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Abstract. We study the convergence of a Zakharov system driven by a time white noise, colored in
space, to a multiplicative stochastic nonlinear Schrodinger equation, as the ion-sound speed tends
to infinity. In the absence of noise, the conservation of energy gives bounds on the solutions, but
this evolution becomes singular in the presence of the noise. To overcome this difficulty, we show
that the problem may be recasted in the diffusion-approximation framework, and make use of the
perturbed test-function method. We also obtain convergence in probability. The result is limited
to dimension one, to avoid too much technicalities. As a prerequisite, we prove the existence and

uniqueness of regular solutions of the stochastic Zakharov system.
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1. INTRODUCTION

The Zakharov system was introduced in [45] as a simplified model for Langmuir tur-
bulence, a phenomenon resulting from the nonlinear coupling between Langmuir waves
and perturbations of the ion density in a partially ionized plasma. The system couples a
Schrodinger equation for the slowly varying complex envelope u of the electric field with
a wave equation for the deviation n of the ion density from its average. Related systems
of equations have also been derived from the coupled Euler equation for the electrons and
ions, and Maxwell equations for the electric field (see e.g. [8, 42, 43]).

After normalization of the quantities u and n with respect to physical constants (see e.g.
[35]), the system may be written as

10 = —Au + nu,
e?0fn = A(n +[ul),
where the remaining coefficient ¢ is proportional to the inverse of the ion sound velocity.
A large number of mathematical studies have been devoted to the Cauchy problem for

the system (1.1), as well as its limit as € goes to zero: note indeed that the system formally
converges to the cubic nonlinear Schrodinger equation

i+ Au + |ul?u =0 (1.2)

(1.1)

in this limit.

The first mathematical results for the system (1.1) were obtained by Sulem and Sulem
in [41] where the authors proved global existence of weak solutions in the energy space
in dimension d = 1, 2,3 using a Galerkin method, and global well-posedness in dimension
one for more regular initial data. Added and Added in [1] improved the results of [41] by
showing global well-posedness in dimension 2 for small initial data, using Brezis-Gallouét
inequality. A local well-posedness result was proved by Schochet and Weinstein in [40] with
an existence time interval independent of &, which allowed them to obtain the convergence
as € goes to 0 to a solution of (1.2). In [2] Added and Added investigated the rate of
convergence for small amplitude solutions, and highlighted the presence of initial layer
effects in the absence of a compatibility condition on the initial data. The optimal rates
for this convergence were obtained in [36]. This limit was also studied for instance in [33]
where the authors were interested in the convergence of the Klein-Gordon-Zakharov system
to the nonlinear Schrodinger equation.

Other local well-posedness results for regular data, as well as propagation of regularity
may be found in [37], and local existence in the energy space was obtained in [13]. Bourgain
and Colliander also used a low-high frequency decomposition method in [10], and the
method was also used in [26] to get some refinements for local well-posedness in general
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space dimension. More results about local and global well-posedness may be found for
instance in [14, 15, 34, 39] for different dimensions or different nonlinearities.

Here, we are interested in a stochastic version of the Zakharov system, in the presence
of an additional damping term. The system may be written as:

{ 10w = —Au + nu,

(1.3)
e2d(0yn) + agdn = A(n + |u|?)dt + pdW,

where o > 0. This system is complemented with inital data, which belong to some Sobolev
spaces that we will specify in the different sections of the paper. The operator ¢ is a
smoothing operator on L?(R%), and the random process W} is a cylindrical Wiener process
on L%(R%), so that ¢W; is a ¢¢*-Wiener process. This stochastic perturbation corresponds
to a spatially correlated white noise in time, and can be physically understood as random
external fluctuations in the system under consideration, as for example thermal fluctua-
tions. The damping is introduced to compensate the input of energy due to the noise.
For a smaller damping, i.e. with € replaced by €7, v > 1, we believe that the limit is
ill defined. A larger damping could be treated with similar arguments as in our work.
Note that numerical simulations indicate that indeed a smaller damping does not allow to
take the limit as ¢ tends to 0 (see [6]). The Zakharov system with damping terms and
stochastic forcing is used for example in [27], where the authors provide a numerical study
of Langmuir turbulence on incoherent scatter spectra.

As in the deterministic case, we expect that the solution of (1.3) converges in some
sense to a stochastic Nonlinear Schrodinger equation, as € tends to zero. The conservative
version of this later equation with a multiplicative noise has been studied by Debussche
and de Bouard in [17] and [18], while Barbu, Réckner and Zhang in [3, 4, 5] used a dif-
ferent approach based on rescaling transformations to prove well-posedness results in both
conservative and nonconservative cases. Brzezniak and Millet [11] studied the stochastic
Nonlinear Schrédinger equation on a two-dimensional compact Riemannian manifold, with
the use of stochastic Strichartz estimates (see also [30, 12, 31]). The defocusing mass and
energy critical cases have been studied by Zhang [46] and Fan, Xu and Zhao [23].

As for the stochastic Zakharov system, Tsutsumi proved in [44] the global existence of
L?-solutions for a system of the form (1.3), but with an additional additive noise in the
equation for u, in space dimension d = 1. More recently, a more general system with a
multiplicative noise in the equation for v was studied by Herr, Rockner, Spitz and Zhang,
for d = 3, in [29], using the rescaling approach.

The aim of the present paper is to prove the convergence in probability, as £ goes to
zero, of the solution of (1.3), in dimension d = 1, to the solution of the stochastic nonlinear
Schrédinger equation:

. i _
zdut = (—8323ut — |ut|2ut — QutF)dt — ut(ag) lgf)th,

where the last two terms in the equation correspond to the Stratonovitch noise
Ut O (8%)_1¢th
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The main difficulty comes from the fact that the energy of System (1.3):
1 _ 2
H(u,n) = |0pul + (Ilnl12: + [l 0l 7. ) +/Rn]u\2dx (1.4)

is no longer preserved, and more importantly it has a singular evolution as € goes to 0.
Indeed, applying formally the It6 formula to H, and using (1.3), terms which are not
controlled by the energy or terms of order €2 appear. In order to pass to the limit
in € despite this singular evolution, we use a predictor-corrector method usually called
the Perturbed Test Function method. The method allows us to pass to the limit in a
martingale problem and to identify the limit equation, but we also use it to obtain bounds
on a modified energy, allowing us to prove the tightness of the approximating sequence.
This method was first introduced in a finite dimensional setting in [38], and many examples
of applications can be found in the book of Garnier, Fouque, Papanicolaou and Solna [24].
It was generalized to the infinite dimensional case for instance in [19],[22] and used in [7],
[20].

The perturbed test function method usually allows to prove convergence in law of solu-
tions. However, due to the special form of the noise considered here, we are able to obtain
convergence in probability. The application of the method requires to deal with rather reg-
ular solutions in space. Thus, despite the fact that the global existence of L2-solution was
proved in [44], we need first to prove the global existence of regular solutions of the (1.3),
under spacial regularity assumptions on the noise. Note that the well-posedness result that
we prove is still true without the addition of the damping term, namely for o = 0, but
the convergence of the system to the stochastic Nonlinear Schrédinger equation requires
a > 0. It is not clear at all whether the system (1.3) has a limit as ¢ goes to 0 in the case
a=0.

The paper is organized as follows: in Section 2, we introduce some notations, and state
our main results. In Section 3 we prove the global existence of regular solutions, in the
strong probabilistic sense. The method is an adaptation of Kato’s method (see [32]),
together with estimates similar to those obtained in [41], and some details will be skipped.
In Section 4, we state our convergence problem in the diffusion approximation framework,
and give results on the driving process. In Section 5, we prove a modified energy estimate,
by using the perturbed test function method. Section 6 is devoted to the proof of the
tightness of the e-dependent family of solutions. Finally, we prove the convergence to the
stochastic NLS equation in Section 6, by first proving a weak convergence result, through
the study of the martingale problem. Since we are in a situation where the driving process
is an Ornstein-Uhlenbeck process and all correctors can be computed explicitly, we are able
to have explicit martingales when studying the martingale problem. We take advantage
of this to obtain the convergence in probability of Equation (1.3) to Equation (2.4). Note
that convergence in probability in a similar but simpler problem - the Ornstein-Uhlenbeck
solves an equation of order one and the setting is in finite dimension - has been obtained
in [25]. Finally, technical results are gathered in the appendix.
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2. NOTATIONS AND MAIN RESULTS

Throughout the paper, for p > 1, we denote by LP(R,C) the Lebesgue space of p
integrable C-valued functions on R, endowed with its usual norm. For p = 2, (-,) is the
inner product of L?(R,C) given by

(f.9) = Re /R f(2)3(x)d,

where Re denotes the real part of the integral. Sometimes we will just write LP := LP(R)
without any additional precision on the codomain. In fact, the only C-valued function in
our problem is u, and all the others functions are R-valued. For s € R, we use the Sobolev
space H® := H5(R) of tempered distributions f € &'(R) such that (14 £2)2 f(¢) € L3(R),
f being the Fourier transform of f, endowed with its usual norm. Besides we will need the
homogeneous Sobolev space H® := H*(R) of tempered distributions f € S’(R) such that
€5 f(¢) € L2(R). We also denote by H; (R) = H; . the space of distributions f such that
for every £ > 0, f € H%([—/,¢]), the standard Sobolev space on the interval [—¢, ¢]. Finally,
if H, K are Hilbert spaces, Lo(H, K) is the space of Hilbert-Schmidt operators from H to
K. When H = K we write Lo(H).

To introduce a mathematical description of the system (1.3), we consider a probability
space (2, F,P), endowed with a filtration (F;):>0. We also introduce a sequence (Sj)ren
of real-valued, independent Brownian motions associated to this filtration, and a complete
orthonormal system (ex)gen of L?(R;R); then W (t,z,w) = >, o Br(t, w)ex(x) is a cylin-
drical Wiener process on L?(R), and the series ¢W (t,z) = >, . der(2)Bi(t) defines a
H-valued Wiener process with covariance operator ¢¢*, as soon as ¢ € Lo(L%(R), H).

The system (1.3) is then rewritten as

i0pu = —02u + nu
on=pu (2.1)
e2dp + agp = 02(n + |ul?)dt + pdW (t).

The next theorem gives results about existence and uniqueness of regular solutions for
the system (2.1), for fixed € > 0: we first state a local existence result for initial data in
H? x H'. This result is obtained by applying Kato’s method and a contraction argument,
using easy estimates on the linear equations, that we list in section 2. If the initial data and
the noise are slightly more regular, then we also prove, thanks to an adequate decomposition
of the solution and using estimates similar to those obtained in [41], that the solution is
more regular and is globally defined.

Theorem 2.1. Let ¢ > 0 be fized. Let o >0 and ¢ € L2(L?, L>NH™Y). Let (ug,ng,n1) €
H%(R)x H'(R)x LA(R)NH Y (R). Then there exists a unique solution (u,n, u1) to (2.1), with
continuous paths with values in H*(R)x H'(R)x L>(R)NH " (R), such that (u(0),n(0), (0))
= (ug,no,n1). This solution is defined on a random interval [0, 7(w)) where T(w) > 0 is a
stopping time such that

rw)=ooor o im max(fu(t)llz s [n(t)llg) = +oo.
—T(Ww
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If moreover ¢ € L2(L2, H' N H™Y), ug € H*(R), ng € H*(R) and n; € H'(R) N H~'(R),
then T(w) = +o00, a.s. and (u,n, ) has trajectories a.s. in C(RY; H3(R)x H?(R)x H(R)).

The result of the previous theorem may of course be generalized to random Fyp-measurable
initial data, by conditioning on Fjy.

We now turn to the main result of the paper, which is the convergence of the solution
as € tends to 0, to the solution of the stochastic nonlinear Schrédinger equation. This
result will require more regularity on the noise, and we assume from now on that ¢ €
L2(L*, H' N H~Y). In order to state the result, we rewrite the system in a different form:
consider an adapted solution Z¢ of the linear damped wave equation

2d(0, Z°) 4 aedy Z° = 92 ZEdt + pdWy, Z°(0) = 8;Z°(0) = 0. (2.2)

Its trajectories are a.s. time continuous with values in H? (see section 2 for a more precise
definition). Then, (u,n, ) is a solution of (2.1) if and only if n = m + Z%, with (u,m)
solution of

(2.3)

10 = —02u + (m + Z°)u,
e202m + agdym = 92(m + |ul?).

Note that if ug € H3(R), mg € H*(R) and m; € H'(R) N H~'(R), then applying Theo-
rem 2.1, with Fp-measurable initial data given by wug, ng = mg and n; = m1, we deduce
that there is a unique global solution of the system (2.3) with u(0) = ug, m(0) = mg and
0ym(0) = my. The convergence result is then as follows:

Theorem 2.2. Let a > 0. For any T > 0, and for any ug € H3(R),mo € H*(R) N
H ' (R),m; € H'(R) N H~Y(R), the process (uf,m?) solution of the system (2.3) with
u(0) = ug, m(0) = mg, d;m(0) = my and ¢ € Lo(LA(R), H3(R) N H*(R)) satisfies: (uf)
converges in probability in C([0,T], Hi .(R)) for any s < 1, to u solution of

loc

idu = (—0%u — |u|?u — %uF)dt — w(0?) "t pdWy, (2.4)

where F(x) =3 cn ((8%)_1¢ek)2(at).

Note that, under the above assumptions on the initial data wug, and on the operator
#, the existence of a unique solution of (2.4) with a.s. H'-valued continuous paths is a
consequence of Theorems 4.1 and 4.6 in [18]. Moreover, it is not difficult to prove that
given the assumption on the noise, the solution u has actually H?-valued continuous paths.

3. WELL-POSEDNESS FOR FIXED &

This section is devoted to the proof of Theorem 2.1. We start with the proof of the local
well-posedness result, and propagation of regularity, then global existence for more regular
initial data is proved in Subsection 3.2, adapting the arguments of [41].
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3.1. Local Well-Posedness. In this section, we prove local well-posedness of the problem
(2.1). Here ¢ is fixed so there is no loss of generality in assuming that ¢ = 1. We start
with a first result which is proved by a fixed point argument, adapting the method used
by Kato in [32] for the Schrédinger equation. Then we state a second result which shows
that we can recover more regularity on our solutions. This extra regularity will be needed
in order to show afterwards that the problem (2.1) is actually globally well-posed.

Proposition 3.1. Let o > 0 and ¢ € L2(L?, L>*NHY). Let (ug, no,n1) € H*(R)x H'(R) x
L3(R) N H~Y(R). Then there exists a unique solution (u,n,u) to (2.1) with continuous
valued paths in H?(R) x H(R) x L2(R)NH~Y(R) such that (u(0),n(0), 2(0)) = (uo,no,11)-
This solution is defined on a random interval [0, 7(w)) where T(w) > 0 is a stopping time
such that
T(w) =400 or lim max ([lu(t)| g2, [n(t)] g1) = +00.

t—7(w)
Proof. Let us fix (ug, ng, n1) satisfying the assumptions of Proposition 3.1 and rewrite the
system (2.1) (with € = 1) in the mild form:

{ u(t) =T1(u,n)(t) (3.1)
(n(t)7 /“L(t)) - F2(u7 n, :U')(t)?
with .
' (u,n)(t) =U(t)up — z/ U(t — s)n(s)u(s)ds (3.2)
0
and
To(u,m, () = Sa(t)(no,n1) / Salt — )(0, 82[ul*(s))ds (3.3)

/5 (£ — $)(0, )dW (5). (3.4)

Here, U(t) = /% is the free Schrédinger group on L2(R), while S, (t) is the semi-group
associated with the linear damped wave equation, that is S, (t)(no,n1) is the solution of

61571 =
O+ ap = 0%n
with (n(0), u(0)) = (no,n1). Note that S, has an explicit expression in Fourier variables,
and is a contraction semi-group in H'(R) x L?(R) N H~!(R) (see Section 8.1 in the Ap-
pendix). Now, let us define, for 7" > 0, the spaces
Zp = {u € L>®(0,T; H*(R), dyu € L>=(0,T; L*(R))}
and
Yr = {n € L=(0,T; H'(R)), d;n € L*°(0,T; L*(R))}.
Let Ryp > 0, and Ty > 0 be fixed. Using the arguments of [32], it is not difficult to see
that for all n € Bg,(Yr,), the application uw — I'j(u,n) is a contraction in Zp, for T' > 0
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sufficiently small, depending only on |Jug|| 52, and Ry. Denoting then by 7 (n) the solution

of )
10w = —05u + nu
{ w(0) = up, (3.5)
that is obtained in this way on [0,7p], it is easy to see that, for T sufficiently small,
depending again only on Ry, there exists a constant C' > 0 such that if uy = 7 (n1), and

ug = T (n2), with ny,ny € Bg,(Y), then
[0sur = Opusl| Lo (0,7;22) < CT([[n1 — nallyy + [ur — vzl Lo 0,7 m1))-
Moreover, using again equation (3.5),
l[ur = w2l poo 0,72y < C'llna = nally,

where C, and T small enough, depend only on Rj.

Now, setting I's(n, ) = Ta(T(n),n, u) (where we recall that I'y is defined in (3.3)) it
is easily seen that I's is contracting in Br(Yr x Hr), where Hy = L°°(0,T; L? N Hil),
provided T is small enough, depending only on R. On the other hand, by [16, Theorem
6.10], the stochastic convolution [, Sa(- —5)(0,$)dW (s) is a.s. in Y7, X Hr,, and it follows
that the ball Br(Yr x Hr) is preserved by I's, provided the random constant R is chosen
sufficiently large (depending on the Y7, x Hr,-norm of the stochastic convolution, ||ng]| g1
and ||n1]/;2) and T is chosen small enough, depending on R. The conclusion of Proposition
3.1 follows by classical arguments. g

The next proposition shows that if the initial data is more regular, then the solution of
the system is also regular, as long as it exists in the sense of Proposition 3.1.

Proposition 3.2. Let ¢ € L2(L?, H'0NH™") and let (u,n, u) be the solution of (2.1) given
by Proposition 3.1, and T the corresponding stopping time. If ug € H3(R), ng € H?(R),
and ny € H'(R) N H~Y(R), then (u,n,u) has a.s. continuous trajectories on [0,7) with
values in H3(R) x H*(R) x H'(R) N H~'(R).

Proof. The proof is obtained by classical arguments: differentiating the system (2.1) with
respect to x gives a linear (non homogeneous) equation for (0 u, d;n, O,u). Using then the
same kind of fixed point arguments as in the proof of Proposition 3.1, it is easy to prove
that this later system has a unique solution in Zr x Ypr x Hp, for T sufficiently small,
depending only on max(||ullzy, , [[nlyy, ), where Ty < 7(w) is fixed, so that the argument
may be iterated up to any time less than 7(w). O

3.2. Global Well-Posedness. In this section, we follow the arguments in [41] to get a
priori estimates showing that the solution is global. We are still considering the system
(2.1), but now we mention the dependence on ¢ in the estimates. We will see in particular
that those are not uniform in €. We prove below the following proposition.

Proposition 3.3. Let o > 0, T > 0 and let ¢ € L2(L?, H' N H™'). For initial data
uy € H3, ng € H> and ny € H' N Hﬁl, there exists almost surely a unique solution
(u,n, p) € L®([0,T], H®> x H> x H' " H™Y) for the system (2.1).
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Proof. In order to get our estimates, we decompose n = m + Z¢ where Z¢ satisfies
2d(0,Z°) = (—aedy ZF + 92 Z°)dt + ¢pd W, (36)
Z5(0) = 0,2°(0) = 0. '

Note that (Z¢,8;Z°) has a.s. continuous trajectories with values in H> x H' N H~' (again
by [16, Theorem 6.10]). Also, (u,n, u) is solution of the system (2.1) if and only if (u, m) is
solution of the system (2.3). Thus, under the assumptions of Proposition 3.3, the solution
(u,m) given by Proposition 3.2 satisfies a.s. dym € C([0,7); H'NH'), and we may define

V = -9 0ym € C([0,7); H?), as. (3.7)

for which
20V + aeV + 0y (m + |ul?) = 0. (3.8)

Now, let us define, with the above notations, the mass and energy
1
2 2 2 2
N(u) = |lullz2 and  H(u,m) = [|0:ul2 + 5 (Imll72 + lleV]z2) + /RmIUFd:U- (3.9)

The evolution of those quantities allows us to get first the following estimate.

Lemma 3.1. Under the above assumptions, the local solution (u,m) of the system (2.3)
satisfies: for any T > 0, there exists a random constant Cz(w) > 0 depending only on T,
ol 15 Inollpe and (| ZF|| Lo (0,7; 12, such that

1 2 Ly o 1 2
S I0euls + 5 Imilfe + 5 VI < Cey as. (3.10)

Proof. Using the fact that m is real valued, it is easy to see (taking the inner product in
L?(R;C) of the first equation of (2.3) with iu) that the mass N(u) is conserved. As for
the energy, under the above regularity assumptions, we may take the inner product of the
first equation of (2.3) with dyu, and integrate by parts to get

0y [|0uul % + /(m8t|u|2 + Z20|ul?) dz = 0. (3.11)
R

On the other hand, taking the inner product of equation (3.8) with V', integrating by parts
the term (9,(m + |ul?), V) and adding the result to equation (3.11) gives

0,H (u, m) —|—/Z58t]u\2dx — e VP (3.12)
R

Note that Young and Galiardo-Nirenberg inequalities, together with the conservation of
mass yield

1 3
| [ mluds| < § mle + 4N o) [2su
R

(see [41, Lemma 2]), while ;|ul?> = —2Im(@d%u) by the first equation of (2.3), so that
integrating by parts,

/Z‘E@tlu\Qdm:/&UZEIm(ﬁ@xu) dx
R R
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and the later term is bounded by [|0;Z%||z N (ug) + [|0zul|3 .. The conclusion of Lemma
3.1 is then obtained by integrating (3.12) between 0 and ¢, using the above bounds and
Gronwall Lemma. O

The next equalities are very similar to those stated in [41], and we only sketch their
proofs.

Lemma 3.2. Under the above assumptions, the local solution (u,m) of the system (2.3)
satisfies

9 (e0:V[72 + 10em] 72 ) + 2/ 0fm Oh|uf*dz + 202 |0,V ||72 = 0, (3.13)
R
8t ”&5““%2 = QIm/ uatﬂ (3tm + 81525) dx, (314)
R
— 0 |0s0ul 32 = /(m + Z%)0y| Oy dx + / O(m + Z°) (97 |ul* — 2|0wul?)dx.  (3.15)
R R

Proof. Equality (3.13) is obtained by taking the time derivative of (3.8), using integration
by parts and the fact that 9,0,V = —9?m. As for (3.14), it suffices to differentiate the
first equation of (2.3) in time, take the scalar product of the resulting equation with dyu,
and integrate by parts. Finally, (3.15) is obtained by differentiating in time the equation
0?u = (m+ Z%)u—1i0yu, taking the inner product with 9?u, integrating by parts, and using
the fact that Re(ud?u) = 1(0Z|ul® — 2|0yul?). O

Now, by gathering (3.13)-(3.15) and integrating in time we obtain:

2|0l + 1€V |72 + 1| 0iml|72 + 2/(3tm Orlul* + m|0ul?) dz + 2ae | V|72 (0.2
R
t
= C(ug,no,n1, Z°(0)) —I—// (68tm|0tu|2 + 4I'm(u Oyu Oym))dxds

0JR

t

+4Im//u8tﬂ8tZad:L‘ds—2/ Z8|8tu|2d:r:
0JR R

t
—2//&gZE(&?MQ—3|8tu|2)dxds.
0JR
(3.16)

In what follows, C' denotes various constants that may depend on w, T, ug,ng,n1 and €.
Note that the first term on the second line of (3.16) is finite, thanks to the assumptions on
the initial data. As for the second term, using the fact that 9ym = —3d,V, integrating by
parts and using Lemma 3.1, it is bounded by Cfg [|0yul%;1ds. The last term of the second
line is in turn bounded by C’fg(H@tuH%{l + ||8¢m||2,) ds, by conservation of mass.

We now estimate the terms in equation (3.16) involving the stochastic convolution Z¢.
Using the fact that (Z¢,0,2°) € L>([0,T], H*)x L>([0,T], H') a.s., the first term involving
Z¢ is bounded by C(1 + fg |0yul|%.ds). For the third term involving Z¢, we use the fact
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that 0|u|? = —2Im(ud?u), differentiate in time, and integrate the term by parts to get

t t
/ /athaﬂuy?dsdsg 2/ all g 1025 g1 |l g s,
0 JR 0

Lemma 3.1 allows then to bound also the third term involving Z¢ in (3.16) by C-(1 +

t 2
fo |Opu||§ 2 ds).
There remains to bound the terms in (3.16) that are not integrated in time. Note that,
again by the relation 9ym = —0,V, and integrating by parts,

[ omauld < Vil ol < glowl + C..
On the other hand, (3.14) and Lemma 3.1 easily imply
Jowud3s < C.1+ | 0wl + 0m2ads),
from which we deduce
[ o < fmlalralz 1l < o + €0+ [ 0wl + [omluds).
Gathering the above estimates allows to conclude that
10l + 120V (72 + [Biml 72 < Co(1+ /Ot 10cu(s) |7 + 10em(s) |72 ds),  (3.17)

so that by Gronwall Lemma, the quantities ||Oyully1,]|0sm|;2 and €0 V]2 are a.s.
bounded on [0, T7.

Next, equation (3.8) and Lemma 3.1 imply ||m|z1 < C., while the first equation of
(2.3) and Lemma 3.1 give a bound on ||0%u 51, showing that u € L>(0,T; H?), a.s. The
conclusion of the proof of Proposition 3.3 follows then from Proposition 3.2, and the blow
up criterion in Proposition 3.1. O

4. THE DRIVING PROCESS AND ITS GENERATOR

It is clear that the estimates obtained in Subsection 3.2 are not uniform in ¢ (note
for instance that Z¢ is of order e /2, as can be seen by computing E([Z<(®)[]2)). In
order to get a uniform bound in € on the solutions of the system (2.3) allowing us to prove
Theorem 2.2, we first remark that this latter system is related to a diffusion-approximation
problem. Indeed, let us denote (25(t), ¢5(t)) = (e'/225(t), %/20, 2% (t)), where we recall that
Z° satisfies (2.2). Then (z°, () satisfies the equation

1
atz‘S = 7CE7
£ 1 (4.1)
€ € 2. ¢
d¢® = —(—al® + 0;2°)dt + S YE] PdWr,
e e

with 25(0) = ¢2(0) = 0.
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Moreover, the infinitesimal generator of (2%, (%) is given by %M, where M is the gener-
ator of the e-independent process (z, () such that

Oz = C,
{ d¢ = (—al + 922)dt + ¢pdW;. (4.2)

Note that the transition semigroup associated with (4.2) possesses a unique (Gaussian)
invariant measure v (see [16, Chapter 11]), where uniqueness follows from the decay of S,
for a > 0. Note that v is also invariant for the system (4.1).

In the next section, we will prove a uniform bound on a modified energy by using the
perturbed test function method, and this bound will allow us to prove the tightness of
approximating sequences (as € tends to 0) in Section 6. We first gather in this section
some results about the driving process (2%, (%) and the generator M.

Choosing an initial condition of the system (4.2) fo the form:

(&)= [ (o) @

allows to get a stationary solution of this system. The regularity of (zp, (o) depends on the
regularity of ¢ as a Hilbert-Schmidt operator, as can be seen in Section 8.1. Then for any
continuous bounded function ¢ on H? x H' N H~! we have an explicit expression for the
expectation with respect to the invariant measure v:

B ot 01 = Lotz ) = E o ([ 520 (g, ) - [ 500 (gan,), )]

In order to justify the computations below, we will need to take ¢ € Lo( H SNH~ 4), which
guarantees that (2°,¢%) € C([0,T); (H?> N H~3)?) almost surely, for any T > 0, since the
operator S, (t) commutes with the operator d,. We control the growth of (2%, (%) thanks
to the following Proposition (see also [7]).

Proposition 4.1. For any T > 0 and any § > 0:
im B sup (120l s + 16O o s) > ) =0
e—0 [0,T]

Proof. Let (z,() satisfy (4.2) with initial condition z(0) = {(0) = 0 and, for k € N, denote
by i the process

ne= sup (|20 gspm—s + ICO gang—s) -
telk,k+1]

It is easy to see that E(n?) is bounded independently of k. Since the process (z,() is
Gaussian, this implies that E[n/] is finite and is also bounded independtly on k, for all
v > 0. Thus, by Markov inequality for any ¢’ > 0, choosing v > 1/’ we have Y, . P >
k:‘s,) < 00, so that Borel-Cantelli lemma implies the existence of random variables Z7, Z5
such that )

120 gsnig—s + IO gsppr—s < Z1 + [t Za, aus. (4.4)
Choosing &' < &, this estimate implies the statement of Proposition 4.1 for (z(%),{(%)) and
thus for (2%, (%), noticing that both processes have the same law. O
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As a consequence of Proposition 4.1, the stopping time

75 = inf {t 511250 s + 1Ol s > 7} (4.5)

converges to infinity in probability as ¢ goes to 0.

Let us focus on the infinitesimal generator M of (z,(), which will be useful in the
next sections where we use the Perturbed Test Function method, for which we have to
find the inverse of the generator applied to several quantities. We do not wish to specify
the domain of the generator. For a Borel function ¢, we write My when (2(t),((t)) —
fot Mop(z(s),((s))ds is a well defined quantity and is an integrable martingale. Similarly,
we write M~y when M~to(z(t),((t)) — fot ©(z(s),((s))ds is a well defined quantity and
is an integrable martingale.

For a function f, we try to find a function ¢ such that My = f (we write o = M~1f).
Clearly, we need E,[f(z,()] = 0, recalling that v is the invariant measure of (z,(). Given
n = (z,¢), we denote by (z(t,n),((t,n)) the solution of (4.2) with initial data n at time
0. Then, since the process has all moments finite, it is classical that for any ¢ measurable
with polynomial growth, we have:

Mot) = -E | " (et ). <t ).
0

The following results give properties on My for some test functions ¢ that will be used in
the Perturbed Test Function method.

Lemma 4.1. For (z,¢) e HHNH 2 x L2NH 2 and ¢ € Lo(L?, L> N H2) we have
Mz = (03 +a(@) 2 (4.6)
where M~z is a notation for M~'71(z,(), m1 being the projection on the first coordinate.
Proof. By equation (4.2), we have
d((02)7'C+ a(02)7'2) = zdt + (92) pdW,

and thus (02)71¢(t) + a(02)712(t) — fot z(s)ds is a martingale. Note that the zero-mean

condition is satisfied because v is a centered Gaussian measure. OJ
Proposition 4.2. For (z,¢) € (H'NH3) x (L>’NH3) and ¢ € Lo(L?, H' N H™*) we
have

M (M2 =By [2M 2] )| e < Co(L+ 1213 s + 1€ 20 5) (4.7)

where E, denotes the expectation under the invariant measure and Cy is a constant de-
pending on the Hilbert-Schmidt norm of ¢ in the space H' N H,

Moreover, for (z,¢) € (H*N H™2) x (H' N H2) and ¢ € Lo(L* H> N H3), in-
equality (4.2) holds with (z,() replaced by (0zz,0:C), and a constant Cy depending on
Hd)”LQ(LQ,H?ﬁH*%‘

In order to prove Proposition 4.2, we state the following lemma:



14 GREGOIRE BARRUE, ANNE DE BOUARD, AND ARNAUD DEBUSSCHE

Lemma 4.2. Under the assumptions of Proposition 4.2,
M (M2 =By [2MT2]) = - /0 ) [(Sa(®)(z )1 ()7 (Sa(t)(2: )
=3 [ Sale)0.00), (02)7 (5090, 601,

keN (4.8)
+a (Sa(t)(2,0)); (32) 71 (Sa(t)(2,0)),

a3 [ (560,600, (02)7 (Su(s)(0,0en)) ds]

where Sq is the semigroup associated with the linear damped wave equation (see (8.2), (8.3)
and (8.4) for an explicit expression). Besides we denote by (S, (t)(z,())i the i-th component

of Sa(t)(2;¢)-
Proof. Thanks to Lemma 4.1,
M (M Tz =K, [pMT12]) = MY (2(0 E, [2(82)7'¢])
+aM™ (2 (32) E, [2(02)7'2]).
For the first term, we write:

0 0
E,[2(87)7'(] =E ( / Sa(—5)(0,pdW5)), ( / (02) 7" Sa(—5)(0, ¢dWy)), ]
o (4.9)

_Z/ (0, per)), ((02) 71 Sa(s)(0, pex)) ,ds

keN
thanks to It6 isometry. It follows:
M (2(02)71¢ —Ey [2(02) 7))
- /OOE[(Sa(t)(z,g) +/ Sa(t —s)(0,pdWs)),
0 0
(027 (Sa(t)(2,0) + [ Salt —)(0,6dWs)), —E, [2(62) 7] }dt

0
:_/“[< w()(z0); (027 (Salt)(2.0))s

+3° / 0, dex)); (02) 7 (Sa(s)(0, der))s ds] dt.
keN
The argument is the same for the second term. ]

Proof of Proposition 4.2. The proof is now a consequence of Lemma 4.2, together with the
embedding H' < L* and the bounds of Lemma 8.1. O
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5. MODIFIED ENERGY ESTIMATE

Before stating our modified energy estimate, let us explain how we apply the perturbed
test function method to our problem. Recall that M is the infinitesimal generator of (z, ().
We denote by £ the infinitesimal generator of (u,m, u, 2%, (%), associated with the system
(2.3), that we rewrite in the form

i0pu = —02u + (m + \%ze)u,
om = p, (5.1)
20 + acp = 5 (m + [uf?),

recalling that (2°,(%) is the solution of (4.1) with initial condition 2°(0) = ¢°(0) = 0.

Provided ¢ is a smooth function, It6 formula gives:

1
L5 p(u,m, % p, 25, ¢°) =Dyp(id7u — imu) — —=Dyp(iz°u) + D (1)

NG
1
+ Dyp(0z(m + [uf?) — aepr) + ~Mep,
where ]
M = D.o(¢) + Dep(822 — a€) + §T7“(¢*Dg<ﬁ¢)- (5.2)

If ¢ does not depend on (z,(), then My = 0, and in order to deal with the singular
term in e~ /2 in the expression of £fy, it seems natural to add to ¢ a corrector VEpr, with
M1 = Dyp(izu), or in other terms, according to Lemma 4.1,

e1(u,2,¢) = Dugp(i/\/l_lzu) = Dy (z’u(ag)_l(C + az)) . (5.3)

The new terms in £%(¢ + /1) have to be controled uniformly in e. Due to the growth
of (2%,(%) as a negative power of £ (see Proposition 4.1), we are led to consider a second
corrector

902<’LL, 2, C) = M_l (Du(Pl(i'UJZ) —E, [Ducpl(iuz)})
=M1 (Dy (Dugo(iu./\/l_lz)) (iuz) — E, [D, (Dugp(iu./\/l_lz)) (iuz)]) ,

where v is the invariant measure of 2°, or of z. Finally, setting ©° = ¢ + /g1 + €3, or
more precisely,

@ (u,m, 1, 25, C%) =p(u, m, p) + VeDyp (iw(92) 1 (¢F + azf))
+ €M_1 (Dugpl(iuza) -E, [Dugpl(zuz)]) )

we have a hope to bound Lf¢® uniformly in €.
We now apply the above computations to the energy H(u,m, i), where we recall that

(5.4)
(5.5)

1
H(a,m,) = [0yl + (0l + IeVIE) + [ miufda,
with V' = -9, 'u. We also introduce

1 1
2 2 2
K (u,m, ) = |0l + 5 lmlFa + 5 eV (56)
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It is clear that, for some constant C' > 0,
1 .

for any (u,m,p) € H' x L? x H™1,
Now, the above computation of L5y applied to ¢ = H (which does not depend on (z,()),
and the fact that H is preserved for the deterministic equation leads to

2
Re/ w0, U025 dx. 5.8
Ve R (5:8)

The first corrector H(u, 2%, (%) is computed thanks to (5.3) and Lemma 4.1:

L5H (u,m, ) = —ae |05 |7 -

Hi(u,2%,¢%) = 2Re/ U0y U0, M1 25 dx
R (5.9)
= 2Re/ 0, (0, '¢° + a0y '2f) da,
R
while Ha(u, 2¢, (%) is given by (see (5.4)):
Hy(u,2%,(%) = 2/ [P M (0,250, M 12° — K, [0,20, M '2]) da. (5.10)
R

Proposition 5.1. Let ug € H*(R),mg € H*(R) N H '(R),m; € H'(R) N H~Y(R), and
let (25(t),C5(t)) be the unique solution of (4.1) satisfying 2°(0) = ¢(0) = 0, with ¢ €
Lo(L?, H>NH3). Let (u(t),m(t), u(t)) be the solution of (5.1) given by Theorem 2.1, and
consider

HE(t) = H(u(t), m(t), u(t)) + VeH (u(t), 2°(t), C°(t)) + eHa(u(t), 2°(t), *(t),  (5.11)

Hy and Hy being respectively defined in (5.9) and (5.10). Let us fix § < %, and let 75 be de-
fined in (4.5). Then, there is a constant C' depending only on ||ugl| 2 and ||¢H£2(L2 H2NI-3)
such that for any € with 0 < e < 1,

iK(u(t),m(t),u(t)) — C < Ho(t) < 3K (u(t),m(t), u(t)) + C, a.s.,
for any t < 75.

Proof. In view of (5.7), it suffices to obtain adequate bounds on H; and Hs. From (5.9),
we deduce

VEH (1,27, C)] < 2 Jull g2 K3 (uym, ) (VE (056 || o + a/E |07 1), (5.12)
while (5.10) and Proposition 4.2 imply
|eHa(u, 25, %) < 2¢ [[ull 72 [MT! (0:2°0:M 125 — By, [020,M ' 2]) || (5.13)
< Cyllullfa(1+ € 12°) G2 + € 1€ 3 p—2)- '

The conclusion follows thanks to Young’s inequality, (4.5) and the conservation of L?
norm. U
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Next, we need to compute the evolution of H¢(t) defined in (5.11), in order to obtain
a uniform estimate with respect to € on the solution. The It6 formula will give us an
evolution of the form

dHE(t) = LEHE(t) + dX; + dY;, (5.14)

where X; and Y; are martingale terms arising from the correctors H; and Hs. The estimate
is as follows.

Proposition 5.2. Under the assumptions of Proposition 5.1, there exist positive constants
B and C, depending only on |uollr2 and |||z, 2 gsnp-s) such that for any e with 0 <
e< 1,

LE(HE (1) + a||VeV(1) |5, < eK? + BK, + C, a.s., (5.15)
for any t € [0,7£], where K; = K (u(t), m(t), u(t)), and V(t) = =05 ' u(t).

Proof. By (5.8), and It6 formula applied to (5.9) using (4.1) and (5.1), we easily obtain
d(H + \/cH}) :( —ae ||a;1MH; — 2/R [u20,2° (0, 1¢° + ady ' 2)dx
+ 4\/§/R |0pu|? (¢ + azf)dx + \@/R(%UF(QTCE + a0y2%)dx
_oyE / (0P B¢ + ad ' 2)d ) di (5.16)

—|—2Re/w8 uZa (¢er)dpy(t)dx

keN
=Lf(H + v/eH,)dt + d X,

with

X, —2Re// iud uZa (per)dBr(s)dx (5.17)

keN

Introducing then the corrector Hy defined in (5.10) in order to control the terms of order
zero in ¢ in the above expression of £L5(H + /cH1), we obtain

£E(HF) = — 2/ (ul?E, [0y 20, M~ 2] da
R
+\@(4/ |8xu]2(g“5+az€)dx+/8x]u\2(8xC5+a8sz)dx
i R
— 2/ [u20,m (051 ¢° + a@;lzs)dx)
R

-« H\/EVHiQ + 4€R€/ ia@gu/\/l_l (axzeﬁx/\/l_lza - E, [61281./\/1_12]) dzx,
R
(5.18)
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where we recall that H is defined in (5.11) and V = —3d, ' 1. Note that the second corrector
also contributes to the martingale part which can be computed thanks to Itd formula and
Lemma 4.2 adding

— ! u2 > / 5€ -1 ! € (€ o ! € (€
yt_\@/S:O/Ry | /tl:oax(sa(t)( LBAWL)), 07 (Sal®) (55, C9)) 5 + a(Sat) (25,¢9)),)

+ 02 (Sa(t')(25,¢%)), 05 ((Sa(t)) (25, 0dW5)), + o (Sa(t') (25, pdWs)), ) dida. 519)
5.19

In other words, dH; = LEHdt + d(X; + Y;) with X; defined in (5.17) and Y; in (5.19).
It remains to bound the terms in the right hand side of (5.18). First, Lemma 4.1, a
computation similar to (4.9), and Lemma 8.1 easily gives

’2 /R [uPEy [0:20,M 2] de| < oI s gy Nl

Besides, for ¢ € [0, 75],

< OVE a7z (16 | gn + 127 )

1
< Ce2 0K,

‘4\@/]1%\8xu|2(cg+aza)dx

and

’\/»E/IR{@(:IUI2 (02¢° + a0,2%) d| < CVE |lull g2 [|0wull 12 (1€ 1 2 + @127 2)

1
<Cer9KP <C+ K,

thanks to the conservation of ||ul|z2 and since € < 1. It remains to estimate two terms in
the right-hand side of (5.18) . First, by integration by parts:

Ve

/ u|?0ym (05 1¢° + a0, '2°) dx
R

<\@/ Ou|ul*m (0, 1¢° + a0y '27) da
R

+ \/5/R lu|?m (¢F 4 azf) de.

The second integral is easily bounded by C' + K, for t € [0, 75], using similar arguments
as above and in those in Lemma 3.1, while for the first integral:

Ve

/ Oplul*m (9;1¢° + a0y '2%) da
R

< 2VE (|01 oo + @105 27| o) Nl poe 100l g2 ] 2
1 3 3
C lu)|2, 2270 |0pul|2, [|m] 12 < C(K; + e 2 KE)

<
<O+ Ky +eK?),
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again thanks to the conservation of [lul|zz2, and for t € [0,75], recalling that § < §. The
last term in (5.18) is also integrated by parts, and taking account of the fact that 2° and
(¢ are real valued, it is bounded for ¢ € [0, 75] by

Ce l|ull 2 10sull g2 (|02 M (02270 M ™27 — By (00200 M 2] ) ||

1 1
< CoeKE (L4 |12 hanpr— + 1 2 r—2) < Ce' 2K
< C(l + Kt)a

thanks to Proposition 4.2, and the conservation of |lul/;2. Gathering all these estimates
gives the conclusion. O

Propositions 5.1 and 5.2, together with the expression of the martingale terms (5.17)
and (5.19) allow us to state the two following energy estimates which will be useful for the
tightness.

Proposition 5.3. Let ug € H*(R),mg € H*(R) N H '(R),m; € H'(R) N H~Y(R), and
let (2°(t),C5(t)) be the unique solution of (4.1) satisfying 2°(0) = (°(0) = 0, with ¢ €
Lo(L?, H3NH™3). Then, for any T > 0, there exists a constant C(T) > 0, independent of
g, and a stopping time 7° such that P(7¢ < T') converges to 0 as e tends to 0, such that the
solution (u,m, ) of the system (5.1) given by Theorem 2.1 satisfies
E[ sup K*(t)] < C(T),
t<TEAT

where K (t) is defined in equation (5.6) with u = u(t),m = m(t), u = Oym(t). Moreover, if
V(t) = —0; tu(t), then

i |:H\£VH§12(0,T€/\T;L2£| § C(T)

The proof of Proposition 5.3 is postponed to the Appendix.

6. TIGHTNESS OF THE PROCESSES

Let us fix T" > 0. Thanks to the bounds obtained in Proposition 5.3, we are able to
prove the tightness of the family of processes indexed by ¢, and apply the Prokhorov and
Skorohod Theorems.

Let (ug, mg, m1) and (2%, (%) be as in Proposition 5.3. For € > 0, denote by (u®, m*, u°)
the solution to the system (5.1) given by Theorem 2.1. We will use Aldous criterion (see
[9, Theorem 16.10]) for which we need a control of the modulus of continuity. It leads us
to consider the following integrals (we recall that V¢ = —3,1u°):

t t
ME(E) = / me (s)ds, VE(t) = / Ve (s)ds. (6.1)
0 0
We also fix § < % and introduce the space

. t o
E = {feC’(R,H3ﬂH3), Supw# <oo}. (6.2)
ter L+ [t
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According to Proposition 4.1, and more precisely to (4.4), the process (z, (), solution of
(4.2), takes values a.s. in E X E. Our aim is to prove the following Proposition.

Proposition 6.1. Let (ug, mg, m1) € H3x (H*NH-Y)x(H'NH™'). Denote by (u,ms, ji°)
the solution of (5.1), and (z,() the solution of (4.2) satisfying z(0) = ¢(0) = 0. Then
the sequence (u®, M¢,+/eV*, z,() where M¢, V¢ are defined in (6.1) is tight in the space
Co([0,T), HE ) x C°([0,T), H,,7) x H*([0,T], H.?) x E x E for any s < 1,0 > 0.

loc loc loc

In order to prove this result, we first study the process u®, for which we will apply Aldous
criterion, using again the Perturbed Test function method. More precisely, we show that
the process (uf). is tight in the space C°([0,T], H; ). We need two statements, namely
Lemma 6.1 and Proposition 6.2.

Lemma 6.1. Let ¢ > 0 and denote by (u®, m®, u°) the solution of (5.1) given by Theorem
2.1. Then

lim limsup]P’( sup |lu®(t)|| g1 > R) = 0. (6.3)
R—oo e—0 te[0,T]
Proof. This is a simple consequence of Proposition 5.3, since
P( sup ()l > R) <P( sup [ (t)]}n > R) +P(r° <T)
te[0,7] te(0,7¢] (6 4)
o(T '
< E-—i) +P(rf<T),
for some constant C independent of €, and 7 converges to 1" in probability as € tends to
0. O

Proposition 6.2. Let ¢ > 0 and denote by (u®,m®, u°) the solution of (5.1) given by
Theorem 2.1. Then for every A, n, there exist 8o, o such that for § < dy and € < €q, if T is
a stopping time with T < T a.s. then

IP( HUE(T + 5) — UE(T)HH*% > )\) <. (6.5)

In order to prove Proposition 6.2, we will need two lemmas, whose proofs will use the
Perturbed Test Function method.

Lemma 6.2. Let 7° be as in Proposition 5.3. For any n > 0 , there exist do,€0 such that
for any bounded stopping time T, for 6 < &y and € < g9 we have

E| [[u((r+8) AT)%-y = lu(r A )

o <. (6.6)

[

H™2
Proof. We apply the perturbed test function method to ¢(u) = ||u||2_%, for u € H3. We
first compute the infinitesimal generator £° applied to ¢ and we get

L7 p(u,m, 2°) = 2((1 — 02) " 2w, i0%u — imu) + \2«1 — %) 2w, —izu). (6.7)

1/2 e use a first corrector

As above, in order to cancel the term of order ¢~

o1(u, 25, C%) = 2{(1 — 82) " 2w, iuM~125), (6.8)
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which is easily bounded on [0, 7] by C(T)e~°, thanks to Lemma 4.1, Lemma 4.5, and the
conservation of ||u®(t)||z2. Applying then the infinitesimal generator £° to p(u)+/ep1 we
get

L5 + Ve (u,m, 27, ¢F) = 2((1 — 82) 2w, i0%u — imu)
+2((1 — 82) 2w, uf MTL2E) — 2((1 — 92) 72 (25u), uM L 27)
+2VE [{(1 = 837 hu, (mfu — B2 MT)
H((1 — 82)72 (82u — mFu), uM—lzﬂ .
Here again, we introduce a second corrector @3 in order to control the terms of order 0:
pa(u, 2%,¢%) = —=2((1 — 02) 2w, uM ("M ™12 — B, [ M 17]))
F20u, M1 = 02) 72 (ZFu)M 25 — B, [(1 — 82) "2 (zu) M~ '2])).

The two terms on the right-hand side of the above equation are bounded for ¢ € [0, 75]
thanks to Proposition 4.2 (or similar arguments as in the proof of Proposition 4.2 for the
second term), (4.5) and the conservation of ||u®(t)| 2, and we get

pa2(u®, 2%,¢%) < C’(T)z-:_% (6.9)

where C' depends on the L? norm of u and the Hilbert-Schmidt norm of ¢. Defining
©° = @+ \/ep1 + epa, we end up thanks to (6.8), Lemma 4.1 and (6.9) with

0% (uE, 25, CF) — ()| < Ce2 ™0 + Ce™®  for all ¢ € [0, 75], (6.10)
where C' depends on T, ||ugl|z2 and ||¢”LQ(L2,HSMH*4)' We also compute
(L2¢%) (u®,m" 2%, (%) = 2((1 — 82)*%115,@'8%718 —im°u®)
+ 2K, [((1 — ) TR uE e M) — 2((1 — 02)73 (25uf), uEMflzﬂ
+ 2/e [((1 — 82)_%115, (mfuf — O2u)M™12°)
+(i(1 - 8%)7%(8‘3115 — mu®), iue./\/l*lf)}
+ VED o (—i2°uf) 4 eDyipa (102uf — imFuf).
Proceeding as above, it is not difficult to prove that for ¢ € [0, 75],
Vel Dugpz.(—iz )| < O(T)ex ™,
and
eDypa.(i07u" — im*u®) < O(T)(|w|[7 + [[m®[|72)e" >,

so that if 7¢ is as in Proposition 5.3,

(£56°) (", 22, ) < C(T) (146379 46172,
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Now, since
¢ (ug, 2, G ) — ¢ (w0, 25, G5) — /Ot(ﬁssoe)(u;miazriv@)ds
is a martingale, the above estimate and (6.10) lead to
Elp(u((r+0) AT9)) — p(u(T A 79))]

<E [ (T4 8) AT9)) — ¢ (u(r A 7°))] + Ce2 0 4 Cet~

<06 (1 fe2 ¥ 4 51_25) +Cer 0 4 0,
Finally, for 6 and e small enough we get the conclusion of Lemma 6.2, recalling that
o) = [lull® . O

The second lemma states a similar result.

Lemma 6.3. Let 7¢ be as in Proposition 5.3. There exist dy,eq such that for any bounded

stopping time T, for § < 6y and € < o,
E [(us((T-l-g)/\Ts) —u (T AT, u (T ATY)) ] <n (6.11)

Proof. The proof is very similar to the proof of Lemma 6.2, by applying the Pertubed
1
Test Function method to ¢(u) = (u, h>H7% for a fixed function h € H~z, then choosing

_1
H™ 2

h =uf(T A 7%), so we leave the details to the reader. O
Proposition 6.2 is now a consequence of Lemmas 6.2 and 6.3.

Proof of Proposition 6.2. Let A and 1 be two positive numbers, and let 7 be a stopping

time such that 7 < T — §. Then:
p(nu%m) —u (0,3 > A) <P (HUE((T+5) AT = (T ATE)| g > )\)
+P(r° < T)
<P (Huf((7+5) ATE) = (T ATy > /\) +

N3

for € small enough. Now, since
E [HUE((T FO)ATE) —us(r A TE)HZ,%}
=E [u((r+8) A5y = I (r ATOIP, 4]
— 2K [{w (T + 8) A 7%) — (7 AT uE (T ATy ]
the conclusion follows from Markov inequality and Lemmas 6.2 and 6.3, for € and ¢ small
enough. ]

The next proposition is now a consequence of Lemma 6.1 and Proposition 6.2, thanks

to Aldous criterion and the compactness of the embedding of H! into Hj  for s < 1.

Proposition 6.3. The sequence (u®) is tight in C°([0,T), Hj,) for s < 1.
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Now that we have obtained the tightness of (u®)., let us briefly explain how to get the
tightness of the whole sequence (u®, M¢,/cV¢, z,(). For the sequence (M?). defined in
(6.1) we use again Aldous criterion and Proposition 5.3 coupled with the compact em-
bedding L* < H,; 7 to get the tightness in CY([0,T], H;,7). For the sequence (y/£V°).
defined in (6.1), we also use Proposition 5.3 and the compact embedding H'([0, 7], L?) —
H*([0,T],H,,7) to conclude. Note that in these cases, we do not need to use the perturbed
test function method to estimate the modulus of continuity, since we have taken integrals
in time, so that the estimates of Proposition 5.3 are sufficient. Finally, z and { are constant
random processes, which both belong almost surely to E defined in (6.2), according to the
proof of Proposition 4.1 thus the tightness is established.

7. CONVERGENCE TO THE STOCHASTIC SCHRODINGER EQUATION

In this section, we prove the main result of this paper, that is Theorem 2.2. With this
aim in view, we first prove some weak convergence results, similar to those we can find
in [2], before passing to the limit in ¢ in the martingale problem. The regularities on the
initial data and on ¢ assumed in Theorem 2.2 ensure that the process (z,¢) € H3 N H3
and that the computations below are justified.

7.1. Weak convergences. We have proved in the previous section that the sequence
(u®, M*,\/eV*, z,() is tight in C([0,T], H} ) x C([0,T],H,,7) x H*([0,T],H,)°) x E x E
for s < 1 and o < 0. Then, according to Skorohod Theorem, there exists a probability
space (Q,F,P) and a sequence of random variables (4, M¢,V*, ¢, (%) on €2, equal in law
to (u, M¢,\/eV*, z,(), which converges almost surely in the same space to (@, M, V, Z, ()
as € goes to 0. Let us define

~ ~ ~ 1 ~ ~ ~
m° = 8tM€, m = atM, Ve = %815])6, and V = 8,51), (71)

where the derivatives are taken in the weak sense. We also define the process

(Fo.c0) = (=(4).¢(2)). (72)

which is equal in law to (2%,(%). Note that the new processes satisfy the same equations,
with the same regularities thanks to Proposition 3.1 and (3.17). We also define

- 1 1 -
g2 =2
Ki = 10,72 + 5 Im°][72 + §II€V€||%2- (7.3)

Now, in order to identify the limit of the processes u® and m*, we first prove a bound on
the new random variables which is similar to the bounds obtained in Lemmas 5.3. Note
that the set E plays here an important role.

Proposition 7.1. For K¢ and V¢ defined in equations (7.3) and (7.1), there exists a
stopping time 7¢ and a constant C(T) > 0 independent of € such that:

te[0,75 AT



24 GREGOIRE BARRUE, ANNE DE BOUARD, AND ARNAUD DEBUSSCHE

Besides, 7¢ converges in probability to T as € goes to 0.

Proof. The only difference between the system satisfied by (u®, m®) and the one satisfied
by (a¢,m®) is that the process z is replaced by a process z¢ which a priori depends on €. If
it were not the case, we could do the same computations as in section 5 and easily recover
the above bound. Let us introduce

~ . ~ pe —
7 = 1nf{t: 12 | ysmgr—s + 1E  psmpr—s > € 5}. (7.5)

Note that the Skorohod Theorem ensures that (3°,(%) converges a.s. to (Z,() in E, so
that for any & < § and for a.e. w € Q, there exists a constant C(w) such that for ¢ small
enough,

~, s ~ g 5/
12O gang—s 1Ol gsng—s < NEO | gsnp-s + 1CO gang-s + Clw)(X +[E]7).
Besides, Z and z have the same law, so we deduce from the above bound and (4.4) that

there exist two random variables Z1, Zo such that for € > 0 sufficiently small,
~ g ~ § 5
122N s + 1O grangg—s < 21 + [t Z2.
Thus the stopping time 7§ converges a.s. to infinity when e goes to 0. g
Note that the bound in Proposition 7.1 implies the weak convergence, up to the ex-
traction of a subsequence, of the stopped processes: there is a subsequence, still denoted
(5,15, V/EVE), which converges in L4(Q, L=(0,T; H')) x L*(€, L>®(0, T; L?)) x L*(Q x

[0,T] x R) to (@,7n, V) weak star. The next two lemmas, which are adapted from [2], give
precisions on those weak limits.

Lemma 7.1. The weak limit i of the stopped process mg. is equal to —|a|>.

Proof. First, it is clear that |G- | converges a.s. to |a|? in L*°(0, T, H,

test function in L2(€;D((0,T) x R)). Integrating in time equation (3.8) gives:

). Now, let ¢ be a

E[(2(V — V¥(0)). 1jg0)0) + e / $)ds, 10 72))

— K /0 Oy (e(s) + [ (5)) d, L 52,

Now, V2VZ , V2 [1 VE(s)ds and 1}y 7¢y¢ are bounded in L2(Q x [0, 7] x R), and we deduce
that the terms on the left hand side of the above equation tend to 0 as € goes to 0. On the
other hand,

t
B /O Oyrie (5)ds, Lig rer0) = B0 M, 1pg 7oy 0)

converges to E(@xM , ), by dominated convergence, thanks to the boundedness of mZ. in
L>®(Q; L=(0,T; L?)) and the fact that 0,M* converges a.s. to d,M in L®(0,T; H, °~ 1),

loc
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while 1[0 Ta)go converges in probability to ¢ in L'(0,7; H°*t!). In the same way,
fo 1[0 7e)¢) converges to [E( fo (|a|?)ds, ¢), and we deduce
dx(m + |i*) = 0 a.s. in D'((0,T) x R).
Since 1, |a|2 € L2(Q, L>°(0,T; L?)), it follows that m + |a|? = 0. O
Lemma 7.2. The process mZ.us. converges weakly to —|a|*a in L?(Q, L2(0,T; H™1)).

Proof. Let ¢ € L?(2,L?(0,T; H')) such that supp ¢ C [0,T] x [-R, R], a.s., for some
R > 0. Then,

[/ / MEetise + |U)°4) @dmdt] [/ /ng Use — U godxdt}
+E {/ / mee + |af? goud:vdt}

Note that @£. converges to @ in L*(Q, L>(0, T; L*(— R, R))), thanks to the a.s. convergence
in L°°(0,T; Hj} .) and the uniform integrability given by the conservation of L?-norm. Since
the first term in the right hand side above is easily bounded by

1< s @, e 0,75 2)) 19l L2 Lo iy 1852 = Gl pa@, oo o,mi2 (- Ry T2

we deduce that this term tends to 0 with e. On the other hand, the conservation of L?-
norm for % implies that ou € L?(Q, L'(0,T; L?)) and Lemma 7.1 allows to conclude that
the second term in the right hand side above converges to 0 with ¢. ([l

The above lemmas will be useful in the next subsection.

7.2. Martingale Problem. In this subsection, we use the Perturbed Test Function method
to identify the limit generator of @, and study the limit as ¢ goes to 0 of the martingale
problem associated to (@£, z,¢;). Since @ € C([0,T]; H} ), a.s., we only need quadratic
test functions to identify the generator, thanks to the martingale representation theorem
(see [16, Theorem 8.2]).

We define the function ¢ : u + (u, h)¢ for h € H' a fixed function with compact support,
and ¢ = 1,2. First we compute, as in Section 5:

(L20)(@, e, 5°) = (@, b)Y~ (0% imsaf,h)—é( @, b)Y (7 h).
The first corrector is then given by (see (5.3)):
o1 (05,27, C7) = £(a, h) (i (07) M (C" + i), ), (7.6)
and the second corrector (see (5.4)):
(%, 2°,¢7) = — (@, h) 7 (aM T (M — ES [2M712]) L h)
+0(0 — DYM ™ ((iz°°, h) (iu° M ™' 2¢, h) — E, [(iza°, h) (ia° M~ 2, h)]) .
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Finally, defining ¢ = ¢ + \/ep1 + €2, we get:
(L5%) (@, 5, %, C)
= ((af, h)" (0205 — im®a®, h) + (@, h) @R, [2M T 2], h)
— L — DE, [(iza®, h)(ia° M 'z, h)] (7.8)
+ VED 1 (10%0° — imi®)
+ VED o (—i7°0°) 4 eDyipo (1020° — 1n°TF).

Taking formally the limit in € in the above expression, and using Lemma 7.1, we obtain a
candidate for the limit generator given by

Lo(@) =6(a, h) (@02 + ila)®a, h) + (i, h) L (UE, [z/\/l_lz] h)
— (¢t - DE, [(iaM 'z, h)(itz, h)] .

We recall that here, ¢(-) = (-,h)¢, £ = 1,2, with h € H'. Note that the above expres-
sion is well defined for @ € H3. The next proposition gives some precision on the above
convergence.

(7.9)

Proposition 7.2. Let p(u) = (u, h)é, ¢ =1,2, where h € H" with compact support. Let
1, p2 be the two correctors defined in equations (7.6) and (7.7), and let ¢ = @ + \/ep1 +
eps. Then:

(1) There is a constant C' depending on ”(bHE(L?HlﬁH*‘l) such that

|oF (@5, 25+, () — lii:)| < CVE N[5 |2 IRl T (1 + 1125 |5 + 1¢5- 1),
where E is defined in Equation (6.2).
(2) The quantity L£5f(@S., mE., 75, (o) — Lo(@) converges to 0 in L2(€; L°(0,T))
weak star, as € goes to 0.
(3) Taking ¢ =1, the quantity My defined by

<€ -~ o~ = t e e/~
(Mtsah):906(a§72§:<t)_‘PE(U(LZO;CO)_/O L5 (15, s, 25, OC) ds (7.10)

is a local martingale for the filtration F¢ generated by the process (as).

Proof. The first point of the Proposition is clear in view of (7.6), (7.7) and Proposition 4.2.
For the second point, we take the difference between (7.8) and (7.9), and consider each
term of the resulting expression. We start with the terms of order % and 1 in ¢; using again
(7.6), (7.7) and Proposition 4.2, together with (7.5),

e~ 1 5 /1~ 1
VEDup1 (10350 — imeiise) < Ce2 ™ (|5 |l + kel o 15 | p2) @513 1Rl

and
VeDypa(—izietis) < Ce' ™ |[age||%2 |52 -
Besides,

e~ —26 l
eDypa (i35 — imEsiif) < Ce' ™ (a5 1 + 15| o 85l ) 131" 1Bl
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and we may conclude thanks to Proposition 7.1 that these three terms tend to 0 when € goes
to 0, strongly in L2(; L>°(0, T)). Furthermore, the zero order terms may be treated thanks
to the strong convergence of @. to @ in L*(Q, L(0,T; L}, ,)) (see the proof of Lemma 7.2)
and the weak convergence of Lemma 7.2. Indeed, the above convergences, together with
the weak convergence of 4. to % in LA, L>=(0,T; H")) allow to get the weak convergence
in L2(Q; L>(0,T)) of the term (., h) (10205, —imE-UE., h) to (@, h)(i0>a+i|u|7, h), while

T x TE TEOT -
the two remaining zero order terms converge strongly in L?(€2; L>(0,T)).

The last point of the Proposition stems from a simple application of the Itd formula,
given the smoothness of the processes @°, m®, z%, (°. U

7.3. Convergence in law. We are now in position to prove the convergence in law of the
process U° to the unique solution of (2.4) with u(0) = uo.
Identification of the limit generator. We define

k(z,y) = By [2(2)M ™ 2(y) + 2(y) M~ 2(2)] (7.11)

and F(x) = k(xz,x). The next lemma relates the kernel k and the Hilbert-Schmidt operator
¢.
Lemma 7.3. For x,y € R and (z,() solution of equation (4.2), we have:
—k(z,y) = Y _(97) " (dex)(2)(97) " (der) (v), (7.12)
keN

where we recall that (ey)ren s a complete orthonormal system in L?(R;R).

The proof of Lemma 7.3 is technical and is postponed to the Appendix. Now, we recall
that in order to identify the limit generator £, we only need to apply it to quadratic test
functions. Considering first ¢(u) = (u, h), with h € H! with compact support, we use (7.9)
and (7.12) to get:

Lo(@) = (i07a + ila|*a — %ﬂF(:c), h) = (Dyyp) (i07d + i|a|*a — %ﬂF(x)), (7.13)
vs{here we recall that F(z) = >,y ((8%)*%6;{)2(9:). Next, considering p(u) = (u,h)?
gives:

Lo(@) = (Dup) (0% + il — %ﬂF(m))
- /R /R Re (it(z)h(z)) Re (it(y)h(y)) k(z,y)dzdy. (7.14)

Note that the second term of the right-hand-side above may be written, thanks to Lemma 7.3
as:

3 (0(02) (6er),h)* =5 Tr (10(32) 1 0)" (D2)G(02) 1),

keN
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We deduce that

Lo() =(Duyp) (102 + ilaf?a - %ﬂF(m))
(7.15)

+ %Tr (i0(02) 7' 6)" (D) (i1(02) '),

which is the generator of the transition semi-group associated with equation (2.4).

Convergence. We first prove the following lemma.

Lemma 7.4. Let o(u) = (u,h) where h € H with compact support. Then the process M;
defined by:

t
(Mo h) = (i) — pl@0) ~ | Lo(a)ds (716)
0
is a martingale for the filtration G, generated by .

Proof. Let g € Co (HJ,)™), let 0 < 51 < s9 < -+ < s, = 0 < t, and let ¢; and @9
be the correctors defined in (7.6) and (7.7) respectively, with ¢ = 1. Then, thanks to
Proposition 7.2,

E[(ME (1) — ME(0), h)g (- (s1),-- - = (50)) ] =0,

so we deduce that

B[(ot0) — ol00) — [ Lola)ir)g (@5-(s0). 5 (50)

= E[( (p(ur) — p(az:(1))) = (p(to) — p(Uz:(0)))
= Ve (1(iz (1) = p1(5:(0))) — € (p2(t5< (1)) — pa(iiz(0)))

-(/ " Lo )dr / " Lotair)

—/ ) Lop(ity) = Lo (e (1), 25+ (1), Ce (r))dr) g (5= (1), -+, U= (50)

NG

=E[T +To+ T3+ Ty

Note that, for convenience, we did not write the dependence of 1 and @2 on m*,z° and
CE. The convergence of 4% to u, the boundedness of g, and Proposition 7.2 imply

lthE[jﬁ +—T§]::0.
e—0

Regarding T3, in view of (7.13) and the boundedness of g,

oNTE
B[( [ Loyl (s, i (su)
1
<C bl B[(0 A7 = 0) il ooy ] < CE[(0 A7 = 0)?]2,

since & € L*(€, L°°([0,T],H"')). The same bound obviously holds for the other term of
T3, and since 7¢ converges in probability to T', we deduce that lim._,o E[T5] = 0. Finally,
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the convergence of E[Ty] to zero is obtained thanks to Proposition 7.2 (2), the strong
convergence of (@i (s1),--- , @2 (sn)) to g(@(s1), -+ ,u(sy)) in L*(Q) and of Lignze tne]
to 1y, in L4(€; L1(0,7)).

We thus proved that

lim E | (o() — (i) - / Lipliy)dr)g (@ (s1), -+ @ (s0)) | =0, (7.17)

and the continuity of g and the a.s. convergence of @%. allow to conclude that the process
M; is a martingale for the filtration G, generated by . O

Similarly to Lemma 7.4, we can take the limit in ¢ of the quadratic variation of M*®
defined in (7.10) to get

(. 20m.1) = [ (266 — 20L0) (10)ds. (7.18)

where, still, ¢(u) = (u,h). Note that this requires the use of Proposition 7.2, as in the
proof of Lemma 7.4, but with £ = 1 and ¢ = 2, together with an expression similar to
(7.18) for MF and L°. Equation (7.15) then implies that

(L(5%) — 20L) (0) = T (6(02) ™ 0)" (D3(6%)) (1(22) ™ 6).

Thus, the martingale
t 1
My =4 —ug — / (i@gﬂs + i|ﬂs|2ﬂs — iﬂSF(x))ds
0
has the quadratic variation:
t
/ Tr (idis(02) 1) (i15(82) "' ¢) " ds.
0

Thus, using the martingale representation theorem, and up to enlarge the probability space,
there exists a cylindrical Wiener process W such that

t
M; = / it (07) " pdWs,
0
S0 4 is a martingale solution of (2.4).

Uniqueness. So far we have proved the convergence in law to Equation (2.4) for a subse-
quence, we need to conclude with the convergence of the whole sequence. This is however
a simple consequence of the fact that @ has paths a.s. in L>(0,T, H'), and the (obvious)
uniqueness of the solution of (2.4) with paths in L°(0,T, H') a.s. This, together with the
convergence in probability of 7¢ to T" leads to the convergence in law of (u®) to the solution
of (2.4).
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7.4. Convergence in probability. The aim here is to prove that we can actually get a
better convergence of the solution u® of (2.3) to the solution w of (2.4), as announced in
Theorem 2.2. It is not usually the case in approximation diffusion problems, and it is due
here to the particular form of the process (2%, (?).

Note that the correctors ¢ and @9 introduced in (7.6) and (7.7) give us an explicit
expression of the martingale M; defined in (7.10). Indeed, the process (z°,(%) being a
solution of (4.1), where W; is the cylindrical Wiener process introduced in the system
(1.3), when we apply the Perturbed Test Function method to ¢(u) = (u,h) for h € H!
with compact support, the first corrector v/ep1(u) = /e(iu®((02)71¢F + a(02)712%), h)
contributes to the martingale part according to Equation (4.1) satisfied by (2%, (%), adding

X = /0 t (i (92) ' pdWy, h) . (7.19)

In the same way, according to Lemma 4.2, the martingale part coming from the second

corrector epa(uf) = —e(uUE ML (2EM ™12 —E, [2M 2], h) is

YE = Re/ 0/ / (Sa(t) (25, GdW)) (02) " ((Salt') (5, C)) 5 + a(Salt') (5,C)) )
) (@)

+ (Sa(t)(2%,¢%) ((Sa(t')(z5, pdWy)), + a (Sa(t') (25, 9dW5)),) | dt'dz.
(7.20)

Thus the previous section and more precisely the third item of Proposition 7.2 ensures that
t

o (ug, 27, G ) — % (w0, 25, Gp) — / LE@"(ug, 25, (5 )ds = X + Y7, (7.21)
0

with ® = ¢ + /g1 + ep2. The quadratic variation of Y is estimated thanks to Lemma
8.1 and we obtain:

d(Y®, Y )inre < (147 Cg 07122 [1hlI7

where 7¢ is the stopping time defined in (4.5). We deduce from Doob’s inequality that

ImE|| sup Y/ }

lim [yte[oﬂ | =o. (7.22)

We are now ready to end the proof of Theorem 2.2.

Proof of Theorem 2.2. Let (u®k, m®* ), and (u™, m"); be two subsequences of the family
of solutions (u®, m®), of (2.3). Then the proof of Proposition 6.1 ensures that the sequence

(UEk) unk) MEk’ Mnka @VEkv ﬁvnka Z, gv (/Bn)neN)k

is tight in the space (CY([0,T], Hj ))* x (C°([0,T), H,7))* x (H*([0,T], H;;7))*> x E x E x
C([o, T])N for s < 1,0 > 0. According to Skorohod Theorem, there exists a probability
space (Q, F,P) and a sequence of random variables on €2, with the same laws, which

converges almost surely in this space as € goes to 0. We denote respectively by 4 and v



FROM STOCHASTIC ZAKHAROV TO MULTIPLICATIVE NLS 31

the almost sure limits of the new subsequences u°* and @"*. For any n € N we also denote
by /3, the limit of the subsequence (%), and we define:

= Z en(x),éﬁ(t), Wt(l') = Z en(2)Bn(t)

neN neN

According to section 7.2, and (7.19), (7.20) and (7.21), the stopped process a4z, , where
7¢ is the stopping time which appears in Proposition 7.1, satisfies for ¢(u) = (u, h), where
h € H'(R) with compact support,

tATEk
P (Tk, (1), 225, (1), Cg’e“k(t))—sos’“(ﬂo,ié,CS)—/o Lok (U, 228, , (G, ) (s)ds

tAFER ~
_ / (i, ()(82) Lo WE, ) + V2,
0

where Y¢ is defined as Y in (7.20) but using the new random variables. The stopped
process ﬂg’?,k satisfies the same equation with e replaced by 7. Proposition 7.2 ensures

that the left hand side of (7.23) converges weakly in L?(Q) to

)~ (i) - [ Eota

where £ is the limit generator defined in (7.9). We also know by (7.22) that Y=% converges

(7.23)

in probability to 0. On the other hand, applying [21, Lemma 2.1] to the sequences (W*);,
and (2%, (02)7'¢)k, the integral on the right hand side of (7.23) converges in probability

to
/0 (ia(s)(@2) " 6a1V,, h)

The procedure is the same for ﬂg’zk, and finally the limits & and ¥ are both solutions of
t 1 t N
(ug, h) — (ug, h) — / <i(9§us + i|u5|2us + §usF, h> ds = / (ius(ai)fl(;ﬁdws, h) ,
0 0

with F(z) = ) jen ((8%)_1d>ek(x))2. We conclude thanks to uniqueness of the solution of
the stochastic Schrodinger equation that o = .

Thus, we have proved that for all subsequences (u®#)g, (u™)k, the couple (uck,u'*)y
converges in law (up to a subsequence) when ¢ goes to 0 to a limit (u,u). Thanks to
the Gyongy-Krylov argument (see Lemma 1.1 in [28]), the sequence (u®). converges in
probability as € goes to 0 to a limit u, which, again by the above arguments, is a weak
solution of

idu = (—0%u — |u|?u — %uF)dt — w(0?) " tpdWy, (7.24)

where W, is the cylindrical Wiener process of (1.3). Actually, it is not difficult to prove
that u is a mild solution of Equation (7.24).

We would like to insist on the fact that here we used the convergence in probability to
pass to the limit directly in the martingale term in (7.23), because lim Wk = W, whereas
in section 7.2 we just used the martingale representation theorem to ensure the existence
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of some Wiener process which allowed to give an explicit expression of the martingale
term. O

8. APPENDIX

This appendix gathers several proofs or results, which although technical are not essential
to the understanding of the article.

8.1. The damped linear wave semi-group. Let us consider the semigroup (S, (t))
associated with the linear wave equation with damping:

&m = U
{ O+ ap = in, (8.1)

so that the solution of the above equation with initial data (ng,n1) can be written as
(n(t),n(t)) = Sa(t)(no,m1). For any bounded measurable function ¢ we define the
Fourier multiplicator 4,0((—82)%) = Fly(|¢])F as an operator from L?(R) to L?(R). We
then note that S, (¢) may be defined as Sy (t)¢ = F 1 (ma(t, €)p(€)) where:

oy (mat (4,6 ma’(t,€)
ma(t,§) = e t<m3’1(t,§) mi’%t,f)) (8.2)

with
2 4e2 /o — 4€2
1,1 e
my'(t, &) =cosh ( 5 t) + i sinh ( 5 t),
1,2 _ a? — 4¢2
my(t, &) = — 2smh( 5 t), o)
21 Vot — 42 a? Va2 —4£2 '
mg (£, &) =( 5 5 a2_4§2)snh(72 t),
2 —4¢£2 a ) a? — 42
2,2 _ B
mg*(t, &) =cosh ( 5 ) = sinh ( 5 t),
for |£] < §, and
1,1 _ 462 — a? . 4£2 — o2
mg'(t, &) =cos ( 5 t) + T sin ( 5 t),
2 ) 462 — a2
mb2(t, &) = T sin ( 52 t),
462 — o a? 462 — o2 (84)
2,1 _ - -

m22(t, &) = cos ( 42_ t) —
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for €] > §.
Now, if (n(t), n(t)) = Sa(t)(no,n1), with ng € H(R) and n; € L2 N H~1(R), then it
is not difficult to see that

d -
(IO + Ir®I72 + 107 #®72) <0,

showing that S, is a contraction semi-group in H'(R) x L? N H~'(R).

Next, we state a lemma which provides important estimates, useful in the proof of
Proposition 4.2. This lemma requires in particular the use of homogeneous Sobolev spaces,
due of the integration in time in the low frequency domain.

Lemma 8.1. For k,{ € N, there exists a constant C > 0 (depending on «) such that

/0 1(Sa(t) (v, m)) 1 ke At < O (Il Egacgr-esny + Imll5enp-en ) (8.5)

oo
2 2 2
/0 1(Sa(t)(n,m))olliprn—e At < C UG ng—cern + Il 5ea -y ) (8.6)

and fori=1,2, and k € N,

L[ NS0 000 e dsit < Cléerlliuons s (57

where (Sq(t)(n,m)),; denotes the i-th component of S (t)(n, m).

Proof. These estimates are proved using similar tricks, so we choose to prove only the first
one in details, and we focus on the H* norm since the procedure for the H ¢ norm is
similar. Thanks to the explicit form of S,, given in (8.3) and (8.4), we can bound the

expression [ [|(Sa(t)(n,m)), |5 dt by:

k —at a’ ) a? — 482 |
C/ / % 1+ |£| [w Slnh (#t)n (g)

/o 2 2
+ cosh? (% t)n(¢)? +msinh2( “ 5 i t) (5)}d§dt
2 2 _ 2
+C/ / . (1+[¢*)e ‘“t[4£20‘_a2sin2( 452 a2
2 _ 2 2 _ 2
+ cos? 452 at)ﬁ2(§)+4€f_oﬂsin2( 452 )i ()| agat

Now we decompose the frequency space as follows:
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e [£| < §: Here we integrate in time and get the bound:

_ SRy 4
720+ PV (1 )+ g™ )6

o
4

2\k 1 1
C’/|£|<i(1+\§| ) <a—\/a?—74§2+ o+ a2_4§2>

a? 4 "9
1
= Ca/
2 l€1<
[0}

£ 2
X ((1 T2 4{2)” T2 4§2m )d§
since on this domain (1 4+ [£|?)¥ and e are bounded, we can bound this expression by

C’(||n||§{_1 + ||m\|12q_1) Note that the H~' regularity is needed due of the integration in
time in this low frequency domain.
e 2 < |¢] < %: Here we use the inequality 2 sinh(z) < cosh(z); since v — \/a? — 4€2 >

(1— @)a in this domain, we deduce that t2e~ (@~ Vo* =4t is yniformly integrable in time,

so that we may bound here the double integral by:
2 2
Clinlize + llmllz2),
due to the upper and lower bounds on £.

e 5 < [¢] < v We may here bound the double integral as above, using the inequality
sin(x) <1.
>

a: Here we integrate in time and bound the double integral by
C 1 ok YT 4
— —(1 ( 14+ —— — )d
o /|s>a TR )W ™) %
2 2
< C([Inflgx + llmllge-1),

since on this domain 452%042 is bounded.

Gathering all these estimates, we obtain:

/0 1(Sa(t)(,m)), 17 dt < C(InlEnrg— + Imllieqp )

so that the first estimate is proved. The computations are the same for the other estimates,
except that for the last one we have to integrate in time twice so that a H~2 regularity is
needed. [l

8.2. Proof of Proposition 5.3. We start with some estimates on the martingale term
X +Y; introduced in equations (5.17) and (5.19).

Lemma 8.2. Fort < 75, where 75 is defined in equation (4.5), the martingales Xy and Y;
defined in (5.17) and (5.19) satisfy:

Ad(X, X) < CyKdt,  d(Y,Y), < Cy(1+K)dt,  d(X,Y); <Cy(l+K)dt, (88)
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where K is defined in (5.6). The constant Cy depends on the mass ||u||32 and the Hilbert-
Schmidt norm of ¢ in the space H> N H™4.

Proof. From (5.17), we get for t < 75:

d(X, X) =Y (Im/

keN R

<AK Jull g S 1105 (den)||; e dt < CoKoat.
keN

2
u@xa6;1(¢ek)dx> dt

The quadratic variation of Y; is estimated thanks to Lemma 8.1:
d(Y,Y)e < eCy llullps (L + 12522 + 1€ g2y —2)dt,
so that Gagliardo-Nirenberg inequality and Proposition 4.1 yield for ¢ < 1 and ¢ small
enough:
dY,Y); < Cp(1 + K)dt, a.s.,
for ¢t < 75. The arguments are the same for the last quadratic variation. ([l

Proof of Proposition 5.3. Let us first prove that there exists C(T') > 0 and a stopping time
7¢ such that P(7¢ < T') converges to 0 as € goes to 0 such that

E| sup (Hf)*| < C(T).
t<TEAT

We recall that, thanks to Proposition 5.2,
LE(HY) < eK? + BK; +C, a.s.,

for all t < 7§, where § < § is fixed, 7§ is defined in (4.5), and K is defined in (5.6).

Moreover, we deduce from the proof of Proposition 5.2 that
dH? < (eK% + BK + C)dt 4+ dNy, a.s. for t < 7§,

with Ny = X; + Y}, where X; and Y; are the martingales introduced respectively in (5.17)
and (5.19). In order to estimate (H¢)?, we use Proposition 5.1 to get with the It6 formula:

d(H{)? =2H{dH + Hid(H®, H),
<2H; (4e(H{)* + BH{ + C) dt + 2H{dN; + H;d(N, N),,
with possibly different constants B and C. Lemma 8.2 and Young inequality then give
d(H{)? < (e(HP)* + B(H;)? + C) dt + 2H;dNy, a.s.

for t < 75, with constants B and C still independent of . Let us introduce the stopping
time

¢ =inf {t € [0, T);e(Hf)* > 1} A5, (8.9)
For t < 7° we get

d(H;)? < ((1+ B)(Hf)* + C) dt + 2H;dN,
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from which we deduce, thanks to Gronwall Lemma, the estimate:
E[1j0,+)(H;)?] < (C(T) + E[Hg]) e TP, (8.10)

The supremum over [0,7¢] is estimated thanks to a martingale inequality (see e.g. [16,
Theorem 3.14)):

TATE
E[ sup (H;)?] < E[(H5)?) + C(T) + (1 + B)E| /0 (HE)?ds|

t<Te
TNATE 1
+ E[(/ (HE)2d(N,N),)?]
0
Lemma 8.2 and Proposition 5.1 give
TNTE 1
B[( [ N <ouE(( [
0 0

<C4E| (1 + sup(H)?)

t<re

TNTE 1
(HE)2(1+ K)ds)? |

(/OT/\Ts (H§)2d$)ﬂ ’

[NIE

so that finally
1 TNATE
5[ s (119)] <l + OT.0)+ CE[ [ 15as].

which allows to conclude, thanks to (8.10) and Proposition 5.1 again, that
E[ sup K2(t)] < C(T). (8.11)
t<TEAT
For the second estimate, we note that for ¢t < 7¢,

H +a /0 IVaV |2, ds = /0 (C2(HE) + [|VEV] ) ds + (X, + Vi) + HE,

where X; and Y; are the martingales defined in equation (5.17) and (5.19). Applying
Proposition 5.2, then Proposition 5.1, we deduce:

1 t t
2K(t)—|—a/ H\@VHistg/(5K2+BK—|—C)ds—l—(Xt+Yt)—|—C,
0 0

so that the second estimate of Proposition 5.3 simply follows from (8.11) and the martingale
inequality of [16, Theorem 3.14].

It remains to prove the convergence of 7° as € goes to 0, but this is a simple consequence
of Markov inequality, since

P(r° < T) < P(sup(H)* >

t<re

) <eC(T).

This concludes the proof of Proposition 5.3. O
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8.3. Proof of Lemma 7.3. We recall that the aim here is to compute
k(z,y) = By [2(2) M 2(y) + 2(y) M~ 2(2)]

with, thanks to Lemma 4.1, M~z = (82)7 1 +a(02) 2. We start by computing the term
E, [2(2)(0%)"'2(y)]. According to equation (4.9), this term is equal to

3 / 0, der))1 (2)(82) " (Sa(8)(0, de)) ()t

keN

with, according to (8.2), (8.3) and (8.4),

QT A2 N en(§)
smh< 5 t)\/me Sde

—%t . 452 —a? (Ze\k(g) ix€
+ 2e /|§>‘;Sln( 5 t)\/me d€.

(Sa(t)(0, ge))1 (z) =2¢ 2" /

l€1<s

Thus, we deduce:

sinh ( V a? — 462 t) ¢ek(£) elwgdé

2 a2 — 452

n <\/4€2 — o2 t) ie\s(f)QQ eixfdé-}

2 _ 472 \ (92)-14 A
% |:/ sinh ( « n t) ( x) ¢€k("7> ezyndn
Inl<$ 2 a? — dip?

12 — o2 N_1 4
nl>g VAn? —a?

=TI+ 1T+ 11T+ 1V.

We focus on the computation of the low frequency product:

der(§) (@ 2)*%61«:( )ei<zs+ym
keN e1<g Jini<g Va2 - 4'52 Va? -

X/o e [cosh(\/a2 4§2 \/a22_4772t>
(VO‘ 2_45275— Va22_4”2t>} dt dny d¢.

— cosh
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For fixed k, &, 7, the time integral is equal to

1|: 1 1
- +
2la—3\/a?2 —42 - L\/a2 — 4?2 a+ 3\/a? — 42 + L\ /a? — dn?
1 1 }
oz—f\/oz2 42+ 1/a2 — 4?2 a+3y/a? —42 - 1 /a2 — dp?
ay/a? —4€2\/a? —

T (@R 222+ )

so that

/ / ¢€]€ )71¢6k’( ) i(w£+y7])d77 df
l€1<g JInl< %

2(¢2
= +20 (& +n)

Siimilar computations for the other terms lead to:
B, [2(2)(0? Z//KﬁUMJmMV“WMM (8.12)
keN

with

1 2
Ki(&m) = =15 % (€2 —p2)2 +§a2(£2 +0?)

The computation of E,, [2(z)(82) !¢ (y)] is very similar so that we do not write it in details.
We obtain

E, [2(2)(@2)7'¢(v)] =~ S [2(2)(0) ' 2(v)]

(8.13)

8.14
+Z//Kﬂn@&WAV%W%% (514
keN
with
1 a? + €2 —
Ky(8m) = —E X @ pe +2a2(£2 A (8.15)
Finally, defining K (&,n) = $K1(&,n) + K2(&,n) we obtain
E, [z(z)M™ (y)+z(y)M*12(x)]
= (K(&n) + K (1, €))er(€)der(n)e =+ dn dé
2L et oo
= 23 0er(§)der(n)e TV dn d
> fa

which gives the result of Lemma 7.3.
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