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Abstract

In this paper we examine the numerical approximation of the limiting invariant measure associated
with Feynman-Kac formulae. These are expressed in a discrete time formulation and are associated
with a Markov chain and a potential function. The typical application considered here is the computa-
tion of eigenvalues associated with non-negative operators as found, for example, in physics or particle
simulation of rare-events. We focus on a novel lagged approximation of this invariant measure, based
upon the introduction of a ratio of time-averaged Feynman-Kac marginals associated with a positive
operator iterated | € N times; a lagged Feynman-Kac formula. This estimator and its approximation
using Diffusion Monte Carlo (DMC) have been extensively employed in the physics literature. In short,
DMC is an iterative algorithm involving N € N particles or walkers simulated in parallel, that undergo
sampling and resampling operations. In this work, it is shown that for the DMC approximation of
the lagged Feynman-Kac formula, one has an almost sure characterization of the Li-error as the time
parameter (iteration) goes to infinity and this is at most of O(exp{—~l}/N), for x > 0. In addition a
non-asymptotic in time, and time uniform L; —bound is proved which is @(I/v/N). We also prove a
novel central limit theorem to give a characterization of the exact asymptotic in time variance. This
analysis demonstrates that the strategy used in physics, namely, to run DMC with N and [ small and,
for long time enough, is mathematically justified. Our results also suggest how one should choose N
and [ in practice. We emphasize that these results are not restricted to physical applications; they
have broad relevance to the general problem of particle simulation of the Feynman-Kac formula, which
is utilized in a great variety of scientific and engineering fields.

Keywords: Feynman-Kac Formula, Diffusion Monte Carlo, Eigenvalue approximation.

1 Introduction

The Feynman-Kac (FK) formula plays a central role in many scientific fields including mathematics [5],
statistics [17], physics [7, 29], control theory [15], quantitative finance [24], to name some of the main
ones, see for instance [11, 12] for book-length introductions to the subject. In the context of this work,
the Feynman-Kac formula can be formulated in the following way. Consider a time-homogeneous Markov
chain with initial distribution 7y and transition kernel M on a measurable state-space E and let G be
a bounded, measurable and strictly positive real-valued function on E. The Feynman-Kac expresses the
evolution of the initial distribution as follows. Let n € N and any ¢ : E — R bounded and measurable,
the Feynman-Kac measure 7, (¢) is given by

E [o(Xa) [Tj=) G(X,)]
E[[T)2 G(x,)]

(@) = (1.1)

where E[-] is the expectation operator w.r.t. the probability law of the afore-mentioned Markov chain.
In this work, we will be in particular interested in evaluating 7. (¢) = lim,— 100 Mn(p) which exists
under certain mathematical assumptions. However, except for trivial cases, the quantity 7, (¢) cannot be
evaluated analytically and one must rely upon numerical methods. These approaches are referred to as
sequential Monte Carlo or particle filters in mathematics/statistics and under the general denomination of



Diffusion Monte Carlo (DMC) in physics. Several variants of DMC have been introduced such as Green’s
function Monte Carlo [6, 25], Fixed-Node Diffusion Monte Carlo [27], Pure Diffusion Monte Carlo [7, 8],
Stochastic Reconfiguration Monte Carlo [2, 22, 30, 31] and Reptation Monte Carlo [3], to cite the main
ones.

In practice, calculations are done by introducing a McKean interacting particle system involving a
number of particles to which stochastic rules built from M (sampling using the Markov kernel) and G
(resampling using the weight G) are applied iteratively. In the mathematical literature, these methods
are by now rather well understood, with a plethora of results; see for instance [4, 11, 12, 18, 33]. In the
following where the estimator discussed is borrowed to physics, we will adopt the name DMC for the
preceding numerical algorithm. Note that in physics, the N samples/particles of the evolving population
are called walkers, so the two terms "particles" and "walkers" will be used interchangeably in this article.
Now, a key point is that a great freedom exists in choosing either the the stochastic rules and/or the
estimator employed for 7, (). The problem of making some optimal choice leading to smaller variances
and reduced finite-population biases is thus a central issue in numerical implementations.

In this work we analyze an original estimator for the Feynman-Kac measure introduced in physics [7, 8]
and which appears, to the best of our knowledge, not to have been considered in the mathematical liter-
ature. In physics, the problem considered consists in solving the imaginary-time dependent Schrédinger
equation using the Feynman-Kac formula.

In its simplest formulation, the Feynman-Kac formula is a particular case of Eq.(1.1) with the following
setting: i) Q(z,y) = G(x)M (x, dy) is the kernel of the operator e~"# where H is the Hamiltonian operator
describing the system and 7 a small positive quantity playing the role of a time step, ii) M (x, dy) the
Markov kernel corresponding to the brownian process, and iii) G(x) = e~V *) where V(x) is the potential
function. In practice, for non-trivial quantum systems, calculations are possible (small enough statistical
errors) only if importance sampling is introduced. We are then led to a so-called importance sampled
Feynman-Kac formula, which is still a particular case of Eq.(1.1), but with some more general operator
Q. Details are given in Appendix A. A general presentation of this setting and the way it is derived
in physics can be found for example in [7, 29]. As known, the quantity 7.,(G) obtained from Eq.(1.1)
turns out to be the eigenvalue of the operator @, that is the A\ € R* such that for some h : E — RT,
Je h(y)Q(x,dy) = Ah(z); the computation of which has found several applications in mathematics, for
example, in rare-events estimation [13, 34]. In physics, getting A gives the ground-state energy, Ey, via the
relation A = e~ "o and h is the ground-state eigenstate from which physical properties can be computed
[28].

Based upon the Feynman-Kac formula representation, different FK-like formulae can be proposed to
evaluate 7o (). For instance, one can consider the following quantity

M) = - 3wl (12)
k=0

which, as n grows large, will converge, under assumptions, to 7. (¢). In this work, we introduce the
alternative quantity built from 7, and defined as follows. Let [ € N be a lag, which can be chosen to be
any fixed value and define the function for z(y € E:

Q(@)wo) = [ ol [ Qais o).

k=1

We define the quantity

7,(Q' ()
ik 1.3
1@ (D) )
which leads to the following FK-like formula for the limiting invariant measure
7 (Q'(¢
Moo () = lim Q (2)) (1.4)

2 7 (@)



In the following, we will refer to (1.3) as the lagged Feynman-Kac formula.

The general idea of why one may prefer to apply the numerical DMC algorithm to (1.3) instead of (1.2)
is the flexibility resulting from the introduction of the lag parameter [. For example, and without entering
into details at this stage, using DMC for approximating (1.2) necessitates in general a large number N of
walkers to extrapolate to zero the population bias of order % as N goes to infinity. In sharp contrast, this
problem becomes much less severe using (1.3) since, as we shall show, the N-dependence of the results
decreases rapidly as the lag [ increases. From that, one might obtain a substantial computational saving
in the DMC simulation. Finally, as already mentioned and to the best of our knowledge, a mathematical
study of the DMC approximation of (1.3) has not been undertaken; this is the topic of the present study.

1.1 Summary of Main Results and Article Structure

The analysis of the DMC approximation of (1.3) is rather challenging. As we will show later on, this
consists of a normalized estimator of walkers over the lag I, time-averaged in as in (1.3). The standard
theory associated to DMC (e.g. [11]) is not trivially applicable to the estimator that is used in practice,
hence requiring an original approach. In this article, under assumptions, we prove the following interesting
results:

e For a fixed number of particles N we prove an almost sure (as n grows) limit for the L; —error of
the DMC approximation of (1.3) and show that this is at most O(exp{—~i}/N), x > 0. This is
Theorem 4.1 and Corollary 4.1.

e For a fixed number of particles N and time horizon n we prove that the appropriately centered
L, —error DMC approximation of (1.3) is at most O(I/v/N). The bound is uniform in time (n).
This is Theorem 4.2.

e For a fixed number of particles N we prove an asymptotic in n central limit theorem (CLT) for the
estimator. This is in Theorem 4.3.

The implication of these results are rather important. Theorem 4.1 and Corollary 4.1 establish that, as
is done in practice, DMC can be run with NV the number of walkers small and [ small, for long-times and
the error of the approximation can be vanishingly (exponentially) small. Theorem 4.2 also shows that
one should not necessarily grow [ arbitrarily large as there is a price to pay. We also use our theorems to
compare with the DMC approximation of (1.2). Theorem 4.3 provides an exact characterization of the
asymptotic in time variance. Our results are also confirmed in numerical simulations. The proofs of the
afore mentioned results require some non-standard arguments based upon novel path-wise solutions of
the Poisson equation for Markov chains. Our proofs are not confined to problems in physics and indeed,
apply to any application where the particle approximation of (1.3) is of practical interest. This constitutes
many applications in rare-events estimation and stochastic control problems; see [13, 34] for instance.

This paper is structured as follows. In Section 2 we detail the formulae of interest and the Diffusion
Monte Carlo algorithm. In Section 3 we give the numerical estimator under study. Section 4 presents
our mathematical results with discussion. The appendix contains the technical details associated to the
proofs of our main results as well as some details of the application in physics.

2 Feynman-Kac Formulae and Diffusion Monte Carlo

2.1 Notation

Let (E,£) be a measurable space. Denote by P(E) and M(E) the collection of probability measures
and non-negative measures on (E,€). For ¢ : E — R we write By(E) as the collection of bounded
and measurable functions on (E,€). For ¢ € By(E), the sup-norm is written ||¢| sup,cg |¢(z)|. For
(1, 0) € M(E) x By(E), pu(p) = [pp(x)u(dx). Let P : E — M(E), (u, ) € M(E) x By(E) we use the



short-hand notation for x € E:
HP(o) = /E u(dz) P(g)(x) and P(p)(z) = /E P, dy)p(y).

Note that one can use the notation pP(p) and p(P(p)) exchangeably, but we generally use the former.
Ng = NU{0}. For P: E — M(E), ¢ € By(E) and n € N, P"(¢)(20) = [gn ©(@n) [Tj—1 P(xr—1,dxs)
with the convention that P°(p)(zo) = ¢(x9). For A € & the Dirac measure is written J4(dz), with
the convention that if A = {z}, 2 € E, we write §,(dy). For (u,v) € P(E)?, we denote by |u —
V|lty = sup sce |(A) —v(A)] as the total variation distance. N (0,0?) denotes the one-dimensional normal
distribution of mean 0 and variance o2 > 0.

2.2 Feynman-Kac Semigroups

Consider the Feynman-Kac measures on a measurable space (E, £), for (n,¢) € Ny x By(E):

() = () /(1) with yn(p) :=E <¢(Xn) 1:[ G(Xp)>

p=0

where G : E — R is a strictly positive and bounded potential and the expectation E(-) is w.r.t. the law
of a time-homogenous Markov chain with initial distribution 79 and transition kernel M : E — P(E). We
use the convention vy = 1y = Law(Xy), for n = 0. The unnormalized measures ~,, have a linear evolution
given for any n > 1 by the recursion

() = m-1Q(p) and we have (@) =mle) [[ m(G) (2.1)

0<p<n

where Q(z,dy) = G(x)M (z,dy). The normalized measures have a nonlinear evolution

M1 (9) = D) () = Ve (n)M(g) with Te(n)(g) = ”n‘(if)) (2.2)

The evolution semigroup associated with the flow 7, is given for any p < n by

nn(p) = " P(ny)(p) with @"7P(n,)(p) = PoPo...0d(n,)

where the composition is (n — p)—times. Note that

n—p — ann—p((p) n l/—= — ﬁan (QD)
D" 7P () () PR =T d @'(7,)(e) 7.0
For any given [ > 1 we set
phe) =1 3 @ = 3 m@) =7,Q'()
0<k<n 0<k<n

and their normalized versions

T, () := pib () /1 (1) = L, = @'(7,).

In our context, under some stability conditions (see e.g. [11, 34] for instance), there exists an invariant
measure 7)o, a parameter A > 0 and a function h > 0 such that for any (z,¢) € E x By(E)

Q(h)(z) = A h(z) and 1eo(p) = ®(no)(p) (= Q"(h) = A" h).



Applying the above fixed point equation to ¢ = h we check that

B () (1) = T = () = 47 P @ (1) = X

Also note that
G(z) = Q(1)(z) = 1o (G) = A.

More generally, for any ¢ € B,(E) we have

D" (100 ) (¢) = Moo () = NcQ™ () = A" oo ().

2.3 Diffusion Monte Carlo

DMC is a discrete-time system of N walkers &, = The system starts with N independent

(€) 1cian
copies of a random variable with distribution 79. Given the system &, at some time n > 0, we sample NV
conditionally independent walkers &/, ; with their respective distribution ®(n)), with

1
N ._ o )
m, =m(&) = N E d¢i -
1<i<N

In other words, the DMC method consists of approximating the measure 7,, by using the occupation
measure 7 associated with a system of N walkers. The initial positions of the walkers are randomly
chosen from the distribution 7. The evolution of each walker follows then the following selection/mutation
steps:

e Selection: We evaluate the current position &/ of all of the walkers at its potential value G(&/,). For
each walker, we select a walker amongst the current collection with probability G(¢%) /0N (G), giving
the new position &.

e Mutation: We move the selected walker E;l = x to a new location &, 11 = y using the transition
kernel M (x,dy).

3 Numerical Estimator

3.1 Unnormalized Particle Measures

We consider some well-known facts about particle approximation of unnormalized measures; this discussion
will prove useful as we give lagged estimators that are used in the physics literature. Mimicking the
r.h.s. formula in (2.1), the unbiased estimate of v, (¢) (see [11, Chapter 7]) is defined by

o) =) [ m(G).
0<p<n

The unbiasedness property ensures that

E(v (9)) = () = m0Q"™ ().

To check this claim, note that

_ Q) _ maQ(p)
QM) i (G)

E(y () | &nm1) = @(113-1)()

This implies that
E(Y(9) | &) =nh1Q0) [ n)(@) =+"1Q().

0<p<(n—1)



Iterating the argument, for any k < n we check that

E(vY () | &) =7 Q" *(¢). (3.1)

Applying the above to k = 0 we recover the unbiasedness property

E(v2'(9) [ €0) =15 Q" (¢) and  E(y (9)) = m0Q" () = 1 ().
Note that
M0 = oo = E(7 (9)) = 110(Q" () = A" 110 ().
3.2 Fix Lagged Estimator
For any given (I, k, ¢) € N2 x By(E) we have
Yive (@) /8 (1) = () H UéV(G) = Fo(&k Sty s Errt)
k<p<k+l

with
Fu(&k Shtrr - &) =m&en) (@) [ m&)(@).

k<p<k-+l

The estimate we want to analyze is based upon:

ORI DL AT EED DI X NN

0<k<n 0<k<n

The estimator is:

1
7N () = uhN () _n > o<k<n Fol€hsEhtrs s Ertt)
wN () m Yocken Frl€hyEhits s Errt)
To understand the intuition for this estimator, observe that

1=0= % (¢)/7 (1) =nt (¢)

and more generally for any [ > 0 we have, noting (3.1):

E N NNl
(’Yk;]]iv(z)) | fk) _ 'Y];]]CV(SD) o ﬁ;iVQl(SD)

and hence

EWN (o) = S EGf@A W) = Y EmiQ).

0<k<n 0<k<n
The limiting object is given by

LY (@) e (@) = N ().

0<k<n

As a result, we expect that for long-time intervals n that 74" (G) should give a good approximation of
A the eigenvalue; or indeed, ﬁi{N (p) an approximation of 7. (p). What is important, is to understand
the bias and variance of this estimator, precisely in the long-time regime, which is the topic of the next
section. Particularly, what the effect of [ € N is.



4 Main Results

4.1 Assumption
(A1) There exists a C < 400 such that

NCIC)
(z,y)€E2 G( )
There exists a (0, 3) € (0,1) x P(E) such that for any (z,A) € Ex &

G/de /M:rdy<0 /de

This assumption is well-studied in the context of particle approximations of Feynman-Kac formulae;
see [11] for example. The assumption will typically hold in scenarios where the state-space E is compact
and seldom holds otherwise. For instance, it is satisfied for Markov transitions of elliptic diffusions on
compact manifolds E, see for instance the pioneering work of [1, 26, 32] on Gaussian estimates for heat
kernels on manifolds. The assumption can be relaxed using the methods in [4, 9, 18, 19, 33, 36] at the
cost of more technical proofs that one would expect to lead to the same qualitative conclusions. Note that
(A1) assures that for ¢ € B, (E)

<C.

is well-defined. Indeed in [11, 12, 13, 16, 34| rates of convergence of 7,, () t0 oo () have been established.

4.2 Particle System as a Markov Chain

We can consider the particle system &g, &1, ... as a time-homogeneous Markov chain on (EV,£%Y) with
initial distribution Hfil no(d€) and transition RN (€,-1,dE,) = Hivzl ®(m(&p—1))(d€}). Moreover, under
(A1) the Markov chain is uniformly ergodic and there exist a unique invariant measure, which we shall call
IIV. Note that it is simple to see that IIV is deterministic, in that it does not depend on the randomness
of the simulated particle system and, indeed, an exact expression is availabe; see [23, Corollary 1] for
example. Now as the particle system is exchangeable, the marginal of II"V in any co-ordinate is the same
and we will write it as 77V € P(E). We have the following result which shall prove useful in the subsequent
discussion.

Proposition 4.1. Assume (A1). Then there ezists a C € (0,00) such that for any N € N:

c
N’

HW — Toollty <

Proof. Recall from [14, 15| the time-uniform estimate, for ¢ € By (E)

C
sup |E [nY (¢) — ma(9)]| < Cllall
n>0

Now we have that

IE[0(&n) —nee(@)]| = [E [0 (9) — oo (9)]]
< |E [ (@) = (@)] | + 1 () — 100 ()]

Then on noting that
7V (@) = oo (9) = lim |E [p(&;) — 100 (¢)]]

n—-+oo

the result is concluded by using (4.1), limy, 400 [70(¢) — Meo()| = 0 and basic properties of the total
variation distance. O



4.3 The Effect of the Lag
Theorem 4.1. Assume (A1). Then for any (N,l,¢) € N? x B,(E) we have almost surely:

lim 75N () — 1o () = 1Y) () — 2L (000) ()

n—-+oo

Proof. Using the exposition in Section 4.2 we can use Proposition B.1 in the Appendix along with a simple
first Borel-Cantelli argument, to determine that

+1

-1
1N (9) —a.s. / m(&41) () {H m(@)(G)} N (&) [T RN (&p-1.dp). (4.2)
p=1 p=1

E(+1)N

where —, . denotes almost sure convergence as n — oco. Moreover, by using standard properties of
particle filters, (see e.g. [11, Chapter 7]) the R.H.S. of (4.2) is equal to

™ (m (Q'(«)))
where m is the N—equally weighted empirical measure. Therefore we one has that

LN ™ (m (Q'(¢)))

b (0) —aus. W (4.3)

As the particle system is exchangeable, the marginal of II"V in any co-ordinate is the same, we have that

vy (m (Ql(go))) B 7V (Ql(@)) — ol (N
IV (m QML) ~ ¥ (@) — 0 @)

As
Noo () = (I)l(noo) (¥)
the proof is completed. O

Corollary 4.1. Assume (A1). Then there exists a (C, k) € (0,00)? such that for any (N, 1, p) € N2xB,(E)
we have almost surely:

o Ce "l

im [ ()~ ()] < S AP

Proof. Using Theorem 4.1 the proof can be completed by using the exponential stability property of the
semigroup ®(-) which holds under (A1l); see [11, Chapter 4] for example. More precisely, we have the
exponential decay

12" (™) = @' (o) [lev < Ce™™ 7™ — 1 e

for some constants (C,x) € (0,00)? that do not depend upon (N,I, ). Application of Proposition 4.1
allows one to conclude. O

Remark 4.1. The approach here relies on a novel path-based Markov chain LL,—bound using a martingale
plus remainer structure. It is not the first theoretical analysis for particle methods that keeps N fized and
allows another parameter to grow; see [4, 35].

The implication of Theorem 4.1 and Corollary 4.1 is rather interesting. The results say that for the
asymptotic in n regime, that the almost sure IL; —error is exponentially small as a function of [ irregardless
of the number of walkers, that is one can take N = O(1). From a practical point of view it suggests that a
small number of walkers can be run for a long time and so long as [ is moderate, the error of the estimator
should be small. This shows that the parameter [ provides quite a substantial freedom. For instance, one
could estimate A using the estimator:

m (G) (4.4)



for which, using the approaches in [11] and under mathematical assumptions would have a bias

of O(N~1!) for any fixed n. Then it is simple to establish that the asymptotic in n bias is upper-bounded
by a term that is O(N~!). What this means is that the only way in which this conventional estimate can
indeed recover A, for long-time periods, is by increasing the number of walkers, which could be subtantially
more expensive than using the estimator (3.2). More formally, when considering the estimator (3.2) , for
€ € (0,1) given, asymptotically in n, to obtain an error of O(e), one can choose [ = O(—log(¢)), N = O(1).
When considering the estimate (4.4) then N = O(e~!) to have an asymptotic bias of O(e). The cost of
this computation could be substantially more than considering (3.2) depending on the relative of cost of
computing (3.2) over (4.4).

E

% z_: {m (G) — (@)}
k=0

4.4 Non-Asymptotic Bounds

We now investigate the non-asymptotic L; —error, where n, N, are all fixed. Below Ng = NU {0}. We
have the following, uniform in time, non-asymptotic error bound.

Theorem 4.2. Assume (A1). Then there exists a C € (0,00) such that for any (n, N,l,¢) € Ng x N? x
By (E):
Clloll?

E (7 () -] < ~ A

Proof. We have:

where
M@)oy N
T, = N (D@ (1, (1) = ™ (1))
T, = %1(1) (1N () = b () -

The proof is easily completed by using Minkowski, the fact that

uhN (o)

< llell

and Lemma C.2. ]

Remark 4.2. If one wants to consider E HﬁlﬁN((p) — noo(cp)H then by using results on the rates of the
bias (see [13, 3/]) one would, under (A1), have an upper-bound of the type:

()
for k € (0,1).

Theorem 4.2 shows that one cannot naively increase [ so as to obtain a small error (as in Corollary
4.1) and there is at most a linear increase in the non-asymptotic IL; —error. On the basis of Corollary 4.1
and Theorem 4.2 one expects that the asymptotic (in n) L;—error is at most

({75 )



so that again one can choose | = O(—log(€)), N = O(1) to obtain the error as O(e) (e € (0,1)). That
is, there is not a contradiction with our previous discussion. None-the-less, the afore-mentioned points
are based upon asymptotics in n. For instance, combining Theorem 4.2 and Remark 4.2 choose n =
O(—log(e)), I = f(¢), where f is a non-decreasing function which explodes at zero and N = O(e~2 f(¢)?)
would achieve a non-asymptotic L —error of O(e). This again establishes the flexibility of the estimator
where one can of course control the error with N if needed.

4.5 Central Limit Theorem

Whilst the previous results give a characterization of the bias and variance for large n, one can give exact
expressions of this asymptotic error. This is done in the following central limit theorem.
We require several notations, which are given now. For (&, ...,&, @) € ENUFD x By(E) define:

P01 &) = Folgon- &) =7 (@) + X {E [ofy_) (@ (@) B0 = &) -7V (@0} (45)

where E[-|Zp = §] is the expectation w.r.t. the law associated to the DMC algorithm, with the initial
particles at time zero equal to &. Using (A1) one can show that the function F,, is upper-bounded by a
constant (which would explode as N grows). Now define for (¢,r) € {1,...,n} x {0,...,1}

g+l

(RN)®(l ) ( )(fq»"'aqurr) = / Ep(gqv"-quﬂ) H RN(fjflvdgj) (4.6)
EN(=7) j=q+r+1
q+l1

(RN)®(I+1 T)( )(gqv s 7§q+r—1) = /EN(szr) ﬁw(fqa s afq-&-l) H RN(fj—la dfj) (4~7)

J=q+r
with the convention that (§,,£,-1) = &;—1. We will also write

(RN>®(O)( )(gqa s 75q+l) = ﬁw(fq’ s 7§q+l)' (4'8)
Next, for (I,k,p) e Nx {I,1+1,...} x By(E)

oF, = /Em Fop(&ts - &)Y (dég ) H RN (&1, dEs) (4.9)
s=k—1+1
z 2
F«p(fk—lw--,ﬁrl):/EN Y (RNECIE) gy ) | RN (en, dér)—
=0
. 2
D BV E) gy &) | (4.10)
=0
Finally set
N (Al
F(é,...,&) = me(ﬁoa &) — mﬂ(io, &)
~ ~ ﬂ-N l ~
Fy(&o,..., &) = mﬂo(fowwfl) - mFl(ﬁo, &)

d e .
Below we use — to denote convergence in distribution as n increases.
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Theorem 4.3. Assume (A1). For any (N,l,¢) € N? x B,(E) we have

Vi (RN () — @' (7) () 5 N (0,0% ).

Proof. This is Proposition B.3 in the appendix, amended to the notation used in the main text. For
instance, one can compare (4.6)-(4.8) with (B.4)-(B.6) and (4.9)-(4.10) with (B.8)-(B.9). O

Remark 4.3. We note that

< C/nexp{—kl}

Vi |2 () (9) — nso ()| ~

which means one must choose I and N appropriately to control \/n | (7™N) (¢) — 1 (9)|. For instance
one could have n = O(e72), Il = O(—log(€)) and N = O(1) to make this latter term small for large n.

Theorem 4.3 gives an ezxact description of the errors of the estimator in NV and [ through the expression

of the asymptotic variance 02? . As is typical in Markov chain CLTs, this latter variance is written in
®

terms of a solution to the Poisson equation (see e.g. [20]) as in (4.5). o*% is further complicated as one
©

has the form of a ratio of lagged Markov chain estimators. In general one would need numerical methods

to approximate the asymptotic variance and this is considered below. Understanding how a% behaves
@

as a function of N,[ is an important mathematical question, which requires further investigation, but one
might expect that it is related to Theorem 4.2 and this is then O(I?/N).

To conclude this section on CLTSs one can also give a result related to an approach that is considered in
the literature. In some cases, authors have proposed running two different (independent) DMC algorithms,
one that gives the estimate ul;¥ (o) and the other which gives the estimate ;¥ (1). In this case defining

2,ind _ 1 o2 +7TN(QZ(<P))2U2
R IO M R TR

g

one can apply Proposition B.4 in the appendix to show that the asymptotic variance for such estimators
(under (A1)) is exactly oi"“d. In general, one expects that 0% < oi’md but proving this is rather difficult.
@

We consider a numerical comparison below.

4.6 Numerical Study

Consider the quantum harmonic oscillator Hamiltonian

L oo 1 95
H = va + 2mw .
The ground state energy (smallest eigenvalue) of the operator H is known to be Ey = (n + %) w. Following
the discussion in Appendix A, we set 7 = 1/16 (time discretization), w = 1, and m = 1. Define G(z) =
e~/ and M(-,dz) to be the Brownian motion transition kernel (over time unit 7). The operator Q is
given by Q = e~ and the largest eigenvalue of the operator Q is given by A = e~ "o,

We ran the DMC algorithm and calculated the fixed lag estimator(3.2) with ¢ = G. We varied the
lag values from 0 to 50, with N = 10 and n = 50000. In order to calculate the bias and the variance we
conducted 128 independent runs. For each lag value, we obtain an estimator of A\. Lag 0 case corresponds
to the standard method the DMC particles are used to estimate A\. Non-zero lag values correspond to
the estimators studied in this paper. Corollary 4.1 predicts that for a fixed number of particles N and a
large n, the bias will decay at an exponential rate. Figure 1 presents two plots, one for the absolute bias
and one for the log absolute bias each plotted against the different lag values. The figure exhibits a linear
trend in the log absolute bias plot which affirms the statement about the exponential decaying bias stated
in Corollary 4.1.
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Exponential Decay of Bias

Absolute Bias
0.014 : ‘ 4
0.012], 5},
. \ \S)
\ 2 o,
c:s 0.01F i/ 6 O,
M 2 oo
o = -7 %o,
= 0 O
= o oy,
2 2 -8f o,
] = O,
= o0 Oooo
< 3 -9 o
\S)
-10 OQQO\Oj
-1 ‘ ‘ ‘ ‘
0 10 20 30 40 50
Lag

Figure 1: Bias Comparison. Left: Absolute Bias vs Lag. Right: Log Aboslute Bias vs Lag.

Let (&)i>0 and (gi)iZO be identically distributed and independent DMC particles. Consider the fol-

lowing two estimators:

ﬂl’N _ %Zogkgn FG(é-kH . ,§k+l) LN _ % Zogkgn Fg(fk, . =£k+l)
" %ZogkgnFl(é-ka"'vgk-H) 7 " %ZoskgnFl(gkv'”vngrl)

Figure 2 shows the variance of both estimators under the same setting used for the bias simulation above.
The simulation results indicate that the variance of the estimator ;" is much smaller than the variance
of jiV. This is because we expect that the numerator and denominator of iV are highly positively
correlated which reduces the overall variance of the estimator fil;’V. Moreover, comparing Figures 1 and
2 reveals an opposing trend between the bias and the variance as the lag value increases. The bias
exponentially decreases, while the variance increases.

Variance Comparison

—o—dependent
-6 || independent - %%WWM

prt "

e
-8+ ****

Log Variance

60 80 100
Lag

Figure 2: Variance Comparison.
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A Feynman-Kac formula in physics

In physics we are interested in solving the imaginary-time dependent Schédinger equation

t
W(xt) _ —Hy(x,1) (A1)
ot
with some function 1(x,0) as initial condition and x € E = R? with d > 1. Here, H is the Schrédinger

Hamiltonian given by
1
H = —§v2 + V(x).
The solution of Eq.(A.1) is expressed using the Feynman-Kac formula as follows
Y(x, 1) = Exle™ Jo BV

where the expectation Ey is with respect to the law of the Brownian process with initial distribution
¥(x,0) and final condition X(¢) = x. Using the notations of the present article, this FK formula can be
put into the form

Y (¢) = / dxp(x)1h(x, ) = E[p(X(t))e~ Jo @V XD,

In DMC the continuous time variable needs to be discretized. Writing ¢ = n7 where 7 is a time-step (a
"small" positive quantity), v:(¢) is approximated by

Y(¢) = E[6(Xa) [T G(X,)) (A.2)

with G(x) = e~ 7V®) and initial distribution 7(x) = t¥(x,0). As seen, 7,(¢) is the unrenormalized
Feynman-Kac measure introduced in this work, see section 2.2, with operator Q given by e *.

In physics where the number of degrees of freedom d of the quantum systems studied is large (typically,
d is proportional to the number of physical particles), DMC calculations using Eq.(A.2) are just unfeasible
because of the uncontrolled fluctuations of G(x). In practice, this problem is solved by introducing impor-
tance sampling. Let ¢ : E — RT be a so-called guiding wavefunction (in practice, a good approximation
of the ground-state wavefunction). Let us introduce the distribution f(x,t) = ¥ (x)¥(x,t). The partial
differential equation obeyed by f is easily shown to be

0f(x,t)
ot

where L is a Fokker-Planck operator written as

= Lf(x,t) — EL(X) f(x,1)

L= %v2 —V[b] (A.3)

where the drift vector is b(x) = % and Fp(x) is a new potential function, called the local energy, given
by

Bi(x) = 2Ye. (A.4)
(e
The FK formula, Eq.(A.2), becomes
n—1
m(ed) = E[p(Xa) [ G(X,)]
p=0

where the expectation, E, now refers to the law of the drifted Brownian process associated with the
Fokker-Planck operator, Eq.(A.3), the weight is G(x) = e ™P£() and the initial condition is 79(x) =

Ya(x)Y(x,0). Note that the operator @ is now given by Q = e TVl Gs

13



Introducing importance sampling has two important consequences which make in practice the DMC
simulations feasible. First, the drift contribution of the Markow kernel "pushes" the particles toward the
regions where U is important (large), thus avoiding to accumulate statistics in regions where the product
szé G(X,) is (very) small. Second, the statistical fluctuations of the weights are much reduced since
the variations of the local energy, Eq.(A.4), are directly related to the quality of the approximate guiding
wavefunction (no fluctuations when ¢ is the exact ground-state).

B Proofs

B.1 Structure of Appendix

This appendix is split into two sections. The first is Section B.2 which considers some technical results
for Markov chains, which are applied particularly for the proof of Theorem 4.1 and also Section B.2.1
used for the proof of Theorem 4.3. Section C houses all the proofs for Theorem 4.2. Throughout this
appendix C' is generic finite constant whose value may change from line-to-line of the computations and
any dependencies in terms of the parameters of DMC or of FK models will be made clear in each context.

B.2 Technical Results for Markov Chains

The notations in this section, in particular the symbols used, should be taken as independent of the main
text. The reason for this is that these results are of independent interest and do not need the notation
of DMC to be written. We consider a time-homogenous Markov chain on general state-space (X, X) of
initial distribution g and kernel K, with the latter having invariant measure w. Let [ € N be fixed and

consider for ¢ € By(X)
- Z SD q:q+1— 1

We shall prove, under assumptions, convergence of the above quantity to

@ K8 (p) = /

l
L (x1.)7(dxq) H (xj—1,dz;)
X i

where we use the notation 1. = (x1,...,x;).

(H1) There exists a (e,v) € (0,1) x P(X) such that for any (z, A) € X x X we have

/K z.dy) > / V(dy).

Proposition B.1. Assume (H1). Then for any p > 1 there exist a C < 400 such that for any (n,l, @) €
N2 x By (X}):

where € is as (H1) and ||| = sup,ex: [p(x)].

n

Z Xyqrio1) _7T®K®(l 1)( )

2 Vi

1/
] " Cllelie!

Proof. Define the function

Blar) = Y { (K (@) (1) — 7@ K2V () } (B.1)

q=0
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where for ¢ € N

(K®Y(p)(w14) = /qu HK®l 9311 vdxu)

q l
= / o(z7,) H {H K(2y_y, dx?c)}
Xta =1 Lk=1
with 29, = x1, and ) = :17{_1 (notice that there is 0 subscript of x in the first line). In the summand in

(B.1) if ¢ = 0 we set (K®)49(p)(x1.4) = p(z1.). Note that because of (H1) it easily follows that

sup [@(a12)] < 27l
1.1 E€EXy

Then it is easy to check that for any x1.; € X!

p(10) — 7@ K2 () = B(a14) — K¥HP)(214)
= @(x14) — K&(@)(x1).

Now, denoting the natural filtration of the Markov chain (X%)r>0 as (Fx)r>0, we remark that

E[p (Xgigs1-1) [F-1] = K&(@)(2g—1).

Therefore it easily follows that

f§j{ (Xgari-1) =7 @ KX (@)} = -5 {Glarggri1) ~ K@) o)}
q=1

= (M, + Ry} (B.2)
where
Mn = Z {@(xq:q+l71) - K®l<$)(xQ*1)}
R, = {K®(®)(w0) - K*(@)(xn)} .

Then combining (B.2) with the Minkowksi inequality we have that

pq1/p o

1 n
EZ Xygri1) — 7@ K& (g)

Now we adopt the notation for any (¢,r) € {1,...,n} x {0,...,1—1}

q+i—1
KW”*MM%WA::L/ F@peri) ] Koy dzy) (B4)
xl r—1 j:q+r+1

g+i—-1
K@) (2gqir) = / P(Zg:q1-1) H K(xj-1,dz;) (B.5)

X Jj=q+r

with the convention that z4.,—1 = 24—1. We will also write

K®(0)(@)(xq:q+lfl) = D(Tgig+1-1)- (B.6)
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Then we have that l

My =Y & (B.7)

qg=1r

|
—

Il
=)

where
Sqr = K®(l_1_T)(@)(xq:q+r) - K®(l_r>(§5)($q:q+r—l)-

r) = Z Ear
g=1

and note we clearly have M,, = Zl VM, (r). For r e {0,...,1 — 1} fixed define the filtration Fy =

o(Xo,..., Xq4r), ¢ > 1 with Fj := J(XO) Then it is clear that M,(r) is a F]—martingale. Then
applying the Minkowski inequality [—times followed by the Burkholder-Gundy-Davis inequality [—times,
we obtain the upper-bound:

Now set

Cllellle!
NG

and then combining the above upper-bound with (B.3) allows us to conclude. O

E (|10 <

B.2.1 Central Limit Theorems
Recall the definitions in (B.1) and (B.4)-(B.6) and set for (I,k, ) € {2,3,...} x {l,1+1,...} x By(X!)

k—1
oy = / Gan-rrrn-)m(deep) [[ K(@e1,da) (B.8)
Xi=t s=k—1+2
2 2
-1
P(Th—t4+1:6-1) / ZK@’(Z @) @h-gn) | K(wpor,dag) = [ KD (@) (wr k1)
3=0
(B.9)
Below we use % to denote convergence in distribution as n increases.
Proposition B.2. Assume (H1). For any (I,¢) € {2,3,...} x By(X!) we have
IZ Xpgri1) =7 @ KO0 () S N0, 07)
where o2 is defined in (B.8)-(B.9).
Proof. We follow the notation of Proposition B.1. We have |ﬁRn\ < Cll¢lle/+/n — 0. For ﬁMn we

have the representation

n -1 I-11-k
R PP .-

The number of terms in the second and third terms on the R.H.S. is (’)(l2) and all the terms are bounded
thus they approach zero as n — oo. For the first term, we use the Martingale array CLT (|21, Corollary

3.1]). Notice that >_;_, Zé;t &k—j,j is a Fl-martingale. Let § > 0, we have

2

n 1 -1 1 -1 1 n -1 3
S8 || s | Lo | g S | || = G E (o) [
k=l \/ﬁj:O \/ﬁj:O n3/24 k=l j=0
30 _ -1
< 813(n — L+ 1)||¢lle Y

n3/2§

16



For the asymptotic variance, noting (B.9), we use the definition of {;_; ; and write

n 1 -1 2 1 n
0 —— > 2
;E NG jz:(:)ik—j,j Fro1| = - kz_:l P(Xk—1+1:6-1) =P 0,

where —p denotes convergence in probability as n grows and this follows from Proposition B.1. O
Proposition B.3. Assume (H1). For any (I, ,v) € {2,3...} x Bp(XY)? we have

1 n
7 2ge1 P(Xggri-1) 1@ K®U=D(p) ) 4 5
- N Oa T/
v (lezgl w(Xq:qul—l) 7@ KeU-1(y) = N0.o7)

7F®K®(l 1) w

- _ 1
with T = st ® ~ GeKeTIHI

Proof. Using the delta method, the limit is the same as

1 n
7@ KO0 () /n (Z Xgqri-1) —m @ K200 (p ))

7@ KO- (p - ®(-1)
(r@ KU-D(y Z Xgqrio1) — TR K ()] -

Similar to Proposition B.2 we use the decomposmon

1 AP )~
gq,r = 71@K®—H)(1b) (K®(l_1_7)(§0)($q:q+r) - K®(l 7n)(‘p)(‘rqitﬂrrfl))

7 ® K®UD(p) @U—1—r) (7 @U=r) (> (B.10)
s werp KT @ ) — KD @) )
=K®0-1- T)( T)(@giqr) — Ko T)( ) (@g:q4+r—1)
and doing similar calculations we get the desired result. O

Proposition B.4. Assume (H1). Let (X,),>0 be an independent copy of (Xy)g>0. For any (I,¢,v) €
{2,3...} x By(XH)? we have

vn 7 X1 $Xagri-1) @ KBV ()
%ZZ=1 ’ll)(Xq:qJ,-l—l) ) K@(l—l) (w)

) 4 N(0,02)

with .
2 _ 1 s, (Mm@ KO- (p))?

T (r @ KeU-D(y))2 o, t+ (W®K®(l_1)(1//))403}’

where oi and oi are defined via (B.8).

Proof. By the delta method the distributional limit of

N <711 2221 O( Xggri-1) 7& K®(l—1)(¢)>

%ZZ:I w(Xq:q+l—1) W@K@(Z*I)(d))

is the same as the distributional limit of

n

1
& KeU0(g) v (Z qati-1) =7 ® K0T ”(so))

1

T K0 (4)2

The result follows because of the independence of (X,)y>0 and (X,),>0 and the CLT for each term. [J

T™& K®(l_—1)(<p) L (z”: w(Xq:q-‘rl—l) —T® K®(l_l)('(/))>
qg=1
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C L;—Proofs

Lemma C.1. We have the following decomposition for any (n,l, N, ) € Ny x N2 x By (E) whenever the
formulae exist:

Ny oy L - N Al L N
©) = E};Oﬁp Q (‘P)‘Fﬁ Vo (v)
where
Pl LN
Vil(e) = ZZ } ;fik(Ql"“(s@))
p=0k—1 P
V() = VN @) (p) (nn 1) () -

Proof. We start by noting that

l

N Nl N -k I—(k—1)
Tpt1 —Tp & = Z (%-&-kQ 7p+(k 1)Q ) :

k=1

Conversely, we have

N -k

—(k— - Mo (5—1) @Q B
M@ = ) QQITF = ) () Q) (@) @ (1)) Q7
p+(k—1)

This yields the decomposition

Tort ka ) (o= (mhan) ) @

from which we check that

’YZJXH () N

e e fgvg’j VL@ )

with the centered local perturbation random fields
VY= VN (1) =@ (n)y)) -

This implies that

n—1
1 1
I,N Nl LN
, — v
i (@) np;]np Qo) + = Va (9)
with
1 L ’Y]\{Hc( ) I—k
ViN(p) = 303 I VL@ @)
p=0 k=1 Tp
which completes the proof. O

Lemma C.2. Assume (A1). Then there exists a C' € (0,00) such that for any (n,N,l,¢) € Ng x N? x

By(E): tEN () — i () Cllellt
e[t < <&
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Proof. Using Lemma C.1 and the fact that
1 n—1 .
= S n (@)
p=0

we have that by the Minkowski inequality

EHMH <T 4T

1l (1)
where
I = i E (|7 (Q(¢)) = mp(Q'(9))]]
npd, (1 —
-1 1
o= ZZ lvp%l) (e (@G ))_‘I’("zﬁk—l)(ﬁ?lk(so))}”
n 0 k=

We deal with T} and T3 individually to conclude.
For T one has

s &m0z [ (57h) - ()

By using standard L; —bounds for Feynman-Kac formula (e.g. [11, Theorem 7.4.4.]) it follows that

gl (1

= l Q'(»)
TS O 2 o ||
By (A1) one can show that for any s € Ny
Q*(v)
e el RO “y

where C' does not depend upon s; see [10, Lemma 4.1] for example. Therefore we have shown that

Cllgll
VN

For Ty using the conditional i.i.d. property of the particle system one has

n—1 1 _ N
=k Q" () V(1)
T2 mﬁun 22 wlQ H%(Q“’“(U)HE [ 7 (1) ]

pOkl

T <

and then using (C.1)

CCllell S o (1)
T < n\/—’un ZZW (Q ['Yév(l) :

pOkl

/ATSCON ek
: [ e ] =B OE [’7’7 (%(Q’“(l))ﬂ



so combining with (C.1) yields

n—1 1

T < nfun 3 np(@ 1)) (QF(1)).

pOkl

Now due to (A1) there exist finite and positive constants C, C so that for any (x,%) € E? and any s € Ny

CR (1) (y) <Q*(1)(z) < CQ*(1)(y)

so that it follows that there exists a finite C' that does not depend on p, k, [ or n, so that

p(Q*(1))n, (Q*(1))

<C.
mp(Q'(1))
Hence .
< Cllellt, () _ Clell
VN (1) VN
and this concludes the proof. O

Remark C.1. Eztending Lemma C.2 and hence Theorem 4.2 to Ly—is challenging as one has to control
the moment

’Y,])\Q_k(l)
7 (1)

This is particularly simple when ¢ = 1, but even the case g = 2 is not trivial; see [10] for instance.
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