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Starting point
phD thesis about the use of proof assistants for teaching

@ As far as we know : no survey ?
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Theorem provers|
Interactive (ITP)

— since [Bruijn, de 1968] ‘

@ New ? No!

— since 1975 [Trybulec 1983] ‘
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Reports of teaching experiments

Theorem provers|  __ . . [Bruijn, de 1068] |

[Pierce 2022;

Bertot 2015 -

Delahaye, Jaume,
and Prevosto 2005;
-1

[Retel and
Zalewska 2005;
C. K. F. Wiedijk

2007; The Cocorico
Coq wiki 2021;
From, Villadsen,
and Blackburn

2020 ...]

Interactive (ITP)

[Blanc et al. 2007;
Kerjean et al. 2022;
Macbeth 2023 ...]

@ New ? No !

[Richard and

Fortuny 2007;

Webber et al.
2001 ...]
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Introduction Different « s Input lang back Underlying theor

Reports of teaching experiments

environment  Co

Theorem provers| .. [Bruijn, de 1968] \

Interactive (ITP)

@ New ? No !

Algebra, ! — since 1975 [Trybulec 1983] ‘

T AnaIyS|s/ Geometry)

@ Software foundations [Pierce 202 )

@ Many tools, games [Breitner 2016]|® Needs dedicated librairies

@ Straightforward @ Formalization issues
@ Ancient interest of @ Quite recent interest of
CS research community Math Educative community

[Hanna and Yan 2021; Thoma and lannone 2022]
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Different categories of proof assistants for teaching

@ Dedicated proof assistants : teaching community (Didactics, ITS)

@ For logic and undergraduate maths : cPT, CalcCheck, Tutch, XBarnacle/CLAM,
WinKE, ProveEasy, Jape, ProoflLab, Omega Tutor, PhoX, TPE (Epgy), EasyProve, Lurch
Diproche, Edukera

e For Geometry: AgentGeom, Baghera, Chypre, Cabri Euclide, Geometrix, Geometry Tutor,
Geometry Explanation Tutor, Angle, Mentonizeh, QED-Tutrix, Turing, Advanced Geometry Tutor,

Geometrix

@ General purpose proof assistants : CS community
Mizar, Coq, Isabelle/Isar, Lean, HOL-Light,

@ Adaptations of general purpose proof assistants for general use

e On tOp of COq . CoqlDE, jsCoq, ProofGeneral
@ On top of Isabelle : Xisabelle, Isabelle/jEdit, ProofGeneral
@ On tOp of Lean : Lean web Editor, ProofWidgets, Paperproof

@ Adaptations of general purpose proof assistants for teaching

] On tOp of COq . PCoq, Papuq, CoqWeb, Waterproof, ProofWeb, TrylLogic, Geoview,
GeoProof

@ On top of Lean : Deaduction, Lean Verbose

o Other : £7PS on top of TPS
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Input language

(The Automath language) is difficult to write and to
read. It's true, but - in the sense of programming lan-
guages - we can compare it to machine language, and we
hope that we will manage to build simpler languages, that
can be written and read more easily, and that can be trans-
lated by a computer in our “machine language”.

De Bruijn 1969
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Input language

@ Bare proof terms

4. Chaque suite constante est convergente.

4,117 n i aa t= w(p,c,delta,no,n) bool
412 n b :=  then 2([u,TRUE(a)] abbrev 2,[u,TRUE(a) Jthen) TRUE(aa)
413 1, h :=  then 2([s,nat] TRUE(aa(s)), [s,nat] b(s))
‘I‘RUE(z(p,c,delta,no))
4.14 ass a :=  then 13*(nat,[x,nat Jz(p,c,delta,1),1,h(1))
TRUE(y(p,c,delta))
4,15 delta |le :=  then 2([x,abbrev 1]TRUE(y(p,c,delta)),
[x,abbrev 1]d(x)) TRUE(q(p,c,delta))
4.16 ¢ £ :=  then 2([s,real JTRUE(q(p,c,s)),[s,real]e(s)) TRUE(1im(p,c))
4.17 ¢ g :=  then 13%(real,[s,real]lim(p,s),c,f) TRUE(conv(p))

Proof terms in Automath language (De Bruijn 1969).
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Introduction Teaching experiments Different categories Feedback Underlying theory Teaching environment Col

Input language

@ Bare proof terms

and iff of imp : V P Q :
APDQ: 5
A h_PimpQ : P - Q »
Iff.intro
(
A hPandQ : PAQ »
(h_PandQ.left : P)

hQ:
(And.intro

:= h PimpQ h P
P : P hQ:Q) : (PaAQ))

oo

Lean Proof term mode.
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eriments Different

Inputlanguage

@ Bare proof terms

@ Core tactic-language

Lemma and iff of imp : YP Q : P, (P - Q) - ((P A Q) » P).
Proof.

intros.

constructor.

intro H PandQ.
destruct H PandQ as [HP HQJ.
exact HP.

intro HP.

constructor.

exact HP.

apply H.

exact HP.
Qed.

Coq Procedural tactic language.
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51

Input language

@ Bare proof terms

@ Core tactic-language

@ Declarative style

lemma "(P — Q) — ((P A Q) +— P)"
proof
assume h: "P — Q"
have hl: "(P A Q) — P"
proof
:;sumep "P A Q" @ Mizar Matuszewski and Rudnicki 2005
us "P"
qed @ Isabelle/Isar Wenzel 2007
have h2: "P — (P A Q)"
proof
assume hP : P
with h have Q ..
with hP show "P A Q" ..
qed

65|

from hl and h2 show "((P A Q) «— P)" by blast
H qed

Isabelle/lsar declarative language
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Input language

Bare proof terms

(]

Core tactic-language

°
@ Declarative style
°

Controlled Natural Languages (CNL)

Example Diproche Text 1

Es sei x eine ganze Zahl. Zeige: Wenn x
gerade ist, dann ist 2-3*x gerade.

Beweis: Es sei x gerade. Dann gibt es
eine ganze Zahl k mit x=2*k. Sei k eine
ganze Zahl mit x=2*k. Dann ist 2-3%*x=2-
3*(2*¥k)=2*%(1-3*k). Also ist 2-3*x ger-
ade. qedf]

“Let x be an integer. Prove: If x is even, then
2 —3xis even.
Proof: Let x be even. Then there is an integer k such
that x = 2k. Let k be an integer with x = 2k. Then
we have 2 —3x =2 —3-(2k) = 2(1 — 3k). Hence
2 —3xis even. qed.

Dinroche

@ SAD and ForThel, Naproche

[Lyaletski and Verchinine 2010
Kiihlwein et al. 2009]

@ CNL as tactic languages

o PlatQ / Qmega

[Wagner, Autexier, and Benzmiiller 2007]
e Diproche [Carl, Lorenzen, and Schmi
o Lean Verbose [Massot 2021]

o Waterproof [Portegies et al. 2022
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Input language

Bare proof terms

(]

Core tactic-language

Declarative style

Controlled Natural Languages (CNL)

Example "The squeeze theorem."
Given: (wuvw:N = R) (1 :R)
Assume: (hu : u converges to 1) (hw : w converges to
. .
Conclusic()z' -vvx::r,w:r;esg t‘:)nl) R @ SAD and ForThel, NaprOChe
' [Lyaletski and Verchinine 2010

Proof:
Fix £ > 0 Kiihlwein et al. 2009]
Since u converges to 1 and € > 0 we get N such that
BN :¥n >N, lun-1| <& @ CNL as tactic languages
Since w converges to 1 and ¢ > 0 we get N’ such that
hN’:\:/nZl\?’, lwn-1| < & ¢ °P|atQ/Qmega
Let's prove that max N N works : V n > max N N, |v [Wagner' Autexier, and Benzmiiller 2007]
Fix n > max N N’ B
Since n > max N N we get (hn : n > N) and (hn : n | ° D|proche [Carl, Lorenzen, and Schmi
Since Vn 2 N, Jun - 1| < ¢ and n 2 N ve get o Lean Verbose [Massot 2021]
(hN1 : -=e < un-1) and (hNd : un - 1 < &)
Since Vn > N, lwun-1] < £ and n > N we get o Waterproof [Portegies et al. 2022
(Nl : e < wn-1) and (AN'd : wn - 1 < ¢)

ooalo R B A -

Lean Verbose
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Input language

Bare proof terms

Core tactic-language
Declarative style
Controlled Natural Languages (CNL)

Lemma exercise_1 : 2 is the infimum of [2, 5).

Proof.
tle need to show that @ SAD and ForThelL, Naproche
(2 is a lower bound for [2, 5) A : . ..
(for all m : R, m is a lower bound for [2, 5) = m < 2)).| [I___yalet_Skl and Verchinine 2010
We show both statements. | Kiihlwein et al. 2009]

- We need to show that (2 is a lower bound for [2, 5)). | .
We need to show that (for all x : R, x : [2, 5) = 2 < x).° CNL as tactic |anguages

Take x : R. Assume that (x : [2, 5)). |
We conclude that (2 £ x). i o PlatQ2 / Qmega

- We need to show that [Wagner, Autexier, and Benzmiiller 2007]

(for all m : B, m is a lower bound for [2, 5) = m = 2).|] H .

Take m : R. Assume that (m is a lower bound for [2, 5)). ° DlprOChe [Carl’ Lorenzen, and Schmi
It holds that (2 : [2, 5)). ‘ o Lean Verbose [Massot 2021]
We conclude that (m < 2). o Waterproof [Portegies et al. 2022

Qed.

Waterproof
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Input language

@ Bare proof terms

@ Core tactic-language

@ Declarative style

@ Controlled Natural Languages (CNL)
@ Point-and-click graphical input

File Display Edit Selections Editing-Tools Cog Help

@ CtCoq / PCoq [Bertot 1999; Amerkad et 2

heorem second_degree_decomposition:

Va, b, % discr:R.discr=a - 4 - b = (discr 2
®+a-x+bz(x+(a+ V[dlscr]) i 2) (x + (a < ‘\l[dlscr]) 12).
1: Intros a b x diser H”

To 1t < Tofl > Discard

Abort,

"X+ b=(x+al2+ V[diserl /2) - (x + (a - V[discr]) / 2)

0 : (diser 2 0)
H* : <R> discr=a: - 4 - b
discr : R

Figure 3: Notations for real number algebraic calculus.

CtCoq
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Input language

@ Bare proof terms

@ Core tactic-language

@ Declarative style

@ Controlled Natural Languages (CNL)
@ Point-and-click graphical input

wo - Proof £d
Fle Edt Inert Strateges Rues |Toos Couse Preferences Heb

[Detiniion of divides refation o
mine> 3E(mE=n) Concude
Definition of Even [ DefOfEver i for ey

@ CtCoq / PCoq [Bertot 1999; Amerkad et a

onzzn 7 is rational

efi
xis imational €5  (x is rational)
Definition of rational number [ DefOfRational |

ki @ Predicate Prover [Abrial and Cansell 2003]
ris rational €> 3 m.n (m,n are rel ,n-c.-'—'] ey ]

B Doty A1 Deomas (700

Defiohin o squring fanchion { DeOfSquae ) @ TPE / Epgy [Sommer and Nuckols 2004]
[ — mn are rel. prime

‘Property of even product [ Even1 ) p—

2|mn e (2|m v 2|m) 2]

‘Definition of Relatively Prime { RelPrimeDef ) G.m

n are rol. prime > +( 3k (k|m & k|n & k> 1)) B

®
(12 is rational)
A

Ly

[PE / Epgy T e

Provibl fan DefOiraions weaming | ueing Seition o |

Figure 5. Application of the Derivation System.
o/ L




Input language

@ Bare proof terms

Core tactic-language

Declarative style

Controlled Natural Languages (CNL)
Point-and-click graphical input

A : Prop Previous step

B : Prop T =

_________________________ (1/1) Soth §=7‘§°,"»',ﬁ275‘:2’wmu e

ANE — “-@ CtCoq / PCoq [Bertot 1999; Amerkad et 2

A ¢ Prop T g = @ Predicate Prover [Abrial and Cansell 2003]
: Prop e

T A convmem st " @ TPE / Epgy [Sommer and Nuckols 2004]

e =@ Papuq [Chrzaszcz and Sakowicz 2007]

Pravious step

T : Type R sty auted e
P i T o> Prop zm:\:‘men peri
------------------------- (/1) soply oxiro o [ show
exists x:T, P x

v by conraditon

Papuq
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Input language

@ Bare proof terms

@ Core tactic-language
@ Declarative style
@ Controlled Natural Languages (CNL)
@ Point-and-click graphical input
Proof of instructions  help to seizure
Y E F:R_linear_space, N/ f-E - F,
f_is_a_linear_map = Im(f)_is_a_linear_subspace
State 5
@ CtCoq / PCoq [Bertot 1999; Amerkad et a
Exhibit 0
rem @ Predicate Prover [Abrial and Cansell 2003]
on .x(. ) - exhibit (7) -easy (7) ] )
Dt g " iemsslumnaain(l @ TPE / Epgy [Sommer and Nuckols 2004]
OLE = F
OB 0 @ Papuq [Chrzaszcz and Sakowicz 2007]
OHg: Y u viE, flu+v) = fu) +£(v)
OHREY WE, Y aiR, fla*u) = a*flu) @ Coqweb [Blanc et al. 2007]

® Goal: :3u:E, flu) = 0

- _

CoqWeb
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Input language

@ Bare proof terms

Core tactic-language

Declarative style

Controlled Natural Languages (CNL)
Point-and-click graphical input

ProofLab
Prooflab_Edit Window Help

The ProofLab

val
a

Derwvation

CtCoq / PCoq [Bertot 1999; Amerkad et a
Predicate Prover [Abrial and Cansell 2003]
TPE / Epgy [Sommer and Nuckols 2004]
Papuq [Chrzaszcz and Sakowicz 2007]
Coqweb [Blanc et al. 2007]

ProofLab [Sieg 2007]

ProofLab
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on Tea

periments Differel

Input language

Underl E nvironment Col

@ Bare proof terms

ProofLab [Sieg 2007]

@ Core tactic-language
@ Declarative style
@ Controlled Natural Languages (CNL)
@ Point-and-click graphical input
Term editor
Logic and sets  Variables @ CtCoq / PCoq [Bertot 1999; Amerkad et a
v | = | T | L | A ‘ v I - | @ Predicate Prover [Abrial and Cansell 2003]
= | P | = | % | = ‘ ¢ I c | @ TPE / Epgy [Sommer and Nuckols 2004]
¢ | c | ¢ | - L = n @ Papuq [Chrzaszcz and Sakowicz 2007]
= - \ N @ Coqweb [Blanc et al. 2007]
(*]
o

-JAVB (O e 0)

Easyprove

Cancel OK

EasyProve [Materzok 2015]
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Input language

@ Bare proof terms

@ Core tactic-language
@ Declarative style
@ Controlled Natural Languages (CNL)
@ Point-and-click graphical input
Edukera
= i row _| Bt @ CtCoq / PCoq [Bertot 1999; Amerkad et a
= 3 £ x 3- 4 S 7 @ Predicate Prover [Abrial and Cansell 2003]
L o S @ TPE / Epgy [Sommer and Nuckols 2004]
:,m " ore . E‘B L Papuq [Chrzaszcz and Sakowicz 2007]
: : sirx e Coqweb [Blanc et al. 2007]
£ () g (TD) - s = i ProofLab [Sieg 2007]
;m N 55 . EasyProve [Materzok 2015]
gesnjcive >0 pardfiion e oncion necive Edukera [Rognier and Duhamel 2016]
Edukera
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Input language

@ Bare proof terms

Core tactic-language

Declarative style

Controlled Natural Languages (CNL)
Point-and-click graphical input

Image directe et intersection (iii) — d3Vduction

Preferences Exercise

D a Eimeo CHe®
‘Context (objects and properties) : A(:ons(Ioglcilrulesandsta\emewt57 thoq / PCOq [Bertot ]_999v Amerkad et 2
Y set rove:

e e ———— Predicate Prover [Abrial and Cansell 2003]
A subsct of we

B : subset of X v = = v

y : element of Y

A
= o = =

Papuq [Chrzaszcz and Sakowicz 2007]

H : { injective Goall  Proof methods... New object...

stements
® Intersection de deux ensembles

® Union de deux ensembles
- Applications
© Image directe

Coqweb [Blanc et al. 2007]

ProofLab [Sieg 2007]

EasyProve [Materzok 2015]

Edukera [Rognier and Duhamel 2016]
Deaduction (Leroux) [Kerjean et al. 2022]

Target

y € f(A N B)

Deaduction

| TPE / Epgy [Sommer and Nuckols 2004]
°
()
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Introduction Teachi periments Different categories Input la 7 Underlying theory Teaching environment

Feedback

@ Basic feedback : proof check, proof navigation, proof state

def converges_to (u:sequence) (£ : R) : Prop :=
VeR, e > — 300 : N, Vn:N, n>n0—=>|un-/{] <ce

theorem uniqueness_of_limits (u : N —=R) (£ £’ : R)
(h : converges_to u £) (h’: converges_to u £’) : 0= ¢ =
have h0 : Ve >0, |£ - £’ < e :=
A (e:R) (he : € >0 ) —
have he2 : £/2 > 0 := by linarith
Exists.elim (h (&/2) he2)
(
sorry Proof state

u: N>R

£ £°: R

h: converges_to u £

h’: converges_to u £’

e: R

he: € > 0

he2: € / 2 >0

FV(a:N), (Vn>a, lun-2¢|<eg/2) =L -2¢]<ce

9/27_ —-




Feedback

@ Basic feedback : proof check, proof navigation, proof state

@ Proof planning : hints, analysis of granularity

@ Hints, proof planning, proof sketches
[F. Wiedijk 2003; Huang 1999; Edward William Ayers 2021]

@ Proof planning and adaptation of proof step granularity
[Schiller, Dietrich, and Benzmiiller 2008]
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Feedback

@ Basic feedback : proof check, proof navigation, proof state
@ Proof planning : hints, analysis of granularity

@ Error diagnosis

@ Models simulating student misconceptions :
Brown and Burton 1978; Farrell, Anderson, and Reiser 1984; Zinn 2006
@ Carl : anti-ATP (Diproche) : introduction of false rules
[Carl 2020]

o logical fallacies (ex deduce y, Vx, ¢ from Vx, Iy, ¢)
o false analogies (ex : assume (a+ b)? = a? + b? by false analogy with
(a+b)-2=a-2+b-2)
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Feedback

Basic feedback : proof check, proof navigation, proof state

®© 6 6 o

Proof planning : hints, analysis of granularity
Error diagnosis
Output in NL + Formatting (LaTeX...) + selectable level of detail

‘Theorem (continuous_of_dense). Let X be a topological space and let Y be a
regular topological space. Let A be a dense subset of X. Let f : X — Y bea
function. Assume that for all elements z of X, f is continuous at z within A. Then
[ is continuous.

Proof. Let z be an element of X.
closed neighborhoods V' of f(xr), there exists a neighborhood U o
SIU]C V.5 Let V' beaclosed neighborhood of f(x).
neighborhood V' of & such that f[V N A] C V.

by proving that V is a neighborhood of @ and f[V] C V. By assumption, V is a

One can see it suffices to prove that for all

uch that

Proverb [Huang 1999]
‘We obtain an open

We will show that V' is suitable

Theorema(Buchberger et al. 2016]

. neighborhood of . - Let 2 be an element of V.
Ganesalingam and GOWErS cuim fta) ends o ey s 1 tens o itin v .
H By definition it suffices (1) to prove that z € V 1 A and (2) to prove that for
€x p €rience all neighborhoods V" of f(z), there exists a neighborhood U’ of 2 such that
. fUnvnacve.
[Ganesalingam and Gowers 2013] .
xpand al | Collapseall |12 2 € vin ’1-_ .
[Massot 2023]

WTT [Nederpelt 2002]

Current proof state:

X is a topological space

Y is a regular topological spa

Ais a dense subset of X'

fiXoY

For all elements 2 of X, f i
within A

 is an element of X'

V" is a closed neighborhood

V is an open neighborhood o

flvnacv’

zis an element of V'

Goal: f(z1) tends to f(z) as
nA

9/27] Tran Minh, Narboux, Gonnord
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Feedback

@ Basic feedback : proof check, proof navigation, proof state

@ Proof planning : hints, analysis of granularity

@ Error diagnosis
@ Output in NL 4 Formatting (LaTeX...) + selectable level of detail

@ Visual feedback : display of proof trees, underlying objects

er e Examples.lean — paperproof o8

9 o e TR T | es

e L @ Proof Visualisation

F e e i1, s o o0 B - == o Paperproof

= M": e o [‘] e [ Karunus and Kovsharov 2024 ]
:g Mix€saxet i x o Deaduction

w PR [ Kerjean et al. 2022 ]

=z @ Underlying objects

e mero e (geometry diagrams, venn diagrams, ...)

» o ProofWidgets

apply I££. dntzo

[ Nawrocki, Edward W. Ayers, and Ebner 2023 ]
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n  Teact eriments Different

Feedback

@ Basic feedback : proof check, proof navigation, proof state

@ Proof planning : hints, analysis of granularity

@ Error diagnosis

@ Output in NL 4 Formatting (LaTeX...) + selectable level of detail
@ Visual feedback : display of proof trees, underlying objects

B

xeAand fix) =y | —

@ Proof Visualisation

scBandflz) =y — = ° Paperproof
[ Karunus and Kovsharov 2024 ]
o @ Deaduction

[ Kerjean et al. 2022 ]

@ Underlying objects
(geometry diagrams, venn diagrams, ...)

W - e ProofWidgets
[ Nawrocki, Edward W. Ayers, and Ebner 2023 ]

x
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Feedback

Basic feedback : proof check, proof navigation, proof state

Proof planning : hints, analysis of granularity

4
°
@ Error diagnosis
@ Output in NL 4 Formatting (LaTeX...) + selectable level of detail
°

Visual feedback : display of proof trees, underlying objects

example {R S T U : Set Nat} :
ScU->TcsU-RecsS->RcU:=hy
withVennDisplay

intro hy _ ha @ Proof Visualisation

exact funnh = h 1> hs > h; ¥ HTML Display

. o Paperproof
¥ Tactic state aperproo

[ Karunus and Kovsharov 2024 ]

RSTU: Set Nat U : Set Nat o Deaduction

hy : §ell u .

W:TsuU 1 [ Kerjean et al. 2022 ]

hs: RES @ Underlying objects

FReU o s (geometry diagrams, venn diagrams, ...)

o ProofWidgets
[ Nawrocki, Edward W. Ayers, and Ebner 2023 ]

9/27| Tran Minh, Narboux, Gonnord



periments Different c s In jironment  C

Underlylng theory

Sentential Logic, FOL, HOL, Dependent Type theory... :
consequences on teaching

@ Naive Type theory in Papuq [Kozubek and Urzyczyn 2008; Chrzaszcz
and Sakowicz 2007]

Covered topics

logics, sets, relations, functions, sequences, analysis, polynomials,

@ Comprehensiveness and adaptation of the libraries

Handling and formalising partial functions and undefined terms
@ Proof Obligations in TPE/Epgy [Sommer and Nuckols 2004]

o Partial setoids in Matita [Coen and Zoli 2007]
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Introduction Teaching experiments Different categories Input language Feedback Underlying theor

Teaching environment related features

Type of installation

@ Standalone, locally installed

@ Plugin (VsCode), locally installed

@ Web app, (running on client browser or on server)

Teaching software environment

@ Exercise Database (Edukera, ProofLab, Deaduction, )

@ Grading feature ( edukera)
@ Student progress tracking, Moodle access (edukera, trylogic)
°

Teacher mode (axiom and rule set customization, hint level
parametrization) ( waterproof, coqweb, edukera)

@ Data collection (proofBuddy Karsten et al. 2023)

@ Mixed Document feature (jsCoq, Waterproof)
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Conclusion

Use of proof assistants for teaching :
Opportunity for the student to receive quick, frequent, individualized feedback

Logic, CS : Widespread Undergraduate maths :
remained in the community of
Why ? researchers who developped tools

Still Theoretical issues

@ lack of suitable libraries adapted to the classroom

@ formalization : partial functions
”

What could help to spread ?

@ Develop shared reference resources (like Software Foundations)

@ Favor the development of easy to use tools, with no installation
@ Involve didacticians to evaluate tools in the classroom

@ Collaborate with teachers

@ raising awareness of the role of logic in proof
@ training in the use of proof assistants
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Thank you for your attention.
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