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Abstract

This paper is devoted to the general solvability of multi-dimensional backward stochastic differ-
ential equations (BSDEs) with interactively quadratic generators in the non-Markovian setting.
Some general structural conditions on the generator g of BSDEs are demonstrated to guarantee
existence and uniqueness of the local and global solutions, which admit that g has a general
growth in state variable y, and the ith component ¢* of ¢ depends quadratically not only on
the ith row 2z’ of the state variable z, but also the jth row 27 of z for j # i. For these multi-
dimensional BSDEs of non-Markovian interactively quadratic generators, we first establish an
existence and uniqueness result on the local bounded solution and then several existence and
uniqueness results on the global bounded and unbounded solutions. They unify and strengthen
some existing works in the non-Markovian setting, and also incorporate some interesting exam-
ples, one of which partially answers an open problem posed in Jackson [25]. A comprehensive
investigation on the bounded solution of one-dimensional quadratic BSDEs with unbounded

stochastic parameters is carried on for deriving our main results.

Keywords: Multi-dimensional BSDE, Interactively quadratic generator, BMO martingale,

Bounded solution, Unbounded solution, Existence and uniqueness.
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1. Introduction

Let T' € (0,+00), (Bt)jo,r) be a d-dimensional Brownian motion defined on a complete

probability space (€2, F,P), and (F),c(o,r) be the augmented filtration generated by B. Consider
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the following backward stochastic differential equation (BSDE in short):

T T
Y, = §—|—/ g(s,Ys, Zs)ds — / ZsdBs, te€[0,T], (1.1)
t t

where the terminal value ¢ is a d-dimensional Fpr-measurable random vector, the generator
function g(w,t,y, z) : Q@ x [0, T] x R® x R"*¢ — R™ is (F;)-progressively measurable for each pair
(y,2), and the solution (Y%, Zy);e(o,77 is a pair of (F)-progressively measurable processes taking
values in R™ x R™ 9 which almost surely satisfies BSDE (1.1). Bismut [3] initially introduced
this kind of equations in the linear version, Bismut [4] studied a specifically structural matrix-
valued nonlinear case, and Pardoux and Peng [36] first established the existence and uniqueness
of a multidimensional (n > 1) and nonlinear BSDE, where the generator g is uniformly Lipschitz
continuous with respect to the state variables (y, z). Since then, there has been an increasing
interest for BSDEs and the theoretical results have also been applied to a wide range of various
fields such as mathematical finance, stochastic control, partial differential equations (PDEs),
etc. Interested readers are refereed to El Karoui et al. [13], Kobylanski [30], El Karoui and
Hamadene [12], Hu et al. [23], Frei and Dos Reis [21], Kramkov and Pulido [32], Escauriaza
et al. [14], Tian [39], Weston [40] among others.

For one-dimensional (n = 1) quadratic BSDEs with bounded terminal values, where the
generator g has a quadratic growth in the state variable z, the first existence and uniqueness
result is due to Kobylanski [30], see also Tevzadze [38], Briand and Elie [6], Fan [15] and
Luo and Fan [34] for more details. Existence and uniqueness of the unbounded solution for
one-dimensional quadratic BSDEs with unbounded terminal values was further investigated in
Briand and Hu [7, 8], Delbaen et al. [10], Barrieu and El Karoui [1], Delbaen et al. [11], Fan
et al. [16] and Fan et al. [17]. However, for the case of multidimensional quadratic BSDEs,
the situation is more complicated and there are no general existence theory. In particular, a
counterexample of multidimensional quadratic BSDE with a simple generator and a bounded
terminal value which fails to have a global bounded solution on [0, 7] was constructed in Frei and
Dos Reis [21]. At the same time, many applications have been found in various domains such
as financial price-impact models, financial market equilibrium problems for several interacting
agents, nonzero-sum risk-sensitive stochastic differential games, stochastic equilibria problems
in incomplete financial markets and so on. This has attracted many efforts on this topic in recent
years. Under a smallness assumption on the terminal value, Tevzadze [38] established the first
existence and uniqueness result for multidimensional quadratic BSDEs with bounded terminal
values, which inspired many scholars to investigate the bounded or unbounded solution under
different types of “smallness” assumptions on the terminal value, the terminal time and the

generator, see for example Frei [20], Jamneshan et al. [27], Kramkov and Pulido [32, 31|, Harter
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and Richou [22] and Kardaras et al. [28]. Furthermore, in the Markovian setting, Cheridito and
Nam [9] proved the global solvability of a special multi-dimensional quadratic BSDE related
to a forward BSDE, and Xing and Zitkovi¢ [42] addressed a large class of system of quadratic
BSDEs under the Bensoussan-Frehse (BF) condition initially put forward in Bensoussan and
Frehse [2] and the a priori boundedness (AB) condition (see (AB) in Section 2 for details) on the
generator, see Weston and Zitkovic [41] and Escauriaza et al. [14] for more information on this
topic. Recently, Jackson and Zitkovic [26] and Jackson [25] further extended the result of [42] to
the non-Markovian multi-dimensional quadratic BSDEs, while an additional Malliavin-regular

condition on the generator is required except for the (BF) condition and the (AB) condition.

We have to mention the following several important works on the bounded solution in
the non-Markovian setting and without the smallness assumptions and the Malliavin-regular
condition on the terminal time, the terminal value and the generator. That is, Cheridito and
Nam [9] considered multidimensional BSDEs with projectable quadratic generators and sub-
quadratic generators, Hu and Tang [24] addressed the global solvability of a class of multi-
dimensional BSDEs with diagonally quadratic generators, namely, the ith component g* of the
generator g admits only a quadratic growth on the ith row 2° of the matrix z and is bounded
on 2’ for each j # i, which answers an open problem arising from a nonzero-sum risk-sensitive
stochastic differential game posed in El Karoui and Hamadene [12], Fan et al. [17] made a
remarkable improvement on the result of [24] by imposing a strictly quadratic condition of g* in
2% such that ¢* can have a sub-quadratic growth on 27 for any j # i, and Luo [35] investigated a
kind of multidimensional BSDEs with triangularly quadratic generators, in which g* may depend
quadratically on 2/ for any 1 < j < i in a special form. Very recently, Fan et al. [19] generalized
the result of [17] to the case of multi-dimensional quadratic backward stochastic volterra integral
equations, and Weston [40] applied the result of [17] to prove the global existence of a Radner

equilibrium in a limited participation economy models.

The present paper focuses on the local and global solvability for a large class of multidi-
mensional BSDEs with interacting quadratic generators and bounded and unbounded terminal
values in the non-Markovian setting, in which ¢’ depends quadratically not only on z¢, but
also 2/ for each j # i. Our results unify and strengthen some corresponding known results in
the non-Markovian setting such as [24], [35] and [17], and show that under some circumstance,
existence and uniqueness of the solution can be guaranteed when some part of the generator g is
small enough, which can be compared with some known corresponding results mentioned in the
last second paragraph. More specifically, we first establish an existence and uniqueness result

on the local bounded solution of the multidimensional quadratic BSDEs with bounded terminal
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values (see Theorem 2.3 in Section 2) under general assumptions, see assumptions (B1) and
(B2) in Section 2 for details. The assumption (B1) means that g' may satisfy anyone of the fol-
lowing three different cases with respect to z°: a strictly quadratic growth, a general quadratic
growth and a linear growth. The ¢’ can also have a general growth in y, a quadratic growth
in 27 for j # i but with a small enough constant § when needed, and an interacting quadratic
growth like the inner product of 2% and 27 for j < i. We would like to mention that generally
speaking, the parameters of processes defined in assumptions (B1) and (B2) (namely, a, &, &
and v) are all unbounded and stochastic, and satisfy different integrability conditions, which
is an endogenous requirement for desired conclusions, and on the other hand, provides conve-
nience for the study on the unbounded solution of multidimensional quadratic BSDEs. Then,
under, respectively, an a priori boundedness assumption and two stronger assumptions than
(B1) (see (AB), (Cla) and (C1b) in Section 2), based on Theorem 2.3 we further establish three
existence and uniqueness results on the global bounded solution of multi-dimensional quadratic
BSDEs, see Theorems 2.6, 2.10 and 2.14 in Section 2 for details. These results totally cover the
corresponding results posed in Hu and Tang [24], Luo [35] and Fan et al. [17], and some ideas to
prove them are borrowed from there. The proofs involve the contraction mapping argument, the
uniform a priori estimate on the solution and the utilization of the induction technique based
on some delicate a priori estimates on the solution, where the problem on the bounded solution
of one-dimensional quadratic BSDEs with unbounded stochastic parameters is comprehensively
investigated by virtue of the BMO martingale (bounded oscillation martingale) tool, Girsanov’s
transform and some useful inequalities, and some new results are explored, see Propositions A.1l
to A.3 in the Appendix for details. As a natural application of Theorems 2.10 and 2.14, by
means of the invertible linear transformation method we address solvability of three kinds of
special structured systems of BSDEs, see Theorems 2.20, 2.22 and 2.23 in Section 2 for more
details, which can be respectively compared with Theorems 6.9 and 6.19 of Jackson [25] and
Theorem 3.1 of Xing and Zitkovié¢ [42]. By the way, by Proposition 2.24 and Corollary 2.25 in
Section 2 we answer partially the open problem 6.25 of Jackson [25] on solvability of a special
system of BSDEs. Finally, according to Theorems 2.6, 2.10 and 2.14, we establish three exis-
tence and uniqueness results for the unbounded solution of multi-dimensional quadratic BSDEs
with the unbounded BMO terminal values, where the generator g needs to be bounded in y,
see assumptions (D1) and (D2) as well as Theorems 2.26, 2.27 and 2.31 in Section 2 for details.
The method of proof is to transfer the BSDE with an unbounded terminal value into one with
a bounded terminal value and a generator satisfying the assumptions of Theorems 2.6, 2.10

and 2.14. These results also improve some existing results in the non-Markovian setting.



The rest of the paper is organized as follows. In the next section, we introduce some
notations used throughout this paper, state the main results, and present some interesting
examples and remarks to illustrate the novelty of our results. The proofs of some of the results
are also provided in this section when they are not very long. In Section 3 we prove the
solvability of local bounded solution (Theorem 2.3), and in Section 4 we prove solvability of
global bounded solution (Theorems 2.10 and 2.14). The solvability of global unbounded solution
(Theorems 2.26 and 2.27) is finally proved in Section 5. In Appendix, we present and prove some
auxiliary results for the bounded solution of one-dimensional quadratic BSDEs with unbounded

stochastic parameters, including existence, uniqueness and several important a priori estimates.

2. Notations and statement of main results
2.1. Notations

First, let us fix a terminal time T € (0,00) and two positive integers n and d. Let a A b :=

min{a, b}, a Vb := max{a,b}, a” :=a V0, a” :=—(aA0) and
v = ¥ =0
J=1 Jj=n+1

for any real . And, denote by |- | the Euclidean norm, z' the transpose of vector (or matrix)

z, 14 the indicator of set A, and sgn(z) := 1,50 — 1z<o.

In the whole paper, all processes are (F¢).c[o,r)-progressively measurable, and all equalities
and inequalities between random variables and processes are understood in the senses of P—a.s.

and dP x dt —a.e., respectively. We need the following spaces of random variables and processes:

o L>°(R™): all R"-valued and Fr-measurable random variables ¢ satisfying

1€ ]| 0o := ess sup [€(w)| < +o0.
weN

e SP(R") for p > 1: all R"-valued continuous adapted processes (Y;);c(o,7] such that

13
[Yls =E| sup [%il?| < +oo.
t€[0,T7]
o S®(R"): allY €(),5; SP(R") such that
[¥lls= = esssup [¥i(w)| = | sup [¥i]| < +oc.
(w,t)eQ2x[0,T] t€[0,T] o0



e M: all real-valued non-negative progressively measurable process (Y3);c(o,) satisfying

([

here and hereafter T, 5 denotes the set of all (F;)-stopping times 7 valued in [a,b] C [0, T},

||YHM00 = sup
767—[07T]

< 400,

’ oo

and [E; stands for the conditional expectation with respect to F;.
o L all Y € M satisfying

< +00.

[e.e]

T
Y || zoe := H/ Yids
0

o HP(R™?) for p > 1: all R™*%-valued progressively measurable processes (Zt)iefo,r) such

T £
1Z]|3p :=E (/ styst)
0

e BMO(R™ 4): all Z € H2(R™*9) such that

T
E, [/ |ZS|2ds]

We write L®(R) := L®(R!), S®(R) := S®(R!), SP(R) := SP(R!) for p > 1, HP(R) :=
HP(R*1) for p > 1, and BMO(R) := BMO(R'!). By Hj,j, we denote the restriction to the

that )
P

< +00.

1
2
< +00.

o0

[ZllBmo = sup
T€7—[0,T]

subinterval [a, b] of the space H of processes on [0,77], i.e. the space of all processes which are
restrictions to the interval [a, b] of processes in H. It is noted that the process ( fg ZSdBS)te[o,T]
is an n-dimensional BMO martingale for each Z € BMO(R™*%). We refer to Kazamaki [29] for
more details on the BMO theory. For the reader’s convenience, here we would like to recall the

well-known John-Nirenberg inequality (see for example Lemma A.1 in Hu and Tang [24]): Let
the process Z belong to the space of BMO(R). If || Z||§yi0 < 1/2, then for any 7 € Ty 11,

T ) 1
E, [exp (/ \Z,| ds)] < - <
T 1- HZH}QBMO

Throughout the paper, we also always fix four real-valued non-negative progressively mea-

surable processes
(vt)iejo,r) € BMO(R), (&t)icor) € £, (@t)ieor) € M™

and (a)efo,r) as well as a deterministic nondecreasing continuous function ¢(-) : [0, +00) —

[0, +00) and several real constants 3,\,\,0,¢,é>0, 0 <5 <~vandd € [0,1).

Finally, for i = 1,--- ,n, denote by 2%, y* and ¢* respectively the ith row of matrix z € R™"*¢

and the ith component of the vector y € R™ and the generator g € R™. In addition, for some
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real r > 0 and some time sub-interval [a,b] C [0,7], we let & b]( r) represent the set of all

real-valued non-negative progressively measurable process (@t)te[o,T] satisfies

B o (- [ b as) | HOO> < +o0.

& 2

G| goo :=—In| su
Eaa () r TGT[EI;]

We also denote Sﬁ)oﬂ( r) by £°°(r) simply.

Remark 2.1. Let [a,b] C [0,T]. By virtue of the inequality exp(x) > x for x > 0, the John-

Nirenberg inequality and Holder’s inequality, it is not difficult to verify the following assertions.

(i) The assertion & € BMO(R) holds if and only if 6* € M, and ||&*|| pme~ = | &||3pm0-

If &€ L7y, then & € & b]( r) for each r >0, and Hngc;ob < HaHgF;b]

Ifae 5[2:1)} (r) for somer >0, then & € M([)cib]’ and ||a||M°° < jexp {TH@Hg[ﬁb](r)}'

[ap] — T

In addition, for any 0 <r < T, we have E*(r) C o b}(r) and €7 b}( T) C E[flob}(r).
(ii) If &' € & b]( r) for some r >0 and &* € Ly, then &= & Lya?e & b]( r). Moreover,
lalleze, () < Nt e, o + 167N cze, -

(iii) If &' € 5[ 0 (pr) and &2 € S[C(’fb} (qr) for some r >0 and p,q > 1 satisfying %—f—é =1, and
a’ e L7y, then & = al+a?+a3 e iy (r). Moreover, we have

l6lege, ) < 168 lere, oy + 162 ege, dary + 168 Lz,

Let the R™-valued function g(w,t,y, z) : © x [0,T] x R® x R4 — R" be (F;)-progressively

measurable for each (y, z) € R" x R"*? and consider the following multidimensional BSDE:

T T
Y, = 5-}-/ 9(s,Ys, Zs)ds —/ ZsdBs, te€[0,T], (2.1)
t t

or, equivalently,
Y =¢ —i—/ 9'(s,Ys, Zs)ds —/ ZidBg, t€[0,T], i=1,---,n, (2.2)
t t
where ¢ is an Fp-measurable R"-valued random vector, and the solution (Y, Z) is a pair of
(Fi)-progressively measurable processes with values in R™ x R™*¢,
2.2. Local bounded solution of multi-dimensional quadratic BSDFEs
We first introduce the following two assumptions on the quadratic growth generator g.

(B1) For each fixed i = 1,--- ,n, either of the following three conditions holds:
7



(i) f:=g' or f:= —g' satisfies that dP x dt — a.e., for any (y, z) € R® x R"*9,

_ n i—1
Y2 = N|.7|1+6 12y _ = j12
Sl= P = anw) = lly) = 3° A +0127P) —e 301 < flw.ty2)
j=i+1 Jj=1
< (@) + Bllyl) + D7+ 01271%) + 21
JF#i

(ii) Almost everywhere in Q x [0, 7], for any (y, 2) € R" x R"*?, we have
9,19, )] < Ge(w) + Bllyl) + 1271 (velw) + ollyl) + ¢ 127]) + 17
j=1

(iii) Almost everywhere in © x [0, 7], for any (y,z) € R® x R™*? we have

19" (w, t,y, 2)| < @rw) + S(lyl) + Az + 0> |7
J#i
(B2) Fori=1,---,n, g" satisfies that dP x dt —a.e., for any (y,7, 2, Z) € R? x R? x R"*¢ x R"*?,
19" (w, t,y,2) — g'(w, 1,7, Z)]
7
< o(lyl v 13D{ (velew) + 12170+ [217°) [y = 5l + (o) + |21 + [2) D |27 = 21
j=1

(1) + 1+ 128 4 0 e + 141+ D] D 127 - 1)

j=i+1
Remark 2.2. Concerning assumptions (B1) and (B2), we make the following remarks.

(i) It is easy to see that g' satisfying assumptions (B1)(i), (B1)(ii) and (B1)(ii) together
with assumption (B2) admits, respectively, a strictly quadratic growth, a general quadratic
growth and a linear growth in 2. The g* can also have a general growth in vy, a quadratic
growth in 27 for j # i but with a small enough constant @ when needed, and an interacting

quadratic growth like the inner product of z* and 27 for j < i.

(ii) Assumptions (B1)(i) and (B2) are more general than those of Luo [35, Theorem 2.2],
where for eachi=1,--- ,n, ¢* has a strictly quadratic growth in z* and a stronger growth

and continuity in the unknown variables y and z.
(i1i) The following assumptions (B1’) and (B2’) are used in Theorem 2.1 of Fan et al. [17]:

(B1’) For eachi=1,--- ,n, ¢g' satisfies that dP x dt — a.e., for any (y,z) € R" x R"*¢,

. N ’7 . .
9" (@, t,y. 2)] < @(w) + Slyl) + S|P+ A D171
i



(B2°) Fori=1,---,n, ¢* satisfies that AP x dt — a.e., for any (y,7, z,Z) € R?" x R2(nxd)

’gi(wa t: Y, Z) - gi(w7 tv ga 2)‘

< oIyl v ITD[ (1 + 2]+ 120 (y = 71 + 12 = 21) + (14 2 +1217) 30127 - 2.
J#
It is easy to check that assumption (B2) is strictly weaker than assumption (B2’), while
assumptions (B1) and (B1’) do not cover each other.

(iv) In assumption (B1), the set of integers {1,--- ,n} is divided into two disjoint parts Iy and
Iy, both of which can be (), such that Iy + Iy = {1,--- ,n}, ¢' satisfies either of (B1)(i),
(B1)(ii) and (B1)(iii) fori € Iy, and —g* satisfies (B1)(i) for i € Iy. Now, we define, for
each (w,t,y,2) € Q x [0,T] x R" x R"*%,

. gi(watagv 2)7 (XS Il;
' (w,t,y,z) == (2.3)
—g'(w,t,7,2), i€y
with
yi, i€l 2 qeIq;
Yy o= and z':=

. 74 .
—yt, i€y -2t i€ Is.

It is not hard to verify that g* satisfies either of (B1)(i), (B1)(ii) and (B1)(iii) for all
i=1,---,n. Therefore, in assumption (B1) we can without loss of generality assume that
g satisfies either of (B1)(i), (B1)(ii) and (B1)(iii) for all i = 1,--- n. Furthermore, it

is clear that g defined by (2.3) satisfies assumption (B2) as soon as g satisfies it.

The following Theorem 2.3 establishes a general existence and uniqueness result on the local

bounded solution of multi-dimensional BSDEs with interacting quadratic generators.

Theorem 2.3. Let £ € L®(R"), a € £X(py) for some p > 1 and the generator g satisfy
assumptions (B1) and (B2). Then, there exist two constants €9 > 0 and 6y > 0 depending
only on (||€]loo, ltlleos (ry)s @] o< s 18] 2o, [0 ]IBMOS 73 7, 75 As Ay €,6, T, p) and (-) together with
a bounded subset B, of the product space S[OTO—EO,T] (R™) x BMO7_¢y 1) (R™*4) such that when
0 € [0,00], BSDE (2.1) has a unique local solution (Y, Z) on the time interval [T — e¢, T] with
(Y, Z) € Be,. Moreover, the above conclusion holds still for p =1 when A =0 and 6y = 0.

Remark 2.4. It follows from (ii) and (iii) of Remark 2.2 that Theorem 2.3 strengthens Luo
[35, Theorem 2.2], and that Theorem 2.3 and Fan et al. [17, Theorem 2.1] do not cover each
other. In addition, it follows from Fan et al. [17, Remark 2.2] that Fan et al. [17, Theorem 2.1]
extends Theorem 2.2 of Hu and Tang [24]. However, it can be easily checked that Theorem 2.3
and Hu and Tang [24, Theorem 2.2] also do not cover each other.

9



2.3. Global bounded solution of multi-dimensional quadratic BSDEs

In this subsection, we will present three existence and uniqueness results on the global
bounded solution of multi-dimensional BSDE (2.1). For the first one, let us introduce the
following a priori boundedness assumption (AB) on the generator g, which was used in Jackson
[25] and Jackson and Zitkovic [26]. Interested readers are refereed to Xing and Zitkovié [42]

and Escauriaza et al. [14] for the other versions of this assumption.
(AB) There exists a finite collection {ax} = (a1, -+ ,ax) of vectors in R™ such that

(i) the collection of (ay,--- ,ax) positively span R™, i.e., for any a € R" there exist

nonnegative constants Aq,--- , A\g such that Aa; + -+ Agaxg = a;

(ii) Almost everywhere in  x [0, 7], for any k = 1,--- , K and any (y,2) € R" x R"*4,

we have a; g(w,t,y,2) < & (w) +vla] 2|2

The following proposition can be proved by an identical way as in Lemma 6.6 of Jackson

[25] and Proposition 3.8 of Jackson and Zitkovic [26]. We omit its proof here.

Proposition 2.5. Let £ € L°(R") and the generator g satisfy assumption (AB). Assume that
for some h € (0,T], BSDE (2.1) has a solution (Y, Z) € S n (R™) x BMOp_j, 79(R™*?) on
the time interval [T — h,T]. Then, there exists a positive constant K>0 depending only on

([[€]loos 1G] 2oes {ar }, ) and being independent of h such that

1Y llspe

) ~
[T—h,T] + ”Z”BMO[Tfh,T] < K.

With Theorem 2.3 and Proposition 2.5 in hands, we can closely follow the proof of Theorem
4.1 in Cheridito and Nam [9] to prove the following Theorem 2.6, which is our first result on

the global bounded solution of multi-dimensional BSDE (2.1). All details are omitted here.

Theorem 2.6. Let £ € L*°(R"), a € £%(py) for some p > 1 and the generator g satisfy
assumptions (B1), (B2) and (AB). Then, there exists a positive constant 8y > 0 depending only
on (1€l ey 18 lat @] [ollini0n 7,7, A A, 6,T ) and 6(-) such that when 6 €
[0,600], BSDE (2.1) admits a unique global solution (Y,Z) € S®(R"™) x BMO(R"*%) on [0,T].

By Theorem 2.6 and (i) of Remark 2.1, the following result is immediate.

Corollary 2.7. Let a,a,& € L and the generator g satisfy assumptions (B1), (B2) and
(AB) with 8 = 0. Then for each & € L™ (R™), BSDE (2.1) admits a unique global solution
(Y, Z) € S®(R") x BMO(R™*?) on the time interval [0, T].

10



Remark 2.8. We have the following remarks.

(i) Compared with Jackson and Zitkovic [26, Theorem 3.5/, the Malliavin regular condition
on the generator g is not required in Theorem 2.6 due to a distinct strategy of the proof.

From this point of view, Theorem 2.6 strengthens Jackson and Zitkovic [26, Theorem 3.5].

(i) By [17, Theorem 2.1], Proposition 2.5 and an identical argument as that in the proof of
Cheridito and Nam [9, Theorem 4.1], it can be checked that the conclusion of Corollary 2.7
still holds when (B1) and (B2) are replaced with (B1’) and (B2’) in (iii) of Remark 2.2.

(iii) In our opinion, the (AB) condition of the generator g is not easily verified in the multi-
dimension case. In particular, it seems that the generator g satisfying this condition is
forced to be bounded in the state variable y, which is a strong restriction. Consequently,
in the sequel we will search for some better conditions on the generator g to guarantee

existence and uniqueness of the global solution of multi-dimensional BSDE (2.1).

In order to obtain the second result on the global bounded solution of multi-dimensional
BSDE (2.1), the assumption (B1) needs to be strengthened to the following assumption (Cla).
Before that, we introduce the following notations. For each ¢ = 1,--- ,n and any M € R" and
x € R, denote by M(x;i) the vector in R™ whose ith component is x and whose jth component
is M7 for j # i. And, For each i = 1,--- ,n and any H € R™*% and w € R™?, denote by

H(w;4) the matrix in R"*? whose ith row is w and whose jth row is H7 for j # i.

(Cla) For each fixed i = 1,--- ,n, either of the following three conditions holds:

(i) The random field f := ¢* or f(w,t,y,2) = —g'(w,t,y(—y%; 1), z2(—2z%;4)) satisfies that
dP x dt — a.e., for any (y,z) € R™ x R"*4,

_ n i—1
"}/ . _ — . . _ .
512’\2 —ar(w) = Blyl = D N+ 01717 —ed ) < flw, by, 2)
j=i+1 j=1
< ay(w) + [Blyl 1yiso + S(|y]) Lyico] + D (A2 1vi<0 4627 %) + §|ZZ|2;
J#1

(ii) Almost everywhere in Q x [0, 7], for any (y, 2) € R" x R"*?_ we have

- [ﬁ’yq 1yi<0 + ¢(|y‘) 1yi>0] - li(wvt’ Z) < gi(w,t,y, Z)
< [Bly'11yi50 + SJy]) Lyico] + liw,t, 2)

with
i—1

li(w,,2) = Go(w) + |] (ve(w) + ¢ 3 |71) + 211
j=1
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(iii) Almost everywhere in © x [0, 7], for any (y,z) € R® x R™*? we have

— [BIy' 1 1yico + ¢y Lyino] — li(w, t,2) < g'(w, t,y, 2)
< [Bly'| Lyis0 + oIyl Lyico] +li(w.t.2)
with
liw,t,2) = ay(w) + Az| + 0 |27

#i
Remark 2.9. [t is clear that the generator g satisfying assumptions (Cla) and (B2) can have
a general growth in the state variable y and a general quadratic growth in the state variable z.
And, in assumption (Cla), g has a diagonally quadratic growth in z when § =0 and ¢ = ¢ =0,
and a triangularly quadratic growth in z when @ = 0 and ¢ > 0 or¢ > 0. In addition, by a similar

argument to () of Remark 2.2, in assumption (Cla) we can without loss of generality assume

that g' satisfies either of conditions (Cla)(i), (Cla)(ii) and (Cla)(iii) for alli=1,--- n.

Theorem 2.10. Let £ € L®(R"™), a € EX(pyexp(BT)) for some p > 1 and the genera-
tor g satisfy assumptions (Cla) and (B2). Then, there exists a 6y > 0 depending only on
(H{Hom HO‘HS‘X’(p'yexp(ﬂT))v HdHM‘”? H0~4H£00, HUHBMO777‘7/8’77§/7)‘75U07 9, T,p) such that when 6 €
[0,600], BSDE (2.1) admits a unique global solution (Y, Z) € S®(R™) x BMO(R"*%) on the time

interval [0,T]. Moreover, the above conclusion holds still for p =1 when A =0 and 6y = 0.

We would like to mention that Theorem 2.10 can be compared with Theorem 2.3 and Remark
2.5 of Jamneshan et al. [27] to observe the role of  in assumptions (Cla) and (B2) for existence

and uniqueness of the bounded solution of multi-dimensional interacting quadratic BSDEs.
By virtue of Theorem 2.10 and (i) of Remark 2.1, the following corollary is immediate.

Corollary 2.11. Let a,a,& € L™ and the generator g satisfy assumptions (Cla) and (B2)
with @ = 0. Then, for each £ € L*°(R"), BSDE (2.1) admits a unique global solution (Y,Z) €
S®(R") x BMO(R"*%) on the time interval [0, T].

Remark 2.12. It is easy to verify that if g satisfies those assumptions in Luo [35, Theorem 2.3],
then assumption (Cla)(i) with X = 6 = 0 holds for each g with i = 1,--- ,n, and assumption
(B2) with 6 = 0 holds. Consequently, Corollary 2.11 strengthens Luo [35, Theorem 2.3]. In
particular, in order to obtain the global solvability of BSDE (2.1), in Luo [35, Theorem 2.3]
the interacting term (2)T27 can not appear in g* for 1 < j < i < n. While the situation in
Corollary 2.11 is different because g' with this type of term can satisfy (Cla)(ii) and (C1a)(i),

see the mext subsection for more details. Finally, we especially mention that multidimensional
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BSDEs with this type of interacting term appear in many applications, such as price impact
models (see Kramkov and Pulido [32]), incomplete stochastic equilibria (see Xing and Zitkovié
[42], Kardaras et al. [28], Escauriaza et al. [14], Weston [40]), and risk-sensitive nonzero-sum
stochastic games (see Xing and Zitkovi¢ [42], Jackson and Zitkovic [26], Jackson [25]).

Finally, let us further demonstrate the third existence and uniqueness result on the global
bounded solution. In stating it, the following assumption (C1b) on the generator will be used,
which is strictly stronger than (B1) with # = 0. It should be noted that assumptions (C1b) and

(Cla) with # = 0 do not cover each other.

(C1b) The set of integers {1,--- ,n} is divided into three pairwise disjoint parts Ji, Jo and J3,
any of which can be (), such that J; + J,+ J3 = {1,--- ,n}. For each fixed i € {1,--- ,n},

either of the following three conditions holds:

(i) Ifi € Jy, then the random field f := g% or f(w,t,y, 2) := —g'(w, t, y(—y'; i), 2(—2% 1))
satisfies that dP x dt — a.e., for any (y,z) € R™ x R™*?,

v B - .
S2 P = ae(w) = Blyl = A 120 < flw t,y.2)
Jjeh

< (W) + [Blyl Lyisg + oY) 1yico) + A ) 27" + §|ZZ|2;
NS

(ii) If i € Jy, then dP x dt — a.e., for any (y,2) € R™ x R™*? we have

- [6’y| 1yi<0 + d)(|y‘) 1yi>0} - [i(w7t7 Z) < gi(wvtaya Z)
< [Blyl 1m0 + 6(|yl) Lyico] + lilw, t, 2)
with A
B ) i—1 . N
(w.£,9. ) 1= @a(w) + 121 () + ollul) + € 3 [7]) + 212
7=1

(iii) If i € J3, then dP x dt — a.e., for any (y, z) € R™ x R™*9, we have

- [5|y’ 1yi<0 + ¢(|y|) 1yi>0] - Z(w7t> Z) < gi(watayv Z)
< [Blyl Lyiso + (|yl) 1yico] +i(w, t, 2)
with

l(w,t,2) = a(w) + A > |2].

JEJ3
Remark 2.13. By a similar analysis to (iv) of Remark 2.2, in assumption (C1b) we can without
loss of generality assume that g° satisfies either of conditions (C1b)(i), (C1b)(ii) and (C1b)(iii)
foralli =1,--- ,n. In addition, in assumption (C1b)(i) it creates no essential difference to

replace the term 3, 5, | 27|19 with D i it |29 119
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Theorem 2.14. Let a,a,& € L™ and the generator g satisfy assumptions (C1b) and (B2)
with @ = 0. Then, for each § € L*(R™), BSDE (2.1) admits a unique global solution (Y,Z) €
S®(R") x BMO(R"*%) on the time interval [0, T].

Remark 2.15. We have the following remarks.

(i) It is easy to check that assumptions (C1b)(ii)-(iii) generalize assumption (H3.2) used in
Fan et al. [19]. Consequently, Theorem 2.14 strengthens Fan et al. [19, Theorem 3.6/, and
then Fan et al. [17, Theorems 2.4] and Hu and Tang [24, Theorem 2.3].

(ii) The following two assumptions (B3’) and (B4’) together with (B1’) and (B2’) in (i) of
Remark 2.2 are used in Theorem 2.5 of Fan et al. [17]:
(B3’) For eachi=1,--- ,n, ¢' satisfies that dP x dt — a.e., for any (y,z) € R® x R"*¢,
g (w, t,y, 2)sgn(y’) < ou(w) + Blyl + A 2710 + %!zi\zs
i
(B{’) Fori=1,---,n, f:=g" or f = —g' satisfies that dP x dt — a.e.,

f(w,t,y,z) > |ZZ|2 - O_ét(w) - B’y| - S‘Z ’zj’H_év v(@/? Z) €R"™ x RnXd'

JFi
It is clear that assumptions (B1’)-(B4’) are equivalent to (C1b) with J; ={1,--- ,n} and

N |2l

Jo = J3 = 0. Consequently, Theorem 2.1} strengthens Fan et al. [17, Theorem 2.5].

(11i) Let the assumptions of Theorem 2.1} be satisfied except that = 0. It can also be proved
that the conclusion of Theorem 2.1} holds still when 6 is smaller than a constant 8y > 0

depending only on ||{|| and those parameters in assumption (C1b).
(iv) Let 1 € (1,2], (at)icio,1]: (be)icjor) € ST(R™) and the generator be defined as follows:
90,3, 2) = @)yl + bw)sin((2]), Y(w,t,y,2) € D x [0,T] x R® x R™¥4.
According to (1ii) of this remark, we know that for each § € L (R™), there exists a constant
0o > 0 such that when ||b||se1;—2 < by, BSDE (2.1) with this generator g admits a unique

global solution (Y,Z) € S®(R™) x BMO(R"*?) on the time interval [0,T]. It seems that

this conclusion can not be obtained by any existing results, to the best of our knowledge.

2.4. Examples of application

First of all, Jamneshan et al. [27] addressed the following two-dimensional BSDE:

T T
v} :gl+/ (611227 + 01| 22%) ds—/ Z!dBs,
b L, (2.4)
yg:gu/ (02\Z;|2+92|Z§P)ds—/ Z2dBs, te€[0,T],
t t
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where ¢ € L°(R) and 6;,9; € R, i = 1,2. According to Theorem 2.10, we see that if 6105 # 0,
then for each ¢ € L>°(R?), there exists a constant 6y > 0 depending only on (1, 6s, ||£]|) such
that for each pair (91, 12) satisfying |1, |J2]| < 6, the system of BSDEs (2.4) admits a unique
global solution (Y, Z) € S®(R?) x BMO(R?*?) on the time interval [0,7]. This conclusion can

be compared with Theorem 2.3 and Remark 2.5 posed in Jamneshan et al. [27].

On the other hand, in the case of §; = 1 =0, ¥3 =1 and 02 = 1/2, Frei and Dos Reis [21]
showed that for some ¢ € L>(R?), the system of BSDEs (2.4) fails to have a global bounded
solution on the time interval [0, 7], see Theorem 2.1 of Frei and Dos Reis [21] for more details.
However, for the case of ¥; = 0 and ¥2602 < 0 (for example, ¥ = 1 and 0y = —1/2), by
Corollary 2.11 we know that for each & € L>°(R?), the system of BSDEs (2.4) admits a unique
global solution (Y, Z) € S®(R?) x BMO(R?*%) on the time interval [0, 7].

Furthermore, we consider the following variant of the system of BSDEs (2.4):

T T
ytlzgl+/ (91\2;|2+ﬁlyz§|)ds—/ 7B,
t t (2.5)

T T
yt2:§2+/ (ﬁQ\Z;F+92|Z§\2+z2;(Z§)T) ds—/ ZdBs, te[0,T),
t t

where [ € R, ¢' € L%(R) and 6;,9; € R, i = 1,2 such that #92 < 0. Without loss of generality,

we assume that 9 < 0 and 65 > 0. Observe that

E‘Z”Q @’Z2‘2<lzl(z2)T< @‘21’2 £’Z2’2
2&2 S 2 S — S S — 2 S 2192 S

and then
02 212 12 12 112 212 1 2\ T l2 212
7|Zs‘ _( _ﬁQ)’Zs‘ S192|Zs‘ +02‘Zs| +lZs(Zs) < (92_ )|Zs’ : (26)
2 2(92 2792

We get that the generator f := g! satisfies (Cla)(i) for 6; # 0 and (Cla)(iii) for #; = 0, and
f = g¢? satisfies (Cla)(i). It follows from Corollary 2.11 that for each ¢ € L>°(R?), the system
of BSDEs (2.5) admits a unique global solution (Y, Z) € 8>®(R?) x BMO(R?*9) on the time

interval [0,7]. In addition, it is clear that when 93 = 0, the above conclusion holds still.
We proceed by considering the following three-dimensional BSDEs, which is another variant
of the system of BSDEs (2.4):

T T
te[0,T]; y;1:51+/ (191|Z;2+91\Z;?|)d5—/ zldB,,
t t

T T
V2=t [ (02 + 022 4 i 222D 4 halZ8) s - [ Zab,
t : (2.7)
T T
yti”zg?ur/ (931237 + 05| 2217 + k3| Z2?) ds—/ Z3dB,
t t

T
b [ (22T 122D 4 2N 2T+ ki 22 ds,
t
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where 52 € LOO(R), 0;,9; e R for i =1,2,3, k3,121,131, 139,33, ko, k3 € R with
02095 < 0, k33 <0, kz¥3 <0 and I35 < 463093.

Without loss of generality, we assume that 65 > 0, 99 < 0, k3 > 0, 03 < 0 and 3 < 0. Observe

that there exists a unique real ¢ € (0, 1] satisfying
135 = 4(1 — £)%0595

and

2
O3(1 — )| ZL2 + 05(1 — )| Z2* + 13322 (Z5) T = —(1 —¢) ’\/ 193] Z) — sgn(lss) /|05 Z2

Combining a similar argument to (2.6), we can directly verify that

A, < (ks — 15 B 3 732
5= 4e3 4e03 5

and

Az o (LB g iz (B B ) 2
sl T o Ty ) e Ty ) e

where
Ay = 03|22 + 05| 221 + k3| 22 + 151 23(Z3) T +13223(22) " + 133 22(22) .

Consequently, the generator g of the system of BSDEs (2.7) satisfies assumption (Cla). It
follows from Corollary 2.11 that for each ¢ € L*(R?), the system of BSDEs (2.7) admits a
unique global solution (Y, Z) € S®(R?) x BMO(R?*%) on the time interval [0, 7]. In addition,
it can also be proved that when 9 = ko = 0, k303 < 0, k313 < 0,131 = I30 = 0 and l§3 = 40375
holds or ¥9 = ko = 0 and 03 = /3 = l33 = k3 = 0 holds, the above conclusion holds still.

Finally, let us present several specific examples of multi-dimensional solvable BSDEs with in-
teracting quadratic generators, to which one of Theorem 2.10, Corollary 2.11 and Theorem 2.14

can apply, but any existing results can not, to the best of our knowledge.

Example 2.16. We have the following assertions.

(i) Assume that the generator g := (g*,--- ,g™)" is defined as follows: for each i =1,--- ,n,
and (w,t,y,2) € Q x [0,T] x R? x R™*4,

i—1 n
g (w,t,y,2) == dy(w) + (—1)Z<Zaij|2]|2 — ai|z'* + Z aij|zj|1+‘5> + h'(y, 2),
j=1

J=i+1
where A = (aij)an is any nonnegative matriz with a;; > 0 for each ¢ = 1,--- ,n, and
for each i = 1,--- ,n, hi(y,z) : R® x R™*% — R is any Lipschitz continuous function.
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It is not hard to verify that this generator g satisfies assumption (B2) with 6 = 0, and
for each i = 1,---.n, f = g* or f(w,t,y,2) = —g'(w,t,y(—y';i), 2(—=2%1)) satisfies
assumption (Cla)(i) with @ = 0. Then, from Corollary 2.11 we can conclude that for
each £ € L>®(R™), BSDE (2.1) with this generator g admits a unique global solution
(Y,Z) € S®(R") x BMO(R™ 9) on the time interval [0,T]. We would like to mention
that in order to satisfy assumption (Cla)(i), it is generally required that the signs of |2*|?
and |27|? for j < i should be opposite.

(i) Let n = d and the generator g(y,z) := zy for each (y,z) € R" x R™*™. [t is easy to check
that this generator g satisfies assumption (B2) with 6 = 0, and for each i = 1,--- ,n,
f = g'(y, z) = 2'y satisfies assumption (C1b)(ii). It then follows from Theorem 2.1/ that
for each § € L>°(R™), BSDE (2.1) with this generator g admits a unique global solution
(Y, Z) € S®(R™) x BMO(R™*%) on the time interval [0, T).

(i4i) Assume that the generator g := (g*,---,g"™) " is defined as follows: for each i =1,--- ,n,
and (w,t,y,2) € Q x [0,T] x R x R™*4,

7
g (w, by, 2) = Golw) + ] (o) + ) e |E 4 213 ()T,
j=1

where C' = (¢ij)nxn i any real matriz. It is easy to verify that this generator g satisfies
assumption (B2) with § = 0, and for each i = 1,--- . n, f := ¢' satisfies assumption
(C1b)(ii). Then, according to Theorem 2.14, we can conclude that for each £ € L>=(R"),
BSDE (2.1) with this generator g admits a unique global solution (Y,Z) € S*(R™) x
BMO(R™ ) on the time interval [0,T].

(iv) Let n = 5 and d = 2. Assume that for each (w,t,y,z) € Q x [0,T] x R* x R"*?, the

generator g is defined as follows:

' eV — ly| + |21 — \zQI% + sin |23]
& lyl cos|y| — 222 + |21 — cos|2Y|
glw,t,y, 2) = | ¢ | (w,t,y,2) =] |yl + 2322 —322)T +234(23) T — arcsin |27
gt 2|y| sin |y| + |2*| — |2°| + arccos | 2!
9° yt+3y2 —yt + y° — |24 + 2|25| — arctan |2?]
with the matriz
1 1
A=
0 0
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It is easy to check that this generator g satisfies (B2) with 0 = 0, and that f = ¢* satisfies
(C1b)(i) for i = 1,2, (C1b)(ii) for i =3, and (C1b)(iii) for i = 4,5. Then, according to
Theorem 2.1/, we can conclude that for each & € L>°(R™), BSDE (2.1) with this generator
g admits a unique global solution (Y, Z) € S®(R™) x BMO(R™) on [0,T).

2.5. Connections to existing results

With an invertible linear transformation as in Xing and Zitkovié¢ [42] and Weston [40], we

immediately have the following result after an application of It6 formula.

Proposition 2.17. Let A € R™" be a real invertible matriz, and A~ its inverse. Then,
(Y, Z) € S®(R") x BMO(R™ %) is a solution of BSDE (2.1) if and only if (Y, Z) := (AY, AZ) €
S®(R") x BMO(R™*%) is a solution of the following BSDE

T T
¥, = §+/ G(s, ¥, Z,)ds — / Z,dB,,  te(0,T], (2.8)
t t
where € := A¢ and
Glw, t,7,2) == Ag(w, t, A7, A712), VY(w,t,7,Z) € Q x [0,T] x R x R"™*¢,

Since the condition (AB) is invariant under an invertible linear transformation of R", as
shown in Remark 2.12 of Xing and Zitkovi¢ [42], we immediately have from Corollary 2.7 and

Proposition 2.17 the following assertion.

Theorem 2.18. Let o, a, & € L™ and the generator g satisfy (AB). If there is a real invertible
matriz A € R™™ such that the generator g defined in Proposition 2.17 satisfies (B1) and (B2)
with 8 = 0, then for each & € L (R"), the system of BSDEs (2.1) admits a unique global
solution (Y, Z) € S®(R™) x BMO(R™*4).

From Proposition 2.17, we easily see the following slight extension of Theorem 2.1 of Frei

and Dos Reis [21] .

Theorem 2.19. Let 01 = 91 = 0 and 0292 > 0. Then, there is a terminal value & € L>®(R?)
such that the system of BSDEs (2.4) has no global solution (Y, Z) € S®(R?) x BMO(R?*9).

Proof. We use a contradiction argument. Suppose that for any ¢ € L*(R?), the system of
BSDEs (2.4) admits a global solution (Y, Z) € S®(R?) x BMO(R?*%). Define

(V,7) = Vatz 0 (Y, Z).

0 29,
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Then, we have from Proposition 2.17 that (Y, Z) € S®(R?) x BMO(R?*9) solves the following
system of BSDEs

T
= /20095¢! —/ zZlas,,
t
T T
_ 1 _ _
yt2:2192g2+/ <|Z;|2+2\Z§|2> ds—/ Z2dB,, tel0,T),
t t

which is a contradiction to Theorem 2.1 of Frei and Dos Reis [21] as { is arbitrary. The proof

is then complete. O

The following theorem is a nonlinear extension of Theorem 6.9 of Jackson [25] with a different

proof.

Theorem 2.20. Define the generator g as follows: ¥(w,t,y,z) € Q x [0,T] x R® x R"*4,

g(w,t,y,2) == f(w,t,y,2) + 2h(b" 2),

where b := (by,---,by)" € R™ with by # 0, the vector function h : R — R? 4s Lipschitz
continuous, and f : Q x [0,T] x R* x R™4 — R" has the following stronger continuity than

assumption (B2): dP x dt — a.e., for each (y,7,2,%) € R x R® x R4 x R**4,
£ @,t,9,2) = 0,5, 2)] < 609l V1) () + 12+ 127) (y— gl + 12— =), (29)
and the following growth: dP x dt — a.e.,
b7 f(w,t,y,2)| < Ga(w) + Bly| + %\szF, ¥(y,z) € R" x R™¢ (2.10)

and

|fz(W,tay’Z)‘ S&t(W)+ﬁ’y|+%|Zz|2, Z:2a , 1. (211)

Then, for each & € L>*(R™), BSDE (2.1) admits a unique global solution (Y,Z) € S*®(R") x
BMO(R™*9).

Proof. The following matrix

A= ‘ (2.12)

is invertible. For each (7,2) € R™ x R™4 let (y,z) := A~Y(5, 2), and then (7,2) = A(y, 2).
(2.13

Clearly, 7' =b"y, 2! =b'2, 5" =y’ and z' = 2’ for each i = 2,--- ,n. By (2.9)- ) together
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with the Lipschitz continuity of h, the following generator

G(w,t,7,2) == Ag(w,t, A7y, A7'2) = Af (w,t, A"y, A7) + (2.13)

Z"h(z1)

satisfies Assumptions (B2) with § = 0, and (C1b)(ii). From Theorem 2.14 we see that for
each ¢ € L™, the system of BSDEs (2.8) admits a unique global solution (Y, Z) € S®(R") x
BMO(R™*9). Finally, by Proposition 2.17 we know that (A=Y, A717) € §(R")xBMO(R"*%)

is just the desired unique solution of (2.1). The proof is complete. O

Remark 2.21. If the generator f is Lipschitz continuous in the last two variables (y, z) and
bounded in the last variable z, then (2.9)-(2.11) hold naturally. On the other hand, if by = 0 but
bi, # 0 for some ig > 1, Theorem 2.20 is still true when (2.11) is satisfied for all integer i # ig

instead of for all i > 2, just using an obvious invertible transformation in the proof.

Similar to the proof of Theorem 2.20, we have the following Theorem 2.22.

Theorem 2.22. Consider the following generator g: ¥(w,t,y,z) € Q x [0,T] x R" x R"*4,

g(w,t,y,2) = f(w,t,y,2) + zh (sz) +ah (sz) ,

where a = (a1, ,a,)" € R™ and b := (by,--- ,b,)" € R™ with a; # 0 and b'a # 0, the
vector function h : R™>% — R? is Lipschitz continuous, the function h : R1*% — R satisfies that

h(0) =0 and

\h(wl) — B(w2)| < L(l + |w1| + \w2|)\w1 — UJ2|, Ywi,wq € Rle, (2.14)

and f : Q x [0,T] x R* x R™*? — R™ has the continuity (2.9) and the following growth:
dP x dt — a.e.,

f(wt,y,2)| < dn(w) +Blyl,  V(y,2) €R" x R™ (2.15)
Then, for each & € L>®(R™), BSDE (2.1) admits a unique global solution (Y,Z) € S>®(R") x

BMO(R™*4).

It is quite related to Theorem 6.19 of Jackson [25], which requires the a priori boundedness
condition (AB) and the Malliavin regular condition on the generator g. However, both do not

cover each other.
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Proof. The following matrix

by by by -+ by
—a2 ai
A = —as al (216)
—Gn ay

has the determinant det(A) = a7 ?ba # 0, and is thus invertible. For each (7, z) € R x R"*4,
let (y, z) := A71(9, 2), and then (7,2) = A(y,2). Clearly, 7' =b"y, 2! =b"2, ¥ = —a;y' + a1y’
and z' = —a;2' + a12* for each i = 2,--- ,n. From (2.9) and (2.14)-(2.17) together with the

Lipschitz continuity of h, we see that the following generator

2 h(zY) + b ah(zh)
Z2h(z!
gw,t,5,2) = Af(w,t,A7'g,A7'z) + ( ) (2.17)

Z"h(z")

satisfies Assumptions (B2) with § = 0, and (C1b)(ii). Proceeding identically as in Theorem 2.20,

we have the desired assertion. O

Furthermore, the following Theorem 2.23 and Theorem 3.1 of Xing and Zitkovié¢ [42] do not

cover each other.

Theorem 2.23. Define the generator g := (g*,---,g™) " as follows: for each (w,t,y,z) €

Q x [0,T] x R? x R™x4,
_ 1 <& 4
gl(wat7y7 Z) = fl(w)ta Y, Z) + Zlh(bTZ) - hl(bTZ) -3 Z ajbj|zj|2;
by “
=2 (2.18)

gi(w7t7 Y, Z) = fi(watayv Z) + Zlh(b—rz) - Bl(b—rz) =+ ai|zi’2> L= 27 N,

where a := (0,a9, - ,a,)" € R and b := (by,--- ,by)" € R™ with by # 0, the vector function
h: R4 — Re js Lipschitz continuous with Lipschitz constant L > 0 and |h(0)| < L, the vector
function h = (hy,--- ,hy) " : R4 - R” satisfies that h(0) = 0 and

\h(wl) — B(w2)| < L(l + \w1| + \w2|)\w1 — UJ2|, Ywi,wo € Rle, (2.19)

and f = (f',- M7 Qx[0,T] x R* x R"*?¢ — R™ satisfies that AP x dt —a.e., |f(w,t,0,0)| <

a(w) and for each (y1,y2, 21, 22) € R x R® x R4 x Rnxd,

’f(W,t,yl,Zl) - f(wvtay%ZQ)‘ < B|y1 - y2| + 7|Zl — 22| (220)
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Assume further that
[wh(w) — b h(w) — 1|wl2} >—c or  sup [
2 weRIxd

either inf
wERle
and for each i =2,--- ,n,
) - ¥.o2 z V2
inf {hl(w) — —|w] } > —c or a; <0 and sup {hi(w) + = |w| } <ec.
2 weR1xd 2
(2.22)

either a; > 0 and
weRXd

Then, for each & € L>(R™), BSDE (2.1) with the generator g defined in (2.18) admits a unique

global solution (Y, Z) € S®(R") x BMO(R"*%).
Proof. We only give the proof when the first conditions of (2.21) and (2.22) are satisfied. The

other cases are proved identically.

Let the invertible matrix A be defined in (2.12). For each (7,2) € R™ x R™ 9 let (y,2) :=
gt =bly, 28 =b'z, §* = ' and Z¥ = 2 for

A~Y(g, 2), and then (7,2) = A(y,z). ie
each ¢ = 2,--- ,n. From (2.19), (2.20), (2.23) and the Lipschitz continuity of h, the following

generator
2zl — b h(zh)
27 /=1 7 (=1 5212
Z°h(Z7) — hi(Z") + ai|Z
()~ ha(z) + il -

Af(w,t, A g, A71z) +

g(w7 t? g? 2)
Z"h(ZY) — hp(2Y) + an| 2"

satisfies Assumption (B2) with § = 0. Furthermore, we have from (2.20) that
|Af(w,t, A7y, A712)] < | Alau(w) + Blg| +]2]- (2.24)
From (2.19), (2.21), (2.23) and (2.24) together with the Lipschitz continuity of h, we see that

g' satisfies assumption (Cla)(i) with 6 = 0 since

_ T _ _
§'(@,t,9,2) 2 512" = e = [Alau(w) = Blg] = ||
and
§' (@, t,5,2) < |Aloa(w) + BI] + 12| + LIZ' (1 + [21]) + LIb|(1 + [2'])]2].
From (2.19), (2.22), (2.23) and (2.24) together with the Lipschitz continuity of A and Young’s

inequality, we see that for each i = 2,--- ,n, g' satisfies (Cla)(i) with # = 0 since

ai|2'[* = LIZ'|(1 + [2']) = L + [2')|2'] = |Alee(w) — Bly] — 712

J(wty,2) =
s %2 2 L)Y IEY2 — LIz — LIz — A Alal Al
> GIEP - (5o + L)1 = LIz - || = |Alar(w) - Blg] - 2]
7
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and

F@t5.2) < al@P+LEL+]2) = SJ2 P +c+ |Ala(w) + 87| + 3]

IN

L2 . .
<az~ + 27> |2°[* + LIZ'| + ¢ + | Alow(w) + Blgl + 2],

Consequently, we have from Corollary 2.11 that for each £ € L, the system of BSDEs (2.8)
with the generator g defined in (2.23) admits a unique global solution (Y,Z) € S®(R") x
BMO(R™*%). Finally, by Proposition 2.17 we know that (A=Y, A=1Z) € 8 (R")x BMO(R"*9)

is just the desired unique solution of the system of BSDEs (2.1). The proof is complete. O

The following proposition and its corollary partially answer the problem 6.25 of Jackson
[25].
Proposition 2.24. Assume that n = 2 and d = 1. Consider the following generator g

g'(z) 2T Az 42 ki + 1 )
g(z) = ) = , z€eR7,
g (Z) ZTAQZ + ZTkQ + 1y
where A; € R**2 k; € R? and l; € R fori = 1,2. Assume further that there exist three constants

a,b,t € R with a # 0 such that

2

a a“t abt
aA; +bAy =1 (a,b) = (2.25)
b ab b%
and either a1 =0 and ass # 0 or ajiaes < 0 with
o o 1 1 0 1 —-b
11 12 - A,
12 (99 a -b a 0 a

Then for each & € L>®°(R?), BSDE (2.1) admits a unique global solution (Y,Z) € S>®(R?) x
BMO(R2"1).

Proof. For simplicity, we only prove the case of k1 = ke =0 and [} = Iy = 0. Let

a b
A=
0 1
For each z € R?, let
L 1 —-b\
z:=A""Z=- zZ.
@\ 0 a
Then, in view of (2.25), we have
1% 1 2 _T 1 - _ 122
g'(2) = ag (2) +bg"(2) = = 2 (aA; + bAy) z=1(z")
—-b a 0 a



and

1 1 0 1 =b
72(2) = ¢%(2) = 2" Apz = — z! Ao Z.
a —b a 0 a

According to the conditions of Proposition 2.24 combined with an argument similar to (2.6),
we know that g satisfies assumptions (B2) and (C1b) with § = 0. Proceeding identically as in

Theorem 2.20, we have the desired assertion. ]

The following result is a direct consequence of Proposition 2.24

Corollary 2.25. Assume that n =2 and d = 1. Consider the following generator g

1, 2t +2%) - g(zl)2
g9(z) = 92( ) = 2 , zeR?
9°(2) zz(z1 + z2) — 5(22)2

where a, B € R* are two constants. If 1/a+1/8 = 1, then for each ¢ € L>®°(R?), BSDE (2.1)
admits a unique global solution (Y,Z) € S®(R?) x BMO(R?*!).

Proof. In Proposition 2.24, let k1 = ko =0, I1 =13 =0,

1 1
-3 3 03
Ay = and Ay :=
1 1 3
- 0 - o1-E
2 2 2

There are two cases: a = 2 and « # 2. In the case of a = 2, we have A; = As. When
a=1,b=—1and ¢« = 0, we have (2.25), ;3 = 0 and ags = 1, and thus all assumptions of
Proposition 2.24 are satisfied. In the other case of @ # 2, we takea =1—«/2#0,b=1—3/2

and ¢ = 1. Since a + B = af, we have

a+b:17a+ﬁzlia+ﬁ+0£:(179> (15):ab_

2 4 2 4 2 2

It can also be directly verified that all of (2.25), a1 = 0 and g2 # 0 hold, and then all
assumptions of Proposition 2.24 are satisfied. Thus, the desired assertion follows immediately

from Proposition 2.24. O

2.6. Global unbounded solution of multi-dimensional quadratic BSDEs

In this subsection, we will present three existence and uniqueness results on the global un-
bounded solution of multi-dimensional BSDE (2.1). For this, let us first introduce the following
assumption (D2), which is strictly stronger than the previous assumption (B2). In particular,
the generator g satisfying (B2) can have a general growth in the state variable y, while the

generator g satisfying (D2) can only have a linear growth in y.
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(D2) Fori =1,---,n, ¢ satisfies that dPx dt—a.e., for each (y, 7, z, Z) € R? x R? x R"*4 x R"*¢,

i
16,6, 2) = 60,6, 2)] < (0ew) + [2] + 12]) (Jy — gl + D | = #1))
j=1

+ [7 (vt(w) + 1’ + \2|5) + 0 (v(w) + |2] + |z|)} zn: B}
j=i+1

The following is the first existence and uniqueness result of this subsection.

Theorem 2.26. Let the generator g satisfy Assumptions (B1), (D2) and (AB) with § =0 and
o(-) =0, and let
~ T
§=¢ —i—/ HdB;
0

with € € L®(R") and H € BMO(R™%). When ¢’ satisfies (i) in assumption (B1) and violates
(B1) (i) and (i), and —g* violates (B1) (i), we further assume that H* = 0. If o, |H|* € L,
then BSDE (2.1) admits a unique global solution (Y, Z) on the time interval [0,T] such that

<Y —/ HSdBS,Z) € S%(R™) x BMO(R"*%),
0
The second existence and uniqueness result requires the following assumption (D1), which

is strictly stronger than the previous assumption (Cla), for g admits a general growth in the

state variable y in (Cla), instead of only a linear growth in y in (D1).

(D1) For each fixed i =1,--- ,n, either of the following three conditions holds:

(i) f:=g' or f:= —g' satisfies that dP x dt — a.e., for any (y, z) € R® x R"*9,

n i—1

7 B . . B .
TP = au(w) = Blyl = Y (N +68127) =2 ) 129 < flw,tyy,2)
j=i+1 j=1
< au(w) + Blyl + DA +61271%) + 212"
J#i

(ii) Almost everywhere in Q x [0, T7], for any (y, z) € R" x R"*?, we have
19,19, )] < Ge(w) + Bly'| + 1] (e w) + e D7 127]) + 21
j=1

(iii) Almost everywhere in © x [0, 7], for any (y,z) € R® x R™*? we have

|9 (@, t,y, 2)] < @n(w) + Bly'[ + Azl + 0D |7,
J#i
The following Theorem 2.27 and Jamneshan et al. [27, Theorem 2.6] do not cover each other,

and so are Theorem 2.27 and Frei [20, Proposition 2.1].
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Theorem 2.27. Let the generator g satisfy assumptions (D1) and (D2) with =0, and let
~ T
§=8&+ / HdB;
0

with € € L¥(R™) and H € BMO(R™%). When ¢° satisfies (i) in assumption (D1) and vi-
olates (D1) (iii) and (i), and —g' wiolates (D1) (i), we further assume that H* = 0. If
a € EX(py) for some p > 1, and |H|?> € £%°(2p(qY)?) for some p > 1 with ¢ = p/(p —
1) such that 1/p + 1/q = 1, then there exists a positive constant 6y > 0 depending only

on (HEHOOa ||a||<‘:°°(p7)7 HdHM"ov ||d||£°°7 HUHBMOa |||H|2||€°°(2ﬁ(q'y)2)ana'%ﬁ/’ )‘7 S‘a Cy 5> T,p) such that
when 0 € [0,6p], BSDE (2.1) admits a unique global solution (Y, Z) on [0,T] such that

(Y —/ Hsst,Z) € S®(R") x BMO(R"*%),
0

Remark 2.28. By the John-Nirenberg inequality, if |[H|smo < 1/(v/2Dqy), then |H|? €
E2(2p(q7)?). And, the existence and uniqueness of the solution for the multi-dimensional BSDE
appearing in Theorem 3.1 of Kramkov and Pulido [32] can be derived from Theorem 2.27.

In view of (i) of Remark 2.1, the following corollary follows immediately from Theorem 2.27.

Corollary 2.29. Let the generator g satisfy (D1) and (D2) with =0 and 0 =0, and let
- T
§=¢&+ / HdBs
0

with € € L®(R") and H € BMO(R™ ). When g' satisfies (ii) in assumption (D1) and violates
(D1) (iii) and (i), and —g* violates (D1) (i), we further assume that H' = 0. If o, |H|? € L,
then BSDE (2.1) admits a unique global solution (Y,Z) on the time interval [0, T] such that

(Y - / HSdBS,Z> € 8®(R") x BMO(R" ),
0

Remark 2.30. It can be verified that if the constant ¢ appearing in (ii) of assumption (D1)
vanishes, then the condition of H; = 0 appearing in Theorem 2.27 and Corollary 2.29 can be
weakened to the condition that both |H'| and |H'|v belongs to L.

The following Theorem 2.31 is the last existence and uniqueness result of this subsection.

It can be identically proved as Theorem 2.27 via Theorem 2.14, and the proof is omitted here.

Theorem 2.31. Let the generator g satisfy assumptions (B1) and (D2) withf =0 =c=¢=0
and ¢(-) =0, and
T
§= g"’ / HdB;
0
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with £ € L®(R") and H € BMO(R™%). When ¢ satisfies (i) in assumption (B1) and violates
(B1) (iii) and (i), and —g* violates (B1) (i), we further assume that |H|?,|H' v € L£>®. If
a € EX(py) for some p > 1, and |H|?> € £°(2p(qY)?) for some p > 1 with ¢ = p/(p — 1) such
that 1/p+1/q =1, then BSDE (2.1) admits a unique global solution (Y, Z) such that

—/ H,dB,, Z) € S®(R") x BMO(R" ).
0

3. Local unbounded solution: proof of Theorem 2.3
Let us begin with the following technical lemma which will be used later.

Lemma 3.1. Let v >0, 0 € [0,1), i € {1,--- ,n}, £ € [0,T] and V,V € BMOj7(R™*9) such

that -
200( 31V Rty 2, + IV I1Bri0, 0 ) < 1
j=1
(i) Define
Gy =G+ > (VP 407 2) + S0 (AVIPT +oVIR), seBT). (3.1)
j=1 j=i+1
If & e &gy (pr) for some p > 1, then & € & (r). And, for each t € [t,T], we have
. In 2143
allege, = Nl @ry +— pnmaz V7] 51 o (T —=1)
(3.2)
p,nr)\é Z HVHB OtT )
J=i+1
where _
1—0 (pnrA(1+96) =
Copnrrg = A 5 ( I > . (3.3)
Moreover, it is clear that the previous conclusion holds also for p = 1 when A = 0 and
0=0if welet C,, . 5:=0 when A =0 andp =1.
(ii) Define
&s = a5+cZ]V7|2+ Z <>\|V3]1+5+0|VJ| ) s e [f,T). (3.4)
= Jj=i+1

If & e M%T}, then & € M‘[’{fT]. And, for eacht € [t,T)],

i—1

146
IIaIIMoo <1+||a||Moo +Cz;||V]HBMOtT]+n>‘|v||BMO[t7T](Tt)
J

‘a«.l

(3.5)
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(iii) Define

i—1 n
si=asty (AVII+0IVIP) + Y (AWVII+0IVIPP), s el T]. (3.6)
j=1 Jj=i+1

If & € M%?T}} then & € ME—O’T]. And, for each t € [t,T], we have

i—1 n
Ny A 3 > ~ 1
lallae,, <1+ lalags, + A X IV llbmopr + D IV lImyoyr ) (T =82 (3.7)
j=1 j=i+1

Proof. (i) Since V,V € BMO(R"*%), it follows from Young’s inequality that for p > 1, A > 0,

0<t<t<s<Tandj=1,---,n, we have
1 F pnrA(1+9) 14 143 158
VT = (ALY S s
p
( (p—1V{P )3 (3.8)
oA+ OV o, |
p—1 12 j +§’
2]97”67“”‘/3”231\/10[ " |V:9‘ + 77,7">\5||V || O[t )
t,
and i}
. < p— 1 _ . _ . 2%
AT < T2+ Copen g7 ki (39)

2pn7"||‘7] HZBMO[LT]

where the constant C,, ,, .., 5 is defined in (3.3). For p > 1, let ¢ := L > 1 such that %—Fé =1.
By (3.8) and (3.9) we know that for each t € [£,T], cs < & + ta’ t + dzt,s € [t,T], where
i—1 i1

alt= 3 1 V72 + Z VIR +0( DIV + Vi)
J

—1 2an”V]“BMO[ j=i+1 ] j=1

2qnr||V7 ”BMO[t T

143 8
p,m(ZHWH St 2 IV, )

Jj=i+1

It follows from Holder’s inequality and the John-Nirenberg inequality that for each ¢ € [t,T]

and 7 € Tj 7y,
T i—1 T _ "
E. [exp (qT/T d;*tds>] < ]1_[1 <ET[exp (2||Vj|1211\m[m/7 |V33|2d8>})
i o
X (ET[exp (nﬁ /T (i W;j\z + |‘/s’2)d8>]>
L
1
n r B
X jl}_l <ET[exp (2||VjH]251’>1\/IO[m/T |Vsj|2ds)}>
< 2
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< 2 On the other hand, it is clear that

which means that &' € Eir }(qr) and ||at t”g[otoT (@) < -

1435 143 _
10, = Conrns (Il + 3 IVabd ) 0. e er)

Jj=i+1

It then follows from (iii) of Remark 2.1 that & € £°°(r) and for each ¢ € [¢t,T],

< . In2
rn < Hang[‘fT](pr)—’_qT

p,nm(Zku i SR S 1T+ T}

Jj=i+1

léilleze,

\O'l\

from which the desired conclusion (3.2) follows immediately.
n and 7 € T 77,

=1,---,

(ii) It follows from Holder’s inequality that for each t € [¢,T], j

1

T T = :
B | [ e < (5| [ wipas] ) -0’ < v, -0

Then, the desired conclusion (3.5) follows from (3.4) and the previous inequality.

9]
‘Owl

;oo ynand T € T,

(iii) It follows from Holder’s inequality that for each t € [¢,T], j =

T . . 1 T — — 1
E, {/ \Vg!ds} < V'llemoy, (T —1)2 and E. {/ |Vsjlds] < V7 [lBmoy, 1 (T —1)2.
Then, the desired conclusion (3.7) follows from (3.6) and the previous inequality. O

Now, we can give the proof of Theorem 2.3. Assume first that £ € L>®(R"), a € £%°(py) for

some real p > 1 and the generator g satisfies assumptions (B1) and (B2). Define

24+~ In2 a B
”{7 224 3l + lallem ) + 2 allags + ChnaaaT + 2c}

iy = —
5
Lo+l . Y exp (27 (€]l + lalle= + 1)) (5+ llallz + 2nfv[[Eyo + 2nc?)
+2cq exp (2T (73 + ||€]12, + 4]l al| 3o + nA*T)
and
O = 20 00 ansT +40) + SO o e (el + e + 1))

,7
+2nco\2T exp (25\2T) ,
where the uniform constant ¢g > 0 is defined in (i) of Proposition A.3 in Appendix, and

=6 rpnyA(140)\ 1 =
Conns i=A— ( " ) (3.10)

Furthermore, let C¥ := 0 and for i = 1,- - - ,n, recursively define

. . . 146
Ci=C'+C +Cr[C71]70. (3.11)

29



Finally, define K := C7 and let the constant e satisfy

1 1 1 -5 1
0<e<min{ T, , , < — > , ———— 5. (3.12)
{ [1+ ¢(K)]? ncpmmwf(%g 14 20K 3" 1+ n2)\2K}

It is clear that all these constants defined above (except ¢) depend only on [[{[leo, [l go0(py)s

&l poe, @]l coss |lv]lBMO, 72575, A, Ay €, 6, T and p, and that & also depends on ¢(-).

In the sequel, for each H € R4 i e {1,--- ,n} and z(1 ... 2() € R*? define by
ESURTRINION - s - )

the matrix in R"*? whose jth row is 2 for j = 1,--- ,4 and H’ for j = i+1,--- ,n with i # n.

Given a pair of processes (U, V) € Sip_. T]( ") x BMOr_c 11 (R™*9) and a real 6 satisfying

1
1Ullsgz 0y + IVIEMOy_ .y S K and 0<6< e (3.13)
We will first prove that for each i = 1,--- , n, the following one-dimensional BSDE
Y =¢+ fi(s, Zy)ds — / ZidBs, te [T —¢e,T) (3.14)
t t

admits, successively, a unique solution (Y, Z%) in the space ST ey (R) x BMOyr_. 11 (R1xd),

where for each (w,t,2) € Q x [T —¢,T] x R4,

fl(w,t, Z) = gl (w,t, Ut(w)7 [Zv Vtz(w)ﬂ e 7‘/1€n(w)]) )

fi(w’taz) = gi (watv Ut(w)’ [Ztl(w)a T 7Zz71(w)’zv Vti+1(w)’ T ’V;En(w)]) ) 1= 27 N

Moreover, it holds that for each ¢ =1,--- ,n,
1—1 gLt
1Vilsg_,y + 121300,y < O+ Co Y125k, (3.15)
j=1
1; . .
> 1Vl 0y + 127 sty ) < CE< K (3.16)
j=1
and ‘
7
200( SN2 sty + IV Ity ) < 1. (3.17)
j=1
In particular, letting ¢ = n in (3.16) yields that
¥l + 12130, .., < K. (3.18)

For this, let us use an induction argument to prove the following proposition.

Proposition 3.2. We have the following two assertions.
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(a) For i = 1, BSDE (3.14) admits a unique solution (Y, Z') in the space SFTO_&T} (R) x
BMO7_. 71(R*¥%), and inequalities (3.15)-(3.17) hold.

(b) Fori=2,--- n, assume that for each 1 =1,--- i — 1, the following BSDE

T T
Vi=¢+ / fl(s, Zb)ds — / ZldB,, te [T —¢,T) (3.19)

t t
admits, successively, a unique solution (Y, Z') in the space Si_e (R)xBMO7_ 7 (R1x4),

and the following inequalities hold:

-1
Vil 412 B0y G+ G N2 (320)

j=1

l
(V75 + 127 st y) SCLS K (3.21)
j=1
and l
200 ( 312 st 2y + IV Ity ) < 1 (3.22)
j=1

Then, BSDE (3.14) also admits a unique solution (Y, Z%) € SFTO_E 7) (R)xBMO7_ 7 (R1x4),
and the inequalities (3.15)-(3.17) also hold.

Proof. We first prove the assertion (b). Assume that for some i € {2,--- ,n} and each | =
1,---,i—1, BSDE (3.19) admits a unique solution (Y, Z!) € Sir_e) (R) x BMOyp_. 7 (RY%),
and the inequalities (3.20)-(3.22) hold. Since the generator g satisfies assumption (B2), it follows
from the definition of f? that dP x dt — a.e. on Q x [T — ¢, T], for each (z,%) € R4 x R1*9,

‘fi(tv Z) - fz(t,,f)‘ < ¢(||UHS°°

[T—e,T

i—1
v+ 230 120 + 2Vl + 12 + 121 | — 21,
j=1

which means that on Q x [T — ¢, T], f? satisfies assumption (A5) in Appendix with 5 = 0,

1—1
k= o(IUllss_.,,) and o =v+23" |29 +2|V| € BMOy_. 11(R).
j=1

And, since g satisfies assumption (B1), in view of (ii) of Remark 2.2, we need only to consider

the following three cases:

(1) g* satisfies (i) of assumption (B1). For this case, it follows from the definition of f? that

dP x dt — a.e. on Q x [T — ¢, T}, for each z € R'*9 we have

%1212 by < fi(t2) < Gy + %\zﬁ, (3.23)
where .
G = or+ o(U) + Y (NZI +01ZE1) + 30 (VI + 017 2)
j=1 j=i+1
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and
1—1 n

G =+ o) + e S I+ 3 (V0 + o)

j=1 j=it1

Since o € E__ (py), a € Mp_, g and o(|U]) € L qpy In view of (ii) of Remark 2.1, (3.13)
and (3.22) with [ =4 — 1, using (i) and (ii) of Lemma 3.1 withr =+, 6 =6,t =T —¢, V = Z,
a=a&and @ =a+ ¢(|U]) (resp. @ =& and & = @+ ¢(|U|)) we can deduce that

In2
@l ) <l om) + ST = 1) + ==+ nCpnp sK 5 HT 1)
=1 gl (3.24)
+ChmnsT S 127110 oy <00, LE[T—&T]
7=1
and
; = LY 1-3
ladlz,, < 1+ lalage, + )T =) +nAK = (T — 1) 2
— | (3.25)
+e Y 127 B0y 4 < +oo, tE T —&T),
7j=1

where the constant C),,, 4 s is defined in (3.10). Combining (3.23), (3.24) and (3.25) yields
that on Q x [T — ¢, T}, the generator f’ satisfies assumption (A1) in Appendix with 3 = 0 and
©(-) = 0. Since f? also satisfies assumption (A5), it follows from Proposition A.1 that BSDE

(3.14) admits a unique solution (Y?, Z%) € S (R) x BMOr_. 7 (R*4). Moreover, we have

T—e,T]
; 2+% In2
1Yz, + 1271Bnt0y, 2y < 7{2 = 43 e + el o + 2 1,
i—1 '
36(K)(T 1) + (ConrnsT +20) Y (127l + 1271 3010,m,) (3.26)
7=1

+1C s KT8 (T — t) + 20 MK 5 (T — t)lz;s} teT—eT)

Then, it follows from (3.26) and (3.12) together with the definitions of C7 and Cj that the

desired inequality (3.15) holds. Moreover, in view of the following inequality

aToh 4 b1 < (a4 b1, Vab >0,

combining (3.15) and (3.21) with [ =i — 1 as well as (3.11) we can derive that inequality (3.16)
also holds. Finally, the desired inequality (3.17) follows from (3.13) and (3.16). Consequently,

the assertion (b) is proved in this case.

(2) ¢* satisfies (ii) of assumption (B1). For this case, it follows from the definition of f? that

dP x dt — a.e. on  x [T — ¢, T}, for each z € R4 we have
1t 2)] < o+ Tl2] + 5P
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where

i1

d=a+¢(U)) € LF . and w@:=cY |Z7|+¢(|U])+v € BMOp_. 7y(R).

j=1
This means that on  x [T — ¢, T], the generator f? satisfies assumption (A3) in Appendix with
B =0and ¢(-) = 0. Since f! also satisfies assumption (A5), it follows from Proposition A.2 in
Appendix that BSDE (3.14) has a unique solution (Y*, Z') € Sff__ ;(R) x BMOyr_ 71(R"™).
Moreover, in view of (3.13) and (3.12), we have for each t € [T —¢,T],

. . 4(y+1) ; -
1Y sy, + 12 s,y < =g o0 {47 (el + @l +1) }

[t,T]
(3.27)

i—1
x (54 Iallezey, + 2nl0lRaioy 2 +20¢* D 127 IBnioy z )
j=1

Then, it follows from (3.27) together with the definitions of constants C; and C5 that the desired
inequality (3.15) holds. And, in the same way as in (1) we can deduce that (3.16) and (3.17)

also hold. Thus, the assertion (b) is proved in this case.

(3) g' satisfies (iii) of assumption (B1). For this case, it follows from the definition of f?
that dP x dt — a.e. on Q x [T — &, T], for each z € R'*? we have

Fi(t, 2)] < de + Azl (3.28)
where -
d =+ o(Ul) + > (N2 +012012) + 3 (A + 017 2).
J=1 j=i+1

Since a € My, 7 and o(|U]) € Ly qpy In view of (3.13) and (3.22) with [ =4 — 1, using (iii)
of Lemma 3.1 witht =T —¢, V = Z and & = a+ ¢(|U|) we can deduce that, in view of (3.12),

[NIE

i—1
+ AT Y112 B0y,

N — N L
lllagee,, = L lalge, + SUE)NT ) +nAKE(T — 1) >
i1 I= (3.29)
< 3416l g, + MWTY |1 Z||lsymoy 4 < +00, t€[T—¢T).
j=1

Combining (3.28) and (3.29) yields that on Q x [T —¢,T], the generator f* satisfies assumption
(A4) in Appendix with & = &, f = 0 and ¢(-) = 0. Since f! also satisfies assumption (A5), it
follows from Proposition A.3 in Appendix that BSDE (3.14) admits a unique solution (Y, Z?)

in the space Sg__ 7y (R) x BMOyz_. 71(R'?). Moreover, we have for each t € [T —¢,T],

. .9 N i _
‘|YZH3[3‘,’T] + HZZHBMO[t,T] < 2cpexp (2)\2T) (73 +|1€7%, + 4HaH-2M‘[§<fT]>
) i (3.30)
+2ncoA*T exp (20°T) Y 127 oy, 1y
j=1
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where the uniform constant ¢y > 0 is defined in (i) of Proposition A.3. Then, it follows from
(3.30) together with the definitions of Cy and Cj that the desired inequality (3.15) holds. And,
in the same way as in (1) we can deduce that (3.16) and (3.17) hold. Thus, the assertion (b) is

also proved in this case.

Next, we prove the assertion (a). Indeed, in view of (3.13), by applying the above argument
to i = 1 we can deduce that for i = 1, BSDE (3.14) admits a unique solution (Y'!, Z!) in the
space Sip__ T]( ) X BMO7_ 71(R*%) and (3.15) holds. In addition, in the case of i = 1, (3.16)
is just (3.15), and (3.17) is trivially satisfied by (3.13). Thus, the assertion (a) is also true, and

the proof of Proposition 3.2 is then complete. 0

Now, for each real € > 0 satisfying (3.12), define the following complete metric space
B. = {(U,V) € S5 (R") x BMOpr_ g™ %) : Ullsg . + VI < K}

which is a closed convex subset in the Banach space S™(R") x BMO(R"*%) with the norm

IO s. = \Ul3s _, + VB0 ¥ (U:V) €B-.

Based on Proposition 3.2, we know that those assertions from (3.14) to (3.18) are all true. Thus,

in the case of 0 < 0 < 1/4nK we can define the following map from B; to itself:
r:U,v)eB.—-TUV):=(Y,Z) € B,

where for each i = 1,--- ,n, (Y%, Z%) (the ith component of ¥ and the ith row of Z) is the

unique solution of BSDE (3.14) in the space Sit_e ) (R) x BMO7_. 7 (R1xd),

It remains to show that there exists a real 9 > 0 satisfying (3.12) and a real §y € (0,1/4nK]
(bOth depending only on ||§HO<>7 ’|a‘|5°°(p'y)7 HO_CHM"Ov H&HLOO, ||UHBM07 na’Y?ﬁaA?;\acv 6, T,p and

¢(-)) such that in the case of 6 € [0, 6], I' is a contraction in B,.

In the sequel, let 0 < 6 < 1/4nK. For any fixed e satisfying (3.12) as well as (U, V) € B.
and (U, V) € B, we set

(Y,2):=T(U,V), (Y,Z):=I(U,V).

That is, for i =1,--- ;nand t € [T — ¢, T, we have

T T
:5i+/ Ws,Us, Vs(Zs, Z1; ))ds—/ Z,dB;
¢ t

and
o~ . T T ~ .
}/Z:gz—f—/ (s US,V(ZS,Z ))ds—/ Z+dBs.
t t
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Here and hereafter, for each i = 1,--- ,n, w € R™*? and H, H € R"*?, we denote by H(H,w;1)
the matrix in R"*¢ whose ith row is w, and whose jth row is H7 for j =1,--- ,i—1 with i # 1

and H’ for j =i+ 1,---,n with i # n. Then, foreach i =1,--- ,n and 7 € Tir—e,1), We have
YT’—YT’—i-/ (Z;—Z;>dBS

T ~.
[ (65 U Va2 Z250) - (5, U Vil 22, Z50)) s

(3.31)
=ALt
= / <91<3a Us, ‘/;(Zsa Z;;i)) - 91(87 Us, Vs(Zs, Z;J))) ds.
::XE”'
It follows from assumption (B2) that for each s € [T'—¢,T] and each i = 1,--- ,n, we have
AL < 6(UL) (v +20Vil + 202, + | Z]) |2 - Zi) (3.32)
and
A2 < G(U| V (Ts]) [06lUs = Tl + 05 3 12 = Z1) + V(o + 00,)Vs = Vil (3.33)
j=1
with
B 1= vg + 3|Vs|"H0 2|V |1+ 3| Z, |10 + 5| Z,|1H°, (3.34)
D5 1= vg + [Val + |Vi| + | Zs] + 2| Z| (3.35)
and
Us 1= vs + |Val? + [Val° + | Zs|° + 2 Z,°. (3.36)
Fori=1,---  n, define Gs(i) :=0, s € [0,T —¢) and
o~ T
(2:-2) y
Gs(l) = W1|Z§_22‘¢0A87 , SE [T — €7T].
By (3.32) we know that for each i =1,--- ;nand s € [T —¢,T],
A = (Zi-Z0) Gy and  [G,6)| < G(IU) (v, + 2AVi + 22 +1Z,]) . (337)

Then for eachi = 1,--- ,n, By(i) := B, — fot Gs(i)ds is a Brownian motion under the probability

CUP)’L T ) 1 T 2
3= exp{/o Gs(i)dBs — 2/0 |Gs(7)| ds},

and from the definition of B., there exists a constant K > 0 such that

measure P’ defined by

G Moy o < K = 4[6(K))* (lvllEyo + 9K) -
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Furthermore, it follows from Theorem 3.3 in Kazamaki [29] that there exist constants 0 < L; <1

and Lg > 1 depending only on K such that for any M € BMO(R™*¢) or M € BMO(R'*%), we

have, for each i =1,--- ,n,
Li|[M[BMoyr . 7y S M B0, ey < LollM[[BMOy . 75 (3.38)
where 1
' T ) 2
Mlvos .neo = _sww|B5| [ 12as]
TET[T,&T] T 00

and EZ denotes the conditional expectation with respect to F, under the measure P*.
It follows from (3.31) and (3.37) that
Yi Y +/ (Z; - Z;) dB,(i) = / A%ids, i=1,---,n, 7€ T ).
T T

Taking square and then the conditional mathematical expectation under P? on both sides of the

last equation, in view of (3.33) and the definition of B. together with Holder’s inequality we

([ we)

can deduce that for each i =1,--- ,n and 7 € Tjr_. 17,

L . T, 2 ;
vi- TR | [ |zi- 2 s < s

7112
U~ Tl

—&,T]

+3[0(K))? {E ([ |ﬁs|2ds)2]}é g{E ([ 1= —Zdes)Q]}% (3.39)
-%MMKW{Ei(1ﬁm+mﬁﬁgj}é{HI([ﬁ%—ﬁﬁmﬁj}é

It follows from the energy inequality for BMO martingales (see for example Section 2.1 in

Kazamaki [29]) together with (3.38) that for each i = 1,--- ,n and 7 € Tjr_. 79,

i—1 . T 27 2 ot S
Z{EZT[(/ ’Zﬁ—Zﬁ'QdS)” < 53 12"~ Zlnopee
T

J=1 Jj=1

N

IN

i—1
5133117~ 2 Rmioy .,
7=1

and

Furthermore, in view of (3.34)-(3.36), using Holder’s inequality and the energy inequality for

T _ 271) 2 _ _
(/ Vs — v;|2ds> ] } < 5|V - VH}%MO[T_&T](W) <SLIV = VEsoy .z

BMO martingales together with (3.38) and the definition of B, we can derive, see the argument
in pages 1078-1079 of Hu and Tang [24] for details, that for each i = 1,--- ,n and 7 € Tr_. 77,

El

T 2
</ 6sds> ] < 5eL3||v]|Bno + 235" (1 + 5L3K?),
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N

{Ei (/ ' o.fas ] } <2513 (oo + 7K)
{Ei [(/TTﬁs+9ﬁs|2ds>2 }% 10)

< 506°L3 (oo + TK) + 5vELolfbnio + 5210 (4 + 35L3K)

and

Combining those inequalities from (3.38) to (3.40) yields that for each i =1,--- | n,
Y PR L2 - 2oy

s _ _ -
<Csez (lU=Ulzs  +IV—=Vlgmoy.. s ) +208°CallV = VlEno
[T—e,T] [ T [

T—e,T]
-1
+Ci 12 = 2o
j=1
and then,
. =g s
Ve 412 Zlo,
1-4
Cie 2 +27’LC492 ~ 9 ~19
< e (Il =Tlizs . +1V = Vibsoy. ) (3.41)
e
Jrﬁ 127 — Z]H%MO[T_E’TV
1 j=1
where
144 1-6
Oy = 15L2[¢(K)]? {5T%L§||UH%MO +2357°7 (14 BLAK?)
+5nT 2 L2||v| 3o + 50T (4 + 35L3K) }
and
Cy = 375La[¢(K)]* {[|v]|Bmo + 7K} -
Next, in view of (3.41), by induction for i we can deduce that for each i = 1,--- | n,
i—1 ' o i—1 ' .
SR Y17 Zlo,
P =1
C3e'3" +2nC40% _ ~
< e CL(I0 =Ty, + 1V = Viidniog . ) -
where

Cs =i

04 i—1
(@)

C4 04 i—2
14+ == 4 ... =
nt *(r@)

In particular, letting ¢ = n in the last equation yields that

2 < 0381756 + 2710492 2
B L3
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Consequently, there exist two very small positive numbers £y and 6y such that for each 6 € [0, 6],

the solution map I' is a contraction on the previously given set B, .

Finally, we remark that in view of (i) of Lemma 3.1, all above arguments remain valid for

p =1 when A = 0 = 0. The proof of Theorem 2.3 is then completed.

4. Global bounded solution: proof of Theorems 2.10 and 2.14

To prove the existence of global bounded solution, we need to establish some uniform esti-

mates of the solution.

4.1. Proof of Theorem 2.10
In order to prove Theorem 2.10, we need to the following proposition.

Proposition 4.1. Let £ € L®°(R"), a € E%(pyexp(BT)) for some p > 1 and the generator g
satisfy assumption (Cla). Assume that for some h € (0,T], BSDE (2.1) has a solution (Y, Z) €
Sr_n) (R™) x BMOr_p, 11 (R"*4) on, the time interval [T — h,T). Then, there exists a K >
0 dependmg only on (Hg”om ||a||$°°(p'yexp(BT))’ H&HMOOa ||d||£°°7 HUHBM07 n, 67 7> 7}/’ )‘7 5\7 ¢, 55 T7 p)

and being independent of h such that for 0 € [0,1/(4nK)], we have

1Y llsps

9 ~
[T—h,T] + ”Z”BMO[T—IL,T] < K.

Moreover, the above conclusion holds still for p =1 when A\ =0 and 6y = 0.

Proof. We only prove the case of p > 1. The other case can be proved in the same way.

First of all, define an increasing non-negative real-valued function @ : [0, +0c0) — [0, 400)

as follows:

2(1+ BT) + 7~ - 15 In2 a
O(x) = y exp (257 [2 +2n\T 2 + T + HO[Hgoo(p,yexp(ﬁT)) + 2| pgoo + 3

4
20 exp (27 exp(8T) (lell + =)} |2+ AT exp(8T) (I + )

+l@ll g +n|rv||%Mo[t,T]] + 2co exp (26T + 2X°T) (7 + 6]l a3y + 2°)

and define the following four constants:

Cri= o)), Coi= 22U *f V357 oxp (26T),

201+ 8T)+7

Cs exp (28T) (Cpnpyrt + 2nN) + 12neoA*T exp (20°T)
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and
2
O D) exp {2y exp(BT) (€]l + e}

4¢(1 4 BT) + 2¢3 exp (267T) 1

Cy =
where the uniform constant ¢g > 0 is defined in (i) of Proposition A.3 in Appendix, and
ny(pA)?
Con = ———exp(pT). 4.1
p, ’vavAzT 2(p _ 1) ( ) ( )
Note that (Y, Z) € Sit—nr % BMO[r_p, 7 is a solution of BSDE (2.2) on [T — h,T]. Then

(Y, Z) also solves the following BSDE:
(4.2)

foreachi=1,---,
T .
Y =¢+ /fZ s, Y ZY) ds—/ ZidBg, te [T —h,T],
t

where for each (w,t,y,2) € Q x [T — h,T] x R x R4
Filty, 2) = g'(t, Ya(y; 1), Ze(239)). (4.3)
In the sequel, let the constant 6 always satisfy
4n9||Z||2BMO[T7h‘T] < 1. (4.4)
We will first prove that for each i =1 n and each t € [T — h,T),if T —t < 1, then
||Y2‘us[o;_m 12 oo
i—1
T O 1P oy

(T~ 1) + G3l|Z 3mioy,
j=1

Ci+CollYllss
n, since g satisfies assumption (Cla), in view of (ii) of Re-

Indeed, for any fixed ¢ = 1
mark 2.9, we need to consider the following three cases

(1) ¢" satisfies (i) of assumption (Cla). In this case, it follows from (4.3) that dP x dt — a.e

) € R x R™4 we have
(4.6)

on Q x [T — h,T], for each (y, z

i < Y2 i gl

Pty 2) Lyso <+ Blyl + 512 and - fi(ty,2) > Jlaf* = 6w = Blyl,
where

G=a + Y+ (A|Zg'\ + eyzg'\?)
i
and
i—1 ] n B
by =g+ BV + e |ZIP+ Y (/\\Zg\H‘SJrG\Z]\ )
j=1 j=i+1

Since a € E_y, 1 (pyexp(BT)), a € M _p,  and Y| e L7 qp» 0 view of (ii) of Remark 2.1

as well as (4.4), applying (i) of Lemma 3.1 with
V=Z &d=d& and &= a+ f|Y]|

r=pyexp(BT), 6=0,t=T—h, V=
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and (ii) of Lemma 3.1 with
§=06,t=T—-h, V=V=2 a=d& and a=a+g|Y|

we can deduce that

In2
Y o0 < oo o0 —_— —_—
HaHf[th]('yexp(ﬁT)) = HaHé’[t’T](p'yexp(ﬁT)) + B‘|YH5[t’T] (T t) + ’)/EXp(ﬂT) (47)
+Cpn AT Z|Br0y, 1 (T = 1) < +o0, t € [T —h,T]
and
. _ o NI 02
g, € 1 [l + 81V sy (T~ )+ M| 215k, (T~ 1)
o (48)
163120 Bt 5y < 00, £ € [T —hT),
j=1

where the constant Cy, , 3 17 is defined in (4.1). Combining (4.6), (4.7) and (4.8) yields that
on  x [T — h,T), the generator f satisfies the second inequality for the case of y > 0 and
the first inequality in assumption (A1) with 3 = 8 and ¢(-) = 0. It then follows from (i) of
Proposition A.1 that for each t € [T — h,T] such that T'— ¢ < 1, we have

In2
Y

. . 2(1 + BT) + 5
1Y illszy, + 12400y 5, < 2ot 2D ET

t,T]

_ 1-$
exp (28T {2 +2n\T 2 +
43I0 + s grexpismy + 21y + 381¥ s, (T — ) 49)

i—1
_ 1-6 _ .
+(Cpmpanr +208) 1210y (T~ 1)'F +26 3 120y, }
j=1

Then, it follows from (4.9) together with the definitions of constants C, Cy, C3 and Cj that

the desired inequality (4.5) holds in this case.

(2) ¢* satisfies (ii) of assumption (Cla). For this case, it follows from (4.3) that dP x dt — a.e.
on Q x [T — h,T), for each (y,2) € R x R4 we have

j ~ _ Y
Fi(t. 9, )sen(y) < G+ By + wle] + 212l

where )
i—1

w:=c) |7 +veBMOg_pm(R).
j=1

This means that on Q x [T'— h, T], the generator f° satisfies the first inequality for the case of
y < 0 and the second inequality for the case of y > 0 in (A3) with & = & and 3 = 3. It then
follows from (i) of Proposition A.2 that for each ¢t € [T' — h,T],

40



4(v+1)

I sz, + 12 0But0, 7 < = exp {27 exp(BT) (I€le + 1alc) } 2+ e
A , L= (4.10)
T exp(BT) (1€ loe + allex) + nllolfBaro, » + 1 S 127 Bsio )
j=1

Then, it follows from (4.10) together with the definitions of constants C, Ca, C3 and Cjy that

the desired inequality (4.5) holds in this case.

(3) ¢* satisfies (iii) of assumption (Cla). For this case, it follows from (4.3) that dPx dt—a.e.
on Q x [T — h,T), for each (y,2) € R x R4 we have

Fit,y, 2)sgnly) < du + Blyl + Azl (4.11)

where
G i=an+ ) (5\|Z£| + 9|th|2) .
JFi
In view of (4.4), using (iii) of Lemma 3.1 with 6 =6,f =T —h,V =V = Z and & = & we can
deduce that

< _ I 1
6 sge, < 1+ lag, +AVallZlBroOy (T~ D3 < 400, te[T—hT].  (412)

Combining (4.11) and (4.12) yields that on Q x [T — h,T], the generator f* satisfies the first
inequality for the case of y < 0 and the second inequality for the case of y > 0 in assumption (A4)
with & = & and 8 = B. It then follows from (i) of Proposition A.3 that for each t € [T — h, T},

1V ilsi, + 12 0,y S 20000 (26T +20°T) (7+ €2 + 6l )

- (4.13)
(T —1).

+12nco T exp (2A°T) || Z |l fnoy, 1,

Then, it follows from (4.13) together with the definitions of constants C, Ca, C3 and Cj that

the desired inequality (4.5) holds in this case.

Furthermore, in view of (4.5), by induction for i it is not difficult to derive that for each

i=2,---,nand each t € [T —h,T],if T —t <1, then

%
(752, + 127 i, )
]Z:; 7] w (4.14)

— — — 1;6 —_ .
< (Cr+ CallYllsgz_, .y (T = 1) + Csl|ZIntopy_, (T~ 8)'°) G,

where
Chimi (14 G+ o+ (Co) ) + (Co) " (4.15)
In particular, letting ¢ = n in (4.14) yields that for each t € [T — h, T, if T —t < 1, then

IYllsiey, +1Z03m0,, < C1OF +CaCEIY s, (T~ 1)

=~ A 1-5
103021 Z Bsto (T~ )7
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Then, we have

¥l 0, + 1 Z1Eno0y,. 1 < 2C1CF, (4.16)

where

: 1 1 %5
— h,l,__,(__) > 0.
c mm{ 20,07 \205C2 }
Finally, for m > 1, we define successively the following constants:
Cl :=2C1CY and C7"' =07 +20(CTM)CE, (4.17)

where C? is defined in (4.15). And, we let mg be the unique positive integer satisfying T — h €

[T —moe, T — (mg — 1)e), or equivalently,
h h
2 <mg < — 4+ 1. (4.18)
5 5

If mg = 1, it then follows from (4.16) and (4.17) that

1Y llspe

2 ~1 _ ~Am
on T I14lBMO 2 < O = C1°

If mg = 2, it then follows from (4.16) and (4.17) that
¥Yr—elloo < Y llspz_ ., < Ci- (4.19)
Now, consider the following system of BSDEs

T—e T—e
YtZYTEJr/ g(s,Ys,Zs)ds—/ ZyB,, te[l —h,T—¢l.
t t

In view of (4.19) and the definition of the function ®(-), by virtue of Propositions A.1 to A.3

we can use a similar argument as that obtaining (4.5) to get that for each i =1,--- ,n,

1Yills, oo+ 1271B00pr

i—1
— — 1-§ — -
o(C} )+ CallYlisz, 6+C3||Z||12_>,M0[T_h,T_E]6 2 +Cy ) ”ZJ||]23MO[T_;L’T_E]'
j=1

And, in view of the definition of ¢, by induction and a similar argument as that from (4.14) to

(4.16) we can further get that
2 A1
¥llsg, o+ 1200y, < 20(CHCE.
Combining the last inequality and (4.16) yields that, in view of (4.17),
_ - o A
¥ lsg, o + 1200y 0, < CL+20(CHCE = CF = 7,
Proceeding the above computation gives that if my satisfies (4.18), then

_ h
1¥lsg, o, + 1200y 0y <O = 0l = R, (4.20)
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where C7" is defined in (4.17), and [z] stands for the minimum of integers which is equel to
or bigger than x € R. Then, the desired conclusion follows from (4.4) and (4.20). The proof is
complete. O

Proof of Theorem 2.10. With Theorem 2.3 and Proposition 4.1 in hands, we can closely follow
the proof of Theorem 4.1 in Cheridito and Nam [9] to prove our Theorem 2.10. All the details

are omitted here. O

4.2. Proof of Theorem 2.1}

To prove Theorem 2.14, we need to the following proposition.

Proposition 4.2. Let £ € L*°(R"), a,a,& € L>® and the generator g satisfy assumption
(C1b). Assume that for some h € (0,T)|, BSDE (2.1) has a solution (Y, Z) € Sr_n (R™) x
BMO7_p 11 (R™*9) on the time interval [T — h,T]. Then, there exists a K > 0 depending only
on (|€]|oo, ||l 2o, @l 2oo s (| 2oo s [|v]IBMO, 7, B, 75 Ty A A, 6, T) and being independent of h such
that

<K.

Vi, ., <
Proof. Let £ € L*®°(R") and «, &, & € L such that

T
I€lloc < C1 and ’/ (at+at+&t)dtH <Oy (4.21)
0

[e.9]

for two positive constants C; and C5. Denote respectively by ni, ne and ng the number of
elements in Ji, Jo and J3 such that ni +ne +mn3 = n. Since the generator g satisfies assumption

(C1b), in view of (i) of Remark 2.13, we need to consider the following three cases.

(1) For i € Jy, g* satisfies (i) of assumption (C1b). In this case, for each t € [T — h,T], we
have, with A := XA + X and dy(w) := oy (w) + @ (w),

g’ (@,1,Y3(w), Ze(w)) sen(Y{ (w)) < &s(w) + BIYi(w)| + A Y |Z] (@) + %\Zf(wﬂz
VISE

and

g (0,8, Yi(w), Zuw) 2 J1Z3)* - dale) — B - X Y 12 ).

jed1
Note that (Y7, Z%) € S, 4(R) x BMOr_ 1y (R'*4) is a solution of BSDE (2.2) on [T — h,T].

According to Lemma A.2 in Fan et al. [17] and in view of the last two inequalities together with

(4.21), we can get that for each i € J; and ¢t € [T — h, T,

) T
exp (1Y) < exp (2(Ci+ Co) 8 [ IVl )

XEt{eXp 7)\2/ ]ZJ|1+6ds)}

JjeEN

(4.22)
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and
S A
E; [exp (50/ ]Z;Pds)}
2

< E; [exp (680\|YiH5<>o + 3eo

T
/ éétdS
0

13208 / Valds + 3203 3 / 2,045 )] (1.23)
jeJ1
< exp (650 Z HYJHSOO + 3e0Co +3805/ |YHS[ . >
NS
x Ey [exp (350/\ Z / |ZJ|1+5dS>}

jeN
where

7/\—>0

Furthermore, in view of (4.23), by Holder’s inequality we obtain that for ¢ € [T'— h,T],

E 70 iz 2d
t[eXP (2711 Z ) A 3
jeN

< exp (620 3 11Vl + 320C +3soﬁ/ 1Y llspe,, ds) (4.24)
jeN
x Ey [exp (350>\ Z / |Z]|1+5d8>}
je
By Young’s inequality, observe that for each pair of a,b > 0,
1+6\15 2 \3° 5 1—-6 140\ =2
oo () Fat) (2 ) o O
a 5 a 1535 + 5 5 a (4.25)
Letting a = 12n10/7 and b = |Z,| in (4.25), we have for each j € Ji,
S o 12\
BN = IO (BR ) < I zip 0 sel0Tl (420)
1 gl

with

cy - IO (18 12

B

Coming back to (4.24), by (4.26) and Hoélder’s inequality we derive that for ¢ € [T — h, T},

E 70 " zira
oo (g 2o | 120
Jje€N

T (4.27)
< exp (1250 > 1Y llsgey, + 620Cs + 2C5T + 6805/ |yY||S[o;T]ds).
je€ t
On the other hand, it follows from (4.22) and Jensen’s inequality that
eXp( > |YJ) < exp (m’Y(C'l + Cy) +n175/ Y sz, d5>
ien (4.28)

xEt[exp(nlfy)\Z/ \Zﬂ\1+5ds)] te T —hT.

jeN
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By letting a = 2n2y\/7e and b = | Z,| in (4.25), we have for each j € Jj,

€ 2n2y\ €
ny A Z| 0 = ;f( 7157 |Z|1+5) 7 °|ZJ|2+C s € 0,7, (4.29)

where i

Feo(1—6) (14+8\ 15 (2023 \
04 = E— .
4n1 2 Y€o

Combining (4.27)-(4.29) yields that for each ¢t € [T — h,T],

: CyT  6g9Co +2C3T 12¢ .
STV < mi(Cr+Co) + -+ =T - 2P0 Ny s

JEJ1 v v je1
660
+8(m + 2) / ¥ llspey
And, it follows from the definition of ¢y that
. 1 T
S Ve, < Cs+28 <n n 4> | Wlsg,ds telr-n1l,  (30)

JE€N

where

204T i 126002 + 403T
5 .

Cs :=2n1(C1 + C2) +

By taking square in both sides of (4.30) and using Holder’s inequality, we can conclude that for
each t € [T — h,T],

T
SV, < (S 1V ls,) <203 +88 T+ 1P [ VIR, ds. (43D)

je je
(2) For i € Jo, ¢* satisfies (ii) of assumption (C1b). In this case, for each t € [T — h,T], we
have
9" (w,t,Ye(w), Zi(w)) sgn(¥} (w)) < ae(w) + BYe(w)] + 0e(w)| Z; ()] + %\Zf(w)!Z
with

U (w) == v (w) + ¢(|Yi(w +CZ’Z‘7 w)| € BMOp_p, 1(R).

Note that (Y, Z%) € S p.7(R) x BMOr_p 19 (RW) is a solution of BSDE (2.2) on [T — h, T].
In view of the last inequality, by using It6-Tanaka’s formula and Girsanov’s transform, a similar

argument to that from (A.11) to (A.12) yields that for each j € Jo and t € [T — h, h],

T
Y < e+l 48 ¥z

and then, in view of (5.2),

[T]

Z HYJHSch] < no(Chr + Cs) +n2ﬁ/ 1Y [|see
jEJ2
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By taking square in both sides of the last inequality and using Hoélder’s inequality, we can
conclude that for each t € [T'— h, T7,
T
S 1V, < (S IVl,)” <2630+ 0P v [ ¥Igs, s (43
JjeJ2 Jj€J2
(3) For i € J3, g* satisfies (iii) of assumption (C1b). In this case, for each t € [T — h, T], we
have

g’ (@,1,Yi(w), Zu(w)) sgn(V} () < @ (w) + BIYi(w)| + A Y |2 (w
JEJ3

and then, in view of inequality 2ab < 2ea? + %bQ for each a,b > 0 and € > 0,

2 "V (w)g’ (w.t,Yi(w), Ze(w))

JEJ3
<23 P @)l(@w) + 8]+ 1Y 17 @))
VISBE] J€J3 1
<> 6@y ()] + 280 (w \MZ(%MW( >P+f\zﬁ<w>12)}
J€EJ3 JEJ3
< 2a1(w) > [V (w)] + 2n3 (B + ngA?) [Vi(w Z|zﬂ

Jj€J3 J€J3
Note that for each i € Js, (Y, Z%) € S[OTo_mT} (R) x BMO7_p, 1) (R1*4) is a adapted solution of
BSDE (2.2) on [T — h,T]. In view of the last inequality together with (4.21), applying It&’s
formula to ¢ ;. Y72 yields that for each ¢ € [T — h, h),

Zmﬂ%;&[/ 3| Z(w st}

JjEJ3 JjEJ3

<[> 1EP] + Et[/t (200 301971+ 205 (8 + ns22 ) 1Y) ds]

jEJ3 JEJ3

T
J A2 2
< Oy + 20, ; Y ||3[ooT] + 2ng (ﬂ + n3A ) /t HYHS[";T]dS’

Vi 3

and then

T
S 1Vllse,, < 2C1 +4C3 + dng (5 + nsA?) / Y3, ds. (4.33)
jET3 t ’

Finally, adding (4.31), (4.32) and (4.33) up together yields that
T
Y|3ec < V|30 T—-hT
VI35, < Co+Cr [ VI, ds, te [T =nT)
with Cg := 2052 + an(C’l + )% +2C + 4022 and
C7 := 86T (n1 + 1)* + 2Tn3B% + 4ng (B + nz\?) .

It then follows from Gronwall’s inequality that

VI3, < Coexp(Cr(T — 1)) < Coexp(CHT) = K, t€ [T~ h,T],
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which yields the desired conclusion. The proof is complete. O

Proof of Theorem 2.14. With Theorem 2.3 and Proposition 4.2 in hands, we can closely follow
the proof of Theorem 4.1 in Cheridito and Nam [9] to prove our Theorem 2.10. All the details

are omitted here. O

5. Global unbounded solution: proof of Theorems 2.26 and 2.27
5.1. Proof of Theorem 2.26

Proof of Theorem 2.26. Define
t
g(t,y,z) = g(t, y+/ HydBs, z+ Ht), (w,t,y,2) € Qx[0,T] x R x R"™¢, (5.1)
0
Consider the following multi-dimensional BSDE
Y, = §—i—/ g(s,Ys, Zs)ds —/ ZsdBg, te[0,T], (5.2)
t t
or, equivalently,
Y =¢ +/ g'(s,Ys, Zs)ds —/ ZidBs, t€[0,T], i=1,---,n. (5.3)
t t

It is not difficult to check that BSDE (5.2) (or BSDE (5.3)) admits a unique global solution
(Y,Z) € S®(R") x BMO(R"*?) if and only if BSDE (2.1) (or BSDE (2.2)) admits a unique
global solution (Y, Z) := (Y + [, HsdBs, Z + H) on the time interval [0, 7] such that

(Y —/ H,dB,, Z) € S®(R") x BMO(R" %),
0

Consequently, in view of Corollary 2.7, for completing the proof of Theorem 2.26 it suffices
to prove that the generator g defined in (5.1) also satisfies assumptions (B1), (D2) and (AB)
with # = 0. In view of assumptions of the generator g and parameters («,a, &, H), it is

straightforward to verify the above assertion. The proof is then complete. O

5.2. Proof of Theorem 2.27

Proof of Theorem 2.27. By an identical argument as in the proof of Theorem 2.26, we can
conclude that in view of Theorem 2.10, for completing the proof of Theorem 2.27 it suffices to
prove that the generator g defined in (5.1) also satisfies assumptions (D1) and (D2) with 8 =0
and some other appropriate parameters when the constant @ is smaller than a given constant

0o depending only on p, p and 7. Clearly, g satisfies (D2) since g satisfies it.
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In the sequel, we will prove that the generator g also satisfies assumption (D1) with 8 =0
and some other appropriate parameters under the given conditions. Assume that a € £%°(py)
for some real p > 1, and |H|* € £%(2p(qy)?) for some p > 1 with ¢ = p/(p — 1) such that

1/p+ 1/q = 1. Define the following constants:
p—1 . (p+3)p+p—1 __p+l i p+1

€= —, = > 17 = — > 1 and _
1 P om0 =9 = op+1

> 1.

It is clear that 1/p + 1/¢ = 1. Note that g satisfies assumption (D1) with § = 0. By a similar
argument to (iv) of Remark 2.2, in assumption (D1) we can without loss of generality assume
that f = ¢' satisfies either of conditions (D1)(i), (D1)(ii) and (D1)(iii) with 8 = 0 for all
i=1,---,n. Thus, for i =1,--- ,n, we need to consider the following three cases.

(1) g satisfies (D1)(i) with 8 = 0. For this case, it follows from the definition of g that

dP x dt — a.e., for each (y, z) € R" x R"*?  we have

G'(w,t,y,2) < ag(w) + Z (/\\zj + Hg(w)] + 0|27 + Hg(w)\2> + %\ZZ + Hi(w)[?

J#
and
§wity,2) = 17 + Hi@) = auw) = Y (N + H @) + 017 + H (@)1
j=i+1

i—1
—e> |27 + H] (w)]*.
j=1
Note that for each a,b > 0, it holds that

(a+0)? <24 4202, (a+b)'*° < 2010 4 2p119,

1 1
(a+0b)* < (1+¢e)a®+ (1 + 6) v and (a+b)*> 5a2 — b2
We know that dP x dt — a.e., for each (y, z) € R" x R"*4,
TP = asw) = Y2 (20 4+ 20072) — 23| < gilwity, 2)
j=itl L (5.4)
. : : + i
< n(w) + Y (A7) + 20027 7) + 7(26)12 E
J#i
with
y j j YA +8) | 1
Gulw) 1= arw) + Y (AH] (@)] + 201 H] (@)[2) + 2| H](w)]
J#i
and

i—1 _ n
~ _ _ ; y i _ . .
bufw) 1= () + 203 (B @) + 2H@)P + 3 (AH @) + 201 H ())
j=1 j=i+1
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By virtue of @ € M*> and H € BMO(R"*%) together with the fact that

v <onh+at (204 2+ 2nA+ 20) [H*,
we can deduce that
& e M™, (5.5)
On the other hand, from the definitions of constants ¢, p, p, ¢, € and & it is not difficult to verify

that py = ppy(1 + ) and that there exists two very small positive constants & and y such that
2 ~ .
a<a+ Z—g +(E+20+qy)|H*> and (5+ 200 + q7)gpy(1 + ) = 2p(q7)*.
Then, it follows from the integrability condition of o and |H|? that o € £%°(ppy(1 + ¢)) and
(E+20 + q)|H|? € £2°(Gpy(1 + ¢€)) for each 6 € [0,60p]. Note that 1/p + 1/¢§ = 1. By (iii) of

Remark 2.1 we know that for each @ € [0, 6],
& € EX(Py(l+e)). (5.6)

Combining (5.4), (5.5) and (5.6) yields that the generator §° satisfies (i) of assumption (D1)
with parameters (&, &, 0,v(1 +¢€),7/2,2¢, A, 2, 26) instead of (o, @, 8,7, 7, ¢, \, A, 0).

(2) ¢ satisfies (D1)(ii) with 3 = 0, but does not satisfy (i) or (iii) in assumption (D1). Note
that we have H’ = 0 in this case. It follows from the definition of § that dP x dt — a.e., for each

(y,2) € R* x R™4 we have

7.ty )] < () + |27 (3w +c2\zf) 22

with

Up(w) = ve(w +CZ’H] )| < v(w) + Ve Hy(w)].

And, it follows from v € BMO(R) and H € BMO(R"*9) that v € BMO(R), which means that

g' satisfies (ii) of assumption (D1) with parameters (&,0, 9, ¢,) instead of (&, 3, v, ¢, 7).

(3) ¢* satisfies (D1)(iv) with 8 = 0. In this case, it follows from the definition of g that
dP x dt — a.e., for each (y,z) € R" x R"*?  we have
9" (@, .y, 2)| < du(w) + Alz| +260) |27
i
with

y(w) = @y (w) + AN Hy (w)| +20 > |H] () > < ar(w) + A Hi(w)] + 26 Hy(w) >
J#
And, it follows from @ € M*> and H € BMO(R™*9) that & € M, which means that g’
satisfies (iv) of assumption (D1) with parameters (¢, 0, A, 20) instead of (@, 3, A, 6).

All in all, we have proved the desired conclusion. Theorem 2.27 is then proved. O
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Appendix A. Several auxiliary results on the bounded solution of one-dimensional

BSDEs with unbounded coefficients

We collect here some general results concerning the uniform estimate of (bounded) solution
to scalar-valued BSDEs. We give some brief proofs for completeness. Let the real-valued
function f(w,t,y,2) : Q x [0,T] x R x R™*? — R be (F;)-progressively measurable for each

(y,2) € R x R™¥4 and consider the following one-dimensional BSDE:

T T
Y, = 77+/ f(s,Ys, Zs)ds —/ ZsdBs, te€[0,T], (A1)
t t

where n € L*°(R), and the solution (Y, Z) is a pair of (F;)-progressively measurable processes

with values in R x R™*? such that ¥ € S®(R).

Assume that 3,0 > 0 are two given constants, ¢(-) : [0, +00) — [0, +00) is a nondecreasing
continuous function, and & € £°(yexp(BT)), & € M>®, & € L>, u € BMO(R), v € BMO(R)

are five real-valued non-negative progressively measurable processes.

We introduce the following assumptions on the generator f:

(A1) Almost everywhere in Q x [0, 7], for any (y,z) € R x R1*?  we have

g|z|2 — dy(w) — Byl < flw,t,y,2) < d(w) + [Blyl Lyso + @(|y]) Ly<o] + %1212-

(A2) Almost everywhere in Q x [0, 7], for any (y,z) € R x R4 we have

1af? = alw) = Blyl < — (w1~ —2) < Galw) + [Blyl 1ys0 + o(lyl) Ly<o] + 212

(A3) Almost everywhere in  x [0,T7], for any (y, 2) € R x R'*4 we have
- [B|y‘ 1y<0 + @(’yD 1y>0] - h(w7t> Z) < f(w7t7y> Z)
< [Blyl Ly>0 + @(lyl) Ly<o] + h(w, ¢, 2)
with
h(w,t,2) 1= de(w) + ap(w)|2] + %12\2.

(A4) Almost everywhere in Q x [0,T], for any (y,z) € R x R'*?  we have

—ay(w) = [Blyl 1y<o + @ (|y]) 1ys0] = Alz| < f(w,t,y,2)
< éy(w) + [Blyl 1ys0 + @(|y]) 1y<o] + Alzl.

(A5) Almost everywhere in Q x [0,77], for any (y,7,z,2) € R x R x R x R4 we have for

some k > 0,

\f(w,t,y,z) - f(w7t7g72)‘ < B’y _g’ +k(®t(w) + |Z’ + |2’) ’Z - Z|‘
50



Proposition A.l. Assume that the generator f satisfies assumption (A1) (resp. (A2)).

(i) For any solution (Y,Z) of BSDE (A.1) such that Y € S®(R), we have Z € BMO(R'*%)
and for each t € [0,T],

2
1Y llsier, + 12030,

N (A.2)
20+ 6T)+% = . .
< 2LEID T o (aBT) (81lloe + 1l (renpiam + 2 llage, ).

[t,T]

And, if the generator f only satisfies the second inequality for the case of y > 0 and the
first inequality in (A1) (resp. (A2)), the above conclusion (A.2) still holds.

(i) BSDE (A.1) admits a minimal (resp. mazximal) solution (Y, Z) such that Y € S®(R) in
the sense that for any solution (Y,Z) of BSDE (A.1) such that Y € S®(R), we have for
each t € [0,T], P —a.s., Y; <Y; (resp. Y; >Y;). Moreover, Z € BMO(R'*9).

(iii) If the generator f further satisfies assumption (A5), then BSDE (A.1) admits a unique
solution (Y, Z) such that Y € S®(R). Moreover, Z € BMO(R!*9).

Proof. We only give the proof when the generator f satisfies assumption (Al). The other case

can be proved in the same way.

(i) Let (Y, Z) be a solution of BSDE (A.1) such that Y € S°°(R). For each integer m > 1

and each stopping time 7 € 7|y 77, define the following stopping time

ol =TAN inf{s €rT]: / | Zs|ds > m}

with convention inf () = co. It follows from the first inequality in assumption (A1) that for each

m > 1 and each ¢ € [0,T],

%]ET [/ |ZS|2d5] < |Y;| +E, [|Y%|+/7 (aS+B|Y;|)ds], 7€ Ty

Sending m — +o00 in previous inequality and using Fatou’s lemma yields that for each ¢t € [0, 7],

= T
i 2 . )
JE | [ 12P0s] <l + ol + 0+ BV sy 7€ i

which means that Z € BMO(R'*9), and for each ¢ € [0, 7],

Y : 2
§||Z||]23MO[LT] < llloo + el agee ,, + (1 + BTNV sz (A.3)

t, 7]
Furthermore, define the function

u(t,z) := exp (fyexp(ﬂt):z: + 'y/t exp(,@s)dsds> , (t,x) €]0,T] xR.
0
o1



In view of the second inequality for the case of y > 0 in assumption (A1), by applying It6-

Tanaka’s formula to u(s, ;") we can deduce that for each m > 1 and ¢ € [0, T,
~ ~ T
exp(VY,") < E [exp <'yexp(ﬁT)77+ +vexp(BT)/ dsdsﬂ ,
t

< exp (yexp(AT) [nlsc) exp (7 exp(BT) illese, (exp(ory) )
and then,

v < exp(BT) (Inlloe + il (yexp(sr) (A4)

On the other hand, from the first inequality in assumption (A1) we can also get that for each

m>1and t e [0,T],
T —_
Y, =(-Y)" <E [n‘ +/ (s + B]Y5]) ds] ,
t
which together with (A.4) yields that for each ¢ € [0, T,

T
i < 0xp(3T) (Il + Il enary) + il + Dallag,, + 58 | [ 1%1as].

And, it follows from Gronwall’s inequality that

¥ lsz, < exp@BT) (2o + Nalleg, (ompiiry + Iz, ) t€ 0T (A5)
Finally, the desired conclusion (A.2) follows from (A.5) and (A.3) immediately.

(ii) In view of assumption (A1), it is easy to verify that for each integer m > 1, the following
function
f™Mw,ty, 2) = inf {f(w,t,5,2) + (m+ B)ly — gl + m|z — 2]+ (7,2) € R x RI*?},
(w,t,y,2) € A x[0,T] x R x RI*d
is well defined and an (F;)-progressively measurable process for each (y, z). It is also not difficult
to prove that f™ is uniformly Lipschitz continuous in the state variables (y, z) and also satisfies
assumption (Al) with the same parameters for each m > 1, and that the sequence {f™}°_;

converges increasingly uniformly on compact sets to the generator f as m tends to +o0o. Then,

dP x dt — a.e., for each (y,2) € R x R'*% and m > 1, we have

™ (w, by, 2)] < dalw) + éulw) + @(lyl) + Blyl + %|Z|27 (A.6)

and then
| f™(w,t,0,0)| < dr(w) + dr(w) + ¢(0), (A.7)

(/OT \fm(s,0,0)|ds>2

92

which means that

E < 4o00.




Consequently, by the classical results (see for example Theorems 3 and 2 in Fan et al. [18]) we

know that for each m > 1, the following BSDE
T T
Y = —|-/ (s, YY" ZM)ds — / Z'dBs, te€0,T]
t t

admits a unique solution (Y, Z2™) € S%(R) x H?(R'*?), and Y™ converges increasing point-
wisely to a process Y. Moreover, by the classical a priori estimate on the L? solution (see

for example Proposition 3.2 in Briand et al. [5]) we know that there exists a uniform constant

i+ (| T\fm<s,o,o>|ds)2] ,

which together with (A.7) and the facts that n € L>*(R), & € £%°(y) and & € M yields that
Y™ € 8®(R) for each m > 1, and then Z™ € BMO(R*9) by (i).

co > 0 such that for each m > 1 and ¢ € [0, T,

E; | sup [V

< cgexp (2(m+ B)T + 2m2T) E;
s€[t,T]

In the sequel, it follows from (i) that there exists a uniform constant A > 0 which is

independent of m such that dP x dt — a.e., we have sup,,,~; |¥;™(w)| < A and, in view of (A.6),
v (ya Z) € [_Av A] X Rle’ |fm(w7t7 y,Z)’ < dt(w) + dt(w) + SD(A) + BA + %|Z’2'

Thus, we can apply the monotonic stability result Proposition 3.1 in Luo and Fan [34] to obtain
the existence of a process Z € H?(R'*9) such that Y € S*®(R) and (Y, Z) is a solution of BSDE
(A.1). And, it follows from (i) that Z € BMO(R*).

It remains to show that (Y, Z) is the minimal solution. For this, let (Y, Z) be any solution
of BSDE (A.1) such that Y € S®(R). By (i) again we know that Z € BMO(R'*?). This means
that (Y, Z) € S?(R) x H%(R'*%). Then, since f™ is uniformly Lipschitz continuous in (y, z)
and f™ < f for each m > 1, it follows from the classical comparison theorem on the L?-solution
that for each m > 1 and t € [0,T], P — a.s., Y} < Y;, and letting m — oo yields that Y <Y,

which is the desired conclusion.

(iii) Let the generator f further satisfy assumption (A5), and (Y, Z) and (Y, Z) be the
solution of BSDE (A.1) such that Y € S®(R) and Y € S*®(R). First of all, from (i) we know
that Z € BMO(R'%) and Z € BMO(R'*%). Furthermore, define Y :=Y —Y and Z := Z — Z.

By virtue of It6-Tanaka’s formula and (A5) we can deduce that for each t € [0, 7],

T T
Tl < [ (B ko4 120+ |ZDIZ ) ds - [ sen(T)ZiaB,
t t
T T o ) T (A.8)
< B [ Wakds — [ sn(3%) 2,48, — ksmn(35) 0 + 1260 £ 12:) 71 ]
t t s
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Since all of processes 7, Z, Z belong to BMO(R'*?), it is easy to verify that the process

t A
. 7.

M ::k/ sen(Y2) (0 + 2]+ |22 7 o Bes £ € [0,T]

0

|Zs]

is a BMO martingale. Define

dP 1

and

_ b _—A

By =B, — k/o (1) + 12+ V)2 1 s, L€ 0T

Then, P is a new probability, and B is a Brownian motion with respect to P. Then, taking the
obvious conditional mathematical expectation with respect to P in (A.8) and utilizing Gronwall’s

inequality yields that |Y;| = 0 for each ¢ € [0, T], which is the desired conclusion. O

Proposition A.2. Assume that the generator f satisfies assumption (AS3).

(i) For any solution (Y,Z) of BSDE (A.1) such that Y € S®(R), we have Z € BMO(R'*%)
and for each 0 <t <r <T, it holds that

[t.7]

4y +1) - .
IV llsiy, + 121010, < =3 exp {47 xp(BT) (Il + 1l i, ) }
) i (A.9)
x (24 BT exp(BT) (IInlloe + il

e )+ lélee,, + lalEyo, .

And, if the generator f only satisfies the first inequality for the case of y < 0 and the
second inequality for the case of y > 0 in (A8), the above conclusion (A.9) still holds.

(ii) BSDE (A.1) admits a solution (Y, Z) such that Y € S®(R). Moreover, Z € BMO(R'*4),

(iii) If the generator f further satisfies assumption (A5), then BSDE (A.1) admits a unique
solution (Y, Z) such that Y € S®(R). Moreover, Z € BMO(R!*9).

Proof. (i) Let (Y, Z) be any solution of BSDE (A.1) such that Y € S*(R). For each stopping

time 7 € Tjp 7 and each integer m > 1, define the following stopping time

on, i =TA inf{s €rnT]: / | Zs|?ds > m}

Using It6-Tanaka’s formula to compute exp(27y|Y;|) and utilizing the first inequality for the case
of y < 0 and the second inequality for the case of y > 0 in assumption (A3), we see that for
each m > 1,t € [0,T] and 7 € T 7,

o’

exp(27|Y7]) + 2v*E, {/ exp(2fy|Ys\)]Zs|2 ds}

<E. [exp(2y]n])] + 21E, [ | exp(@aval) (6. + AVl + @l 2]+ J12.F) ds] .
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Therefore, in view of the basic inequality that 2ab < 2a® + v?/2 for each a,b >0

2, | [ 12Pas| < el + e (200, ) (

léllee,, + BTV lsx,, )
2
+2exp (4] |5z, ) 1@

v o
o) Vo + 580 | [ 12Pas).
we have

Sending m — 400 and using Fatou’s lemma yields that Z € BMO(R*%), and for each t € [0, T
2
121350y, <

4
exp(@lalloo) + - exp (291Y lsgey, ) (16l + BTV Iis

)
4 (A.10)
oz o (1917 lsg, ) il
Furthermore, using It6-Tanaka’s formula we also have, for each t € [0, T
T B ~ T
Yl < Inl +/ (a + BIYs| + | Zs| + §!Zs|2) ds —/ sgn(Y;) Zsd B,
t t
T
< Wl + Nl + 3 [ 1¥elds (A11)
’ t

_/thgn( V7 [dB — sgn(Ys) <us’Z1’1|Z¢0+ >Z ds}

Since both of processes @ and Z belong to BMO(R*?), it is easy to verify that the process

! 1
M, :—/ SgH(YS) < ‘ ‘1|Zs|;é0 + )Z dBs, te€ [0 T]
0

is a BMO martingale. Define
P 1
@ = exXp {MT - <M>T}
and

t
Bt.—Bt—/sgn(ﬂ)(us‘z‘lz#()%— )Z ds, t€0,T).
0

Then, P is a new probability, and B is a Brownian motion with respect to P. Then, taking

the obvious conditional mathematical expectation with respect to P in (A.11) and utilizing
Gronwall’s inequality yields that for each t € [0, 7]

1Y llszey, < exp(BT) (IInlloo + élcze,, ) - (A.12)
Then, the desired conclusion (A.9) follows from (A.10) and (A.12) immediately

(ii) It is easy to check that for each pair of integers m,l > 1, the following function
bty 2) = inf {FF(w,4,5,2) + mly — gl +mlz = 20 (5,2) € R x RV}

71nf{f (w, t,9,2) +lly—y| +1llz— 2| : (y _)GRXRIXd}

(w,t,y,2z) € 2 x[0,T] x R x R4
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is well defined and an (F;)-progressively measurable process for each (y, z). In view of assump-
tion (A3), it is also not hard to verify that f™! is uniformly Lipschitz continuous in the state
variables (y, z) and also satisfies assumption (A3) with the same parameters for m,l > 1, and
that for each [ > 1, the sequence { fm7l};’,f:1 converges increasingly and uniformly on compact
sets to a function f*! as m — +oo, and { foo’l}fil converges decreasingly and uniformly on
compact sets to the generator f as [ — +o00. Then, dP x dt — a.e., for each (y, z) € R x R*4

and m,[ > 1, we have

m ; 1_ +1
1w, by, 2) < dnlw) + 53 w) + ellyl) + L5412 (A.13)
and then
1
£ (w,1,0,0)] < éin(w) + 57 (w) + 9 (0), (A.14)

which means that )

E < +o00.

(/ "1 pris, 0 s )

Consequently, by the classical results we know that for each m,l > 1, the following BSDE

T T
1/tm’l = 77 +/ fm?l(S’ }/sm’la Zgnyl)ds - / Z;n’ldBSa t E [07T]
t t

admits a unique solution (Y"! Z™!) € S?(R) xH2(R'*?), Y™ converges increasing pointwisely
to a process Y as m — +oo, and Y converges decreasing pointwisely to a process Y as
I — +00. Moreover, by the classical a priori estimate on the L? solution (see Proposition 3.2

in Briand et al. [5]) we know that there exists a uniform constant ¢y > 0 such that for each

T 2
2 mil (g ds
i +</ 7™ (5,0,0) )]

which together with (A.14), the energy inequality for BMO martingales (see for example Section
2.1 in Kazamaki [29]) and the facts that n € L>®°(R) and & € L£L* yields that Y™! € S>®(R) for
each m,l > 1, and then Z™! € BMO(R'*4) by (i).

m,l>1andt € [0,7],

E; [ sup |Y/™?] < ¢gexp (2mT +2m°T) E,

s€[t,T)

Finally, it follows from (i) that there exists a uniform constant A > 0 which is independent

of m and [ such that dP x dt — a.e., we have

sup |¥,™(w)| < A
m,[>1

and, in view of (A.13),

1 1
Y (5,2) € [—A, A< RV ™ty 2)] < lw) + 5 w@) + 9(A) + e,
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Thus, we can apply twice the monotonic stability result Proposition 3.1 in [34] to obtain the
existence of a process Z € H2(R'*?) such that Y € S®(R) and (Y, Z) is a desired solution of
BSDE (A.1). And, it follows from (i) that Z € BMO(R%).

(iii) In view of (i), (iii) is proved in the same way as (iii) of Proposition A.l. O

In the following proposition, the generator g has a linear growth in the state variable z.
Proposition A.3. Assume that the generator f satisfies assumption (A4).

(i) For any solution (Y,Z) of BSDE (A.1) such that Y € S%(R), we have Y € S®(R) and
Z € BMO(R™9) and for each t € [0,T], there exists a uniform constant co > 1 such that

1Y llsge

6T

12 0,0y < 2e0exp (28T +2X°T) (14 Inli% + 2, ) - (A15)

And, if the generator f only satisfies the first inequality for the case of y < 0 and the
second inequality for the case of y > 0 in (A4), the above conclusion (A.15) still holds.

(ii) BSDE (A.1) admits a minimal (resp. mazimal) solution (Y,Z) such that Y € S?(R) in
the sense that for any solution (Y,Z) of BSDE (A.1) such that Y € S*(R), we have for
eacht € [0,T), P—a.s., Y; <Y, (resp. Y; > Y,;). Moreover, (Y, Z) € S®(R) x BMO(R*%),

(iii) If the generator f further satisfies assumption (A5), then BSDE (A.1) admits a unique

solution (Y, Z) such that Y € S%(R). Moreover, (Y, Z) € S®(R) x BMO(R'*%).

Proof. (i) Let (Y, Z) be any solution of BSDE (A.1) such that Y € S?(R). In view of the first
inequality for the case of y < 0 and the second inequality for the case of ¥y > 0 in assumption
(A4) and by virtue of the classical a priori estimate on the L? solution (see Proposition 3.2 in

Briand et al. [5]) we can deduce the existence of a uniform constant ¢y > 1 such that for each

[nl” + </7Tasds>2] ,

and then, by the energy inequality for BMO martingales and Holder’s inequality,

t € [0,7] and each 7 € Tie,175

< cpexp (2BT + 25\2T) E,

T
E; | sup |Y5m|2+/ | Z,|ds
s€[r,T] T
2 2 2} 32 2 2112
YlIsze,, + 121Bm0y, ,, < coexp (28T + 23°T) (Hnlloo + 2||O‘||M‘[>t‘fT]) :

Then, the desired inequality (A.15) follows from the previous inequality immediately, and then
(Y, Z) € S®(R) x BMO(R'*9).

(i) Define M := 2co exp (257 + 2X°T) (1 + [[nl}2 +2/é34). oM (2) = 22, o € R and

M w, t,y, 2) = flw,t,pM(y), 2), (w,t,y,2) € x[0,T] x R x RM*?,
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It is easy to verify that the generator fM also satisfies assumption (A4), and that dP x dt —a.e.,
for each (y,z) € R x RY>¥? | fM(w,t,y, 2)| < du(w) + (M) + A|z|. Then, by Lepeltier and San
Martin [33] we know that the following BSDE

T T
Y, =1 +/ M (s,Y,, Zg)ds — / Z,dB,, te0,T] (A.16)
t t

admits a maximal solution (Y, Z) and a minimal solution (Y, Z) in the space S?(R) x H2(R!*9).

We now show that (Y, Z) and (Y, Z) are also the desired maximal and minimal solution of
BSDE (A.1). Indeed, since fM satisfies assumption (A4), it follows from (i) and the definition
of fM that both of them belong to the space S®(R) x BMO(R'*?) and are also solutions of
BSDE (A.1). Furthermore, let (Y,Z) be any solution of BSDE (A.1) such that Y € S?(R).
Then, it follows from (i) and the definition of fM again that (Y,Z) € S®(R) x BMO(R'*%)
and it is also a solution of BSDE (A.16) in the space S?(R) x H2(R'*4). Consequently, for each

t €[0,T], we have Y, <Y; <Y}, P— a.s., which is the desired conclusion.

(iii) In view of (i), (iii) can be proved in the same way as (iii) of Proposition A.l. O
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