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A ROBUST FAMILY OF EXPONENTIAL ATTRACTORS FOR A LINEAR TIME
DISCRETIZATION OF THE CAHN-HILLIARD EQUATION WITH A
SOURCE TERM

DIEUNEL DORY AND MORGAN PIERRE!*

Abstract. We consider a linear implicit-explicit (IMEX) time discretization of the Cahn-Hilliard
equation with a source term, endowed with Dirichlet boundary conditions. For every time step small
enough, we build an exponential attractor of the discrete-in-time dynamical system associated to the
discretization. We prove that, as the time step tends to 0, this attractor converges for the symmetric
Hausdorff distance to an exponential attractor of the continuous-in-time dynamical system associated
with the PDE. We also prove that the fractal dimension of the exponential attractor (and consequently,
of the global attractor) is bounded by a constant independent of the time step. The results also apply
to the classical Cahn-Hilliard equation with Neumann boundary conditions.
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1. INTRODUCTION

We consider the Cahn-Hilliard equation with a source term and Dirichlet boundary conditions. It reads

up + A%u — Af(u) + g(u) =0 in Q x (0, 400), (1.1)
u=Au=0 on 99 x (0, +00), (1.2)
u|t:0 = UQ in Q, (13

where ( is a bounded open subset of R? (d = 1, 2 or 3) with smooth boundary 9. The unknown function u is
the order parameter, f is the nonlinear regular potential and ¢ is the source term.

When g = 0, the PDE (1.1) is known as the Cahn-Hilliard equation [6] and it has been thoroughly studied
(see [25] and references therein). The generalization with a source term ¢ has drawn a lot of interest in recent
years, in particular for biological applications [15,17,25,26].

The PDE (1.1) endowed with Dirichlet boundary conditions (1.2) was analyzed in [14,21,22] with various
assumptions on f and g (see also [8]). In particular, global-in-time solutions were shown to exist and their
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asymptotic behaviour was studied. The existence of finite dimensional attractors was established. Numerical
simulations were performed, e.g., in [1,14,18].

We stress that Neumann boundary conditions are usually prefered for the standard Cahn-Hilliard equation
(9 = 0). The mass is conserved and the analysis is rather similar to the case with Dirichlet boundary conditions.
However, if g # 0, the situation is more delicate. We no longer have the conservation of mass and if g is a
proliferation term, some solutions may blow up in finite time [7,23,25].

Our purpose in this manuscript is to obtain a global asymptotic result for a linear time discretization of (1.1)
and (1.2) with fixed time step 6t > 0. We want a construction of exponential attractors which is robust as
0t goes to 0. We use a first order implicit-explicit (IMEX) time discretization where the nonlinearities f and
g are treated explicitly and the bilaplacian is treated implicitly. This is a very popular discretization of the
classical Cahn-Hilliard equation which allows the use of the fast Fourier transform (FFT) [5,30]. It has also
been successfully used in variants of the Cahn-Hilliard equation including a source term [9,10].

An exponential attractor is a compact positively invariant set which contains the global attractor, has fi-
nite fractal dimension and attracts exponentially the trajectories. In comparison with the global attractor, an
exponential attractor is expected to be more robust to perturbations: global attractors are generally upper
semicontinuous with respect to perturbations, but the lower semicontinuity can be proved only in some specific
cases (see [2,27,31,34] and references therein). In particular, the upper semicontinuity of the global attractor
as the mesh step and the time step tend to 0 was proved in [13] for a finite element approximation of the
Cahn-Hilliard equation.

Exponential attractors were first introduced by Eden et al. [11] with a construction based on a “squeezing
property”. In [12], Efendiev, Miranville and Zelik proposed a robust construction of exponential attractors based
on a “smoothing property” and an appropriate error estimate. Their construction has been adapted to many
situations, including singular perturbations. We refer the reader to the review [27] for details.

In [29], a robust family of exponential attractors was built for a time semidiscretization of a generalized
Allen-Cahn equation. An abstract result was first derived, based on the construction in [12], and it was then
applied to the backward Euler scheme. The same approach was successfully applied for a time splitting scheme
in [4], for a discretized Ginzburg Landau equation in [3] and for a space semidiscretization of the Allen-Cahn
equation in [28]. In these papers, the nonlinearity was treated implicitly. Here, we also adapt the approach
introduced in [29], but we focus on a case where the nonlinearity is treated explicitly, thus allowing a linear
scheme.

Since we use an IMEX scheme, the main condition that we impose on the potential is that f is Lipschitz
continous on R (c¢f. (2.2)). This restriction can be well understood for the classical Cahn-Hilliard equation, which
is a gradient flow for the H~! inner product, so that there is a Lyapunov functional (the energy) naturally
associated with it. In order for the IMEX scheme to have the same property, it is necessary to assume that f
is Lipschitz continuous and that the time step is small enough. This is known as energy stability [5,30].

For g # 0, the PDE (1.1) and (1.2) is no longer a gradient flow and there is no Lyapunov functional associated
with it. Nonetheless, the PDE is a dissipative system if f satisfies a standard dissipativity assumption (see (2.4))
and if g is subordinated to f (¢f Rem. 2.3). We prove here that the discrete-in-time dynamical system associated
to the IMEX scheme is also dissipative if the time step is small enough (cf Sect. 3.2). However, the smallness
condition required on the time step to prove dissipativity is much stronger than the one required for energy
stability. Typically, f can be the usual cubic nonlinearity which is modified into an affine function outside a
compact interval as in (2.8). In turn, a typical choice for g is the symport term

_ ks
K+ s

9(s) (s € R), (1.4)
where k, k' > 0 [19,20,24]. Our analysis also includes the case g = 0 (the classical Cahn-Hilliard equation).

Our manuscript is organized as follows. We first give the a priori estimates for the PDE (1.1)—(1.3) in
Section 2. In Section 3, we establish their discrete counterpart for the IMEX scheme. The most technical part
is the dissipative H? estimate (Prop. 3.6). An error estimate on finite time intervals is proved in Section 4.
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The main result is given in the last section. For every time step §t > 0 small enough, we build an exponential
attractor My; of the discrete-in-time dynamical system associated to the IMEX scheme. We prove that M
converges to M for the symmetric Hausdorff distance as ét tends to 0, where M is an exponential attractor
of the continuous-in-time dynamical system associated with the PDE. We also prove that the fractal dimension
of Ms; (and consequently, of the global attractor) is bounded by a constant independent of §¢. The results also
apply to the classical Cahn-Hilliard equation with Neumann boundary conditions, as pointed out in Remark 5.5.
As a perspective, we note that it would be very interesting to obtain similar results for a space and time
discretization of the PDE (1.1) and (1.2) based on the IMEX scheme.

2. THE CONTINUOUS PROBLEM

2.1. Notation and assumptions

We make the following assumptions:

feC (R), £(0) =0, (2.1)

f" is bounded on R, (2.2)

f’ is piecewise C' and f” is bounded on R, (2.3)
|slliin(><> inf f'(s) > 0. (2.4)

Assumption (2.4) is the dissipativity condition.
The term of symport g satisfies

g € C'(R). (2.5)
g is bounded on R, (2.6)
g’ is bounded on R (2.7)

Example 2.1. The function g defined by (1.4) satisfies (2.5)—(2.7). If g = 0, then g also satisfies (2.5)—(2.7)
and equation (1.1) is the classical Cahn-Hilliard equation.

Remark 2.2. We note that if f € C?(R) with f” bounded on R, then assumption (2.3) is satisfied. However, the
weaker assumption (2.3) is interesting because it allows for the usual C! regularization of the cubic nonlinearity
53 — s, defined by
(3K%—1) s — 2K3, s> K,
f(s) = fr(s) =< s3—s, s €[-K, K], (2.8)
(3K% —1) s+ 2K3, s< —K,

where K > 1. Thus, fx € C'(R) has a linear growth at +oo with

/ _ 2
max | fi (s)] = 3K° — 1.

This regularization is very popular for the IMEX scheme [5, 30].
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Remark 2.3. The growth of g is controlled by the growth of f in order to ensure that the PDE is dissipative
(see [21, Rem. 2.1]). If we suppress assumption (2.6), then dissipativity is no longer guaranteed. Indeed, let us
choose f(s) = s and g(s) = —as (s € R) with & > A2 + \; and A\; > 0 is the first eigenvalue of the minus
Laplacian operator with Dirichlet boundary conditions. We have —Ae; = Aje; where e; € H?(Q) N H(Q) is
an eigenfunction associated to A;. Then the function u(t) = e’te; with 8 = a — A2 — A\; > 0 solves (1.1) and
(1.2) but [lu(t)|[r2() — +oo as t — +oo.

We set H := L?(2) and we denote by (-, -) the scalar product both in H and in H% and by || - || the induced
norm. The symbol || - ||x will indicate the norm in the generic real Banach space X. Next, we set V := H}(Q),
so that V' = H~1(Q) is the topological dual of V. The space V is endowed with the Hilbertian norm v +— ||V||
which is equivalent to the usual H!(2)-norm, thanks to the Poincaré inequality.

We also denote by A : D(A) — H the (minus) Laplace operator A = —A with homogeneous Dirichlet
boundary condition, with domain D(A) = H?(Q) N H}(Q). By elliptic regularity [16], the norm v — [|Av]| is
equivalent to the usual H?(Q)-norm in D(A). Moreover,

D(A)={veH" Q) : v=Av=0 on 9 (in the sense of trace)},

and the norm v — ||A2v|| is equivalent to the usual H*(Q2)-norm in D (A2).

It is well known that A is a positive self-adjoint operator with compact resolvent, so that we can define,
for s € R, its powers A° : D (A®) — H. For each s € R, the Hilbert space D (A®) is equipped with the norm
[v]l2s = [|A%0]|. We have D (A°) = H with |- [o = || - || and D (AY?) = V with || - ||, = |V - . Indeed, an
integration by parts shows that

IVo|? = (Av, v) = HAV%HQ, Yo € D(A). (2.9)
We note that for every s € R, we have
v||? = (A%v,v), Yo € D(A%)NH.
If 51 < s2, then the space D (A®?) is continuously embedded in D(A®), i.e.
[0ll2s, < cs(s1,52)[|v]l2s,, Vv € D(A%), (2.10)

where the positive constant ¢g depends on s; and sq. In particular for s; = 0 and sy = 1/2, we have the Poincaré
inequality
ol <ep [IVoll, Yv eV, cp=cs(0,1/2). (2.11)

By (2.1)-(2.2), the map v — f(v) is Lipschitz continuous from H into H and from V into V and we have
[f(v) = f)ll < Lllo = wll,  Vo,w € H, (2.12)

where Ly = sup,cp |f'(s)]. Similarly, by (2.5)—(2.7), v — g(v) is Lipschitz continuous from H into H and from
V into V and we have
lg()[| < g, VveH, (2.13)

l9(v) = g(w)|| < Lgllv —wl, Vv,w € H. (2.14)
We define F' by
F(s) = / f(t)dt (2.15)
0
We deduce from (2.4) that

F(s) >ms® — 72, Vs€R, wherey; >0, v5 > 0. (2.16)
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We deduce from (2.2) that

F(s) <y3s® +v4, Vs€R, whereyz >0, v4 > 0. (2.17)
By (2.4), we also have
f(s)s > 55 — 6, Vs €R, where v5 > 0, v5 > 0, (2.18)
and
f'(s) > —v7, Vs €R, where 7 > 0. (2.19)

Assumption (2.3) implies that f” has a finite number of discontinuities (the corner points of f’). Here, f” is
the distributional derivative of f” since C1'1(R) = W?2:°°(R). Moreover, the following chain rule holds [16, Thm.
7.8]: if v € HY(Q), we have f'(v) € HY(Q) and

Vi(v) = f"(v)Vo.
Consequently, if v € H2(Q), then f(v) € H*(Q2) and
Af(v) = f'()Av + " (0)[Vol*. (2.20)

We use here that H(Q) C L*(2) since d < 3, so that |[Vv|? € L?(Q).
The abstract version of (1.1) and (1.2) reads

‘(%‘ + A%u+ Af(u)+g(u) =0in D (A1), for ae. t > 0. (2.21)

It is associated to the variational formulation

%(u,v) + (Au, Av) + (f(u), Av) + (9(u),v) =0 in D'(0,00), Yv € D(A).

2.2. The continuous semigroup

We first state the well-posedness result of our model.

Theorem 2.4. For every ug € V, there exists a unique solution u of (1.1)—=(1.3) which satisfies
uwe C([0,T),V)NL*(0,T; D(A)) and u; € L*(0,T;V'), VT >0.
Moreover, if ug € D(A), then u satisfies
u e C°[0,T], D(A)) N L*(0,T; D(A?)), YT > 0.

Proof. For ug € V', the proof of existence is based on Proposition 2.5, Proposition 2.6 and a standard Galerkin
scheme. In order to prove that u is continuous from [0,7] into V, we use a standard argument [25,32]. We
first show that u is weakly continuous into V, thanks to the Strauss lemma, and we note that ¢ — ||Vu(t)]”
is absolutely continuous since - |[Vu/|? belongs to L'(0,T) by (2.32). For ug € D(A), the proof of existence is
based on Proposition 2.7.

The proof of uniqueness and of the continuous dependence with respect to the initial data in the L?-norm
follow from Lemma 2.10. O

As a consequence, we have the continuous (with respect to the L?-norm) semigroup Sy (t) defined as

So(t) : D(A) — D(A), ug — u(t), t>0. (2.22)
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2.3. Dissipative estimates

In this subsection, we first establish some priori estimates for the solution u to the system (1.1)—(1.3). These
formal estimates could be rigorously justified by a Galerkin approximation. These dissipative estimates are
useful in the proof of Theorem 2.4. They also show that the semigroup is dissipative. It is an important step in
the construction of an exponential attractor. As a by-product, we obtain the existence of a global attractor.

Proposition 2.5 (Dissipative estimate in L?(£2)). We have
lu()|® + et /Ot [Au(s)[* ds < Co [lu(0)|* e~ + My, & >0, (2.23)
where the positive constants €9, Cy and My are independent of u(0).
Proof. By multiplying (1.1) by (—A)~!'u and integrating over €2, we have
%”u”al +2[Vul|? + 2(f (w), u) +2(g(u), (~A) " u) =0 (2.24)

Using (2.18), we find
(f(u),u) > s lul® = 6|0,

where |Q] = [, 1dz. Using (2.13), the continuous injection H C D(A™!) and Young’s inequality, we find

[(g(w), (=) ""w)| < llg(u)]| [|(—2A) " ul|

< cgcs]lull
2.2
75 2 %Cs
< 12 975
< B+ £,
where cg = cs(—1,0) (¢f. (2.10)). Combining the above estimates in (2.24), we obtain
d 9 2 2
a2, + e (Ve + u@)]*) < ez, (2.25)

where ¢; = min(2,75) > 0 and ¢c2 = 274|Q| + czc%/% > 0.
Next, we multiply (1.1) by uw and we integrate over Q2. We get

d
el + 2 Au® +2(V f(u), Vu) + 2(g(w), u) = 0. (2.26)
Thanks to (2.19), we have
(f (W)Vu, Vu) > =y || Vul?, 57 > 0.

Using the Cauchy-Schwarz inequality, (2.13) and Young’s inequality, we deduce that

[(g(w), )| < [lg(u)l} [u]

< cgllul
2
c
< uwll? + 2.
¥r lull Ay

Combining the above estimates in (2.26), we find

d 2 2 2 Cg
SO + 212001 < 257 ([Fu@IF + o)) + 52 (2.27)
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Summing (2.25) and « times (2.27) where o > 0 is such that 2a7y7 < ¢1/2, we obtain

d 9 oac2
B0+ 5 (VeI + Jue)]*) + 20 |8u@)* < e + 5.2,
where

Bi(t) = aflu()]* + u®)]2;.
Since H~1(Q) is continuously embedded in H (see (2.10)), we have

Ei(t) < (a+¢) [u®)]?, és=cs(—1/2,0) >0, (2.28)
and this yields
d
OB (El(t) + HAu(t)||2> <ey, (2.29)

where c5 = min {¢1/ (200 +2¢%) ,2a} and ¢q = 2 + ac/(2y7). Applying Gronwall’s lemma to (2.29) (see,
g., [32]), we find

t
Eqi(t) + c;;efcﬁ/ |Au(s)||? ds < Fy(0)e! + Ci, t>0. (2.30)
0 €3
Using (2.28) for t = 0 and E1(t) > alju(t)||? for all t > 0, we obtain Proposition 2.5. O
Proposition 2.6 (Dissipative estimate in H'(Q2)). We have
t
IVu(®)]? + e_slt/ lue(s)[|21ds < Ci[|[Vu(0)|[Pe™*" + My, ¢ >0, (2.31)
0
where the positive constants €1, C1 and My are independent of u(0).
Proof. Testing (1.1) by (—A)~'u; and integrating over €, we have
d _
IVl + 2l + 2(f (), w) +2(g(w), (=4) " ) = 0. (2.32)

Using (2.13), the injection H~1(2) C D(A~!) and Young’s inequality, we get

|(g(u), (=A) " ug)| < lg(@)] [[(—=A) u|
< cqllull—1
C2
< §||Ut||2—1 + Eg'

By (2.15), we get

This yields

d
= (IVu®IP + 2, 1)) + @I, < 2, ¢ >0. (2.33)
Adding (2.29) and § times (2.33) where 8 > 0, we deduce that
d
SEa(t) + s (Bu(t) + [Au(t)|” + a2 ) < e1+ 52, t20, (2.34)
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where ¢5 = min(cs, 5) > 0 and

By(t) = Ex(t) + BlIVu()|* + 28(F (u), 1).
By (2.17), (2.28) and the Poincaré inequality (2.11), we have
Bs(t) < (a+ &%) llull® + BIIVull? + 28 (ys]|ull* + ~4]€l)
< col| Vu(®)|* + 269,
where ¢g = (o + % + 2873) ¢ + 8 > 0. Since D(A) C H}(Q) by (2.10), we deduce from (2.34) that

d
SEs(0) +cr (Bat) + [u®I,) S s, £20,

where ¢; = min{cs, ¢5/ (cﬁcs(l/Q, 1)2)} and

2¢537419|

_ 2 .
¢ = et ey T 1)

Gronwall’s lemma yields

t
BEy(t) + c7€_c7t/ e ()12, ds < Ba(0)e=ot + B, t>0.
0 Ccr
y (2.16), we have
Ex(t) > co (lu)|? + IVu(®)||?) - 267(9l, t>0,

where cg = min{a + 2071, 8} > 0. This estimate, (2.37) and (2.35) give the result of Proposition 2.6.

Proposition 2.7 (Dissipative estimate in H%(Q2)). We have
IAu®)* < Q2(Au(0)[)e™*" + M2, ¢ >0,

and

[ 182061 as < Qullsuol + . 120

where Qo is a monotonic function and the positive constants €5, My and Cs are independent of u(0).

Proof. We multiply (1.1) by A%u and integrate over 2, we have
d
£||Au |” + 2||A2uH2 +2 (g(u), A%u) =2 (Af(u), A%).

Using (2.13) and Young’s inequality, we find

|(g9(w), A2%u)| < [lg(u)]| ||A%u]|
< ¢ HA “H

SRy I
Moreover, we have
(A f(u), A*u)| < [|Af(u)] ||A2u||
<af@)?+ 5 ||A2 [

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)
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Thus,
d 2 2,112 2 2
3 1Aull” + [Al® < 2 Af ()" + 2c5. (2.42)

Using the chain rule (2.20), assumptions (2.2) and (2.3) and interpolation inequalities, we obtain (see [25,32])

IAF@ < F )l ooy 1Aull + 17 (W) ooy 1 VullZs )
< Lyl Aull + e[| Vullfsq)

2 1 3
< C}/HU||13-11(Q)||“H13-14(Q) + C}””u”?{%a HicC LY(Q)

2 1 3 1
< epllull g oy lulliraay + <o lull i1 o lullfra )
< (Thanks to estimate (2.31))

1 1
< C/f' (R1)||u||13’14(9) + C}/{'(RI)HUH?.H(Q), t >0,
where Ry = |[Vu(0)]|. Since the norm v — ||A%v|| is equivalent to the usual H*(Q2)-norm in D (A?), we have
1A @) |2 < x| A% +ens 2%, (2.43)

where ¢19 = ¢19 (f, R1) and ¢11 = ¢11 (f”, R1). Hence, by Young’s inequality,

1
1 8\2 2 1 3 4
A < g A%l + 3 (3) el g Az + x2icl
1
— ||A2U|| +c12, c¢12 = c12(c10,¢11) > 0. (2.44)
4
This estimate, combined with (2.42), yields

d 2
aHAu( H2 ||A2 || ds < c13, €13 = 265 + Clg(Rl) >0, t>0. (245)

Using the dissipative estimate (2.31), we choose a time

in (£3)

€1

t1 =t(R) = (2.46)

such that ||Vu(t)||> < Cy + My, for all t > t1, where the constants C; and M; are independent of R;. Integrat-
ing (2.45) on the interval [0,t] for ¢t < t;, we obtain

[|Au(t) H2 / ||A2 ds < HAU(O)H2 + c13t1(Ry), t€[0,tq]. (2.47)
For t > t1(R;), the constants ¢1g and ¢;7 in (2.43) do not depend on R; and consequently, we obtain as in (2.45),
d 2 9 2
EHAU( =+ HA O ds <13, t>ti(Ry),
where ¢3 does not depend on R;. Since D (A?) C D(A) by (2.10), we deduce that

d 1
aHAU(t)ll2 + ey [ Au(D)|” + 11A%u@I < s, t>4(R), (2.48)
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where c14 = 1/cg(1,2)? > 0 does not depend on R;. Applying Gronwall’s lemma, we obtain

Au)” < Au(e)]* e + 29, ¢z t(Ry) (249)

By integration on [t1,t], we also deduce from (2.48) that
L[t 2 2
1 |A%u(s)]|” ds < [[Au(t)|]® + cus(t —t1), ¢ > t1(Ry). (2.50)
ty

Estimate (2.40) follows from (2.47) and (2.50). From (2.47), we deduce that for ¢ € [0,¢1(R1)],

1A < (A0 + exa(B)ts (Ra)
< [”AU(O)H2 + 013(R1)t1(R1)] e£’14(t1(R1)—t)
< Q(lAu(0)[)e=, (2.51)

where @ is a monotonic function of ||Au(0)]]. In the last line above, we used that Ry = ||Vu(0)]|, the continuous
injection V' C D(A) (c¢f. (2.10)) and the fact that c¢;3 and ¢; are increasing functions of R;. The dissipative
estimate (2.39) follows from (2.51) and (2.49). O

We deduce from Proposition 2.7 the existence of bounded absorbing set in D(A) and consequently, of a global
attractor associated with our semigroup Sp(t) [32].

Theorem 2.8. The semigroup Sy(t) has a global attractor A C D(A) which is invariant (Sy(t)A = A), bounded
in H*(Q), compact in L?(Q), and which attracts the bounded sets of D(A) for the L?(2)-norm.

The following estimate shows that the semigroup is Holder continuous in time.

Lemma 2.9. Let T > 0. If ug € H2(Q) N H}(Q), then

[u(tr) = u(t)[* < QT [[uoll2)[tr — t2|,  Vt1,t2 € [0,T]. (2.52)
Proof. We multiply (1.1) by u; and integrate over §2. We find

d

@HAU@)HQ + 2[ue (1)1 = 2(A F (), ue) + 2(g(u), ue) = 0. (2.53)

Using the Cauchy-Schwarz inequality, (2.13) and Young’s inequality, we obtain

(g(u), ur)| < {lg(w)]] [ul]
< Cluell

1 2., 2
< fhl? + &
Similarly, we have

(A () u0)l < A el
Ll + 1A )P
(Estimate (2.44))

IN A

IN

1 1
el + 5 8% + era(Ry),
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where Ry = ||Vu(0)||. Combining the above estimates in (2.53), we find
d 2
F12u®* + @I < |A%u@)]]” + 2¢12(Ry), > 0.
Integrating on [0, 7], we obtain
T T )
| Au(T)|” +/ [l (8)[|2dt < / [A%u(t)||” dt + 2¢12(Ry)T.
0 0

Thus, by Proposition 2.7,
T
/0 lue @) dt < Q([lu(0)]2, T),

where @ is a continuous and monotonic function of its arguments.
Let t1,ts € [0,T]. Using the Cauchy-Schwarz inequality, we have

to
/ ug(s)ds
t1

to
/t lue(s)]] ds

ta
[ e (3)]? ds

2.4. Estimates for the difference of two solutions

(i) — ()] = \

<

1
2

<t —t2|%

Lemma 2.9 follows from (2.54) and (2.55).
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(2.54)

(2.55)

Let now uy and ug be two solutions of system (1.1)—(1.3) with initial data ug 1 and ug 2, respectively. We set

u=1u; —uz and ug = up,1 — g2 and we have, for all T' > 0,

wi+ A%ut A(f(un) — f(u2)) + (g(un) — gluz)) =0 in L2 (0,75 D(A™Y))

Ulp=0 = up (= up1 —up2) in V.
We first prove:

Lemma 2.10 (Uniqueness). For allt > 0, we have

lur (#) = ua (0)])* + /Ot 1Au(s)]|* ds < e ug,1 — uo 2|,
where the positive constant cy g4 depends only on Ly and L.
Proof. On multiplying (2.56) by u in H, we obtain
%IIUII2 + 2/ Aul? + 2(f (ur) = f(uz), Au) +2(g(u1) — g(uz),u) = 0.
From (2.14), we deduce that

[(9(ur) = g(uz), w)| < lg(ur) = glu)] [lu]
< Lg]lull*.

(2.56)

(2.57)

(2.58)

(2.59)
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Using (2.12) and Young’s inequality, we find

|(f(ur) = fluz), Au)] < [|f(u1) = f(u)] [|Au]
< Lilful| || Aull

L2 1
< il + L uf?.
Thus,
d
&\\U(t)ﬂz +Au)® < cpgllu®)l?, crg = (2Lg +LF) >0, t>0. (2.60)
We finally conclude (2.58) from (2.60) and Gronwall’s lemma. O

Next, we show a L? — H' smoothing property which is essential in the construction of an exponential attractor.

Lemma 2.11. If ||u;(0)||2 < R2 (i=1,2), then for all t > 0, we have
cs
lu@®)IIF < == exp(e(Ra)t) o> (2.61)
Proof. We multiply (2.56) by 2tA~1u; in H. We deduce
d _
a(tHVuH?) + 2t|uel|2 1 + 2t (g9(ur) = glua), (=A) " ug) + 2t (f(ur) = flua),ue) = ||V, (2.62)

Using (2.14), (2.10), Poincaré’s inequality (2.11) and Young’s inequality, we have

[(g(u) — gluz), (=) )| < flg(ur) — glun)]| [[(~2)
< Lyl esllu-s
< Lyescpl| Vull [lu]

1
< Locsep | Vull* + luel 2y
Next, we use the Cauchy-Schwarz inequality and (2.9):

[(F ) = Fluz),ue)| = | (A3 (F(un) = F(u2)), A3 )
< Hv (/01 £ (uy + s(ug — uﬂ)dsu)‘

[[wel| -1
1
< ‘ / I (ug + s(uz — uy)) dsVal| |lug]| -1
0
1
+ ‘ / I (ug + s(ug — up))(Vuy + sV (ug — uy)) dsul| [Jug|| -1
0

Consequently, using (2.2) and (2.3), we have
|(f(u1) = f(uz),ue)| < e ([Vull + [ul V|l + lul [Vus|[]) lull
< e (IVull + [[ullage) (IVurll sy + [ Vuzllpag)) lluell -1
< (thanks to the continuous embedding H'(Q) c L*(Q))
< c(IVull + IVull (llusll 20y + luzllaz2i)) el -1
< (since uy, up are bounded in H?(2) by (2.39))

1
< o(Ro) [Vul* + [l |2 (2.63)
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Combining the above estimates in (2.62), we find

d

3 UVu®I?) + tluw®IZy < HVub| + [IVu@)®, ¢ >0,

where ¢/ = 2L2c%ch + 2¢(Rz). By Gronwall’s lemma,
Lot
| Vu(t)]? < e t/ [Vu(s)||*ds, ¢>0.
0
We conclude from (2.58) and (2.10) that (2.61) holds with c(R2) = ¢ + ¢y 4. O

3. THE TIME SEMIDISCRETE PROBLEM

3.1. The discrete semigroup

For the time semidiscretization, we apply the semi-implicit Euler scheme to (1.1). In the remainder of the
manuscript, §¢ > 0 denotes the time step. The scheme reads : let v’ € D(A) = H2() N H () and for
n=0,1,2,---, let u"*! € D(A) solve

unJrl _

5t S A% AS (u") + g (") = 0. (3.1)

This is a linear scheme known as the IMEX (Implicit-Explicit) scheme: at each time step, u"*! is computed by

solving a linear system whose right-hand side involves u™. By elliptic regularity, for u™ € D(A), u"*! is unique
and belongs to D(A). The following result shows that the discrete semigroup Sg‘tuo = u" is well-defined on
D(A).

Theorem 3.1. Assume that 6t < 1/(2L,), where Ly is the constant in (2.14). Then for every u™ € D(A),
there exists a unique u™tt € D(A) which solves (3.1). Moreover, the mapping Ss; : u™ — u™™1 is Lipschitz
continuous for the L*(Q)-norm from D(A) into D(A).

The Lipschitz continuity in L?(2) follows from Lemma 3.7.
The following regularity result will prove useful for the dissipative estimate in H?(().

Lemma 3.2. Ifu™ € D(A), then u" ™! = Ss;u™ belongs to D (A2) and
5t{[A%umt|* < 2| Au|? + Ot (||Au”||4 + 1) : (3.2)
where the positive constant C' is independent of 6t and u™. Moreover,
[Aumt||? < aun)? + Cot <||Au”|\4 + 1) . (3.3)

Proof. By (3.1), u™*! solves
u™ T — ™ 4 5tAP T = 5t h (3.4)

where h = Af (u™) — g (u™). By the chain rule (2.20), h € L?(Q2) with
Il < 1 () e gy IR+ L () ey [V gy + g (™)
< (H'(Q) c LYQ), (2.2), (2.3) and (2.13))
< Ly [|Au | + cpocd [|Au" | + c,. (3.5)
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Since u”, u" ™! and h belong to L*(£2), we deduce from (3.4) that u"™' € D (A?). Next, we take the L*-scalar
product of (3.4) with «"*! — u™. This yields

Hu"+1 — u"H2 + ot HAu”HHQ = 0t (Au"“, Au") + dt (h, "t — u")
< Ot || Au | | Au| + 6t ||| lu" Tt — u"].

From Young’s inequality, we deduce that
[ur ™t — || + 6t | Aum+Y|* < ot || Aun (| + 66| 1)>. (3.6)
Now, we take the L2-scalar product of (3.4) with A%u"*1. We find
5t || A2u P = — (Yt —un, A2 ) 8t (R, A%um )

e e I Vel e R POREST

=

Thus, by (3.6),
5t || A2umH|* < 2l Aw” ||? + 46t| )%

Using (3.5), we find (3.2). From (3.6) and (3.5), we also deduce that
| Aum 2| < Aun | + 5t )
< Jlaw | + cst (Jlaw|* +1).
This is (3.3). O

3.2. Dissipative estimates, uniform with respect to the time step

In this subsection, we first establish some priori estimates for the scheme (3.1). The following well-known
identity will be frequently used:

(a=b.a) =5 (llall* = [IbII* + lla = blI*) ,  a,b € L*(Q) (3.7)

N =

In (3.7), we may also replace the inner product and the norm in L?(£2) by another inner product and the norm
associated to it. We recall a discrete Gronwall lemma.

Lemma 3.3. Let C,v >0 and (ay), (by) be two sequences of nonnegative real numbers such that
apt1 + 0tbpy1 < (1 —vdt)a, + 6tC, ¥n >0, (3.8)

where 6t € (0,1/(27v)]. Then for all n > 0, we have

C
a, < e Mgy + = (3.9)
8
and
n—1
ot Z br+1 < ap + nitC. (310)
k=0

By convention, for n = 0, the sum in the left-hand side of (3.10) is zero.
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Proof. Since
ant1 < (1 —~dt)a, + 0tC, Vn >0,

we find by induction that for all n > 0,

n—1

an < (1=78t)"ag + 6tC» (1 — yot)*
k=0

C
< (1 —~dt)"ap + —-
v
By convexity, we have 1 — s < e~ for all s > 0. Thus, for all n > 0,
C
a, < efn'yétao 4+ =

This is (3.9). By (3.8), we also have
Gpt1 + 0thy11 < an +6tC, VYn > 0.

By summing from n =0 ton =N — 1, we find

N-1
an + ot Z bn+1 S ag + N6tC.

n=0
This yields (3.10).
Proposition 3.4 (Dissipative estimate in L?(2)). If 6t is small enough, then

[un||* < Colluo|>e™=0"%" + My, ¥n >0,

and
n—1

5t > | Ay ||* < Chlluoll® + ndtMg,  ¥n >0,
k=0

where the positive constants Cy, €0, My, C}, and M|, are independent of ug and dt.
Proof. We multiply (3.1) by A='u"*! in H. Using (3.7), we have

1

557 Ul 2y = 2 =2 ) 4 [0 P (F )

(@) = £ (@) ) + (g @) (-a) ) = 0.
Thanks to (2.18), we have
(f (") ) 2 95 [[um [ = ol

Using the Cauchy-Schwarz inequality, (2.12) and Young’s inequality, we find
|(F) = £ @) s D < [ @) = £ @ e

<
< L [lu® =] a7

IN

3 et |2 4 28
4 5
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(3.11)

(3.12)

(3.13)
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Moreover, by (2.10) and (2.13),
|(g (u™), (—A)—lun+l)| < llg (™) ||(—A)_1un+1 I

< cpes [
< 2 a4 .
— 4 Vs
Let us combine the above estimates in (3.13). We find
2& 2, 2 P 4 v “H &
L
< sy + 2L fun - (3.14)
Now, we multiply (3.1) by u™*! in H. We obtain
o7 (17 =l + [ =) + [ A
— (f (@), Au™) + (g (u™) ,u™t") = 0. (3.15)
By (2.12), (2.1) and Young’s inequality, we have
|(f (™), Au™ D[ < I f ()] [|Au™+]
<Lyl HM"“H
f ” nH += HA n+1H
Owing to (2.13) and Young’s inequality, we have
(g (™), ") < g (@l [+
< ¢ [[u™ |
1 2
<L
Combining the above estimates in (3.15), we obtain
n+1 1 n+l . n n+1 n s n n+1
Lt Lt o Ljawe P < L S g+ L a2 o)
On summing (3.14) and « (3.16) with a > 0, we conclude that
e N S S
1 n n « n 7l n
Sl [ R T
L2
< s 2+ o + - a7f |l + ¢, (3.17)
2c2
where ¢ = + 76/ 4 ac. Now, we use the Poincaré inequality (2.11) for the term [|[Vu"!||?, we choose
a > 0 small enough so that o < 75 and aL§/2 <1/c%, and we set
26t
an = [[u"|2y + afu™ 1 + 5 (3.18)

P
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Then (3.17) yields

srtnen + 22 P 2 a2 < S st e
Then, for ¢ small enough so that «o/(26t) > L3 /75, we obtain
s+ 22 [+ S [ < e
y (2.10),
on s (G4at 20 ) e, (3.19)
P

where 0t* is the maximum value of the time step. This yields

1 b 1 A5t*
25tan+1+ 2an+1+fHA H <ﬁan+c c1—75/<265+204+ 2 >>0.
Thus,
nir + 7 ,5t law)* < 1+1c/15t“"+ 13;1&0,
Next, we use that
%glj_sgl—f, Vs € [0,1]. (3.20)

By choosing s = ¢}t we obtain that for d¢ small enough (6t < 1/¢}),
« /
i + 2t [[ 2 < (1 9 ) 4 + 2061, (3.21)
We deduce from Lemma 3.3 that for all n > 0,

' 4¢
a, < e—clnét/an + 7?
1
and
o n—1 9
5525 kX;O HAukHH < ag + 2¢'nét.

Finally, we note that a, > ol[u”|”>. These estimates, together with (3.19), conclude the proof of
Proposition 3.4. (I

Proposition 3.5 (Dissipative estimate in H(2)). If 6t is small enough, then
[Vur(|? < Cre==% ||Vl ||* + My, Vn >0, (3.22)
and

£ 37 [ — k|, < IV ML ), > 0,

where the positive constants C1, €1, My, C| and M, are independent of ug and 5t.
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n+l _ . n
Proof. We multiply (3.1) by A1t 5 Y in H. We obtain

el (A Q%t (IFa P = 19?4 |7 (" = ) |)
+% (F (u”+1) ~ F(u"),1) + (g (™), (~A)~" “nﬂat_“)
2& I (Gumr) (= u)? da. (3.23)
Here, we used that for all r,s € R

2
F(s) = FO) + ) (s =)+ £1(E0r) 20, for some £, € [r.s],
and (r,s) — f’(£.,) is a continuous function on R?, since F' € C%(R)
Using (2.2) and Young’s inequality, we obtain

[ 1 G} (% =
Q

) da| < 'l ey [Juntt =]
<IL; Hun+1 . unHQ
<Ly ||V (@t = ut) ||t -

1 n+l
<5 [V —u

In the third inequality above, we used the interpolation inequality

n
u H—l

L2
W+ L s =2

ol = (A¥%0, A7120) < ol floll-1, Vo€ V.
By (2.13) and (2.10),

(st -2 ) < gl

B 71un+1 —um
()
n+1 n
< cyes u™tt —y
ot 1
. - 22
< o5 v =t g2s'
Combining the above estimates in (3.23), we get
n n n n 2 TL n 2
7 4 5 (P00 g i =0 5 9 )
< 5 1902 4 5 (F (@) 1)+ 2 [t = o2 £,

3.24
. (3.21)
Let dt be small enough so that (3.21) holds and §t < 1/L%. Adding (3.21) and 26t4 times (3.24) where 3 > 0
we find that

H n+l
20t
where

“anl < B} + (2¢ + Bcicg) ot (3.25)

Ef = ay + B Vu"|* + 26 (F (u"),1)
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and ay, is defined by (3.18). By (2.16), F(s) +72 > 0 for all s € R, so that
El = E} +26(72,1) >0, ¥Yn>0.
Moreover, by (2.17), (3.19) and the Poincaré inequality, we have
E} < e ||[Vu|? 4+ ¢, c1, o > 0.

By (2.10),
1 En CQ
T —

(PN = 7
C1Cgs C1Cs

so that (3.25) yields
p

26t
where 3 = a/(2¢1¢g) and ¢5 = 2¢ + Bcicg + acy/(2c1¢5). Thus,

BEtt st B o oo [t =2, < BY o+ cadt,

1 ~ Cy
7En
T4 eaot 2 T 11 caot

D 1 £ n+l _  n 2
B T et 20t J w2y < at.

By (3.20), for 6t small enough (6t < 1/c3), we have

un+1 _ un 2

rn ﬂét
A

< (1 — %3675) E3 + c46t.
—1

We may apply Lemma 3.3, which yields

- - 2c
E; < 67nc;;5t/2Eg + 734

and

p

n—1
5 Z Hu’”‘l — uk||2_1 < E + nétey,
k=0

for all » > 0. Finally, we note that
[n n| 2
Ey > B[[vu"|”,
and this estimate, together with (3.26)—(3.28), concludes the proof.
Proposition 3.6 (Dissipative estimate in H2(Q2)). For 6t small enough, we have
|Au < Qs (|[Au’][) 7<% + My, ¥n >0,
and

n—1
Sl @ =) P < @ (| an]) + Mgnst, n 20,
k=0
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(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

where Qs is a monotonic function and the positive constants €2, My and MY are independent of u°® and &t.

Proof. By Lemma 3.2, we know that for all n > 1, u"™ € D (A2). By multiplying (3.1) by A%u"*! in H and

using (3.7), we obtain

1
25t (HAun+1||2 _ ||AunH2 + HA (un-i-l . un)HQ) T HAzun_HHZ
— (g ("), A% ) (AF (u7), A% ).

(3.31)
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Using (2.13) and Young’s inequality yields

(g (™), A% )| < Qlg(uM)]] [[A%um ]
< ¢ [| A%

< Hamef e
Similarly, we have
[(Af @), A% [ < [JAf (@] [|[A%m T < 7 AT P 4 Af @),
Therefore, we have
1
7 (180 = Jaw P+l o) [F) + 5 a2 < as @)+t (332)

Arguing as in the continuous case (cf. (2.44)) and using the H!-estimate (3.22), we find that for all n > 1, we
have

[Af W) << HA2 nH + c12(Ry), (3.33)

where ¢12 depends on Ry = ||[Vu(0)||. The estimate (3.32) becomes

I HA2 e B N O | e [V HA2 " e,

25t | 251,‘ - 26t

where ¢5(R1) = ¢ + c12(R1). We multiply this estimate by 26t and we obtain

iny1 + % A% 4 | A (@t = u™) [P < @ + 2656t (3.34)

where
i = w2+ 2 HAz "

Using that dt is bounded from above and that (2.10) holds for s =1 and s = 2, we find
an < cg ||A2u”||2, Vn>1

for some constant ¢ > 0 independent of d¢. Thus, (3.34) implies

ot
g1 + AT = u™)|]? < @ + 2e56t, Vn > 1.

an+1 + 2

Therefore, by (3.20), for §t < 2¢g, we have
1
Ant1 + 3 A (u —u™) ||2 < (1 = ¢e7dt)ay, + 2¢50t Vn > 1, (3.35)

where ¢; = 1/(4¢g). By Lemma 3.3,

2
G, < e~ (n—Derdtg | % Vn > 1, (3.36)
7
and
1+ 2c5
k+1 k
5§ A (uF+ — o)) <a1+(n—1)5t; vn > 1. (3.37)
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Thanks to the dissipative estimate (3.22), there exists a time t; = ¢1(R1) such that
[Vu"||? < Cy 4+ My, Vn>t/dt,

where C; and M; are independent of Ry and d0t. Let ny = [t1/dt], where [-] denotes the integer ceiling function.
Then for n > ny, the constant ¢12 in (3.33) no longer depends on R;. Consequently, (3.35) holds for all n > ny
with ¢5 and ¢; independent of R;. By induction (as in Lem. 3.3), we have

, 2
dn < e~(nmmerdty 4 Ty s (3.38)
cr
and
1= 2 2¢5
3 Z A (W = b)) <, + (0 — nl)ét;, Vn > ny. (3.39)

k:n1
The dissipative estimate (3.29) follows from (3.38) (for n > ny), (3.36) (for 1 < n < n;) and Lem. 3.2 (for
n = 0). Estimate (3.30) follows from (3.39) (for n > ny), (3.37) (for 1 <n <ny), (3.36) (for a,,) and Lem. 3.2
(for n =0). O
3.3. Estimates for the difference of solutions, uniform with respect to the time step

Let v™ and w™ be two sequences generated by the scheme (3.1) and corresponding to the initial data v* and
w respectively. We denote u™ = v™ — w" their difference, which satisfies

unt &_ un + A2 A(f (07) = f (W) + (g (V") — g (w™) =0, Vn > 0. (3.40)

Lemma 3.7. Assume that 6t < 1/(2Ly). Then for all n > 1, we have

n—1 n—1
2 4 37 [t =P 4 0t Y (A < exp (epgmdt) [u]] (3.41)
k=0 k=0

Proof. We multiply (3.40) by u"*! in H. We obtain

1

ﬁ (H’U/n-‘r1||2 _ ||un||2 + Hun-'rl _ unHQ) + HAunJ’_lHQ

=(f(") = fw") ,AU"H) — (g (™) =g ("), u”“) . (3.42)
Owing to (2.14) and Young’s inequality, we have
[(g (") =g (@), u"™ )| < lg0") — g ()] [u""]]
< Lg [lu™| [Ju™*

Ly

Lg n-l—l2 ny2
< S P 22

By (2.12) and Young’s inequality,

‘(f (U") _ f (wn)’Aun-‘rl)’ < Hf (’U”) _ f (wn)ll HAun—HH
< Lyl At

L3 1 2
< 5 )+ 5 w1
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Plugging this in (3.42) times 2Jt, we find
(U Lyt [ o [ — P+ 6t A < (14 eat) |2, (3.43)
where ¢ = L? + Ly. We divide this estimate by (1 — L,0t) and we obtain that for 6t < 1/(2L,),
Hu”“}ﬁ + ||untt — ”H + 4t HAU"HH (14 6t) |[u™]>, VYn >0, (3.44)
where ¢ = (¢, Ly). We apply the estimate
1+s<exp(s), VseR, (3.45)
to s = ¢/dt and we obtain (3.41) by induction, with ¢4 = ¢ O
Next, we show a L?-H! smoothing property.
Lemma 3.8. Let Ry > 0 and 0t < 1/(2L,). If Hv0H2 < Ry and Hon2 < Ry, then for alln > 1, we have
nt |[u™[|? < cs exp (¢ (Ra) nét) [|u®||” . (3.46)
Proof. We multiply (3.40) by A" (umt! — u”) /0t in H and we find

2
n+1 |vun+1|| HVunHQ + ||V(un+1 _ un) )

2
n
u ||71

5l 25 (
n+1 —u
+(rem -1 )

unJrl _ un
+ <g (™) — g (w™) ’Alét) =0. (3.47)
Using (2.14), (2.10), the Poincaré inequality (2.11) and Young’s inequality, we get
B un+1 —um n+1 —un
ny n _A 1 <
(90m =50, (=) =) < g 0) - g )] H LA
<L, _
ol es ||
< B IV P + o [ — |,
- 44t2 -1

Thanks to (3.29), we know that (v") and (w™) are bounded in H?({)). Arguing as in the continuous case
(see (2.63)), we obtain

-1

2
(o) V| + g [ — |7,

We combine the above estimates in (3.47) and we deduce that

WP < [V VP, Ve >0,

a7 V0 < 35

where ¢/ = ¢/(Ry) = Lc&ch + ¢(Rz). We multiply this by 2ndt and we add HVu"+1 H2 on both sides. This yields

(n+1) HVU"+1H (14 2¢6t)n ||[Vu™|? + || Vu

Vn > 0.
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Let d,, = n|[Vu™|?. By (2.10), we have
2
dpy1 < (1+2d6t)d, +cs ||Au"+1|| , Yn>0.

Using dy = 0, we deduce by induction that

n—1
d, < (14 2c6t)" <cs Z HAukJrlHQ) , VYn>1.
k=0
The conclusion (3.46) follows from (3.41) and from (3.45) with s = 2¢/4t. O

4. FINITE TIME UNIFORM ERROR ESTIMATE

The error estimate between the continuous semigroup and the discrete semigroup is the last essential step in
order to build a robust family of exponential attractors.

For the error estimate on a finite time interval, we follow the methodology in [29,33]. We consider a sequence
(u™) in D(A) generated by (3.1). To the sequence (u™), we associate three functions us, Use, us, : Ry — D(A),
namely

n o t—mdt n
Ust = U —|—T(u —u"), te€[ndt,(n+1)dt),
Use = u"l, t € [ndt, (n+ 1)6t),

us, =u", t€ [ndt, (n+1)dt).

We note that us; € C°([0,T], D(A)) is piecewise linear, s, € L>°(0,T; D(A)) and ug, € L>(0,T; D(A)), for all
T > 0. The scheme (3.1) can be rewritten

du(;t

Y A5 + Af(ugy) + 9(us,) =0 in D(A™Y), for a.e. t > 0. (4.1)

Equivalently, we have

d’u(;t

— F A s+ Af(uar) + glus) = A% (use = Tor) + A(f (use) = flus,)) + (9(use) = 9(us,)) (4.2)

in D(A™1), for a.e. t > 0. We denote by u the solution to (2.21) with initial condition ug € D(A) and we set
est(t) = use(t) — u(t).
The error estimate reads:

Theorem 4.1. For all T > 0 and for all Ry > 0, there is a constant C(T, Ra) independent of 6t such that
u® =y and HuoH2 < Ry tmply
sup les(t)]| < C(T, Rs) (31)7, (4.3)
te[0,Ndt]

where N = |T/6t] and |-| denotes the integer floor function.

Proof. On subtracting (2.21) from (4.2), we find

d€5t

q T A s+ Af (us) = F(w) + (g(usr) = 9(w) = A*(usr —Tsr) + A(f (ust) = f(wse)) + (9(use) = 9(ws))- (4.4)
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We multiply (4.4) by es; in H. We obtain

%% lese (DI + [ Aese(8)|* — (f (use) — f(w), Aest) + (g(use) — g(w), ese)
= (A(ugt — st), Aest) — (f(use) — f(uge), Aest) + (9(use) — g(ust) est)- (4.5)

Estimate (2.14) and Young’s inequality yield

(g(ust) — g(u), es)| < llg(use) — g(u)l lestl]
< Lyllest|?

and

[(g(ust) — gluse) ese)| < [lg(use) = guse)ll lles: |

< Lg”Uét — ugsl lesell
2

< s — g ” + llea|*.
Moreover, by (2.12),

[(F(uge) — F(u), Aesi)] < | F(use) — F@)] [ Desd
< Lylles| 1 Aes]

1
< Lillesl” + 711 Aes]®

and

|(f (ust) = f(usy), Aes)| < [ f (use) = flus)l | Aes|

< Lylluse — ugel | Aest||

1
< Lilluse — ugy[)® + [ Aese .
We also have

[(A(ust —Use), Aest)| < [[A(use — Use)|| || Aest]|

1
< 1A (st — TP + 71 Aes

Inserting the estimates above into (4.5), we find

d 1
X lest(8)]|” + 3 [Aest(t)]” < 1 llest (N1 + cal| use — gy ||* + 21| A(us — E&)HQ ) (4.6)

where ¢; =2L, 4+ 2 + QL?c and ¢y = L§/2 + QL?.
Let T > 0 and N = |T/dt|. Thanks to es:(0) = 0 and the classical Gronwall lemma applied to (4.6), we
obtain

Nt
llest()]1* < exp (C1T)/ ez lusi(s) = ugy(s)]* ds
0

Nt
+exp(clT)/0 2| A(usi(s) — T ()| ds, ¥t € [0, NoE. (@7)
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On the interval [ndt, (n + 1)dt), we have

luse(s) = ug(s) [|< fu"™ —w”| and [ Aus(s) = Gse(s)]| < [|A™F = u™)]].

Thus,
N6t N-1 ,
/ ca ||use(s) — ug,(s)])* ds < codt Z [[uftt — ||
0 k=0
and
N§t ) N-1 9
[ 1)~ mao) I ds < 6t Y A~ o)
0 k=0
Plugging these estimates into (4.7), we obtain
N-1 , Nl )
les O < exp (T ( 3 - ot P 2 3 A o) ) st
k=0 k=0
N-1
< czexp(c1T) A (uh Tt —u?) ||2 ot, (4.8)
k=0

where c3 = cack + 2. By (3.30),
lese(t)1* < csexp (1) (Qz (|| Au®||) + MST) 6t, ¥t € [0, N5t].
This concludes the proof. O

5. CONVERGENCE OF EXPONENTIAL ATTRACTORS

5.1. Some definitions

Before stating our main result, we recall some definitions (see e.g. [12,32]). We recall that H = L?(Q2) and
D(A) = H*(2) N H3 (). A continuous-in-time semigroup {S(t), t € R;} on D(A) is a family of (nonlinear)
operators such that S(t) is a continuous operator (for the L?(Q)-norm) from D(A) into itself, for all t € R,
with S(0) = Id (identity) and

S(t+s)=95(t)oS(s), Vs,teRy.

A discrete-in-time semigroup {S(¢), ¢t € N} on D(A) is a family of (nonlinear) operators which satisfy these
properties with R replaced by N. A discrete-in-time semigroup is usually denoted {S™, n € N}, where S(=
S(1)) is a continuous (nonlinear) operator from D(A) into itself.

A (continuous or discrete) semigroup {S(¢), t > 0} defines a (continuous or discrete) dynamical system: if
ug is the state of the dynamical system at time 0, then u(t) = S(t)uo is the state at time ¢ > 0. The term
“dynamical system” will sometimes be used instead of “semigroup”.

Definition 5.1 (Global attractor). Let {S(t), ¢ > 0} be a continuous or discrete semigroup on D(A). A
bounded set A C D(A) is called the global attractor of the dynamical system if the following three conditions
are satisfied:

(1) A is compact in H;
(2) A is invariant, i.e. S(t)A = A, for all ¢ > 0;
(3) A attracts all bounded sets in D(A), i.e., for every bounded set B in D(A),

lim_disti (S(t)B, A) = 0.
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Here, disty denotes the non-symmetric Hausdorff semidistance in H between two subsets, which is defined as

diStH(Bl,Bz) = Ssup inf ||bl — b2||H.
b1 €B1 bo€B>

It is easy to see, thanks to the invariance and the attracting property, that the global attractor, when it exists,
is unique [32].

Let X C H be a (relatively compact) subset of H. For £ > 0, we denote N.(X, H) the minimum number of
balls of H of radius € > 0 which are necessary to cover X. The fractal dimension of X (see e.g. [11,32]) is the
number log(N. (X, )

. . Og(NVe(A,
d X)=1 —_—
me(X) = ey =7
Definition 5.2 (Exponential attractor). Let {S(t), ¢ > 0} be a continuous or discrete semigroup on D(A). A

bounded set M C D(A) is an exponential attractor of the dynamical system if the following three conditions
are satisfied:

€ [0, +o0].

(1) M is compact in H and has finite fractal dimension;
(2) M is positively invariant, i.e. S(t)M C M, for all ¢t > 0;
(3) M attracts exponentially the bounded subsets of D(A) in the following sense:

VB C D(A) bounded, distg(S(t)B, M) < Q(||B||m)e”**, t>0,

where the positive constant « and the monotonic function Q are independent of B. Here, ||B|lg =
supyep [|0|ar-

It is easy to see that the exponential attractor, if it exists, contains the global attractor.
5.2. The main result

We have seen that {Sy(t), t € Ry} defined by (2.22) is a continuous-in-time dynamical system on D(A),
and that for every dt > 0 small enough, {S§,, n € N} defines a discrete-in-time dynamical system on D(A)
(Thm. 3.1). We have:

Theorem 5.3. Let 6t* > 0 be small enough. For every 6t € (0,t*], the discrete dynamical system {S§,, n € N}
possesses an exponential attractor Mg, in D(A), and the continuous dynamical system {Sy(t), t € Ry} possesses
an exponential attractor Mg in D(A) such that:

(1) the fractal dimension of Mg, is bounded, uniformly with respect to 5t € [0, 6t*],
dimp Mgt < cq,

where ¢y is independent of 0t;
(2) Mg attracts the bounded sets of D(A), uniformly with respect to 6t € (0,8t*], i.e. for all 6t € (0, 5t*],

VB C D(A) bounded , disty (S§,B, Msi) < Q(||B|lz)e” ™, n €N,

where the positive constant co and the monotonic function Q are independent of ot;
(3) the family {Ms;, 8t € [0,0t*]} is continuous at 0,

distsym(Mst, Mo) < c3(5t)“,

where ¢ and c4 € (0,1) are independent of 6t and distsy, denotes the symmetric Hausdorff distance
between sets, defined by

diStsym(Bl, Bg) = max{distH(Bl, B2), diStH(BQ, Bl)}
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Proof. We apply Theorem 2.5 in [29] with the spaces H = L*(Q) and V = H{ () and the set
B={veD(A) : vl < Mz+1},

where My is the constant in (2.39) and (3.29). We note that V' is compactly imbedded in H and that an H-V
smoothing property holds, uniformly with respect to 6t (Lems. 2.11 and 3.8). Moreover, B is absorbing in D(A),
uniformly with respect to ot € [0, dtp], where oty > 0 is chosen small enough. The estimates of Sections 2—4
show that assumptions (H1)—(H9) of Theorem 2.5 in [29] are satisfied. Thus, the conclusions of Theorem 5.3
hold for 8t € [0, 6t*], for some 6t* € (0, dto] small enough. We note that Theorem 2.5 in [29] is stated for a family
of semigroups which act on the whole space H, but with a minor modification of the proof, it can be applied
to our situation where the semigroup acts on D(A) and is continuous for the H-norm. The main tool is the

construction of exponential attractors based on a uniform smoothing property proposed by Efendiev, Miranville
and Zelik in [12, Thm. 4.4]. O

As in [29, Cor. 6.2], we have:

Corollary 5.4. For every 6t € [0,0t"], the semigroup {Ss(t), t > 0} possesses a global attractor As, in D(A)
which is bounded in D(A) and compact in H. Moreover, disty(Ast, Ao) — 0 as 6t — 01, and the fractal
dimension of As; is bounded by a constant independent of dot.

Remark 5.5. Let us replace the Dirichlet boundary conditions (1.2) with Neumann boundary conditions, which
read
Onu = 0, Au =0 on 99 x (0, +00), (5.1)

where n is the unit outer normal to 9.
If g =01in (1.1), we deal with the classical Cahn-Hilliard equation and a result similar to Theorem 5.3 can
be obtained. In this case, we have the conservation of mass and it is convenient to introduce the function spaces

Hg—{’UEH : /v—ﬂ} and Ho = | J Hp,
Q

|Bl<a

as in [4,32], where 8 € R and « > 0.
If g # 0, the situation is more delicate because we no longer have the conservation of mass [21, Rem. 5.7]. If
g is a proliferation term, the mass may even blow up in finite time [7,23,25].
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