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SPECTRAL DESCRIPTION OF A CELL GROWTH AND
DIVISION EQUATION

PIERRE GABRIEL, BRUCE VAN BRUNT, GRAEME CHARLES WAKE,
AND ALI ASHHER ZAIDI

Abstract. We give a refined description of the dominant spectrum of a non-
local operator that models growth and equal mitosis of cells. More precisely
we look at the spectrum in half planes at the right hand side of the first
accumulation point of eigenvalues and give criteria on the weight of weighted
L1 spaces for this spectrum to be made of explicit simple eigenvalues. The
method relies on a high order long time asymptotic expansion of the solutions
to the associated evolution equation obtained in [Zaidi, van Brunt, Wake, Proc.
A, R. Soc. Lond., 2015] combined with a Weyl theorem taken from [Mischler,
Scher, Ann. Inst. Henri Poincaré, Anal. Non Linéaire, 2016].

1. Introduction

We are interested in the following non-local partial differential equation

(1) ∂tu(t, x) + g ∂xu(t, x) + b u(t, x) = 4b u(t, 2x)

set for x > 0 and complemented with zero flux boundary condition u(t, 0) = 0. This
equation appears as a population model of cell growth and division, see [3, 4, 13]
for historical references but also the books [1, 8, 11]. Within this modelling, x is the
size (volume, mass, molecular content...) of the cells, which grows with a constant
speed g > 0 and divide into two half sized daughter cells with a constant rate b > 0,
and u(t, x) represents the size distribution of the cells in the population at time t.

Integrating Equation (1) in x, we get that

N(t) :=
∫ ∞

0
u(t, x)dx

the total number of cells in the population, verifies the simple differential equation
N ′ = bN . It is thus explicitly given by

(2) N(t) = N0ebt, N0 =
∫ ∞

0
u0(x)dx, u0(x) = u(0, x).

A natural question is then the existence of solutions with steady size distribution,
or more precisely the existence of a function f0 : (0,∞) → [0,∞), f0 ̸≡ 0, such that

(t, x) 7→ ebtf0(x)
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satisfies (1). Such a steady size distribution f0 was discovered in [6]. It is given
explicitly as a series, which already appeared in [7] in a different context and was
also recovered more recently in [12].

The function f0 can also be seen as an eigenfunction of the functional differential
operator L defined by

L f(x) = −gf ′(x) − bf(x) + 4bf(2x)

associated to the eigenvalue b, namely

L f0 = bf0.

Higher eigenfunctions were exhibited in [15, 14] in the form of Dirichlet series,
associated to the eigenvalues

λm = (21−m − 1)b

with m nonnegative integers. Denoting by (fm)m≥0 this family, we thus have

L fm = λmfm.

A challenging further issue is to identify the whole spectrum of L in suitable
Banach spaces. This question is strongly related to the long-time asymptotic be-
haviour of the solutions to (1). In [17] it was proved that the eigenfunctions (fm)
provide the pointwise asymptotic expansion of the solutions to (1) when t → +∞.
More precisely, under continuity assumption on the initial distribution u0, the so-
lution satisfies, for any x > 0 and M ∈ N,

(3) u(t, x) =
M∑

m=0
αmeλmtfm(x) +O

(
eλM+1t

)
as t → +∞

for some real numbers αm that depend only on u0. In the present paper, we aim
at strengthening this result into a (uniform) convergence in norm in some weighted
L1 spaces, and inferring a description of the dominant spectrum of L (with zero
flux boundary condition) in these spaces.

We work in the spaces L1
k = L1((0,∞), ϖk(x)dx), where ϖk(x) = (1 + x)k with

k ∈ R. The dual space of L1
k is

(L1
k)′ = L∞

k :=
{
ϕ ∈ L∞

loc(0,∞), ϕϖ−k ∈ L∞(0,∞)
}
,

endowed with the norm ∥ϕ∥L∞
k

= ∥ϕϖ−k∥L∞ . All the eigenfunctions fm belong to
L1

∞ =
⋂

k≥0 L
1
k and we have the following result.

Theorem 1. Let a ∈ (−b, b). For any k > max(1, ka) where

ka = log(2b) − log(b+ a)
log 2 ,

we have for all u0 ∈ L1
k and all t ≥ 0

(4)
∥∥∥∥u(t, ·) −

ma∑
m=0

⟨ϕm, u0⟩ eλmtfm

∥∥∥∥
L1

k

≤ Ceat

∥∥∥∥u0 −
ma∑

m=0
⟨ϕm, u0⟩fm

∥∥∥∥
L1

k

for some dual eigenfunctions (ϕm) ∈ L∞
k , where ma = ⌈ka − 1⌉ is the integer such

that λma+1 ≤ a < λma
.
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This theorem has implications on the spectrum of L seen as an unbounded
operator in L1

k with domain
Dk(L ) =

{
f ∈ L1

k | f ′ ∈ L1
k and f(0) = 0

}
.

Recall that the spectrum of L in L1
k is defined as

σk(L ) =
{
λ ∈ C | λ− L : Dk(L ) → L1

k is not bijective
}
.

Since fm ∈ L1
∞, we have that (λm)m≥0 ⊂ σk(L ) for any k ∈ R, but the rest of the

spectrum may depend on the value of k. For a ∈ R we define
∆a := {z ∈ C | Re(z) > a}.

The following result is a classical consequence of Theorem 1.

Corollary 2. For any a ∈ (−b, b) and k > max(1, ka) we have
σk(L ) ∩ ∆a = {λ0, · · · , λma}.

Besides, all the eigenvalues λm are algebraically simple, in the sense that
N((λm − L )j) = N(λm − L ) = span(fm)

for all integer j.

Restricting (4) to the first order, Theorem 1 allows quantifying the Malthusian
asymptotic behaviour
(5) u(t, ·) ∼ ⟨ϕ0, u0⟩ ebtf0 as t → +∞.

More precisely, by (5) we mean that
(6) e−btu(t, ·) −−−−→

t→+∞
⟨ϕ0, u0⟩ f0.

Because of (2), we see that if (6) holds, and if f0 is normalized by ∥f0∥L1 = 1,
then necessarily ϕ0 = 1, the constant function equal to 1. A step further consists
in establishing that the convergence (6) occurs exponentially fast, in the sense that
(7)

∥∥e−btu(t, ·) − ⟨ϕ0, u0⟩ f0
∥∥

L1
k

≤ Ce−ωt
∥∥u0 − ⟨ϕ0, u0⟩f0

∥∥
L1

k′

for some constants C,ω > 0 and some exponents k′ ≥ k ≥ 0. Note that the
existence of f1, which is a steady state of the equation since λ1 = 0, implies that
necessarily ω ≤ b. Let us review the existing results in the literature about this
convergence problem:

(i) In [9], the convergence (6) is proved to hold in L1
0 = L1 for any u0 ∈ L1 as a

consequence of the general relative entropy principle. This method does not
provide any information on the speed of convergence.

(ii) A direct consequence of [12, Theorem 1.1] is that (7) holds true with k = 0,
k′ = 1, ω = b and C = max(1, 6b). This result was then slightly improved
in [2, Proposition 5.4] which allows taking C = max(1, 2b), still with k = 0,
k′ = 1 and ω = b.

(iii) In [10, Proposition 6.5], it is proved that for any k > 1+ log 3
log 2 , the estimate (7)

holds true with k′ = k, any ω < (1 − 3 × 21−k)b, and some C = C(ω) > 0.
(iv) A negative result is provided in [5, Theorem 6.1], where it is proved that for

k′ = k > 0 and ω > (2ek log 2)b there does not exist C > 0 such that (7)
holds.
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Theorem 1 with a = 0 improves the point (iii) since it ensures that (7) holds true
with k = k′ > 1 and ω = b.
Corollary 3. For any k > 1 there exists C > 0 such that∥∥e−btu(t, ·) − ⟨ϕ0, u0⟩ f0

∥∥
L1

k

≤ Ce−bt
∥∥u0 − ⟨ϕ0, u0⟩f0

∥∥
L1

k

for any u0 ∈ L1
k and all t ≥ 0.

2. Primal and dual eigenfunctions

We start by recalling the existence result of solutions to the eigenvalue problem
L f = λf taken from [14, 15] before investigating its dual counterpart L ∗ϕ = λϕ,
where L ∗ is the formal adjoint operator of L given by

L ∗ϕ(x) = gϕ′(x) − bϕ(x) + 2bϕ(x/2).
Proposition 4 ([14, 15]). For any nonnegative integer m, the function

fm(x) = e− b
g 21−mx +

∞∑
n=1

(−1)n2n(m+1)e− b
g 2n+1−mx∏n

j=1(2j − 1)

satisfies L fm = λmfm where λm = (21−m − 1)b. Moreover, fm ∈ L1
∞ =

⋂
k≥0 L

1
k

and for any nonnegative integer n we have

(8)
∫ ∞

0
xnfm(x) dx ̸= 0 ⇐⇒ n ≥ m.

In a similar but much simpler way, we can find dual eigenfunctions ϕm associated
to λm in the form of polynomials of degree m.
Lemma 5. Let m be a nonnegative integer. If m = 0, then any constant function
ϕ0 verifies L ∗ϕ0 = λ0ϕ0. If m > 0, then the function

ϕm(x) =
m∑

n=0
αn,mx

n

verifies L ∗ϕm = λmϕm if and only if

αn+1,m = b

g

21−m(1 − 2m−n)
n+ 1 αn,m

for any 0 ≤ n ≤ m− 1.
The proof of this lemma is straightforward computations left to the reader. For

any choice of α0,m ̸= 0, we thus have an eigenfunction ϕm of L ∗ for the eigenvalue
λm. The property (8) readily ensures that such a dual eigenfunction satisfies

⟨ϕm, fm⟩ = αm,m⟨xm, fm⟩ ≠ 0.
It is therefore possible, and we will make this choice from now on, to choose α0,m

such that
⟨ϕm, fm⟩ = 1.

Since for n ̸= m we have
λn⟨ϕn, fm⟩ = ⟨L ∗ϕn, fm⟩ = ⟨ϕn,L fm⟩ = λm⟨ϕn, fm⟩

and λn ̸= λm, we deduce that
(9) ⟨ϕn, fm⟩ = δn,m

where δn,m is the Kronecker delta.
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3. Proof of the main result

It is a known result, see for instance [5], that L generates a positive strongly
continuous semigroup (St)t≥0 in L1

k for any k ≥ 0. This means that, for any
u0 ∈ L1

k, Equation (1) admits a unique solution given by
u(t, ·) = Stu0.

In particular we have Stfm = eλmtfm and S∗
t ϕm = eλmtϕm for all m, where (S∗

t )
is the dual semigroup of (St) in (L1

k)′ = L∞
k . The proof of Theorem 1 relies on a

Weyl theorem which is proved in [10] to hold for the semigroup (St).

Proof of Theorem 1. It is proved in [10, Proposition 4.4] that for any k > 1 and
any a > (21−k − 1)b, there exist a nonnegative integer M , a finite family of distinct
complex numbers ξ0, · · · , ξM ∈ ∆a, some finite rank projectors Π0, · · · ,ΠM and
some nonnegative integers j0, · · · , jM such that

(10)
∥∥∥∥St −

M∑
m=0

eξmt

jm∑
j=0

tj

j! (L − ξm)jΠm

∥∥∥∥ ≤ Ca eat

for some Ca > 0 and all t ≥ 0. The pointwise expansion (3) then imposes M = ma,
{ξ0, · · · , ξM } = {λ0, · · · , λma}, jm = 0 for all m, and the range of Πm is one
dimensional, given by RΠm = span(fm). This implies that Πm = ψm ⊗ fm for
some ψm ∈ (L1

k)′ = L∞
k . In other words we have for any u0 ∈ L1

k and all t ≥ 0

(11)
∥∥∥∥Stu0 −

ma∑
m=0

eλmt⟨ψm, u0⟩fm

∥∥∥∥
L1

k

≤ Ca eat∥u0∥L1
k
.

Testing the term inside the norm of the left hand side against ϕℓ for some ℓ ∈
{0, · · · ,ma}, using (9) and dividing by eλℓt, we get that

|⟨ϕℓ, u0⟩ − ⟨ψℓ, u0⟩| ≤ Ca e(a−λℓ)t∥ϕℓ∥L∞
k

∥u0∥L1
k

−−−−→
t→+∞

0

for any u0 ∈ L1
k, since a < λℓ for ℓ ≤ ma. This implies that ψℓ = ϕℓ and the

proof is complete, (4) being obtained by applying (11) to the initial data u0 −∑ma

m=0⟨ϕm, u0⟩fm, using again (9). □

4. Conclusion and perspectives

We have proved that for any a > b, the part of spectrum of L in L1
k with

real part larger than a reduces to a finite number of explicit algebraically simple
eigenvalues with explicit associated eigenfunctions, provided that k is large enough
(larger than an explicit bound).

The existence of explicit higher eigenfunctions fm has also been obtained in
the literature for more general versions of Equation (1), namely with a monomial
size-dependent division rate
(12) ∂tu(t, x) + g ∂xu(t, x) + bxnu(t, x) = 2n+2bxnu(t, 2x)
in [15], or with non-symmetric division
(13) ∂tu(t, x) + g ∂xu(t, x) + b u(t, x) = αbu(t, αx) + βb u(t, βx)
where 1/α+1/β = 1 in [16]. Extending Theorem 1 to these more general model is an
interesting open problem. It would require deriving the asymptotic expansion (3),
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which is crucial in the proof, to the solutions of (12) and/or (13), or finding another
way to identify ξm, jm and Πm in (10). This is left for future work.
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