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LINEAR ISOMETRIES ON THE ANNULUS: DESCRIPTION AND
SPECTRAL PROPERTIES

I. CHALENDAR, L. OGER, AND J. R. PARTINGTON

ABSTRACT. We give a complete characterisation of the linear isometries of Hol(2), where
Q is the half-plane, the complex plane or an annulus centered at 0 and symmetric to the
unit circle. Moreover, we introduce new techniques to describe the holomorphic maps on the
annulus that preserve the unit circle, and we finish by proving results about the spectra of
the linear isometries on the annulus.

1. INTRODUCTION

In order to study a metric linear space, and in particular its geometry, one of the main
tools is an analysis of the linear isometries of this space. For spaces of holomorphic functions,
there is a strong connection between isometries and weighted composition operators.

This link can be traced back to Banach himself [3] in the space C(K) of continuous real-
valued functions on a compact metric space K. For most well-known spaces, such as the
Hardy, Bergman, Bloch spaces or the disc algebra, the linear isometries have been completely
described [6, 8, 9, 11, 13, 16, 19, 20|.

This paper can be considered as a sequel to [7], where the authors characterised completely
the linear isometries V' on the space Hol(ID) of holomorphic functions on the unit disc, relative
to one of the two classical distances. We showed there that V is of the form

V(N)(z) =af(Bz) = Tap(f)(z), a,BeT,
where T is the unit circle of C. Those V' are determined by being isometric for any two
seminorms of Hol(D), defined by | f||,,. := sup |f(z)|, with r € [0,1) and K, = rD.

zeK,
It is natural to consider the same problem when replacing the unit disc I with other
domains, such as the half-plane H or the whole plane C. Those two cases are easily obtained
from the results of [7].

* For the half-plane H, let us define the Cayley transform 7 : 1D — H by
1+z

T(2) = T
The map 7 is biholomorphic. For all r € [0,1), let us denote L, = 7(K,). We aim to
find a linear isometry V' of Hol(H) for the seminorms associated with the sets L,. To
do so, note that for all F' € Hol(H), the map f = F o7 is in Hol(DD). Hence, for every
linear isometry V' of Hol(H),

sup [£(2)] = sup |[F(2)| = sup [(VF)(2)| = sup |(C; 0V o Gy} ()(w)].

weK, z€L, 2ELy weK,
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2 I. CHALENDAR, L. OGER, AND J. R. PARTINGTON

Therefore, C o V o C,-1 is a linear isometry of Hol(ID), so we obtain that V is of the
form C.-1 0T, g o C; for some a, 3 € T.

* For the plane C, assume that |Tf|, , = | fll., for all f € Hol(C) and p > 0. Then, it
is in particular true for all f polynomial. By density, for all f € Hol(D) and 0 < p < 1,
1T flloo,, = I flloo,- Thus, T is an isometry of Hol(D), and T" = T,, 4 for some a, 8 € T.

We now consider a doubly-connected domain, that is an annulus. We fix R > 1 and define
A={2€C:1/R < |z] < R}. Our main goal is to obtain a similar characterisation as in
|71

In Sections 2 and 3, we give preliminary results about distances, seminorms, composition
operators and powers of z. These will be present in the proof of the Main Theorem (Section
4), which says that if we consider annuli symmetric to the unit circle, then the only linear
isometries of Hol(A) are rotations or inversions.

In [7], we also used a description of the Blaschke products to obtain a characterisation of
linear isometries for one seminorm associated to one of the K,. In Section 5, we describe
the annulus version of Blaschke products, that is, unimodular functions on the unit circle.
Results of Fatou [12] and Bourgain [5] will be in the spotlight in this section.

Finally, Section 6 is devoted to the spectral study of the linear isometries of Hol(A). In
particular, depending on the angle of the rotation, we give examples of rotations such that
the spectrum is different from the point spectrum or the unit circle.

2. FIRST RESULTS

This section is devoted to proving the main ingredients in the proof of the main result,
that is, the description of linear isometries on the Fréchet space of analytic functions on an
annulus.

The content of this section may be of independent interest.

2.1. Algebraic characterisation of composition operators.
From now on we write e,, (where n € Z) for the function defined by e,(z) = 2"

Lemma 2.1. Let L : Hol(A) — C be non-zero, linear, continuous and multiplicative.
Then there exists zg € A such that for all f € Hol(A), L(f) = f(z0).

Proof. The proof uses the same ideas as in |1, Lemma 2.2]. For the sake of completeness, we
detail them. Note that for all f € Hol(A),

L(f) = L(feo) = L(f)L(eo)-
Choosing f such that L(f) # 0, we have L(ey) = 1. Denote by zo = L(e1). Thus,
« Assume that zy € A. Then g = (e; — z0e9) ™' € Hol(A) and

(e1 — 20€0)9 = €9 = 0= [L(e1) — 20L(eq)]L(g) = L(eo) = 1,
a contradiction. Hence, 2z € A.

e Let f € X such that f(z9) = 0. There exists h € Hol(A) such that f = (e; — zpe0)h, so
L(f) = [L(e1) — z0L(e0)]L(h) = [z0 — z0] L(h) = 0.

o If f(20) # 0, then the function g = f — f(z0)ep € Hol(A) satisfies g(z9) = 0. Hence,
L(g) =0, and we obtain L(f) = L(f(z0)e0) = f(20). O
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Along the same lines as in [1], Lemma 2.1 combined with Runge’s theorem [18|, provides
an algebraic characterisation of composition operators, whose proof is omitted.

Proposition 2.2. Let T : Hol(A) — Hol(A) be a continuous linear operator. Then T is a
composition operator if and only if for alln € Z, Te, = (Te1)", where e,(z) = 2™.

2.2. From distances to seminorms. The two next results are contained in [7].

Lemma 2.3 (|7, Lemma 1.1]). Let X be a Fréchet space, and (||-||,)k>1 an associated in-
creasing family of semi-norms. A linear operator T : X — X 1is isometric, considering the
distance dx defined by

=32 min(L, la — y]l,).
k=1

if and only if for all x € X and k € N, ||Tz||, = ||z,

Lemma 2.4 (|7, Lemma 1.2|). Let X be a Fréchet space, and (||-||,)k>1 the associated in-
creasing family of semi-norms. A linear operator T : X — X s isometric, considering the

distance d'y defined by

ZQk ||x y”k
L+ |z —yll,’

if and only if for allx € X and k € N, ||T£E||k = ||z]|,.-
In particular, we consider here the seminorms

HfHoon: sup |f(2)|, Kn:{ZECR%_IS |Z| SRI_%}
' zeKy,
Clearly, K is the unit circle T. In the following, denote R, = R'-=.

3. THREE USEFUL CHARACTERISATIONS

We first recall the famous Hadamard three-circle theorem. Its detailed proof can be found
for example in [17]. However, this paper deals with regular functions on an annulus rather
than a half-line. Since we work with holomorphic maps on the entire annulus, we can be
more precise in the case of equality.

Theorem 3.1.
Let f € Hol(A), and forr € (1/R, R), let M(r) = sup{|f(2)| : |z| = r}. Then, the map
r— log(M(r)) is convex, that is for all 1/R <1 <1y <713 < R,

W o () og(0r(r2)) < o () og(01(r0) + o () (01 (r2)

™

Moreover, we have equality if and only if f(z) = cz™ for some ¢ € C and n € Z.

We can use this result to show that the analytic functions on an annulus A preserving
three circles of A are the obvious ones.

Corollary 3.2. Let f € Hol(A), and 1/R <1 <1y <r3 < R. Assume that f(r;T) C ;T
for all j =1,2,3. Then, there exists c € T such that f(z) = cz.
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Proof. Taking the notations of Theorem 3.1, for all j = 1,2,3, M(r;) = r;. If the map f is
not of the form cz”, with ¢ € C and n € Z, then

log (E) log(r3) < log (E) log(r1) + log (2) log(r3)
1 T2 1
= log(rs)log(rz) — log(r1) log(ra) < log(r2)log(rs) — log(rz)log(r1)
<~ 0<0.
It follows that f(z) = c2" for some ¢ € C and n € Z. Then, f(r;T) C |c|[r}T. Thus,

ry=lelry, =123,

7o
which means that |¢| =1 and n = 1. O

We now present and prove the last tool we use in the proof of our main result. The ideas
are very similar to the ones involved in |7, Theorem 1.4].

Theorem 3.3. Let f € Hol(A) such that for some r € (1/R, R) and p > 0,
sup [F(2)] = p.

Then the set Z={£ € rT: |f(&)| = p} = [ (pT) NrT is either equal to rT, or a finite set.

Proof. Assume that = # rT. Since f is continuous on A and f~1(pT) # @, we know that
f7H(pT) is a closed subset of A. Hence, = is a closed subset of 7T.

Assume that = is not finite. Then, the set rT\Z is an open subset of 7T, which is a union
of an infinite number of open intervals of rT, and one of the edges is a limit point of =,
denoted in the following as zj.

This point satisfies |f(29)| = p, and there exist two sequences (u,) C = and (v,) C rT\=
(it is sufficient to take points from the chosen interval) which tend to zp, such that | f(u,)| = p

and | f(vn)| # p.
We set ¢1 : 7T — R U {oo} and ¢9 : pT — R U {oc} two conformal maps defined by

2 — 2o 2z — f(z0)
¢1(2)_22+ZO7 ¢2(Z)_Zz+f(2’[))
They satisfy ¢1(2) = 0 and ¢2(f(20)) = 0. Denote h = ¢y 0 f o ¢; .

Since ¢, is holomorphic near 0, as is ¢, near f(z), the function & is holomorphic around
0, satisfies h(0) = 0 and there exist two sequences (a,), (b,) C R (corresponding to (u,,) and
(vn) C rT) such that a,, — 0, b, — 0, h(a,) € R and h(b,) ¢ R. However, all the derivatives
of h at 0 must be real, so h(b,) € R (since b, € R). Impossible.

Finally, we must have 7T\=Z = &, i.e., Z = rT, that is f(rT) C pT. O

4. MAIN RESULT

Theorem 4.1. Let T': Hol(A) — Hol(A) a linear and continuous operator such that for all
f € Hol(A) and n € N,

Tl = o = 510 1]
Then there exist two constants o, B € T such that T'= T, g or Sa 3, defined by
(2) Top(f)(2) = af(Bz2),  Sap(f)(2) = af(B/2).



LINEAR ISOMETRIES ON THE ANNULUS 5

Proof. The steps of the proof go along the same lines as in |7, Theorem 2.1|, with important
technical changes since our domain is not simply connected. In the following, denote by
ex(z) = 2% and f;, = Tey, for k € Z.

Step 1: We begin by showing that Teq = aeq, with || = 1. Indeed, since the operator T'

is isometric for the seminorms ||-||__ , and ||-|| 5, we obtain

||f0||oo,2 = ||f0||0073 =1.

Using the maximum modulus principle, the map fy is constant and unimodular. Denote by
« this constant. Without loss of generality, we will assume that o = 1.

Step 2: We show that f; is a rotation or an inversion, for all k¥ € Z. Note that for n € N,

1 £llon = llerllog s = (Ba)".

The maximum is attained at the boundary of K,,, which is R, T U R, 'T. Hence,
sup [ fu(2)] = (Ba)".
|z|€{Rn,1/Rn}
Now, remark that
(R)FT C fr(K,) =: L.

Indeed, assume that there exists &€ = (R,,)*e¢% such that ¢ ¢ L, which is a compact set. Then
§=d(& L) >0,s0 L C (R,)*D\D(&,5). We set g = eg + e Pe;,. Hence, Tg = eg + e~ ;..
Now, compare the seminorms: we have ||g||,, ,, = 1+ (R,)* and

1T9l.,, = sup 1+ e fi(2)| =sup |l + e ™w| < 1+ (R,)".
z2EKn, weL

This is impossible, since T is isometric for |||, ,. Therefore, (R,)*T C L.

Assume that Z; = {€ € R, T : |fe(§)| = (R,)*} and =5 = {€ € RIT : |f(€)] = (Rn)*} are
both finite sets. Since fi(K,) C (R,)*D and fi,(Z; U =,) is finite, we obtain a contradiction
because (R,)*T C L. Therefore, Z; = R, T or =, = R, 'T, that is

(E1) : fr(R,T) C (R)FT or  (Ey): fi(R'T) C (R,)*T.

In particular, for n = 1, we obtain f;(T) C T. Moreover, since there are two choices, there
are at least two different values of n among 2,3 and 4 satisfying both (E}), or both (E,).
Without loss of generality, we assume that n = 2 and n = 3 satisfy the same inclusion.

*x If fo(R,T) C (R,)*T and gi(2) = fi(2)/2*71, then gx(R,T) C R,T for n = 1,2,3.
Hence, by Corollary 3.2, gr(z) = crz, with |ci| =1, so fi(2) = cp2”.
x If fr(R;'T) C (R,)*T and gi(2) = 2" fi(2), then g (R, 'T) C R, 'T for n = 1,2, 3.
Hence, by Corollary 3.2, gr(z) = crz, with |ci| = 1, so fi(2) = cx/2".
We have shown that for all k € Z, f,, = cpex or cpe_y, for some ¢, € T.

Step 3: Assume that f; = cieq. If there exists k € Z such that fi = cpe_g, then for all
n €N,
Rn + (RTL)k = Hel + ekHoo,n = Hfl + kaoo,n = Hclel + Cke*kHoo,n :

Note that
Ck 1
z4+ —=—

Ck,
lcier + cke—kll o, = SUDP |12+ —| = sup e

26K, z 26K,
By the maximum modulus principle, the maximum is attained at the boundary of K,
which is R, T U R,;'T. We consider two possibilities:
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* If the maximum is attained in R, T, then

1
z+c—k—

R, + (R,)* = sup -

(R)"+1 1
xR

C1

Ck
= — sup [2MTM 4 2| =

(Rn)k |z|=Rn

* If the maximum is attained in R, 'T, then

z

R, + (R,)" = sup

Ck
Skl +
&1

= (Rn)k sup
|z1=1/Rn

= (R,)" ((Rnl)kH - 1) = Rin + (Rp)".

Both of the cases lead to a contradiction, since R, # 1 for n > 2. Hence, f; = cpey for
some |cx| = 1. In the same way, if fi = cie_1, then fp = cre_y for all k € Z.

Step 4: In the following, we assume that f; = cie;. Let k£ € N. Note that

sup |(fr + for1 + fer2)(2)| = sup [(crer + Chy1€r11 + Crroeri2)(2)]
2€0Kn, z€E0Kn,
= sup |cp2" + o1 2"+ a2
ZeaKn
= sup ‘zk + Ay zk+2| = (Rn)k + (Rn)kJrl + (Rn)k+2.
z€0Kn
Recall that 0K,, = R, TU R, 'T. Hence, for n > 2 and k € N,
sup |ckzk + cpyr 2"+ ck+2zk+2} < L -+ 1k+1 + 1k+2
|2|=1/Ry, (R)F - (Rn) (1)

< (Rn)k + (Rn>k+1 + (Rn>k+2.

In the same way,

sup lerz ¥+ iz ¥ 4e z_k_2‘< ! + L + L
\z|:gn g o e - (Rn)k (Rn)kJrl (Rn)k+2

< (R)* + (R 4+ (R,
Thus,

k+2

, keN
-2/, keN.

(Rp)" 4+ (R + (R = {Sup|z:Rn |Cka + 128 4 gz

e 4 12 F T gaz R

SUP|z|=1/Rn
Up to considering w = 1/z, we only have to consider k positive. Dividing by z*, we have

sup |Ck + Cpr12 + Ck+232’ =1+ R, + (Rn)>
|z|=Ry

Dividing by ¢, since |¢;| = 1, we have

Ck+1 Ck+4-2
1+ —z+ MLALP

=1+ R, + (R,)%
Cr Ck

sup
|2|=Rn
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Using the triangle inequality, for all z satisfying |z| = R,

Ck+1 Cr4-2
14—y 222

<1+ R,+ (R,
Ck C;

with equality if and only if
0 =arg(l) = arg {%z} = arg [@22] mod 27.
Cr
Denoting # = arg[z|, this gives
0 = arg[cpy1] — arglex] + 0 = arg[cgio] — argler] + 20 mod 2.
Finally,
arg [cx] — 2arg [cp1] + arg [cpo]
= (arg [cpro] — arg [cx] + 20) — 2(arg [cri1] —arglcy] +0) =0 mod 2.
We show by induction that for all k € Ny, arg[cx] = karg[c;] mod 2.
o k=0or 1: It is immediate (see Step 1 for k = 0).

o Assume that the formula is valid for some nonnegative integers k and k + 1. Since
arg [cx] — 2arg [cx41] + arg [ck+2] =0 mod 27, using induction hypothesis, we have
karglci| — 2(k + 1) arg[e1] + arglegq2) =0 mod 27.
After rearranging the terms, we obtain arg[ciio] = (k + 2) arg[c;] mod 27.

In the same way, for all k € N, arg[c_;] = karg|[c_1] mod 2.

Step 5: We have shown that under the assumption f; = ¢jeq, for some |¢;| = 1,

* For all k € Z, fi, = cxer (Step 3),
x Forall k €N, ¢, = ¢} and c_j, = *, (Step 4).

The only thing left to show is that ¢_; = 1/¢;. Indeed,
sup |(f-1+ fo+ f1)(2)] = sup [(co1e-1 + e+ cre1)(z)]

z2€0Kn z€0Kn
C_1q 1 1
= sup —+1+012’28up —-+1l14+z|=—+1+4+R,.
2€0K, | % 2€0K, | % Rn

We have two choices. If the maximum is attained on R, T, then

_ 1
sup u+1~|—012’:—+1+Rn.
l2|=Rn | % R,

However, we have equality if and only if arg(c_1/z) = arg(1) = arg(c;2) mod 27, that is
0 = arg(c_;) — arg(z) = arg(c;) + arg(z) mod 27.

Hence, arg(z) = arg(c_1) = —arg(c;) mod 27, so c_1 = 1/¢;. It is the same if the maximum
is attained on R 'T.

For all k € Z, fy = cfey = (cie1)® = fF. Hence, T is a composition operator,

with symbol ¢ = f; = cje; or cie_q, by Proposition 2.2. Finally, multiplying by the a of
Step 1, for all f € Hol(A),

(Tf)(2) = af(cz) or af(ci/z). O
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5. DESCRIPTION OF UNIMODULAR FUNCTIONS ON THE UNIT CIRCLE

There exist many approximation results for measurable unimodular functions on the unit
circle such as the Helson—Sarason Theorem [15] which says that given € > 0 and f unimodular
and continuous on T, there exist finite Blaschke products B; and B, such that

[e.9]

In this section we investigate factorisation results instead of approximation results for uni-
modular function on the unit circle. The first one is due to Fatou.

Theorem 5.1 ([12|). If f is analytic on D and lim._,1 | f(2)| = 1, then f is a finite Blaschke
product. In particular, if f is a function in the disc algebra A(D), then f is a finite Blaschke
product whenever f is unimodular on T.

There is also a meromorphic version of this.

Corollary 5.2 ([14]). Suppose that f is meromorphic on D and extends continuously to T,
the unit circle. If f is unimodular on T, then f is a quotient of two finite Blaschke products.

In 1986, Bourgain solved a problem of factorization posed by Douglas and Rudin.

Theorem 5.3 (|5, 4|). Let f be a bounded measurable function on the unit circle T. Then
the following assertions are equivalent:

(i) The function log|f| belongs to L*(T),

(13) There exist g,h € H*® such that f = gh.

In particular, any measurable function unimodular almost everywhere on the unit circle is
of the form f = gh, for some functions g,h € H*.

The following theorem is a complete description of unimodular functions on the unit circle
that are analytic in a neighbourhood of T.

Theorem 5.4. Let f be an analytic map on A. Then the following assertions are equivalent:

(1) The function f is unimodular on T,
(1) there exists s € (1, R], n € Z and an outer function g§ in H> which extends analytically
on sD such that

f(z)=2" 9%(2) forallze Ay :={z€C:1/s <|z| < s}.
9(1/2)

For example, a Blaschke factor f(z) = (2 — «)/(1 — @z) with |a] < 1 arises on taking
g5(z)=1/(1 —@z) withn=1and 1 < s < 1/|al.

Here is an example showing that the set of unimodular functions on T and analytic in a
neighborhood of T is much larger than the set of quotients of finite Blaschke products.
Let f(z) = exp(z — 1/2). Then f(§) = exp(§ — &) = exp(2i¥(€)) for all £ € T. It follows

that f is unimodular on T and analytic on C*. In this case we have s = R, n = 0 and
go(z) = exp(2).

Our proof relies on Theorem 5.3 and the following lemma.
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Lemma 5.5. Let s > 1. Suppose that g is analytic and does not vanish in the annulus
Ay ={z€C:1/s < |z| <s}. Then there exist n € Z and h analytic in A, such that

g(z) = z"exp(h(z)) for all z € A,.

Proof. Since Ag is not simply connected, the existence of an analytic map h in A, such
that ¢g(z) = exp(h(z)) is not necessarily true. Now recall that the existence of h such that
g = exp(h) on a domain ) is equivalent to

/
/ Mdz =0 for all Jordan curves C in Q.
¢ 9(2)

For €2 = A, this is equivalent to

9(2)
Note that [, ¢'(2)/g(2) dz € 2inZ, and therefore there exists n € Z such that

/
/ g <Z)dz = 2i7mn.
Cy

/
/ J (Z)dz =0 forallte(1/s,s), where C; = ¢T.
Cy

9(2)
It follows that g(z) := g(z)/2" satisfies

9(2)
Finally, g(z) = 2" exp(h(z)) for all z € A,. O

/ g(z)dzzo for all t € (1/s, ).
Cy

Proof of Theorem 5.4. Since f is analytic in A and unimodular on the unit circle, there exists
s € (1, R] such that f(z) # 0 for all z € A;. By Lemma 5.5, there exist n € Z and h analytic
in A, such that

f(z) = z"exp(h(z)) for all z € A,.
Note that h(z) = hy(2)+h_(z), where h, is analytic on sD, h_ is analytic on C\s~'D and
hy(0) = h(0). It follows that gy := exp(h+) is an outer function which extends analytically

on sD. Indeed, exp(h,) has no zero in D and moreover, since it extends analytically on sD,
its singular inner part is trivial. In addition,

gi(z) == {ixp(h_(l/z)% 2i|0z| <s

is also analytic on sID and outer. Therefore, we have

f(z) =2"go(2)9:1(1/Z), =z € sD.
Since f is unimodular on T, we get |go(§)]]g1(§)| = 1 for all £ € T. It follows that the
outer functions gy and ¢; satisfy ¢1(z) = 1/go(2), so for all z € A,

() = 2

90(1/%)

The reverse implication is immediate, since for all z € T, 1/Z = z. O
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6. SPECTRAL STUDY OF LINEAR ISOMETRIES ON THE ANNULUS

In this section we consider the spectrum o and point spectrum o, of the operators T, 3
and S, g defined in (2). It will be convenient to begin with the simplest of these, namely

Sa.p, Wwhere S, 5f(2) = af(8/2).

Theorem 6.1. For |a| = || = 1 we have 0(Saps) = 0,(Saps) = {a,—a}. Moreover,
ker(S,,3 — AId) is infinite-dimensional for A € {a, —as}.

Proof. For f(z) = 2% £ /2% with k € N we have
Sapf(2) =aB¥/F £ap¥/(B¥)2F) = +af(2),

and so we see that {a, —a} C 0,(S,) and the eigenspaces are infinite-dimensional.
Moreover, Si’ 5= a?1d, and so

(Sayp — AId)(Sa,s + Ald) = 52 5 — NId = (o® — A?)1d,
and thus S, 5 — AId is invertible if \* # o?. That is, 0,(Sa5) = 0(Sa.5) = {a, —a}. O]
We now turn our attention to T, g.
Theorem 6.2. Let o, f € T and T, : Hol(A) — Hol(A) defined by
T()() = af(82), f € Hol(A).
(1) If there exists n € N such that B = 1, then
0p(Tup) = 0(Tap) = {aB": 0< k<n—1}.
Moreover, for all X € 0,(Ty3), Ker(T, 3 — Md) has infinite dimension.
(ii) If for alln € Z, B™ # 1, then
0p(Tnp) = {ap¥ : k€ Z} Co(T,p5) CT.
Moreover, for all A\ € 0,(Tsp), Ker(T, g — Ad) has dimension 1.
Proof.
(1) Let ex(2) = 2%, 0 <k <n — 1. Then,
Top(er)(2) = aex(B2) = a(B2)" = af*zF = affer(2).

Therefore, a8* € 0,(T. ), and e;, € Ker(T, 3 — a8*Id). In addition, it is easy to show
that for all £ € Z, egne € Ker(T, 5 — af*1d), since 85 = ¥ so the eigenspaces have
infinite dimension.

Moreover, note that T7 ; = o”Id, so
(0" = A")Id = T2y = A"Id = (T g — ALd) Y - N1T05F,
k=1

Hence, T, 5 — Ald is invertible if and only if A" # ", ie. A& {af*: 0 <k <n -1}
since " = 1.
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(77) Let f € Hol(A). Note that we can write

f(z) = Z apz® = ag + Z a2’ + Z a_pz ",

keZ k>1 k>1

where the first series converges for |z| < R and the second one converges for |z| > 1/R.
Then,

(Tag — MA)(f)(2) = D _(aB" — Nar.
ke
Let g € Hol(A). If A € T, then consider, for k € Z, aj, = —aﬁi’:)\. We obtain

|b|
< o] < 2L
11— |\l

b |

1+ [Nl
Hence, the power series determined by (ay), (bx), (a_x) and (b_j) have again the same
radius of convergence, namely R. This means that f =Y, _, a;z* € Hol(A). Moreover,
by construction, (T, 5 — Ad)(f) = g, so (Tn3 — Ald) is invertible: A & (T, ).
Now, let ex(2) = 2%, k € Z. Then, T, s(ex)(2) = aer(82) = af¥exr(z), so we have
aft € 0,(Thp), and e; € Ker(T, 5 — af*1d).
Let h € Ker(T, 5 — af*Id). Then, ah(8z) = aBfh(z) <= h(Bz) = B*h(z). This
implies that h(z) # 0 for all z € A. Indeed, if h(zy) = 0 for some zy, € A, then for all
k €N, h(B%z) = 0. Since {#*2 : k € N} is a dense subset of |z| T, we obtain h = 0.
By Lemma 5.5, h(z) = 27 exp(6(2)) for some j € Z and 6 € Hol(A). Let us denote
B =e". Then, 727 exp(0(Bz)) = 8%z exp((z)). Dividing by 27 and letting z — 0, we
obtain 37 = B*. Hence, j = k since 8" # 1 for all n € Z. Thus,

h(z) = 2" exp(0(2)).

The equality h(Bz) = B*h(z) becomes exp(0(Bz)) = exp(8(z)). Therefore, there exists
{(z) € Z such that

0(5z) = 0(z) + 2iml(z).
By continuity, ¢ is a constant map, and for z = 0, ¢(0) = 0. Thus, for all z € A,
0(pz) =0(2).

Iterating this equality, for all m € N, §(5™z) = 0(z). But {f™z : m € N} is a dense
subset of |z| T, so 6 is a constant map. Finally, h € span(ey), so Ker(T, 5 — a*Id) has
dimension 1. This finishes the proof. 0

The spectrum of T}, 3 can be different from T if 3 is aperiodic. We take our inspiration
from the results on the disc [2].

Example 6.3. Let 7 > 2. The set of Diophantine numbers of order T is defined by

2—5‘21}
q qr

Let £ € D(7), and 8 = €. Then, we show that for r € Q\Z, A\ = *™ & o(T} ). Since
multiplying by a only rotates our problem, this is also true for 7;, 3, o € T.

D(T):{fER:EI'y>O,VpEZ,Vq€N,
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Indeed, let v > 0 such that | — p/q| > v¢~7, for all p € Z and g € N. Let r = py/qo and
k € N. Choose p € Z such that [k —r — p| < 1/2. Then,
|ﬁk . )\‘ — |e2i7r§k: . €2i7r7“|
_ | p2imek _ e2i7r(r+}7)‘
. . 2
= |e”(5k_r_p) - e_”(gk_r_p){ =2sin|w(ék —r—p)| >2-— -7k —1 —p|,
T

since the sine function is concave on [0, 7/2] and |7 (£k — r — p)| € [0, 7/2]. Consequently,

1 < 1 - 1 1
|Bk—>\| _4|fk‘—7’—p| _4k’§_po+pqo

qok

(@ok)” =ck™!, c:= i)

<L -
4k v 4~

Finally,

1 1
1= lim — <liminf ——— <1 - < Vkp(r=1)/k < 1.
k;—1>I—Poo 21/k — liI—r}—&go |8k — >\|1/k - fﬂiljop Bk — )\|1/k - ﬁi&pc -

Hence, if g(2) = >, o7 an2"™ € Hol(A), then

f(z):= Z In )\z” € Hol(A),

n __
neZﬁ

and f(Bz) — Af(z) = g(2). Finally, T1 3 — Ad is surjective, and injective by Theorem 6.2.
Thus, o(T15) C {e*™ : s ¢ Q} U{1}.

Likewise, it is possible for o,(T, ) to be strictly contained in o (7, ).

Example 6.4. For our example, we take oo = 1.
Let p; = 1 and for n > 1, p,11 = 2"". Then, the map g defined by g(z) = > (2/R)P"
is in Hol(RD) C Hol(A), where A = {1/R < |z| < R}. Moreover,

x For alln > 1, pyypq = 27" > 2P0 > p,.
* For all n > 1, p, is a power of two, hence an integer.
* For all n > 1, denote p,, = 29*. Then, ¢,+1 = nP* > p, > qn, SO

Pn+1 QUn+1—4n < N.
Pn

Moreover, i1 — Gn =nP" — qn > npp — ¢ > (n— D)pp > n — 1,80 ppy1/pn > 2771

Now we take
oo

1
=exp(inf), where 0= —.
B = exp(ind) >, o

n=1

Note that for all n € N, we may write
ln
0=—+ Eny
Pn
where /,, is an integer and

D o e I ek B

R Dk Pn+1 kol Pk Pn+1 komil Pn+1
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In addition, p,;; > p™*! (this is immediate for n = 1,2; when n > 3, this comes from the

fact that if p, = 27, then (n 4+ 1)g, < (n+ 1)p, < nP* = ¢, 41). Therefore

This means that 0 is a Liouville (hence, irrational) number. Thus, —1 & 0,(T, 3).
We claim that —1 € o(T,5). To solve f(B8z) + f(z) = g(z), with g(z) = 3,5, (2/R)*, we
require f(z) =34, 175 (2/R)". However,

Pn — exp(imp,f) = exp | i7 — | = —exp|im — 1,
o = et ) = e (1w 322 ) = s (i 3 22)

k>n joni1 P
. Pn
Sin <7T Z —>
Dk

k>n+1

so we obtain

Pn

Prn

znpn :

11+ 8P| =2 o

DPn
~ 2T g — ~ 27
n—oo n—oo
k>n+1 Pk

Looking at the coefficient ¢,, = of (z/R)P in f, we see that

_1
BPn 41
— nPn

1
2
e P~

n—o00 1/pn n—o00
Pn

The radius of convergence of the series for f is then 0, which implies that —1 is in the
spectrum. Note that if we take R = 1 in the above estimations, then we obtain an example
of composition operator induced by a rotation on the disc for which the point spectrum is
different from the spectrum, thus providing an example that complements the results of [2].
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