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Abstract

Consider a family of random masses m(v) indexed by vertices of the lattice Z?. In the case where
the masses are i.i.d. and satisfy a certain moment condition, it is known that there exists a deterministic
A > 0 such that the maximal mass A,, of an animal containing 0 with cardinal n satisfies A,,/n — A
when n — oo, almost surely. The same also goes for self-avoiding paths. We extend this result to the
case where the family of masses is an ergodic marked point process, with a suitable definition for animals
in this context. Special cases include the initial model with ergodic instead of i.i.d. masses and marked
Poisson point processes. We also discuss some sufficient or necessary conditions for integrability.

1 Introduction

1.1 Context

In 1993-94, Cox, Gandolfi, Griffin and Kesten [4, 9] introduced the models of greedy lattice animals
and greedy lattice paths as such: consider an integer d > 2 and the standard lattice Z¢, i.e. the graph
with vertex set Z¢, in which two vertices are neighbors if and only if their Euclidean distance is 1.
A lattice animal is a finite connected subset of Z¢. The length of a lattice animal ¢ is defined as its
cardinal; given a family of i.i.d. nonnegative variables (m(v)),ecze with distribution v, the mass m(¢)
of a lattice animal ¢ is defined as the sum of the m(v), for v € £&. For all n > 1, we define! Ab(n) as
the maximal mass of an animal of length n, containing the origin. Animals realizing this maximum are
called greedy. Cox, Gandolfi, Griffin and Kesten [4, 9] proved a law of large numbers for the process
(AL(n))n>1. More precisely, if for some ¢ > 0,

E[m(oﬂ(bg(m(())ﬁ)d*j < 0, (1.1)

then there exists a deterministic constant A¥(0) € [0, 00), such that almost surely and in L!,

L
L )

n—00 n

= A¥0). (1.2)

They also proved an analogous result the maximal mass PL (n) of a self-avoiding lattice path of length
n, starting at the origin. In 2002, Martin [17] showed the same results with the weaker assumption

/OOO v([t, 00))/dt < oo. (1.3)

and simpler arguments. Although not stated, his proof still holds for the maximal mass P¥(n) of a
lattice path of length n, starting at the origin.
This article aims to

!The exponent L stands for lattice.



1. Extend (1.2) to any stationary, ergodic family of variables, provided E [AY(n)]/n is bounded.

2. Show a continuous analogue of (1.2), with a marked Poisson point process on R? instead of
(m(v)),czqa. Greedy continuous paths were already introduced by Gouéré and Marchand [10] as
a tool for the study of a continuous model of first-passage percolation. They proved that under
an assumption similar to (1.3), the mass of a greedy continous path grows linearly. Gouéré and
Théret [11] also used this fact in a subsequent study of the same model.

Corollaries 1.5 and 1.8 answer these questions. Both are stated in Section 1.4. We work with a
stationary, ergodic marked point process, which encompasses both situations. Moreover, our main
result, Theorem 1.3, implies the analogue of (1.2) for the maximal mass of an animal of length n,
containing 0 and nu, uniformally with respect to u on certain subsets of R?.

1.2 Framework

Let d > 2 be a integer and [|-|| a norm on R For all z € R? and r > 0, let B(z,7) and B(z,7)
respectively denote the open and closed balls of center x and radius r, for the norm ||-||. Let S denote
the unit sphere for ||-||. For all subsets A, B C RY, we define

d(A,B) =inf{|lz —y|| |z € A, y € B}. (1.4)

Given p € [1,00), the norm ||||, on R? is defined by

d 1/p
e, = <Z|xi|p> ; (1.5)
i=1

and the associated balls are denoted by B,(-,-) and B,(-,-). The choice ||-|| = ||-||, will be useful to
see the lattice model as a special case of the one developed here, while the choice ||-|| = [-||, will make
the Poissonian model rotation-invariant. Let Leb denote the Lebesgue measure on RY. We denote by
(e;)1<i<a the canonical basis of RY.

Point processes. Given a locally compact, second countable and Hausdorff topological space G
— we will call such a space regular — let N(G) denote the space of measures on G which take integer
values on compact subsets, endowed with the o-algebra generated by the maps n +— n(A), for all Borel
sets A C G. We call point process on G a random variable with values in N(G). See [2] and [5, 6]
for the general theory of point processes. It is well known (see e.g. Lemma 1.6.8 in [2]) that a point
process ® on G may be written as the sum

N
=>4, (1.6)
n=1

where N and the x,, for 1 <n < N are random variables with values in NU {co} and G respectively.
Let A be a simple marked point process on R? x (0, 00), i.e. a point process on R? x (0, 00) such that
almost surely, for all z € RY, N ({z} x (0,00)) < 1. Equation (1.6) then takes the form

N
N = Zémn,m(zn)v (17)
n=1

where, for all 1 <n < N, z,, € R and m(z,,) € (0,00). Let
N*={z eR*| N({z} x (0,00)) >0} ={z, |1 <n < N} (1.8)
For all z € R?, let T,N denote the image of N by the map

0, :R% x (0,00) — R% x (0, 00)
(x,t) — (x4 2,1).

We assume N to be stationary, i.e. for all z € R, A/ and T.N have the same distribution.



Definition 1.1. For every subset A C R? the mass of A (with respect to N) is defined as

m(A ::/ N (dz,dt) m(z,)l, ca. 1.9
(4) AX(O’OO) Z € (1.9)

For all z € R%, we adopt the notation m(x) = m({z}), which is consistent with (1.7).

Moment measures of point processes. We call mean measure of a point process ® on a
regular space G the measure defined on G by

Mo (E) = E[®(E)], (1.10)

for all Borel subset £ C G. If My is locally finite, one shows by a straight adaptation of Lemma 6.1.17
(iii) in [2] that there exists® a measure v on (0, 00) such that

My = Leb @v. (1.11)

This will be the case under the framework of our main theorem (see Proposition 1.10). In particular,
every Lebesgue-negligible subset of R? has almost surely no mass. We will regularly use this fact.
For all k > 1, we call k-th factorial power of ® the point process on G* defined by

o= D ) (1.12)
nysefng

1<ni,...,nx <N
pairwise distinct

with the notations of (1.6). Note that &) = ®. We call k-th factorial moment measure of ® the
measure Mg .

Continuous paths and animals.

Definition 1.2. Following Gouéré and Marchand (2008) [10], we call (continuous) path a finite sequence
of points of RY. For a given norm ||-||, the length of a path v = (zq, ..., x,) is defined as

r—1
IVl =l — igall- (1.13)
=0

We call (continuous) animal a finite connected graph whose vertices are points of R?. The length of a
animal & = (V, E) with vertex set V and edge set E is defined as

lell=">" llz—uyl. (1.14)

{z,y}eE

When there is no ambiguity, we will identify a path v = (z,...,2,) with the animal with vertex
set {¥i}o<;<, and edge set {(zi—1,2:)};<;<,. We will also identify a path or an animal with its
vertex set, e.g. for any animal £ = (V, E), m(§) = m(V) and for any path v = (xq,...,z,), m(y) =

m({xg,...,z,}). The following families of paths will be of interest. For all z,3y € R% and ¢ > 0, we
define:

o P(¥) as the set of paths of length at most ¢, starting at 0.

o P(x > y,¥) as the set of paths of length at most ¢, starting at = and ending at y.
Likewise, we define:

o A(¢) as the set of animals of length at most £, containing 0.

o A(xz <> y,0) as the set of animals of length at most ¢, containing x and y.

Forallz,y € Z% ¢ € N, PL(0),..., A¥(x + y,{) are defined the same way as their counterparts without
the exponent L, with lattice paths and animals.

*Indeed consider the measure v on (0,00) by v(B) :=E [[O 1) % B]. By the mentioned lemma, for all compact subsets
ACR*and B C (0,00), Myr(A x B) = Leb(A)v(B).



The processes. For any set of paths or animals denoted by a calligraphic font letter, we use the
same letter in roman typestyle to denote the supremum of the mass of animals or paths in this set.
For example, for all ¢ > 0,

P(¢) :== sup m(y). (1.15)
~EP(L)

We also use this convention for a generic G € {P, A} : for all z,y € R? and ¢ > 0,

G(¢) = sup m(y) and G(z <> y,£) = sup m(y). (1.16)
v€G () YEG(zry,L)

Another natural analogue of A"(-) in a continuous context consists in restricting the supremum to
animals which are included in N*. More precisely, for all 2,y € R? and £ > 0, we define:

o A*({) as the set of animals £ such that ||€]| + d(0,€&) < 4, or £ is empty,

o A*(x <> y,£) as the set of animals ¢ such that ||£|| + d(z, &) + d(y,£) < 4, or ¢ is empty,

and the corresponding variables

A ()= sup m(€) and A (z >y, 0) = sup  m(¢). (1.17)
EeA*(0) EeEA" (z+ry, L)
ECNT ECN™

It is pointless to introduce similar processes for paths, since by triangle inequality, skipping vertices
outside A'* along a path produces a path with the same mass and smaller length. The notation A(%)()
is linked to the following third analogue of A¥(-), which is an interpolation of the preceding two. For
all ¢ € [0,00], z,y € R? and £ > 0, we define

AD(0) == sup [m(&) — g#(ENN™)] (1.18)
EEA*(£)
and AD(z <y 0) = sup  [m(E) — ¢#(ENNT)], (1.19)

EEA* (zy,0)

i.e. the analogues of A(¢) and A(x < y, ¢), with a penalization —q for every vertex of £ not belonging to
the point process. By adding one vertex and one edge, one shows that any animal in A*(¢) is included
in an animal in A(¢), thus A(®)(¢) < A(¢). The inclusion A(¢) C A*(f) gives the converse inequality,
hence

AO () = A¢).
Likewise,
AO(z oy, 0) = Az < y,0).

Besides, (1.17) is compatible with (1.18) and (1.19).
Note that for all £ > 0 and ¢ € [0, o],

P({) < AD(0) < A(l) < P(20), (1.20)

where we have used in the last inequality the fact that any animal may be covered by the path obtained
by a depth-first search.

1.3 Main results

We work under the following assumptions.

Assumption 1. The process N is ergodic with respect to the translations by elements of R%, i.e. for
all measurable subsets E C N(R? x (0,00)) such that

VzeRY, PN € E}A{T.N € E}) =0, (1.21)
PN € E) € {0,1}.



(See Definition 8.4.1 in [2].) Subsets satisfying (1.21) are called invariant.

Assumption 2.

M := sup E[A ()]
>1

< 00.

Let X denote the subset of B(0,1)% x (0,1] consisting of triplets (,7,¢) such that = and y are
colinear, and ||z — y|| < ¢.

Theorem 1.3. Let G € {P, A}. Assume that N satisfies Assumptions 1 and 2. Then there exists a
deterministic, concave, symmetric with respect to u — —u function G : B(0,1) — [0, 00), such that for
all compact subsets K C X,

Sup{‘G(Lx <~ LvaZ) . €G<$ - y)‘ (ac7y7€) c K} a.s. and L' 0. (122)
L 4 L—oo
Moreover,
L a.s. an 1
GL) ENTel()) (1.23)

L L—oo
The analogous result for penalized maximal masses of animals also holds.
Theorem 1.4. Let ¢ € [0,00]. Assume that N satisfies Assumptions 1 and 2. Then there exists a

deterministic, concave, symmetric with respect to u — —u function A9 : B(0,1) = [0, 00), such that
for all compact subsets K C X,

AlD(f, Ly.L¢ — a.s. and L'
Sup{‘ ( xL<—> Y, )_€A<q)(a:£y)‘ (x,y,f)EK}%O (1.24)
—00
Moreover,
A(q) L a.s. an 1
(L) as. andL A@(0). (1.25)

L L—oo

1.4 Special cases

Theorems 1.3 and 1.4 applies for the original discrete model (up to a minor adjustment to ensure
stationarity), provided the masses are ergodic and Assumption 2 holds, and for marked Poisson point
processes, provided the distribution v of the marks satisfies (1.3). The latter case may be extended to
a certain class of determinantal point processes.

The discrete model.

Corollary 1.5. Let (m(v)),cza be a stationary and ergodic family of nonnegative random variables,
i.e. for alli € [1,d], (m(v+€;)),cpq has the same the distribution as (m(v)),czq, and for every event
& satisfying

Vie[l,d], P{m)),cze €E}a{(m(v+e)),epa €E}) =0, (1.26)

P(&) € {0,1}. Assume that
itgl) M < 00. (1.27)
Let G € {A,P}. Fiz || =|-||;- Then there exists a deterministic, concave, symmetric w.r.t. u— —u

function Gt : B1(0,1) — [0, 00) such that for all compact subsets K C X,

sup{’GL(LLIJ i YL EO (”“?y)‘ (2,,0) € K} % 0, (1.28)

with the notation || == (x1),...,|24]), for all x = (z1,...,24) € RL. Moreover,

GL(L) a.s. and L'
L L—o0

G(0). (1.29)



Determinantal point processes. Before stating the result, we need to recall a couple of defini-
tions.

Definition 1.6. Let u be a locally finite measure on a regular space G and K : G?> — C be a measurable
function. We say that ® is a Determinantal point process (DPP) with kernel K and background measure
w if for all k > 1,

Mg (dz1, ..., dzi) = det(K (2, 25)), <4 j<pi(d21) ... p(dzg). (1.30)

In this article, we further say that ® is a good DPP if for p®*-almost all (21,...,2x) € GF, the
matrix (K(z;,2;)) is Hermitian nonnegative-definite (i.e. it is self-adjoint and its eigenvalues are
nonnegative).

1<i,j<k

Chapter 5 of [2] provides a general study of DPPs.

Corollary 1.7. Let N be a stationary simple marked point process on R x (0, 00) with mean measure
My = Leb®v. Assume that

(i) The point process N is a good DPP with kernel K and background measure Leb Qu.

(ii) For all s,t € (0,00),
K((0,s),(z,t)) — 0. (1.31)

[zl =00

(iii) The distribution v satisfies (1.3).

Then Assumptions 1 and 2, and thus the conclusions of Theorems 1.8 and 1.4 hold. Moreover,
M < cl/ v([t,00))"/dt, (1.32)
0

where Cy is a constant introduced in Proposition 1.9.
Poisson point processes fall under Corollary 1.7 (see e.g. Example 5.1.6 in [2]).

Corollary 1.8. Assume that
(i) The point process N is Poisson with mean measure Leb @u.
(i) The distribution v satisfies (1.3).

Then Assumptions 1 and 2, and thus the conclusions of Theorems 1.8 and 1.4 hold. Moreover,

M < ¢ /OO u([t, o00)) . (1.33)
0

1.5 Around Assumption 2

We say that a point process ® on the regular space G satisfies the moment property with the constant
C > 0 if for all £ > 1 and Borel subsets By,...,B; C G,

k k
Mg ) <H B¢> < C*[[Ma(By). (1.34)

i=1
We have the following sufficient condition for Assumption 2.

Proposition 1.9. Let N be a stationary simple marked point process on R x (0,00), with mean
measure Leb ®v. Assume that

(i) The point process N satisfies the moment property with the constant C' > 0.
(i) The distribution v satisfies (1.3).



Then

Al o
E{sup ()] < olcl/d/ v([t, 00)) "/ dt, (1.35)
e>1 L 0
where Cy1 > 0 only depends on d and ||-||. In particular, Assumption 2 holds.

Along the proof of Proposition 1.9, we actually show the stronger version (1.37) of Assumption 2,
which implies (1.3). Recall the decomposition (1.7). For all t > 0, we consider the point process on R¢

N
N(t) = Z 1m(xn)2t(s$n' (136)
n=1

The measure NV @ §; is a stationary marked point process on R% x (0, 00). Informally, it corresponds
to giving mass 1 to every point in A’®). The notation A(¢)[N® ® 6] in (1.37) denotes the analogue
of A(f), constructed from the process N'* ® &, rather than N.

Proposition 1.10. Let N be a stationary simple point process on R? x (0, 00) that satisfies Assump-
tions 1 and 2. Then My is locally finite, thus admits a decomposition of the form Leb®v. Moreover,

if

sup dt < o0, (1.37)

>1 14

/°° E[A(O)ND ©61]]

then v satisfies (1.3).

Besides, if the masses of the atoms of A/ are i.i.d, then Assumption 2 implies that v has a d-th mo-
ment. More precisely, we introduce the notion of i.i.d. markings of point processes (see Definition 2.2.18
in [2]).

Definition 1.11. Let G and K be regular spaces , ® be a point process on G and p a probability
distribution on K. Consider a sequence of i.i.d. random variables (¢,),>1. With the notations of (1.6),

N
=0z, 0) (1.38)
n=1

is a point process on G x K, called an 7.7.d. marking of ®, with mark distribution u.

Proposition 1.12. Let ® be an ergodic and stationary simple point process on R? such that Mg =
ALeb, with 0 < A\ < oo. Let v be a probability measure on (0,00) and N assume that is an i.i.d.
marking of ® with mark distribution v. If N satisfies Assumption 2, then

/ #y(dt) < oo. (1.39)
(0,00)

1.6 Outline of the paper

Section 2 is devoted to the proof of Theorem 1.3. Our main tool is the following extension of Kingman’s
theorem, adapted from Akcoglu and Krengel (1981) [1, Theorem 2.4]. Since our version does not involve
new ideas, we place it in the Appendix.

Theorem 1.13. Let (X(s,t))
that X (-,-) is

(i) monnegative,

(ii) stationary, i.e. for allu € R, (X (s +u,t+u)),_, has the same distribution as (X (s,t))
(#ii) superadditive, i.e. for all s <t <wu, X(s,u) > X(s,t) + X (t,u),

(iv) and satisfies

s<¢ be a random process indexed by ordered pairs of real numbers. Assume

s<t’

sup 1IE[X(O, )] < 0. (1.40)
t>1



Then for all a,b € R such that a < b, the limit
1
Y(a,b) = lim -X(al,bl) (1.41)
l—o00 {

exists a.s. and in L'. Moreover, for all sequences of rational numbers (a,) and (b,) such that?

lim ta, =a and lim |b, = b,
n—oo n—oo

almost surely,
Y(a,b) = lim Y(ay,b,). (1.42)
n—oo

Note that Y(a,b) may not be a deterministic constant. However, we will use (1.13) in a context
where it will be the case, by ergodicity.

To prove Theorem 1.3, the general ideas are somewhat similar to those of Gandolfi-Kesten [9] and
Martin [17]. They defined auxiliary processes as the maximal mass of an animal with prescribed width
and leftmost point (in the direction e;). The expectation of theses processes are superadditive, thus
Fekete’s lemma applies. The method of bounded differences (in [9]) or a concentration inequality due

to Talagrand (1995) [18, Theorem 8.1.1] (in [17]) then gives a sharp bound for the probability of %
taking values far from A"(0), yielding the LLN for A¥(n) by Borel-Cantelli’s lemma.

Since we do not assume independence of the masses, we do not have access to bounded differences
nor concentration inequalities. To circumvent this issue, we make the following changes in the strategy.
First, the auxiliary processes we consider are similar to the ones defined by (1.16), by choosing special
values of (z,y,¢) and restricting the supremum to the subset of G(x <> y, /) consisting of paths or
animals included in a certain diamond (z and y are extremal points of which). They are superadditive
in the strong sense (not simply in expectation). Theorem 1.13 gives the LLN for theses processes.
Second, we use elementary concatenation arguments to compare G(z < y, £) to the auxiliary processes.

Since the proof of Theorem 1.4 only requires some minor adaptations, we leave it to the reader.

Section 3 contains the proofs of Propositions 1.9, 1.10 and 1.12. The first one relies on a straight-
forward adaptation of Theorem 1.2 in Gouéré and Marchand (2008) [10], which gives a bound for the
mass of a path in the Poissonian case with unit masses. The second one is based on a classic upper
bound for the Travelling salesman problem. The last one uses Borel-Cantelli’s lemma.

Section 4 is devoted to proving Corollaries 1.5 and 1.7. For the second one, we use a void-probability-
based criterion to show Assumption 1 and Proposition 1.9 to show Assumption 2.

1.7 Related works and open questions

Integrability. Consider the case where A is a Poisson point process on R? x (0, 00), with inten-
sity Leb®wv. Corollary 1.8 and Proposition 1.12 leave a gap in our understanding of the asymptotic
behaviour of A(¢) and similar processes, as in the case where v has a finite d-th moment but does not
satisfy (1.3), we do not know if Assumption 2 holds. In particular, we do not know if Assumption 2
and (1.37) are equivalent. Note that the sharpest known necessary and sufficient conditions for the
original discrete model, as stated by Martin [17], are analogous to the ones for Poisson point processes.

In general, no moment condition on v alone can guarantee Assumption 2, even in the discrete model.
Indeed, let v be any probability measure on (0, c0) with unbounded support. Let (X, ),eczz be a family
of random variables with distribution v, such that

1. For all (vi,vs) € Z%, Xy, 0 = Xuy0-
2. The variables (X, 0), ¢ are independent.

Note that (X,)yez2 is stationary and ergodic. For all s > 0, almost surely, there exists v;1 € N such
that X, 0 > s. Thus by considering the path

v = ((0,0),(1,0),..., (v1,0), (v1,1), ..., (v1,n)),

3 Actually for all (a,b), Y is almost surely continuous at (a,b), but we only need the weaker version (1.42), which appears
along the proof of Theorem 1.13.




for n > 1, one shows that

AL
lim (n) > s,
n—oo n
hence
AL
lim (n) 0.

Extension to possibly negative masses. Dembo, Gandolfi and Kesten proved in 2001 [7]
that (1.2) still holds when the masses (m(v)),c;q« are not assumed to be necessarily negative, provided
their positive parts satisfy (1.1). They also study the maximal mass G, of an animal of any size,
included in [0,n]%. The order of G, is at most n if AL(0) < 0 and n? if AX(0) > 0. In 2006,
Hammond [12] pushed the study further by providing an estimate for G,, in the critical case. He also
proved that in the supercritical case the limit lim,, ., % exists almost surely, and the animal realizing
G, is dense, in the sense that it intersects all open sites of the largest cluster for a box-level percolation
process on [0, n]]d with arbitrarily high parameter.

In a recent article, Chang and Zheng [3] proved the law of large numbers for greedy lattice paths
for possibly negative masses, provided their positive parts satisfy (1.1) and their negative parts have a
finite fourth moment.

Large deviations. In the article mentioned above [7], Dembo, Gandolfi and Kesten proved a large
deviation estimate for abnormally large values of A"(n), under an exponential moment condition. To
our knowledge, the existence of the corresponding rate function remains to be shown. Besides, large
deviations for abnormally small values of A¥(n) seem not to have been studied.

About the limiting constant. Lee showed in 1993 [15] that except in the case where the vertices
have maximal mass with a probability greater than or equal to the site-percolation critical parameter,
the limiting constant A(0) for the greedy lattice animals is strictly greater than its analogue for
greedy lattice paths. The same author showed in 1997 [14] that under a domination assumption, it
is continuous with respect to the distribution of m(0), and provide [16] estimates for their behaviour
near criticality for masses taking values in {0, 1}.

1.8 Notations

N-mesurable random variables. In contexts where more than one point process is considered,
we will indicate the dependence on the point process by square brackets, e.g. for any point process N
on R? x (0,00) and any subset A C R?,

m(A)[N] = /A o tN (de, dt). (1.43)

Animals and paths. Given two paths v = (xo,...2,) and 2 = (yo,...,ys) such that x, = yo,
we define the concatenation of v; and 5 as the path

Y1 %Yo = (X0y ey Ty YLy e e vy Ys)- (1.44)

Similarly, given two animals & = (Vi, E1) and & = (Va, E3) such that Vi N Va # 0, we define the
concatenation of &1 and & as the animal

§1x& = (V1UVa, By U Es). (1.45)

Vectors and subsets of R%. Fix Cy > 0 (depending on ||-||) such that

1
oo lHlz < 1= Cafl-l,- (1.46)
2



Figure 1: Illustration of the definitions (1.48) and (1.49) in dimension 2. The diamond Diam®(z <> y) and
the antidiamond Diamg(x <+ y) are represented by the striped region and the shaded region respectively.
On the figure, 1 — § denote the cosine of the half-angle.

We denote by S the unit sphere for ||-||. For all z,y € R?, we denote by [z,y] the segment between
and y. For all z € R? u € R?\ {0} and 0 < § < 1, we define the cone

<z—x”uu”2> > (1—5)||z—x||2}. (1.47)

For all distinct points z,y € R and 0 < § < 1, we define the diamond

Cone’ (z,u) = {z cR?

Diam® (z « ) == Cone’ (z,y — ) N Cone’ (y, z — y) (1.48)

and the antidiamond

Diams(z < y) = (Rd \ (Coneé(z, x —y) U Cone’ (y,y — x))) U{z,y} (1.49)
(see Figure 1). For all z = (z1,...,74) € R?, we define
lz]= (21} .-, [=al)- (1.50)
We say that a function f: B(0,1) — R is symmetric if it is symmetric with respect to u — —u.
Positive and negative parts. For every a € R, we use the notations a’ := max(a,0) and
a~ = max(—a,0).

2 LLN for greedy animals and paths

In this section we prove Theorem 1.3. We fix G € {P, A}. Except when specified otherwise, the figures
will relate to the case G = A and d = 2. Forall 0 < § < 1, £ > 0 and distinct points z,y € R?, we
define

Gz &y, l) = {feg(xﬁy,ﬁ) ’§§Diam5(xe>y)} (2.1)
and G5z < y,0) = {f €G(z < y,l) ’ ¢ C Diamg(z +» y)} (2.2)

2.1 Pointwise convergence for animals and paths restricted to an antidia-
mond

This subsection aims to prove Proposition 2.1, i.e. the pointwise analogue of Theorem 1.3 for animals
and paths restricted to an antidiamond.
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Proposition 2.1. There exists a concave, symmetric function G : B(0,1) — [0, M] such that for all
0<d<1,ueB(0,1)\ {0} and —o0 < a < b < oo,

Gs(Lau <> bu, (b — a)l) a5 and L
(b — a)E £—00

G (u). (2.3)

Moreover, for all e € S, § — G(Be) is nonincreasing on [0,1) and uniformly continuous on (—1,1).
Proof. Equation (2.3) is a consequence of Lemmas 2.2, 2.3, 2.4 and 2.5 below. Let e € S and define

f:(-1,1) —[0,M]
8 — G(pe).

The function f is even and concave, therefore for all 8]0, 1),

f(=B)+ f(B)
f(ﬁ):f < f(0).
In other words, f has a maximum at 8 = 0. Using concavity again, we deduce that f is nonincreasing
on [0,1). Since f is nonnegative, it has a finite limit at —1 and 1. Moreover f is continuous on (—1,1),

thus it has a continuous extension on [—1,1], thus it is uniformly continuous on (—1,1). O

Lemma 2.2. Let u € B(0,1)\ {0} and 0 < § < 1. Then there exists a constant G°(u) € [0, M] such
that for all a < b,
G (Lau > tbu, (b —a)l) as. and 1!

(b — a)é {— 00
Lemma 2.3. Let u € B(0,1) \ {0} and 0 < 0 < 1. Then for all a < b,

G (u). (2.4)

Gs(lau < Lbu, (b—a)l) a.s. and L'
(b—a)l t—o0

G (u). (2.5)

Lemma 2.4. Let u € B(0,1)\ {0}. Then G(u) := G®(u) does not depend on d.

Lemma 2.5. The function G admits a concave, symmetric extension on B(0,1).

Proof of Lemma 2.2. Existence of the limit. Let v € B(0,1) \ {0}, 0 <6 < 1 and a < b. Consider the
process defined for all s < t by
X(s,t) == G°(su > tu,t — s). (2.6)

The process X is stationary since N is stationary. We claim that on the almost sure event {N(Ru x (0,00)) = 0},
it is superadditive. Indeed let s; < s3 < s3. Let &1 € GO (s1u <+ sau, so — 51) and & € GO(sau ¢ s3u, 53 — S3).
Then

E1x& € gé(slu <> S3U, S3 — S1). (2.7)

Moreover, & N &y = {squ}, therefore
m(&; x &) = m(&) +m(E2).
By definition of G%(s1u ¢ s3u, s3 — 51),
G‘;(slu < S3u, 83 — s1) > m(&y) + m(&s).
Taking the supremum in & and &5, we get

G’S(slu > 83U, 83 — S1) > G’S(slu > Sou, So — $1) + GJ(SQU > 83U, S3 — S2),

E[X(0,8)]
t

i.e. X is superadditive. Besides, Assumption 2 implies that sup,; < 00. Theorem 1.13 yields

the existence of the limit

s _
Gib(u) - lim G°(Lau + Lbu, (b — a)l) 2.58)

£— 00 (b — a)E ’
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apfu

Figure 2: Construction of the animal ¢ defined by (2.10). The lightly shaded region is Diam’(a,fu
bnlu). The shaded region is Diam®(afu + z ¢+ blu + z). The animal ¢ is the concatenation of ¢ (thick,
solid lines) with the two segments represented by thick dotted lines.

a.s. and in L1,
Invariance of the limit. We now prove that Gib(u) is a deterministic constant and does not depend
on (a,b). Let (ay) and (b,) be two strictly monotone sequences of rational numbers such that

lim ta, =a and lim |b, =b.
n—o0 n— oo

We claim that for all z € R and n > 1, almost surely,
5 bn — an s
Gop(w)[T_.N] < ﬁGan,bn (u). (2.9)

Indeed fix z € R and n > 1. Consider an animal ¢ € G%(alu + z < blu + z, (b — a)f) and consider
& = (anlu,alu + 2) * & * (blu + z, b, lu) (2.10)
(see Figure 2). Its length satisfies

€711 = Iz + Lula — an) ]| + €] + [[€u(bn —b) — 2|
<z + €u(a = an)|| + (b — @)l + [[€u(by — b) — z||
2|

EE.

<lb—a+|ul|(bh —b+a—ay)+
thus for large enough /,
€71 < (bn — an)e. (2.11)
Besides, for large enough ¢, Diam® (afu + z <> blu + z) C Diam® (a,lu > b, lu), therefore
€ € G®(anlu < bylu, (by — an)l).
In particular,

m(¢) <m(&') < G (anlu < bylu, (b, — ap)l).
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Taking the supremum in &, we get
Co(alu + 2z < blu + z, (b — a)l) < CO(anlu < bylu, (by — an)l).

Dividing by (b — a)¢ and letting ¢ — oo, we get (2.9).
Letting n — oo in (2.9) and applying (1.42), we obtain

Gy (W)[T-2N] < G (u). (2.12)

Since z is any vector in R?, (2.12) is actually an equality. Besides, N is ergodic therefore Gg’b(u) is
a.s. equal to its expectation, hence it does not depend on a and b. O

Proof of Lemma 2.3. Let u € B(0,1) \ {0}, 0< ¢ <1 and a <b. Given (2.4) and the inequality
GO (alu < blu, (b — a)l) < Gs(alu < blu, (b — a)l),
it is sufficient to prove the existence of C5 > 0 such that for all £ > 0,

Gs(alu < blu, (b — a)l) < GO(alu — Cs(b — a)lu « blu + C3(b— a)lu, (2Cs + 1)(b — a)f)
— G%(alu — Cs(b — a)lu + alu, C3(b — a)l) (2.13)
— GO (blu <> blu + C3(b — a)lu, C3(b — a)l).

Let C3 > 0 be such that B
B(0,1) C Diam®(—Csu « (1 + Cs)u). (2.14)

Consider three animals

¢ € Gs(alu < blu, (b— a)l),
€1 € G°(alu — Cs(b — a)lu < alu,Cs(b — a)l),
& € GO (blu <> blu + C3(b — a)lu, C3(b — a)l),

and their concatenation & := & x & x & (see Figure 3). We claim that
¢ € G (alu — Cs3(b— a)lu < blu + C3(b — a)lu, (2C5 + 1)(b — a)¥), (2.15)

which is straightforward except for the inclusion & C Diam® (alu — C3(b — a)lu <> blu + Cs(b — a)lu).
By (2.14),

¢ C B(alu, (b— a)f) C Diam’ (alu — Cs(b — a)lu < blu + Cs(b — a)lu).
Moreover,

&1 C Diam® (alu — C3(b — a)lu + alu) C Diam® (alu — Cs(b — a)lu < blu + C3(b — a)lu)
and & C Diam® (blu + blu + Cs(b — a)lu) C Diam’ (alu — Cs(b — a)lu < blu + Cs(b — a)lu),

thus (2.15).
Besides, the intersection between any two animals among £, & and & is included in Ru, thus on
the a.s. event {N(Ru x (0,00)) =0}, we have

m(&;) + m(¢) + m(&) = m(¢).
In particular, by (2.15),
m(&y) +m(€) + m(&) < G (alu — Cs(b— a)lu < blu+ Cs(b — a)lu, (2C3 + 1)(b — a)?).

Taking the supremum with respect to &1, £ and & yields (2.13). O
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alu — C3(b—a)l blu + C3(b — a)lu

Figure 3: Construction of the animal ¢ defined in the proof of Lemma 2.3. The lightly shaded region is
Diam?’ (alu — C3(b — a)lu < blu + C3(b— a)fu). The shaded regions are Diam® (alu — C3(b— a)lu <> alu)
and Diam? (blu < blu + C5(b — a)fu). The animal £ is the concatenation of & (thick, solid lines) with &
and & (thick, dashed lines).

91€’U,1

3 & uq + 02lus

Figure 4: Tllustration of the animal ¢ defined in the proof of Lemma 2.5. The diamonds Diam? (0 <+ 6 4u;)
and Diam5(91€u1 < 010uq + 020us) are represented by the shaded regions. The antidiamond Diamg(0 <>
010uy + 020uy) is represented by the complementary of the lightly shaded region. The animal £ is the
concatenation of & and & (thick lines).

Proof of Lemma 2.4. By (2.4) and (2.5), § = G°(u) is both nonincreasing and nondecreasing on (0, 1),
therefore it is constant. O

Proof of Lemma 2.5. Define o
G(0) == lim G(u). (2.16)

u—0

The symmetry is a consequence of (2.4) and the stationnarity of A/.
We make the following claim, which is somewhat weaker than concavity: for all uy,us € B(0,1)\{0}
such that ug ¢ R™uq, for all 0 < 61,05 < 1 such that 6; + 0 =1,

91G(U1) + 92(}(“2) < G(91U1 + 92’&2). (2.17)
Indeed let uq,us, 01,62 be as above and 0 < § < 1 small enough so that for all £ > 0,
Diamé (0 — 915’[1,1) C Diamg (O <~ 010uq + 9251&2),

Diam6(91€u1 <~ Glful + 926’11,2) - Diamg(O <~ 91€u1 + 92/€U2>7

Diam‘;(O — 91€u1) N Diam5(91€u1 < O10uq + 92(’11,2) = {91(’11,1}

Let £ > 0, & € G0 < 010uy,0:0) and & € GO(010uy < O10uy + Oxluy, 02). Define & = & *
& (see Figure 4). Since & N & = {01fur} and € € G5(0 + £(01uq + O2usz), ), on the a.s. event
{N(Ru x (0,00)) = 0},

1’1’1(€1> + m(fg) < G5(0 & K(@lul + 92U2),/€).
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Taking the supremum in & and &5 leads to
GO0 <> 010uy, 010) + G2 (010uy > O1Luy + Oalug, 026) < Gs(0 < £(01uy + Oaus), l),
thus

E [G6(0 <~ 91€U1, 916)] n E [G5(01€u1 <~ 010uq + HQEUQ, 926)] < E[G5(0 < E(Glul + 02u2),£)]
¢ 14 - ¢ '
Applying stationarity, we get

E [G6(0 <~ 918'&1, 916)} ny E [G“(O g OQEUQ, 926)] < E[G5(0 Ad 6(91U1 + 92’11,2),5)]

01 - 0.0 2’ 0,0 = /

Letting ¢ — oo and using Lemmas 2.2 and 2.3, we obtain (2.17).

We now prove (2.17) in full generality, i.e. that G is concave on B(0,1). The inequality (2.17)
implies that the restrictions of G on balls included in B(0,1) \ {0} are concave, thus continuous. Let
up,us € B(0,1) and 0 < 01,05 < 1 such that 6; + 602 = 1. The only non trivial cases left to consider are

1. Uy = 07U2 75 0,
2. uy = Aug, with A < 0 and wuy,us € B(0,1) \ {0}.

For the first one, let (uﬁ”))nzl be a sequence of elements of B(0, 1)\ {0} converging to u; = 0 such that

lim G(ugn>) — G(0),

n—oo

and (uén))nzl be a sequence converging to us such that for all n, u

Thanks to the claim (2.17) applied to ugn) and uén),

gn) and ug") are linearly independent.

91G(u§")) + HQG(uén)) < G(Qlugn) + 92u(2n)).

Since G is continuous at faus and us, letting n — oo gives (2.17) for uy; and us. For the second one,
let (ugn))nzl and (ué"))nzl be sequences converging to u; and uy respectively, such that for all n, u§">

and uén) are linearly independent. The end of the argument is analogous to the first case. O

2.2 Uniform upper bound for animals and paths restricted to an antidia-
mond

The goal of this section is to prove Proposition 2.6.

Proposition 2.6. Lete €S, 0<d <1 and0 < a < 1. Almost surely,

N + maye[_e7e]
<G5(Lx<zLy,L£) £G<x€y>) a<t<1 S—o. (2.18)

> [lz -yl

lim sup
L—oo

Remark 2.7. The analoguous result for G? is also true but we don’t make it a proposition since it is
not needed in the proof of Theorem 1.3.

Fix e, § and « as in Proposition 2.6. Given z,y € Re, we write x < y if y — 2 € RTe. We proceed
as follows:

1. Establish an upper bound for Gs(Lz <+ Ly, L) for (z,y, () taking values in a finite, 3;-dense set
of parameters thanks to Proposition 2.1.

2. Extend this bound to any values of (z,y,¢) with Lemma 2.8.

Lemma 2.8. For all x,y,z’,y" € Re such that 2’ <z <y <y and £ > ||z —y|, for all0 < < 1, for
all L >0,
Ga(Le ¢ Ly, L) < Gs(La' & Ly', L+ Ll — o/ + Llly — /|- (2.19)
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We first prove Proposition 2.6, assuming Lemma 2.8 is true.

Proof of Proposition 2.6. Let N > 1 be an integer. Consider the sets
n n
Elzz{ﬁe‘ne[[—N,Nﬂ}, Eg::{N‘nE[[l,N—l—Qﬂ}.

Proposition 2.1 implies that

E
Gs(La < Ly, Lt AN nY € as. and L1

X (L) = max ( o xi Y )—ze(xgy)) L€ By asandl g (9.90)
0> |z -yl >0 oo

Let L > 0, z,y € [—e,e] and a < £ < 1 such that ¢ > || — y||. Let w be a modulus of continuity
of B — G(Be) on (—1,1). Without loss of generality, assume z < y. There exists distinct 2’,y’ € E;

such that
e

- —<
N S

(&

'<r<y<y <y+ —.

(2.21)

By (2.19),

2L
Gs(Lx + Ly, Ll) < Gs (L:z:’ < Ly, Ll + N>'

Let ¢/ := %:[¢N + 2] Note that ¢’ € Ey and ¢/ > {+ % > ||z’ — /||. Therefore, by definition of X (L),

Gs(Lz + Ly, LL) < Gs(La' «+ Ly, LY')
L - L
/ !

< m(z Y ) +X(L).

El

Since £/ < % (¢N + 3),

Y EO B T E S b DU S R
YTV T )=\ T v ) T INT3 T IN¥3 CIN

Besides 8+ G(fe) is nonincreasing on [0, 1), therefore

Gs(Lxz + Ly, L)

< e’c;(”“ _y) + X (L)

L o
3 T —y 3
< — — .
< (HN){G( . )w(mﬂ L X(D)
Consequently,
Gs(Lx < Ly, LY) c—y\\" _3[  [(z—y 3 3
— Z J < = - - )
( 7 (G 7 < N_G 7 +w N + lw N + X(L)
Since £ > «,
Gs(Lx » Ly, LY) z—y\\" _3[ . [z—vy 3 3
_ < = = =
( 7 LG 7 < N_G 7 +w N + lw N + X (L),
thus

_ +| z,y €[—e,€]
sup{(Gé(LxHLy’M) —£G<x€ y)) a<t<1 }

L 0> |z — |
<Hom ()] () e
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Consequently, almost surely,

_ +| z,y €[—e,€]
lim sup (G5(L$<—>Ly,L€) —fG(x y>) a<t<1
L—oo L V4

> [z —yl

3 3 3

<2 - — ).

< e o )| o)

Letting N — oo gives (2.18). O

Proof of Lemma 2.8. Let x,y,2’,y’,d,¢ and L as in the lemma. Let £ € Gs(La <> Ly, L{). Define the
animal
¢ = (La',Lx) * & (Ly, Ly'). (2.23)

It is straightforward to check that
¢ C Diamg(Lz' +» Ly').

Moreover,
1€ < Lijz —a'|| + |l + Llly — | < Lllz — 2| + LE+ L]y — o/||
thus
¢ €Gs(La’ < Ly, Lt + L|jz — 2’| + Ly — y'll)-
Consequently,
m(§) < Gs(La' < Ly, LU+ Lz — 2’| + L]y — /||
Taking the supremum with respect to £ concludes the proof. O

2.3 Pointwise convergence for directed animals and paths
In this section we prove Proposition 2.9 which is a pointwise version of the almost sure part of (1.22).
Proposition 2.9. Foralle €S and 0 < 8 < 1, for a < b, almost surely,

_ G(alBe <> blBe, (b— a)l)
elggo (b—a)l

= G(Be). (2.24)

The hard part is to show an upper bound for G(alfe <+ blfe, (b — a)f). In the case G = A, we show
that any animal £ € A(alfBe + blfe, (b — a)f) is included in a slightly larger animal ¢’ € As(z < y, ¢'),
with (z,y) depending on &, such that ”xe;,y” > [ : it is sufficient to link the leftmost and rightmost
points of & belonging to thin cones around Re to their projections on Re. Proposition 2.6 then provides
m(¢') < £’A(yg_—,x). Since 3 — A(Be) is nonincreasing on [0, 1), this gives a suitable upper bound for
A(alBe <> blpe, (b — a)l).

In the case G = P, the same argument does not allow to conclude, because paths may only be
concatenated on their endpoints. A variant of this issue already arose in Gandolfi and Kesten [9], and
Martin [17]. We add a preliminary step consisting essentially in writing any path v € P(0 + £fe, )
as the concatenation of subpaths whose endpoints are also their leftmost and rightmost points on thin
cylinders around Re. The mass of each subpath may be controlled with the argument used in the case
G = A. We then apply the concavity of G to bound the total mass.

In both cases, we use Lemma 2.10 to control the additional length introduced by our constructions.

Lemma 2.10. Let z € R4, v e R¥\ {0}, 0 < 6 < 1 and y € Cone’ (x,v). Denote by p(y) the orthogonal
projection of y on x + Rv. Then

ly = p()ll < CaV5ly — =, (2.25)

where Cy only depends on ||||.
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Proof of Lemma 2.10. Without loss of generality, we assume z = 0 and ||v||, = 1. Sincey € Cone® (z,v),

IlpW)lly = (y,v) = (1 =)yl

Consequently,

ly —p@)Il5 = lylla — llpw)]l5
<[1-@1-8?yl;
<26 - |lyll3-

Applying the norm equivalence (1.46) yields (2.25).

Proof of Proposition 2.9. Fixe €S, 0< 6 <1 and a < b. By the straightforward lower bound
G(alBe <+ blBe, (b — a)l) > Gy z(alBe < blBe, (b — a)l)

and by Proposition 2.1, almost surely,

. G(alBe + blpe, (b—a)l)
el%lo (b—a)l

We now turn to the upper bound, i.e. we prove that almost surely,

o GlatBe ¢ bepe, (b a)l)

{— 00 (b — a)f

> G(Be). (2.26)

< G(Be). (2.27)

Case 1: Assume that G = A. Let 0 < é < 1. Proposition 2.6 implies that

.
XT(E):_Sup{<A5(:cHy,(1+2C4\/5)(ba)g)_A(( xy(b_a)g)) |

14 2C4V0)(b—a)l 1+2C4V06
( 4V8)(b—a) +204V5) (2.28)
x,y € {—3(|a| V(b)) (1 + Cyv/d) e, 3(|a| v [b])(1 + C4\/5)€e} as
|z —y| < (14 2C4V/8)(b—a)l £—o0
Let £ > 0 and & € A(alBe < blfe, (b — a)f). Consider two points
S arg min (z,e) and y € argmax  (z,e),
2€£NCone? (alBe,—e) z€&€NCone? (blfBe,e)
and denote by p(x) and p(y) their orthogonal projections on Re. By Lemma 2.10,
o = p(@)l| < Cav/ollz — alBel] < C1V3(b - a)e. (2:29)
In particular, by triangle inequality,
lIp(z) — alBel|| < [1 + 04\/3} (b - a)t,
thus
p(z) € [—3(|a| Vb)) (1 + Cuv/5)ee , 3(Jal v [b])(1 + 04\/8)56} . (2.30)
Likewise,
ly = p(y)ll < CaV/5(b— a)e (2.31)
and
ply) € [—3(|a| Vb)) (1 + CuV/5)te ,3(Jal v [B])(1 + 04\/5)56]. (2.32)
Consider the animal
¢ = (p(x),2) * & * (y,p(y)) (2.33)
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: /\ P(y) .
) AT VAR N/ \L\ e
Ey

Figure 5: Construction of the animal ¢’ defined by (2.33). The lightly shaded regions are Cone® (alfe, —e)
and Cone®(bffe,e). The shaded regions are Cone’(p(z), —e) and Cone’(p(y),e). The animal ¢’ is the
concatenation of £ (thick, solid lines), with the paths (x,p(z)) and (y,p(y)) (thick, dotted lines).

(see Figure 5). By (2.29) and (2.31),

¢ € As(pla)  ply). (b - @)1 +2C1V5) ),

thus
m() < m(¢) < As (p(@)  p(y), (b — )E(1 +2C15) ). (2.34)

By the definition of XT(¢), (2.30) and (2.32),

m(€) < (b— a)€<1 + 204\/5)

(b — a)e(1 + 204\/5)
Since 3 — A(fe) is nonincreasing on [0,1) and ||p(z) — p(y)|| > (b — a)B,

m(€) < (b— a)é(l + 204\[;) [A <Beﬁ) + X*(é)} :

1420y
Taking the supremum in £ and applying (2.28), we deduce that almost surely,
— A(alBe < blBe, (b—a)l) < Be )
lim < (1420V0)A[ ———— ). 2.35
N (b—a)t ( 4 ) 1+ 204V0 (2.35)

Since A is continuous, letting 6 — 0 yields (2.27).
Case 2: Assume that G = P. For h > 0, we say that a path = NS y is a h-cylinder path if

x € argmin{(z,e) | z € v, ||z — p(2)|| < h} and y € argmax{(z,e) | z € v, ||z —p(2)|| < h}, (2.36)

or vice versa. Note that in particular, this implies that ||z —p(z)|| < h and ||y —p(y)|| < h. Tt is a
variant of the notion introduced by Martin above (7.4) in [17]. Lemma 2.11, proven at the end of the
section, is analogous to Lemma 7 there.

Lemma 2.11. Let £ >0, 0 < § < 1/4 and a path x ~ y of length at most (b— a)l whose endpoints lie
on Re. Consider the path

v = (x — §le, x) x v * (y,y + dle). (2.37)
Then there exist v < w + 3 and a sequence (Y))1<i<r of 62-cylinder paths such that

A=Akl (2.38)
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Lemma 2.10 implies that for small enough 0 < 6 < 1/4, for all z € Cone?” (0, e)ﬂE(O, (b—a+ 52)5),
Iz = p(2)|| < 6. (2.39)

Fix 0 < § < 1/4 satisfying this property. We claim that for all §2/-cylinder paths v with endpoints z
and y and length at most (b — a)¢,

v € Diamgs (p(x) < p(y))- (2.40)

Indeed let  be such a path. Then v C B(p(z), (b — a + §2)¢) therefore for all z € yN Cone®” (p(z), —e),
by (2.39) we have
Iz = p(2)l| < &2,

thus (z,e) > (z,e), which gives z = p(z). Similarly, if z € v N Coneés(p(y),e), then z = p(y),
hence (2.40). Proposition 2.6 implies that

XH@?=&m{<P“@?jy%U__P<x;y>)+

z,y € [~ (3(la] V [b]) + 262 + 8)Le, (3(|al V [b]) + 262 + &) le] }

(2.41)

a.s. 0.

{— 00

lz =yl < ¥
2620 < V' < (b—a+20%+ )¢

Let £ > 0 and v € P(alfe < blfe, (b — a)l). With the notations of Lemma 2.11, for all ¢ € [1,7], we
denote by «}_; and a the endpoints of /. For all ¢ € [1,r], we consider the path

v = (p(wiog), wiog) * i * (@5, p(a7)). (2.42)
Then for all i € [1,r], by (2.40),
i € Pos (p(i_1) < p(a)), 17l +26%0). (2.43)
Moreover, reasoning like for (2.30) and (2.32), we get that for all ¢ € [0, 7],
p(z}) € [—(3(la] v [b]) +26° + 6) Le, (3(|a| V [b]) + 26% + &) e].

Consequently, by definition of X*¥(¢), for all i € [1,7],

m(+?) < (Il +25%0) HW) . Xi(ﬁ)].

Summing over i and applying the concavity of P, we get

m(y) < Zm(v”)

< Z Il + 20%)P (”1’”) # Yl +2) 0

il +26%¢

: (i(H%' +262€)>P<Z - ((llv ||)+25§e)))> +Z il +26%¢) X*(¢)

i=1

xH —

T,
= (||| + 2ré*¢)P (WW> + (||| + 2r8%€) X*(0). (2.44)
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— e
Tj(2) = s X N
Zj(0) * J Ti(1) ‘Q Li(2) /

-/

Figure 6: Illustration of i(n) and j(n) defined by (2.48) and (2.49). The shaded strip represents the set
of points z € R? such that ||z — p(2)|| < §2.

Applying r < @ +3, |17l € (b—a+ 2§)¢ and the monotonicity of 8 — P(Se) on [0,1) yields

m(y) 20 + 662 Be 26 + 662 t
<14+ ——— 44 |P| —— 1+ ——+46 | X*(0).
(b—a)€_< L 1 20462 4 45 L R )

Taking the supremum in ~ gives

P(alpBe < blBe, (b — a)l) 20 + 642 Be 26 + 642
<14+ ——+4+40 |P| —— 1+ ———— +46 )| X*0).
(b—a)l =t T 1 204692 4 45 Ut T )

Considering ¢ — oo we deduce that almost surely,

2
Jim. Platfe (Tblfﬂae)g(b —90 <1 + Lif_? + 45)P (1 " 257%2 " 45) (2.45)
Since P is continuous, letting 6 — 0 gives (2.27) and concludes the proof of Proposition 2.9. O
Proof of Lemma 2.11. Denote v = (x = xg,...,27 = y). Let us consider
7(0) = minargmin{(acj,e> ’ J€[0,I], |z — p(z;)] < 626} (2.46)
and i(0) := max arg max{(z;, €) ’ i € [0,1], ||z — p(ay)|| < 6%¢}. (2.47)

We only treat the case where j(0) < i(0), the other case is similar. We then define (see Figure 6) a
increasing then constant sequence by the recursion

I if i(n—1) = I,
i(n) = ¢ maxargmin{(z;,e) | i € [i(n — 1) + 1, 1], |z; — p(z;)|| < 62(} if n is odd,
max arg max{(z;,e) | i € [i(n — 1) + 1,I], lz; — p(;)| < 62¢} if n is even.
(2.48)
Similarly, we define a decreasing then stationary sequence by the recursion
0 if j(n—1) =0,
j(n) = ¢ minarg max{(z;,e) | j € [0,j(n —1) — 1], [|z; — p(z;)| < §*¢} if n is odd,
minarg min{(z;,e) | j € [0,7(n — 1) — 1], [|=; — p(x;)|| < 6%¢} if n is even.
(2.49)
Note that the sequences (Hp(l‘i(n)) —p(xi(nH))H) and (Hp(xj(n)) —p(xj(nﬂ))”) are nonincreasing
and that every subpath of the form g = (xj(o), e ,951‘(0))7 N = Ti(n)s Ti(n)+1, - - - 7xi(n+1)) or 7y, =
(fj(n+1)7 Tj(ng1)41r- - ,xj(n)) a is 02¢-cylinder path. Define
NT :==min{n >0 | nis odd and ||p(zimn)) — P(i(n+1))|| < 6¢} (2.50)
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and
N~ :=min{n >0 | nis odd and ||p(zj(n)) — p(@jms+1)|| < 6¢}. (2.51)
Consider the paths
As = (Tivsys - 2 = y) = (y,y + le) (2.52)
and
An- = (x = dle,x) * (x =x0,...,35N-))- (2.53)

We claim that they are §2¢-cylinder paths. Indeed,
0 < 6%¢. Moreover, by definition of i(N*),

zinv+) — p(@iv)) || < 020 and [y + dle — p(y + dle)|| =

(myn+y,€) =min{(z,e) | 2 € 4%+, Iz — p(2)|| < 5°¢}. (2.54)
By definition of i(N T + 1),
(wi(v+ 1), €) = max{(zs,e) | i € [i(NT), 1], lz; — pla)|| < 6°¢}.
Besides, ||p(zin+)) — p(zin++1))|| < 00 and y — p(x;(n+)) € RTe therefore
(y + lée,e) = max{(z,€) | z € 4%+, |z — p(2)|| < 6°¢}. (2.55)

Consequently, 4%, is a 02/-cylinder path. The same goes for Yy- Our candidate for (7;)i1<i<, is the

A= T — + + A+
sequence (7]\[77’7]\[7,17 Yo V05V s e 57N+_17’7N+)'

For all n € [0, Nt — 1], by triangle inequality,

||x1(n) — Li(n+1) || > Hp(xz(n)) 7p(xi(’n+1))” - Hp(xz(n)) - xi(n)” - ||p(xi(n+1)) - xi(n—i—l)”

> 50— 26%0 > %

Likewise, for all n € [0, N~ — 1],

Y4
250 = Zjman || = 5
Consequently,
Nt 4 N- < (b —Ma)f _2(b— a)7
o 1)
2
thus r < @ + 3. O
2.4 Proof of Theorem 1.3
Let K be a compact subset of X'. Consider
e~ ol

0<d<1l— sup

2.56
(z,y,0)EK 14 ( )

Let 0 <e < %. Consider an integer M > ¢~ and a modulus of continuity w of G on B(0,1 — § + €).
By compactness there exists a finite family ((,,,yn)), <n<n Of pairs of colinear points in B(0,1), such
that for all pair (z,y) of colinear points in B(0, 1),

lz —znll +lly —ynll <€
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for some 1 <n < N. For all L > 0, define

- m e [1,2M],

X (L) = max ‘
|zn —ynll < 37

G(anHLyn,mﬁL) m (M(yn—xn)>’ n € [1,N],

Let L > 0 and (z,y,¢) € K. We claim that

G(Lxz + Ly, L{) Y
L 14

a 3e
< 0G(0 —_— X*(L).
)] =60 (g5Tg ) e
Indeed the inequality is clear if £ < §. Assume that ¢ > §. There exists 1 < n < N such that
[ = znll +lly —ynll <e.

Let m :==|M (£ — €)]. Note that

mZM(E_E)_le(E_E_]\l/[> > M(L— 2e).

We first estimate W By two iterations of the triangle inequality we have

M(yn_xn) _y_m
m 12

HM(yn—wn) My —z)

N

< Xl =yl + llm = 2ll] + |2 = 2y =
- m Yn =Y " m V4 y
= Y iy =l + e — 2]+ 22y —
= vy =y n i y :
Applying (2.59), (2.60) and ||y — z|| < 1 yields
M(yn —zn) y—= £ . 2e -
m L T 4—2 Ul —2e)
Since £ > 6§, we get
M(yn —zn) y—= < e . 2e < 3e .
m 14 0—2¢  6(0—2¢) = 0(5—2¢)

In particular, 37 > ||z, — yn||. Let £ € Q(an < Lyn, ’”Tf) Then the animal
¢ = (La, Lay) & * (Lyn, Ly)
satisfies ||¢/|| < ™ +eL < L¢, thus £ € G(Lx +» Ly, L{). Consequently,
m(€) < m(¢') < G(Lx ¢ Ly, LL).

Taking the supremum with respect to £ leads to

L
G(Lxz ¢ Ly, Lt) > G(LG < Ly, WJL)

By definition of X**(L), we get

G(Lz < Ly, Lt) _ m [ My, — x,) .
- g’ > — 2] — X L).
L = MG< m 2
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(2.59)

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)



Plugging (2.60) and (2.61) into (2.64) gives

GLa & I L0 (. [G<

L

)l @

>£G<y £x> ( )> 2eG(0) — X (L),

[G(LmHLy,Lﬁ (y mﬂ

thus

g ‘ (sooa) reO X @

which gives (2.58).
In particular, by Proposition 2.9,

L Ly, L — B as.
Sup{ [G(MM _ m(“)] ) € K} as g (2.66)
L / L—o0
Similarly, letting m’ :=[M({+¢€)| < M (£ + 2¢) < 2M leads to
m'L
G(Lx < Ly, L{) < G| Lzy, <> Lyp, ) (2.67)

L

prove the L! convergence, let a > 0 be such that B(0,2) C Diam'/?(—ae; > aey). For all L > 0 and
(z,y,0) € K, a straightforward concatenation argument yields

+
thus the analogue of (2.66) with M - G(y_w)] , thus the almost sure part of (1.22). To

G(Lx < Ly, (L) < AYV2(—aLe; «» aLey, (1 +4a)L)
L - L ’
Lemma 2.2 and the domination (2.68) imply the L! part of (1.22).

In the case G = A, (1.23) is a direct consequence of (1.22), as for all L > 0, A(L) = A(0«+ 0,L).
Let us turn to the case G = P. Let L > 0. We have

(2.68)

P(L) > P(0 ¢ 0, L),
therefore, almost surely
P(L
lim ﬁ > P(0). (2.69)
L—o0 L

Besides, for all u € B(0,1),

P(0 <> Lu, L) §P<0<—> 1L~(15)U,L>,

-0 1-96
thus
P 1
P(L) =— sup PO+« Lu,L)
L L u€B(0,1)
1 P(0r 15 v, 15)
<—— sup 7 . (2.70)
1-9 vEB(0,1-5) -6

By (1.22) and P(0) = sup,cpo,1) P(v), almost surely,

P(L) _ P(0)
lim —~ < —= 2.71
P S R @7)
The almost sure part of (1.23) is a consequence of (2.69) and (2.71). The domination (2.70) gives the
convergence in L. O
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3 A sufficient condition and a necessary condition for integra-
bility

Let N be a simple marked stationary point process on R? x (0,00), with mean measure Leb®v
(see (1.11)).

3.1 A sufficient condition for integrability: proof of Proposition 1.9

We rely on Lemmas 3.1, 3.2, and 3.3 which respectively states that:
1. The moment property (1.34) is stable by mapping and restriction.

2. If NV has the form ® ® d; (i.e. all the marks are equal to 1) and satisfies the moment property
(see (1.34)) with the constant C, then sup,~; # is bounded by a quantity the only depends on
its mean measure, C' and d.

3. The variable sup,>, %W] is bounded by the integral on (0, 00) of the corresponding quantity

with () defined by (1.36) (see (3.2)), which is of the form ® ® §;.

Their proofs are postponed to the end of the section. By equivalence of the norms on R? there exists
a constant Cs > 0 such that for all animals &,

1
oz el < llll = G5l

thus the truth value of E [sup421 #} < 0o does not depend on ||-||]. We may thus assume ||| = ||-||;.
Lemma 3.1. Let ® be a point process on a reqular space G. Assume that ® satisfies the moment
property with the constant C'.

(i) For all Borel subset G' C G, the point process ®|g satisfies the moment property with the constant
C.

(ii) For all reqular space G' and measurable map f : G — G', the point process ® o f~1 satisfies the
moment property with the constant C'.

Lemma 3.2. Let ® be a stationary point process on R? with mean measure (see the definition (1.10))
ALeb, where A < co. Assume that ® satisfies the moment property with the constant C. Then there
exists C1 > 0, depending only on d and |||, such that

E [sup /W’w} <Oy - (CAYL (3.1)
>1 4

Lemma 3.3. Almost surely,

0 (t)
A(fzm - /0 A VY] (3.2)

sup ———=dt.

sup
e>1 ¢

0>1

Assume the hypotheses of Proposition 1.9. Let ¢t > 0. By the first part of Lemma 3.1, the restriction
of N on R x [t,00) satisfies the moment property with the constant C. By the second part of this
lemma, applied with the mapping

fiRYx [t 00) — RY

(z,8) — x,

the process N'(*) also satisfies the moment property with the constant C.
Besides, we claim that
My = v([t,00)) Leb. (3.3)
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Indeed, let B C R4 be a Borel set. We have

My (B) = E [ /B N (t)(dx)}

ie. (3.3).
Lemma 3.2 then yields

AN @ 6]
sup —mm

< O CY ([t 00)) 1.
>1 14

E

Combining this inequality with (3.2) leads to (1.35). O

Proof of Lemma 3.1. Proof of (i). Note that for all k¥ >, for all Borel sets By,..., By C G/,

(@) (HB ) = o) <f[1 BZ-).

Proof of (ii). Let k> 1 and By, ..., By be Borel subsets of G’. Recall (1.6). Then

<¢of—1><k>(ﬁ3i)= S [t

i=1 1<ni,...,np<N i=1
pairwise distinct

M

Hﬂf 1(3) l‘n
1<nq,..., nE<N =1
pairwise distinct

) <H f_l(Bi)> .

Taking the expectancy and applying (1.34) concludes the proof. O

Proof of Lemma 8.2. First assume that A = 1. We follow Lemma 2.1 in Gouéré, Marchand (2008) [10].
Let
ap = (2+e0) . (3.4)

Given an integer £ > 1 and a > «y, let II(k, ) denote the set of k-uples (z1,...,2;) € (RY)F of
pairwise distinct atoms of ® such that

k

k

00, 21,...,2¢)| = E lzi — x|l < =
i=1

with the convention xg = 0. We have:
P(I(k, ) # 0) < E[#11(k, o]

- /( k>az =i (Mo (dzy, -, dag)
k

< / exp(k;—aZHxi —J)i_]H)Mq)(k) (dzq, ..., dzg).
(R)k

i=1
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Applying (1.34) gives

k
P(M(k, o) # 0) < C* / exp (k - aZHxi - :v21||> dzy...dzg
(Rd)k i=1

_ (o/R exp(1 —a||a:)dx)k

= (Ca_d . e2d)k. (3.5)

By union bound,

P (sup P28 5 o) < S et 40

/
£21 k>1

< Z a e2d

k>1

By definition of o (see (3.4)), the series converges, and

P(0)|® _
P(sup M > a) < Ca~%.e2%. (1 —Ca~¢. e2d) !
>1

< 2%tleCa?.

Consequently,
]E[Sup P(f)[‘b@‘sﬂ] _ / ]p<supP(£) > a>da
>1 4 0 >1 ¢
< g + 2% eC - (/ Oz—dda>
ag
2‘”160(1(1)7‘1
I S T
thus
d+1,,1\1/d
E[sup P(0)[® ® 1] < d(24teC) ' (3.6)
>1 14 d—1

In the general case, consider the homothety f : z — A%z on R?. By Lemma 3.1, ® o f!
satisfies (1.34) with the constant C. Besides, since ® o f~! has mean measure Leb, by the previous
case,
d(2d+1ec)1/d

E
- d—1

P(¢) [((I) of H® 51]
sup 7
£>1

Moreover, for all continuous paths -,

m(7)[® ® 6] = m(f(7))[(®o f7) @8]

and
LFEI =AYl
hence P(0)[® @ 1] (241 eC))V/d
E [212111) 7 ] < 71 , (3.7)
which concludes the proof with (1.20). O
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Proof of Lemma 8.5. We follow the proof of Theorem 2.3 in Martin (2002) [17]. Let £ be an animal.
Then

m(V] =Y m(x) V]

TEE

=> / Ly<m(a)vdt
0

€L

= / D icm@ | dt

0 1SS

- [ (e

Taking the supremum with respect to £ € A(¢), then ¢ > 0 yields (3.2). O

3.2 Necessary conditions for integrability: proofs of Propositions 1.10 and 1.12

We first state a minor adaptation of the ergodic theorem for point processes (see e.g. Theorem 12.2.1V
in [6]), in which we assume ergodicity but not locally finiteness of the mean measure.

Theorem 3.4. Let ® be a stationary ergodic simple point process on R¢ and K C R% be a compact,
convex subset with positive Lebesque measure. Almost surely,

qu;(j@() 1o & (1o, 17)] (3.8)

Proof. We only need to treat the case where E {@([0 , 1]d)} = oo. Fix an integer £ > 1 and denote by

®;, the point process obtained from ® by removing every atom of ® with distance to the nearest . Note
that @y, is stationary, ergodic, has a locally finite mean measure and almost surely, for all B € B(Rd),

lim 1@, (B) = &(B).
k— o0
By Theorem 12.2.IV in [6], almost surely, for all k > 1,

tin S0 (0.)]

Consequently, almost surely, for all £ > 1,

1 7>E[<I> (0,1 )}
oo 1 Leb(K) — e(0,1]
Letting k — 0o, we get that almost surely,

) P (nK)
lim ————— =
n—ro0 nd Leb(K)
An elementary inclusion argument provides the analogous result with a limit along ¢ € (0, c0). O
The proofs of Propositions 1.10 and 1.12 rely on Lemmas 3.5 and 3.6. They are consequences of

Theorem 3.4 above and Theorem 3 in Few (1955) [8], which gives asymptotics for the minimal time in
the so-called Travelling salesman problem for the Euclidean distance in a unit cube.

Lemma 3.5. Let ® be a stationary ergodic simple point process on R? and A < E {CD([O , 1]d)], Then

there exists L > 0 such that
IP((I)([O,L]d) > )\Ld) >1/2. (3.9)
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Lemma 3.6. There exists a constant Cg, depending only on d and ||-||, such that for all n € N* and
X1,..., Ty € [0, L]d, there exists a path 7y starting at the origin, such that for all i € [1,n],z; € v, and

Il < Con*T L. (3.10)

Proof of Proposition 1.10. Let t > 0 and A < E [N(t) ([O , 1]d>] For all L > 0, consider the event

E,(L) = {N(t)([O,L]d) > /\Ld}. (3.11)
Lemma 3.5 implies the existence of L > 0 such that
P(E:(L)) > 1/2. (3.12)
Moreover, by Lemma 3.6,
E,(L) C {P<C6 ()\Ld)ddlL) {/\ﬂf) ® 51} > )\Ld}. (3.13)
Consequently,
E[P(Cax ™ L) N0 28,)| > E[P(Cor T L9) [NO 06115,
>E [/\L ]lEt(L ]
ALY
> —.
- 2

In particular,

EPOWND@a]] _ A

> ) 3.14
i 7 =96, (3.14)
thus 1d
d
E[P(OIN® 98] _ ENO(00,1))]
sup > . (3.15)
>1 14 2Cs
To prove the first part of Proposition 1.10, note that
E[A E[P()IN® 6
ap EAOWY ,  EPOWY ©6]]
1 >1 L

Applying (3.15) gives

E[N“)([o,l]dﬂ < o0,
thus M s is locally finite.

Integrating (3.15) with respect to ¢ on (0, 00), applying (1.37) and noting that E [./\/'(t) ([0 , l]d)} =
v([t,00)) gives the second part of the proposition. O

Proof of Proposition 1.12. Let ®, v and N be as in Proposition 1.12. Assume that (1.39) fails. We
prove that Assumption 2 also fails. In the decomposition ® = " ;6. (see (1.6)), we can assume
that ([|z]),,~, is nondecreasing. We claim that there exists a constant ¢ > 0, depending only on ||-||,
such that that almost surely, for large enough n,

Cnl/d

Indeed by Theorem 3.4, almost surely, there exists £; > 0 such that for all £ > £,

w\y

o (B(0,£)) > 2 Leb(B(0,0)).
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1/d
Taking ¢,, :== (}MM) gives
®(B(0,4,)) = n
almost surely, for large enough n, thus (3.16).
Let s > 0. Since v has an infinite d-th moment,

Z P(m(zn) > snl/d) = Z P(m(zl)d > sdn) = 00.
w1 n>1

Besides, the m(z,) are independent, thus by the Borel-Cantelli lemma, almost surely, for infinitely
many n > 1,
A(||za]]) > m(z,) > snl/9. (3.17)

Equations (3.16) and (3.17) yield

A(0) s)\l/d.

In particular, the conclusion of Theorem 1.3 fails, hence Assumption 2 also fails. O

4 Proof of the corollaries

4.1 Lattice paths and animals

In this section we prove Corollary 1.5. We only treat the harder case G = A. Let ||| = ||-||; and
(m(v)),cza be as in the corollary. We consider the process
NZ: Z 5v,m(’u)~ (41)
veZd

Let U be a uniform random variable on [0,1]"
define the point process

, such that U and (m(v)),czs are independent. We

N = TyN. (4.2)

Our main arguments are Lemmas 4.1 and 4.2, which imply that AY(x <+ y,n) can be approximated by
A (2 < y,n)[N'], and N satisfies the hypotheses of Theorem 1.4.

Lemma 4.1. For all z,y € Z¢ and n € N,
Atz o yn+1) = A (z & y,n)N]. (4.3)

Lemma 4.2. The process N’ is stationary and satisfies Assumptions 1 and 2. Moreover, for all
z,y € R? and ¢ > 2d,

A (2 &y, 0 —2d)[N'] < AP (2 5 4, O[N] < A (2 &y, 0+ 2d)[N]. (4.4)

Proof of Corollary 1.5. Let K C X be a compact set. It is sufficient to show that

L _ 1
sup{ ’ A-( L) i LLy) LO) — (AN <x 7 y) ’ (x,y,0) € K} —)a'S'LiI:d Lo, (4.5)
Define
sz—lmax{”x;y”‘(aﬂ,y,€)€K}>0. (4.6)
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Let 0< 6 < % Consider the set
Note that K is compact, K5 C X and for all (z,y,¢) € Ky,

le—ull _, <
4 - 2

Let w be a modulus of continuity of the restriction of A[JN’] on B(0,1 - 5).
By Lemma 4.2, the process N satisfies the hypotheses of Theorem 1.4, thus

A (La & Ly, LO[N] o) (T =Y\ hpr
7 — (Al )( ; )[ ]

X(L) = sup{)

(z,y,0) € K(;} "‘L“‘—““l> 0. (4.9)

— 00

By (4.3) and (4.4), for large enough L > 0, for all (z,y,¢) € K,

AV(La| ¢ [ Ly, LO) < A (Lx o Ly, f_g) A,
thus by triangle inequality
L - +
wp { [A Lofer Ly L0 _ gA<”3 £ y)[ ,]] (oy.0) € K}

+

L 4
) ( L 7% ’ ) —
<Sup{ A ) W (LSS0 V| P K}
+sup{‘1f5A<(1 _5)£(x_y))[Nq —eA<“"”;y>[ W (2, 0) € K}.
Consequently, by (4.8), the definition of X'T(L) and the definition of w,
. { {AL(LLJJ Lo lghLt A(x;y) [ N,]} Ve K} .
< 116X”<1£6> + <1i5 — l)A(O)[ "1+ w(6).
Similarly,
< liéxﬂ(lia) + <1 - Hl_é)A(O)[N’] + (o),

Taking L — oo then 6 — 0 gives the almost sure convergence in (4.5). The inequality (4.10) also gives
the L' convergence by domination. O

Proof of Lemma 4.1. Let z,y € Z? and n € N. Any lattice animal ¢ € A"(z <+ y,n + 1) may be
covered by a tree belonging to A*(x ¢ y,n) and included in Z¢, therefore

Ab(z o y,n+1) <A™ (z & y,n)N]. (4.12)

31



Conversely, let ¢ = (V, E) € A*(x +> y,n). Assume that ¢ C Z?. For all edges {z,2'} € E, there
exists a lattice path
V(2,2 )= (2= 20,2, = 2'),
with r = ||z — 2’||;. Let

= U =2

{z,2'}€E

Then V C ¢ and ¢ € A%(x > y,n + 1), thus
Atz = y,n+1) > A (z &y, n)N]. (4.13)
O

Proof of Lemma 4.2. Stationarity is a straightforward extension of Example 6.1.4 in [2] to marked
processes. To show ergodicity, let E C N(Rd x (0, oo)) be an invariant subset, i.e. F satisfies (1.21).
Then by independence of (m(v)), 4 and U,

PN € E) = / P(T,N € E)du.
(0,1
Since F is invariant,

PN’ € E) = / PN € E)du = PN € E).

[0,1)¢

Using the ergodicity of the family (m(v)), e, we obtain P(N' € E) € {0,1}, thus Assumption 1 is
proven.

Let 2,y € R? and £ > 2d. Let ¢ € A*(z <> y,{ — 2d) such that & C (N”)*. Then the translated
animal

f=g-U
satisfies £ C N*, m(§)[N] = m(¢')[NV'] and by the triangle inequality,

€l +d(=, &) + d(y, &) < [I€']ly + d(2, &) +d(y, &) +2[|U|, < ¢,

ie. £ .= A*(z <> y,£). This implies the first inequality in (4.4). The second one is similar.
We now prove Assumption 2. Let ¢ > 1. By (4.12),
A (OIN] = A0 ¢ 0, () [A]
< AP0 0,[ODN]
= A0« 0,[0]+1)

=AM+ 1). (4.14)
Applying (1.27) yields
E[AC)(¢
sup w < 00. (4.15)
1 ¢
Consequently, by (1.20),
E[A
sup E[AOV]] < 0. (4.16)
>1 14
The first inequality in (4.4) gives the analogous bound for A/, i.e. Assumption 2. O
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4.2 Greedy animals and paths and Determinantal point processes

In this section we prove Corollary 1.7. We fix a stationary marked simple point process N on R¢ x
(0, 00), with mean measure Leb ®v. We assume that N is a good DPP with kernel K and background
measure p = Leb ®v, such that v satisfies (1.3). By stationarity, for all z € R4, for (Leb ®v)®*-almost

all ((1,t1),- -, (x5, 1)) € (RY x (0,00))",
det(K((Ii + Z,ti)a (xj + thj)))1§¢’j§k = det(K((xiati), (Ijatj))hgi,jgk' (4'17)

Moreover, dzv(dt) = My/(dz,dt) = K((z,t), (z,t))dzr(dt), thus for (Leb®v)-almost all (z,t) € RY x
(0, 00),
K (1), (1)) = 1. (4.18)

In particular, by Proposition 5.1.20 in [2], for all £ > 1 and Borel subsets By, ..., By C R% x (0,00),

k k
Mrao <H Bi) < || Mn(Bi), (4.19)

i=1
i.e. (1.34) with C' = 1. In particular, by Proposition 1.9 Assumption 2 holds.

To show Assumption 1, it is sufficient to prove Lemma 4.3.

Lemma 4.3. For all compact subsets A, A’ CR? and B, B’ C (0, 00),

P(N(Ax B)=0,N((A +2z) x B")=0) T P(N(Ax B) =0)P(N(A" x B') =0). (4.20)

Z|| —00
Indeed, since N is simple, by Rényi’s theorem (see e.g. [2, Theorem 2.1.10]) the void probabilities
P(N(A x B) = 0) with compact subsets A C R? and B C (0,00) characterize its distribution. Con-
sequently, Lemma 12.3.II in Daly, Vere-Jones (2007) [6] and Lemma 4.3 imply that A is mixing, thus
ergodic. 0

Proof of Lemma 4.3. By Corollary 5.1.19 in [2], for all compact subset D C R? x (0, c0),

< Nk
PN(D)=0)=1+ Z ( kll) Lk det(K((zi,t;), (xj’tj)))lgi,jgkdxl coodzpr(dey) . ov(dtg). (4.21)
k=1

For all integers n,m,k > 0 such that n+m = k, 1.4 = (z1,...,21) € (RH*, t1.4 = (t1,...,1) €
(0, oo)k and z € R?, define

f(n,m, kvxlzkatl:k)[z} = det(K(yiayj))1§i¢j§k7

where
(@i ts) if1<i<n,
e (Ti+2,t) ifn+1<j<k.

Fix n,m, k. We claim that for Leb®* @v®*-almost all (z1.x, t1.x),

||zl|\i§oo f(TL, m, k, x1., tl:k)[z] = det(K((xi, ti)v (xj, tj)))1§i’j§n : det(K((xl—, ti)a (xja tj)))n+1gi,jgk'
(4.22)
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Indeed, consider the subgroup &1([1,%]) of S([1,%]) consisting of permutations that fix [1,n] and
[n+1,k], and Sa([1,k]) ==& ([1,k]) \ S1([1,%]). We have

f(n,m, k,z1p, tg)[2] (4.23)
k
= Z H K yla ya(z
ceS([1 7k]]) i=1
k k
= Z HK yzaya(z Z E(U) HK(yuya(z))
oe6([1, k]]) i=1 0662([[1ak]]) i=1
n k
= Z 5(01)HK(%7%1(¢)) Z e(o2) H K (Yir You (i)
01€6([1,n]) 1 026G ([n+1,m]) i=n+1

—= 5

+ ). e(o)

€62 ([1,k]) i

K(yia yo(i))~

Il
-

By (4.17), for Leb®* @uv®*_almost all (1.5, t1:1),

f(ny,m, k,x1.5, t1.1)[2] = det (K (24, ), (xj,t Mi<ijon - det(E (2, 1), (25,45))) pi1<ij<k

+ Z E(O'>HK(yuy0'(z))

e ([1,k])

Each term in the sum is the product of factors that are either constant with respect to z or converges
to 0 when ||z]] — oo, and at least one of them belongs to the second category, thus applying (1.31)
implies (4.22).

Let A,A” C R? and B, B’ C (0,00) be compact subsets and z € R%. Assume that |z|| is large
enough so that AN (A" + z) 0. Then by (4.21),

PN(Ax B)=0, N((A+2z)xB')=0)

=P(N((Ax B)U((4' +z) x B')) =0)
(o] _1 k

=1+Z( k!) / , (K (1), (25, 1))) 1 g yepn - dapp(dy) . v(dty)
k=1 ((AxB)U((A’+2z)xB"))
= k!

S 2

/ det (K (27, 1:), (27,17))) <1 s <l ..dxkz/(dtl)...z/(dtk)]
(AxB)" x ((A'+2)x B')™

TS 9 o Ll

k=1n+m=k

/ f(n,m,k,x1.k, t1x)[2]day .. degr(dEy) . .. u(dtk)] )
(AXB)™ x (A’ xB")™
(4.24)

We will apply the dominated convergence theorem to the integral in (4.24). By Hadamard’s inequality
(see e.g. [13, Theorem 7.8.1]) and (4.18),

k
ng(namakaxlzkatlk H ymyz = 7
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thus

= 1
1+ 7/ f(nﬂmak7xl:kat1:k)[z]d$1--.dxkl/(dtl)...l/(dtk)
l;n;klmm! (AXB)"x (A’ xB")™

Sy AL

nlm!

k=1n+m=~k
_ (1 . i Leb(AZZu(B)”) _ (1 N i Leb(A’):!y(B’)m> -

Consequently, (4.22) and (4.24) yield
lim P(N(Ax B)=0,N((4"+2) x B')=0)

l|2]] =00

- (-1)* /
Z Z [ n!m! (AXB)"x(A’xB/)™

k=1 n+m=k

det(K((xi,ti)7 (xj’tj)))lgi,jgn . det(K((xl,tl), (xj’tj)))nJrlSi,jgkdxl e dl’kl/(dil) e l/(dtk) s

thus applying (4.21) once again gives (4.20). O

Appendix: A superadditive ergodic theorem

In this section we prove Theorem 1.13. We follow Akcoglu and Krengel (1981) [1]. For all processes X
as in the theorem, we define
E[X(0,1)] E[X(0,1)] E[X(0,1)]

— up EXQ@0] _ )
R (A1

the second and third equalities being consequences of Fekete’s lemma. Our main argument is the
maximal inequality given by Lemma A.1.

be a stationary, nonnegative, superadditive, discrete process. Then
s<t

S,tEZ

]P’(sup M > a) < 37()2). (A.2)

Lemma A.l. Let (X(&t))

for all a > 0,

n>1 2n «

Proof. Let N € N*. Corollary 4.5 in Akcoglu and Krengel (1981) [1] with the 1-regular family

([[_”an]])1gn§N gives
X(- (%)
P( s <M>>a> )
1<n<N 2n (0%

Letting N — oo yields (A.2). O

Proof of Theorem 1.13. Let a <b. We define

Y(a,b) := lim X(at,bl) and Y (a,b) == lim M. (A.3)
{—00 £— 00 Z
For all t > 0 and n,m € Z such that n < m, we define
m—1
Si¢(n,m) = Z X (kt, (k+ 1)t). (A4)

k=n
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By Birkhoff’s ergodic theorem (see e.g. [19, Theorem 1.14]), for all ¢ > 0, for all integers a < b, the
limit

lim lSt(an, bn) (A.5)

n—o00 N

exists a.s. and in L'. In particular, the inequality
X (al,bl) > X (kt, (k + 1)t)

implies

EY(a,b)] = (b—a)y(X).

Fatou’s lemma yields the converse inequality, thus
EY(a,b)] = (b—a)y(X). (A.6)

To prove the almost sure convergence, we treat three cases differently, according to the values of a and
b.

Case 1: Assume that a and b are rational and satisfy a < 0 < b. Define ¢ := |a| V |b|. Let a > 0.
Since ¢ — X (al, bl) is nondecreasing, for all L > 0,

X (akL,bkL _ — X(akL,bkL
Y(a,b) = tim SLFLORD) 4V (a,b) = T A9kL ORL)

k kL
k—00 —00

. (A7)

In particular, without loss of generality a and b may be assumed to be integers. By (A.1) there exists
t > 0 such that

E[X(0, ¢
KOO ) -« (A.8)
Consider the discrete process (Xt(n, m)) nem defined by
n,mez
Xi(n,m) == X (nt,mt) — Sy(n,m). (A.9)
Then by (A.5) and (A.7), almost surely,
- - — Xy(ka,kb) . Xy(ka,kb)
Y(a,b) = Y(a,b) = lim ——5— — lm —=5—.

Moreover, since X, is nonnegative and superadditive, for all k£ > 1,

Xi(ka,kb) _ Xi(—ke, ke)

0< < .
- kt - kt
Consequently, A
_ Xi(—ke, k
Y(a,b) — Y (a,b) < sup M
k>1 kt

Besides, X, satisfies the hypothesis of Lemma A.1, thus for all a > 0,

- Xi(=ke,ke)  ta
P(Y (a,b) —Y(a,b <P LAt A
len =y =o) < (i&% ke 20)

6cy (Xt>

<
- ta
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Moreover, by (A.8), 7<Xt) =t(y(X) —v(St)) < €, therefore

P(Y(a,b) — Y(a,b) > a) < %.

Consequently, almost surely, Y (a,b) = Y (a,b), i.e. the limit

(A.10)

exists.
Case 2: Assume that a and b are rational numbers with the same sign. We only treat the subcase
0 < a <D, the other one being similar. Using Case 1, by superaddivity,

Y(a,b) <Y(a,b) <Y (0,b) — Y (0,a). (A.11)
By (A.6) the lefthand side and the righthand side have the same expectation, thus almost surely,

X (at, bt)

{— 00 Y4

=Y (0,b) — Y(0,a). (A.12)

General case. Consider two sequences of rational numbers (a,,) and (b,,) such that

lim ta, =a and lim |b, =b. (A.13)

n—00 n— oo

Using Case 1 or 2, depending on the sign of a,, and b,, by monotone convergence, almost surely,

Y(a,b) <Y(a,b) < lim [ Y (an,by). (A.14)

n—oo

By (A.6) the leftmost and rightmost terms have the same expectation, thus almost surely,

o X(at,be)
Y(a,b) := elggo — = nh_)ngoiY(an,bn),
i.e. the almost sure part in (1.41), and (1.42) hold.
We now turn to the L' convergence in (1.41). By (A.6), Y (a,b) is integrable, hence by dominated

convergence
lim E [(X(aé,bé) — Y(a,b)) ] =0. (A.15)
£—00 /
Furthermore, using (A.6) again yields
X
lim E [W - Y(a, b)] =0. (A.16)
£— 00 Y4
Combining (A.15) and (A.16), we obtain the L' convergence. O
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