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Asymptotic blow-up behavior for the semilinear heat equation
with non scale invariant nonlinearity

Loth Damagui CHABI

Abstract

We characterize the asymptotic behavior near blowup points for positive solutions of the semilinear

heat equation
Ou — Au = f(u),

for nonlinearities which are genuinely non scale invariant, unlike in the standard case f(u) = u?.
Indeed, our results apply to a large class of nonlinearities of the form f(u) = u?L(u), where p > 1
is Sobolev subcritical and L is a slowly varying function at infinity (which includes for instance
logarithms and their powers and iterates, as well as some strongly oscillating functions).

More precisely, denoting by % the unique positive solution of the corresponding ODE %'(t) =
f(y(t)) which blows up at the same time 7', we show that if a € Q is a blowup point of u, then

u(a +yVT —1,t)

lim ————————"—= =1, uniformly for y bounded.

t—T 1/)(15)

Additional blow-up properties are obtained, including the compactness of the blow-up set for the
Cauchy problem with decaying initial data.

Key words: Semilinear heat equation, asymptotic blowup behavior, blow-up set, regular variation,
weighted energy.

1 Introduction
We consider the semilinear heat equation

ur — Au = f(u), =€, t>0,
u =0, x e, t>0, (1.1)
u(z,0) = uo(z), =z €.

Throughout this article, 2 is a, possibly unbounded, uniformly smooth domain of R™ (n > 1) and
f € C([0,00)) satisfies f(0) > 0 and f(s) > 0 for s large. It is well known that, for ug € L>(Q),
problem (I has a unique nonnegative classical solution. Throughout this article we will denote by u
this solution and by T' = T'(up) € (0, o] its maximal existence time. If f has superlinear growth in the
sense that 1/f is integrable at infinity then (see, e.g., [I7, Section 17]), under suitable largeness condition
on the initial data, u blows up in finite time, i.e T' < oo and

i [[u(t)] oo = o0

In this case, T is called the blowup time of u. Given a € €, we say that a is a blowup point of u if there
exists (aj,t;) — (a,T) such that |u(a;,t;)] — oo as j — .

The asymptotic behavior of blowup solutions for problem (IZI]) has been studied in great detail in the
special case f(u) = |u|P~!u, especially in the Sobolev subcritical range p € (1,ps) with

Z—J_rg, ifn>3
ps =
0, if n <2.

In their fundamental work [9] [10], Giga and Kohn have studied the local behavior of solutions near blow-
up points for this range of p and have discovered that, in backward self-similar parabolas, the solution
behaves like the solution of the corresponding ODE, namely:

lim (p— 1)7 1 (T — t) 7 Tula+yvT — £,t) = 1. (1.2)

t—T



Later on, building on the result in [9] 0], the sharp final blowup profiles and the corresponding refined
space-time behaviors have been completely classified in the Sobolev subcritical range (cf. [7, [13] 14}
21 22, 3L 15, 16, 19]). The complementary range p > pg has also been the subject of a number of
investigations, but this range exhibits more complicated behaviors and is less understood (for instance
other self-similar or non self-similar behaviors are possible; see, e.g., [IT, Section 25| and the references
therein for details).

On the other hand, the above mentioned analysis for the pure power nonlinearity in the Sobolev
subcritical range heavily depends on the scale invariance properties of the equation, namely the fact that
the equation is invariant by the transformation

wes A Tu(Az, A%), A > 0.

As already noted in [T, Section 5.3], the precise asymptotic blow-up behavior for general nonlinearities
is still a widely open problem. The main goal of the present work and of the companion paper [4] is
to partially fill this gap and to provide a precise description of the blow-up behavior of solutions for a
large class of non scale invariant nonlinearities. The present paper is devoted to the local behavior of
general solutions near arbitrary blow-up points, whereas [4] will concentrate on radial decreasing solutions
and describe the sharp final blowup profile and the refined space-time behavior (note that [4] will make
essential use of the results of the present paper).

As far as we know, the only previous study of local blow-up asymptotics for problem (LI with a
genuinely non-scale invariant nonlinearity [ was recently carried out in [6] where, for the special case of
the logarithmic nonlinearity |u[P~'ulog?(2 + u?), the authors construct a special, single-point blow-up
solution with a prescribed final and space-time blow-up profile. A starting point in the approach of [6] is
to rescale the problem by similarity variables and ODE renormalization, using as normalization factor the
positive solution of the ODE 3/ = f(y) blowing up at the same time T (instead of ((p—1)(T —t))~1/(P=1),
We will here use this idea with a different goal, and in a more systematic way as regards the nonlinearity.
Namely, for a large class of nonlinearities satisfying a suitable regular variation assumption at infinity,
we will prove results that can be seen as a counterpart of [9, [I0], describing the local behavior of any
solution near an arbitrary blow-up point. We will also show the compactness of the blow-up set in the
case 2 = R™ with decaying initial data.

2 Main results

2.1 Statements of main results

For p € R, we say that the function f has regular variation at co of index p if the function L defined by
L(s) := s~ P f(s) satisfies
L(\s)
im

=1 foreach s>0. (2.1)

A function L with the property () is called a function with slow variation at co. When L is C! near

infinity, a well-known sufficient condition for 2.1]) is lims_; o sLL/((;)) = 0. We shall consider the following

subclass of functions with regular variation, with index p > 1:

fecCt(0,0)), f(0)>0, fis positive and C? for large s (2.2)
L(s) := f;f) satisfies Sf;ij) = O(log™*(s)) and % = o(1) as s — oo, for some o > 3. (2.3)

Some examples of function L with slow variation that satisfy ([Z3]) are given in Remark 2l below (see [18]
for a general reference on regularly varying functions and, e.g, [2] and |5 20]). Throughout this paper,
we shall denote by ¢ (-) the unique positive increasing solution of y" = f(y) which blows up at T < oo
(see at the end of this section for details). We also denote 8 = p—il and x = 7.

I'Nonlinearities with asymptotic scale invariance as s — oo can be treated by similar methods as for the case f(s) = sP,
see [10}, Section 6A] and [3].



Theorem 2.1. Let 1 < p < pg and ug € L>®(Q) with ug > 0. Assume Z2)-Z3) and T := Tiax(ug) <
oco. If a € Q0 is a blow-up point of u, then

ula +yvT — t,t)

li =1 24
tgril“ P(t) ’ (2.4)
uniformly on compact sets |y| < C.
Remark 2.1. e The conclusion of Theorem [21, with limit £1, remains valid for sign changing

solutions (i.e., without the assumption ug > 0 and, for instance, extending [ as as odd function for
s < 0) provided the solution is of type I, namely:

[u(®)lloc < Mo(t), T —6<t<T, (2.5)
for some M,06 > 0. See Theorem [Z1] below.

e For nonnegative initial data, property 238 follows from the recent result [20, Theorem 3.1], when-
ever p € (1,ps) and L has slow variation at oo, hence in particular under the assumptions of Theo-
rem[21] (see Theorem[51l in appendiz below). However, for sign-changing solutions and p € (1, ps),
property Z8) so far is known only for f(u) = |u|P~ u [9, [I0] or for f(u) = |ulP~ ulog?(2 + u?)
[12]. The result also remains true for p = ps under assumption (ZI) (but [Z3) is not true in
general when p = pg (see [17, Section 25]).

o As examples of nonlinearities such that assumptions (Z2)-23) are satisfied, so that Theorem 2]
applies, we have f(s) = sPL(s) with L given by:

* log®(K + s) for K > 1 and a € R,
* the iterated logarithms log,, (K + S)E
* exp(|log s|”) with v € (0,1/2),
* the strongly oscillating functions
[log(3 + s)]Sin[loglog(ngs)] and  exp[|logs|” cos(|logs|")], v,y >0, v4+7v<1/2,
* 14 asin(log”(2 + s)) with v € (0,1/2) and |a| < 1.

Our results thus cover a large class of non scale invariant nonlinearities. However, it so far remains
an open problem what is the largest possible class of f for which the conclusions of Theorem [21]
hold. In particular the condition o > % in (Z3) is required for the existence of the key energy

functional used in the proof (see Lemmal3dl).

e [or radial decreasing solutions of problem (LT), for a large class of regularly varying nonlinearities,
the final blow-up profile and refined blow-up behavior are obtained in the companion paper [J].
Theorem [21] of the present paper is used as an important tool in the proofs in [4).

Our next main result, for the case {2 = R", shows the compactness of the blowup set for initial data
decaying at infinity. Note that this assumption is essentially optimal, in view of examples in [I1] (see also
[17, Remark 24.6(ii)]) of solutions blowing up at space infinity for nondecaying bounded initial data. To
this end we recall the notation Co(R") = {¢ € C(R"); lim|y|— o ¢(x) = 0}.

Theorem 2.2. Let 1 < p < pg, assume (Z2)-23), f(0) =0, and let uy € Co(R™) with ug > 0 be such
that T' < co. Then the blow-up set of u is compact. More precisely, there exists R > 0 such that

sup u < 00.
|z|>R,te(0,T)

As a consequence of Theorem 2] we also get the following “no-needle” property for blow-up solutions.

Proposition 2.1. Under the assumptions of Theorem 21, if a € Q2 is a blowup point, then

lim  wu(z,t) = oco. 2.6
(z,t)—(a,T) ( ) ( )

2where log,,, = logo---olog (m times), m € N* and K > [expo- - o exp](0).



Remark 2.2. The analogues of Theorems[Z1l and[Z2 are valid for sign changing solutions (assuming for
instance that f is an odd function on R), provided the solution is known to be of type I; see Theorems[31]
and [{-1] below.

Throughout this paper, we shall use the notation

> ds
FX)= [ 22 2.7)
=) T (
Note that, under assumptions ([Z2))-(23]) with p > 1, there exists a large A > 0 such that F': [4,00) —
(0, F(A)] is well defined and decreasing. Moreover, 1) is defined on some interval (T'—n,T) and we have

Yty =F YT —t), te(T—nT). (2.8)

The rest of the paper is organizezd as follows. In Subsection 222 we present the main ideas of our
proofs. Sections [] and Ml are respectively devoted to the proof of Theorems 2] and 222, and of their
extension to sign-changing solutions. Finally in Appendix, based on [20], we provide the necessary type I
blowup estimate for nonnegative solutions.

2.2 Ideas of proofs

To prove Theorem 2] (and its extension to possibly sign-changing solutions given in Theorem Bl below),
we shall adapt the methods of [8, [0, [10] to equations with genuinely non-scale invariant nonlinearities
by taking advantage of the slow variation property of L in an appropriate manner. Since we want to
compare u with the solution of ODE v near the blowup point a, we first rescale the equation by similarity
variables and ODE renormalization by setting y = (x — a)/v/T —t, s = —log(T — t) and defining the
rescaled function w, by u(x,t) = ¥ (t)w,(y, s). Such a rescaling, which extends the seminal idea from [9]
in the case f(u) = uP, was applied in [6] in the particular case of a logarithmic nonlinearity in order to
construct special blow-up solutions with prescribed profile. The function w, is then a global solution of

Oswa — Ao+ 3y Vurg = e~ (Jwl wI uly) — L(w)w) (29)

(where we omit the variables without confusion) in W, = {(y,s) : so < s < oo, y € D(s)}, with
D(s) := e*/?(Q —a) and s¢ > 0 large. Moreover, w, and |Vw,| are bounded under our assumptions. We
thus want to show that w, is attracted by the set of equilibria of (29, which turns out to be the same as in
the pure power case, namely {0, —1,41}. As a significant source of difficulty, some new, nonautonomous
factors arise from the slowly varying part of the nonlinearity. To handle them, we rewrite ([Z9) as the
pure power plus a perturbative term, namely

1
Oswa — Awa + 5y - Vwa = lwP~ w + H(y, s).

By suitably exploiting the slow variation hypothesis, we can show that H converges to 0 in L*°-norm
as s — oo and is globally square integrable in space-time with respect to the Gaussian measure. This
enables us to construct a weighted energy G,(s), which is a modified version of that in [9] and can be
used as a Liapunov functional to show the desired convergence to a constant steady-state.

The nondegeneracy of blow-up (i.e. ruling out the case w, — 0) is then obtained by a similar argument
as in [10], based on weighted energy, but using our modified energy functional, and a removable singularity
property, namely a local lower bound on the blow-up rate. Under our assumptions on f, the latter (valid
for all p > 1) takes the following form: if [u(z,t)| < e¢(t) in some neighbourhood of (a,T’) with ¢ > 0
sufficiently small, then a is not a blow-up point. This is proved by a comparison argument extending
that from [I7, Proposition 25.1] for the pure power case.

As for Theorem 2.2 it is obtained by combining the above arguments with the fact that, under the
assumption ug € Co(R™), the weighted energy G, (s) can be shown to decay as |a| — .

3 Extension and proof of Theorem [2.7]

As mentioned before, we have the following extension of Theorem [2.1] for possibly sign-changing solutions
under a type I blowup assumption.



Theorem 3.1. Let 1 < p < pg. Assume that f € C1(R) is an odd function, with f > 0 and C? for large
s >0, and that f satisfies Z3). Let ug € L>=(2) satisfy T := Tmax(uo) < 0o and Z3). Ifa € Q is a

blow-up point of u, then
lim ula +yvT —t,t) "
t—T P(t)

(3.1)

uniformly on compact sets |y| < C.

Remark 3.1. The oddness assumption is made here only for simplicity. Similar conclusions could be
obtained under more general hypotheses.

The proof of Theorem B.1]is divided into several subsections for clarity. In subsection 3.1l we prove
a local lower bound on the blow-up rate. In subsection B2, we give an upper estimate of |Vu| which is
needed for the existence of the key weighted energy functional and its properties. The latter are derived
in subsection With the help of these tools, we then conclude the proof of Theorem [B] by showing
the convergence and the nondegeneracy of blow-up in subsections [3.4] and respectively.

3.1 Local lower bound on the blow-up rate

Proposition 3.1. Let f € C*(R) be odd. Assume that there exist q,zo > 1 such that
f(2) >0 and g(z) := 27 9f(2) is increasing for z > z. (3.2)

Let T,6 >0, a € R" and set Q := B(a,d) x (T — 62, T). There exist €,00 > 0 depending only on n, f
such that if 6 € (0,d0] and w is a classical solution of

us — Au = f(u), (x,t) € Q, (3.3)

and satisfies

|’U,(:L', t)| < 501/)(15)7 (:L', t) € Qv (34)
then w is uniformly bounded in a neighborhood of (a,T). More precisely,

52
sup |u(z,t)| < C, forall te (T — —,T),
|z—a|<6/4 2

where C > 0 depends only on n, f,§ and ||u(T — %)HLDO(BG((;)).

Remark 3.1. (i) We note that under assumption B.2)), the ODE y' = f(y) indeed has a positive solution
P(t) on some interval (T — 63, T) which blows up att="T.

(ii) The result in Proposition [31] is of independent interest since it is valid for any p > 1 and more
general nonlinearities than Theorem [31. Note that no boundary conditions are assumed and that this is
a purely local result.

(#1i) Proposition [Zl is the analogue of [10, Theorem 2.1] for the pure power case. See also [17,
Theorem 25.3], which provides a different proof, based on comparison, a quadratic change of unknown
and a cut-off. It turns out that, by suitable modifications of the arguments in [17], we can handle rather
general nonlinearities without scale invariance.

Proof of Proposition[Z1]. By assumption ([B.2)), we may pick g, Cy > 0 depending only on f, such that
Y(t)>20>1 and [f((t) > Coyp?(t) forallt e (T —53,T). (3.5)

Let 6 € (0,d0). By a space-time translation, we may assume a = 0 and 7' = §% and then Q = Bs x (0, §2).
Set

p=min{1/2, (¢ —1)/4}. (3.6)
For given R > 0, we may find ¢ € C*(R™) such that 0 < ¢ < 1,

{qﬁ(m) =0 for || > R/V2 57

¢(x) =1for |z| < R/2



and
Vo2 + |A¢?| < C(R,n)p? 1. (3.8)

We choose R = § and set
v =u?¢>.

For (z,t) € Q, we have
v — Av = 2uud? — 20 (uAu + |Vul?) — 8upVu - Vo — u? A¢>.

Since 4|upVu - Vo| < ¢?|Vul? + 4u?|Vp|?, therefore

ve = Av < 26 uf (u)| + u?(8|Vel* + A% (3.9)
Let € € (0,1] to be chosen below. Setting My = sup |zf(z)|, using B2), B4) and writing |uf(u)| =
[u|7Lg(|u|)u?, we have e
i {0

Note that ¢ — 1 > 1—2_% > 2u owing to ([B.6). Using (B4) again and (), it follows that

ve = Ao < 2(e7 M g (P)u’ + Mo)§P + [ufPol THe 28V + [A¢)

< g (2%0 + C(n, R)w2“v1_”) + 2M,.

Next using Young’s inequality and (B.3]), we may estimate the second term by

C(n, Ryyp** =+ < 1/)12*_“1»1) + C%(n,R) < ity 4 C%(n,R) < Co_l%v + C%(n,R).

Consequently, we obtain, for some C; = C1(f) > 0 and Cy = Ca(f, R,n) > 0,

v — Av < 0152“%1) + sy (x,t) € Q. (3.10)

Let 7 = Kv? for t € (0,T), with K,0 > 0 to be chosen. Using (B.3]), we see that

f(¥)
(8

Choosing 6 = min(2C1e%#,1) and K = max{2C>(Co0)~ !, [|u(-,T/2)|lx}, it follows that ¥ is a superso-
lution to BI0) and that T(T/2) > |[v(-,T/2)|cc. Since v = 0 on dBs x (0,T), we deduce from the
comparison principle that v < v in Bs x [T/2,T), hence

Ty = KO~ f (1) > g( T+ KCO).

u? < Ky in By x [T/2,T). (3.11)
At points (x,t) where |u| > z; := max(zg, K), inequality (II) implies ¢ > K hence |u| < ¢ < ¢ so
that, by Young’s inequality, (B.2]) and (B.3)),
2juf (u)| + C(n, Rju® < 3Jul ™™ g(lul) + C(n, R) < 307 g(4) + C(n, R).

It follows that
2luf(u)| + C(n, Ru? < 3¢9 (y) + K1 in Bsje x [T/2,T), (3.12)
with K1 = K1 (n, R, f,0, |[u(-,T/2) ) > 0.
Now consider v = u?¢? with R = §/2 instead of R = ¢ in (B1)). Taking ¢ = £(f) > 0 sufficiently small
so that 6 = 2C1e? < (¢ —1)/2(q + 1), inequalities (33) and FI12) imply

v — Av < 39D 2g(p) + Ky in Bsjo x [1/2,T),



with K1 = Ki(n, R, f, |[u(-,T/2)||ec) > 0. Let & = Ko + K1t — %1/1(1"1)/2 with K5 > 0 to be chosen.
By a simple computation, we have

B = 3y~ f () + Ky = 300D 2g(9) + K.
Choosing
6
Ko = |lu(-,T/2)[|oc + ﬁﬂfu_q)p(T/Q)

and noting that ¢’ > 0 on (7'/2,T), it follows that v < ¢ on 0, (B(;/Q x [T/2, T)) Using the comparison

principle once again, we obtain
v< < K3:=Ko+ KT, in Bspox[T/2,T).

By the definition of v and (1), we conclude that

T
sup u?(t) < K3, —<t<T.
2| <5 /4 2

3.2 Upper estimate of |Vu|

In this subsection we show that the upper blow-up estimate (235 implies a similar estimate for the
gradient. The latter is needed for the existence and properties of our energy functional in section
below.

Proposition 3.2. Let f € CY(R) be odd and assume that there exist m > q > 1 and zo > 1 such that
f(2) >0, z272f(2) is increasing and z~ " f(z) is decreasing for z > zo. (3.13)

Let ug € L= () and assume that T := Tinax(uo) < 0o and that u satisfies Z8) for some M, > 0. Then,
there exists to = to(f,T) € (T —6,T) such that

[Vu(t)]|oo < Mi(T — )" Y20(t), to<t<T, (3.14)

for some My = My (2, M, f) > 0.

Remark 3.2. Under assumption (Z3) of Theorem[21), property B.I3)) is satisfied for any q,m such that
1< g <p<m, owing to

o)

The proof of Proposition is based on modifications of arguments in [9] [I7], suitably adapted to
cover larger classes of nonlinearities.

(71L(=)) = (0 — )2 7T (=) + UL () = 7L (p - g+

Proof of Proposition[32. Let t1 € (max(0,7 — 1),T) be such that 1(t) > 2o in (¢1,7). We first claim
that

t
I1f (uw(t))]|oo < C(M, f)%, ty <t<T. (3.15)
To this end, we firstly show that
X klfm
sup MF(k:X) < —— foreach k € (0,1]. (3.16)
X>k-1z q—1

By the increasing property in (8I3), we note that, for all X > z,

F(X) FX) [~ ds  f(X) /°° stds _ f(X) X /OO@ 1

x M= L To "X  5fe = X J® Jy s -1 (38.17)




On the other hand, the decreasing property in (3I3) yields f(kz) > k™ f(z) for all z > k~ 'z hence, by
the change of variable s = kz,

B > ds B * dz 1em [T dz  iem .
) = [ gk g T e =R X

and this combined with IT) implies (BI6). Next, at points where |u(z,t)| > max(M, 1)z, applying
BI8) with & = min(1, M ') and using (Z3)), the decreasing monotonicity of F' and (238)), we have

e ) = (LD | < COLDUO  CULILD _ COLIMO

F(klu(z,t)]) = F(y(1)) T—t
Since t(t) > 1 > T — t, this implies

1)l < 00t £)(1+ 2 <acqu p)

¥(t)

2t <t<T,
T—¢ !

hence (B.I5).

Let 7 < s <t < T. Denote by (e"™),>0 the heat semigroup on  (with Dirichlet conditions

for O # R™). By the variation of constants formula, the gradient estimate for e=74 (see, e.g, [I7,
Proposition 48.7*]) and ([Z1), we have

IVu(®)lloo < Ve~ u(s)]l +/ Ve~ =4 f (u(r) || scdr
SC(Q)(t*S)’1/2IIU(S)HOO+C(Q)/ (t =) 2 [ fu(n)]] dr
SC(Q,M)(t—S)_l/Qw(S)+C(Q,M,f)/ (t =) VAT — )~ (r)dr,

< CO.M1)(( = ) 20(0) + 60T 0 [ (1= ) 2r),
< C(Q,M,f)((t ) TV2 o)t — 5)1/2)1/)(15).

Assume t > tg := (t1 + T)/2 and choose s := 2t — T. Since t; < s <t < T and t — s =T —t, it follows
that
IVu(t) o < 3C(Q, M, )T — )" /24(t).

3.3 Weighted energy functional and its properties

In subsections B3H35] we shall work under the assumptions of Theorem Bl As mentioned in Subsec-
tion 2.2] our proof is essentially based on transformation by similarity variables and ODE renormalization
and on weighted energy functional, after appropriate modifications of ideas in [8] [9, 0] (see also [T, sec-
tion 23.4]). With this transformation we obtain a rescaled equation that we rewrite (cf [B28)) as the
pure power case plus an additional term H coming from L. Here new difficulties arise in the case of non
scale invariant nonlinearities (L 2 1). Under assumption ([2.3]), we shall show that ||H(s,")||lcc — 0 as
s — oo and is globally square integrable in space-time with respect to the Gaussian measure, which will
guarantee the existence of the energy and its properties (cf. Lemma B3). To this end, we divide this
section in three parts as follows.

3.3.1 Preliminaries.

Let u be a solution of (LI with blow-up time 7' € (0, 00). Let ¢y be given by Proposition B2 and take
so > max(2, —log(T — to)) such that e* > s > 16 for all s > sy and such that vy (s) := (T — e™*)
exists for all s > s¢ and satisfies

P1(s) > P52 s> 5 (3.18)

(inequality (BI8) follows from ([2.7), [23) and the fact that, by Remark B2l f(s) < sPT¢ as s — oo for
any € > 0).



Let a € ). We set
Y= , s:=—log(T —1) (3.19)

and define the rescaled function
u(a+ye /2, T —e%)
¥1(s)

Note that it is equivalent to u(x,t) = ¥(t)w(y,s). By a simple computation using ¥] = e~ *f(¢1), we
have

w(y, ) = wa(y,s) = (3.20)

vo- "y Aw=""A
w = u, w = u,
(2 (00
e f ()
Yy Ut _ 1
ws=—=-Vwt+e *— —e *—w, 3.21
2 (3 (a1 (3:21)
hence )
675
ws—Aw+§y-Vw: " (ut—Au—f(wl)w).
Then w is a global (in time) solution of
1 _1, L |w])
_ - = p=1,, A7 17
ws — Aw + 5Y Vw h(s)(|w| w Lo w), (y,8) € W,, (3.22)

where
Wa = {(y,s) : 50 < s <00, y€ D(s)}, D(s)=Dg(s) :=e’>(Q—a), h(s):=e "¢y’ "L(1). (3.23)

Note that lim., D(s) = R™ and that W, = R™ x (sg,00) for 2 = R™. In term of the variables y and s
and rescaled function w, we observe that (21 and Proposition imply the uniform estimates

[w(y, 5)| < M, (3.24)
[Vw(y, s)| < M, (3.25)
where M7 = M1(Q, M,p,T), and the desired result 3] can be restated as

lim w(y, s) = £1, uniformly on compact sets |y| < C.
S5—00

As in [9], we shall apply dynamical systems arguments to show that the global bounded solution w of
B22) is attracted by the set of equilibria, and it will turn out that these are the same as in the pure
power case, namely they are solutions of

1
Aw — ¥ Vw— fu + BlwP~tw =0 in R™ (3.26)

As a main difference with the case f(u) = |u[P~!u in [9], equation ([B.22)) is not autonomous and the
obtention of a Liapunov functional property requires additional effort.

3.3.2 Control of nonautonomous terms.

We rewrite equation (3:22)) as

1
ws — Aw + ot Vw = BlwP~w — fw + H(s,y), (3.27)
equivalently
pws — V- (pVw) = pB(|w|P~ — Dw + pH(s,y), (3.28)
where the nonautonomous term is given by
L w
H(s,) = () = 8) (o™ = 1wt wo) ol ZEHE < 1) = Hs.) + Has), (3:29)

and the Gaussian weight p is defined by p(y) := e~1v1*/4. Under assumption ([23) a key property for the
existence of a Liapunov functional and the control of the nonautonomous terms is the following:



Lemma 3.1. Under the assumptions of Theorem [31] with any p > 1, we have
[H(s,+)lloc < Cos™"logs, s> so, (3.30)

with Cy > 0 independent of a.
Proof. Tt suffices to show that Hy, and Hs satisfy [B30). To prove it for Hy, we first claim that the
function h(s) = e~ 5y? ' L(1);) satisfies

|h(s) =Bl < Cs™@, s> s (3.31)

(here and in the rest of the proof, C' denotes a generic positive constant independent of a, s, ). Indeed,
integrating by parts, we have

[T [Terds X% D)
F&= [ 70 A i) I 5], 2(2)"

hence, owing to ([Z3)),

N

b XPLL(X)F(X)
XP'L(X)F(X) - 8] < CXPT'L(X / - dz<C X >2 3.32
XP LX) F(X) - ] < ) [t O K22 63)
In particular hm XPUL(X)F(X) = 3 and, going back to (3.32), we get

X —o0
| XPT'L(X)F(X) — 8| < Clog™®X, X >2.

Since F(¢1(s)) = F(Y(T — e~ %)) = e~ * in view of (Z8), claim B3] follows from (BIF). Properties
B27) and (B3] guarantee that Hy satisfies (3.30).
Let us show that Hy satisfies (3:30). To this end we define E = {(y,s) € Wa; |w(y, s)| < s7*}. We
have
|Ha(s,y)| < Clw| < Cs™, (y,s) € E. (3.33)

Next consider the case when (y,s) € W, \ E. Then, recalling the definition of sy before BI8), we have
lw|tpy > s~*ef*/2 > efs/* > 2. By assumption (Z3),

L
Y(X) := sup z
z>X

;S)‘ < Clog X)™, X >2.

Therefore, $(e?*/*) < C(log(eP*/4))=> < Cs™, as well as M > |w| > s~ Since min(|wtr,1h1) > /4,
it follows that

|’LU|’¢1 Z) s/4 s/4 —a
‘1og( ‘ o I02) dz‘ < x(ef/ )‘[bgz (ol ‘ < (e?*/1))|log|w|| < Cs™*log s,

hence

lwl|ir)

Ha(s. )| < | F)

—1‘ < Cs “logs.

Combining with [33]), we deduce that
[H2(s, )|oo < Cs @+ Cs %logs < Cs “logs, s> sg.
Consequently Hs, and hence H, satisfies (3.30). O

3.3.3 Weighted energy functional and its properties.

The Liapunov functional for equation (8:28)) will be given by the perturbed weighted energy defined as
follows:

Glw](s) := Ew](s) + C1s™7, (3.34)
where'y:ozf%>0,

p p
Efw] ::/ (—|Vw|2 + Zw? — Py 1|w|p+1)pdy,
D(s)

and the constant C'; > 0 is independent of a. The term C1s™7 is designed to handle the effect of the
perturbation H on the energy, making crucial use of its square integrability in space-time (cf. (BA4S)),
made possible by the assumption « > 1/2 in ([Z3]). This energy enjoys the following properties

10



Lemma 3.2. Under the assumptions of Theorem [Tl with any p > 1, we have G[w] € C(sg,00) and,
for all s > sg,

1

el < _Z 2, < .
o <=5 [ <o (3.39)
Glw](s) = 0, (3.36)
/ ey < Clnp G (3.37)

D(s
Moreover, for each s > sq,

a — Glwg](s) is continuous. (3.38)

Proof. We first check the required regularity of w. For all 0 < e < 7 < T, denoting Q. := Q x (g,7), it
follows from standard parabolic L? and Schauder regularity (see, e.g., [I7, Section 48.1]) that

ug, D*u € BO(Q..r) (3.39)
(where BC' denotes the set of bounded continuous functions). Then, setting g := f/(u)u; € L®(Qe,r),

v := wuy is the solution of the problem vy — Av = g in Q. with v = 0 on 92 x (g,7) and v(e) = w(e).
By parabolic LY regularity, we deduce that, forall 1 < ¢<ococand 0 <e <7 < T,

sup [|vellra(q..rag) + ||D2U||LQ(QE,T,%) < 00,
To€EQ

where Q¢ 7.2, = (2N B1(z0)) X (,7) (the set Q¢ 74, can be replaced by Q. » and the supremum over zg
omitted in case € is bounded). By interpolation inequalities it follows that

Vu; € BC(Qe ). (3.40)
We deduce from (320), B21), G24), B25), (39) and B40) that, for all s; € (s, 00),
D*w, (1+ [y~ ws, (1+[y))™ Vs € BCWa,s,), (3.41)

where W, 5, = WaN(R" X (80, 51)). In view of the exponential decay of p, this guarantees the convergence
and the differentiability of the various integrals and justifies the integrations by parts in the rest of the
proof.

We next compute the variation of the first part Ew](s) of the energy and derive a differential inequality
for the weighted L? norm. This is essentially the same argument as in [8, 9], but we give details for
completeness and convenience. For all s > sy, we have for g > 2

1d 1
- w|?pdy = / pwy|w|* 2 wdy + —/ w|p(y - v)do, 3.42
Pl N 57 e 0 (3.42)

where do denotes the surface measure on 9D(s) and v the exterior unit normal on dD(s). Since w = 0
on dD(s), the boundary term vanishes, hence

1d

- |wl]9pdy :/ pws|w|T2wdy. (3.43)
qds Jps) D(s)

Next, to compute the variation of the term involving Vw, we integrate by parts to get

d 1
s |Vwl|?p =2 Vws - (pVw) + 5/ |Vwl|?p(y - v)do
S JD(s) D(s) 0D(s)

1
= —2/ wsV - (pVw) + 2/ pws(Vw - v)do + — / PVl (y - v)do,
D(s) aD(s) 2 Jap(s)

Using that, on dD(s), we have w, = —% - Vw (owing to (3.2I))) and Vw = (Vw - v)v, hence ws(Vw -v) =
—1|Vw|?(y - v), this yields

d

1
— |Vwl|?p = —2/ wsV - (pVw) — —/ p|Vw|*(y - v)do. (3.44)
ds Jp(s) D(s) 2 Jap(s)

11



Also, we have dD(s) = e*/29(Q — a) hence faD(s) do < C(Q)e®/? and, since a € Q, we have |y| > des/?
on 0D(s) with d = dist(a, Q) > 0. Consequently, using ([B.25]), we get

/ plVw|?|y - v|do < CMZes/? exp[—(des/2)2/4] < Cexp(—ce®)
aD(s)

(here and in the rest of the proof, C' denotes a generic positive constant independent of a, s, y). Combining

this with (32]), (3:43), (3-44)) we obtain

d _ 1
W) = [ w (V- (V) = Bput splul ) <5 [ V(-
ds D(s) 2 Jap(s)
< —/ wfp—i—/ wsH(s,y)p + Cexp(—ce®). (3.45)
D(s) D(s)
On the other hand, setting ¥(s f]R” w?pdy and using B42) with ¢ = 2, [328) and integration by

parts, we get

1
SW(s) = / pwswdy = / (V - (pVw) + Bplw[P~ w — Bpw + pH (s, y))w
2 D(s) D(s)

— / (— |Vw|? + Blw[PTt — 6w2)p +/ wH (s,y)pdy
D(s) D(s)

1
= “2E[w](s) + — le”“pder/ wH(s,y)pdy
P+1Jp) D(s)
hence, by Jensen’s inequality,
U'(s) > —4E[w|(s) — 2M |H (s,y)|pdy + C(n, p)@PHD/2(s), (3.46)

D(s)

We shall now make use of the key decay property in Lemma [B] to handle the terms involving the
perturbation H. By ([B48]), we have

d

1 1
—Ew](s) < —= / w2p+ = H?(s,y)p + Cexp(—ce®) (3.47)
ds 2 D(s) 2 D(s)

and 330) and o > § guarantee that, for some C; > 0 (independent of a),

1
5 H?(s,y)pdy + Cexp(—ce®) < ycls—a—% and 2M |H(s,y)|pdy < Cy1s77, (3.48)
D(s) D(s)
for all s > sg. It then follows from ([B.34]), (B46) and (B:47) that
d d 1 1
—G =—F —yCis7 72 < —= 2
06 = Gl acis <5 [ i,
i.e. (330), and

V'(s) > —4G[w](s) + C(n, p)¥PTD/2(s).
The latter, combined with (35, implies
V' (s) > —4G[w](s1) + C(n,p)WPTV/2(s), s> 51 > s0,

This guarantees ([B.30) and [337), since otherwise ¥ has to blow up in finite time.

Finally, changing variables to write

Bluwa(s)) = | </\ch¢;()>

2

Tf =5) 12 T — =) 1
T e e | I L CRPO S
o1l ()
property ([B38)) follows from (B3.24]), (BBII) and dominated convergence. O

12



3.4 Convergence

Denote the set of bounded steady-states by
S ={z€C*NL>R"); z is a solution of [B20)}.
We first recall the classification result from [9].
Proposition 3.3. If1 < p < pg, then S ={0,1,—1}.
The next lemma shows that w converges to S as s — oco.

Lemma 3.3. Under the assumptions of Theorem[3l, for any a € ), there exists £ € {0,1, —1} such that

sli{{olo Wa, (yv S) = E,
uniformly for |y| bounded. Moreover, we have lims_ oo G(wq(s)) = 0 if £ = 0 and lims_,o0 G(we(s)) =
n(n,p) > 0 otherwise.

Proof. By (835)-336), we have
l:= élggo Glw](s) € [0, 00). (3.49)
Pick any sequence s; — oo and set z; := w(y,s + s;). It follows from (B24), B20), B27), B30) and
parabolic estimates that the sequence (z;); is precompact in 012 O’Cl (R” x [0, 1])
Consequently, there exists a subsequence (still denoted s;) and a function z such that w(-,-+s;) — z
in 2! (R™ x [0,1]). In view of (Z30) in Lemma Bl it follows that z is a classical solution of

loc
1
ws:Aw—§y-Vw—ﬁw+ﬁ|w|p_1w:0 in R" x (0,1). (3.50)

Moreover z and |Vz| are bounded in R” x [0,1]. Let R > 0. Using (835), (349) and the fact that
Bpr C D(s) for all sufficiently large s, we deduce that

1 sj+1
/ / (aszj)2pdyds < / / (asw)2pdyds < 2Gw|(sj) — 2Gw](s; +1) = 0, j — oo.
0 JBr S5 D(s)

By Fatou’s lemma, it follows that d;z = 0 in Br and, since R > 0 is arbitrary, we deduce from (B.50)
that z € §. Since § is discrete, the first assertion follows from an immediate connectedness argument.
For the second assertion, we assume that w(-,s;) — 0 or =1 uniformly for |y| bounded. Using dominated
convergence theorem and B3.24), (3.20), we have Glw(s;)] — 0 if w(s;) — 0 and when w(s;) — +1 we

have P
BB (4m)"
G . d’ — — = =: 0.
ol = ([ o) (5 - 507) = s = ) >
The assertion then follows from the monotonicity of Glw](s). O

3.5 Nondegeneracy of blow-up and proof of Theorems 2.7] and B.1]

In this paragraph, we shall complete the proof of Theorems [2Z1] and Bl by showing that 0 ¢ w(w,) if a
is a blowup point of wu,

Lemma 3.4. Under the assumptions of Theorem[31, if 0 € w(w,), then a is not a blow-up point.

Proof. Let 0 =1/(n+2)ifn > 2 and § =1/2 if n = 1. We shall use the interpolation inequality (cf. [I7,
p.250]):

[0(0)] < C) [0, IVOIEE 5, + el zogsy], v € CHBL). (351)

Set d = 2dist(a, 9Q) and 3o = max(sg, —2logd). Let b € By(a). For all s > 50, since dist(b,02) > d, we
have By C Dy(s) hence, by [B37),

Hwb(.,s)H%z(Bl) < C’(n)/ ( )wﬁpdy < C(n,p)(G[wb](s))2/(p+1)7 s> 3. (3.52)
Db S
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Combining (325), B34), BEI) and (B52), we obtain
wy (0, 5)] < C(n, p) | M0 (Glws)(s1)) " + (Glwn) (1)) /P |, 5> 51 > 50.

Therefore, for g = €g(n, f) > 0 given by Proposition B, there exists 1 = e1(n, f, M1) > 0 such that
Glwp](s1) < ep for some s1 > 59 = |wp(0,s)| <ep for all s > s1. (3.53)

Assume that 0 € w(w,). Then, by the second part of Lemma B3] there exists s; > 5o such that
Glw,](s1) < &1 and, by the continuous dependence property ([B.38), there exists d; € (0,d) such that
Glwp(s1)] < &1 for all b € By, (a). It follows from B53) that |wp(0,s)| < g for all b € By, (a) and all
s > s1. Going back to original variables, we thus have |u(b,t)| < eot(t) for all (b,t) sufficiently close to
(a,T). By Proposition Bl we conclude that a is not a blow-up point. (I

Proof of Theorem [31l Since, by (320,

u(a +yvT —t,t)
e(t)

the result is a direct consequence of Lemmas and 3.4 O

= ’LU(y, - IOg(T - t))a

Proof of Theorem 2l By Theorem [B.1] we know that w is of type I, i.e. (Z3]) holds for some M,§ > 0.
Also, when ug > 0 and f is only defined for s > 0 and satisfies ([2Z2]), it is easily checked that all
the arguments in the proof of Theorem Bl remain valid (cf. Propositions and Lemmas BIH3 ).
Consequently, Theorem 2] follows. O

3.6 Proof of Proposition 2.1]

We here prove the “no-needle” property ([26]). By a space translation, we may assume a = 0. Then, from
Theorem [B] there exists Ty € (0,7T) such that

u(x,t)
¥(t)

Fix any tog € [T1,T) and let § = /T — t5. Denoting by ¢ the first eigenfunction of the negative Dirichlet
Laplacian in By normalized by ||¢|lcc = 1 and A1 > 0 the corresponding eigenvalue, we set ¢5(z) = ¢(x/)
and A; = 3+. On the other hand, by assumption ([Z2) there exists C' = C(f) > 0 such that f(s) > —C's
for all s > 0. Let v be solution of

1
>3 Ti<t<T, |o| <VT -t (3.54)

Vy — Av=—Cv n B(; X (to, OO),
v(z,t) =0  on dB; x (tg,0), (3.55)

(e t0) = 3b(to)ds(x) in By,

By B354) we have u(-,t9) > 14(to) > 29(to)¢s(x) in Bs. The comparison principle then guaran-

tees that w > v in Bs x [to,T). We note that the explicit solution of (5D is given by v(x,t) =
29(to)ds (x) exp(—Ct — As(t — to)). Denoting n = ming, ¢ >0, we obtain

A 5
u(z,t) > gw(to)exp(fCT - S5t - to)) > gw(to)exp(—CT ~N) el <5 to<t<T

Since to can be taken arbitrarily close to T and lim;,7 9 (t) = oo, property (20) follows.

4 Extension and proof of Theorem

Theorem 2.2 will be a consequence of the following result for possibly sign-changing solutions.

14



Theorem 4.1. Let 1 < p < pg. Assume that
f € CYR) is an odd function, with f > 0 and C? for large s > 0, (4.1)

and that f satisfies Z3). Let ug € Co(R™) satisfy T < oo and ZH). Then the blow-up set of u is
compact. More precisely, there exists R > 0 such that

sup lu| < 0. (4.2)
|z|>R,te(0,T)

Moreover the conclusion remains valid if ug > 0 and, instead of ([@I)), f satisfies (Z2) and f(0) = 0.

Under the assumption ug € Co(R"™), we shall show that, at a suitable shifted time s;, the weighted
energy functional G,lw](s1) (cf. (334)) becomes small enough for large |a]. Then we can conclude by
using the nondegeneracy analysis in section The time shift, which is made necessary by the second
term C1s~7 of the energy, will be handled by means of the following lemma.

Lemma 4.1. Let 0 <ty <T. Under assumptions of Theorem [{1], with p > 1, we have
[Vu(z,t1)] + |u(z,t1)| — 0, as |z| — co.

The proof of Lemma ]l relies on the following simple decay propagation property for the heat
semigroup S(t) in R™.

Lemma 4.2. For all v € Cy(R™), we have

i ( Lo (Sl (z)) =0.

Proof of Lemma[{.3 Let v € Co(R") and € > 0. Fix R > 0 such that sup |v(z)| < e. We first claim

|z[>R
that
CyR2

sup [(S(t)v)(x)] <e+ Ciljv]|ece™ T , t>0. (4.3)

|2|>2R
Indeed, we can write

(S0 @] = )] [ = )y
< 5/ (471’15)_”/26_‘%71?‘ dy + ||v|\oo(47rt)_"/2/ et dy =: eJi + ||v]| oo J2.
ly>R ly|<R

We have J; <1 and, for |z| > 2R, |y| < R implies |z — y| > R, so that

Jo < (4mt)"/? /

[§I>R

1212

_lei? ET —CyR2
e 4td§§/ e 2 dz < (Che CQR/t,
\z\>%

hence (£3).

Next, observing that |v] < e+ ||v]|coXBr and vo := ||v]|coXBs € L', it follows that, for tg = to(e,v) > 0
large enough, we have

(M) @)] < (SEl) (@) < &+ @ty ™ 2|wolls <2, =€ R", > to. (4.4)

Now taking Ry = Ro(g,v) > 2R large enough, we deduce from [3)) that
[(S(t)v)(z)] < 2e, 0<t<to, 2] > Ro, (4.5)
and the conclusion follows by combining ([@4]) and ([3). O

Proof of Lemma[-1. By the representation of S(¢) by the heat kernel (47t)~"/2 exp(—|z|?/(4t)), we see
that
VaS(E0l(@)] < Ot 2[S@0) ] (@), ve L¥(Q), t> 0, z € R™ (4.6)

15



Fix t; < T. Recalling f(0) = 0, there exists K = K (t;) > 0 such that — K |u| < us—Au = f(u) < Klu|
in R™ x (0,¢1]. By the comparison principle it follows that

lu| < eXS(t)|ug| < CS(t)|ug| in R™ x (0,t,]. (4.7)

(Here and in the rest of the proof, C' denotes a generic positive constant, possibly depending on t;.) Using

(@1, (1) and the variation of constant formula wu(t;) = S(t1)uo + fotl S(ty — 1) f(u(r))dr, we deduce
that, pointwise in R"”,

t1
[Vu(ty)| < Ct7 282t |uo| + c/ (ty — 7)"Y25(2(t; — 7))S(7)|uo|dr
0

t1
= Ct7Y%5(2t1)|uo| + c/o (tr — 7)1 28(2t — 7)|uldr < C (6% + /%) S ]S(t)luOl
€10,2t4

hence, using again (1),

()| + [Vu(t)| < C(1+ 6, +17%) sup ]S(t)|u0|.
te[0,2t

This combined with Lemma concludes the proof. O

Proof of Theorem[{-1] Recall the definition (3.34]) of the weighted energy:
Glwa(s)] = Elwa](s) +C1s™7, s> s0,

for all @ € R™. Also, for e¢g = eo(n, f) > 0 given by Proposition Bl by B53) there exists e =
e1(n, f, M7) > 0 such that

Glwg](s1) < 1 for some s1 > s9 = |we(0,s)] < gg for all s > s (4.8)

(noticing that 59 = so for = R™). Choose s > sg such that Cys; ' < e1/2. Rewriting Efw,(s1)] as

_ e |Vu(a+ e Ty, t)P + Blula+ e Ty, t)]>  Plula+e Ty, ty) P!
E[wa(51>] - /n < 2¢2(t1) 1/1p+1(t1)

with ;1 =T — e~ *!, and using Lemma [£1] and dominated convergence, there exists R > 0 such that, for
all a such that |a| > R — 1, we have E[w,](s1) < %, hence Gw,](s1) < €1. By [@J), we deduce that

)p(y)dy

|wa (0, )] <ep, foralls>sand |a] >R —1,

ie.
lu(a,t)| <epp(t), forallte (¢,T) and |a| > R — 1.

Applying Proposition B with 6 = min(dp, 1, /T — t1). It follows that

sup lu] < oo,
|z|>R, te(T—82/2,T)

hence ([L2). Tt is easily checked that the final assertion (for ug > 0) follows from the same argument. O

Proof of Theorem[22. Tt follows directly from Theorems 1] and B.11 O

5 Appendix: Type-I blowup
We have used the following result, which in particular guarantees the type I blowup estimate (23] under

the assumptions of Theorem 2] (and the constant M is actually independent of the solution, although
this fact is not used in our proofs).
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Theorem 5.1. Let Q be a uniformly C? domain of R", f € C([0,00)) be positive for s > 0 large
and assume that [ has regular variation at oo with index p € (1,pg). For each 7 > 0, there exist
M =M, [)>0 and to = to(7, f) € (0,7) such that, if u > 0 is a strong solution of

u—Au = f(u), z€Q, to<t<m,
u =0, x €I, ty<t<T,

then
u(z,t) < MEF~ (1 —1t) inQx [to, 7). (5.1)

Theorem [B.1] was essentially established in [20, Theorem 3.1]. We note that the assumptions on f,
which are those from [20], are more general than those in Theorem [Z] of the present paper (see after
&I)). On the other hand, the estimate in [20] is given there in a different form (cf. (&2) below). We
therefore provide a proof of Theorem 5.1l where we derive (B.1)) as a consequence of (5.2)).

Proof. Under the assumptions of Theorem 5.1 we know from [20, Theorem 3.1 and Remark 1(i)] that

fu(z,t)) C
u(x,t) = T —0

- for all (z,t) € Q x [1/2,7) such that u(xz,t) > 1, (5.2)

with Cy = Co(Q, f) > 0. Also, there exist §, A > 0 such that f > 1 on [A, 00) and
F is a decreasing bijection from [A, o0) to (0, 4d]. (5.3)
We shall show that (2) implies (&1]).

To this end, we first claim that there exist & > 1 and sg > kA such that

s Cos
F(E) Z m, for all s Z S0- (54)

Indeed, by the representation theorem for slowly varying functions (see [I8, Theorem 1.2]), there exist
continuous functions 7, £ such that

f(s) =7(s)fo(s), where fo(s) := s”exp [/15 @dzz}, for all s > A,

with limg oo 7(8) = ¢ > 0 and lims_, o, £(s) = 0. Moreover there exist C7,Cy > 0 such that C; < 7(s) <
Cy for all s > A. Fixing 1 < m < p < ¢, we see that there exists s; > A such that s™™ fy(s) is increasing
and s 4f; is decreasing on [s1,00). For z > s;, we have

°°ds 10075’7 4, 2 < 1 z  Csz
2ot [ gt T rmt e im L T a R T we

Let k > 1. In view of this control of F(z), we have, for all s > ks,
F(s/k) > 2= oy (2) (%) > 0a(2) TS et s cucun
= kfo(s/k) k fo(s/k) = "\k fo(s) fo( ) 1(s)
Choosing k > 1 large enough, so that C3C1k™~! > Cp, and then so = ks, claim ([54) follows.
Now set to := max(7 — §,7/2). For any (z,t) € Q x [tg, 7) such that u(x,t) > sg, it follows from (5.2,
(E4) that
F(u(:c,t)) u(z,t)
ko /= flu(,t)

and (5.3) then implies u(z,t) < kF~!(r —t). Consequently, we have u(z,t) < so + kEF~(7 —t) in
Q X [to, T), which implies the desired result. O

szta
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