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Hall thrusters are one of the most successful and prevalent electric propulsion systems for space-
craft in use today. However, they are also complex devices and their unique E x B configuration
makes modelling of the underlying plasma discharge challenging. In this work, a steady-state model
of a Hall thruster is developed and a complete analytical solution presented that is shown to be in
reasonable agreement with experimental measurements. A characterization of the discharge shows
that the peak plasma density and ionization rate nearly coincide and both occur upstream of the
peak electric field. The peak locations also shift as the thruster operating conditions are varied.
Three key similarity parameters emerge that govern the plasma discharge and which are connected
via a thruster current-voltage relation: a normalized discharge current, a normalized discharge
voltage, and an amalgamated parameter, &, that contains all system geometric and magnetic field
information. For a given normalized discharge voltage, the similarity parameter & must lie within a
certain range to enable high thruster performance. When applied to a krypton thruster, the model
shows that both the propellant mass flow rate and magnetic field strength must be simultaneously
adjusted to achieve similar efficiency to a xenon thruster (for the same thruster geometry, discharge

voltage, and power level).

I. INTRODUCTION

Crossed-field plasmas consist of a unique configuration
in which a magnetic field is applied perpendicular to an
electric field driving the discharge current [1]. Such plas-
mas are often referred to as E x B discharges and are used
in a wide range of applications including Hall thrusters
for space propulsion [2, 3], magnetrons for materials pro-
cessing and advanced manufacturing [4-7], Penning dis-
charges or traps for the storage of charged particles [8—
11], and even particle mass separators [12-14]. In many
E xB discharges, ions are typically unmagnetized, or only
weakly magnetized, while electrons are strongly magne-
tized. The magnetic field variation across the discharge
leads to a strong change in electron mobility that signif-
icantly affects the electric field in the plasma. This in
turn influences electron transport and energy gain, and
consequently overall discharge operation and behaviour.
Even without the presence of various microscopic and
macroscopic instabilities that are commonly encountered
(1, 15], self-consistent discharge modelling can be chal-
lenging.

An important type of ExB discharge is a Hall thruster
which has emerged as one of the most dominant electric
propulsion systems and is used, for example, onboard
all Starlink satellites [16, 17]. With the space industry
currently experiencing rapid growth, electric propulsion,
and Hall thrusters in particular, are expected to become
a critical future technology: both for a diverse range of
small and large commercial satellite missions, and even
for space exploration. Indeed, NASA’s proposed lunar
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space station, known as the Lunar Orbital Platform-
Gateway, will include Hall thrusters for propulsion [18].
A number of key research challenges remain however. For
example, there is a growing need to extend the operat-
ing envelope to both lower and higher powers, while also
exploring the use of alternative propellants [19].

Hall thrusters typically consist of an annular ceramic
channel that is open at one end and terminated at the
other end by an anode through which propellant gas (his-
torically xenon) is injected [2, 3]. A cathode located ex-
ternally to the channel emits electrons that are attracted
to the anode and which collide with propellant gas to
produce a plasma. Positive ions from this plasma are
then accelerated by the electric field between the anode
and cathode to generate thrust. A radial magnetic field
is applied along the length of the channel using perma-
nent magnets/solenoids and a ferromagnetic circuit. This
magnetic field helps to both transmit the thrust force to
the thruster and impede the motion of electrons across
the magnetic field to improve system efficiency.

Tonization within Hall thrusters can be intense and
state-of-the-art systems are able to obtain propellant
mass utilization efficiencies (ratio of ion beam to in-
put mass flow rates) above 90% [2]. This leads to sig-
nificant neutral gas depletion in the channel that re-
duces the electron-neutral collision frequency and which
strongly affects electron transport across the magnetic
field. This then influences all other plasma properties,
such as the ionization rate, as well as the electric field
which provides the energy source for maintaining the dis-
charge. This coupling between different discharge prop-
erties makes Hall thrusters complex devices where gas
ionization and ion acceleration cannot be easily separated
into distinct regions as in gridded ion thrusters [2, 20].
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Together with the sharp change in spatial plasma pro-
files along the channel, this makes simple models such as
volume-averaged approaches unsuitable. Consequently,
modelling of Hall thrusters largely focuses on one-, two-
, or even three-dimensional simulations [21-28]. Here,
various models have been developed by different research
groups to study general operation [29, 30], microscopic
and macroscopic instabilities [22, 31-34], the importance
of shear stresses [35], and plasma-surface interactions
(36-38].

While high-fidelity simulations can provide detailed in-
formation concerning the underlying physics and opera-
tion of Hall thrusters, their complexity naturally makes
them numerical experiments. Thus, physical understand-
ing and the clear identification of relevant scaling laws or
similarity parameters can be challenging. In this context,
similarity parameters are dimensionless quantities con-
structed by grouping various relevant thruster geometric
and/or operating parameters together. Such similarity
parameters are analogous to similarity parameters used
in fluid dynamics (such as the Mach or Reynolds num-
bers), and thrusters with identical similarity parameters
nominally give self-similar behaviour and performance.
Several previous works have made use of simplified mod-
els and theoretical arguments, together with historical
data, to develop empirical scaling laws to aid in the de-
sign of new thrusters [39-41]. Example similarity param-
eters used include the Melikov-Morozov criterion, which
relates the thruster channel length to the ionization mean
free path [41], and the ratio of the maximum electron
cyclotron frequency to the electron-neutral collision fre-
quency [39]. Starting from a set of kinetic equations, Ref.
[41] also identified two amalgamated similarity parame-
ters that together include all major thruster geometric
information and operating conditions. Simulation veri-
fication and walidation have also become important is-
sues within the plasma physics and electric propulsion
communities in recent years [42-44]. Here, validation is
an activity that aims to test the validity of the under-
lying mathematical model and which usually requires a
comparison with experimental data. By contrast, verifi-
cation aims to establish the correctness and accuracy of
the mathematical model itself, and which usually entails
comparison with a known theoretical solution. There-
fore, access to an analytical model of a Hall thruster can
help both to uncover important scaling laws and similar-
ity parameters, and serve as a useful verification solution
for numerical simulations.

While many detailed Hall thruster models of vary-
ing dimensionality already exist within the literature,
these models must be solved numerically using sophis-
ticated fluid- or particle-based simulation methods [22-
24, 30, 32]. A primary aim of the present paper is to in-
stead establish a pedagogical one-dimensional model that
is sufficiently tractable and more transparent to physical
understanding. This is achieved through a careful choice
of model assumptions that enables a complete analyt-
ical solution of the underlying equations. For example,

in contrast with several previous one-dimensional models
[21, 33, 37, 45], here only steady-state operation is con-
sidered and plasma-wall interactions are neglected. Our
work is then somewhat similar to that in Refs. [27, 46]
except that a closed form solution is obtained without
requiring numerical integration of the model differen-
tial equations. This analytical solution then allows sev-
eral important similarity parameters to be naturally un-
covered and which simply and clearly connect thruster
performance with major design and operating variables.
These similarity parameters include a normalized dis-
charge voltage (ratio of the discharge voltage to a char-
acteristic collisional plasma energy loss), a normalized
discharge current (ratio of the discharge current to the
equivalent current if all propellant flow was ionized), and
a grouped parameter that includes all thruster geomet-
ric and magnetic field information. In contrast to pre-
vious scaling studies [39, 41], this latter similarity pa-
rameter also includes information on the spatial profile
of the magnetic field. We begin with a description of the
model and its solution in Sec. II, before applying the
model to an example Hall thruster in Secs. III and IV
where important design and optimization considerations
are highlighted. We then end with a careful discussion of
the model and results in Sec. V.

II. ANALYTICAL MODEL
A. Model description

While Hall thrusters can exhibit different instabilities
(such as the breathing mode [33, 45, 47]) which im-
plies an inherent time dependence, here only a steady-
state model representative of time-averaged operation
is considered. For some thrusters and operating condi-
tions, large-amplitude instabilities might be sufficiently
damped or eliminated [33, 48] which makes this a rea-
sonable assumption. Figure 1 illustrates a Hall thruster
where neutral gas is injected into an annular channel from
an upstream anode, while electrons are emitted from an
external cathode located near the thruster exit plane. A
radial (r direction) magnetic field with a given axial (2
direction) profile is applied along the length of the chan-
nel to impede electron transport towards the anode. Ig-
noring plasma-wall losses, the one-dimensional continuity
equations for neutrals, ions, and electrons are

o (ngvg) = —neng K. (1)
d dl’
T (nvy) = p neng K. (2)
d
o (neve,2) = neng K. (3)
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where n and v are the number density and velocity
respectively, I' = n;v; is the ion flux, K;, is the ioniza-
tion rate coefficient, v. . is the axial electron velocity,
vg ~ /kpTy/M is the neutral velocity (assumed con-
stant) with kp Boltzmann’s constant, T, the neutral gas
temperature, and M the neutral mass, and the subscripts
g, i, and e refer to neutrals, ions, and electrons. Assum-
ing singly-charged ions and quasi-neutrality, n, = n; = n
where we have introduced the new variable n to denote
the plasma density. The axial ion momentum conserva-
tion equation is

% (Mm?) = enE (4)

with e the elementary charge and F the axial electric
field. Ignoring electron inertia and pressure, and assum-
ing classical electron cross-field transport (see Sec. V),
the axial and azimuthal (6 direction) electron momentum
conservation equations are

0= —enE — env.¢B (5)

0 = enve . B — MelVmnue g (6)

Here v, is the azimuthal electron velocity, B is the
radial magnetic field, m. is the electron mass, and v, =
ng Ky, is the electron-neutral momentum transfer colli-
sion frequency with K, the momentum transfer rate co-
efficient. Ignoring energy transport and wall losses (see
Sec. V), the electron energy conservation equation is

0=—enve . E —nngKi.e. (7)

where £, = €;; + Kepc€ene/Kiz + 3me K Te /(M K;»)
is the average collisional energy loss per electron-ion pair
produced [49] with €;, and €y the threshold energies
for ionization and excitation respectively, Ky is an av-
erage excitation rate coefficient, and T, is the electron
temperature (in units of eV).

B. Model solution

Combining Eqns. 1-2 and integrating allows us to de-
termine the neutral density

r, —T
Vg

g = (®)

where 'y, = Qn/(MA.,) with @, the input pro-
pellant mass flow rate, Ac, = 7 (R3 — R}) the cross-
sectional area of the annular channel, and R; and Ry the
inner and outer radii of the channel respectively. The ax-
ial electron velocity is found by combining Eqns. 5 and
6 to obtain

Magnetic field

! Loy

coil \ |‘+’| Cathode
Anode ?] Electrons
Gas inIeT

R,
r
Ry
z

FIG. 1. Side view schematic of a typical Hall thruster.

eng Ky,
= E=—ukE 9
Ve,z (mw& ) I 9)

Here p = eng K, /(mew?2,) is the electron mobility and
wee = €B/m, is the electron cyclotron frequency. Note
that since the magnetic field varies along the channel, the
cyclotron frequency is a function of axial position: i.e.
Wee = Wee(z). By combining Eqns. 2-3 and integrating,
a discharge current balance equation is obtained from
which the electric field can be determined using Eqn. 9

E= Fg—T (10)
nps
where 'y = I;/(eAcp) with I the discharge current.
Solving for the ionization rate (i.e. S;. = nngkK;;) in
Eqn. 7 and substituting the result into Eqn. 2, and then
substituting the expressions above for ng, p, and E in
Eqns. 2 and 4, we find

dl'  (mevgw?\ G(Tq— r)? (1)
dz  \ ee.K, ) T2(Ty,, —T)

dG mevgw?,\ Tg—T

dz ( MK,, ) T,,—T (12)

Here G = nv? and we have used the fact that n =
I'?/G. Dividing Eqn. 12 by 11 then gives

r2dr

_ %2
GdG =v T,_T

(13)

where v* = y/ee./M. In general, the average colli-
sional energy loss, €., is a function of the electron tem-
perature, and is shown in Fig. 2 (a) for both xenon and
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FIG. 2. (a) Average collisional energy loss and (b) electron-
neutral momentum transfer rate coefficient as a function of
electron temperature for xenon and krypton.

krypton (calculated using cross-section data taken from
Ref. [50] and assuming electrons follow a Maxwellian dis-
tribution). For electron temperatures above about 5-10
eV, it is seen that the collisional energy loss is relatively
constant between 15-25 eV. We therefore make the rea-
sonable assumption that ¢, is fixed and uniform along
the channel.

Introducing the normalizations x = I'/Ty, Q =
G/(v*Ty), and & = z/L.p, with L, the channel length,
we integrate Eqn. 13 to obtain

Q:\/gzg+[x0(2+><o)*x(2+><)*21n<1*X>}

1-Xxo
(1)
Here xy = xo and 2 = Qy are model boundary condi-
tions at the anode (i.e. £ = 0; see also Sec. IIIC), and
we highlight that Q = Q(x). Substituting Eqn. 14 into
the normalized form of Eqn. 11, rearranging, and then
integrating and simplifying gives

B ¢
THs(x) = Ha(y) — o /0 e’ (15)

— H(p)
101 4 - HS(X)

H(y) or H3(y)

107 T T T T
0.0 0.2 0.4 0.6 0.8 1.0

X

FIG. 3. Special functions Ha(x) and Hs(x). Here xo = 0.01
and Qo = 0.001 (see also Sec. IIIC and Tab. I).

where I = MI;/(eQn) is the normalized discharge
current, f is the normalized magnetic field profile such

that B = Bpaof with B, the maximum magnetic
field, and

a= Bfmgithch | "e;’;;nTg (16)

H>(x) :/;% (17)

Hs(x) = /): % (18)

In obtaining Eqn. 15, we have assumed that I, is
constant, which from Fig. 2 (b), is again a reasonable
assumption for electron temperatures above about 5-10
eV. Note that the integrals Hy and H3 do not depend on
any discharge parameters (only the boundary conditions
Xo and ), and so can effectively be treated as special
functions (plotted in Fig. 3).

With the implicit solution for the normalized ion flux
given in Eqn. 15, all other discharge properties can then
be determined in terms of this normalized ion flux from
the equations above and which include the ion density,
ion velocity, neutral density, ionization rate coefficient,
ionization rate, electric field, and electron mobility

”:A[jh eizc [Q)E:()] (19)
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_ Qm

e = MuvgAcp [1 - IX] (21)

 Aan/ekpTge. [af? (1—x)* Q% (x)
K, = ZonOom o (1 ~ I—X)z (22)
I [effa-xQ)
Siz = Ao Lon I: X2 (1 _ I_X) (23)
_ Ec D‘fz (1 _X) Q(X)
“Io | ei-n) } (24)

= Lch\/% R;f?} (25)

Once the electric field is known, the electrostatic po-
tential can be found from E = —d¢/dz by making use of
Eqns. 4 and 13

¢=¢o+ecln<1 X) (26)
1—Xo

with ¢g the potential at the anode. Note that because
of the way in which the model has been constructed, ex-
plicit reference to the electron temperature is not needed.
The electron temperature can however be determined by

equating a given ionization rate coefficient with Eqn. 22
(see Sec. V).

III. DISCHARGE STRUCTURE AND PLASMA
PROPERTIES

A. Current-voltage relation

Defining the discharge voltage, ¢4, as the voltage drop
between the anode and cathode, Eqn. 26 gives

xp=1-(1—-x0)e? (27)

where yz = x(£ = 1) and ¢ = ¢g/e. is the normalized
discharge voltage. Note that since x¢ < 1, we have that
xL ~ 1 —exp (—dg) Equation 27 allows us to explicitly
determine the normalized discharge current as a function
of the discharge voltage from Eqn. 15 applied to the
thruster exit

_ Hy(xp) — o, f2de
= Hs (xr) @8

(S

1.2

Magnetic Field Profile, f

/|N

FIG. 4. Magnetic field profile for different values of the con-
trol parameter 3. The blue markers show the representative
profile from Ref. [51].

Note that because of the way in which the discharge
current has been defined, it is a positive quantity. Ob-
servation of Eqn. 28 then shows that to enforce this
constraint we require

1
Hy(x1) > a /U P2 (29)

This therefore places a constraint on the minimum dis-
charge voltage for a given value of a (and magnetic field
profile, f), or alternatively, a maximum value of a for a
given discharge voltage. Since from Eqn. 16 we see that
depends on the propellant mass flow rate and maximum
magnetic field strength, Eqn. 29 can also be viewed as
placing a constraint on the minimum mass flow rate and
maximum magnetic field strength for a given discharge
voltage.

B. Magnetic field profile

The model solution in Secs. IIB and IITA is essen-
tially complete but requires the magnetic field profile as
an input. The magnetic field strength in a Hall thruster is
usually low near the anode and peaks close to the thruster
exit [2, 3]. A convenient mathematical form for the pro-
file commonly used in theoretical and numerical models
[27, 33, 46, 47] is a Gaussian given by f = e~ #(E-1"
Such a profile peaks at the thruster exit and the con-
stant parameter [ controls the shape. Figure 4 shows
the magnetic field profile for different values of 3, as well
as a representative profile from Ref. [51].

Using a Gaussian form for the magnetic field in Eqn.
15 allows an explicit solution for position as a function
of the normalized ion flux to be obtained
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= 1+\/1271>0rf’1 {U % [Ha(x) — THs(x)] — crf(\/ﬁ)}

(30)

where erf is the error function and erf™" is the inverse

error function. With a Gaussian magnetic field profile,

the discharge current-voltage relation (i.e. Eqn. 28) be-
comes

_ o Ha(xw) =/ %(;;erf(\/ﬁ)
= Hs(xz) 3

or after un-normalizing

1

C. Discharge Structure

To demonstrate the model, we apply it to an example
Hall thruster with geometric and operating parameters
representative of the SPT-100 [36, 45, 52], and which are
listed in Tab. I. At the nominal mass flow rate in Tab. I,
Fig. 5 shows the discharge current-voltage characteristic
(obtained from Equn. 32). Here, the minimum voltage
needed to initiate a stable discharge is just below 85 V,
and the current rapidly increases before saturating for
voltages above about 200 V. At higher voltages, the dis-
charge current is almost constant (consistent with exper-
iment; see for example Ref. [53]), and never exceeds the
maximum current limit imposed by the input mass flow
rate (horizontal black dashed line in Fig. 5). In reality,
due to anomalous electron cross-field transport (which
is not included in the model), the discharge current for
a given discharge voltage can be higher than this limit,
although the time-averaged ion current is always lower.

Saturation of the discharge current at high voltages is
easily understood from the fact that once all of the pro-
pellant is ionized, the current cannot physically increase
further (noting of course the possible exception related
to enhanced electron transport). This limit can also be
seen mathematically from Eqn. 32, since with the aid of
Fig. 3, at large voltages Ha(xr) > /ma2/(88)erf(\/28)
and Hs(xr) — Ha(xr). Thus, I; — eQ,n/M.

Two points marked A and B are indicated on the
current-voltage curve in Fig. 5 at voltages of 85 V and
250 V, and which are example cases with low and high
neutral depletion. Axial profiles of various plasma prop-
erties for these two cases are shown in Figs. 6 and 7
respectively. Figure 6 (a) demonstrates that only a small
amount of neutral depletion occurs along the length of
the thruster channel for case A, while the plasma density

Parameter Value

Ry 3.5 cm

Ry 5 cm

Len 2.5 cm

Bmag 20 mT

Qm 5 mg/s

[ 250 V

B 4

T, 700 K

Km 2.5 x 107" m%/s
Ec 25 eV

M 131.293 u (xenon)
X0 0.01

Qo 0.001

TABLE I. Representative Hall thruster geometric and oper-
ating parameters, and model boundary conditions.

wo

Discharge Current, I (A)

A

T T T
0 100 200 300 400
Discharge Voltage, ¢g (V)

FIG. 5. Discharge current as a function of discharge voltage
for the example Hall thruster in Tab. I. The horizontal black
dashed line shows the achievable current if all input propellant
is ionized. The indicated points A and B denote operation at
discharge voltages of 85 V and 250 V respectively.

shows a distinct peak just upstream of the channel cen-
ter. lons are accelerated along the channel, as illustrated
in Fig. 6 (b), and the final velocity is similar to that mea-
sured experimentally at a comparable discharge voltage
[54]. We note however that in real Hall thrusters, the
discharge extends downstream of the thruster exit plane.
Consequently, the total discharge voltage is that between
the anode and some location within the near-plume re-
gion. In the present model, the plume is not treated
and so the discharge voltage is defined as the voltage dif-
ference between the anode and the thruster exit plane.
Thus, while the maximum ion velocity in Fig. 6 (b) (and
also Fig. 7 (b); see below) is similar to that observed ex-
perimentally at a similar discharge voltage, the effective
length over which this discharge voltage occurs is differ-
ent. Therefore, the plasma profiles are “distorted” near
the exit. Figure 6 (c) shows the ionization rate and the
axial electric field, where it is seen that the ionization
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FIG. 6. Axial profiles of the (a) neutral and plasma densities,
(b) ion velocity, (c) ionization rate and axial electric field, and
(d) electrostatic potential for case A in Fig. 5. The discharge
voltage is 85 V and the mass flow rate is 5 mg/s.

rate peaks upstream of the electric field maximum. The
electric field peak is broad, which results in an electro-
static potential that varies relatively gradually along the
channel (Fig. 6 (d)).

In contrast to Fig. 6, the plasma behaviour in Fig. 7
for case B shows several important differences. Firstly,
although the plasma density again peaks inside the chan-
nel at a similar location (Fig. 7 (a)), significant neutral
depletion now occurs and the neutral gas density near
the thruster exit is very low. Ions are also more strongly
accelerated within the channel and the ion velocity be-
gins to saturate at the channel exit, with an exit velocity
almost twice that of case A (Fig. 7 (b)). The maximum
ion velocity is also close to that measured experimentally
at the same discharge voltage [54]. As illustrated in Fig.
7 (c), the ionization rate and electric field again peak in a
similar location to case A, but the electric field magnitude
has increased considerably, and the width of the electric
field peak is narrower, leading to a more distinct separa-
tion of ionization and acceleration zones. This narrower
electric field then naturally leads to a stronger variation
of the electrostatic potential, as seen in Fig. 7 (d).

4 30
& @ —n, (b)
E —n
2 %
) @ 207
S €
5 2 2
e =)
€ =10 4
()]
S 17
=
>
=
0 0
= 100 300
£ 0 — s, (d)
% 80 A — E
=
g 200 -
5 601 —
= b
I
40 he
1S 100 A
‘S 20 1
<
N
“oo : 0 :
0.0 0.5 1.0 0.0 0.5 1.0
Z Z
Ia Ia

FIG. 7. Axial profiles of the (a) neutral and plasma densities,
(b) ion velocity, (c) ionization rate and axial electric field, and
(d) electrostatic potential for case B in Fig. 5. The discharge
voltage is 250 V and the mass flow rate is 5 mg/s.

In Eqn. 19, an equation for the plasma density was
obtained that does not explicitly depend on the magnetic
field or axial position. This therefore immediately allows
the flux location and magnitude of the maximum plasma
density to be determined by setting Z—; = 0, which yields
the following implicit equation

X2+3X+41n(lfx)+%:0 (33)

Solving the above equation numerically gives Xmae =
0.61. Substituting this into Eqn. 19 yields

0.691; | M
Nmaz = 34
n A 1/ . (34)

Thus, the maximum plasma density is proportional to
the discharge current, and inversely proportional to the
channel cross-sectional area. The spatial location of the
density maximum is obtained from Eqn. 30, and is seen
to be a function of the magnetic field profile, discharge
current, and parameter «. For the example values in
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Tab. I, the normalized location of the density maximum
i8 &mazx ~ 0.48 for case B.

Determination of the peak ionization rate and electric
field locations can in principle be obtained from Eqns.
23 and 24, but the resulting expressions are quite cum-
bersome and so must be solved numerically. The peak
location of the density, ionization rate, and electric field
are shown in Fig. 8. Here it is seen that the plasma
density and ionization rate peak at a similar location,
diverging only at low discharge voltages. As expected,
the electric field always peaks downstream of the ioniza-
tion rate. For discharge voltages between about 80-150
V, the peak electric field first moves upstream, but at
higher discharge voltages, it shifts downstream towards
the thruster exit. Because of this, the peak location for
cases A and B is similar. The shift in peak electric field is
difficult to clearly understand from Eqn. 24 and is effec-
tively a consequence of the need to maintain current bal-
ance in the discharge. As the discharge voltage increases,
so too does the discharge current. In addition, the plasma
density and ion velocity increase while their spatial pro-
files change, which then influences the neutral gas density
and electron mobility. In order to maintain current bal-
ance, this initially shifts the peak electric field upstream,
but as the discharge voltage is increased above 150 V,
neutral depletion becomes important (which strongly af-
fects the electron mobility) and the peak electric field
then moves downstream.

Since the plasma density and ionization rate peak at
a similar location for high voltages, we can obtain an
approximate expression for the maximum ionization rate
by setting &mar ~ 0.48 and Xmaee ~ 0.61 in Eqn. 23, and
assuming I ~ 1. This gives

0~0653727mzld SkBTg
Siz,maz ~ Qm TYLgK,ZHEC (35)

We highlight that the location of the maximum ion-
ization rate and electric field depends somewhat on the
normalized ion flux and momentum flux at the anode
(i.e. xo and €p). This can approximately be seen from
Eqns. 23 and 24 and noting that the ionization rate
and electric field are inversely proportional to x2. Thus,
Siz — o0 and E — oo as xo — 0. While this divergence
at the anode does not affect all plasma properties, or any
of the performance metrics (see Sec. IV A), it does imply
that xo and €y must be non-zero (which would also be
true if the original model differential equations in Sec.
II A were integrated numerically). As long as xo and g
are small though (which is true in reality), they do not
have a significant effect on the thruster behaviour and
performance.

The need for non-zero values of yg and ) is effectively
a consequence of neglecting the electron pressure in Eqn.
5. Similar non-zero boundary conditions were required in
Ref. [45] where the electron pressure was also ignored. In
reality, electron pressure can be important and a plasma
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FIG. 8. Normalized axial location of the peak plasma den-
sity, ionization rate, and axial electric field as a function of
discharge voltage. The vertical black dashed line denotes the
minimum voltage needed to sustain a stable plasma discharge.
The mass flow rate is 5 mg/s.

sheath may form at the anode leading to ion backflow. As
the sheath is very thin, the anode boundary conditions
used in several previous models [27, 33, 37, 46] are typ-
ically those at the sheath edge where the ion velocity is
equal to the Bohm velocity (i.e. the ion flow is sonic) and
directed towards the anode. In this case, the ionization
zone is detached from the anode and located between the
anode and the thruster exit plane (similar to Figs. 6 (c)
and 7 (c)). Note also that in this case there are actually
two sonic points: one located at the anode with an ion
velocity directed towards the anode, and a second point
located somewhere between the anode and cathode with
an ion velocity directed towards the thruster exit [27, 46].
Ignoring electron pressure in the present model therefore
has several implications. Firstly, a plasma sheath cannot
form and so ion backflow is not possible. Secondly, the
neutral density in the near-anode region is slightly differ-
ent because backflowing ions can recombine at the anode
and increase the local neutral density. These factors are
then expected to have a small influence on the plasma
discharge. We note as well that some studies, such as
that in Ref. [27], have also investigated the effect of a
zero ion velocity at the anode. Here, the plasma den-
sity and ionization rate now peak at the anode. There
is also a less defined separation between the ionization
and acceleration regions within the thruster, which is not
typically observed experimentally or with higher fidelity
models [2, 24, 30, 32].
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IV. THRUSTER PERFORMANCE
A. Performance metrics

Ignoring the contribution from neutrals, and remem-
bering that electron pressure has been neglected, the
model thrust is given by

Me,
€

F=QuirL=14 [Q(xz)] (36)

where v; 7, and @; are the ion velocity and mass flow
rate at the thruster exit. Because of ion beam divergence
in real thrusters, as well as the formation of multiply-
charged ion species, the actual thrust is expected to be
lower than that predicted by Eqn. 36 by as much as 10-
20% (see for example Refs. [2, 55]). To approximately
account for these factors (which are not included in the
model), we introduce a constant thrust correction factor,
np, such that F = nply/Me./e[Q(x1)]. The anode
specific impulse is then

_ F :nDId | Me. Q

with gy the gravitational acceleration at sea level. The
current efficiency is

r r
nc=1TL=XL=1—(1—X0)€¢ (38)
d

while the propellant mass utilization efficiency is

Qi Ml
=0 w0, X (39)
The discharge power is
Py = 14¢a (40)

while the thrust-to-power ratio is obtained by dividing
the thrust by Eqn. 40

F 1D Me,
B EV — [Q(xr)] (41)

The electrical efficiency is defined as

()

Vi maz 2¢4 X2

where v; mas = v/2e¢q/M. Finally, the anode thruster
efficiency is

P2 i Medy
- = Selngs 13
2QmPs 2eQmda (9% (xz)] (43)

Using the equations above, the anode thruster effi-
ciency can also be written as: nr = n%n0:MeNm.

nr

B. Xenon

Again considering the geometric and operating param-
eters listed in Tab. I, Figs. 9 and 10 show the thrust, an-
ode specific impulse, and various efficiencies as a function
of discharge voltage and mass flow rate respectively. The
model predictions are compared with existing experimen-
tal data for the SPT-100 thruster taken from Ref. [48].
As mentioned in Sec. IV A, the model does not account
for ion beam divergence or the formation of multiply-
charged ion species. Consequently, to reflect the uncer-
tainty in the predicted thruster performance we use a
range of thrust correction factors, np (between 0.8-1),
which are representative of values measured experimen-
tally [2, 55]. The dashed black lines in Figs. 9 and 10
show the maximum possible performance. This is ob-
tained by ignoring beam divergence and multiply-charged
ion species, and assuming that all propellant is ionized
and accelerated through the full discharge voltage (i.e.
F= vai,maz and Isp = Ui,maz/go)~

As demonstrated in Fig. 9, and as noted previously
in Sec. IITA, for a given geometry, magnetic field, and
mass flow rate, a minimum discharge voltage is needed
to sustain a stable plasma discharge. As the voltage in-
creases, the thrust, specific impulse, and anode thruster
efficiency all increase. Similarly, the mass utilization ef-
ficiency is a function of voltage (since it is proportional
to the discharge current; see Eqn. 39). By contrast, the
current and electrical efficiencies do not vary as strongly,
which can be seen from Eqns. 38 and 42 where these
quantities depend only on the discharge voltage and not
the discharge current. In fact, within the context of the
present model, these efficiencies also do not depend on
the thruster geometric dimensions or magnetic field. De-
spite the model assumptions, the predicted thrust and
specific impulse are generally consistent with experimen-
tal values. The thruster efficiency however, is naturally
overestimated as plasma-wall energy losses and anoma-
lous electron transport have been neglected. As noted
in Sec. IIIC, the maximum value of the normalized dis-
charge current is 1. However, due to anomalous elec-
tron transport, the normalized discharge current can be
above 1. Indeed, for the SPT-100 conditions in Fig. 9,
the experimental normalized discharge current is around
1.2. Consequently, for the same discharge voltage the dis-
charge power is higher, which then reduces the thruster
efficiency by the same factor. The model therefore pro-
vides an upper limit of the performance that can be ob-
tained.

Figure 10 shows the thruster performance as a func-
tion of mass flow rate for a fixed discharge voltage of 250
V. At this voltage, a minimum mass flow rate just above
0.01 mg/s is needed to sustain a stable discharge. As
the mass flow rate increases, the thrust initially rapidly
increases before becoming roughly linearly proportional
to the mass flow rate (black dashed line in Fig. 10
(a)). The anode specific impulse also rapidly increases
before saturating between about 1400-1800 s depending
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FIG. 9. (a) Thrust, (b) anode specific impulse, and (c) various
efficiencies as a function of discharge voltage for a mass flow
rate of 5 mg/s. The experimental data points for the SPT-
100 thruster have been taken from Ref. [48]. The shaded
regions show model predictions for thrust correction factors
(i.e. mp) between 0.8-1. The vertical black dashed lines in
(a)-(c) denote the minimum voltage needed to sustain a stable
discharge, while the other dashed curves in (a)-(c) show upper
limit performance for an ideal thruster.
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on the thrust correction factor. Such a saturation is ex-
pected since the applied discharge voltage imposes an
absolute maximum possible specific impulse (horizontal
black dashed line in Fig. 10 (b)). As highlighted previ-
ously, since the current and electrical efficiencies depend
only on the normalized discharge voltage, they remain
constant with mass flow rate, as indicated in Fig. 10 (c).
The mass utilization efficiency however varies with mass
flow rate as the discharge current is a function of mass
flow rate (via the similarity parameter «). Similar to
Fig. 9, the predicted thrust and specific impulse are in
reasonable agreement with experimental measurements,
while the thruster efficiency is overestimated.

C. Similarity parameters

Observation of Eqn. 31 and Eqns. 36-43 show that
thruster performance effectively depends only on the nor-
malized discharge voltage, ¢ = ¢a/e., and the parameter
& defined as

a= 7;(;2 erf (\/ﬁ) (44)

For the model to produce a physical solution, we re-
quire not only that the discharge current be greater than
zero, but also that the mass utilization efficiency be less
than one. From Eqns. 31 and 39, this therefore con-
strains the values that the parameter & can take

Hj (xr)

Hy(xr) — o

<a< Hy(xw) (45)

Figure 11 shows a plot of @ as a function of ¢. Here,
the grey shading indicates the parameter region satisfy-
ing the above constraints. It can be seen that for a given
discharge voltage and energy loss, a feasible discharge is
only obtained if & is within a certain range. For exam-
ple, at a normalized discharge voltage of 4, if & is above
about 25, electron transport across the magnetic field is
insufficient and it is difficult, or impossible, to sustain
a stable discharge. By contrast, if & is below about 2,
electron transport and energy gain is now too high. This
produces intense ionization and neutral depletion, and
leads to an unphysical negative neutral density in some
parts of the discharge.

For many high-performance Hall thrusters, the mass
utilization efficiency varies between 80-90%, while the an-
ode efficiency varies between about 50-60% [2, 48]. Using
Eqns. 31, 39, and 43, we can identify two “laws” govern-
ing discharge operation and performance

o N H3 (XL)
L)———————=

XL (46)
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ous efficiencies as a function of mass flow rate for a discharge
voltage of 250 V. The experimental data points for the SPT-
100 thruster have been taken from Ref. [48]. The shaded
regions show model predictions for thrust correction factors
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(a)-(c) denote the minimum voltage needed to sustain a sta-
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 2nréHs (xr)
n52% (xr)

The blue shading in Fig. 11 (a) shows the sub-area
(obtained from Eqn. 46) within the feasible operational
region where a mass efficiency of 80-90% is obtained.
Similarly, the blue shading in Fig. 11 (b) shows the fea-
sible operational region (obtained from Eqn. 47) where
the anode efficiency is between 50-60%. In both cases,
such target efficiencies significantly narrow the operating
region.

In the form given by Eqn. 16, a clear physical in-
terpretation of the parameter « is not immediately ob-
vious. However, noting that the neutral density with-
out a plasma is ngo = Qm/(MvgAcr), a nominal mo-
mentum transfer collision frequency can be defined as
Vm,o = Ng,0Km. A characteristic ion “transit time fre-
quency” given by vy = v* /Ly, can also be defined. Equa-
tion 16 can then be written in the alternative form

mE Wnlaz w’ﬂlﬂ/z
a= (7) Lmoz 48
M (Vm,[)> < vt ) ( )
where winar = €Bimaz/me. Thus, a is the product of
three ratios: the electron to ion mass ratio, the electron
cyclotron to the nominal momentum transfer collision

frequency, and the electron cyclotron to transit time fre-
quency.

&= Ha (xz) (47)

D. Krypton versus xenon

Xenon has typically been the propellant of choice for
Hall thrusters because of its attractive properties (such
as a relatively high storage density and atomic mass, and
a relatively low ionization threshold). However, xenon is
expensive and global production limited [56]. In addi-
tion, the xenon market is susceptible to strong fluctu-
ations and disruption [57]. Given the rapid growth of
the space industry, it is anticipated that demand may
outpace supply in the near future [58]. Consequently, al-
ternative propellants have become an important research
topic. While iodine has been identified as one possible
alternative, several challenges associated with material
compatibility and hollow cathode operation remain [59-
62]. A short term solution is therefore the use of krypton.

From practical engineering considerations, power input
to a propulsion system is usually limited by the satellite
power generation capability. Therefore, in shifting to an
alternative propellant, a typical engineering constraint
that may be imposed is that the maximum thruster
power cannot be increased. Similarly, the thruster di-
mensions and power processing unit ideally may need to
remain similar. In this case, both the maximum discharge
voltage and discharge current are also limited.

With the model equations and similarity laws ob-
tained, insight can be gained into the operation of Hall
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ciency between 80-90% and (b) an anode efficiency between
50-60%. Here np = 0.9.

thrusters with alternative propellants. For example, con-
sider a thruster using xenon and which must shift to kryp-
ton. To preserve the same anode efficiency for a given
discharge voltage, and noting that the collisional energy
loss for xenon and krypton is similar (see Fig. 2 (a)), it is
seen from Eqn. 43 (remembering that [ = MI/(eQm))
that the normalized discharge current must remain the
same. If from engineering considerations the maximum
discharge current must also be the same, this implies that
when using krypton, the propellant mass flow rate must
be reduced in proportion to the krypton-xenon atomic
mass ratio. From Eqn. 31 however, for the same nor-
malized discharge voltage and current, the similarity pa-
rameter & must also remain the same. But from Eqn.
16, the parameter o depends on the mass flow rate. In
addition, it also depends on the momentum transfer rate
coefficient. Consequently, to preserve the same value of &
when shifting to krypton (where now the mass flow rate
and momentum transfer rate coefficient are both lower),
requires the thruster geometry or magnetic field strength
to be changed.
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FIG. 12. (a) Specific impulse and (b) thrust-to-power ratio as
a function of discharge voltage for thrusters using xenon and
krypton propellants. The vertical black dashed lines in (a)-
(b) denote the minimum voltage needed to sustain a stable
plasma discharge. Here . = 25 eV and np = 0.9, while the
mass flow rate and maximum magnetic field when using xenon
and krypton are 5 mg/s and 20 mT and 3.2 mg/s and 15 mT
respectively.

preserve the same anode efficiency at a target discharge
voltage of 250 V, and using a krypton momentum transfer
rate coefficient of about 2 x 10713 m®/s (see Fig. 2 (b)),
the mass flow rate decreases from 5 mg/s to about 3.2
mg/s, while the magnetic field strength decreases from 20
mT to around 15 mT. Figure 12 shows a plot of the re-
sulting specific impulse and thrust-to-power ratio, where
the specific impulse increases by a factor of 1.25 (equal to
the square root of the xenon-krypton mass ratio), while
the thrust-to-power ratio decreases by the same amount.
This can also be seen from Eqn. 41, since for the same
discharge voltage and collisional energy loss, the thrust-
to-power ratio is directly proportional to the square root
of the propellant atomic mass M.
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V. DISCUSSION AND CONCLUSIONS

In this paper, we have presented a one-dimensional the-
oretical model of a Hall thruster and obtained an analyt-
ical solution of the underlying differential equations. The
model has been applied to an example thruster and we
have studied the plasma discharge properties and system
performance. Several key similarity parameters emerge
that govern thruster operation and which include the nor-
malized discharge voltage (), the normalized discharge
current (1), and an amalgamated parameter that con-
tains all thruster geometric and magnetic field informa-
tion (@). In addition, an analytical expression for the dis-
charge current-voltage characteristic that connects all of
these similarity parameters together has been obtained,
as well as analytical expressions for several important
performance metrics.

Within the context of the present model, a stable so-
lution is only obtained if the discharge current is positive
and the mass utilization efficiency below one. This there-
fore imposes constraint relationships between the differ-
ent similarity parameters. For example, at a given dis-
charge voltage, the similarity parameter & must be within
a certain range of values. From an operational and de-
sign perspective, this indirectly provides constraints and
design guidance connecting all of the thruster physical
variables: i.e. the main geometric dimensions of the
channel, the maximum magnetic field strength, the mag-
netic field profile, the propellant mass flow rate, the dis-
charge voltage/current, and the propellant type. An ex-
ample application of the identified similarity parameters
to a thruster using the alternative propellant krypton has
been presented, where the model provides guidance on
thruster optimization. In the particular case where the
discharge voltage, current, and anode efficiency are to re-
main constant when using either xenon or krypton, the
model shows that both the mass flow rate and magnetic
field strength must simultaneously be reduced.

In order to obtain a tractable mathematical solution,
several important assumptions have been made, includ-
ing: considering a time-independent model, neglecting
electron pressure in Eqn. 5, and ignoring electron en-
ergy transport and plasma-wall energy losses in Eqn. 7.
Time independence means that the presence and excita-
tion of several prevalent and common instabilities, such
as the breathing mode [2, 33, 45] and ion transit time
instabilities [63], are precluded. While such phenomena
can be included (see for example Refs. [24, 30, 45]), the
primary aim of the present work was to develop a simpli-
fied pedagogical model enabling an analytical solution.
Such a solution can provide enhanced understanding and
insight, as well as key scaling and similarity parameters.
In this sense, a complete analytical model has been ob-
tained. While the functions Hs and Hjs require a nu-
merical quadrature to compute, they are independent of
all thruster geometric and operating parameters and so
can effectively be viewed as special functions. We note
that aside from enhancing physical understanding, the
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analytical model can also find use as one of the few ex-
isting theoretical verification solutions for numerical Hall
thruster simulations.

Because electron energy transport is not treated, Eqn.
7 represents a local balance between work done on elec-
trons by the electric field and collisional energy losses
(which are effectively proportional to the ionization rate;
i.e. Si.). Since the continuity equations also depend on
the ionization rate, explicit reference to, or indeed cal-
culation of, the electron temperature is not needed. In
fact, explicit reference to the ionization rate coefficient
(i.e. K;.) is also not required. It can however be de-
termined from the ionization rate since expressions for
the plasma and neutral densities are obtained as part
of the model solution (see Eqn. 22). By then compar-
ing this ionization rate coefficient with actual rate co-
efficients obtained by integrating a given electron dis-
tribution (such as a Maxwellian) over known ionization
cross-sections, the electron temperature can in principle
be established. At low discharge voltages where neutral
depletion is small, this procedure gives reasonable elec-
tron temperatures. However, at higher discharge volt-
ages, neutral depletion becomes significant, and in order
to maintain the energy balance in Eqn. 7, the electron
temperature can reach unphysically high values near the
peak electric field location. In reality, such high elec-
tron temperatures cannot occur because of electron en-
ergy transport and plasma-wall losses. The ionization
rate itself does not experience such unphysical values (see
Fig. 7 (c)), because the neutral density is very low in this
region.

Neglect of plasma-wall energy losses is also an impor-
tant assumption. Because the electron temperature in
Hall thrusters can be as much as a tenth of the dis-
charge voltage (2, 39], intense secondary electron emis-
sion due to electron bombardment of the channel walls
occurs. This modifies the plasma sheath in front of the
walls and leads to significant power losses. For real Hall
thrusters, such as the SPT-100 [2, 48], the effective ion
beam energy cost is approximately 144 eV, which is about
5-7 times higher than the average collisional energy loss.
Consequently, performance of real thrusters is lower than
that predicted by the model. While rigorously including
such wall losses makes the model equations intractable,
the analytical solution can roughly be extended by phe-
nomenologically including all losses in an effective colli-
sional energy loss, €.y, and then making the substitu-
tion: €. — €efy. As noted in Sec. IITA, a minimum
discharge voltage is required for the discharge current to
be positive. Again using the representative values from
Tab. Iand g5y = 144 eV, a =~ 18 which gives a minimum
discharge voltage of around 330 V. This is much higher
than that observed experimentally [64], which is typically
around 100 V. As the parameter « is inversely propor-
tional to the momentum transfer rate coefficient, classical
electron-neutral collisions alone are not sufficient. Elec-
tron cross-field transport must therefore be anomalously
high, as is well-known and observed in most, if not all,
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Hall thrusters [1, 2]. This represents another important
assumption in the model, which is that electron transport
is classical.

First principles modelling of anomalous electron trans-
port is difficult and remains a distinct challenge within
the community [1]. Current evidence suggests that it
is a multi-dimensional kinetic phenomenon [28, 32, 65]
that cannot be described with conventional fluid mod-
els, regardless of their dimensionality. Nonetheless, phe-
nomenologically viewing anomalous transport as increas-
ing the momentum transfer rate coefficient allows the
model to again be extended by making the substitution:
Ky, — K.y where Kcpy represents an effective rate
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coefficient accounting for all possible electron transport
mechanisms (e.g. classical and anomalous). Reproducing
the minimum discharge voltages observed for the SPT-
100 when using €.y = 144 eV, requires Kcf¢/Kp, ~ 10.
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