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Abstract

In this article we give a simple construction of strong solutions to hyperbolic corner problems. The
main idea of the method is to reduce the analysis to the study of transport equations and to treat the
coupling between the transport phenomena as a source term. Then we solve inductively with a loss of
one derivative at each step. Such losses being compensated if one considers infinitely regular sources.
This simple approach gives strong solutions to hyperbolic corner problems and thus answer a natural
question. Indeed in a general setting such existence results are frequently not considered in the literature
(we are here thinking to the seminal work of [10]). As an application of the existence of strong solutions,
we study the viscous approximation of hyperbolic corner problems and we show that the boundary layers
localized along the two sides of the boundary do not interact the one with the other.

Key words: Hyperbolic system of PDE/Boundary value problem/Corner domain/Viscous approxima-
tion/Existence of strong solutions

Acknowledgements: This article is directly inspired from a question of Guy Métivier during the PhD
defense of the author. This question was essentially ”"and what about strong solutions 7”. Some years pass,
but the author is now pleased to give a first answer to this pertinent question.

Contents
(1__Introductionl 2
2__Main resultsl| 5
2.1 Some notation and assumptions|. . . . . . . . ..o Lo e 5
2.2 Simple construction of strong solutions to hyperbolic corner problems| . . . . . ... ... .. 7
2.2.1  Statement of the main resultsf . . . . . . ... ..o oo oo 7
[2.2.2  Consequences| . . . . . . . . . ... 8
223 Variable coefficients in a nutshelll . . . . . . . . .. 9
B__Proof of the main results| 9
B.1__Proof of Theorem 2.11. . . . . . . . . . . e 9
[3.1.1 Reformulation of the equations |. . . . . .. ... ... ... ... ... ... ... 9
B 12 The iterative schemel . . . . . . . o o o o 11
8.1.3  Convergence analysis|. . . . . . . . . .. L 14
B.2 Proof of Theorem 2.20. . . . . . . . . . . . e 16
13.3  Modifications of the proofs for variable coefficients| . . . . . . .. ... .. ... ... ..... 17




[4  Application to viscous perturbations| 19

4.1 Half-space viscous perturbation in a nutshell and heuristic for the quarter space|. . . . . . . . 19
4.2 Notation and assumptions| . . . . . . . . . . . Lo e 20
4.3 The proof in the quarter-space|l . . . . . . . . . . .. L e 20
4.3.1 The leading order term| . . . . . .. .. ... oo 22
432 Construction of the correctord . . . . . . . .. ... ... .. 24
33 Frrorestimatel . . . . . . ... 26
E’)_Discussions and examples | 27
[5.1 Discussion about the functional spaces of resolution] . . . . .. ... ... ... ........ 27
5.2 iscussion about Assumption |2.4] . . . . ... Lo L Lo 27
P.2.1  The wave equation| . . . . . . . . . . L 28
p.2.2  Shallow water equation| . . . . . . . .. L L L 28
5.2.3  Linearisation of Euler equation] . . . . . . . . . ... ... L oo 30

1 Introduction

This article follows [3] and aims to study the strong well-posedness of hyperbolic boundary value problems
defined in domains with a corner. We will be particularly interested in strong solutions. We restrict our
attention to the problem in the quarter-space. The considered problem in the following reads: for d > 2 and
T >0,

L(&)u = 8tu + A181u + A282u + Zj:?, Aj8ju + Du = f for (t,I) S ]—OO,T] X Ri X Rd_2 = QT,

Biujg,—0 = g1 on |—o0,T] x Ry x R¥=2 =90, r, )
Bau)z,—0 = 92 on |—00,T] x Ry x R¥=2 = 9Q, r,
ui<o =0 on R? x R¥72:=T,

where the unknown v has its values in R, for some fixed N > 1 and where f, g1, g» are given source terms
in a suitable functional space. The interior coefficients are given matrices A;, D € Myxn(R), while the
boundary matrices By € My, xn(R), By € M,,xn(R) encode the good number of boundary conditions.
Namely in the above, p; stands for the number of (strictly) positive eigenvalues of A;. We will also consider
the variable coefficients case and the initial boundary value problem associated to (that is to say the
problem defined on ]0,T[ x I, T" > 0, with a non homogeneous initial condition).

Before to describe with more details the results of this article, let us point that even if the study of
the well-posedness of problem is a rather old question which appears in the 70’s in the litterature with
the works of Osher, Sarason and Smoller (we refer to [I0] and [I4]), and despite the fact that this problem
encounters some renewed interest recently with the contributions of Huang-Temam [7], Halpern-Rauch [6],
Métivier-Rauch [9] and the author (see [2] and [3]), then a little is known about such a well-posedness theory.
Without enter into technical details, let us say that, at present time, a full characterization of the boundary
matrices By and B, ensuring the strong well-posedness of the problem in the basic hilbert space L? seems
to be a hard problem and constitutes a widely open question. It does not have a lot of advances since the
pioneer work of Osher [10]. However, in some particular cases (we are thinking to the natural subcase of
symmetric operators with (strictly) dissipative boundary conditions) we have some (non optimal, but simple)
results of well-posedness, see for example [6] or [3].

In [3], we studied the persistence of regularity of the solution to . Crudely speaking, we addressed
the question ”if the sources of the problem are in some (high order) Sobolev space H®, then what about the
solution u ?7”. We will not describe the results of [3] in all details, let us just indicate that, because corner
problems look like characteristic (half-space) problems, we obtained a good persistence of regularity in some
tangential Sobolev spaces. These spaces are defined by the differentiation operators (x10;)** and (x202)2,
with a1, as > 0, instead of the classical derivatives Of'* and d52. In particular, in such spaces, because
of the vanishing weights, we do not have a precise control of the traces of the solution u at the boundary
O 7 U0 1.



It is fair to say that the proof exposed in [3] is rather long and technical. So one of our goal in the
present article was to find some persistence of regularity result, but with a simpler proof. Moreover, it will
be motivated below, we also aim to obtain a persistence of regularity result ensuring a good control of the
traces of the solution at the boundary.

In the following to simplify the methods of proof, we first choose to restrict our attention to sources with
infinite regularity, and we thus want to construct a strong solution u to . Let us here point, for future
purposes, that because, at the end of the day, the solution u € H*°, then the definitions of the traces u|,,—o,
Ujgy=0 aNd Uy, —z,—0 are straightforward.

The main idea of the method of construction of such a strong solution is to look for some decomposition
of the space RY := E; @E,, in such a way that if we decompose u = u; +us with u; € Ej, then u; essentially
solves the kind of ”transport equation”

d
8tuj + )\j@jﬂj + Agfjagfj'l.llj + ZAj,kﬁkuj + DUj = fj - Fj((?Ugfj) in ]—OO,T} X Ri X Rd72, (2)
k=3

where \; are some strictly negative real numbers, where 0 denotes the collection of the 9; with j € [1,d]
and finally where the gj,k, gg,k stand for some modifications of the coefficients Ax. Similarly, ﬁj stands
for some modification of the zero order term D.

Let us here insist on the fact that the existence of the above decomposition ensuring property does
not come from the hyperbolicity assumption. It is a structural assumption made on the interior coefficients
of . However, the above assumption is satisfied by many examples with physical interest (we refer to
Section || for a study of some of them).

The keystone remark in the following is that the transport phenomenon in is outgoing for the side

08 . So instead to solve in the quarter-space, we can solve it on the half-space Qo1 = |—00,T] x
Ry, X Ry oy x RE2 (or Q) 1 := | =00, T] X Ry 4, X R}Cji/_g). In particular in such a decomposition, because

the transport equation is outgoing, then only one boundary condition needs to be considered. This leads us
to solve the couple of transport equations

Oyuy + MOyuy + Axdyuy + 2223 gl,kakul = fi —F1(0uz) in ﬁ2,T7

boundary conditions on 82 7, (3)
ulugo = 0,

and _ .~ _
Ogug + AoOsug + A101us +~Zk:3 Ag,kakUQ = fo — F2(8u1) in Ql,T7
boundary conditions on 0€ r, (4)
u2‘t§0 = 07

equations where we treat the coupling Fy(Jus) and Fa(dup) as sources. We then solve and by an
iterative scheme which at each step uploads the coupling source term by taking the value obtained at the
previous iteration. Because such coupling terms depend on the derivatives of the solution, we loss one deriva-
tive at each step. Consequently to make sure that the iterative scheme is well-defined at each step, we use
in a non trivial way that the sources are infinitely regular so that the obtained solutions are. Moreover, in
order to show that the sequence converges we will also need to ask some ”nice” behaviour for the derivatives
of the sources. We refer to equations for a precise definition.

Consequently as indicated before our result is not optimal at least in two different directions:

e It necessarily requires infinitely many derivatives on the sources. In particular, it is not a true persis-
tence of regularity result where the sources are expected to be "only” in some H* for fixed s € N.

e We can not obtain the whole generality of the space H® because of the requirement imposed on the
derivatives of the data. We however justify in Section [5] that with such a restriction we manage to



recover some interesting source terms such as the gaussian. More generically, to be in our goal subspace
we essentially require some decrease at infinity but we are rather generic near the boundary. Let us
remark here by the way that the application of the existence of strong solution, namely, the viscous
perturbation approximation constitute in a study near the boundary. As a consequence the above
functional subspace of resolution for the sources is pertinent for such a study.

In the future, to have a totally satisfactory persistence of regularity theory, we will improve the result
of [3]. But, in the author’s opinion, in spite of its restrictions, the result exposed here has the advantage to
show that strong solutions to (1)) can effectively be constructed. Moreover, the proof exposed here also has
the advantage of simplicity.

Let us emphasize that the question of existence of solutions for the hyperbolic corner problem is not
well-understood in the literature. Indeed, the pioneer work of Osher [I0] does not give any information about
the existence of (weak) solution(s). In the author’s knowledge the only existence results in the literature are
the ones of [6] and [3]. However these results are restricted to strictly dissipative boundary conditions. Here
we do not have such an assumption for existence. It will however be convenient to make it secondarily to
recover the uniqueness property, because of the energy estimate (see Corollary .

To conclude this introduction let us also point that the existence of a strong solution has, in the author’s
opinion, a very interesting corollary. We can describe this solution as the limit of the solutions to a corner
problem perturbed by a small viscosity coefficient, 0 < ¢ < 1. More precisely, if we consider the viscous
perturbation of given by

L(O)u® —e€uf = f in Qp,

u|€r1:0 =0 on 0 1, )
Uy, 0 =0 on 08 T,
Uico =0 onT,

where £ is an elliptic operator, so that the system can be seen as a more physically meaningful system of
partial differential equation than because it now takes in account viscosity. We will be able to describe,
u the solution to (1)) (with suitable boundary conditions) as the limit of u® when € | 0.

This kind of result is not new. It has been deeply studied when the domain of resolution is the half-space
(or equivalently if it admits a flat boundary), we refer for instance to the works of Gues [5] or Sueur [I6] for
such kind of geometric optics expansions. The above works deal with non-linear characteristic problems, so
they cover a wider generality than the one we are considering here. Let us also mention the works of Rousset
[12] and [I1] where the perturbation is authorized to degenerate (question that will not be considered in the
following).

To describe what has been our main motivation for studying , we should give some more details about
the obtained results in the half-space geometry. We refer the interested reader to the articles of [I], [5] or
[16]. The main point in the study of such problems is the simple and naive (but crucial) remark that the
problem is parabolic while its (expected) limit is hyperbolic. So that, something must come into play in
order to correct the (totally prescribed) traces of u® into the (partially prescribed) traces of u. A boundary
layer localized near the boundary is generated to correct the traces. More precisely, we can show that we
have the asymptotic expansio
x
=)

u®(t,x) ~ult,z) + % (t, z; + h.o.t,

~—
::Xd

where u H* (1) is the solution to the hyperbolic problem in the half-space with suitable boundary condi-

tions and where % € Zx,(Ry; HS,(Qr)) is a boundary layer localized in the strip {0 < x4 < €} so that it

has fast decay with respect to 4.

Going back to the geometry of the quarter space it is thus rather natural to postulate for a first approx-

imation: " "
u (b )~ ult, )+ U (b )+ (G ), (6)

1To fix the ideas, we here work in the half-space indexed by z4 > 0.



that is to say that we expect the appearance of two layers, each one localized around one side of the boundary.
The question in which we were interested in is: ”do these two layers can interact the one with the other 7 If
yes, do we have to incorporate to @ a new term #/(t,x; -, “2) to take this interaction into account, and
do this interaction produces some new interesting behaviours ?”

”Unfortunately” the answer of the above question will generically be no. As a consequence, we will show
that the two layers do not interact the one with the other and thus that @ stands for a good approximation
of the solution to the corner problem . It is an interesting result in itself, but the fact that the two layers
do not interact the one with the other is a little disappointing.

The reason is however rather simple. Indeed because of the fast decays, the two layers can only interact
near the corner in the area {0 < 1,29 < ¢}. However in this neighbourhood of the corner the layers are
determined by the corner value u;,—z,—0, but from the boundary conditions and compatibility conditions
such a double trace is in fact zero.

The paper is organized as follows: Section [2| describes the several assumptions made on problem and
states the main results of the article namely Theorem for pure boundary value problems and Theorem
[2.2] for initial boundary value problems. The proof of the main results occupies Section [3] This section is
divided into three paragraphs. The first one, namely Paragraph [3.1] gives the proof of Theorem [2.1] Then
Paragraph [3.2) gives the main ideas in the proof of Theorem [2.2] To facilitate the exposition these detalled
proofs are given for constant coefficients. Then Paragraph [3.3] exposes the required modifications to deal
with variable coefficients problems. Section [4| deals with the viscous perturbations of . The main result
of the section establishing the existence of the expansion and its error analysis is Theorem Finally, the
last section, namely Section [p| discusses the functional spaces where we have shown the existence of a strong
solution and gives some examples of physical interest satisfying the structural assumptions that we have
done to construct strong solutions and to construct its vanishing viscosity expansion.

2 Main results

2.1 Some notation and assumptions

Let us start by the following generic notation. For a, b € R, we denote [a,b] := [a,b] N Z and we use the

shorthand notation a < b for ”there exists C' > 0 such that a < Cb”. Such a constant C' is assumed to be

independent of all the considered parameters. If such a dependency occurs and is meaningful we go back to

the classical notation. For 2 € R? we will sometimes use the decomposition z = (21, z2,2") with 2’ € R472,
For T' > 0, when dealing with initial boundary value problems, we will use the notations

Qp :=[0,T] x T, 0Q) 1 ~ 0Q, 1 :=[0,T] x Ry x R,

For X C Qr and s € N, H*(X) stands for the usual Sobolev space of order s. Classically we will denote
H>®(X) :=NgenH*(X).

For fixed s € N, to state our existence result properly, we shall introduce the following subspaces of
HS(QT)Z

Wi = {u € ¢%(]—00, T]: H* () \Vj € [0.5], 8/u € €°(—00, T); H*/(I'))} and
W5 = {u € €°(|—0c0,T]; H*(Ry x R2))\Vj € [0, 5], 8fu € €°(|—o00,T]; H* 7/ (Ry x R72))}

equipped with the norms, for ¢t < T

(I - leaj ()l =5 ry and fu(t) ZHa woq. o ()l ae-i @, xri-2)

7=0

We define WS := Nsen W5 (resp. Wi}o’b = ﬂseNW;’b) and we finally introduce X3, (resp. X;Olb() as the



subspace of W (resp. W7 Ib() of functions satisfying that

XFPr ={ue WF\IK >0,VseN, [lu@)|l, S K*s!} and (7)
X3y = {ue W\ 3K >0,Vs €N, |u(t)], S K°sl}.

In the above there is no loss of generality by assuming that K > 1.

Because we are interested in regular solutions to , compatibility conditions on the sources f, g1, go are
expected. Because the initial datum vanishes in (I, these sources must be flat at {t = 0}. Consequently,
for some functional space F' we denote by F} the subspace of F' formed by functions f € F' satisfying the
flatness condition for all 7 € N, (8gf)|t§0 =0.

The two following assumptionsE| are classical in the study of hyperbolic boundary value problems.

Assumption 2.1 (Constantly hyperbolic operator) The operator L(9) is assumed to be hyperbolic with
constant multiplicity. More precisely, there exist an integer M, homogeneous of degree one with respect to &,
analytic functions A1, ..., Ay on Q7 x R4\ {0} and integers piy, ..., uar such that

d M
V(t,z) € Qp, VE = (€1, ..., &) € R\ {0}, det (TH Zngj(t,x)) = TI(r = Mt @ €))P.
j=1 k=1

The eigenvalues A1, ..., \ar are semi-simple and they satisfy A\ (-,€) < ... < Au(+, €), for all € € R4\ {0}.

For simplicity, we assume that the two sides of the boundary are uniformly not characteristic. More precisely,
we assume that

Assumption 2.2 (Non characteristic boundary conditions) For all (t,z) € Qr the matrices A;(t,x)
and As(t,x) corresponding to normal coefficient for the sides 921 and O respectively are invertible. More-
over, we assume that p1 (resp. p2), the number of positive eigenvalues of Ay (resp. As) does not depend on

(t, ).
With these assumptions in hand, we have the following decomposition of the space R :
V(t,z) € Q, RY = Ei(t,2) © E{ (t, ) = E5(t,2) ® E (1, 2),

where for j € [1,2], E3(-) (resp. E¥(-)) stands for the eigenspace associated to negative (resp. positive)
eigenvalues of A;. In the following, we will frequently write E}™ instead of E>*(t,z).

The following assumption is a reinforcement of the one of Sarason [I3]. It has also been used in [3] in the
study of persistence of regularity of the solution. We do not known if this assumption is necessary or not,
for the existence of a strong solution. But as we will see, it has the advantage to simplify some points of the
proof. Let us point here that the counter-example to uniqueness of [9] seems to indicate that a pathological
behavior of Sarason’s matrix Al_lAg implies a pathological behavior of the solution.

Assumption 2.3 For all (t,z) € Qr, the real eigenvalues of (AT As)(t,x) (if they exist) are negatz'v.

Our main assumption in this article is the following. It is a structural assumption ensuring that the
previous eigenspaces are compatible the one with the other. More precisely:

Assumption 2.4 We assume that the two following points are satisfied:

20ur main results are stated for constant coefficients problems, see Theorems and However, because it can be
extended to variable coefficients problems, see Theorem [2.3] we prefer to state the assumptions in the variable framework only
in order to save some material.

31n [13], Sarason only requires this sign property for the eigenvalues associated to Jordan blocks of AIIAQ.



1. For all (t,x) € Qrp, we have the decomposition
RY = E$(t,2) ® E5(t, ) = ®x, <o ker(Ay — M) (t, ) D, <0 ker(Ay — M\ I)(t, ). (8)

In particular, it implies that the number of lines in the boundary conditions satisfy N = p1 + pa. We
define Pf := PF(t,x) (resp. P¥ = PX(t,z)) the projection on ker(A; — A\, I) (resp. ker(As — A\ 1)) with
respect to decomposition .
2. Let j € [1,2], then for all (t,x3_;,z') € 00+ we have that
ker B;(t, ', x3-;) N Eg_bj (t,x5—;,2") = {0}, (9)
sb
where E3_j = E§7j‘mj:0,
Let us point here that when N = 2, then the first statement of Assumption [2.4] is a consequence of
Assumption [2.3] Indeed, in such a setting, in order to have a ”true” boundary value problem, we should
assume that p; = pa = 1. So we just have to justify that E§ N E§ = {0}. By contradiction, let u # 0 be
in Ef N E§. Then, on the one hand, we have Aju = Aju, with Ay < 0 and, on the other hand, we have
Aou = Au, with Ao < 0. Consequently, we have A;lAgu = i—fu which contradicts Assumption

In the general framework, we do not know if the first statement of Assumption can be deduce from
Sarason’s Assumption [2.3]

To conclude this preliminary paragraph, we recall the following terminology for boundary conditions.

Definition 2.1 (Strictly dissipative boundary conditions) Let j € [1,2], we say that the boundary
condition Bj is strictly dissipative if for all (t,x3—;,2") € 0Q; 1, we have the inequality

Vv € ker B (t,x3—j,2"), (A (t,x3_j,2")v,v) <0,

.j\:cjzo

and if ker B; is mazimal for the above property. We here mean that ker B; is not properly included in any
subspace having the above property.

Strictly dissipative boundary conditions have the advantage to be easy to check algebraically. They
constitute a particular class of boundary conditions for which the well-posedness of the corner problem
can be established (see [6] and [3]). It is known that in the half-space geometry, except when N = 2 (see
[15], they do not constitute the most generic possible boundary conditions leading to strong well-posedness.
From the result of [§] in the half-space, the most generic conditions in such a geometry are characterized by
the so-called uniform Kreiss-Lopatinskii condition.

In the quarter space, the work of Osher [I0] indicates that imposing the uniform Kreiss-Lopatinskii
condition on each side is not sufficient for strong well-posedness. In [I0] a new necessary invertibility
condition is identified. It is, however, still not so clear that with this extra invertibility condition in hand,
we can show an a priori energy estimate without losses of derivatives. Moreover the result of [10] does not
give any result about the existence of L? solution. Here, by constructing a strong solution we try to fill this
lacuna (at least partially).

2.2 Simple construction of strong solutions to hyperbolic corner problems

The main results of this article state the existence of regular strong solutions to the hyperbolic corner problem
reading under the form or to its associated initial boundary value problem. They occupy the following
paragraph.

2.2.1 Statement of the main results
Let us first consider the boundary value problem, for 7" > 0

LOu=7f in Qr,
Biujg,—0 = g1 on 0 1, (10)
Baujy,—0 = g2 on 0 1,

upp<o =0 on I,



then we have the following result:

Theorem 2.1 Assume that the coefficients of are constant and satisfy Assumptions and
. Assume moreover that there exist K > 1 and T > 0 such that the sources [ € X% ., and (g1,92) €

(X}Oy’;h)? Then for K' large enough and 0 < T' < T small enough, there exists u € X% 1y solution to

(£0)-
)

So that, if the sources live in the spaces XT K,y and X?K,u that is to say that we have a control on the
growth of the derivatives, then we have the existence of a regular strong solution and we also have the same
kind of control on the derivatives of the solution.

Let us stress that the above result holds locally in time. The maximal time of resolution depends on the
coefficients of L(9) and on the control parameter K. Such a maximal time of resolution already appears for
any operator L(9) with D # 0, so that we recover the same behaviour of the solutions. The maximal time
of resolution can be decreasing compared to the problem in the half-space, but the behaviour of the solution
is qualitatively the same.

Our second result deals with the initial boundary value problem. By linearity there is no loss of generality
by assuming that f, g1, g2 = 0. We thus consider for T' > 0:

L(O)u=0 in Qp,
Biujg,—o =0 on 0% 1, (11)

Baujz,—0 =0 on 09, r,

Ujg=0 = Up on I
We introduce the following functional space for the initial datum:
YR :={ue H°T)\3IK >1,Vs €N, |Jul|g=) S K°s!}.
Then the result is the following:

Theorem 2.2 Under the assumptions of Theorem@, let the initial datum ug € Y satisfies the compati-
bility conditions at any order, then there exists K’ > 0 large enough and 0 < T' < T small enough such
that w € X%, . is a solution to (11).

We would like to insist on the fact that in Theorems [2.1] and we do not made any assumptions on
the type of the boundary conditions. We do not require the boundary conditions to be dissipative or to
satisfy the uniform Kreiss-Lopatinskii condition. It is also the case in the half-space geometry where the
construction of a solution can be made if one has some dual energy estimate. Such a dual energy estimate
is of course a consequence of a good choice for the (primal) boundary condition. But it could also be stated
independently of the boundary condition. Here the only point which is required about theses boundary
conditions is that they satisfy the second point of the structure Assumption

2.2.2 Consequences

If we ask a little more about the boundary conditions, more precisely that they gives rise to a well-posed
problem having an a priori energy estimate in L?, then the constructed strong solution of Theorems and
[2:2] becomes necessarily unique. We thus have the following corollary

Corollary 2.1 Under assumptions of Theorem if the boundary value problem (resp. ) comes
with the a priori energy estimate, there exists 0 < T’ < T such that for all 0 <t < T,

Ju(t, ')||i2(r) + ||U|m1:0||%2(anlyt) + ||U\12:0||%2(392,t) (12)
t
S /o £ (s, ')H%%r) ds + ||91H?;2(aﬂl,t) + H92||%3(aﬂg_,t)

(resp. the Lh.s of < ||u0||L2(F)) ,
then the strong solution to (resp. ) given by Theorem (resp. 1S unique.



A complete characterization of the boundary conditions leading to L?-well-posedness is, in the author’s
knowledge, a widely open question. However, in the particular framework of symmetric operators with
strictly dissipative boundary conditions, then such an estimate can be shown. We refer for instance to [2] or
[3]. As a consequence, in this particular interesting setting we can show that

Corollary 2.2 Under the assumptions of Theorem if we also assume that the coefficients of L(0) are
symmetric and that the boundary conditions are strictly dissipatives in the sense of Definition[2.], then from
[3] the problem is L?-well-posed. Consequently, the strong solution to (resp. ) given by Theorem

(resp. Theorem 1S unique.

2.2.3 Variable coefficients in a nutshell

To conclude our statement of the results of this article we give some extensions to variable coefficients
boundary value problems or initial boundary value problems. Classically for s € N, we consider W (X)
the usual Sobolev space of functions which have bounded derivatives up to the order s, and we denote
Woo2(X) := NgenW*°(X). Then the result is the following;:

Theorem 2.3 Assume that the coefficients of the problem (resp. ), namely A;, D, By and By
admit the regqularity
A; € €(Qr) NW(Qr)(resp.Aj € € () NW2(Qr)), D € W (Qr) (resp. W(Qr))
and for k =1,2, B, € W(0Qx 1) (resp. W(0Qy, 1))

To simplify the followz'nﬂ we assume that there exists a universal constant C' > 0 such that
Vi€ [l,d], Vo e N | 0%Aj || oo (x)s [|0%D]| 1o (x) < Cand for k € {1,2}, ¥ B, € N* 7971 (|95 By || oo ()

where X = Qp or X = Qp, Y, = 0Q,1 or GQ,ﬁT and where the derivatives are defined by 0% := 9, - -- 05,
o = 3?1’0551’2 e 3gl'd and 9% .= 352’°8f2’18§2’3 e 8§2=d. Finally, we assume that the coefficients satisfy
the assumptions of Theorem (resp. Theorem . Then the conclusion of Theorem (resp. Theorem
still holds.

3 Proof of the main results

This section gives a detailed proof of Theorem (see Paragraph . The proof of Theorem follows
essentially the same lines, or it can be deduced from Theorem [2.I]and the use of some Borel extension lemma.
We refer to Paragraph [3.2] for more details. Finally Paragraph [3.3] contains the required modifications to
apply the previously described methods in the variable coefficients framework.

3.1 Proof of Theorem [2.1]

The proof of Theorem is made in three steps, we reformulate the problem in terms of outgoing transport
equations by using Assumption [2.4] see Paragraph We then treat the coupling between these transport
phenomena by an iterative scheme. The well-posedness of such a scheme is studied in Paragraph while
its convergence is investigated in Paragraph [3.1.3]

3.1.1 Reformulation of the equations

First let us stress that in this paragraph the coefficients A;, j € [1,d], D and Bj, By are assumed to be
constant. We recall that from Assumption we can decompose any u € RV as

My Mo

u :ZPlkquZPfu (13)
k=1 (=1

where Yk € [1, M1], A1 Pfu = A\ Pfu and V£ € [1, Ms], Ay Piu = Ao o Piu, (14)

4We have good reasons to believe that such a uniform bound for the derivatives can be weakened in estimates reading - < Cj,
with s = |a|. The main obstructions in the present proofs are however pointed in the core of the proofs.



with A ., Az, < 0.
We simply denote for k € [1,M;] and £ € [1, Ma], u1 p := Plku and ug ¢ 1= Pfu. We also introduce for
given k and /¢

M1 M2

7k = 7k du = T —

ul)k = U1k, “2,2 = U2 ¢ and uy = ULk, U2 1= U2,0-
k=1 (=1

k' £k U4l

If we use the decomposition in the interior equation of , then we obtain the equations

My Ms d
O (T +u2) + Z ALeO1u i + Z A2,x02uz i + A101T2 + A202T; + Z A;0j (T +u2) + D(uy +2) = f.
k=1 (=1 j=3

We apply Pf (resp. Py) for all k € [1, M;] (resp. £ € [1, Mz]) to obtain the equations

d
Vk e [[1, Ml]], 6,5U17k + Al,kalum -+ PlkAgagul,k + Plk Z Ajajul,k + PlkDuLk
=3
d
= fix — PPA Oy — P A0015 , — Y PRA;0;(Tp + 5 y,) — PFD(@) )y, + )
j=3
and
d
Vi e [[1, MQ]], atng -+ )\2,23211,27[ + PfAlﬁluu + PQZ Z Ajajng + PQZDUQ’g
j=3
d
= fg,g — P;Alagﬂl — PQZAlalﬂ;’z — ZPfAjaj(ﬂl + E;,E) — PfD(ﬂg,g + ﬂl)
=3

where we defined f1 ; := Pff and fo,:= Psf.
In the following we will thus consider equations reading under the form (we write uy = w1, and uy = ug ¢
to save some notation)

d

Oyup + )\Lkaluk + 227;6321% + Z /Ij,kajuk + Dypuy (15)
j=3
= fir — Fr(O1u2) — G(92171 1) — Hi(0;(U2 + 77 1)) — Di (U7 5, + u2) in Qr,
Orup + )\2,532’&@ + 21758111,5 + Zd: Zj,gaj’UJg + Dyuy
=3
= fo.0 — Fu(Ootir) — Ge(Onu5 ) — He(0; (U + 35 4)) — De(5  + 1) in Qr,

where we defined ZJ = P'A;P and D. = P'D and where the terms in the right-hand sides can be made
explicit. Note that in the right-hand side we make the slight abuse of notation 9; for the collection of the 0;
for j € [1,d].In the following we will just have to keep in mind that they depend linearly on their variables.
We thus obtain transport equations where the transport are coupled the one to the others via the terms in
the right-hand sides of .

Then we make the simple (but crucial) remark that because we have A; , < 0 (resp. A2 < 0), the
transport in the first (resp. second) equation of is outgoing for the side Q4 p (resp. 0Qa.r1). As a
matter of fact, we can then solve the first (resp. second) equation for (z1,x2) € R x Ry (resp. Ry x R)
instead of Ri. Moreover no boundary condition on 9y 1 (resp. 0§ 1) is required because of the fact that
the transport is outgoing.
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Consequently, we now have to solve two boundary value problems in the upper and right half-spaces. Let
us have a look to the boundary conditions, we have using the decomposition :

{B1U2m10 =g —Biwy, _, on 7,

_ _ (16)
Bouy,,_, = g2 — Bauiz,,_, on 0,

and in order to solve these conditions we shall be more precise about the eigenvalues of the coefficients ZM
and Ay . Firstly, let us point that from [[4]-Theorem 1.6] the subsystems inherit the hyperbolicity of
the one of L(9). In particular, the eigenvalues of gl,g and AQJC are real. The following lemma precises the
sign of the eigenvalues:

Lemma 3.1 Under Assumption [2.3, for any k € [1,M1] and any € € [1, Ma], let p € R be such that there
ezists v € RN \ {0} satisfying gmv = uv or Avgyk’l) = pv, then p > 0.

Proof of Lemma [3.1] We show the result for leg. The proof being analogous for g27k. Let v be as
specified. By definition of A; ; we have PyA; P§v = pv. We apply P4 on the left-hand side and we use that

fact that Ran Py = ker(As — Ao ¢I). Consequently, we have Py (A; — ﬁAg)Pf’U = 0. As a consequence, 3t—
is a (real) eigenvalue of A5 1Aq, but A2, < 0, so that from Assumption we necessarily have p > 0.
]

Consequently, all the eigenvalues of the normal coefficients in the systems are positive, we thus have
to prescribe all the components of the trace of uy j (resp. ua) on 0Qqe 1 (resp. 91 1). But because of the
second statement of Assumption we have ker By N E§ = {0}, so that we can invert the matrix B; in
the first equation of . We proceed similarly for the second equation and we thus obtain the couple of
boundary conditions:

Uk, o = Pl (92 - Bﬁzmzo) = g2k — 82,k(U2,,_,) on T,
U0, g = Pipy (91 - B1U1|11:0) = g1, — 81,0(W1,,_,) on I,

where ¢; := B!

JEy_ T
So that, finally we have to solve the couple of systems
Osup, + Al,kaluk + Zg7kaguk + Zj:?) gj7k3juk + Druy = ka — Fk(UZ) for (xl,ch) € R xRy,
Ukjyymo = 92,k — gZ,k(ﬂ2|w2=0)7 (17)
uk‘tgo = 0?
and
Opup + )\Q,gaguZ + gl’gal’LLe + 2?23 /Tj’gajlw + Dyuy = fg’g — Fz(uZ) for (1‘1, :L‘g) S R+ X R,
U, _o = 91,k — 81e(U1,, o), (18)
u|€t§0 = 07
where u* stands for the collection of the (uj q,u2) with a,b # -, and where we introduced
Fio(uy) :==Fr(012) — Gr(92u] ) — Hi(0; (U2 + 7 1)) — Di(Uz + 77 1),
Fy(uy) :=Fy(0xt1) — Ge(Ohu3 0) — He(95(r + U ) — De(tn + g ).

3.1.2 The iterative scheme

In order to solve systems and we treat the coupling in the right-hand sides inductively. We thus
consider (u™)nen 1= (U}, U} )nen, the sequence of functions defined by:

8u2 =+ /\17k81u2 + /~12,k82u2 =+ 2?23 Zj,kajuz =+ Dkug = ka in 527'1",
ug\m:o = go for o =0, (19)
u? =0 for t <0,

kit<o

11



and
OuY + A Dol + Ay y01ud + 305 Aj 00u + Deul = for in Qi

Ugmﬂ =01 for x1 =0, (20)
ug,_, =0 for t <0,
[t<0

and then for n € N, we define (u"*1), ey := (UZ+1, u?“)neN as the solutions to the problems

+1 +1 7 +1 a x +1 _ —nxy s
8{(142 + Al,kaluz + Ag,kazuz + Zj:g Aj,kajuz = fl,k; - Fk(uk ) mn QQ,T,

1 _ - =
uz|m2=0 =gok — g2,k(u§‘m2:0) on xo =0, (21)
uZH =0 for t <0,
1¢<0
and _ .~ _
&u?“ + >\2,262ug+1 + A17581U?+1 + Zj:g Ajﬁgajuz”rl = f2$z — F(g(ﬂ?’*) n Ql,T7
1 _ = =
wp =gk — 8wy, ) on z; =0, (22)
u?“ =0 for ¢t <0.
[t<0

The following lemma gives the necessary well-posedness result and the energy estimates for the problems
. The result for the problem being analogous.

Lemma 3.2 Let s € N, T > 0 and A < 0 be given, let two sources f € Wi, and g € W;”bh then the
boundary value problem:

Lu := 9yu + \oyu + Agdou + Z?:s Ejaju +Du=f in QQ’T,
Ujgo—0 = g on 08y T, (23)
Upp<o =0 on R1+d=2

admits a unique solution uw € W, satisfying the energy estimate: there exist 0 < T :=T'(D) <T such
that for all 0 <t < T’ we have:

t
(I, + htarzo(B)]s S / IFEIL, e+ 19l o2, - (24)

In fact, to have a more convenient energy estimate for our convergence analysis, it will be useful to modify
a little the energy estimate in order to express the right-hand side as an integral term. In order to do
so, we remark that we can bound the term ||g||HS(a(~22 . by lg(t)|s. Then we write

t t
901 < O+ [ o). dt < [ lg(e)ln

if we restrict our attention to sources in W;}”bh. As a consequence, we pay a derivative on the boundary in
order to recover the integral factor. However as we will see, because of the definitions and such a
loss in the interior is automatic. The advantage to have an integral term in the right-hand side of will
be clarified in the convergence analysis. We end up with the following well-posedness result:

Corollary 3.1 Let s € N and T > 0 be given, let two sources f € Wi, and g € WSTJrhl’b then the boundary
value problem admits a unique solution u € W5, satisfying the energy estimate: there exists 0 < Ty < T
such that for all 0 < t < Ty we have:

llw)lls + e, =0 @)s < /0 I + 19t )51 e (25)

Proof of Lemma [3.2] We just give here the main lines in the proof of the a priori energy estimate (24)).
The construction of a solution can be made classically by duality (see for instance [[4]-Section 4.4 and Para-
graph 4.5.3]). Finally, the fact that this solution satisfies follows by a regularization procedure by some

12



mollifier depending on the tangential variables (¢, z1, ).

We first show for s = 0. Let t < T we test the evolution equation of against v and we integrate
over ;. We thus have

2 2 . NP
[[ult, )z ) = jo Nz =ollz2 (00, ) —tI DIl * sup [l )22

¢
§/ /(f,u) dmdt—l—/ ((A2u)|zy=0 Ujzy—o) At dy da’.
0o Jr 02 ¢

We conclude to by using the fact that the full trace u,,—¢ is prescribed, it equals g. So that the second
term in the right-hand side is bounded by C'|g|| (06,.,)- Let n(t) := supy < |u(t', )| z2(r), if we take the
2 (892, <
supremum for ¢’ < ¢ we can replace the term |Ju(t, -)HQLQ(F) appearing in the left-hand side by n?(t).
We use Young inequality for the first term in the right-hand side

t 2
[ [rarat <t [ 15 et < go2w + 3 (10l ar

and we absorb the term ;

enough such that (for instance) 7" <
Estimate (24) for s = 0 follows.

n%(t) by the one appearing in the left-hand side. Finally we choose T’ small

4HDH to ensure that the left-hand side is bounded by below by $n?(t).

We now turn to the proof for s € N. Clearly, the tangential derivatives (z1,2’) commute with the
boundary condition of . Similarly, the time derivatives commute with the boundary condition. For the
initial condition we use the interior equation to write

d
(O)je<o = —(D + ZAjaj) uji<o + fli<o =0,
e ——
=0 =0

because f is flat at the origin. A simple induction shows that we have for all 0 < ag < s, (0;°u)|t<o = 0. So
that if 9% := 070071952 - - 997, with a € N'T4=2 satisfying |a| = s, then we have the system of equations:

Lo%u = 80‘f in QQ,T,

((9&11,)‘902:0 = aag on 8927’1",

(8au)‘t§0 =0 on F,

and the study of the case s = 0 applies. It gives the a priori energy estimate up to the fact that we have to
control the normal derivatives with respect to the normal variable zo. More precisely if we denote by W7,

the set of functions u defined by the condition [[u ()|, < oo with [[u(t)||, := > =0 Ha{u(t)anfj(F), where

the tangential Sobolev space H;,,, is the Sobolev space of order s generated by the tangential derivatives,

that is to say the ones with respect to t, x1, x3,..., 4. Then we have the estimate:

()l + Ju(t) / £ At + gl e o3, -

We are in a non characteristic framework so that we can use the interior equation to isolate dsu and express
this derivative in terms of the tangential derivatives. More precisely we write

d
Oqu = /T;l [f — Oyu — Z/Tjaju — Aou — Du},
j=3
so that by induction we obtain:

(), < M@l + 0F @ M—y < Nu@ + 1O,y +/ 0cf () -y aF',
=0 <IlsE)
where we use the flatness of f at the origin. This completes the proof of the energy estimate (24]).
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O

As a consequence, from Corollarywe can justify that the sequence (u"), ey is well-defined with values in
S

7, if 0 <T0 < T is sufficiently small compared to ||ID||. Indeed we have the following proposition:

Proposition 3.1 For all n € N, for all s € N, there exists 0 < T'(D) < T such that we have the energy
estimates: for all 0 < t, <T, for all k € [1, Mi], ¢ € [1, Ma]

tn t1
sl + g,y (tn)ls S / / (I1f (tl sy + 19(0) sm) o=+ b1, (26)

tn t1
luz.e(tnllll, + B, ()]s S / / (I1F (t0)l sy + 19(0) sn) o -+ 1. (27)

In particular we note that to define the sequence (u™),¢cn for all n € N we use in a non trivial way the fact
that the initial data f, g; and go are infinitely regular. Our analysis clearly breaks down if the sources are
chosen with a finite (but large) regularity H*.

Proof of Proposition We proceed by induction. For n = 0, from the definitions and , the

estimates and follow from Corollary
Assume that the estimates and hold for some n € N. We fix 7" small enough to apply Corollary

we thus have the inequalities: for all & € [1, M;], for all £ € [1, M5] and for all ¢,,11 < Tj
[l ] et s

t
S /0 F s+ 1g(ta)ls1 + [[[Fr @y ™) E)]l], + lg2n (@3, ) (En)ls+1 dtn,
and

[l o | gt s

S /O |Hf(tn)”|s + |g(tn)‘s+1 + ||}F€(ﬂ?7*)(tn)|||s + |g1,é(ﬂ?‘21:0)(tn)|s+l dtp,.

Because the F., g;,. and g . are linearﬂ we have:
t
[l ]+ ot ol WAL+ Lo + I )l + 155 )

t
[l o], + el S [ ECL + e + T 0l + 17, )

we conclude by using and to estimate the last terms in the right-hand sides of the previous equations.
O

3.1.3 Convergence analysis

The aim of the following paragraph is to show that the sequence (u"),en defined in Paragraph is a
Cauchy sequence in Wiy for all s € N when we choose T" small enough. This can be ensured if we restrict
our study to source terms in the functional spaces X% 1, for the interior source term and X?,’;,h for the
boundary ones. We recall the definition for convenience:

X%y = {ue HO\IK >1,¥s €N, [lu@)l, S K*s!},

more comments about this space are given in Paragraph
In order to show that the sequence (u™),cn is a Cauchy sequence we will use the following propositionfﬂ

5We recall that the F. are evaluated in d;u, j € [1,d].

61t is here where it is convenient to work with the energy estimate of Corollary instead of the one of Lemma If one
uses , then the basic energy estimate admits a right-hand side reading tF + G, where F (resp. G) depends on the norm
of the source f (resp. g). When we iterate such a bound in the induction some binomial coefficients appear and we can not
absorb them at the end of the day because we have one extra factorial (see )
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Proposition 3.2 For all s € N, for all n € N and for oll T' < min(1,Ty) small enough, we have the
inequalities: for all k € [1, M1]] and for all ¢ € [1, Ms],

trnt1
H‘ urlLJ]gl ulk (n+1 H‘ < Cn—H/ Es+n+1(tn) dtn,
0

tnt1
1 1 1
H‘ ug'g — ujg)(tnt1) H‘ <ot / E*T (L) dty,
0

tn to t1
- / / / (£ o)l + lg(to)ly) dto dt - -+ dtn_s.
0 0 0

As a direct consequence we obtain:

where we defined for p € N:

Proposition 3.3 For all s, n, p € N, for all T’ < min(1,Ty) small enough, we have the inequalities: for all
k € [1, M1] and for oll £ € [1, Ms],

P t
W uﬁ;? *U?,k)(t)m ch+q/ EST (¢ @t and H’ u” —u’i@(t)‘”s < ch+q/0 Est () de'.
q=1

0

With these propositions in hand, we can easily show that (u™),cn is a Cauchy sequence when we choose
T’ small enough, specified below and when the sources are restricted to the space X?(O,T,h re. f€ X‘;(O’T’h,

g1, g2 € X?;;,h' We show the result for the terms (uf)nen ke, a,], the arguments being analogous for the

(u?)neN,Ze[[l,Mz]]~
Using Proposition we have

trnip
n+
‘H uy " =l ) (bnp ’H <C C"/ B P (1) dbngpo1,
0

where we used the bounds, for ¢ < p, ESt"T4 < Est"*t? and bound in the first integral ||| f(to)]|
|g(t0)‘s+n+p < MR = SUPy clo,17] |Hf(t/)|||s+n+p + ‘g(t/)|s+n+p'
However if the sources f € WR s 91592 € W;’O;h then we have

s+n-+p +

MR < KSR (g g 4 p)l.
As a consequence, we end up with

Jlos

W ) ()| € CopO N ) < OO ) B (29

(n+p)!

where K’ > 0 is chosen large enough to have (n + s + p)® < (K’)". We restrict the final time variable
togp < T := 201101(’ so that the right-hand side goes to zero when n 1 co. The space W7, being a Banach
space we obtain that (uf k) converges to some uj 6 WT, The result being true for all s > 0, we deduce
that u; , € W, Moreover passing to the limit in (17]) we obtain that u, j is a solution to We proceed
similarly for the sequence (Uu)neN and we show that it converges to some uy ¢ a solution to . Finally,

we define u := 2221 up, + Zé\fl up ¢ which thus define a solution to in W,
To conclude the proof of Theorem we have to justify that u € W, 1. It is sufficient to show the

result for one of the uy ;. Recall that we assumed K > 1, we fix ng € N such that H u?"k —uy)(t) H‘ < %,
S

the triangle inequality combined with the estimate and the definition of the space X% 1 gives

lar e (@), < 3 +CK”°K95| < (K')®sl.

The proof of Theorem [2.1]is complete.

We end up with the proof of Proposition [3.2]
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Proof of Proposition By linearity of the systems and we have that for all n € N, v :=

n+1 n n._ ,ntl n 3 H
uyy —ufy (vesp. v :=uyy" —uy,), verifies the equation

aﬂ)g + /\17;491112 + g27k82v2 + Zj:?’ /Tj,k@vg + Dyvp = —Fk(vz_l’*) in 5271“,
vlrcl\mzzo = 7g2,k(6n_1 ) on 6QQ,T,

2jza=0

n
VEreo = 0,

at”? + )\2,@82@? + ﬁl,galv; + Zj:d Zj,gﬁjvzl + Dyvy = —Fg(vg_l’*) n ﬁl,T7
resp. Q vy, = —g1e(T] 1) on Oy 7, (29)

n J—
Ve = 0.

We choose T small enough to apply Corollary The energy estimate gives that for all n > 1 and for all
0 S tn S Toi

tn
o el + 148,y )L 5 [

—n—1,%

o ), + el dta,

tn
IRl + 148, o) S [

T )|+ L Gl ds,

and for n =0,

t] tl
ok, + vk, _, @0l S / E**(to) dto and [[lug (t0)|l|, + v, _, (t1)ls < / B (to) dto.

A direct induction then gives the desired result.

3.2 Proof of Theorem [2.2]

Because we authorize losses of derivatives in our estimates, a simple way to treat non homogeneous initial
condition is to extend the initial condition ug on the whole time line by some function let us say U € X% -
such that Uj,—y = uo, from Borel lemma, and then to consider the new unknown % := u — U which solves
a boundary problem reading under the form , so that if the new sources (depending on the extension U)
are regular we can apply Theorem [2.1]
In order to have regular sources, compatibility conditions are expected and required. Let us assume that
the solution to
L(O)u =0+ Au=0 in Qp,
Bl’LL‘m:(] =0 on an’T, (30)
BgU‘wz:O =0 on 8QQ,T,

Ujg=g = Ug on I,

is regular enough so that all the following traces make sense. We should then first have

ug, _, € ker By ,_,

_o EkerBy,_,

(B1t|e,—0)|t=0 = 0 = (BaU|z,—0)|¢=0 5O that {u
0

£

the so-called compatibility condition of order zero.

Then, we introduce the sequence (u™)nen defined for all n > 1 by u™ := (9f'u)j4=o and u’ = ug. We
isolate the time derivative in the evolution equation of , we apply 0 and we use Leibniz formula to
obtain the induction relation

n

utt = — Z (Z> (a?_kA)ltzouk = _Fn(u07u17 ).

k=0
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So that we have by a straightforward induction u™ := —F,,_1(u°) for all n > 1. We then apply 9 to the
boundary conditions of , we use Leibniz formula and evaluate at t = 0 to obtain

Gi,n(uo) := (97 B1)j1=0U0,,, o — 2pe1 (07" B1)jt=0(Fr—1(10)) |z, =0 = 0,

G1,n(uo) := (07 B2)|1=0U0,,,_o — 2ope1 (07 % Ba) j1—o(Fr—1(u0)) sy 0 = 0.

> 3 = 3

The above relations being the so-called compatibility condition of order n > 1.

As pointed before with these conditions in hand then the proof of Theorem [2:2] can be deduced from
Theorem [2.1] by using some Borel lemma.

An other proof, which is more in the spirit of the present article is to reiterate the proof exposed in
Paragraph but within the space Q. Clearly, the reformulation part of Paragraph still holds and
the convergence analysis of Paragraph operates if the energy estimates of Paragraph are suitably
modified.

Clearly when we have initial sources the energy estimate Corollary becomes

llwC)lls + lwe,=o@)ls < Nuollzs(ry +/0 (£ + 19 (t)]s) dt” (32)

One can worry that in the above estimate we can not express (in a nature way) the term [|uo|| =) as a time
integral form. Let us however point that in such a setting we require the iterative scheme to be exact one
initial conditions. More precisely, we will consider the solutions to , (resp. (20) and ) with the
initial condition uﬁuzo = Pfug (msp.uZt:0 = Pfug) for alln > 0. As a consequence, the extra term appearing
in the right-hand side of vanishes in the proof of Proposition and the rest of the analysis is unchanged.

To be totally precise, let us indicate that the proof of the energy estimate requires the compatibility
conditions . Indeed, the proof of the energy estimate requires the fact that, when the sources are flat,
we have || f(0)||, = |9(0)|s = 0. This is not true any more but the compatibility conditions ensure that
these norms can be estimated in terms of ||uol| g+ (r).-

3.3 Modifications of the proofs for variable coefficients

In the following paragraph we end up our construction of strong solutions by considering the case of variable
coefficients. We thus consider from now on that the interior coefficients A;, D depend on the variable (¢, z)
and that the boundary matrix B; (resp. Bs) depends on (¢, xq,z’) (resp. (t,x1,2")).

Such a modification of the framework of resolution does not modify the proof exposed in Paragraph
for constant coefficients and instead of reproduce the whole proof let us indicate the main modifications to
take into account.

To modify the proof of Paragraph to variable coefficients we have to be careful about the following
new facts:

1. First, let us mention that the reformulation part of system into the family of transport equations
and still holds with variable coefficients because the spectral properties of Assumption are
now assumed to hold pointwise in (¢,x). Let us however mention that in the reformulation procedure
of Paragraph [3.1.1] all the objects (in particular the projection) inherit the dependence with respect to
(t,x), so that some commutators (typically the derivatives of the projections) appear and act as zero
order terms. We here ask regularity upon the coefficients A; to make sure that such derivatives are
understood in a strong sense. Let us however point that because and consequently, the reformulated
systems and , already include such a zero order term, the above reformulation hold up to a
suitable modification of D. So that at this step of the proof we have to solve and with
variables coefficients.
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2. In order to do so, we have to modify Lemma [3.2] and Corollary [3.1] suitably. We point that the basic
energy estimates and ( . (for s = 0) stlll hold in a variable coefficient setting because the sign
property on the eigenvalue A(t,x) < 0 holds for all (¢,2) € Qr. The only modifications appear in
order to obtain the persistence of regularity result (that is to say when s > 1). Once again because
the coefficients of L now depend on (¢,z) some commutators appear. Let us precise how we can now
recover the regularity of the first order derivatives, then the persistence of regularity follows by some
induction procedure. Let 0, k € [3,d] U{1,¢} denote a tangential derivative. We have that Oyu solves
the transport equation

Logu + (9 \)01u + Z (O A))0ju+ (O D)u = O f,

j=2

N (33)

(Ok)|zy=0 = Ok,
(aku)|t§0 = 07

where we used the flatness of the interior source in the initial condition. Note that because Mu
contains the normal J;u, we can not express it as a zero order operator with respect to the collection
of tangential derivatives. We can however reproduce the analysis performed in the constant coefficient
setting and show that up to choose ¢ small with respect to [|Ox Ak| £ () and ||OxD||z(q,) We have
the energy estimatd T}

10u(t, )72 )~ O] < m)Supllaw( iz (34)

_t”akAZHLOO(QT)Sup”aQu( Wiz =t I10kA4; IILoo(nT>sup||<9U( Mz
Jj#k

t
S [ 105 My 0+ 1001 i, + 006Dl s )

We use the preceding energy inequality to estimate the last term in the right-hand side in terms of
the L?-norm. We sum the above estimates for all k € [3,d] U {1,t} for the lowest possible time of
resolution we thus have

t
o Wy, oy = F100 Al S0p 00 ) e / 1G5, )3y s + 9120, (35)

where we recall that H , denotes the Sobolev space of order one generated by the tangential derivatives
only. So that it remains to deal with the term depending on the normal derivative in the right-hand

side in order to do so we express

d
Oy = A3 [~ O~ A0~ 3" Adyu., (36)

=3

so that ||O2u|| can be expressed in terms of the tangential derivatives and up to choose ¢ small enough
the second term in the left-hand side of can be absorb by the first one. We thus have the tangential
estimate and gives the missing normal estimate.

3. Because the convergence analysis only required the energy estimate which has been shown to hold.
We can reproduce the analysis of Paragraph to conclude the proof of Theorem

"Note that the regularity of the traces is here again obvious so that we will not incorporate it in the following estimates.

81t is here that a uniform bound on the derivatives of the coefficients is convenient to ensure that such a ¢t can be made
independent of the order of the derivation s. This point is convenient because at the end of the day the above energy estimate
will be used at order s 4+ n, so that we have to make sure that the maximal time of resolution does not go to zero when n goes
to infinity.

18



4 Application to viscous perturbations

In the following paragraph we give a direct consequence of the existence of strong solutions to hyperbolic
corner problems. More precisely, we will consider a viscous approximation of the hyperbolic problem :
for T >0

L(O)u® —e€u® = f for (t,x) € Qp,

€ —
u‘aﬂ?l:O =0 on an,T7 (37)
Uy, g = 0 on 082 T,
u\stSO =0 on I,

where £ is some given elliptic operator. The aim of the following is to describe the limit of the solution u®
when the viscosity parameter € goes to zero.

Such problems have been intensively studied in the geometry of the half-space (we refer to the consequent
works of [, [B] and [16]). Because, € goes to zero, the considered problem changes of type (it is parabolic
for € > 0 and hyperbolic for € = 0). So some boundary layers localized around the boundary are expected
in order to correct the modification of the prescribed boundary conditions.

Consequently in a quarter space geometry, two boundary layers, localized around the border 9€2; and
0f), are expected and the main question that we are addressing here is : ”do the two boundary layers interact
together 77.

To answer this question, let us be more precise about the functional space used to construct the boundary
layer in the half-space.

4.1 Half-space viscous perturbation in a nutshell and heuristic for the quarter
space

If we consider the half-space viscous approximation

L(O)uf —euf = f in ]0,T] x R x Ry,
Ufpy=0 = 0 on ]0, 7] x R, (38)
“|€t§0 =0 on R x R,

then the classical analysis (see for instance [1]) shows the existence of some elements % € #x, (R, ; Hy5.(]0, T]x
R%), u® € H>(]0,T] x R%) such that the function

g0 . Ld

upr(ta 1:) =u (tv $) +ew (ta €T ?)a (39)
is an approximation of the solution u® in the sense that [[u® — ug,,[|L2(p) S €%, for some o € N. In the
previous formula, let us point that the terms % and u° are explicitly constructive. In particular, u° is the
solution to a hyperbolic boundary value problem with suitable boundary conditions.

As a consequence, for the quarter space problem we expect two boundary layers: % localized in the
strip {0 < x1 < e} and ¥ localized in the strip {0 < 22 < e}. At first glance, we can not exclude that the
two layers interact the one with the other near the corner in the square {0 < z1,z2 < e}. So that we shall
a priori look for an approximation of the exact solution u® reading under the form

Uy () = 0t w) + e (W (s ) + 7 (b 2) o (s 2, 22) )
where # is localized in {0 < 21,22 < €} and takes into account such an interaction.

The aim of the following is to justify rigorously that such an interaction corrector is not necessary if the
elliptic perturbation is suitably chosen. The reason is that near the corner, the boundary layers % and ¥
behave like the corner value w;, —;,—¢ Which is zero for compatibility reasons on the boundary conditions of
the limiting hyperbolic problem.
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4.2 Notation and assumptions

First, let us be more precise about the elliptic perturbation. It reads £ := £(x) := szzl 0;(E; j(x)0;), and

we require that for all € T, the coefficients E; ;(x) € Myxn(R) satisfy the following assumption:

Assumption 4.1 We assume that for all i,j € [1,d]?, for all x € T, the matriz E; j(z) € Mnxn(R) is
symmetric. The map x — E; j(x) is reqular. Moreover the operator £ is assumed to be coercive in the sense
that there exists o > 0 such that

d
Vo eT,VEeS™, Y L&E;(x) > al.

i,j=1

Finally to simplify the exposition we require a universal bound for the derivatives of these coefficients. More
precisely, we assume that there exists C > 0 such that for all v € N¢, we have for all i,7 € [1,d]

||8’YE7;$]‘||L00(F) S C, where 07 1= 8’1“ cee 8;“.

Following the analysis in the half-space geometry, it will be convenient to consider some matrices A; and
A5 which are well-adapted to describe the boundary layers. We define Ay := Ay (¢t,z) = 1/2A1E1 12 and

Ay = As(t,x) = E;;/2A2E£5/2. For j € {1, 2}, also introduce Ejs (resp. ]:3;‘) the eigenspace associated to
the negative (resp. positive) eigenvalues of A;. Finally, we define ﬁ; (resp. ﬁ;) the projection upon Ej
(resp. E}‘) with respect to the decomposition RY = Ej @ E?

Our main assumption about the ”admissible” perturbation coefficients is the following. It requires some
structural assumptions which are made to ensure that Theorem applies to determine the slow amplitude
1% and that the obtained amplitude vanishes at the corner.

Assumption 4.2 We assume that the perturbation coefficients E1 1 and Es o satisfy the following structural
assumptions:

1. For j € {1,2}, for all (t,x3—;,2") € O 7 we have the non intersecting conditions:
—1/24@s s ’
(B2 E) =0 N (BS_ ey =0 (1 3,,0) = {0}

2. We have L s
(B E) (s —ra=0 N (Ega’ "ES) sy —ss0 = {0}

3. Finally we have

—1/28%s 1/2%5s —1/2 1/21s
(A3 A1 B 5" ES) oy —a 0 N(EL 1 ES) jay—ramo = (AT A2 BT PES) 14 oy —oN(Eg o “ES) 1y =0y =0 = {0}

Let us point that in the particular case where Ey 1 = Ey 9 = I, then Assumption @ is a trivial consequence
of Assumption In particular, Assumption is automatically satisfied in the (physically) interesting
particular case where the viscous perturbation & = A.

4.3 The proof in the quarter-space
We look for an approximate solution of u® the solution to under the form:

nrrn 1 L2
x)NEEU(t,ﬂH?’?) (40)

n>0 ~—

=X =Xo

where the amplitudes U™ will be constructed in the following set of profiles:
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Definition 4.1 (Set of profiles) Let T > 0 and K > 1, a function U is said to be in the set of profiles
Prr ifU € X% r®Ix,(Ry; X 7) © Ix, (R ; X% 7). For such a function U, we use the decomposition:

U(t7x;X1;X2) = u(t,x) + %(t7I7X1) + ”f/(t7x,X2)

Inject the ansatz in the interior equation of gives the cascade of equations:

(A} — By 10x,) Ox,%° + (Ay — E520x,) Ox, 7" = 0 for the coefficient ¢!, (41)

—_—— [ ——

::Xl Z:X2
then
d
Xy %'+ XV + LU =Y (B + Ej1)0;0x,%° Za 1)0x, U° (42)
Jj=1 j=1
=E,%°
d d
Z Eo i+ E;2)0;0x,7° — 28 i2)0x, VY = f for the coefficient %, (43)
j=1 j=1
::Ez”i/O

and, finally, for all n > 1,
X %" 4 Xy L L™ —E %" —Ex¥™ —EU 1 =0 for the coefficient £™. (44)

When we inject the ansatz in the boundary conditions of , we obtain the couple of conditions
(to save some notation, we only keep the dependence with respect to the couples (1, X;) and (a2, , X2)):

i >0, ] Un=0@2) T x, o (22) + iz, 2o (22,2) =0, (45)
Uppy—o(@1) + U5, _o(21, ) + V)5, o (1) = 0.
Finally, injecting the ansatz in the initial condition of give us after decoupling the variables
Vn 20, uj<o = %i<o = Vji<o = 0. (46)

The main result of this current section is the following theorem describing the asymptotic of the solutions

to when ¢ | 0.

Theorem 4.1 Under Assumptions [2.]] 2.3, [/-1] and [{-3, we moreover assume that the coefficients of
L(0) are symmetric. Then we can choose 7y large enough, such that if the source f € Hp h(Q) then for
all n € N there exist T' small enough, K' large enough and U™ € Py 1 a sequence of profiles satisfying
the cascade of equations —, and . For given Ny € N, if we define the truncated asymptotic
expansion:

U Ny - Z U, (47)

and if u® stands for the solution to , then we have the error estimate

5 < €N0+1

Hu - uapp N0||L2(QT/)

In particular, because the first layers % °(t,x; ) and ¥°(t, x; 22) are O(\/2) in L?(Qq+) we have the estimate

u® — v’ 20,y S Ve.

In the following paragraph, we describe the construction of the leading order term. A sketch of proof
for the construction of the higher orders correctors is given in Paragraph It is illustrated on the first
correctors. Once all the amplitudes appearing in the ansatz (40 are constructed, the error analysis used to
conclude to Theorem [4.1]is given in Paragraph [1.3.3]

21



4.3.1 The leading order term

It will be more interesting to study the construction of the boundary layers % ° and #° before the one of
the leading order slow variables amplitude u°. However, let us stress that at the end of the day, the slow

amplitude u® will be determined before the boundary layers %° and #°.

First, we decouple the fast variables in (41). Then, we integrate each equation with respect to its fast
variable X; and use the condition limy, o %° = limx, 0 ¥° = 0 to transform into a first order
ordinary differential equation. Consequently, to determine the first boundary layers, we have to solve

X, %0 =0 in Qr x R,
boundary condition on {X; = 0}, (48)
0

|t<0 =

and
X0 =0 in Qpr x Ry,

boundary condition on {Xy = 0}, (49)

0
%\t<0

In the following we will only describe the resolution of , the construction of the solution to
follows the same lines. In order to do so, we first look for a solution to the interior equation and then we aim

to determine the suitable boundary value. Define #0 := 1/ 2% 0 then the interior equation of (48) reads:

—ox, '+ AMw° =0, (50)

where we recall that Aq := E_l/QAlEl_i/2 and where the slow variables (t,z) act as parameters. The L?
solution to is explicitly given, using Duhamel formula, by

POt x; X1) = eXlAl(t’z)ﬁf(tw)%g(l:m (51)

where we recall that ﬁ‘{ stands for the projection upon the eigenspace associated to the negative real eigen-
values of Aj. We note that from the explicit formula (5I)), it is clear that #° € Zx, (Ry; X% r) if the trace
7/&1:0 € X% . Indeed #; reads under the form WO = F(t, :v)”//‘glzo, where F is a product function so
that from Leibniz formula combined with the uniform bounds for the derivatives of the coefficients, we have

10°F|| oo () S (K')*lal for some largeK’.

So that using once again Leibniz formula we obtain

163 o 2 o —1n
0 #°Ollzry < 3 () 10 Fllamian 107 H% ol e

n<a

< Klolglel Z nl(a—n)! < (K"l

a—n)' n!

as desired for some large K", if 7/&1 € X r-

Finally, let us note the important point that from , the leading order boundary layer #° satisfies the
polarization type condition _
WO =170, (52)

Consequently to determine the whole boundary layer, it is sufficient to determine its trace upon {X; = 0}.
In order to do so, we consider the first equation of written for n = 0. We recall this equation for
convenience:

€2

“\ml—o(@) + %zl —x,=0(@2) + 7/|m1 o(2; ?) =0. (53)

To determine the value of the required trace from , the first idea may be to say that because of an
analogous explicit formula for the second layer ¥, the last term in is O(e®) so that it should be
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neglected and thus should give the desired trace in terms of u?mlzo. Let us however stress that this
argument breaks downs in the area {0 < zo < €} that is to say near the corner, where 7/|31:0(x2; 2)is O(1).

Consequently, a good way to consider is to decouple once again the variables. As a consequence, we
will need to solve the couple of equations:

7/|21=0 =0.
We proceed similarly for the second equation of , written for n = 0, to obtain a second couple of boundary
conditions
{%22%—0 = ~By3" w0 (55)
%22:0 = 0’

where we introduced 270 := E, )/22 #0. The rest of the construction is rather clear: to construct #%, _, (resp.
%9(2:07 we use the first boundary condition in (resp. (55))). We then use the explicit formula (51)) to

show that the second boundary condition in (resp. (55)) is satisfied under Assumption
From the polarization condition , the first equation of amounts to solve:

.y s m1/2 s 1/2
(HEWO)\CMI)QZO = _(HEEI,/I u0)|5171:0 and (H?El,/l u0)|x1:0 =0. (56)

Because x1 acts as a parameter in it is sufficient to consider a lifted trace by introducing some
localization function x € 2(]—1, oo[) satisfying x(0) = 1. We thus define

UO(t,x; X)) = _X(xl)E}feXlAl (I By /Pu°) g =0 (8, 22). (57)

We proceed similarly for the first equation of to obtain the boundary condition on u°:

(I3 By 50" =0 = O, (58)
and the explicit formula

VOt x; Xo) = —X(xg)E%’/;eXZA"‘ (1:[§E21,/22uo)|962:0(t7 x1). (59)

Consequently, to complete the construction we have to determine «° in a unique way, then verify that
the second boundary condition in and are verified by the expressions given by and , and
conclude by checking that the amplitudes satisfy the initial condition [46] at order zero.

To determine the evolution equation satisfied by u°, we consider the second equation in the interior,
namely . When we decouple the variables, we obtain that u° solves L(9)u’ = f in Q. Using the
boundary conditions and we thus have to solve the following hyperbolic corner problem in order
to determine u":

LW’ =f  in Qr,

Biu? _,=0 on 0Q 1,

1 \:El—() 1,T (60)
Bgumzo =0 on 8927’1",
“\Otgo =0 onT,

where we defined By := (ﬁlei/f)‘xl:O and Bg := (ﬁgE;/;)mzo.
The next lemma justifies that we can apply Theorem in order to obtain a unique solution u° € X% 1y

to (60).

Lemma 4.1 Under Assumption then Assumption for the system is satisfied. Assume that

fe XR 14 then Theorem applies and (60) admits a solution u° € X% 1y Moreover, the boundary
conditions of the boundary value problems (60)) are strictly dissipative and the coefficients are symmetric, so

that Corollary applies and we have a unique solution u® € X% 1y
In particular, the corner value u?wl:xzzo makes sense.
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Proof : The first condition of Assumption [2.4)is readable. For the second one, let us point that by definition
ker B; (Ej_l/ 2E3)|I —o, S0 that the second requlrement of Aseumptlon is equivalent to Assumption 4.

The fact that the boundary conditions of problem (60 are strictly dissipative is a well-known fact from
the literature in the half-space. We reproduce the proof here for a sake of completeness. Let u € ker By, we
write u = E;ll/zv, with v € Ef We have, using the symmetry of the matrix Fj i,

<A1U,U> = <A1’U,’U> < Oa
because of the definition of Ef

O

Now that the slow amplitude u° is constructed in a unique way, to conclude the construction of the
leading order amplitude, it remains to justify that with the definitions (57)) and , the boundary layers
satisfy the second condition of and . From the explicit formula (57]) we have

1/2 x, ~g1/2
U0, (w15 X1) = x(w1) (By/2eX ™) (5B D) 0y —aamotfly, gy

|I2:0

Consequently it is sufficient to determine the value of the double trace U\Ozl: To conclude, we

IQZO'
consider the compatibility conditions of . We have

0
Biujy,—o = O—B2U|12 -0 = ulm vo—0 Eker By NkerBy .

We note that under the second structural requirement in Assumption [42] the last intersection reduces to
the null vector. At last from the explicit formulas and it is readable that %I <0 = 7/|?§0 =0, if

u?t <o = 0. It concludes the construction of the leading order term.

For later purposes, let us here indicate that the traces 02/‘2 _x.—o and o _ x,—o inherit the regularity
1=A1= T2=AX2=
X% - Indeed, it is readable on the explicit formulas (57) and (59).

4.3.2 Construction of the correctors

For convenience, we describe the construction of the first correctors u', ! and #!'. The construction of
the higher orders correctors follows exactly the same lines.

To obtain the interior equations, we decouple the fast variables in and isolate the slow variable in
{4) (written for n = 1). We thus have after the change of unknowns, %' := E;}/le and 27! = Egzl/Q”Vl:

—Ox, W+ MW =B PF for X1 >0,
—Ox, XN+ A2 = 1/ Fy for X5 >0, (61)
L(9)ut = EuP for (¢,x) € Qp,

where we defined
Fl(Xl) = Fl(t7l';X1) = —/ (El%o)(yl) dyl and FQ(XQ) = Fg(t,x;XQ) = —/ (quf/o)(yg) dy2 (62)
X1 X2
To solve the two firsts equations of we use Duhamel formula (with a non vanishing source term
compared to Paragraph [4.3.1). The solution of the last equation of is given as the solution of a
hyperbolic corner problem with suitable boundary conditions.
From Duhamel formula we can decompose #! = II§#'! + 114 #!, where the terms in the right-hand side
are explicitly given by:
~ X1 _
HiWI(Xl) 7€X1A1HS%X1 ot / e(Xliyl)AIHiEl_,i/QFl (yl) dy, (63)
0

(0 == [ SN ) din
X1
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We have analogous formulas for 2! up to a change in the index. The important thing to remark here is that
because F) is an explicit function of the constructed amplitude %°, then to determine %! it is sufficient
to determine the trace WI}QZO' For later purposes, let us keep in mind that the unstable part of the trace,

namely ﬁ’f%}(lzo, can be determined in a unique way. This can be done before to determine the stable
part, just by evaluating at X; =0.

Reiterating the same kind of decoupling as in the previous paragraph, the boundary condition written
for n =1, gives

1/2
W|:L’1 =X1= 0= (El/l ul)‘zlzo’
1
Va1=0 =0, 64
2L By \s
|zo=Xo= 0o~ ( 22u )|322=0,
OZZI 0 =0.
To=

Because the layers #'' and 2! are not ”polarized” anymore, a decomposition in the first and third lines of
[64) gives

() = x,=0 = —(T BP0t o,
(HS%% om0 = @aEéé?u )fza=0,

(HuEl 1 u )|x1:0 = *(H%W )|w1:X1:0 =01,
(HgE;/QQU )|:1:2:0 = _(ﬁg‘%l)‘IQIXz:O = g2,

(65)

where we recall that the right-hand sides in the third and fourth lines are explicitly determined from %/ °
and 7 by using . Consequently, we define u! as the unique solution to the corner problem:

LO)u! = Eu®  in Qrp,
Blu\lzlzo =g on 0 1,
BQU’\lacQ:O =gz On 8QQ,T,

“\:Ltgo =0 on I,

where we recall that we defined By := (H“E 1/2 )|z1=0 and By := (H“El/z)m:o.

To justify the existence of such a u', we need to apply Theorem [2 In order to do this, we have to
Justify that the sources lie in the spaces X%, 1 , and X;(O,”T,’h. For example for the interior source, it is clear
that it is flat at the origin because u° is. Then, with a slight abuse of notation,

d d
S0 (€)Y Bz S D N0F0T 20 1) 2y S KK (s + 2 S ()
, 2

for K" large enough.

Similarly the source terms are flat at £ = 0 and the behaviour of the derivatives follows the same lines
as the one described for the leading order term #° (see equation (??)) but applied to the unstable explicit
formula . When this problem is solved, it determines the right-hand sides in the first and second equation
of (64). Finally, we lift the double trace and define:

X1
%1(t71’X1) _ X(xl)E1/2 XlAlHSEl/Q’LL|x1 o+ / E1/2 (X1— y1)A1HsE1/2F1(y1) dy, (67)
0
= [ BTN E P F () dys,
X1

and we have a totally similar expression for #! up to change the index one into two.

To conclude the construction, we have to justify that the second and the fourth lines of are verified.
We give the proof for the second line that is to say that we want to verify that 02/‘;220 = 0. Using the explicit
expression @, where we can not expect some cancellation between the different terms, it amounts to verify
that u} =0 and F(t,21,0; X7) = 0. We treat each term separately:

|z1=22=0
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e To show that uﬂzl:m:o = 0, using the boundary conditions of we obtain that
Blu|w1:w2:0 = gl|$2:0 and B2u|m1:w2:0 = 92\“:0'

So that if we can justify that 910yeo = 924,—0 = 0, we end up with “\1:61:12:0 € ker By Nker By = {0}
thanks to Assumption From the definition of the boundary sources, to show that 91)py—0 = 0 We
only have to justify that Fy(¢,21,0; X1) = 0 which is performed in the following step.

e To show that Fy(t,x1,0; X1) = 0, we recall that F} is the integral with respect to the fast variable X3
of E1%°. For convenience let us also recall that by definition

d d
E\% = Z(El’j + Ej@)@jaxl% - Z aj(EjJ)@Xng/,

j=1 j=1

so that the trace on {2 = 0} commutes (compared to %) with all the terms except the term for
7 = 2 in the first sum. Because we have already justified that %22=0 = 0 it is sufficient to show that

(62%0)|m1:z220 == 0
From its definition (see (57))), Z° reads under the form % °(t,z, X1) := F(t, z; X1)u,, _o(22) so that
from Leibniz rule, using that u?zl:mzo = 0, it is sufficient to show that (02u°)s,—z,—0 = 0. To do
so we differentiate the boundary condition on 9€; 1 of with respect to x5, and we evaluate at
ro = 0. We obtain
—1/2%

(82B1)|$2=0 U\O:vlzzgz() +B1(82u0)\$1=3?2=0 = 0 so that (82u0)|3?1=$2=0 € (ker Bl)|$2=0 = (El,l/ E‘i)|x1=$2=0'

—_———

=0

Proceeding similarly for the other boundary condition gives (9;u°) z1=wa=0 € (ker Ba)|z,—0 = (E;;/Qﬁg)m:mzo.

However because we are in a non-characteristic framework we can isolate the dy derivative in the
evolution equation of u°. We thus have

d
Opu’ = —Ay" | Opu® + Ayoyu’ + ) A;000 |
Jj=3

so that if we evaluate at the corner, we obtain

(021%) 2y —zp—0 = — (A5 A1) |5 =20=0(O10°) |5, —zs—0 € (A3 A1) |2y —gp—0 ker By.
Consequently we obtain at the end of the day (92u°)|;, 4,0 € (ker BQ)|x1=OO(A2_1A1) |21 =wa=0(KeT B1)|z,—0 =
{0} from the last requirement of Assumption

This concludes the construction of the first correctors u', 7! and #*. To justify the regularity we insist
on the fact that the one for u' comes from Theorem and then the ones for the layers is readable from
the explicit formula . At last the amplitudes %' and #'! vanish at initial time because u® and u! do.

4.3.3 Error estimate

In this paragraph we will use the following well-posedness result for the solution to . The proof of this
result is admitted here

Lemma 4.2 Lete > 0 and T > 0 be given and f € L*(Qr) be given. We assume that the coefficients of L(0)
are symmetric and that the perturbation £ satisfies Assumptz'on then there exists 0 < Ty :=To(D) < T
such that admits a unique solution u® € €°(]—o0,Ty]; L*(T")). It satisfies the energy estimate: for all
0 <t < Ty we have the inequality

t
[ (t, M F20r) + el Varu®llE2 o) 5/0 @z dt'. (68)
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Let Ny € N be given, for 77 small enough, we consider the amplitudes (Up,)nen defined in Paragraphs
and We consider the truncated expansion

No+1
€ P n
Uapp, No+1 *= E : €"Up.

n=0

By construction u® — ug,,, v, 1 satisfies the parabolic problem:

(L(0) — e€)(uf — us, nyi1) = =€V e in Qr,
(u® —ug,, Npt1)jei=0 =0 on 0 7,
(u® = ugp, Ng+1)za=0 =0 on 082 7,
(u® — uipp,No+1)|tS0 =0 on T,

where f¢

err

is explicitly given by

€
ferr

= LQ)u™Not — guNotl L (L(9) — E)(wNott 4 yNotl) _ B g Notl _ By Notl LUyt (69)

In particular we have f.,,., = O(1) in L?(Q7) (the limiting terms being the two first ones in the right-hand
side of (69)). So that, using the energy estimate we obtain [lu® — ug, noallLz@u) S eNot+l  The
triangle inequality ends the proof of Theorem

5 Discussions and examples

In this concluding section, we show that Assumption holds for some examples coming from the Physic,
see Paragraph We also give some examples of functions lying in the space X3, in Paragraph

5.1 Discussion about the functional spaces of resolution

To simplify a little the exposition let us assume without loss of generality that d = 2. Clearly the set X7,
is not empty, because f(t,z) := e te~(*1122) is in XFy- Similarly, we can show that any function reading
f(t,z1,12) := P(t, 1, z9)e” tH21t22)(+0) with » > 0, § € R and where P if some polynomial is also in
X7 k- Because such functions behave like P in the neighbourhood of the corner, it give rather generic
examples of sources for which we can justify that the two layers studied in Section [4 do not interact the one
with the other.

At last let us mention that the gaussian lies in W3%.. Indeed for n > 0 and y > 0, let H,(y) :=

(—1)"6"/2 dd?;; e=¥" denotes the Hermite polynomial. Then it is a well-known result that such polynomial

2
e~ %

form an orthogonal basis for L?(R, NG dy). So that we deduce

0o n ) 2 0o )
/ (d) dys [T e w)Pay = Vet
0 dy" 0

which shows the claim.

5.2 Discussion about Assumption

In this last paragraph we discuss the structure assumptions (Assumptions and [4.2)) for some examples
coming from the Physics. We here recover the examples of [7], so that Assumption [2.4] seems to be rather
generic, at least from a physical point of view.
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5.2.1 The wave equation

We consider the 2d wave equation in the quarter space Ri. This equation can classically be written under
the form of a first order system. We thus consider for 7" > 0

Oyu + A101u + Ag0ou = f in ]—OO,T] X R?i-’

Biujg,—o =0 on |—o00,T] x Ry, (70)
Batjp,—o =0 on |—o00,T] x Ry,
Ujp<o =0 on R%,

where the interior coeflicients A; and A, are given by

1 0 0 1
A1 = |:O _1:| and A2 = |:1 0:| .

We thus have E5 := vect{(0,1)T} and E§ := vect{(1,1)T}. Clearly R? := E§ @ Ej. To study the second
requirement of Assumption we need to specify the boundary conditions in . They can be parametrized
by two real numbers «, 8 by defining

By = [1 —a] and Bg = [1 —B} .

The parameters leading to strictly dissipative boundary conditions (and thus to L? well-posed problems
in the two half-spaces, from the result of [I5]) are given by:

la] < 1and 8 <0.

However, in order that ker By N E§ = {0} = ker B, N E§ we will have to avoid the exceptional case o = 1
and 8 = 0. So that in particular, Assumption is satisfied by all parameters leading to strictly dissipative
boundary conditions.

As a consequence, Theorem applies and we have existence and uniqueness of a strong solution to .

We now want to study Assumption characterizing admissible viscous perturbations. In the following
to please the reading, we consider a viscous perturbation £ whose diagonal coefficients are given by

for j € {1,2}, E;; := [Og 60} with a;, 8; > 0.
J

We thus have

= 0 1
Al = |:%1 _1:| and AQ = \/TTBQAQ

B1
So that independently of the coeflicients o, §;, we have ES = E{ and ]:35 = E3. It is then a simple exercise
to show that Assumption is satisfied unconditionally on the parameters o; and 3;. As a consequence,
Theorem applies.

5.2.2 Shallow water equation

For this second example we consider the inviscid shallow water equation. For g > 0 the acceleration, ¢y > 0
the typical height and a state (ug,vo) € R?, we consider the linearizatioxﬂ

Opu+ A101u+ Aydou+ C =F, in |—o00,T] X Ri’

Biujg,—o =0 on |—o00,T] x Ry, (71)
Batjp,—o =0 on |—o00,T] x Ry,
u|t§0 =0 on Ra_,

9Let us point here that in this formulation, the shallow water equation (71)) does not constitute a symmetric corner problem.
It is however symmetrizable, moreover the study of Assumptions @ and [4.2| does not require the fact that the system is
symmetric.
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where the interior coefficient are given by:

u 0 g vo 0 0 0 f O
Ay=10 w O0],A4A:=(0 v9 g| andC:=|f 0 0],
¢o 0 ug 0 ¢o wo 0 0 0

f € R being the Coriolis parameter.
The eigenvalues of A; and A, are respectively given by

AL+ = Uy £ /9o, A0 :=up and Ag + = vg £ \/gdo, A2,0 := vo.

In the following, we consider the case dimE§ = 1 and dim E§ = 2 (the other one being analogous), so
that we impose the following restriction on the state of linearization (ug,vo):

ug > 0, ug < v/ 9o and vg < 0, vg > —+/goo. (72)

We then compute easily Ef = vect{(—,/g,0, V@0)T} and E§ := vect{(0,1,0)7; (0, -9, —V@0)T}, so that
it is clear that the first point of Assumption [2.4] holds.

About the second point of Assumption we have B; € Mays(R) so that we can characterize ker By =
vect{(a, 3,7)T}. Thus
a 0 0
B 1 —/g|=ay/éo#0 if and only if a # 0.
7 0 Voo
So that the condition ker By N Ej holds for all o # 0.
For the second requirement, we parametrize ker By := vect{(a1, £1,71)7; (a2, B2,72)T)}. We see that
ker Bo NE$ #£ {0} if 81 = B2 = 0. If 51 # 0 and Sz = 0, to have ker B, N E5 = {0} it is sufficient to impose
V971 — Voo # 0. We have an analogous characterization for 31 = 0 and f = 0. Finally if 81 = 2 =1,

it is sufficient to have —/g(v2 —71) — Véo(o1 — az2) # 0.
Consequently Assumption [2.4] is satisfied for a ”large number” of boundary conditions.

Assumption [2.3| has been considered in [3]. The obtained result is that it holds if and only if |(ug, vo)|? <
goo or if |(ug,vo)| > gpo but with udvd > dog(ud + v3 — dog).

To conclude we consider Assumption @ in the particular case where Fy ; = Fs 9 = I, consequently the
two first points of Assumption follow from Assumption For the last point we compute:

det A g
. 1 oo 2 0 det A2 o
Ay A= —— | —gd0  uovo —guop
det Ag
voPo  —dolUo UgUg

Let a, 51,82 € R be such that

—7 0 0
al 0 | =pA7 AL 1] + 545" A1 | =9
—Vdo 0 Vo

then solving this system in terms of «, 51, B2 gives

a= -9 /55,0,
B1 = (v/guovo + guov/do) 22,

Ba(y/gu + Q%ng/qT—\/gQSouo +uovo/do +

<0

det A2
Ug

V9%o) = 0.

But from we have \/gud +g7:—§ Véo <0, 50 that a = 3; = B2 = 0. Consequently we have A;'A;E§N
E$ = {0} unconditionally. We proceed similarly to show that A7'A,E{ N E§ = {0} unconditionally. Here
again Theorem applies (to the symmetrized formulation of (71))).
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5.2.3 Linearisation of Euler equation

As a last example, we will give a partial study of Assumptions [2.4] and [£.2] for the linearisation of Euler
equations. Let us consider the classical Euler equation on the quadruple (p, u = (u,v),e) € R?*, describing the
density p, the velocity u and the internal energy e. After linearisation around a constant state (pg, ug, o) €
R*, we will consider the system of equations with coefficients

u 0 p% D0 p%aepo 13) 0 . 80 X g
v on on e
Ay = 0w 0 0 and Ay = 0 poYpPo 350ePo 7
po 0 U 0 0  po v 0
p*lopo 0 0 (N 0 p%po 0 Vo

where p = p(p, e) stands for the pressure and where 9.pg is a short-hand notation for the evaluation of the
derivative of p with respect to - evaluated at the linearisation state. To have a hyperbolic system we make

the classical assumption that 9,po + %poaepo > 0 and we thus will denote by ¢ := ,/0,po + p%poﬁepo the
0 0
local speed of sound.

The eigenvalues A; . (resp. Ag.) of Ay (resp. As) are given by:
AL,0 = Ug, A1+ = Up £ c(resp. g o =vg, Ag,x =vg £¢).

Moreover, in order to have Assumption see [3], we need to assume that ugvy < 0 and that the
linearisation state is subsonic |ug| < ¢. To fix the ideas, we assume that ug > 0 and vg < 0, the analysis
being similar in for the opposite signs. In order that we have the suitable dimensions of the subspaces
constituting Assumption [2.4] we assume that uy < ¢ and vy > —c. Consequently A; has a single negative
eigenvalue, namely A _ and A, has three negative eigenvalues, namely A2 ¢ (with multiplicity two) and g _.

It is then a simple exercise to parametrize the stable subspaces E; and E5. We have

§ = vect{(c,0, —po, —p—O)T} and E3 := vect{(1,0,0,0)7; (0,0, —0cpo, d,po)”; (0, ¢, —po, _—pO)T}
Po Po

Thanks to these explicit formulas it is easy to verify that the first requirement of Assumption holds. It

seems to indicate that such decomposition is rather generic, at least for systems with a physical meaning.

It is also simple to see that generically ker By N E§ = {0}. However, because ker By is three dimensional
is it complicated to verify for all possible choices of matrix Bs that the last requirement of Assumption
namely ker Bo N E = {0}, holds generically. However for a given boundary condition Bs check if
ker Bo N E§ = {0} or not is just a straightforward algebraic computation.

Similarly, because the dimension of of one of the subspaces constituting Assumption [£.2]is now of dimen-
sion three, having a generic verification of the viscous perturbations fulfilling Assumption [4.2]is not so clear.
However, once again verify that a given viscous perturbation checks or not Assumption [4.2| can be made by
an algebraic computation.
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