C
M) = 3 (R g i R,
i1+ +im=n
Proof. In [LV12] Lemma 9.1.2], the formula given for the decomposition map of As' = {u&},>1 is

A= > (~)XZGTDED e e ),
14 tim=n
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We consider the isomorphism of As' given by ¢ — ¢ = (—1)%/%. We compute
(n—1)(n+2) , N~ (m=1(m+2) (i —1)(i5 +2)
U SRR LI LA USRS

2 - 2
J

:% Z(ij—1)+(m—1) (n+2)+z<ij—1)(m—j)
—W—ZW

2 , 2
J

:% S (=1 i +2+ Y i | +(m—1)(m+2+n—m)

J l#j
. ~ (m-=-1)(m+2) (i — 1)(i; +2)
+Z<Zj—1><m—y>—f—;f
1
=3 Z j le+2 +(m—1)(m—n)
J I#j
1 . n(m-1) .. om(m+1)
J1#j J
1 _
L m=m—n)
2
:Zz] le—j +nm = Zz] Zzl—l)—i—m 2j | +nm
>3 >3
EZZij(il—l) m0d2EZZ(ij—1)il mod 2.
Jj >j Jol<j
This proves the formula. U

We fix some notations that we use in the next theorem. Let n > 0 and k > 0. For S C [n + k]

such that |S| = k, we note ,un 1) the element f7 ;. on which we have grafted the element s? in the
positions given by the set S. Moreover, for T' C [n], we note (ui’fk
we have grafted the element s ¢ in the positions given by the set T. As an example, we obtain

pictorially:
{1} 1
(st)" = N e

Theorem 2.3. The inhomogeneous quadratic curved operad cuAs is Koszul. Its Koszul dual curved
cooperad cuAs’ is isomorphic to

T
) the element Mi’fk on which

cuAs’ = (ST @ quAs’ = {uff} A970,90) ,

n>0,TC[n] *
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where the terms vl have degree n — 1+ |T| and for any n > 0 and T C [n], we have

T
(2.1) Avy) = > (D) ivits o)
i1+ 44, =n—|To|
{To,--. T'm’}

where m' == m —|Ty| and Ty = TQ U--- LT with for all j between 1 and m’, maxT] " < min T}
and
T=TYU(Ty +|THU(T) +iy —1)U---U

m’ —1

T+ |To 1+ D (T8 +45) | U | T3+ (1 — 1)
j=1 j=1

=Tyl UT
where T; corresponds to the elements of T; reindexed) and where
j J

m’
e=Y (i =1 | D au+ITo|+ Tl + |Tg |+ + Ty + T3 | +
j=1 1<j
m’ 4
[ Tol (n—m) + > ITI(T0] + -+ [T5]).
j=1
The curvature 0¢ : cuAs’ — I is equal to

6e(uT) = { | ifnz? and, T = {1} or T = {2}

0 otherwise.
Moreover, the natural map

fr : cuA s = QcuAs’ — cuAs

is an S-cofibrant resolution.
Remark 2.4. Even if it is only implicitly visible, the difference with the decomposition map formula
given in [HM12] is (up to signs) that in the above theorem the sum runs over integers m, 41, ...,
iy Which can be 0.
Proof. The filtration Fy on the curved operad cuAs is a graduation and cuAs is the completion of
its associated graded. The presentation of cuAs given above is easily seen to be inhomogeneous
quadratic, except for Condition (3) in Definition that will be proven during the proof. The
presentation satisfies the fact that qcuAs is the completion of its associated graded. It satisfies
also that GrqcuAs = qGrcuAs as quadratic operad. In order to prove the Koszulness of cuAs, it
remains to show that qGrcuAs is a quadratic Koszul operad (see Definition . Noting P x Q for
the coproduct of two operads P and Q, we have

qGrcuAs = Free ( 7, T,Y) / <\</—\?/, K(, V) = (7 @ As) * Free(?)
= quAs x Free(?) = ¢ @ GrcAs.

We also use the notation * for the coproduct of two cooperads. By Proposition 6.8 in [BMDC20],
we have

(qGrcuAs)i = coFree(s?) * (quAs)l = s? @ uAs! = (GrcAs)' o coFree(s ¢ ),
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where uAs' has been computed in [HM12, Section 6]. We proceed as in the proof of Proposition
6.1.7 in [HM12]. Denoting generically x the usual twisting morphism associated with a quadratic
operad and making use of the notation o, recalled in [HM12], we have

qGrcuAs o, (qGrecuAs) = ¢ @ @ (GrcAs o, (GreAs)l)(n) )

TC[n] n>1

with GreAs = As*Free(?) and (GreAs)' = t @ As'. Since ¢, = 0= \7 in qcuAs, the differential on
the copies (GrcAso, GreAs!)(n) is given by the usual differential on GreAso,, GreAs' except for the
copy T'= {1} C {1} where d ( it ) = ¢ . Appart from this particular copy (which is clearly acyclic),
each copy GrcAs o, (GreAs)i(n) is acyclic (or quasi-isomorphic to I in the case n = 1) because
GreAs is Koszul (see [BMDC20, Theorem 6.9]) and we get that qGreuAs o, (qGreuAs)i = I.
It follows that qGrcuAs is Koszul as a quadratic operad. Thus cuAs is a Koszul inhomogeneous
quadratic curved operad (up to Condition (3) in Definition [1.31]).

To compute cuAs!, we can proceed as in the proof of Theorem 6.9 in [BMDC20]. We first prove
that C = ({V}f}nqun] ,AO,O,HC) is a curved sub-cooperad of T°¢ (s 9 ,sT,sY) satisfying the
property for which (qcuAs)i is universal. As a consequence C injects into (qcuAs)i. The filtration
that we consider on C are FoC =C, F1C =K - z/g and F5C =0 . Then we prove that this inclusion
is an isomorphism. First we show that the map defined for n > 0 and T C [n] by

: T
(22) vivl e >y ()
k>0

S={s;};_1 Cln+k],|S|=Fk
provides a (filtered) inclusion of cooperads C — T¢ (s 7,57, SY), where the decomposition map on

the right is the cofree decomposition map. (This formula differs slightly, by a small modification
of the sign, from the formula given in [BMDC20, Theorem 6.9] because of our change of sign
conventions explained in Section ) We have

A <(u2’fk)T> =

(71)514’62 ¢,So To . c,S1 I €S Lo
'u'm-'rko ’ uil-‘rkl LY uim/-f—km/

where m’ = m — |Tp| and the sums run over the partitions {Tp, ..., T} and {So,..., S} such
that

o Ty =TYU-- - UTy with for all j between 1 and m/, max T ' < minT7 and
T=T0U(Th +|T{)U(Ty +iy —1)U---U

m’—1

T+ |To 1+ D (T8 +45) | U | T+ (1 1)
j=1 j=1
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(where Tj corresponds to the elements of T} reindexed) ‘ _
e Sp=SJU---USy and for all j between 1 and m’, max ™' < min SJ and
S =S U (S + IS8+ TN U (S +iy + ki —1)U---U
m’'—1
S+ 1S5+ T3+ > (1581 + T3]+ + k) | U | SE° +Z i+ k= 1)
j=1
= SO - Sm/
(where S'j corresponds to the elements of \S; reindexed)
and
o v = 3(1; + kj = (e, (in + ki) + X0 (190] + T5])) + o(n + k —m — ko) + Lo + K,

with Lo = Zseso Z{t;max{gt}<s} ke = Zj k; Zzgj |Sé‘, and K =3 ky Zj>t(ij +kj—1)
is computed as in Formula (9) in [BMDC20] and modified by the change of convention
explained in Lemma

e whereas
e =|Tol [ D (i +k;j —1—k)) +Z|TJ|Z\TI|+Z|T\ZM+2I<:I—1
j=1 1<j >j
= |To| (n —m +Z|Tﬂ|z|ﬂ\+Z|T|Z ii—1) mod 2

1<j >3

is computed as in Corollary 6.1.5 in [HM12] using Proposition 6.1.4 and where we haven’t

considered the sign coming from the decomposition of fif, already considered in the previous

point. We remark that this sign is not modified by the presence of the element s?.
We remark that we have also add the terms ko(n + k —m — ko) and >, [T5] >, ; (it + 2k — 1)
which are missing in [BMDC20, [HM12]. Then, by similar arguments as in [HM12, BMDC20] (and
because we have k — kg — -+ — ky» = 0), the images of the v in T¢ (s 7 ,ST,SY) satisfies an
equation like Equation , so Equation is satisfied since C injects as a cooperad in T (sE)
for E'=(9,1,Y). Moreover, looking at the image of the first vI’s through v, a careful calculation
of the signs shows that the composite

C— TC(sE) —»

o o) (o (5 ) sansn)

is zero. As a byproduct, we get that v(v?) € T¢(sE) is sent to 0 in the coideal quotient (S) (whose
definition is given in [BMDC20, Definition 5.3]) so the counit of 7¢(sE) cannot factor through the
coideal quotient (S). By the universal property of the cooperad (qcuAs)i, it follows that there exists
a unique (injective) morphism C — (qcuAs)i such that the following diagram commutes:

C—— T<(sE).

L

(qcuAs)i
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The injective map GrC — coFree(sE) can be factored as GrC — Gr((qcuAs)l) = (GrqcuAs)i —
coFree(sE), where the second isomorphism is the Poincaré-Birkhoff-Witt type isomorphism which
appears in the proof of Theorem Its image is precisely (GrqcuAs)i = st @ quAs' so GrC =
Gr((qcuAs)l) = (GrqcuAs)i. Since the previous inclusions are strict and we are working with
complete objects, this proves that C = (qcuAs)i.

The curvature is computed directly from its definition given in Section [I.3]

In order to have an S-cofibrant resolution, it is enough to remark that the curvature is non-zero,
that for the weight filtration given by its generators, GrcuAs is connected bounded below weight
graded and that the filtration Fy on cuAs is induced by the graduation given by the number of ?.
We can therefore apply Theorem [1.35 O

We make the algebras over the curved operad cul,, explicit and we compare them with the
literature.

Proposition 2.5. A cuA-algebra va : culo — End 4, is equivalent to a (complete) graded
vector space (A, Fy) equipped with an operation mgo : K — F1 A of degree —2 and for alln > 1 and
T C [n], with filtered operations

m?T : A®=ITD 5 A of degree n + |T| — 2,

where m1 = d 4, which together satisfy the following identities:

1 1 .
(2.3) ('“)(mg }) = mgo (mi },—) —1idyg,
ams™) = myo(—m{") ~ida,

and for (n, T) # (2, {1}) and (n, T) # (2, {2})
(2:4) Z (1)t DHTHTO‘(‘TlHl)m?HM C(p+1-|T5)) qu1 =0,

pt+gt+r=n

T=TgU(T1+p)U(Ty +4)
To=T{UTy

where max Ty < p < p+ ¢ < min Ty and where we have identified the maps my,, and m?.
Up to the sign convention, this notion of algebras coincides with the notions of homotopy-unital
filtered A -algebras used in [FOOO07, Section 3.3.1].

Proof. An operad morphism 74 : QcuAsi — End(4,q,) is characterized by (A4,d4) and a degree 0
map of S-modules s~ !cuAs’ — End4. Therefore it corresponds to a (complete) graded vector space
(A, F,) and a collection of filtered applications

mT : A2 =ITD 5 A of degree n+|T| — 2 for all n > 0 and T C [n],

such that mg : K — F1 A and m; = d4, where each m. corresponds to the image of vl through
~v4. The partial decomposition map on cuAs' is given by

g Ty = _ 1)@=V +HITYDHITG T ], To Ty
Al () = > (-1) OO Y Opa— Ty Vg
ptgtr=n
T=TyU(T1+p)U(TY +4q)
To=TyUTy

The fact that 74 commutes with the predifferentials and the fact that v4 sends the curvature to
the curvature ensure that Equations (2.3)) and (2.4) are satisfied in accordance with the conditions
n>0and T C [n].
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The correspondence with the notion of homotopy unit given in [FOOOQ7, Definition 3.3.2] is
given as follows: the homotopy unit e in this reference coincides with the image mil}(lK) =

YA (yi{l}> (1k). The maps by coincide with

§ T _ § T
Mptk—1 = VA Vn+k—1

n>1 n>1
TC[n+k—1] TCln+k—1]
|T|=k—1 |T|=k—1

g

2.2. Complex curved Lie algebras. In [BM18], the author has defined the operads Cx and Cx
and he has used them to propose a new description of the notion of complexe structure. In order
to define the notion of Cx.,-space, we add a 0-ary generator to these operads so that our operads
encode (homotopy) complex curved Lie algebras instead of (homotopy) complex Lie algebras.

We recall some notations and results from [BM18]. We denote by

sAsi= T(Y) /(-2 (N +3))

the operad encoding associative algebras whose product has cohomological degree —1 and by sLie <
sAs the sub-operad encoding Lie algebras whose bracket has cohomological degree —1. The operad

Cx is defined by
Cx = (T< 1 ,\41)/(3),0),
1 2

where \{71 is a symmetric element and R is the S-module

i A0 00)

Its differential is zero and there is an isomorphism of S-modules Cx = CésLie. Its Koszul dual
curved cooperad is given by
. 1
Cxl = <Lie‘16R [ ) ] ,AAC,96> .

. _ . 1
We denote by 75, = (1237217 .57 ), Where I, lies in Liel and the elements 75 lie in R [ } ],

the generators of Cx!. The decomposition map is given on generators by

(2.5) Ane (75, k) =

*1 /BUI n X (jc/ 'jc// " jC// " >[771
E ’ N
p' kj’kj ll’”"lp’ kﬂ(l)"”’kﬂ'(tn)’ kU(QlJrl)""’kﬂ('JlJrqz)’ ’

" Zk;+k_;’:k]- (where Shy, ... q, is the set of
and the

where the sum } is given by >° ., _, Zaes%,
(q1,.-.,qp)-shuffles), the integers I} are defined by I} := k

! /!
o(qi+-+qi—1+1) +ot kG’(Q1+'“+Qi)
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number (37, . is a sign defined in [BMI8| Proposition 3.6]. Finally, the curvature on Cx' is defined
by J J

6° (75, )= _T ifn=1and k; =2,
ki,.okn 0 otherwise.

(The sign is different from the sign in [HM12] since it is different in the definition of the Koszul
dual curved cooperad given in Section )

We now define the curved versions of these operads. The curved operad cAs and cLie already
appear in [BMDC20] and we denote by cAs; and clie; there shifted versions. The. 0-ary element
s~'? is put in cohomological degree 1 so that the curvatures of the operads have cohomological
degree 2. We make the case of the operad encoding complex curved Lie algebras explicit.

Definition 2.6. The curved operad encoding complex curved Lie algebras is defined by

ch—c'T(lT $o Y )/REB (W—-49)),
where the notation cT Stands for the free curved operad defined in [BMDC20 Section 2], the

generators s—'? and Y have cohomological degree 1 and the generator } has cohomological

degree 0. Moreover 0 = s—lg{_l and the S-module R is defined above. We filter ¢cCx by the
number of ?, that is
F,cCx = {u € cCx s.t. the number of ? in p is greater than or equal to p}.
(This filtration is in fact a graduation and ¢Cx is the completion of its associated graded.)
An alternative description of the curved operad c¢Cx is given by the following lemma.

Lemma 2.7. We have the isomorphism of curved operads

oCx = (T(s—117 1 ,1%1)/(3),0,923—1%_1) .

Proof. The predifferential of ¢Cx is zero so the only thing to prove is that the map [0, —] is zero.
1 2 1 2

As previously, the relation \/7 . w{—l ensures that cCx = CdcLie; as S-modules. Thus it suffices

1
to show that [0, —] is zero on cLie; and on } ® cLie. The first case follows from the fact that cLie;
1 2

1 2
is a curved operad, and the second also by means of the relation \/7 = i{fl. O

We put a weight filtration cCx® on ¢Cx by counting the number of the generators.

Lemma 2.8. A cCx-algebra on a complete gr-dg R-vector space A is the same data as a complete
curved Lie C-algebra (A, [—, —],da, 04) with curvature 04 € F1 A.

Proof. A map of complete curved operad ¢cCx — End, is characterized by the images of the
1 1 2

generators «—17, } and \{71 which give respectively a degree 1 map 04 : K — A, a degree 0 map

J: A — Aand a degree 1 anti-symmetric map [—, —] : A%¥2 — A. The relations defining ¢Cx ensure
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that J provides a C-action, that [—, —] is a Lie bracket of degree 1 which is C-linear. The fact that
the curvature of cCx is sent to the curvature of End 4 says that da? = [04, —. O

2.3. The Koszul dual curved cooperad associated with cCx. We show now that the curved
operad cCx is Koszul and we describe its Koszul dual curved cooperad cCx!'.

Theorem 2.9. The presentation of the curved operad cCx given above is inhomogeneous quadratic
(we could even say more precisely constant-quadratic). It is moreover a Koszul curved operad. The
Koszul dual curved cooperad cCx' is isomorphic to

1
cCx/ = (1@ Cx/, A%, 0,0°) = <r @ (sLie"éR [ ) D ,A970,00)

= <{]21,...,kn}n20 ,A0,0,06> ,
k; >0

where the terms ]217‘_’,{6" have cohomological degree — (k1 + - - + ky,) and with the notation =1
The curvature 0¢ is defined by

1
¢ ifn=1and k, = 2,
9 (Jk?h---vkn) = ‘ f . !
0 otherwise.

The decomposition map A? is given by the formula

A’ (Jilk) =

-1

1 o
g C C (&
—Drr . X 7 1y Jprt " " " .. )
Z p!ﬂkj’kj (]ll"'"’lp’]kﬁ(l)"”’kd(ﬂ)’ij(Q1+1)7”"kU(41+q2)7

I = kr/r(q1+---+qi,1+1) S k;(qlJr___Jrqi) and the number ﬁg;_7,€;_, is a number defined in [BMI18|

Proposition 3.6] and is recalled in the remark below. Moreover, the natural map
fr t cCxoo == QcCx/ — cCx
s an S-cofibrant resolution.

Remark 2.10. e The difference between the formula given in Proposition 3.6 in [BMI18] and
the formula here is that in the Theorem above the integers p and g;’s can be 0. In this case,
we denote by j; the corresponding generator.

e Be aware of the fact that the curvature 6 : I — ¢Cx and 0¢ : cCx! — I are unrelated. The
curvature 6¢ encodes that C isn’t augmented.
e The numbers 37, ,, are equal to
MR

p

g P— g 7 ’
Bk;’k;/ T Sgnkl""’k" ax Ek;”k;/ x I[ akﬂ(?1+u.+%—1+1)’ ""k6(41+“'+q@')
i=
where sgn, o is the signature of the restriction of o to the indices j such that k; is odd
(after relabeling the remaining o(j) in a way that the order of the o(j) does not change)

and where
n 12 7 7
€71 = (*1)Zi:1 Ko (i) (Bo(igny T Hhg ()
3%

= / ] 1 Pp—
Okl .k, = > o'€Sh,, . ., S80I, with convention oy, .. ¢ := 1.
1’ g
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Proof. The proof follows the same flow as the proof of Theorem The presentation of cCx given
in Lemma is easily seen to be inhomogeneous quadratic, except for Condition (3) in Definition
that will be proven during the proof.

To prove the Koszulness of ¢cCx (see Deﬁnition, we first remark that ¢Cx is the completion of
its associated graded (for the filtration F,) and that the presentation given above behaves correctly
with the filtration. Then the associated quadratic curved operad qcCx is also the completion of its
associated graded and as quadratic operads GrqcCx = qGreCx. Finally we prove that qGreCx is
a quadratic Koszul operad. We have

(qGreCx)i o, qGreCx = 1 & s‘lT ®|® @ ((GrqCx)i o,, GrqCx)(n)
TCln] n>2

It is proved in [BM18] that the operad GrqCx is Koszul (it is simply called qCx there) therefore we
get that the quasi-isomorphism (qGreCx)io, qGreCx — I and the fact that GreCx is a quadratic
Koszul operad.

We now compute the Koszul dual curved cooperad cCx!. We first prove that

€= ({jil"“’kn}n>0 7A970796>
k; >0

1 1 2
is a sub-cooperad of 7¢(sE), for sE = (?,s }o Y), satisfying the property for which (qcCx)i is

universal (so that C < (qcCx)i). We use the (cohomological degree 0) inclusion

L ¢k
(2.6) RN Z EJS, ey 0k
k>0 ——

k times

(k]

where J(CJZ..A,O,kl,...,kn is the element j§ o, on which we have grafted the element ? in the k
first positions. The equality

(Vo) (A°(, . k) = AW(E, k)

results from two reasons. First, the coefficients sgn,, . o, €7, ;. and Qs .k, Are the same for
3%

Iy, and ]S’Vi]o kr....k,- Secondly the computation in the cofree cooperad of A(JS7V.€.]0 ki kn)

provides an element
<]C7[lo] . jc,[ll] jcy[lz] )
/ ’ 1" " " 17 ...
Orees 0uliseenslly 7 050 0K 1) ees R gy T 000G gy RG gy )

. !
with an extra factor ——%——
Il V). ..

= Card(Shiy 1 i,,...)- It remains to show that the composite
Crs TE(SE) - S == (1 @ TC(sE)(2>) / (2 (aR) @ (id +520)(I))
where
I 12 123 231 312
qR = i,\/lws/l,sz<\</+\</+\</> ,
is zero. A direct computation of the image of the different elements 3§, J§, J7, 75, 76,0, 76,1 and 7§00

through v shows the result. By the universal property of the cooperad (qcCx)i, we get the (unique)
factorisation C — (qcCx)l — T°(sE).
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As a byproduct of the above computations, we get that v(j5) € T¢(sE) is sent to 0 in the coideal
quotient (S) (whose definition is given in [BMDC20, Definition 5.3]) so the counit of 7¢(sE) cannot
factor through the coideal quotient (S). This finishes to prove that ¢cCx is inhomogeneous quadratic.

The injective map GrC — coFree(sE) can be factored as GrC — Gr((qcCx)!) = (GrqceCx)l —
coFree(sE), where the second isomorphism is the Poincaré—Birkhoff-Witt type isomorphism which
appears in the proof of Theorem Its image is precisely (GrqeCx)l = ¢ @ qCx' so GiC =
Gr((qeCx)T) = (GrqeCx)i. Since the previous inclusions are strict and we are working with complete
objects, this proves that C = (qcCx)!.

In order to have an S-cofibrant resolution, it is enough to remark that the curvature is non-zero,
that for the weight filtration given by its generators, GreCx is connected bounded below weight
graded and that the filtration F, on cCx is induced by the graduation given by the number of s=* 1.
We can therefore apply Theorem [I.35 O

Corollary 2.11. The infinitesimal decomposition map on cCx! is given by

—1

[oa
o C (6]
« X o
E E E KR! (Jk/,kf,(qﬂ),...,kc,(n) 1 Jkg(l),,..,kg(q)) )

ptg=n+lo€Shy, 1 K

P,q=0
where
and where O‘Z;-,k;’ =sgny, g, O X 5}%7%, XU okl

Proof. The formula is the same as the formula given in Proposition 3.6 in [BMI8|] except that
p,q > 0 instead of p,qg > 1 (the case p = 0 appears when n = 0). O

3. ALGEBRAIC CURVED TWISTING MORPHISMS

We now consider algebras and coalgebras in R-modules where R is a unital K-cdga.
3.1. Formal constructions in the curved context.

3.1.1. Free curved algebra. We first recall from [BMDC20, Proposition C.35] the free-fogetful ad-
junction for curved algebras over a curved operad (P, d,8,7).

Proposition 3.1. The forgetful functor U : P-alg — Modg admits a left adjoint, called the free
P-algebra functor, Fp : Modg — P-alg given by

(Vidv) = Fp(Vody) = (P(V)/ (im (dpv)® =70 @ idp) @ idv))  dpg ) -

Remark 3.2. We remark that the ideal (im (dpy® — (0 ® idp) ® idy)) coincides with the ideal
(im (n ® (dv?) —0® idy)) appearing in [BMDC20].

Definition 3.3. We call a P-algebra A quasi-free if there exists a gr-dg module V' and a prediffer-
ential (see Definition d:P(V)— P(V) such that

A= P(V)/ (im (d2 - 'YP(V) (9 ® idp(v)))) .
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This notion is different from that of a free P-algebra because in the quasi-free case the prediffer-
ential d is not a priori induced by a map dy : V — V (that is it might be different from any map
dp oidy +idp o'dy ).

Similarly, there exists a cofree-forgetful adjunction for curved coalgebras over a curved altipotent
cooperad (C,d, 0° ¢) that we present in Section

3.1.2. (Co)Derivations and predifferentials. In the context of a gr-dg operad (Q,do) and a gr-dg
cooperad (D, dp), the notions of Q-derivation and of D-coderivation are similar to the ones present
in the classical literature. We recall some definitions that aren’t always clear in the literature for
us and propositions for the sake of completeness.

Definition 3.4.

(1) A derivation on a Q-algebra B is a linear map d : B — B satisfying the equation d - v5 =
g - (idg o'd).

(2) A predifferential on a Q-algebra B is a linear map d : B — B of degree —1 satisfying the
equation d - yp = vp - (dg 0 id4 +idg o’d).

(3) A coderivation on a D-coalgebra D is a linear map d° : D — D satisfying the equation
Ap -d¢ = (idp o'd) - Ap.

(4) A predifferential on a D-coalgebra D is a linear map d° : D — D of degree —1 satisfying
the equation Ap - d° = (dp oidp +idp o'd®) - Ap.

It follows from the above definitions that when d 4 is a predifferential of a Q-algebra A, then a
degree —1 gr-dg linear map d is a derivation if and only if d4 + d is a predifferential of B. A similar
result holds for D-coalgebras (without the gr-dg assumption).

More specifically, when a degree —1 linear map d is derivation of the free Q-algebra Q(V),
then dg oidy +d is a predifferential of Q(V). Again a similar result holds for coderivations and
predifferentials of cofree D-coalgebras.

Proposition 3.5 (Propositions 6.3.6 and 6.3.8 in [LVI2]). Let Mod% the category of graded R-
modules.

(1) Any derivation on a free Q-algebra Q(V') is completely characterised by its restriction on
the graded module of generators

Der(Q(V)) = Homyoqs (V. Q(V)).

(2) Any coderivation on a cofree D-coalgebra D(V') is completely characterised by its projection
onto the graded module of generators

coDer(D(V)) = Hompoqgz (D(V), V).

3.2. Bar (and cobar) constructions for curved (co)algebras. In this section, (P,d, 8, n) refers
to a curved operad and (C,d, 0¢, ) refers to a curved altipotent cooperad. To any curved twisting
morphism « : C — P, we associate two functors

B, : P-alg = C-coalg : Qo

forming an adjunction and representing a notion of algebraic curved twisting morphisms.
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3.2.1. Bar construction of a P-algebra. Let us denote by CPY the pg cooperad underlying the curved
altipotent cooperad C. Let (A,da,v4) be a P-algebra.

We denote by d’, the coderivation (of the cofree CP9-coalgebra C(A)) which extends the composite
C(A) aoida, P(A) 2 A. We also write de(ay = dc 0ida +ide o'd4 which is a predifferential of the
C-coalgebra C(A).

Lemma 3.6. Because « is a curved twisting morphism, the predifferential deay + dy, satisfies
(deqay + di)? = —(0° @ ideay) - Acay-
Proof. A direct computation gives

(dC(A) + d£)2 =de? oidy +ide o'ds* + dg(wr%[a’a]

= ((ldc ®00 — ec ® ldc) . A(l)) ] ldA +ldc O/(’yA(g [¢] ldA)) + di@
= —(0°®@ide(ay) - Ac(a),

where we have used the fact that « is a curved twisting morphism for the second equality. O

Definition 3.7. The bar construction of a P-algebra (A,da,va) with respect to a is
BoA = (C(A),dy = de(ay + d7)).

It satisfies dj,> = —(0° ®ide(ay) - Accay by the previous lemma and this therefore defines a functor
B, : P-alg — C-coalg.

Remark 3.8. For the interested reader, we remark that the bar construction is quasi-cofree in the
sense described in next section (Section [3.2.2)) since it is equal to the sub-C-coalgebra of C(A) with
relations given by

S = C(A)/ker ((dC(A) + da)z + (96 X idc(A)) . AC(A)) = {O}

In the following proposition, we propose several equivalent definitions of the notion of scl.-
algebras.

Proposition 3.9. A scLoo-algebra structure on a gr-dg module (A,d4) is the data of a morphism
of curved operad ya : scLoo — End(a,q,)- It is equivalent to each of the following data:
(1) an operadic curved twisting morphism aa in Tw(scLie!, End (4 4,)) such that (aa); =0,
(2) a predifferential D 4 : scLie’(A) — scLie/(A) (of degree —1) such that Daja = da and which
satisfies D% = 0,
(3) a family of skew-symmetric maps l, : A®™ — A of degree |l,| = —1, for all n > 0 with
ly = d4 which satisfy the relations

> 2 el =0
Proof. The equivalence between the definition of scLoo-algebra structure on a gr-dg module (A, d4)
and the data of a twisting morphism a4 which cancels on I is Theorem [I.26] restricted to morphisms
instead of lax morphisms. Indeed, assuming (1), we get a predifferential dy = dycriei(a) +dp, =
idscLier ©'da+dy, , , where d, , is defined in Section with the operadic curved twisting morphism
a4 and the fact that A can be seen as an End4 4,)-algebra (by the identity map idEnd(A,dA>)-
Assuming (2), D a—idcriet ©'d4 is a coderivation characterised by a linear map scLiel (4) — A whose
component A — A is 0, therefore by an S-module morphism a4 : scLiel — End4,q,) which cancels
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on I. It follows that D4 —id,criei ©'da = d;, , and the computation made in the proof of Lemma
shows that dgH+aaA+%[aA’aA] =0, with Oy = 9End(A7dA) “EscLiel T MEnd(a,4,) e = dA2 " EscLiel
S0 a4 is an operadic curved twisting morphism.

The equivalence between (2) and (3) is obtained by denoting {l,, } >0 the maps which characterise
the coderivation D4. The desired equation in (3) is the projection of the equality D 42 =0to A,

which characterises the whole equality since D 4? is also a coderivation. O

3.2.2. Cofree curved coalgebra. Let (D, d,e) be a pg cooperad (no curvature a priori). In order to
describe the notion of sub-C-coalgebra generated by a pg module in Modf, we first describe the
notion of sub-D-coalgebra of a D-coalgebra D with relations given by S.

We follow and adapt the definitions given in [BMDC20, Section 5.1] and based on Appendix B
in [Val0g]. As in [BMDC20], we consider strict morphisms (that is morphisms f : C — D such that
for all p > 0, f(F,C) = f(C)N F,D) in order to identify certain coimages with cokernels (and in
the dual case certain images with kernels).

Definition 3.10. In this definition, we consider a pg cooperad (D, d,e) (no curvature a priori).

e Let J — D — @ be an exact sequence in Mody, where D is a D-coalgebra. The epi-
morphism C — @Q in Mod} is a coideal epimorphism if J — D is a monomorphism of
D-coalgebras in Modp.

e Let £ : D — S be an epimorphism in Mody, where D is a D-coalgebra. We consider the
category S¢ of exact sequences (S) : J — D — @ such that J — D is a monomorphism of
D-coalgebras and such that the composite J — D — S is equal to 0. A morphism between
(S) and (S) : J' = D — Q' is given by a pair (i : J — J', p: Q — Q') such that i is
a morphism of D-coalgebras and p is a morphism in Mod, and such that the following
diagram commutes:

Q'

e We aim to consider the largest sub-D-coalgebra of D such that the post-composition with

D — S is zero. This notion is given by the terminal object (S) : C(S) — D — (5)¢ in
Se, when the latter admits one. When it exists, the sub-D-coalgebra C(S) is called the
sub-D-coalgebra of D with relations given by S.
We now make the coideal quotient (S)¢ and the sub-D-coalgebra C(.S) explicit.
Definition 3.11. We denote by i7, : D < S @& D the inclusion and by 73 : S@® D — D the
projection.
e The multilinear part in S of D(S @ D) is given either by the cokernel

i 0i?
coker (D(D) o oip, D(S® D)> ,

or equivalently, by the kernel

idp ow%

ker (D(S@ D) D(D)) :
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by means of the fact that the monoidal structure commutes with colimits and i7, is a section
of 3. It is denoted by D(S @ D).
e The coideal quotient (S)¢ of D generated by £ : D — S is given by the coimage

(S)° := coim (D Ao, p(py 2ol o oEBHD)), 1y g g D)) :

where the map proj is the projection D(S @ D) — D(S @ D).

We define in the next proposition the sub-D-coalgebra C(S) as the kernel of D — (S)¢. Because
(S)¢ is a coimage, the map D — (5)° is a strict epimorphism (that is the filtration on (S)¢ is the
quotient filtration). It follows that we have (S)¢ = coker(C(S) — D).

Proposition 3.12. The sub-D-coalgebra of D with relations given by S is
C(9) = ker(D — (5)%),
that is
C(S) = ker (D 2o, p(p) L22We0, ps(p, S)) :

where D6(D, S) is the part of D(D @ S) linear in S (see the remark below).
Remark 3.13. The pg module Dé(D, S) is defined by

Ds(D, S) = EBHZOD@%” P p&---ép& S, &D&---&D
1<i<n ith position
Proof. To verify that Ap induces (by restriction) a comultiplication Ag(gy : C(S) — D(C(S)), we
first remark that the composite b

idD OAD

O(S) 225 D(D) 2280, (papy(p) Lt Mdeen °CED)) (psp) (s @ D)

is zero since it is equal, by coassociativity of Ap, to
(proj - (idpsp o(§ @ idp))) - (Apoidp) - Ap = (Ap oidp) - (proj - (idp o(§ ®idp))) - Ap
which is zero on C(S) = ker(D — (S)¢). Moreover, the projection of the map b to each
D(n)&s, (D(C)**&C(8)@D(C)* 1)

is given by applying the map idp ®id%k ®(proj - (idpo(¢ @ idp))) ® idg(nflfk) to the correct
component of the image of Ap. This ensures that we can corestrict Ag gy = Ap : C(S) — D(C(S)).
Then, by definition, C(S) = ker ((proj - (idp o(£ ®idp))) - Ap) so

C(S) C O(8)' = ker (D Ap, 1) Moo,

Ds(D, S)> .

For the same reason as before, the comultiplication Ap restricts (and corestricts properly) to C(S)’
and by an iterated application of the comultiplication, we see that an element in C(S)’ is in fact in
C(S), so the wanted equality. O

We now use this notion of sub-D-coalgebra with generators given by a pg module S € Modp to
build a cofree C-coalgebra functor, where C is a curved altipotent cooperad.
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Proposition 3.14. The forgetful functor U¢ : C-coalg — Mody admits a left adjoint, called the
cofree C-coalgebra functor, F§ : Mody — C-coalg given by
(V,dv) = FE(V,dy) = C(S) = ker (C(V) — (8)°) C (C(V),deqvy) »
where C(V') is seen as a coalgebra over the pg cooperad underlying C and for
S = C(V)/ker (dC(V)2 + (96 ® idC(V)) . AC(V)) .
We therefore have for all (V,dy) € Modyy and (C,dc) € C-coalg the bijections
Home coalg ((C, de), Fg(V,dv)) = HomModpRg (U(C,dc), (V.dv)).
Proof. The construction F¢ is functorial in (V, dy ) since the map C(V) — S is functorial in (V,dy).
By definition of C(.5), the composition C(S) — S is zero, that is
C(S) C ker (dev)® + (0° @ ide(v)) - Acry) -

It follows that C(S), which is a priori a coalgebra over the pg cooperad underlying C, is in fact a
coalgebra over the curved altipotent cooperad C.

The universal property that C(S) satisfies ensures that the C-coalgebra morphisms (C,d¢) —
(C(S),dc(s)), that is also a morphisms of the coalgebras over the pg cooperad underlying C, coincide
with morphisms (C, dc¢) — (C(V),d¢(v)) of coalgebras over the pg cooperad underlying C such that
the composite C' — C(V) — S is zero. This last condition is automatically satisfied because of the
fact that the relation de? + (0° ® id¢) - A is satisfied on C' and that the morphisms of coalgebras
in the pg context commute with the predifferentials and the comultiplication. O

Remark 3.15. For the curious reader, it is certainly a good exercise to understand the cofree coop-
erad recalled in Proposition as a particular case of a cofree coalgebra over a colored cooperad
for which altipotent cooperads are example of coalgebras. Hint: considering the infinitesimal coideal
Cisa way to describe the cooperad structure of C as a coalgebra over a certain colored cooperad.

Definition 3.16. We call a C-coalgebra C' quasi-cofree if there exists a graded module V' and a
predifferential (see Definition d:C(V) — C(V) such that C = C(S) for

S = C(V)/ker (d2 + (06 ® idC(V)) . AC(V)) .

This notion is different from that of a cofree C-coalgebra because in the quasi-cofree case the
predifferential d is not a priori induced by a map dy : V. — V (that is it might be different from
any map dc o idy +id¢ o'dy ).

3.2.3. Cobar construction of a C-coalgebra. Let (C,dc, Ac) be a C-coalgebra. As in the previous
section, we denote by d’, the derivation of the free P-algebra which extends the composite C =N
C(C) 22, p(C). We also write dp(cy = dp oide +idc o'de which is a predifferential of the
P-algebra P(C).
Lemma 3.17. Because « is a curved twisting morphism, the predifferential dpcy + d!, satisfies
(dp(cy — du)* = vp(cy(0 0 idp(cy)-

Proof. The proof is similar to the one of Lemma We compute

(dp(cy — d)? = dp® oide +idp o'dc” + dl—@a—%[a,a]
— [6,idp] 0 ide — idp o/ (6° ® ide) - Ac) + db
=vp(c) (0 oidp(c)).
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Definition 3.18. The cobar construction of a C-coalgebra (C,dc, A¢) with respect to a is
Q.0 = (P(C),d, = dp(cy — d,).
IAt satisfies d,? = Yp(cy(0 o idpcy) by the previous lemma and this therefore defines a functor
Q, : C-coalg — P-alg.
Remark 3.19. The cobar construction is quasi-free since it is equal to the quotient P-algebra
P(C)/im (do” = vp(c) (0 0 idp(c))) = P(C).

3.3. Convolution algebra. Let (P,yp,dp,0p) be a curved sa operad and let (C,dc, Ac, 05) be a
curved altipotent cooperad.

Let C be a C-coalgebra and A be a P-algebra. We consider the graded module hom(C, A) of
filtered R-linear maps from C to A. As for the convolution operad, there is a natural filtration on
hom(C, A) given by

F,hom(C, A) = {¢ € hom(C, A) s.t. Vg >0, p(F,C) C Fpy,A}.
For f € Hom(C,P)(k) and ¢1, ...,k € hom(C, A), we define a Hom(C, P)-algebra structure v by
the composite

A R .
Wf01,- - 1) 1 O =% C(C) = C(k)&s,C%F
ZU FoRpo(1)®QPo (k) R .
P(k)&s, AZF 225 4,
which is well defined and which is a filtered map (when we consider the filtration Fy on Hom(C, P))
since all the involved maps are. For ¢ € hom(C, A), we define the degree —1 map
O(p) =da- o — (~1)¥lp-dc.
For our filtration on hom(C, A) to be compatible with the filtration I's on Hom(C,P), we need

a second filtration. We consider on hom(C, A) all the filtrations G, compatible with the filtration
'y on Hom(C, P), with v3, and with 9 such that

Gohom(C, A) = hom(C, A)
(3.1) G1hom(C, A) D Fy hom(C, A) + v, (I'1Hom(C, P)(hom(C, A)))

Gphom(C, A) D F,hom(C, A) for all p > 2.
The constant filtration given by G, hom(C, A) = hom(C, A), for p > 0, is a filtration satisfying the
above condition . Therefore there exists a smallest such filtration, namely the intersection of

all filtrations satisfying (3.1). We call it the lower central series of hom(C, A) and we denote it by
I,

For a : I — I'tHom(C, P)(1), we fix 0, := 0 + vp(a; —) on hom(C, A).

Lemma 3.20. (1) The gr-dg module (hom(C, A),d) is complete for the filtration .
(2) Similarly the gr-dg module (hom(C, A),d,) is complete for the filtration .

Proof. (1) The square of O increases the filtration degree because 6p € FiP and 65 - ep €
I'tHom(C,P). The fact the filtration is complete follows from the fact that the lower central
filtration I’y on Hom(C, P) is complete and that the maps Ag and 4 and the applications
that we consider in hom(C, A) are filtered.
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(2) We have
8a” = 8a(0 +m(a; —)) = 0 + Oyn(a; =) + m(a; 0—) + m(a; u(a; —))
1
=& + yn(da + i[a,a]; -)

so 0, is also a gr-differential by the definition of I'y and the fact that a € I'yHom(C, P)(1).
O

Proposition 3.21.

(1) The gr-dg module (hom(C, A), I'y, v, ) is an algebra over the convolution curved sa operad
(HOI’H(C, P)» Fov vYH, aa ®H)

(2) Similarly, given a map
a: I — T'yHom(C,P)(1) = Hom(C, P)(1),
the gr-dg module (hom(C, A), I'e,vn,04) is an algebra over the convolution curved sa operad

Hom(C,P), = (Hom(C,P),Te, Ve, 04, O0).

Proof. (1) The algebra structure 7, is associative since A is coassociative and 74 is associative.
The composition 7, commutes with the predifferentials. Finally we compute

0*(p) =da®- o —p-do”
=74 (0;9) + (°®¢p) - Ac
=(Om;¢).
This shows the first result.
(2) Similarly, ;, commutes with the predifferentials 9, since its commutes with the predifferen-
tials 0 and since A¢ is coassociative and 4 is associative (the proof is similar to the proof

given in Lemma . Moreover by the computation made in the proof of Lemma we
have on hom(C, A)

1
0% = 0% + v, (da + §[a,a]; =) =7 (Oq; —).

O

Definition 3.22. Let a : C — P be an operadic curved twisting morphism.
(1) We denote by {I&}n>0 the scLoo-algebra structure on (hom(C, A),d,, ) associated with «

by means of Propositions and In particular 1§ = 9, , where a, : I —
'y Hom(C,P) is given by an(1) = (1) : C(1) — P(1). We denote this shifted curved
Loo-algebra by hom®(C, A).

(2) An algebraic twisting morphism with respect to o is a map ¢ : C' — A in hom®(C, A) to
degree 0 solution of the Maurer—Cartan equation

1 «@
Z Eln(ga,...,ap) =0.
n>0

We denote by Tw, (C, A) the set of algebraic twisting morphisms with respect to a.

Remark 3.23. e Going through the isomorphisms, we get that the map I} applied to ¢1 ®
-+ ® @y, is given by the composite

Zaesk (k)7 @¢o 1)@ @¥o(k)

C 2% ¢(C) - C(k)bs, C%F Pk)bs, A% 245 A,
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e The presence of an infinite sum in the Maurer—Cartan equation doesn’t cause any trouble
since it corresponds to the application of an infinite sum to different terms of a convergent
sum.

As for operadic curved twisting morphisms, we have the following theorem which generalises the
bar-cobar adjunction given in [(GJ94, Proposition 2.18] when there are no curvatures.

Theorem 3.24. Let o : C — P be an operadic curved twisting morphism. For any coalgebra C
over the curved altipotent cooperad C and any algebra A over the curved sa operad P, there are
natural bijections

Homp _ig(QaC, A) = Two(C, A) = Home_coalg (C; Ba A).

Proof. Let us denote by PY the underlying graded operad to the curved sa operad P. By definition,
a morphism of P-algebras is a morphism of the underlying graded P9-algebras commuting with the
predifferentials. Since P(C) is a free P9-algebra, any morphism of P9-algebras ® : P(C') — A is
characterised by its restriction ¢ : C'— A on C. The morphism ¢ commutes with the predifferentials
when @ - d, = da - ®. As already used implicitly in the proof of Proposition the difference
®-d, —da - is a derivation. Therefore to prove that it is zero, it is enough to prove that the
restriction to C' is zero. We have

(®-d.)c: C 2% C(C) 2% P(A) 24 A

It follows that ® commutes with the predifferentials if and only if 0 = (® - d, — da - @) =
¢-de—v-(aop)-Ac—da-o ==, -0 5l%(p,...,¢), that is ¢ is an algebraic twisting morphism
with respect to a.

Similarly, a C9-coalgebra morphism C' — C(A) is characterised by its corestriction ¢ : C'— A to
A and it commutes with the predifferentials if and only if ¢ is an algebraic twisting morphism with
respect to a. O

Example 3.25. (1) Through the bar-cobar adjunction, the identity morphism id : B,A —
B, A corresponds to the algebraic twisting morphism 7, : B, A — A.
(2) Through the bar-cobar adjunction, the identity morphism id : Q,C — €, C corresponds to
the algebraic twisting morphism ¢, : C' — Q.C.

3.4. Cofibrant resolution of an algebra over a curved operad. In this section, given a Koszul
inhomogeneous quadratic curved operad P, we provide a functorial cofibrant resolution R — A of
a P-algebra A. Explicitly, P(0) — R is a cofibration of P-algebras and R — A is a graded quasi-
isomorphism and a strict surjection. This resolution is the counit of the bar-cobar adjunction.

Proposition 3.26. Let P be a curved sa operad, C be a curved altipotent cooperad and o : C — P
be an operadic curved twisting morphism. We assume that GrP ogrq GrC ogrq GrP (described for
example in [HM12| Section 5]) is cofibrant as a GrP-right module (in the model category structure
described in [Fre09]) and that Gr'P ogrq GrC ogrq GrP — GrP is a quasi-isomorphism.

In this situation, the bar-cobar construction Q.BaA is a resolution of the P-algebra A, that is,
the counit of the bar-cobar adjunction

D, : QB A A

is a graded quasi-isomorphism and a strict surjection.
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Proof. The functor Gr is strong monoidal since K is a field of characteristic 0 so Gr(QaBaA) =
QcraBara GrA as GrP-algebras (by a careful inspection of the differentials). The map Gra : GrC —
GrP is an operadic twisting morphism between the curved cooperad GrC and the semi-augmented dg
operad GrP. In the proof of Proposition 5.2.8 in [HM12], we use Theorem 15.1.A in [Fre09] to prove
that the bar-cobar construction is a quasi-isomorphism. Assuming that GrP ogrq GrC oG GrP is
cofibrant as a GrP-right module permits to use [Fre09, Theorem 15.1.A] more directly and to prove,
as in [HMI2, Proposition 5.2.8], that we have a quasi-isomorphism Qq,oBaraGrd4 =5 GrA. The
morphism @, is a strict surjection since it coincides with the projection P6C(A) — Io(A) = A. O

We recall that B, A = (C(A),dy = dc(ay + dp,) and that the predifferential on O,B,A is d, =
dp o idﬁaA +idp o'dy — df)l

Proposition 3.27. Assume that R = K. Let P be a curved sa operad and C be a curved altipotent
cooperad. Let o : C — P be an operadic curved twisting morphism. Assume that the filtration F,
on C(A) comes from a graduation Gre (on the module level). Assume that C(A) = @;>oT; with
To = {0} and the predifferential dy admits a decomposition d, = 6o + 01 such that for any 1 > 0, we
have

(1) 0o : GreT; — Gr.+1(@k21+1Tk) and im 6¢ = ker 50,

(2) 01 — diy T — ’P(@kngk) with Gredy : GreI) — Gr.P(@k<lTk).
Then the map P(0) — Q.BaA isa cofibration in the model category structure on P-algebras defined
in [BMDC20l, Appendix C].

Proof. We define on B, A a filtration (S1)i>0 as follows

SQ = {0},
S, = ker(Gr(do‘T1 ) @ dy ker(Gr(do|T1)),
Sy = S1eWdd,W; DT,

where W is a direct complement of ker(Grd,r,) into Ty (such a direct complement exists since
R = K is a field), so Ty = ker(Grdor,) @ Wi. A direct sum appears in the definitions of S; and
Sy since T Nker dg = T1 Nim o7, = {0}. We remark that Ty @& dp Ty C Sp. For | > 2, we prove
by induction that Sy;_1) D To @ --- @ T;—1 and we fix by induction a direct complement U; C T; of
Soq-yN(To @ ---@T;) in Ty @ - - - @ T, which implies

To® - DT C Syq—1)® U
Let also W; be a direct complement of ker(Gr(d,|y,)) into U;, so
U, = ker(Gr(dowl)) o W.
Then we define for each [ > 2

Soi_1 = SQ(l—l) &b ker(Grdowl) @ dy ker(Grdowl),
{S2l = Sy_1 oW, e dpyW; ST &---&T.

We remark that T} + dpy1; C S9;. Direct sums appear in the definitions of Sy;_; and So; since
Uy Nkerdg = U; Nim(do|g,., ,7,) = {0}. Indeed, let ¢ € @r<;—1T}) such that do(t) € Uj, then
dy(t) = 6o(t) + 61(t) € Sa—1) and, by assumption on 81, 61(t) € Br<i—1Tk C Sa_1y. It follows
that do(t) € Sa—1) N U; = {0} by definition of Uj.

We have thus constructed an exhaustive increasing filtration (S;); on BaA of free K-modules
such that S;_; < S are split monomorphisms of (complete) modules with cokernels isomorphic to
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a sum of (complete) modules
Si/S1-1 =2 @4 (€7 - Ko (" K)

where £ is in some homological degree n,+1 and some filtration degree ¢, and ¢ is in homological
degree n, and filtration degree g, + 1 (because (1) and (2)). The predifferential d, is such that
do(€*) + ¢* € (P(Si—1), do) because ¢ increases the filtration degree exactly by 1 and because
of condition (€% is defined to be the sum of 0p€* with the filtration degree g, + 1 part of
(6, — dL)(£%)), and d,(C®) is obtained by the fact that d,*(£€%) = 0 @ £~. Tt follows by [BMDC20),
Corollary C.41] that the map P(0) — Q,B, A is a cofibration. O

Remark 3.28. In the previous Proposition, Conditions (1) and (2) and the fact that Q,BaA is a
P-algebra imply that 0p € GriP.
We now prove three corollaries corresponding to the following situations:
o 7:BP - P,
o L: Pl — QP =P, for P = cAs, cuAs, cLie or cCx,
e k:Pi— P for P = cAs, cuAs, cLie or cCx.
Corollary 3.29. Let P be a curved sa operad such that:
(1) GrP is a connected bounded below weight filtered operad,
(2) there exists d > 0 such that for each w, (GrP)(=*) is concentrated in homological degree
greater than or equal to —dw.
Then its bar construction BP is a curved altipotent cooperad such that GrBP =~ BGrP is connected
bounded below weight filtered (by the weight filtration induced by the one on P).
Let 7 : BP — P be the operadic curved twisting morphism defined in Example Let A be
a P-algebra. We assume that R = K. Assume moreover that:
(3) the filtration Fy on P and on A comes from a graduation Gre (on the module level) so that
the induced filtration on BP(A) also comes from a graduation,
(4) Op € Gr,P.

Then the counit of the bar-cobar adjunction
O, 0B A A
is a cofibrant resolution, that is an acyclic fibration such that P(0) — Q,B;A is a cofibration.

Proof. Using Assumption (1), we obtain by [HM12| Proposition 5.1.5] that GrP ogyr BGrP ogrr
GrP — GrP is a quasi-isomorphism. Moreover, by Assumption (2), both domain and codomain
are cofibrant as GrP-right modules. For the domain, this follows from [Fre09, Proposition 14.2.2]
with the filtration on K := GrP ogr GrBP (starting at A > 0) given by

Ky = EBerdwg)\(GrP oGrrm GFEP),(nSw).

Indeed, the differentials on GrP and BGrP decreases the homological degree by 1 and do not
increase the weight degree so gives a map K, — K),_1 and the differentials lem and dg,,,, can at
most increase the homological degree by dw — 1 when it decreases the weight degree by w (for dg, )
so it gives a map K — K)_1. It follows by Propositionthat d,, is a graded quasi-isomorphism
and a strict surjection.

Then, assuming (3) and (4), we have to check the hypotheses of Proposition We define
Ti41 = BPW(A) the module built from trees with [ vertices and

Ty_1 == im ((d1 oida +idg o’dA)m) c T
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Then let T5; be a direct complement of To; 1 in Tl We therefore have obtained a decomposition
of BP(A) as the direct sum @;>¢7; with Ty = {0} and satisfying the following properties. We fix
0o = dpoidy and §; = (d; —|—d2)701d,4 +idgp o'da. Then 0y satisfies dg : GreT; — Grey1(®r>1+1Tk)
since it increases the number of vertices in BP (and 6p € Gr;P). Moreover, using the homotopy
h : BP — BP defined in Theorem we get that h oidy is a homotopy for the differential
do oidy. It follows that im g = kerdy. We also have 6; — d\. : T} — P(®r<iTr) with Gred; :
GroT; — GreP(®r<iT)) by construction (since d1? and d4? increases the filtration degree by 1). It
follows that Proposition applies so QB A is cofibrant. O

To prove the next corollary, we require the following proposition.

Proposition 3.30. Let C be a curved coaugmented conilpotent cooperad which is connected bounded
below weight filtered. The operadic curved twisting morphism ¢ : C — QC provides a quasi-
isomorphism

£:QCo0,Co0,QC = QC.

Proof. The proof is similar to the proof of [HM12, Proposition 5.1.5]. We first remark that the
curvature 0°¢ : C — I strictly decreases the weight because the weight filtration on C is connected
(C(<9) = I). The weight filtration on C induces a weight filtration on QC given by the total weight.
This gives a weight filtration (QC o, C o, QC)(=P) on QC o, C o, QC and a weight filtration QC(=P)
on ()C. These weight filtrations are filtrations of chain complexes since the differentials either
preserve or decrease the weight. The filtrations are exhaustive and bounded below and the map
QC o, Co, QC — QC preserves the filtrations. We apply the classical theorem of convergence of
spectral sequences (cf. Theorem 5.5.1 of [Wei%4]) to obtain

{ E;‘q = H,4(Q2Co,Co, QC)
E'S = Hpg(Q0).

Since the differential of E{, is the weight preserving part of the differential of QC o, C o, QC, the
isomorphism of graded vector spaces E97. =~ QC® o, C(*) o, QC®), where C(®) = C(S’)/C(S'_l) is
a dg coaugmented conilpotent cooperad (since 8¢ strictly decreases the weight), is an isomorphism
of dg modules. Because C(®) is a dg coaugmented conilpotent cooperad, it remains to prove that
E?, = QC® for a dg coaugmented conilpotent cooperad C(®). This follows from the same proof
as Theorem 4.18 in [Val07] (where the author proves the quasi-isomorphism QC o, C = I) with
a slight modification on the homotopy map which has to be symmetrise in order to apply to non
reduced cooperad (C(0) # {0} in general, see the proof of Theorem 3.4.4 in [HM12] for an explicit
description). As a consequence, E} , = H, ,(CP) = E’Zl),q. Then E; , and E', , coincide for
r > 1 and § induces an isomorphism between £ and E’ ZO - This concludes the proof. O

Corollary 3.31. Let C be a curved altipotent cooperad such that:

(1) GrC is a connected bounded below weight filtered cooperad,

(2) there exists d > 0 such that for each w, (GrC)(S") is concentrated in homological degree

greater than or equal to —dw.
Then its cobar construction QC is a curved sa operad such that GrlC = QG1C is connected bounded
below weight filtered (by the weight filtration induced by the one on C).
Let ¢ : C — QC be the operadic curved twisting morphism defined in Example Let A be a

QC-algebra. Then the counit of the bar-cobar adjunction

®,:0,BA— A
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is a resolution, that is an acyclic fibration.
We assume that R = K. Assume moreover that:
(3) P be one of the curved sa operad cAs, cuAs, cLie or ¢Cx, and C = Pi is the curved altipotent
Koszul dual cooperad, and
(4) the filtration F, on the Py-algebra A comes from a graduation Gre (on the module level)
so that the induced filtration on Pi(A) also comes from a graduation.
In these situations, the filtration on P comes from a graduation Gr,, p € GriP, and the filtration
F, on C also comes from a graduation Gre (on the module level). The underlying S-module of C is
also weight graded by the number of generators describing the elements in Pi.
Then Q,B, 4 is cofibrant, that is Pao 0) — Q,B,A is a cofibration.
Finally, in these situations &, : (),B,A — A is a cofibrant resolution of the Po-algebra A.

Proof. Because GrQlC = QGrC and GrC is a curved coaugmented conilpotent cooperad that is
connected bounded below weight filtered (Assumption (1)), GrQC ogy, GrC oay, GrQC — GrQC is
a quasi-isomorphism by Proposition [3.30] Moreover both domain and codomain are cofibrant as
GrQ)C-right modules (by Assumption (2)). As in Corollary for the domain, this follows from
[Fre09, Proposition 14.2.2] with the filtration on K := GrQC og,, GrC (starting at A > 0) given by

K, = @m+dw§>\(GrQC OGre GI‘C)T(nSw).

It follows by Proposition [3.26] that @, is a graded quasi-isomorphism and a strict surjection. The
four examples satisfy the conditions of the corollary so (1) applies and ,B,A — A is a resolution.

Then we have to check that under Assumptions (3) and (4), the hypotheses of Proposition
Remark that in the four examples dpi = 0. We define Tj4 1 = CY(A) and

Ty_1 :=im ((idc O'dA)m> cT

Then let T5; be a direct complement of To;_1 in Tl We therefore have obtained a decomposition
of C(A) as the direct sum ®;>07; with Ty = {0}. For the four examples, the partial decomposition
product of C, used in the definition of d; decomposes as A () = A?l) + A(ll) where A(()l) : GrC —
Gre(C o(1) C) and A(ll) : GroC — Gre41(Co(1) C). This gives a decomposition d = dJ"* + dJ"!. We
fix 6 = d™! and &y = id¢c o'da + d7"°. Then & satisfies §y : GreT} — Grey1(®r>1+17T%) since it
increases the weight in C by 1.

Let us describe the case P = cAs and C = cAsi. We denote by 04 the degree —2 element
va(?) € A. Let V C A such that A =K60, & V. On C(A), we define

h (ﬂfz(eA?aQ? s 7an)) = ﬂfz—l(a’Qv s 70%);
h (i (ar,az2,...,a,)) =0 when a; € V.
A direct computation shows that this is a homotopy for dy. It follows that im g = ker §g. We also
have 6; —d' : T — QC(@kngk) with Gredy : GreT; — GreP(Br<Tk) by construction (since d,?
and d4? increases the filtration degree by 1). It follows by Propositionthat Q,B, A is cofibrant.
The cases P = cuAs, cLie and ¢Cx are similar (for cLie and cCx, we stresses that 64 as ho-
mological degree —1 and that the generators of C are based on the cocommutative corolla u¢ of
homological degree 0 which satisfies therefore uS(...,04,...,04,...) =0). O

Corollary 3.32. We assume that R = K. Let P be one of the curved sa operad cAs, cuAs, cLie
or cCx, C = Pi be the curved altipotent Koszul dual cooperad and x : Pi — P be the associated
operadic curved twisting morphism (see Definition [1.33)).
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In these situations, the filtration Fy on C comes from a graduation Gre (on the module level) and
the underlying S-module of C = Gr,C is also weight graded by the number of generators describing
the elements in Pi. Let A be a P-algebra whose filtration F, comes from a graduation Gre (on the
module level) so that the induced filtration on Pi(A4) also comes from a graduation.

Then the counit of the bar-cobar adjunction

Dot QBLA— A
is a cofibrant resolution, that is an acyclic fibration such that P(0) — Q,B,.A is a cofibration.

Proof. The proof follows the same lines as the two previous ones (Corollaries and |3.31). The
fact that Gr'P ogy, GrPiogy, GrP — GrP is a quasi-isomorphism is proved in [HMI12, Proposition
5.1.6). O

Remark 3.33. The corollaries [3.29] [3.51] and [3.32] extend to the context of P-algebras in Modg
by adding the assumption that A is a cofibrant as an R-module (where R is a K-cdga) because
Theorem 15.1.A in [Ere09] works with this assumption (and because K is a field).

3.5. co-morphisms between curved algebras. Given a curved P as in Theorem [I.35] we obtain
an S-cofibrant resolution P — P and we note Ps := QPi. Let A and B be two Pao-algebras such
that Q,B,4 - A is a graded quasi-isomorphism, then we can compare A and B in the homotopy
category of P.o-algebras (instead of the category of P.-algebras) by means of the zig-zag

A< O,B,A— B.

By the adjunction presented in Theorem the map (,B,A — B is characterised by a Pi-
coalgebra morphism B,A — B, B.
We therefore define the notion of co-morphism as follows.

Definition 3.34. Let A and B be two Ps.-algebras. An oco-morphism A ~~ B is a Pi-coalgebra
map

F:B,A— B,B.

By Theorem this is equivalent to an algebraic twisting morphism B,A — B with respect to .
We denote by co-mor(A, B) the set of co-morphisms from A to B.

4. COHOMOLOGY OF CURVED ALGEBRAS

André—Quillen cohomology is a cohomology theory first developed for commutative algebras
[And74, [Qui70] and then extended to algebras over an operad [GHOQ, [Mill1]. In this section, we
developed the theory for algebras over a curved operad. We make some general computations that
we use in the next section to compute the André—Quillen cohomology in the context of cCxyo-
algebras.

4.1. André—Quillen cohomology. We adapt the definitions given in [GHO0] and [Mill11] to the
curved setting.

Let (P,vp,np,ep,dp,0p) be a semi-augmented curved operad. Let (A,va,na,da) be a P-
algebra (whose underlying gr-dg module is a R-module).
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4.1.1. Module over a P-algebra. Let (M,dyr) be a gr-dg R-module. We define P(A, M) to be the
submodule of P(A & M) made of terms linear in M, that is

PAM) =@Pn)es, A& & M, &---&A
n jth position

(It is also well-defined when P is a gr-dg S-module without a curved operad structure.)

Definition 4.1. An A-module (M, v, tar, dar), or A-module over P, is a gr-dg R-module (M, dps)
endowed with two maps

v P(A, M) — M and vpr : M — P(A, M)

such that the following diagrams of associativity and unitarity commute

(P o P)(A, M) = P(PA,P(A, M) LU0 b g ) M M p(A, M)
’YP(idA;id]\/I)\L l/WM and \ \LVM
P(A, M) M M.

Ym

We moreover require the following equation to hold: dy* = Y (0p ®idpy).
A morphism of A-modules f : (M,vn,ta,dyr) = (Nyyn,en,dy) is an R-modules map f :
(M,dpr) — (N,dy) such that the following diagrams commutes

P(A, M) M 2 P(A,M)

M
idp(idA,f)l lf and fl lidp(idA,f)
N

We denote by Modz (resp. by Modﬁ’o) the category of A-modules over the operad P in which
morphisms are morphisms of A-modules (resp. in which morphisms are degree 0 gr-dg morphisms
of A-modules).

Example 4.2. Let K=R =R, P = ¢Cx and A be a cCx-algebra. Then A is a Lie algebra (with
a bracket of cohomological degree —1) and a C-module such that the Lie bracket is C-linear. An
A-module is a C-module endowed with a C-linear action of the Lie algebra A.

Let’s now construct what will be the free A-module on a gr-dg R-module (N,dy). We define
the coequalizer in Mod§

AT N = coeq | P(P(A),N) ——=P(AN) |,
idp (va,idn)
where
P(A, N) = P(A, N)/ (P(A, N) N (im (7]7: [024] (dA@N2) — 973 X idA@N)))
and

T5 : P(P(A),N) < P(PA, P(A, N)) 228410 b4 Ny L PIA,N).

With respect to the dg situation, the quotient P(A, N) appears to get the equation da® = Y (0p @

idps) that an A-module M = A®PN have to satisfy. The predifferentials d
predifferentials on P, A and N.

AGPN I8 induced by the



ANDRE-QUILLEN COHOMOLOGY IN THE CONTEXT OF CURVED ALGEBRAS 57

As in the classical case (see for example Lemma 12.3.3 in [LV12]), the A-module structure is
obtained from the map

P(A,P(A,N)) — P(PA,P(A,N)) L), by )
and the map

o

P(A,N) 2 P(A, T o N) 2204400, 5 4 4, NY)

which pass to the quotient P(A4, N) — A®PN (by associativity of vp and v4, and by the fact that
dp and d4 are derivations with respect to the composition structures).

We denote by (Mod%)? the category of gr-dg modules with morphisms the degree 0 gr-dg mor-
phisms.

Proposition 4.3. The forgetful functor U : ModZ’0 — (Mod%)° has a left adjoint, denoted by

5P
(N,dN) — (A® N7dA®7;N)'

That is, we have an isomorphism of R-modules
Homy g0 <A®PN, M) > Hom(yoqer o (N, UM)
for all N € (Mod%)° and M e Mod”;°.

Proof. To any morphism f : A®PN — M, we associate its restriction

N=onN U, g Ny 487N Ly

In the other direction, given g : N — U(M ), we define the map
P(A,N) 2849 pog py o A&7 M — M.

This map factors through the quotient map P(A, N) — A@TN (because g commutes with dy) to
give the wanted map of A-modules.

The two processes are natural linear isomorphisms between the spaces of modules maps. Provided
f (resp. g) commutes with the predifferential, the same is true for the restriction (resp. extension)
since yp, 74 and vy, commute with the predifferentials. O

We also define a quasi-free A-module. Let N be an R-module and 7 : N — P(A, N) be a degree
—1 map which induces a gr-differential still denoted 7 on P(A, N). Similarly as above, we define
the coequalizer in Mod§

P —_—7

P(A,N) |,

A®7:N :=coeq | P(P(A),N)

id'p(’y,q,idN)

where
PAN) =P(AN)/ (P(A,N)N (im (np © (da +7)* = 0p ©idaen))) -

It is endowed with the gr-differential d depending on d4, dp and 7.

ART N
Proposition 4.4. For all N € Modg and M € Modz, we have an isomorphism of R-modules
Hormyor.o (AT N, M) = ker (0; : Hompyoqs (N,UM) — Hompyeqe (N,UM)) .
A

where O-(f) = dar - f — (=) lyar - (idp(ida, £)) - 7.
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Proof. The proof is similar to the proof of Proposition The only differences come from the
gr-differential 7. (]

Given two A-modules over a curved operad P, (N,dy,vn) and (M, das,var), the graded space
of maps Homp,q7 (M, N) is naturally endowed with a predifferential 0 defined by O(f) :==dn - f —
(=) f - dps. Gr-dg morphisms coincide with maps in the kernel of 9.

Lemma 4.5. Let (N,dn,vn) and (M, dp,vau) be two A-modules over a curved operad P. The
predifferential & on the graded R-module Hompyq» (N, M) is in fact a differential, that is 9* = 0.

Proof. Since N and M are A-modules, we have for any f: N — M of A-modules

32(f):dN2'f—f'dM2=7N(9P®f)—f'7M(9P®idM)=0~
O

Remark 4.6. This lemma is not true when (N,dy) and (M,dps) are only assumed to be gr-dg
R-modules.

Lemma 4.7. The forgetful functor I\/IodZ’0 — (Mod%)? creates all limits and colimits, and I\/IodZ’O
is an additive subcategory of (Mod% )°.

Proof. Because the direct sum and the tensor product preserve colimits in (Mod% )Y, it follows that
M s P(A, M) preserves colimits in (Modg)?. If M : I — Modﬁ’0 is any diagram, the colimit in
(Mod§ ), colim; M, acquires a map
P (A, colimy M) = colimy P(A, M) — colim; Fp(A, M) — colimy M.

Because da? = y4(0p, —) and dM(i)2 = Ym@)(0p,—) for all i € I, the same equation is satisfied by
colim; M. This endows colim; M with an A-module structure over P. With this structure, colim; M
becomes the colimit in ModZ’O. The case of limits can be treated in a similar way since the limit
in (Mod%)? is a sub-R-module of the direct product of the modules involved and M +— P(A, M)
preserves products. It follows that the forgetful functor creates all limits and colimits.

Then, the category ModZ’0 is additive since the direct sum of two objects is made in (Mod%)°. O

Lemma 4.8. The category l\/lodZ’0 is isomorphic to the category of algebras over the monad
- P

U(A®"™ —).
Proof. This follows from Lemma [4.7] and from Beck’s Theorem (see [Mac98| VI, §7]). O

Let A be a curved associative algebra. By making explicit the notion of A-modules over cAs, we
get that it coincides, for an A-module M, with the following data:

v AOM — M and v, : M&®A — M,
satisfying the usual associativity relations and such that
dy® =704 @idar) — v (idas ®04) = [0, —).

It is natural to extract from this definition the notions left-A-module and right-A-module. The
gr-dg module M is a left-A-module if there exists a map v, : AQM — M satisfying the usual
associativity relation such that dy* = Y(0a ® idpr) = 04 - —. The notion of right-A-module is

similar but a minus sign appears in the relation that d,; satisfies: d M2 = —(—-04). These notions
already appear in the literature, see for example [PP05, Section 4 of Chapter 5].
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We now define the enveloping algebra of a P-algebra A. It is a curved associative algebra.
The coequaliser Up(A) := coeq | P(P(A),R) A{i; P(A,R) | is endowed with a filtra-
idp (va,idr)

tion coming from the one on P and A, and a multiplication coming from the map
PAR)®P(AR)=ZP(APAR)) - PAR).

This multiplication is associative since yp and 4 are. It has a unit coming from the map R —
P(A,R) and a predifferential dy,,(4) induced by the predifferentials dp and d4 and the differential

dr. The element 0y, (4) = 0p @ Ir € Up(A) has homological degree —2 and filtration degree 1
(as 0p) and we have dys,(4)”> = [0, (4), —] because P and A are curved.

Definition 4.9. Let A be a P-algebra. The enveloping algebra of the P-algebra A is the curved
associative algebra
P
Up(A) = [ coeq | P(P(A),R) —/———=P(AR) | ,dusa),0up(a)
idp (va,idr)

Proposition 4.10. The category of A-modules over P is isomorphic to the category of left-modules
over the (curved associative) enveloping algebra Up(A).

Proof. We have

TP

Up(A)®M = coeq | P(P(A), M) P(A, M) | =: coeq

S
idp (’)’A ,id]u)

therefore a left-Up(A)-module structure ~; gives a map vy : P(A, M) — coeq 2y M which
endows M with a structure of A-module over P (the associativity diagram is satisfied by the
fact that the map factors through coeq). The equality dp® = Y1(0v,(a), —) implies the equality

dM2 = 7M(9Pa _)

Conversely, a structure yy; of A-module over P is precisely a map which factors through coeq to
give a map 7;, and which satisfies dy;? = Y1 (0, (a), —) (because dn® =y (0p, —) and associativity
of v4). This endows M with a left-Up(A)-module structure. O

Remark 4.11. Compared with the situation when there is no curvature, we emphasise that in the
curved setting the free A-module on R is a quotient of the enveloping algebra Up(A).

Proposition 4.12. For any curved operad P, the enveloping algebra construction provides a functor
Up : P-Alg — cuAs-Alg,
where cuAs is the operad encoding curved unital associative algebras.

Proof. Let B — A be a morphism of P-algebras. The map Up(f) : Up(B) — Up(A) induced by

idp (f,id
P(B,R) 1dp(Jidr), P(A,R) is a map of unital associative algebras. This map commutes with the
predifferentials and preserves the curvature by construction. O
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Let f: B — A be a morphism of P-algebras and (N,vy) € Modg. The composite

)) idp (ida,idp (f,idn))

P(A,P(B,N P(A,P(A,N)) — (PSP)(A, N)

~yp(ida,idn) P(A,N) _ A@PN

factors through the quotient A®P(B®PN) to produce a map p; : A®P(B®PN) ~ A®"N. Simi-
larly, the composite
P(A,P(B,N)) L2047, pg Ny - 47N,
induces a second map p,. : A®P(B®PN ) — AQT N, Using these two maps, we define the A-module
AP . .
A®pN as the following coequalizer

pr

N ~ ~ P ~
A®ZN = coeq ( A®P(B®PN) — ) :

Proposition 4.13. Let f : B — A be a morphism of P-algebras. The functor of restriction of
scalars
f*: Mod”] — Mod?%,
admits a left adjoint
fi = A&p— : Mod? — Mod?,.

We mean that we have natural isomorphisms of gr-dg R-modules

(Homuogs (£:(N), M), 9) 2 (Hompgy (N, £(3)).0)

for any A-module M and any B-module N.
The same functors restrict to the kernels of O to provide isomorphisms of R-modules

Homyyoqr.0 (fi(N), M) 2 Homyyogro (N, f*(M)) .

Moreover, for any gr-dg R-module L and map 7 : L — P(B, L), we have the isomorphism of gr-dg
R-modules
AeT(B&TL) = AT L,

where 7' is the composite L = P(B, L) idp(fide), P(A,L).

Proof. The proof is analog to the proof of Proposition To any morphism A : A®EN — M, we
associate its restriction

N = A8"N - AN 5
In the other direction, given g : N — f*(M), we define the map

ASTN % AT M — M.

This maps factors through the quotient map A& N — A&L N since g is a morphism of B-modules
to give the wanted map of A-modules.

The two processes are natural (graded) linear isomorphisms between the spaces of (graded)
modules maps. Moreover, they commute with the differentials 0 (see Lemma for the fact that
they are differentials) since we consider morphisms compatible with the structures of modules over
P (and vp, v4 and vy commute with the predifferentials). Finally, when h (resp. g) commutes
with the predifferentials, the same is true for the restriction (resp. the extension).
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The last isomorphism follows from the adjunctions just shown and from Proposition by the
Yoneda Lemma. U

4.1.2. Quasi-free P-algebra. Let (M, dpr) be a gr-dg R-module. We recall from [BMDC20, Propo-
sition C.35] that the free P-algebra on a gr-dg module M is given by
Fp(M) =P(M)/ (im (np @ (dr”) — 0p @idar))

where (im (np ® (dy?) —0® idar)) is the ideal of P(M) generated by the image of np ® (das?) —
0 ®idyy.

The bar-cobar resolutions are not free P-algebras since the predifferential in theses cases isn’t
internal to the generators. We define the notion of quasi-free P-algebras in order to include these
examples.

Definition 4.14. Let P be a curved operad. We say that a P-algebra S is quasi-free when there
exists a complete filtered R-module V' and a predifferential d : P(V) — P(V) such that

S (P(V),d)/ (im (@ - 0p ® idv)w) :
where d is induced by d.

We remark that even if we do not assume that d is a gr-differential in the above definition |,
a quasi-free P-algebra is nevertheless a gr-dg R-module. The notion of quasi-free P-algebra is
different from the notion of free P-algebra since the predifferential d isn’t a priori induced by a map
V=V

4.1.3. Derivation and Kdhler differential forms. We call a P-algebra over A a P-algebra B endowed
with a map of P-algebras B ENY'Y

Definition 4.15. Let B be a P-algebra over A and M be an A-module. An A-derivation from B
to M is a linear map d : B — M such that the following diagram commutes

idp o’d idp o(f,idar)
S .

P(B) P(B,M) P(A, M)
'YB\L \L'}’M
B M,

d

where the infinitesimal composite of morphisms o’ is defined in [LVI12] Section 6.1.3]. We denote by
Der 4 (B, M) (resp. by Der’ (B, M)) the set of A-derivations from B to M (resp. which moreover
have degree 0 and commute with the predifferentials dp and dyy).

Lemma 4.16. Let B be a P-algebra over A and M be an A-module. The predifferential O on the
graded R-module Der 4(B, M), defined by

d(D)=dpy -D—(-1)P'D-dp
for D € Dera(B, M), is in fact a differential, that is 9?> = 0.
Proof. We compute
9*(D) =dy? D —D-dp?
= m(0p, D(=)) = D -vp(0p,—) =0

since D is an A-derivation from B to M. O
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When M = {M(0), M(1),...} is a gr-dg S-module, we denote by Ms¢ the gr-dg S-module
{{o}, M(1),.. .}
Proposition 4.17. The category of P-algebras admits finite products.

(1) The terminal object is given by ({0},v =0,d = 0).
(2) The product of two P-algebras (A,v4) and (B,vp) is given by AN B := (A® B,~) where
v s defined by the composite

P(AA B) — P(0) & Pog(A) @ Pag(B) 24418, 4o g,

The maps from AN B to A and B are the projections.
Similarly, given a P-algebra A, the category P-alg/A of P-algebras over A admits finite products.

(1) The terminal object is the P-algebra A.
(2) The product of two P-algebras (B,vyg) and (B',~j) over A is given by BAs B’ == (B ®a
B',~) where v is defined by the composite

(vB+avp/)tvB+7E/ Bda B

P(BAaB') = P(0) & Pso(B) @p.,(a) P>o(B')

Proof. We first prove the universal property satisfied by AA B. Let f4a : C — Aand fp: C — B
be two P-algebra maps. Using the fact that A @ B is the product in modules, we get that the
requested map C' — A A B is necessarily f4 + fp. It is then a direct check to verify that f4 + fp
is a P-algebra map.

We can show similarly that B A4 B’ satisfies the universal property of the product. O

Definition 4.18. Let A be a P-algebra and let M be an A-module. The abelian extension of A by
M, denoted by A x M, is the P-algebra over A whose underlying R-module is A & M and whose
P-algebra structure is given by

P(A® M) — P(A) @ P(A, M) 22, A g M.
The morphism A x M is the projection on the first summand.

Proposition 4.19. Let P be a curved operad and A be a P-algebra. There are R-linear isomor-
phisms
Der) (B, M) = Homp g4 (B, A x M),
for any P-algebra B over A and any A-module M.
Proof. Let f: B — A be the structural morphism of B € P-alg/A. Any morphism B — A x M in
P-alg/A is of the form
f+d

/

)

B Ax M

|

where d : B — M. Then the map f + d is a morphism of P-algebras if and only if d is an
A-derivation. O

We denote by Ab(P-alg/A) the category of abelian group objects in the category (P-alg/A4,A4)
of P-algebras over A.
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Proposition 4.20. Let A be a P-algebra. There is a canonical equivalence between the category of
A-modules and the category of abelian group objects in P-alg/A

Ab(P-alg/A) ~ Mod:?,
BL A — ke(f).

Proof. As we will see, the standard proof works in the setting of curved operads. Let B Iy Abean
abelian group object in P-alg/A, that is there is a P-algebra map 1 : A — B such that f-n =1idy
and an abelian multiplication m : B Ay B — B. We define on ker(f) an A-module structure ey
by the composite

P(A ker(f)) 222U0D, b By o P(B) 22 B,

Using the fact that f is a P-algebra map, we obtain im(yke) C ker(f). Moreover, since B is a
P-algebra and 7 is a P-algebra map, we get the commutativity of the associativity and unitarity
diagrams. For b € ker(f), we also have dker(f)z(b) = v8(0B,0) = YB(f(04),0) = Yer(s)(0a,b) as
required.

We have the R-module isomorphism B A4 B ~ A @ ker(f) @ ker(f). By the fact that m is a
P-algebra map, we obtain that m is the (abelian) R-module sum structure and that the P-algebra
vp on B ~ A @ ker(f) vanishes on the module &>oP(k)®s, (ker(f)®2@B®*2). This says that
B is an abelian extension of A by ker(f). Conversely, every abelian extension provides an abelian
group object and the two processes are opposite to each other. O

As in the dg context, we define now the A-module of Kahler differential forms in order to represent
the module of A-derivations. It is given by the following coequalizer

AP A®P7A AP
(4.1) ARTP(A) —= A&" A — QpA,
TP, (1)

where ¥p (1) is the map induced by the composite
P(A, P(A)) = P(A, P(A, A)) — (PoP)(A, A) 2280, pg 4y - 47 A
since it factors through A®PP(A).

Proposition 4.21. Let P be any curved operad and A be any P-algebra. There are natural gr-dg
R-linear isomorphisms

(Dera(B, M), d) = (HomMOdE(Qij*(M)),@) :

for any P-algebra B over A and any A-module M. The isomorphisms restrict to the kernels of 0
to provide isomorphisms of R-modules

DerYy (B, M) = Homygr.o (2p B, f*(M)).

Moreover, when B is a quasi-free P-algebra on (V,7: P(V) — P(V)), we get QpB = BRF V as
gr-dg R-modules.

Proof. Let d: B — M be an A-derivation. Then the composite

AP
B&' B B84 BaP M — M
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factors through the quotient B®PB — QpB since d is an A-derivation B — M and since the last
map is induced by the B-module structure on f*(M). The resulting map is a map of B-modules
since the above composite is.

In the other way round, given a B-module map p : QpB — f*(M), the restriction B =

[6B Pz, QpB & f*(M) gives a map B — M. Using the definition of QpB, the module
structure on f*(M) and the fact that p is a map of B-modules, we get that its restriction is an
A-derivation.

The two processes are natural (graded) linear isomorphisms between the spaces of (graded)
modules maps. As in Proposition they are compatible with the differentials 0.

When

B=PV)/ (im(r* - 0p @ idy)v)

is a quasi-free P-algebra on (V,7), we can compute 2pB by computing the coequaliser . It
says that elements in QpB are elements p(by,...,db;,...,b,) € B®PB subject to the relation

M(bl, SRR bj—la d(l/(’Ul, s aUM))7bj+1a ceey bn) ~
m
Z(M Oj V)(bla XN bjfl,U]_, sy Vi1, dviavi+1a <oy Umy, bj+1a XN bn)
i=1
The relation 72 = vg(0p,idg) in B doesn’t create any extra relation since we already have the
relation np ® dp® = 0p ®idg in B®F B. This gives the isomorphism QpB =~ B L V. O

4.1.4. Cotangent complex and André—Quillen cohomology. We consider here that R = K is a field
of characteristic 0. It follows that every curved operad P is S-split. Then Theorem C.39 in
[IBMDC20] (see Theorem [A.3)) endows the category of P-algebras with a model category structure.
By Theorem 7.6.5 in [Hir03], the category P-alg/A of P-algebras over A admits a model category
structure such that the weak equivalences (resp. fibrations) are the graded quasi-isomorphisms
(resp. strict surjections) when we forget the maps over A. We use the same notation P-alg/A
for the category of P-algebras over A endowed with this model structure. Similarly, we prove in
Theorem [A-4] that the category of A-modules over P is endowed with a model category structure
by transferring the model category structure from gr-dg R-modules. Every objet in Ab(P-alg/A)
is fibrant since fibration are strict surjections.

Theorem 4.22. Let P be a curved operad and A be a P-algebra. The following two functors
A&7 Qp— : P-alg/A = Mod;° = Ab(P-alg/A) : Ax —

form an adjoint pair which is a Quillen adjunction. The two functors represent the bi-functor of
A-derivations, i.e. there is an isomorphism of (graded) modules

HornModP’0 (A®7;QPB7 M) = DQI‘%(B, M) = Homp—alg/A (37 A X M) )
A
for all P-algebra B over A and for all A-module M.
Proof. The part on the fact that we have an adjoint pair of functors follows from Propositions [1.21]

(.3 {.13] .19 and [£.20]

To prove that we have a Quillen adjunction, it is enough by Lemma 1.3.4 of [Hov99] to show
that the right adjoint functor A x — preserves the fibrations and the acyclic fibrations. Since
Ax M = A@® M, the proof is straightforward form the definition of the two model category
structures considered here. O
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This adjunction provides therefore an adjunction on the level of the homotopy categories. We
define the cohomology of an algebra over a curved operad P by means of its derived abelianisation.

Definition 4.23. The cotangent complex of a P-algebra A, denoted by IL 4, is defined to be the
derived abelianisation L, := L(A&” Qp—)(A) of A.

Given an A-module M in Ab(P-alg/A) = Mod?:’o7 the André—Quillen cohomology of A with
coefficients in M is defined by

Hig (4, M) i= Homyyy gm0, (La, Mln]) = H" (HomModK (La, M) ,a) .

)

(The last equality follows from the fact that 9f = 0 if and only if f is a morphism of gr-dg modules,
that is commutes with the predifferentials, and because the homotopy relation between two maps
in the category of A-modules is given by the existence of an h such that Oh is the difference of the
two maps.)

4.2. Computing the André—Quillen cohomology. We can make explicit one representative of
the cotangent complex by means of a cofibrant replacement R = A in the category of P-algebras
over A. It is given by the class of

Ly = ASRQpR € Ho (Modz) .

As in [BMIS], we use the bar-cobar resolutions Q,B, A = A described in Sectionto describe
the complex computing the André—Quillen cohomology.

Theorem 4.24. Let P be a curved sa operad, C be a curved altipotent cooperad and o : C — P
be an operadic curved twisting morphism. Let A be a P-algebra. Assume that R = Q,B,A be a

Aqyoid —(a@o(qyide)oid
(1yoida (Ca(l)C)(A) (cvo(1yide)oida

cofibrant resolution of A. We denote by T the composite B.A
P(A,]?)aA). Then the corresponding cotangent complex has the form

Lo, p,a/4 = (A ®F BaA,dy),

where A®f]§aA 1s defined before Proposz'tion and the predifferential d,, is induced by dP(A,l%aA)+
T.

Proof. The P-algebra R = OuBLA is quasi-free on B, A. Tt follows that the cotangent complex is
isomorphic to

AR QpR AR (R ®F B,A)  (Proposition [£:21))
AP B, A (Proposition [4.13)).
The map 7 is induced by the map d’, on the cobar construction and the isomorphism A ®E (R®F
B,A4) = A®F B,A is obtained (on the lifts) by the maps np and the projection ,B,A. The
Theorem finally follows from the definition of the cobar predifferential d,,. O

>~
o~

Proposition 4.25. Let P be a curved sa operad, C be a curved altipotent cooperad and o : C — P
be an operadic curved twisting morphism. Let A be a P-algebra. Assume that R = Q,ByA be a
cofibrant resolution of A. Let M be an A-module. Then the André—Quillen cohomology is equal to

H7o(A, M) = H" (HomModE (A@fBaA, M) ,a) ,
where Of = dy; - f — (1)1 - d,.
Proof. This follows from Definition [£.23] and Theorem [£:24] O
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We propose another description for the André—Quillen cohomology that we use in the next
section.

Theorem 4.26. Let P be a curved sa operad, C be a curved altipotent cooperad and o : C — P be
an operadic curved twisting morphism. Let A be a P-algebra and M be an A-module.
There is an isomorphism of R-modules

HomModi’O (A@Z_DBQA, M) =
ker (0, : Hom{yogy (Bad, UM) — Homyoue (BaA, UM )),
where 0, = 0 + 8., with &.,(f) given by the composite

A(l)oidA (aO(l)idc)OidA
— iy

c(4) (€C31)C)(A) (Po1)C)(A) — P(A,C(4))

NN i
(-1 dp(ida,f) P(A’M)'Y_M>M

The predifferential 0, satisfies
2 _ 4l _
aT - 6(~)+3o¢+%[a,o¢] =0

since « is an operadic twisting morphism, so it is a differential. It follows that when R = Q.B.A
s a coftbrant resolution of A, we have

Hlio (A, M) = H" (HomMod§ (BQA,M) ,aT) .

Proof. The theorem follows from Propositions and The equality 9,% = 51@ +0a+1[a,a) COTES
+Lona
from the equalities:
P =0, 00, +0L0=0h, and 07 =4t
3le,
using the coassociativity of A and the fact that o has degree —1 for the last equality. O

5. THE CASE OF ¢CX,o-ALGEBRAS AND SOME PERSPECTIVES

5.1. Bar construction of a Cx.,-algebra. In this section, we fix K = R = R. We make the bar
construction associated with the operadic twisting morphism ¢ : cCx! — ¢Cxo = QcCx! explicit.
We recall that it is a functor

B, : ¢cCxoo-algebras — cCxi-coalgebras.
Proposition 5.1. We have
BLA = (Sym (@kzoA[fk]) ,db) ,

where Alk] is the graded module shifted in cohomological degree as follows: A[k|™ :== A"~*. In the
specific case where dg = 0 and the cCxo-algebra structure is a cCx-algebra structure given by a
Lie bracket {—,—} of cohomological degree —1 and an endomorphism j of cohomological degree 0,
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we have that
dy (ar[k1] - -~ anlkn]) =
> ok, {as, ag ki + k5] - arlka] - Gilka) - dglkg] - anlka] -+
1<J

Zij(ai)[k/’i =1 ar[kr] - ailki] - - - anlknl,

where the sign is given by the Koszul sign rule for the elements a;[k;].
In general, we have dp = dccxi(ay + d; with

CCORAIEED SRS O S

ptg=n+lo€Shy -1 K
p,q>1

1344 (aa'(l)v-"7aU(q))7ao(q+1)7~'~7aa'(n))7

1"
a(1) %o (q)
where the coefficient o, .., is given in Corollary .
39
The endomorphism dy is a coderivation satisfying

~C ~C
Ik ko (giysekon) (9%

db2 = —(eccxf o idELA) . ABLA'

Proof. Theorem gives the isomorphism ¢Cx/(A) = Sym (®>0A[—k]). Then we recall from
Section that the predifferential docyi(ay is induced by the predifferentials on cCx' and on A,
and

A(pyoida (ideoxio(yt)oida
A——_)

d] : cCx'(A) (cCx18(1)cCx')(A)
cCxieCx(A) “eCxiIA, (i A).
By calculating the coefficients by means of Corollary we get the advertised formula. O

5.2. A resolution of the co-morphisms between some cCx,-algebras. In this section, we
again fix K = R = R, we consider cCx,-algebras and the operadic twisting morphism ¢ : cCx! —
QcCxl.
Lemma 5.2. (1) The multiplication by i on the R-algebra on C endows the R-module C with
a cCx-algebra structure denoted ~c: the action of the shifted Lie bracket on C is zero and
1

the action of } is given by the multiplication by i.

(2) Let (A,va) and (B,~vp) be cCxoo-algebras and let f: A — B be a cCxqo-algebra morphism.
Then we endow B with an A-module structure v# defined by the restriction of the cCXqo-
algebra structure vy along f, that is

Cxoo (A, B) L= PH9B) 0 (B B) - ¢Cxoo(B) 225 B.

(3) In the case where B = C and f = 0, we obtain that C is endowed with the A-module
structure 7@4 defined on the generators of cCxo by

c when (n, k1) = (1,0),
'yé(jkhm’kn®a1®~-~®c®®an,1) =< di-c when (n k1) =(1,1),
0 otherwise.

Proof. (1) The assertion follows for example from Lemma
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(2) The described map defines an A-module map since f is a cCx-algebra morphism between
c¢Cxo-algebras.

(3) This is an explicitation of the previous definition in the specified situation.
O

Proposition 5.3. Let (A,74) be a cCxxo-algebra and B, A its bar construction. The R-module C
is endow with its Cx-algebra structure vy (which can also be viewed as a cCxoo structure) and with
its trivial A-module structure ’yé described in the previous lemma. We have the isomorphism of
R-modules

Z36((A;74), (C,7¢)) = co-mor((4,74), (C,7c))
where Z%Q((A,’yA), (C,44)) is

ker (aT : Homy s (BQA, U(C) — Homlyoqe (BaA, UC))
described in Theorem [].26
Proof. Let ¢ € Homﬁ,,odér(BLA, C) such that 0 = 9,(¢) = d(¢) + 6. (¢), where &' (y) is the composite

A(pyoida (¢0(1yidecyxi)oida
e _—

cCxI(A) (cCx18(1)cCx')(A) (cCxo00b(1)cCx)(A) —

(ida,p

cCxoo (A, cCxI(A)) oo (dar0), cCxo0(4,C) 155 C.

A 1
The map cCxoo (A, C) = C factors through ¢Cxoo(4,C) — I o C @ } ® C — C. Similarly, the

1
composition product ¢ : ¢Cxo (C) — C factors through cCxo(C) - I o C & } ®C — C. We

therefore have

0=0,(¢) = 0(p) +8l(9) = 3" 14 (0r--.9)

n>0

and ¢ is an algebraic twisting morphism B.A— C, or equivalently an oco-morphism A ~~ C. O

Remark 5.4. In the light of Theorem 4.1 in [BMIS§], when A is the algebra encoding a complex
structure on a formal pointed manifold (in particular, it is concentrated in degree 0), we get that
the 0-th André—Quillen cohomology group computes formal holomorphic functions on it:

HgQ((A77A), ((Ca ’Yé)) =
. 0 ® 1 D ~
ker (8T : HomMod]g{ (BLA,U(C) — HomMod%R“ (BLA,U(C)> =
oo-mor((4,74), (C,c))

since B, 4 is concentrated in non positive cohomological degrees (and therefore Hom&i & (ELA, U C) =
R
{0}).

5.3. A C-cdga structure on the André—Quillen complex in the context of cCx,-algebras.
As in the two previous sections, we fix K = R = R. In the following proposition, we use the
usual associative and commutative structure on C to endow the André—Quillen cochain complex

(HomModir(ELA, C), 87) with a C-cdga structure.
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Proposition 5.5. Let A be a cCx-algebra and B, A its bar construction. We endow C with its
trivial A-module structure ’yé obtained by restriction of A % c (and described above). The dg
module (HomModDg{(BLA,C),BT) is endowed with a structure of C-cdga denoted by m and defined,

for o1, ..., @n in HomModir(BLA,(C), by

Accxioida

:BLA = CCX/(A) — CCX/(BLA) s SLiei(BLA) o~ COmC(BLA)
— Com(n) ®g, (B,A)%" P18 Opn, Com®(n) ®g, C®" ™% C,

where mg is the usual (commutative) multiplication on C (we recall that Com®(n) =& R). The
C-action is given by the action of C on the codomain C.

Proof. The morphism Com(Hompyge (B,A,C)) — HomMod%r(lABLA, C) described above defines a com-

~

mutative and associative structure on HomModg (BLA,(C) because the projection cCx! — sLiel =
Com€ is a morphism of curved cooperads. The compatibility with the C-action is direct to check.

It remains to show that the differential 0, is a derivation with respect to the Com-algebra
structure m. We have

a'm(@h..-,@n) :m<901a"'7§0n) 'dBLA = Zm((pla'-wwh 'dBLAa"' ason)
h
since Accxi is coassociative and de.cxi = 0. Moreover, using the fact that the action 'yé‘ is trivial
and the fact that ¢; = 0, we get that the trees appearing in the computation of St(m(p1s ..., 0m))

have the form

c
Ty
kl,...

Similarly, the trees appearing in the computation of Zj m(¢1,.--,0(on), - - -, Pn) have the form

c c c
]kl,.,. ]k”,.,. Jk‘ll"" Ik

N

Because & is C-linear, applying the maps ¢, and the action v&, the two corresponding trees give
the same result. It remains to compute the coefficients in front of these trees. These coefficients
appear after applying the decomposition map two times. We shortly recall the formula (given in

Theorem here
A’ (121,...,kn) =

-1

1 o
o (6] C C
E */3 7 g X ’ 5 " " ” " e
p! kiok; (jlv'“’l%’j"“o(l)""’kom)’jka<q1+1>7""’“o<ql+@>’ )
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L= k;(q1+~~+qi,1+1) 4+ 4 k(/f(q1+“'+Qi) and the number Bg;’k;/ is equal to

p
ﬁg/ k= 8gny ko O X EZ/ k!’ X I | (5% k!
ER Lreeofin 3% et olar+tai_1+1)’ " o (a1t tay)
i=

where sgn, ;o is the signature of the restriction of ¢ to the indices j such that k; is odd (after
relabeling the remaining o(j) in a way that the order of the o(j) does not change) and where
. 71 k”v k/ . JrJrk,
S = (_1)27,:1 o) (Fo(ivn) (n))

o - ; -
CTTN T Za’eShk; ., seno’, with convention ag . o := 1.
.

First we compute the coefficient in front of the term ¢;. We calculate A° (321,“.,1%) and compute

the terms having the form (‘78,..”0”2,1, _,...). We get the sum

14

Z Z %Sgnkl,.”,kn T X €] ), X H 1x

qi++qp=n oE€Shy, =1

-1

o
c . .C c
(Jo,...,m Tkoysekotar) Thoay 115 ko (ay +az) 7 " )

1 o
_ E E _ x [ 2¢ 2 ¢ .
p' Sgnkl,.,.,kn g (‘707"'707]ka(l)v“'aku(ql)’ >

q1+--+qp=no€Shy,

-1

Then we apply the infinitesimal decomposition on a term jf Cort gt and compute the terms
o(a1+tas 1)

having the form of ¢;. In front of the tree (jf; ¢, ), we obtain the coefficient
o (a1t tas+1)

id
Ek/ k/l
o(qi+---+as+i) ola1+.. +as+i)

1
corresponding to the Koszul sign coming from the fact that the tree + goes down and where only

one k; is equal to 1 and the others are equal to 0. Finally, every tree ¢t; which appears has a
coefficient equal to the sign given by the Koszul sign rule (due to the fact that we permute the
1

generators } ).

We now compute the coefficient in front of the term #5. In the sum A? (]zl,‘.., kn)’ the coeflicient

in front of the tree (5§; 7%, k1

yeuay

k) is E}ﬁ w corresponding to the Koszul sign coming from the
n 37
1

fact that the tree } goes down. (All the other coefficients in the formula are equal to 1.) In the

decompositions k% + k7 = k;, only kj, is equal to 1 and the others k) are equal to 0. Then applying
A to Jirkn—1....k, and considering the terms (7§ o;...) gives the sum

1 o
C C
E E — X ;
o SN kn—1,...kn T (]0,...,07]kﬁ(l),‘..,ko(ql)’ )

q1+-+qp=noc€Shg,

-1

Again, every tree to which appears has a coefficient equal to the sign given by the Koszul sign rule
1

due to the fact that we permute the generators }-
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It follows form the previous explanations that

i (m(e1, .., @n)) stau--. H(@n)s s pn)-

As a consequence, the differential 9, is a derivation with respect to the Com-algebra structure m.
This concludes the proof. O

5.4. Relation with dg algebras with entire functional calculus. We conclude this section
by showing that the functor given by the André—Quillen cochains from cCx.-algebras with oo-
morphisms to EFC-dga in the sense of [Pri20, Definitions 1.4 and 2.10] is fully faithful.

We recall the definition of dg algebra with entire functional calculus.

Definition 5.6. (1) Let EFC the category with objects {C"},,>0 and morphisms consisting of
complex-analytic maps.
(2) A C-algebra Aisa EFC C-algebra if it endowed with a product-preserving set-valued functor
¥ : EFC — Set.
(3) A chain complex (A4, d4) of Q-vector spaces is an EFC-dga if it is a dg commutative algebra
such that Z0A = ker(ds : A° — A!) is an EFC C-algebra.

Theorem 5.7. The functor

Chg: (cCxu-alg.,00-mor) —  EFC-dga,
(A474.da) > (Homyeg (B,4,C),0;)

s well-defined and fully faithful.

Proof. Proposition ensures that C,(A) is endowed with a C-cdga structure. By Proposition
we obtain that Z°C%,(A) = oo-mor(A, C). From [BMIS, Theorem 4.1], we know that complex-
analytic (or equivalently holomorphic) functions on a formal pointed manifold endowed with a
complex structure coincide with oo-morphisms A ~» C, where A is the Cx.-algebra encoding
the (formal) complex structure. Because we can compose co-morphisms, we get that Z°C%,(A) is

endowed with an EFC C-algebra structure. Indeed, B, is a right adjoint functor so B, (C") 2 (B,C)™
and glven a complex—analytlc function f : C™ — C, its Taylor series at 0 is glven by an co-morphism
: B,C" — B,C. Given ¢Cx'- coalgebra morphisms ¢1,...,p, : B.A - B, C, the composition
T0 (P15, 0n) - Agmé is the desired oo-morphism (where Agm; B,A — (B,A)" is the set
diagonal morphism). It is compatible with the composition of complex-analytic functions since the
equivalence given [BMI8, Theorem 4.1] is functorial. The association C'% is functorial since the
bar construction and the Hom-functor are and since the compatibility with the differentials follows
from the fact that morphisms of algebras preserve the algebra structures and the predifferentials.
It follows that Cf, is a well-defined functor.
The functor Cf, is fully faithful because

HomModDg{ (BLA, (C) = HomModir (BLA, R) D HOl’I’l,\Aodﬂér (ELA, R)

and HomModir(—,R) is fully faithful. (We recall that we consider oo-morphisms between cCx -
algebras, that is cCxi-coalgebra morphisms between the bar constructions.) O
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APPENDIX A. MODEL CATEGORY STRUCTURES

In this section, we recall the model category structure on gr-dg modules, on curved operads
and on algebras over a curved operad presented in [BMDC20, Appendix C], and we extend it by
replacing the category of gr-dg K-modules by the category of gr-dg R-modules (where R is a unital
K-algebra).

A.1. Reminder on a model category structures on gr-dg modules. Let K be a field. In
[IBMDC20, Appendix C], the authors endow the category of gr-dg K-modules with a proper cofi-
brantly generated symmetric monoidal model category structure. We recall this structure.

We denote by K(9 the complete K-module given by

K@ = K@ = FqK(EI) 5 Fq_,_lK(q) —0.

(The filtration is induced by a graduation concentrated in degree ¢q.) The notation Kg,f]) means that
we consider it in degree n within a (complete) filtered complex.
We define, for all n € Z and g € N, the complete gr-dg K-modules

5 A
2o = (K0 SR, SR LD LK )
A +15]
=€BkeNK,(lq,k ),
and
5 A
B = (K KU LK) LK D )
R +rk
Z@keNKSJ,kD]).
We also define the complete gr-dg K-module
51,00 .__ 40, 50,00
By =201 ® 207 -

We denote by ¢, : ﬁ,}ﬁo — B(}jff the morphism of complete gr-dg K-modules defined by the
following diagram

Kg{]) K£LQ+1) Kgﬁ_l)

0 I I

) )

— stl) D K%‘Hl) — ngqu) @ K%qfll) - K%qjgl) & Ksij;) -

K,

We fix the sets
I =g s 20 = By bz, gen
J5° = {0 = 207 }nez, en.
We say that a map p: (X, F) — (Y, F') is strict when it satisfies p(F,X) = p(X) N F,Y for all
q- When p is a surjection, this means that p(F,X) = F}Y for all ¢.

Then (Theorems C.15 and Proposition C.21 in [BMDC20]), the category of (complete) gr-dg
K-modules is endowed with a symmetric monoidal model category structure where:
(1) weak equivalences are graded quasi-isomorphisms (that is a quasi-isomorphism after appli-
cation of the graded functor),
(2) fibrations are strict surjections, and
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(3) I§° and J§° are the sets of generating cofibrations and generating acyclic cofibrations re-
spectively.

Let R be a unital K-algebra.
Proposition A.1. By means of the free-forgetful adjunction

R @k — : Mod¥ = Mod% : U

we can transfer the model category structure presented above on the category Modg of gr-dg K-
modules to the category Modg of gr-dg R-modules. Weak equivalences (resp. fibrations) are graded
quasi-isomorphisms (resp. strict surjections) and the model structure is right proper.

Proof. We apply Theorem 3.3 in [Crad5] to the above adjunction. The category Modg admits
limits and colimits which are computed in sets. It is enough to remark that U preserve all colimits
so filtered Np-colimits and that it maps relative R ®x J§°-cell complexes to weak equivalences (K
is a field so R is a free K-module).

Every object is fibrant, so by [Hir03, Corollary 13.1.3] the model category structure is right
proper. O

A.2. Model category structures on curved operads and algebras over them. Applying
Proposition to the ring K[S,,], m € N, we obtain a right proper cofibrantly generated model
category structure on the category M,, of complete gr-dg K|S,,]-modules. Considering this collec-
tion (Mo, Win, Iy Jm)men of cofibrantly generated model category structures, we have that the
product

S-Mod = (H Mo, T Weno ] Im>

meN meN meN

is also a cofibrantly generated model category structure (see for example [Hir03l 11.6]). A morphism
f: M — N in M is a weak equivalence (resp. fibration) if the underlying collection of morphisms
{M(m) = N(m)}men consists of weak equivalences (resp. fibrations). Moreover the set I (resp.
J) of generating cofibrations (resp. acyclic cofibrations) can be described explicitly as follows:

I = {212°(m) — By (m)} and J = {0 — 205°(m)},

where 25;1’0 (m) (resp. B;Z"(m)) is the complete gr-dg S-module obtained by the complete free
gr-dg KIS;,]-module 2(’1“,?0 @ K[Sp] (resp. BL2® @ K[S,,]) put in arity m. We denote by W the

an
subcategory of weak equivalences. Notice that the domains of elements of I or J are small (RX1-small)
in the category S-Mod.

The free curved operad is described in [BMDC20, Section 2] and is described as the left adjoint

of the free-forgetful adjunction

cT : S-Mod ——= Curved operads : U,

where ¢T(M,dy) = (T(M ®91)/ (im(dM2 —[9, =])) , dar, 9) for ¥ is a formal parameter in ho-
mological degree —2 and in filtration degree 1, the map dj; is the derivation induced by dj; and
(im(dM2 — [9, —])) is the ideal generated by the image of the map dy> =19, =] : M — T(M @9I).
By means of Theorem 3.3 of [Cra93], we transfer along this adjunction the cofibrantly generated
model category structure on S-Mod to the category of curved operads.
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Theorem A.2 (Theorem C.30 in [BMDC20]). The category of curved operads is endowed with a
cofibrantly generated model category structure where the generating (resp. acyclic) cofibrations are
cTI (resp. cTJ). Amap f: P — Q is a weak equivalence if and only if, in every arity, it is a
graded quasi-isomorphism of gr-dg S-modules. Moreover (cT, U) is a Quillen pair with respect to
the cofibrantly model structures.

Following Hinich [Hin97], we similarly endow the category P-alg of algebras over an S-split curved
operad (P, d, §) with a model category structure. We apply Theorem 3.3 of [Cra95] to the free-
forgetful functor adjunction given in [BMDC20, Proposition C.35] between the categories of gr-dg
K-modules and P-alg

Fp : Mod¥ P-alg : #,

where
(V. dv) = Fp(V, dv) = (P(V)/ (im (n@ (dv?) = 0 @idv)) , dzrsy) -

Theorem A.3 (Theorem C.39 in [BMDC20]). Let (P, d, 0) be a curved operad which is S-split.
The category P-alg of (P, d, 0)-algebras is a cofibrantly generated model category with generating
cofibrations Fp(I5°) and generating acyclic cofibrations Fp(J§®). The weak equivalences are the
maps that are graded quasi-isomorphisms.

By the same arguments, we prove that the category of A-module over P, for P a curved operad
and A a P-algebra, is endowed with a similar model structure.

Theorem A.4. The category l\/lodZ’0 of A-modules over P, where P is a curved operad and A a
P-algebra, is endowed with a cofibrantly generated model category structure such that

o the weak equivalences are the graded quasi-isomorphisms,
e the fibrations are the strict surjections.

Proof. We transfer the model category structure from the category of gr-dg K-modules to A-
modules over P by means of Theorem 3.3 in [Cra95] using the free-forgetful adjunction given in
Proposition The category Modz is complete and cocomplete by Lemma It follows that
the forgetful functor U preserves all colimits; in particular it preserves filtered Nj-colimits. We

finally have to show that U maps relative A®P(J(‘)’°)—cell complexes to weak equivalences. We

have Gr(Aég)P—) >~ GrA @97 Gr(—) & Ug,p(GrA) @ Gr(—) which is exact since K is a field (so
Ucrp(GrA) is flat). This concludes the proof. O
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