
HAL Id: hal-04707753
https://hal.science/hal-04707753v1

Submitted on 24 Sep 2024

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

Distributed under a Creative Commons CC BY 4.0 - Attribution - International License

On the importance of the cracking process description for
dynamic crack initiation simulation

Xi Chen, Aurélien Doitrand, Nathalie Godin, Claudio Fusco

To cite this version:
Xi Chen, Aurélien Doitrand, Nathalie Godin, Claudio Fusco. On the importance of the cracking process
description for dynamic crack initiation simulation. Engineering Fracture Mechanics, 2024, 310, pp.110473.
⟨10.1016/j.engfracmech.2024.110473⟩. ⟨hal-04707753⟩

https://hal.science/hal-04707753v1
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr


On the importance of the cracking process description for dynamic crack
initiation simulation

Xi Chena,∗, Aurélien Doitranda, Nathalie Godina, Claudio Fuscoa

aINSA-Lyon, Universite Claude Bernard Lyon 1, CNRS, MATEIS, UMR5510, 69621, Villeurbanne, France;

Abstract

A dynamic implementation of the coupled criterion under quasi-static loading, based only on the mean velocity

during crack initiation, is proposed. It relies on a simultaneous node release method. It consists of computing

the dynamic incremental energy release rate by simultaneously opening a crack of a finite length during a

given time increment rather than progressively opening smaller crack increments following a velocity profile

as in the progressive node release method. Both methods result in significantly different kinetic energy vari-

ations as a function of the crack length, and thus different incremental energy release rates for large enough

crack velocities, for which the kinetic energy magnitude is similar to the elastic strain energy magnitude. Both

simultaneous node release method and progressive node release method can however be equivalently used

for small enough crack velocities since similar incremental energy release rates are obtained with both meth-

ods. Inverse identification of fracture properties based on dynamic crack initiation at a hole in Brazilian disk

specimens yields critical energy release rates in the same order of magnitude as the one obtained based on

dynamic crack propagation modeling.

Keywords: Dynamic coupled criterion, simultaneous node release method, progressive node release

method, crack initiation, stop length

1. Introduction

Crack initiation in brittle solids under quasi-static loadings usually occurs abruptly with the sudden formation

of a crack over a finite length in a short time increment [1–4]. The energy release rate (ERR) is monotonically

increasing as a function of the crack length, which leads to unstable crack growth [5]. Stable crack growth

after initiation may be encountered in case of non-monotonic ERR variations [6–8] for which the loading must5

be increased for further crack propagation. In such configurations, the crack stop length just after initiation can

be measured [1, 9]. Whether stable or unstable crack growth occurs, the phenomenon of brittle crack initiation

occurs ”suddenly”, i.e. during a time scale that cannot be captured by the human eye. The crack velocity,

usually captured by high-speed camera or other special equipment, is generally in the order of magnitude of

the Rayleigh velocity cR [10–13].10
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Symbol Definition

cR Rayleigh velocity

Gc Critical energy release rate

σc Tensile strength

L, W , ϕ Holed Brazilian Disk length, width and hole diameter

θ Angle of the Brazilian Disk flattened part

R1, R2 Inner hole and outer circle radius

U Imposed loading or displacement

Uc Initiation loading level

U̇ Prescribed displacement rate

U j
i Node displacement perpendicular to the direction of crack propaga-

tion

ℓ Crack length

ℓc Initiation crack length

∆ℓ Incremental crack length

ℓstop Crack stop length

ℓmat material characteristic length

ℓexp
stop,min, ℓ

exp
stop,max Minimum andMaximum crack stop lengths measured experimentally

ℓm Mesh size

Wext External force work

Wel Elastic strain energy

Wk Kinetic energy

∆Wext Variation in the external force work

∆Wel Variation in the elastic strain energy

∆Wk Variation in the kinetic energy

Gcℓ Crack surface creation energy

vcrack Crack velocity

Gdyn Dynamic energy release rate

Gdyn
inc Dynamic Incremental energy release rate

A(ℓ), k(ℓ) Functions depending on the problem geometry

∆tc Time interval during crack initiation

∆t Step time

FR Reaction force

ALac Anhydrous lactose

E, ν, ρ Young’s modulus, Poison’s ratio, density

Table 1: Nomenclature of symbols used in the manuscript.
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The crack velocity during crack propagation has a marked influence on the description of the crack length

and direction. Sufficiently large crack velocity may lead to instabilities in the crack propagation such as oscil-

lations [14], micro- or macro-branching [15–17]. Fast crack propagation results in inertial effects described by

a non-negligible kinetic energy magnitude that can be in the same order of magnitude as elastic strain energy

[18]. The ERR thus decreases with increasing crack speed because a larger fraction of the available energy15

is converted into kinetic energy [19–22]. If the kinetic energy is disregarded in the identification of the critical

ERR, it yields a larger apparent critical energy release rate Gc [23–26]. Since crack initiation may occur in a

short time increment, the crack velocity cannot be neglected, similar to fast crack propagation.

Linear elastic fracture mechanics (LEFM) [19, 27, 28] can assess the stable or unstable crack propagation.

However, it is limited to configurations including a pre-existing crack, thus excluding crack nucleation. Crack20

initiation can be assessed in the framework of finite fracture mechanics (FFM) by considering finite rather than

infinitesimal crack increments [29–31]. In this framework, including the theory of critical distances [32, 33],

Leguillon [34] proposed the coupled criterion (CC) which requires a simultaneous fulfillment of two separate

conditions, based on the stress and the incremental energy release rate (IERR) respectively. At first, the

stress along the finite crack length must be larger than the tensile strength σc. In complement, the IERR must25

be larger than the critical energy release rate Gc. The stress field and the IERR over the crack path can be

obtained either through analytical functions [35, 36], matched asymptotic expansions [34, 37–40], or finite

element (FE) simulations [41–44]. Up to now, most of the works focus on the quasi-static implementation

of the CC and proved to be an efficient and robust approach to study crack initiation in different materials

and different geometries [43, 45–48]. Only a few works are related to dynamic implementations of the CC.30

Laschuetza and Seelig [49] proposed to estimate the crack velocity during initiation based on a quasi-static

CC approach, by ensuring that the dynamic ERR is equal to the critical ERR. Le Pavic et al. [50]. proposed

a dependency of the material tensile and shear strengths to the loading rate to account for dynamic loadings.

Another empirical approach able to account for failure load dependency on the loading rate was proposed by

Chao et al. [51], by introducing a characteristic time over which the loading is averaged and solving the CC35

for the obtained average loading. An alternative dynamic implementation of the CC was finally proposed by

calculating the kinetic energy in the overall energy balance [52, 53].

The latter dynamic CC approach was implemented [53] to study crack initiation in PMMA specimens with

circular holes and confronted with experiments provided by Leite et al. [54]. The dynamic CC approach

overcame the underestimation of the fracture stress predicted by the quasi-static CC approach in [54]. A40

major outcome of this analysis was that not only the mean initiation crack velocity but also the velocity profile

during crack initiation, which had a major influence on the critical loading corresponding to crack initiation

[53]. Numerical simulations thus indicate that an accurate description of the cracking process is a key point in

understanding fracture. This motivation is also brought about by experimental observations of crack initiation

and propagation, as a variety of fracture patterns may be encountered. It includes, e.g., stable continuous45

crack propagation at slow velocity [55, 56], rapid propagation near the Rayleigh wave speed [57, 58], abrupt

crack nucleation [1], or alternate quasi-static and dynamic regimes (stick-slip) [59]. This raises the question

of whether cracks propagate gradually or open simultaneously over a larger distance.
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In this paper, we propose a dynamic CC implementation for crack initiation that relies on a simultaneous

opening of the crack over a given distance and compare it to the gradual formation usually employed. In50

Section 2, we recall the implementation of the dynamic CC and its present extension. In Section 3, we compare

two dynamic CC implementations in the case of crack initiation in a holed Brazilian disk specimen [13]. In

section 4, we provide inverse identification of the tensile strength and the critical ERR based on a confrontation

between the numerical simulation and experimental results.

2. Methodology55

2.1. Coupled Criterion

Fig.1(a) and Fig.1(b) depict a schematic description of the geometry and loading under consideration in

both uncracked and cracked specimens. L andW are the holed Brazilian Disk’s length and width, respectively.

The hole diameter is ϕ = 2R. The angle θ indicates the length over which the specimen is flattened to facilitate

the positioning of the sample in the testing machine [60, 61].60

ϕ = 2R

θ
L

W

U

U
O x
y

(a)

U

U

ℓc

O x
y

(b)

Fig. 1. Geometry and loading of the specimen (a) before crack initiation, (b) after symmetrical crack initiation.

According to the CC [34], crack initiation can only occur provided the stress and energy requirements are

simultaneously fulfilled. The first CC requirement is that the stress is larger than the tensile strength σc across

the crack path before crack initiation. This can be expressed as follows:

σ(y, U) ⩾ σc ∀ 0 ⩽ y ⩽ ℓc, (1)

where y is the coordinate along the crack path before initiation. U , the imposed loading or displacement,

and ℓc, the crack initiation length, are the two problem unknowns. The second requirement is based on the65

principle of energy conservation between the states before and after crack initiation. In the following, the 2D

CC formulation is provided for a unitary thickness. It is obtained by a balance of the variation in the external

force work (Wext), elastic strain energy (Wel), kinetic energy (Wk), and crack surface creation energy (Gcℓ,
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where Gc is the material fracture toughness):

∆Wext(ℓ, U)−∆Wel(ℓ, U)−∆Wk(ℓ, U) = Gcℓ (2)

Hence, finding the minimum imposed loading and crack length that meet both Equations (1) and (2) becomes70

the next step for solving the CC.

In the quasi-static CC approach, the incremental energy release rate (IERR) denoted Gqs
inc is calculated,

neglecting the kinetic energy Wk. The dynamic CC approach is applied under quasi-static loading conditions

by describing the crack length variation as a function of time instead of the assumption of an instantaneous

process in the quasi-static approach. This method involves the definition of a certain velocity profile vcrack(t) =75

dℓ(t)/dt to represent the crack length jumps from 0 to the initiation length ℓc in a given time. Thus, the dynamic

IERR Gdyn
inc can be written so as to consider the kinetic energy variation due to crack initiation.

Gdyn
inc (ℓ(t), U) =

∆Wext(ℓ(t), U)−∆Wel(ℓ(t), U)−∆Wk(ℓ(t), U)

ℓ(t)
. (3)

Note that, for the case of prescribed displacements, ∆Wext = 0 and therefore, the energy balance in eq. (2)

turns into the following equality:

Gdyn
inc (ℓ(t), U) =

−∆Wel(ℓ(t), U)−∆Wk(ℓ(t), U)

ℓ(t)
= Gc, (4)

Using a linear elastic material model and small deformation assumption, for a given velocity profile, the80

stress is proportional to the prescribed displacement and the IERR is proportional to the square of prescribed

displacement [53]: Gdyn
inc (ℓ, U) = A(ℓ)U2 = Gc,

σ(ℓ, U) = k(ℓ)U ⩾ σc,
(5)

where A(ℓ) and k(ℓ) are functions depending on the problem geometry.

Based on eq. (5), the minimum loading level Uc at crack initiation and the crack initiation length ℓc can be

determined as:85 
Uc = min

ℓ

{
max

(√
Gc

A(ℓ) ,
σc
k(ℓ)

)}
,

ℓc = argmin
ℓ

{
max

(√
Gc

A(ℓ) ,
σc
k(ℓ)

)}
,

(6)

FunctionsA(ℓ) and k(ℓ) can be obtained for any imposed displacement, exploiting the proportionality between

the stress (resp. energy) and the prescribed displacement (resp. square prescribed displacement). For

a given velocity profile and material density, the crack initiation length and the initiation displacement are

obtained using eq. (6) for any (σc,Gc) couples. More details about the FE implementation of the CC dynamic

approach are given in [52, 53].90

2.2. Crack propagation

Once the crack initiation length ℓc and the critical loading Uc are determined by the dynamic CC approach,

the crack growth can be studied based on the ERR, which can be computed from Gdyn
inc [62]:

Gdyn(U, ℓ(t)) = −dWel(U, ℓ(t))

dℓ − dWk(U, ℓ(t))

dℓ =
dGdyn

inc (U, ℓ(t))

dℓ ℓ+ Gdyn
inc (U, ℓ(t)), (7)
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After crack initiation, the crack propagates in a stable or unstable manner until Gdyn < Gc. For stable crack

propagation, an increasing loading is necessary to make the crack grow, whereas, unstable propagation95

corresponds to a crack growth without any increase in the loading up to a certain stop length for which Gdyn ⩽
Gc. In the particular case where the initiation length corresponds to the length maximizing Gdyn

inc , the stop length

is equal to the initiation length [62].

Crack initiation occurs at an imposed displacement Uc, over a length ℓc and during a time ∆tc. As a

consequence, there is a slight increase in the imposed displacement during the time interval ∆tc so that after100

initiation, the imposed displacement is actually Uc +∆tc × U̇ , where U̇ is the prescribed displacement rate.

To account for the displacement increase during initiation, the stop length is calculated based on the con-

dition: Gdyn(ℓ(t), Uc + U̇∆tc) = Gc.

2.3. Node Release Method

Implementing the energy criterion requires the calculation of the IERR as a function of the crack length for105

a given crack velocity profile, which was previously done using a progressive node release method (PNRM)

[52, 53], recalled in Section 2.3.1. Another approach to obtain the IERR based only on the mean crack velocity

during initiation, the simultaneous node release method (SNRM), is presented in Section 2.3.2. First, it can

be noted that for both PNRM and SNRM, Dirichlet boundary conditions are first prescribed for all the nodes

lying over the crack path to represent the configuration without crack and calculate the stress condition of the110

CC. The stress condition is thus the same whatever the node release method.

2.3.1. Progressive Node Release Method

For the progressive node release method, the IERR is calculated by progressively releasing the Dirichlet

boundary condition of each of these nodes, following a prescribed velocity profile, as shown in Fig.2(a). The

horizontal axis and the vertical axis represent the time duration and the crack length respectively. The figure’s115

top partition shows the node release process from the initial state without crack. Initially, the two crack lips

are free surfaces. The first crack lip is thus represented by a set of nodes and for each node of this set, there

exists a node of the second crack lip node set that geometrically lies in the exact same position but belongs

to another element. Before the node release, we impose that the displacement of each pair of corresponding

nodes from the two crack lips must be the same, which induces a reaction force FR that maintains both nodes120

at the same position. Starting from this initial state, the stress condition is obtained for all nodes over the

crack length. Then, the node release is obtained by canceling the equality condition of both node degrees of

freedom. Actually, we adopt a linear reaction force decrease during the release of one node pair to ensure

energy dissipation due to crack propagation. At the end of the node release step, the displacement jump ΔU

represents the distance between the two nodes free of any interaction. One node is released in one step to125

simulate an incremental crack length ∆ℓ between two consecutive crack lengths (∆ℓ = ℓi+1 − ℓi). U j
i is the

node displacement perpendicular to the direction of crack propagation. i and j correspond to the node number

(0, 1, 2...) and the crack length number (ℓ1, ℓ2, and ℓ3...). After releasing all nodes along the crack path, the

elastic strain energy and the kinetic energy as a function of the crack length are obtained so that the IERR
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Fig. 2. Variation of the crack length as a function of time and corresponding crack configuration for (a) progressive node release method;

(b) simultaneous node release method. One red dashed rectangular corresponds to one FE calculation.
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can be computed by eq. 4. The step time of each step ∆t can be determined by the crack velocity and the130

incremental crack length as ∆t = ∆ℓ/vcrack, assuming a constant crack velocity during crack initiation. For

each node release step, 10 iterations are used.

2.3.2. Simultaneous Node Release Method

The simultaneous node release method (SNRM) consists in calculating the IERR for a given crack length

ℓ by simultaneously releasing the Dirichlet boundary conditions of all the nodes lying over the given crack135

length in a step time∆t so that the crack velocity is vcrack = ℓ/∆t. It thus gets rid of the requirement of a crack

velocity profile, but only requires a mean velocity during initiation as input. Contrary to the PNRM which can

be implemented in a single FE calculation, one FE calculation is required for each crack length, as shown in

Fig.2(b). The IERR can be computed as a function of the crack length using eq. 4, based on the elastic strain

energy Wel and the kinetic energy Wk obtained for each crack length. For each step, 10 iterations are used.140

3. Numerical Implementation

3.1. Configuration under Investigation

The failure of the holed Brazilian Disk specimen under compression is studied in order to compare the

PNRM and the SNRM. Because of the geometry and loading symmetry, only a quarter of the Brazilian Disk

is modeled, as indicated in Fig.3. The length and the width of the quarter-holed Brazilian Disk are 8 mm and145

7.7 mm, respectively. The specimen thickness is 3.5 mm. The hole radius R1 is 0.25 mm and the radius of

the outer circle R2 is 8 mm. The length of the upper flattened edge is 0.78 mm (the angle of the flattened part

is 30°). All nodes of the upper edge are subjected to a displacement U along the y direction, while the left

and bottom edges are subjected to symmetry conditions. The symmetry condition on the crack path (over a

distance) is then released based on the chosen node release method in order to calculate the ERR and IERR.150

To capture accurately the variation of the energy, a mesh consisting of 4-node linear plain strain 2D elements

is used. The mesh is refined along the hole edge with uniform mesh size ℓm =0.02 mm. A finer mesh size

results in differences smaller than 2% on the IERR and stress functions. The material under investigation is

anhydrous lactose (ALac) and the material properties determined in [13] are given in Table 2.
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Fig. 3. Finite element model geometry of the Brazilian disk specimen.

E (MPa) ν ρ (kg/m3) σc (MPa) Gc(J/m2)

8400 0.24 1347 2.3 - 2.6 1.9

Table 2: Young’s modulus (E), Poisson’s ratio (ν), density (ρ) , tensile strength and critical ERR of ALac [13, 63]

3.2. Experimental Input Data155

Croquelois et al. [13] studied dynamic crack propagation in ALac by performing compression experiments

on holed Brazilian Disk specimens. Six Brazilian Disks with a circular hole (diameter ϕ = 0.5 mm) underwent

compression tests to examine the crack initiation and propagation from the hole. The measured crack initi-

ation force was 278 + 2 N. A high-speed camera recorded the crack tip locations during the dynamic crack

propagation. The crack tip position exhibited a linear variation as a function of time with an average crack160

velocity ranging from 0.45cR to 0.7cR, where cR ≃ 1452 m/s is the Rayleigh velocity. After dynamic prop-

agation, the measured crack extension ranged from 3.8 + 0.25 mm and 5.9 + 0.25 mm to lie between 3.6

mm to 6.2 mm. Then, a linear relationship between the crack length and the time duration was observed,

the propagation time ranging from 4.3µs to 8.6µs. Based on finite element modeling of the dynamic crack

propagation at 0.45cR crack velocity, the material critical ERR was determined as 1.9 J/m2 (note that a value165

of 6 J/m2 was obtained if the inertial effect due to dynamic propagation was neglected).

4. Comparison between PNRM and SNRM

We evaluate the ability of the PNRM and SNRM to model crack initiation from a circular hole in a holed

Brazilian Disk specimen under compression loading. Dirichlet boundary conditions are prescribed at the spec-

imen’s flat edge so as to obtain the initiation force measured experimentally [13].170
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4.1. Energy and IERR variations

The variation of elastic strain energy (−∆Wel) and kinetic energy (∆Wk) as a function of the crack length

using PNRM and SNRM are shown in Fig.4(a) and Fig.4(b) for vcrack = 0.1cR, and in Fig.4(c) and Fig.4(d)

for vcrack = 0.7cR. For the smaller crack velocity, the elastic strain energy variation is similar whatever the

crack length for both node release methods (Fig.4(a)) whereas for the larger crack velocity, the node release175

method induces difference for sufficiently large crack lengths (Fig.4(c)). Different kinetic energy variations

are obtained for sufficiently large crack lengths using either PNRM or SNRM whatever the crack velocity

(Fig.4(b) and Fig.4(d)). However, for a given crack length, for vcrack = 0.1cR, the magnitude of ∆Wk is 10

times smaller than the magnitude of −∆Wel. Thus, the variation of kinetic energy has no influence on the

IERR. For vcrack = 0.7cR, −∆Wel and ∆Wk are in the same order of magnitude for a given crack length so180

that the difference of kinetic energy induced by the node release method has a larger influence on the IERR,

especially for large enough cracks.

0 1 2 3 4 5 6 7
ℓ (mm)

0.0

0.5

1.0

1.5

2.0

2.5

3.0

−Δ
W

el
 (J

)

1e−2
vcrack=0.1cR
PNRM
SNRM

(a)

0 1 2 3 4 5 6 7
ℓ (mm)

0.0

0.2

0.4

0.6

0.8

1.0

1.2
ΔW

k (
J)

1eΔ3
vcrack=0.1cR
PNRM
SNRM

(b)

0 1 2 3 4 5 6 7
ℓ (mm)

0.0

0.5

1.0

1.5

2.0

2.5

−Δ
W

el
 (J

)

1e−2
vcrack=0.7cR
PNRM
SNRM

(c)

0 1 2 3 4 5 6 7
ℓ (mm)

0.0

0.5

1.0

1.5

2.0

ΔW
k (

J)

1eΔ2
vcrack=0.7cR
PNRM
SNRM

(d)

Fig. 4. Variation of (a and c) elastic strain energy (−∆Wel) and (b and d) kinetic energy (∆Wk) as a function of the crack length ℓ using

PNRM and SNRM. (a and b) vcrack = 0.1cR; (c and d) vcrack = 0.7cR.

Fig.5 shows the dynamic IERR as a function of the crack length for different crack velocities (from 0.1cR, to

0.7cR). Whatever the node release method, the larger the crack velocity, the smaller the dynamic IERR. For all

crack velocities, the dynamic IERR shows an overall increasing trend up to a maximum value, corresponding185

to a crack length of about 5 to 6 mm. A secondary local maximum with a smaller magnitude is also attained
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for a crack length smaller than 1 mm. A similar variation of the dynamic ERR is obtained for SNRM in Fig.5(b).

except for sufficiently large crack velocity, for which the dynamic IERR also increases for large crack lengths

(Fig.5(b)).
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Fig. 5. Dynamic IERR as a function of crack length ℓ for different crack velocities using (a) PNRM, and (b) SNRM.

Fig.6 shows the IERR and the ERR as a function of the crack length using different node release meth-190

ods for a small crack velocity (vcrack = 0.1cR), as shown in Fig.6(a) and Fig.6(b), and a large crack velocity

(vcrack = 0.7cR), as shown in Fig.6(c) and Fig.6(d). It is found that for 0.1cR crack velocity, the results for

IERR and ERR using either PRNM or SNRM are similar. However, for the larger crack velocity, the ERR

and the IERR using the SNRM are larger than that using the PNRM. This is mainly due to the kinetic energy

contribution, that is significantly smaller for the SNRM than for the PNRM whereas the elastic strain energy195

contribution is closer for both methods. The kinetic energy thus strongly depends on the cracking process.
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Fig. 6. IERR and ERR as a function of the crack length using the PNRM and the SNRM for different crack velocities: (a) and (b) for

vcrack = 0.1cR and (c) and (d) for vcrack = 0.7cR.

4.2. Dynamic Coupled Criterion Solution

When solving the CC, several configurations may be encountered depending on the (σc, Gc) values. Three

main cases can be distinguished, which are represented in Fig.7, the red dot indicating the initiation crack

length ℓc. In Fig.7(a) and Fig.7(c), the right figure is a zoom of the region around the initiation crack length ℓc.200

Case 1: For large σc and small Gc, a small crack initiation length is obtained (ℓc < 1 mm), and the initiation

loading depends on both stress and energy criteria, as shown in Fig.7(a). Case 2: For small σc and large Gc,

a larger crack initiation length from 1.6 mm to 4 mm is obtained, as shown in Fig.7(b) and the initiation loading

is also dependent on both stress and energy criteria. Case 3: The third case arises for intermediate σc and

Gc values, for which crack initiation is controlled by the energy criterion, as shown in Fig.7(c). The initiation205

length corresponds to the length maximizing Ginc and the stress criterion is fulfilled for a larger crack length

(ℓ ≥ ℓc). This case arises in the presence of the local IERR maximum equal to Gc for small crack lengths.

12



(a)

0 1 2 3 4 5 6 7
ℓ (mm)

0.0

0.5

1.0

1.5

2.0

σ/
σ c

,
dy

n /
c,


dy
n

in
c

/
c (σc = 1.8 MPa, � = 2.9 J/m2)

σ/σc 
dyn
inc /c dyn/c

(b)

(c)

Fig. 7. Stress, IERR, and ERR as a function of the crack length for different (σc and Gc): (a) σc = 9.0 MPa, Gc = 1.6 J/m2; (b) σc = 1.8

MPa, Gc = 2.9 J/m2; (c) σc = 2.6 MPa, Gc = 2.2 J/m2.
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4.3. Fracture parameter identification based on initiation force

The solution of the CC dynamic approach enables us to determine for a given (σc, Gc) couple, the crack

initiation length as well as the initiation displacement or remote force (Equation 6). Since the initiation force210

has beenmeasured experimentally, it is thus possible to determine, for a given crack velocity and node release

method, all (σc, Gc) couples for which the experimental initiation force is retrieved. Fig.8 shows admissible (σc,

Gc) couples, identified using the dynamic CC approach to retrieve the experimental initiation force, for different

crack velocities (vcrack = 0.45cR or vcrack = 0.7cR) and different node release methods. Fig.8(a) shows the

results for vcrack = 0.45cR using the PNRM. It is observed the critical ERR decreases with increasing tensile215

strength. Overall, the three cases described in Section 4.2 are retrieved. Case 1: For σc > 3.5 MPa, the case

presented in Fig.7(a) is encountered, which corresponds to initiation lengths so that the IERR is smaller than

the local maximum value, indicated by the black upward pointing triangles. Case 2: For σc < 2.8 MPa, the

case, indicated by the orange downward pointing triangles, corresponding to the configuration is presented in

Fig.7(b). We retrieve a decreasing critical ERR with increasing tensile strength since both energy and stress220

conditions drive the initiation loading. Case 3: For configurations corresponding to Fig.7(c), a constant critical

ERR is obtained since the initiation loading solely depends on the energy criterion, indicated by the blue circles.

Depending on the crack velocity and the chosen node release method, either two or three configurations are

encountered, the latter situation occurring provided the presence of the local maximum for sufficiently small

crack lengths. The difference in the critical ERR obtained using both methods is not larger than 0.3 J/m2 for225

crack velocity vcrack = 0.45cR. For a large crack velocity vcrack = 0.7cR, the critical ERR obtained using the

SNRM is significantly larger than that using the PNRM for a fixed value of σc. Differences up to 1.2 J/m2 are

obtained depending on the chosen node release method.

Based solely on the initiation force The dynamic approach of the CC enables the determination of all

admissible (σc,Gc) couples for a given crack velocity and node release method. These couples are relatively230

similar for both node release methods for sufficiently low crack velocities and significantly differ for large crack

velocities.
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Fig. 8. Admissible (σc,Gc) couples for which the experimentally measured initiation force is retrieved using the dynamic CC approach.

(a and b): vcrack = 0.45cR; (c and d): vcrack = 0.7cR. (a and c): using the PNRM and (b and d): using the SNRM.

4.4. Fracture parameter identification based on crack stop length

In addition to the initiation force, the experiments provide the measurement of the crack stop length after

unstable propagation following crack initiation. It is also possible to estimate the crack stop length based on235

the provided modeling, so as to narrow the estimated range of admissible (σc, Gc) couples. The stop length

ℓstop is predicted by linear elastic fracture mechanics so that Gdyn(ℓstop) = Gc and dGdyn

dℓ (ℓstop) < 0. We recall

that the stop lengths measured experimentally lie between 3.6 mm and 6.2 mm (See Section 3.2).

Fig.9(a) shows the crack initiation length, indicated by the circle, and the stop length, indicated by the

triangle as a function of the material characteristic length ℓmat for vcrack = 0.45cR. The material characteristic240

length is a dimensionless parameter expressed as ℓmat =
EGc

(1−ν2)σ2
c
. The crack initiation length increases with

increasing material characteristic lengths, except for the constant length value that is solely determined by the

energy requirement. ℓexp
stop,min and ℓexp

stop,max are the experimental results measured in [13]. For vcrack = 0.45cR,

compared with the experimental results, all data points in Case 1 and some data points in Case 3 are in

the experimental range, and the corresponding (σc,Gc) couples allow retrieving the experimentally measured245

crack stop lengths. All (σc,Gc) couples in Case 3 can not be admissible because they do not match the actual

observations of the stop length made in the experiment. The same operation is undergone for the other two

crack velocities (vcrack = 0.6cR and vcrack = 0.7cR), as shown in Fig.9(b) and Fig.9(c). It is found that for these

two crack velocities, all stop lengths are in the experimental range so that all predicted (σc,Gc) are accepted

according to the comparison of the stop length.250
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Fig. 9. Stop length for (a) vcrack = 0.45cR, (b) vcrack = 0.6cR, and (c) vcrack = 0.7cR, using the PNRM. Different colors indicate different

cases as presented in Fig.7. The upward pointing triangles indicate the initiation length and the circle indicates the stop length. Two blue

dotted lines indicate the experimentally measured stop length range in [13].

Fig.10(a) summarizes the (σc,Gc) couples which allow retrieving both the initiation force and the stop length

corresponding to the experimental results for vcrack = 0.45cR, 0.6cR, 0.7cR using the PNRM. In this figure, two

dotted lines show the fracture strength range of the used material in [63], from 2.3 to 2.6 MPa. Among this

range, it is possible to estimate Gc, as shown in Fig.10(b). It shows that the estimated Gc for three crack

velocities (0.45cR, 0.6cR, and 0.7cR) and also shows the estimated value (1.9 J/m2) obtained by modeling of255

dynamic crack propagation [63], for vcrack = 0.45cR. It is found that the larger the crack velocity, the smaller

the estimated Gc. The estimated critical ERR for 0.45cR, ranges from 2.2 J/m2 to 2.4 J/m2, which is in the

same order of magnitude as the critical ERR estimated by Croquelois [63] based on the study of the unstable

crack propagation phase only.
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Fig. 10. (a) (σc,Gc) couples which allow retrieving both the initiation force and the stop length corresponding to the experimental results

using the PNRM: two dotted lines show the fracture strength range of the used material in [63]; (b) The estimated Gc, and the red circle

indicates the estimated critical ERR in [13] by only simulation of the dynamic crack propagation. Three crack velocities (0.45cR, 0.6cR,

and 0.7cR) are used.

5. Conclusion260

Modeling dynamic crack initiation based on a simultaneous node release method only requires a mean

crack velocity during initiation, contrary to a progressive node release method for which a velocity profile must

be provided.

The SNRM induces a main difference in the kinetic energy variation as a function of the crack length

compared to the PNRM. It results in similar IERR using both methods for low crack velocities, for which265

the kinetic energy variation magnitude remains smaller than the elastic strain energy variation magnitude.

Significant differences in the IERR are obtained for larger crack velocities, the IERR being larger using the

SNRM than using the PNRM.

The application of the dynamic CC approach to retrieve the initiation force measured experimentally in

holed Brazilian disk specimens enables us to determine a range of admissible (σc,Gc) couples, which is further270

narrowed by comparing the crack stop length after unstable propagation following initiation. The critical ERR

values identified based on dynamic crack initiation modeling ranges in the same order of magnitude as those

previously determined based on unstable crack propagation modeling [13].

Here, a constant velocity profile during the crack initiation is assumed when using the PNRM. Future work

will cover studying various velocity profiles using the SNRM to evaluate whether its influence on crack initiation275

description is as marked as in the PNRM [52, 53].
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