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Abstract

Transfer learning addresses the challenge of transferring knowledge
from one domain to another. Traditional transfer learning focuses on
adapting models trained on a source domain (with many observations)
to improve performance on a target domain (with few observations).
In this work, we consider the case of a model shift and focus on transfer
learning applied to a causal forest, namely HTERF. This causal forest
aims to estimate the Conditional Average Treatment Effect (CATE).
The approach considered is the offset method presented by Wang
(2016)), adapted to a causal context. This method relies on the use
of intermediate models to estimate the offset between source and tar-
get distributions. We establish an L'-consistency result of our algo-
rithm and derive a bound on the CATE estimation error of HTERF in
the target domain, depending on the error of the intermediate models.
Simulation studies demonstrate the good performance of this approach
in different settings.

keywords: causal inference, causal forest, transfer learning, domain
adaptation, offset method

1 Introduction

Estimating causal effects is essential for answering what-if questions in many
application fields, such as policy evaluation, medicine, or business strategy.
The potential outcomes framework Imbens and Rubin| (2015) defines and es-
timates causal quantities such as the Average Treatment Effect (ATE) and
the Conditional Average Treatment Effect (CATE). However, a major chal-
lenge arises when the target domain—where predictions are needed—has
limited labeled data, while a related source domain has abundant obser-
vations. This scenario is common in real-world applications, where data
distribution shifts, such as model shift (i.e., P(Y!(w)|X") # P(Y*(w)|X?)



for w € {0,1}), can undermine the performance of traditional causal infer-
ence methods.

In this context, transfer learning enables knowledge transfer from a data-
rich source domain to a data-scarce target domain. Among transfer learning
strategies, the offset method Wang (2016)), originally designed for regression
tasks, adjusts the source domain predictions using a correction learned from
the target domain. This approach is particularly appealing in causal infer-
ence, where the goal is to estimate the CATE in the target domain while
leveraging the structural information available in the source domain.

In this work, we focus on adapting the offset method to the causal set-
ting, specifically for estimating the CATE under model shift. Our approach
integrates the offset method with the Heterogeneous Treatment Effect-based
Random Forest (HTERF) Jocteur et al. (2024)), a specialized random forest
algorithm designed for CATE estimation. HTERF improves upon exist-
ing methods, such as Generalized Random Forests |Athey et al.| (2019)), by
employing a splitting criterion tailored to capture treatment effect hetero-
geneity. We propose to combine the offset method with HTERF.

Our contributions are threefold:

e We introduce a causal adaptation of the offset method, with two vari-
ants: one that separately models treated and control groups, and an-
other that considers the treatment indicator as an additional covariate.

e We establish an L'-consistency result for the CATE estimator in the
target domain.

e We derive a generalization bound that highlights the role of interme-
diate model errors in the transfer process.

The paper is organized as follows. Section [2] contains the necessary back-
ground on causality, the HTERF algorithm, and domain adaptation. In
Section |3, we detail the offset method. Section 4] presents our adaptation of
the offset method to CATE estimation and our L! consistency result, along
with a generalization bound. A simulation study is presented in Section
A short discussion can be found in Section [] Most technical proofs are
postponed to the final Appendix.

2 Some background

In this section, we provide a brief overview of the background necessary to
understand the article. It includes summary elements on the causal frame-
work, the HTERF algorithm, and domain adaptation.



2.1 The causal framework

Following the framework outlined in Imbens and Rubin| (2015), the potential
outcomes denoted Y (1) and Y (0) are defined as the outcomes that would
have been observed if treatment or control had been assigned to the quantity
of interest Y, respectively. Let Y = Y (W) be the observed outcome, where
W represents a binary treatment. Additionally, we incorporate a set of
covariates X € R?. The conditional average treatment effect (CATE) at x
is defined as follows:

7(x)=E[Y(1) -Y(0)X =x]. (2.1)
The average treatment effect (ATE) is:
E[Y(1) —=Y(0)].

A standard assumption for the identifiability of CATE is unconfounded-
ness (Rosenbaum and Rubin/ (1983)), meaning that conditionally on X, the
treatment assignment W is independent of the potential outcomes for Y:

(Y(1),Y(0)} L W|X. (2.2)

Many algorithms in the literature allow for the evaluation of CATE: causal
forests, meta-learners, and causal neural networks, among others. In what
follows, we focus on HTERF, a short presentation of which is given in the
next section.

2.2 HTERF

The transfer algorithms we present are based on HTERF, a special case of
random forest introduced in Jocteur et al. (2024). It differs from the GRF
model of Athey et al.| (2019) by a new splitting criterion used to construct
the trees. Given a sample (W;,X;,Yi)._; . € {0,1} x R? x R, it provides
an estimator 7p ,(x) of the CATE 7(x). With some assumptions on the dis-
tribution of (W, X,Y") and on the construction of the forest, an almost sure
convergence result of 75 ,(-) to 7(-) is obtained, as well as an interpretabil-
ity result. This algorithm has been implemented in Julia, in the package
CausalForest, |Jocteur (2023)ﬂ For completeness, we summarize below the
main points in HTERF construction. For further background knowledge on
the HTERF algorithm and the associated theoretical results, we refer the
readers to |Jocteur et al.| (2024)). Let us remark that HTERF outperforms
GRF and meta-learners on most of the tested settings.

The splitting criterion used in HTERF is designed to maximize the dif-
ference in treatment effect between child nodes. Specifically, Definition

"https://juliapackages.com/p/causalforest
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is used to define this splitting criterion. The tree-building process of HTERF
relies on the optimization of the splitting criterion A(A4, j, 2):

] ArllA _ —
A(Aj,2) = W((YAM—YALO)—

d
where A is an hyper-rectangle of the form H[ai, bi], j belongs to a randomly

i=1
chosen subset My, of {1,...,d}, z € A7 = [a;,b;], Y 4 is the empirical mean
of the Y;’s for X; € A, and
A ={X; € A| XY < 2w, =1},
App={X; e A| XY <2, W, =0},
Api = {X; € A| X9 > 2, W, =1},

Apo={X; e A| X9 > 2, W, = 0},
Ap = A1 U Apy,
AR = Agr1 U Apo.

—~

=

The estimation of 7 is then given by:

Tpa(x) = D a(x)¥i— Y ai(x)Yi,

wW;=1 1:W;=0

where a (respectively, o') are the weights from the forest associated with
observations where W; = 1 (respectively, W; = 0).

Let us now give a short overview of transfer learning, which is useful to
understand the concepts, even if we shall adapt it to our causal framework
context.

2.3 Transfer learning

Transfer learning is a machine learning technique that leverages knowledge
gained from solving one problem and applies it to a different but related
problem. In traditional machine learning approaches, models are trained
from scratch for each task, requiring substantial amounts of labeled data
and computational resources. However, in real-world scenarios, labeled data
might be scarce or expensive to acquire, hindering the effectiveness of such
methods.



Transfer learning addresses these limitations by transferring knowledge from
a source domain where labeled data is abundant to a target domain where
labeled data is scarce. This approach allows models to generalize better
and achieve improved performance, particularly in situations where limited
labeled data is available for training.

Domain adaptation is a special case of transfer learning. In domain adapta-
tion, the source and target domains share the same feature space (but have
different distributions), while transfer learning includes cases where the tar-
get domain’s feature space differs from the source feature space. In what
follows, we consider the problem of supervised domain adaptation, where
both source and target datasets are labeled.

According to Huyen (2022), in a supervised machine learning problem, the
training dataset can be viewed as a set of samples from a joint distribu-
tion of P(X,Y), where X is the input and Y is the output. We are in-
terested in modeling P(Y|X). Of course, P(X,Y) can be decomposed as
P(X|Y) x P(Y) or P(Y|X) x P(X).

Different problems are addressed in transfer learning. The most common
is the covariate shift, where the marginal distribution P(X) differs between
source and target domains, but the conditional distribution P(Y|X) remains
the same across the domains. Similarly, label shift can be defined as the case
where P(Y") differs between source and target domains, but the conditional
distribution P(X]Y") stays the same across the domains. Finally, model shift
or concept drift concerns cases where P(Y|X) changes, but P(X) remains
the same.

Different strategies are presented in [Huyen (2022) to address these data
distribution shifts. The first and simplest strategy is to train models on
large and rich datasets, hoping that points following both source and target
distributions will be present in this large dataset. This method requires
access to large external datasets likely to contain both source and target
distributions. Furthermore, it can be costly to train models on very large
datasets. A second approach is to use algorithms dedicated to accounting
for a certain type of shift; for example, the kernel mean matching (KMM)
method (Huang et al| (2006), |Gretton et al| (2006)) allows dealing with
covariate shift. Zhang et al.| (2013) proposes an approach to correct both
covariate shift and label shift without using labels from the target distribu-
tion (unsupervised domain adaptation problem); similarly, Zhao et al.[(2019))
proposed domain-invariant representation learning. Wang et al.| (2014) in-
troduces two methods to deal with covariate shift in real regression cases,
using labeled source data. Finally, a third kind of approach to dealing with
data distribution shift is to retrain the model with labeled target data, either



by retraining the model from scratch with both source and target data or by
resuming the training of the existing model (trained on the source) on the
target data. This second option, named fine-tuning, is easily applicable to
neural networks by using techniques such as freezing layers or warm starting.

Transfer strategies can be extended to the causal context. We consider the
source domain (X%, Y, W¢) and the target domain (X, Yt W?). We focus
on the model shift case, i.e., P(Y!(1)|X!) # P(Y*(1)|X®) and P(Y*(0)|X*) #
P(Y*(0)|X?). We assume that the distributions for X* and X" (respectively
W# and W) are the same. If this were not the case, the distributions of X*
and X' could be matched by various methods dealing with covariate shift
(e.g., KMM) without the use of Y. The goal is then to estimate the CATE
function on the target population. Recent work has been done to estimate
ATE in a supervised domain adaptation setup in [Wei et al| (2024), where
the nuisance parameters (such as the propensity score) are estimated using
¢'-regularized transfer learning and then plugged into an ATE estimator.
We can also mention Kiinzel et al.| (2018), who proposed to transfer knowl-
edge by using several strategies, such as using neural network (NN) weights
estimated from the source domain as the warm start of the subsequent tar-
get domain NN training, or using NN weights estimated from the source
domain and freezing some of its layers before backpropagating through the
unfrozen ones when training on the target dataset. Neural networks with an
architecture dedicated to causal transfer learning have also been proposed
by Bica and van der Schaar| (2022). The method we propose is innovative,
as it allows transfer learning on CATE estimation without using a neural
network.

3 The offset approach

We present the offset approach in a regression context. It is useful to un-
derstand the underlying concepts.

3.1 Presentation

Let X € R? and Y € R be the input and output spaces for a regression task
for both source and target domains. Let (Z5);cq1,..ny = (X5, Y%))icq1,..n}
be the source dataset of size n. We also consider (Z!);cq1, iy = (X 45) ) icqt, )
as the labeled target dataset of size n;. There is also an unlabeled target
dataset on which we want to test the performance of transfer learning, de-

noted (XﬁU)ie{l,...,nu} of size ny,.

The offset algorithm (Algorithm [1)) introduced by [Wang et al. (2014]) can
be used with any regression machine learning algorithm for each estimator
(namely f*, f°, M). In|Wang and Schneider| (2015), a generalization bound



Algorithm 1 Offset algorithm

Require: A source dataset {Xf, Y }icq1,. n), a labeled target dataset
(XL vt }16{1 L}y and an unlabeled target dataset {X‘U}ie{l,...,nu}'
Estimate a model fs that regresses {Y;°} against {X7}.
Estimate a model fo that regresses {Y?} = {V;*F— f5(X!E)} against {X!}.
(Y7o}« {Yp + fo(X}))
Train a model M on {X¢, Y} U {XiF VY.

Ensure: {Y/V} « {M(XV)}

is given when Kernel Ridge Regression (KRR) is used in the offset algo-
rithm. For completeness, we provide below a short overview of KRR and
the associated generalization bound.

3.2 Using Kernel Ridge Regression

KRR and the related notations are defined as follows.

Definition 1 (Bousquet and Elisseeff] (2002))). Let Sy = {Z; = (X1, Y1),...,Z, =
(X, Yn)} be a training sample for a regression task in a reproducing kernel
Hilbert space (see|Wahba (2003)) H with associated norm ||.||. Let £ be the

12 loss function; then the KRR estimator is obtained by: given \ > 0,

argmlnf U(h,Z;) + A||h
s Z K113,

Two errors are defined:
e R=E[l(Sr,Z)], the generalization error,

® Repp =2 =1 U(Sr, Zy), the empirical error.

The following theorem gives a bound on the generalization error when KRR
is used in the offset method.

Theorem 1 (Wang and Schneider| (2015)). If KRR is used to estimate the
three functions in the offset method, let R! be the generalization error on the
target dataset of the final model M, R

model, and Rgmp the empirical error of the estimator f° against {XtL, Ye}.
Then,

emps Uhe empirical error on the source

s o 1
R -2 (Remps Remp) =0 < )\onl> 5

where A\, is the hyperparameter of KRR.



This result relies on Theorem 12 in Bousquet and Elisseefl (2002]), which
gives a property of uniform stability for the KRR algorithm. However, this
property is not known for many other algorithms besides KRR (or only a
weaker version of stability is obtained), which makes extensions of this result
to the causal case presented in the following section challenging.

4 Causal adaptation

We propose an offset method adapted to the causal framework.

4.1 Overview

Two causal adaptations of the offset method are proposed. In Algorithm
the treated and control populations are processed separately to estimate
source and offset functions (one estimator for each group). In Algorithm
the treatment variable is considered as an additional covariate for the source
and offset functions.

The algorithms require a source dataset D° = {W}, X5, Y }icq1,..n) and
a target dataset D! = {WitL, XﬁL, YitL}Z-e{L,,_,nl}-

Algorithm 2 Offset causal algorithm: separate models

Require: A source dataset D?, a target dataset D!, and an unlabeled target
dataset {XgU}ie{l,...,nu}-
Estimate a model f§ that regresses {Y;*}ws—o against {X{}ws—o and a
model f# that regresses {Y hwe=1 against {X7}ws=1.
Estimate a model fg that regresses {YF — fg (Xt )}Wi”lzo against
(XY e and a model f¢ that regresses {YiL— f5(XE)}ypee_, against
{XIEL}W}L:I‘ Z
(Y7o} {7 + fi (X))
Train an HTERF model M on {W#, X3, Y70} U {WiL, XtE, LY.
Ensure: {7/(XV)} + {M(X%)}

We call fos, ff, fs the source estimators and foo , ff , fo the offset estimators.
Any regression algorithm could be used to obtain the source and offset es-
timators. In practice, we obtained good results by using regression random
forests.



Algorithm 3 Offset causal algorithm: unique model

Require: A source dataset D, a target dataset D¢, and an unlabeled target
dataset {X! }16{1 77777 nu}-
Estimate a model fS that regresses {Y;°} against {X7, W/}
Estimate a model f° that regresses {Y; /¥ — f5(X'L, W)} against {XtF}.
Y} o Y7+ foX5, W)}
Train an HTERF model M on {W7, X¢, Yrew} U (Wi, XU viLy,
Ensure: {7/(XV)} «+ {M(XV)}

4.2 Convergence result

For simplicity, in what follows, we shall write indifferently Y'|W or Y (W).

Recall that we consider the model shift setting, i.e., X® £ Xt W £ wt,
and the conditional laws Y*(W?*)|X* and Y!(W*)|X* differ.

Since the size of the source dataset is assumed to be large compared to the
target dataset, we state a convergence theorem and a generalization bound
on the causal offset algorithm if the HTERF model in the last step is only
fit on the set {W7, X7, Y, i =1,...,n} =D,.

We use the following notations, as in Jocteur et al.| (2024]):

e Oy, = 1,...,B are independent random vectors, distributed as a
generic random vector © and independent of D,,. It contains indices
of observations that are used to build each tree; indices of observations
that are used for estimations in each tree; indices of splitting candidate
variables in each node.

e Dy 1(0r) and Dy 5(0,) are the disjoint subsamples selected prior to
tree construction; the first is used to build the tree, and the second
allows the building of weights used during the estimation step.

o A,(x;0y,D,) is the tree cell (subspace of X') containing x.

o Np1(x;0¢,Dy) (resp. Npo(x;0.,Dy)) is the number of elements of
D;, 5(0y) that fall into Ay (x; Oy, Dy ), such that W; = 1 (vesp. W; = 0).

Let us consider: 7{(x) = E[Y!(1)|X! = x],
0 = EY' ()X = ],

I S

and 73" (x) = ZZW _o 4 (x)Y" " where

B
Z LX;€ A (x:00, D) AWi=10iED}, ()

nl(x @Ea ) ’

(4.1)



B
() 1 Z LX;€ A (x:04, D) AWi=0NIED}, ()
X) =

Nn,O(X§ @Ea Dn)

(4.2)
(=1
Our aim is to estimate the target CATE:

7' (x) = 7i(x) — 79(x).

We shall make the following assumptions on the distributions and models.
There are slight differences depending on whether Algorithm 2| (two offset
models) or Algorithm |3| (one single offset model) is concerned.

Assumption 1.

o X° and X! are distributed as X = (XU, ..., XD), which is a contin-
uous random vector with independent coordinates. The density of X
is positive and bounded from above and below by positive constants.

o X takes its values in X, which is assumed to be a positive compact
hyper-rectangle of RY:

d
X = H[ui,vi], —00 < u; < v; < 00.
=1

o W¢ and Wt are distributed as W, a binary variable.

e Case Algorithm
Y*(1) = fi(X5) +¢f, ] L X%,
and Y(1) — f{(X') = fo(X") + ¢}, e} 1L X5, X",
g5 and ! are continuous centered random variables.
Y*#(0) = f§(X®) +¢€f, € L X?,
and Y4(0) — f5(XY) = fo(XY) + &), eb 1L X, X
e and £}y are continuous centered random variables.

e Case Algorithm
YS(WS) — fs(Xs’ Ws) 4 g8
and YW — f5(XE W) = fo(XE W) + &t
g% and &' are continuous centered random wvariables, independent re-
spectively of X5, W* and X!, W,

o x — f5(x, W), f§(x), f{i(x), fix,W), fi(x), fi(x) are continuous.
So in particular x — TH(x), TH(X), T6(X) and x — T5(x), T5(x), T5(x)
are continuous.

Assumption 2. The following assumptions are made on B (number of trees
in HTERF), N, 1(x;0,D,,) resp. Ny o(x;0,D,,) (number of observations in
a leaf node such as W =1, resp. W = 0), and on the construction of the
trees:

10



1. B=0(y/n), 3C >0 and 38 > 1 such that B > C(ln(%,

2. Vx e X,
E[Ny.1(x; ©,D,)] = (v/n(In(n))?).

3. Vx e X,
E[Nno(x; ©,Da)] = Q(v/a(In(n)?).

4. maxy @ Ny 1(x;0,D),) = o(n).
5. maxx e Npo(x;0,D,) =o(n).

6. At every step of the tree-building procedure, the probability that the
next split is done along the j-th feature is bounded below by w/d for
some 0 < <1 forallj=1,...,d.

7. HTERF, as described in | Jocteur et al| (2024), uses an honest frame-
work: the training sample is split into two parts: one is used to con-
struct the splits of the trees, the other one is used to calculate the
weights o and o/ . This second subsample verifies that each split leaves
at least a fraction & of the available training sample such that W =1
(resp. W =0) on each side of the split, for some 0 < § < 0.5.

Let D¥ = (W, X¢,Y i =1,...,n) be the source sample and D! = (W}, X!, V;i =
1,...,m;) be the target sample; D = D* U D.
Let us first consider the case of Algorithm The function ff is an es-
timator of f{ in the first step: if W% =1,
Y® = fi(X®) + ¢} + B§(D*, X)
The function ff is an estimator of f¢ in the second step: if W' =1,
Y- (XY - E{(D*,X") = f{(X') + E{(D, X") + &}
Finally, the third step leads to: if W* =1,
ynew _— ys f{)(Xs)
Y'Y - f(XY) - Bi(D*,X) -
E?(Dv XS) - 5t1
= Y'+¢&f - - E{(D,X5)
In a similar fashion, we have: if W* = 0,
Y = Y 4 g8 — el — ES(D, X*)
In the case of Algorithm [3] we proceed the same way and are led to:

Ynew(WS) — Yt(Ws) 4 s — gt o EO(D’ Xs’ WS)

11



These expressions of Y show that it can be used as an approximation of
Y*? distribution.

Then, HTERF is trained on:

D, = {W?, X, Y, i =1,...,n}, which gives the following estimator of
the target CATE:

e (X) = 71 (o) — 7% (x),

where 7Y (x) = > 1y 1 @i(x) V" and

() = g L)Y

a;(x) and o (x) are defined by Equations (4.1)), (4.2).

Theorem 2. Let Assumptions[]] and[] be verified. Assume that for a fized
8 > %, C > 0, each HTERF tree of the model M is the highest such that
Cy/n(lnn)? < Npo(x;00,Dp), Np1(x;00,Dy,).  Assume that Y5, Y and
E°,E?, E§ error terms are bounded a.s. and that E°, EY, E§ converge to 0
in L? as ny tends to co. Then,

E[|755% (X) = 7'(X)|]] — 0.

n,n;—o0
The more technical parts of the proof are postponed to Appendix [A]

Remark 1. With estimators f£, (a = 1,0,) of the form S w;Y;®, since Y
s assumed to be bounded, so are f; and E7.
With f© of the form Zwl(Yf—fj(Xﬁ)), the error terms E2 are also bounded.
Most classical regression algorithms provide estimators of this form: random
forest, linear regression, neural network, etc.

Remark 2. Following what is done in the proof of Theorem|[3, the error on
the estimation of i can be bounded as follows (the same rationale applies
for 7{): letx € X,

~new

Y (x) — 71(x)| < Boffset + BuTERF-

Owverall, this bound tends to 0 as n,n; — +o0o. The second term is the bound
of HTERF on a sample of size n, and the first term is introduced by the
offset method; the rate of convergence of this quantity only depends on the
rate of convergence of f". More details of these bounds are presented in

Appendiz [B,

Proof of Theorem[2. This proof is partially inspired by the proof of Theorem
4.1 in Jocteur et al.| (2024). We provide details in the case of Algorithm
the proof for Algorithm (3| follows the same lines by using f* (X, W) and
fo(X, W) instead of f3(X), f5(X), f2(X), f¢(X). We emphasize the details
induced by the offset method in a causal framework and go more rapidly on
parts that could be directly copied from Jocteur et al.| (2024).

Let us consider an auxiliary dataset Dy = (Y;°, X9, W?);—1,.., that is a

1

12



sample of (Y, X, W), independent of D! and D*. This new sample is used
to build (Y;"“®);—1,..n, distributed as (Y*¥);—1 __,: if W =1,

YU ye y et ol - BY(D, X,)

with €7 ; independent copies of €} and 5{@-, 1 =1,...,n independent copies
of X?, independent of Dy,

Then, the HTERF trees are grown using D,,, but the sample D¢ (indepen-
dent of D,, and ©) is used to define a dummy estimator

T (%; 01, ..., Ok, Dy, Dy)

3

o . o o
= Osz(X,@l,...,@k, 17"'7Xn?
J=1
o o o,new
Wy,..., Wy, Dy)Y;
n

2 : "o . o o
- OénJ(X,@l,...,@k, 17"'7Xn7
j=1

W, W D) Y,

J
where the weights are, for any j =1,...,n,
azvj(x;(%l,...,@k, T,...,X%,Wf,...,Wg,Dn)
_ 1 ZB: ]l{XJOEAn(X;@e,'Dn)}F‘IWf:I
=35 — N;;’l(x; Op, XS, ..., XS, WP, ..., W2, Dy)’

with Ny (x5 04, X3, ..., X0, WY, ..., W5, Dy,), the number of elements of D,
that fall into A, (x;©y, D,,) such that W*° = 1. Throughout this section, we
shall use the convention 3 = 0 in case Ny (%00, X5, X0, WP, .., W0, Dy) =

0 and thus ]I{X;?eAn(x;@g,Dn)}mW;:l =0for j =1,...,n. Similarly, we have:
@ i(x;01,...,05, X3, ..., X3, WP, ..., W, Dy)
1 EB: ]l{X;?EAn(x;Qg,Dn)}ﬂWf:O
BZ:l Nz,O(X;G)e?X({?"WX?w 1<>77Wr<1>7D7’L)

To lighten the notation in the sequel, we will simply write:

n n
Tg?s}’o(x) = Z a?(x)YjQ’"ew — Z a;-o(x)}/;?’”e“’
= =1

— Tinew,O(X) . T[’)rLew,O(X)‘

In other words, the D sample allows the forest machine and the estimation
process to be disconnected in the analysis of the algorithm.
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Let x € X', we have:

|7A_new (X) o Tt (X) ’ < H_new (X) o Tnew,O(X)|

+ ’Tnew,O(X) o Tt(X)| ’
and

e (x) = ()] <[ () = ()
new,o

+ [ (x) = ()] -

ks

Remark that
m(x) =E(Y'(1)|X" = x) =E(Y°(1)|X°* = x).
Each of the two terms will be treated the same way.

() — 7)<

of () [(¥7"%) = ()X = X7]]

(2

+1 D ag(x) [EYVH(1)XE = X5 - E[VH(1)[X = x]]

= U, +V,.

The convergence of U, and V,, to 0 in L! is addressed in Appendix 0

5 Simulation results

In the following examples, causal offset with unique and distinct models
are compared to the baseline case where HTERF is simply trained on the
available target data. Two choices of algorithms are considered to estimate
functions f® and f¢, namely Kernel Ridge Regression and Regression Ran-
dom Forest.

5.1 One-dimensional example

First, we consider a simple one-dimensional example where the source do-
main is defined by:

X~ U([0,1]), W* ~ Bern(0.5), and

Y*® = sin(X®) - W* 4 cos(X?).

The target domain is defined by:

14



X!~ U([0,1]), W ~ Bern(0.5), and
Yt = cos(X!) - Wt 4 cos(X?).

A first simulation is performed with a source sample of size 10,000 and
target samples of size 500. The results are recorded in Table [I}

| Method | RMSE |
HTERF on source 0.003
Offset KRR separate models 0.015
Offset KRR unique model 0.009
No transfer (HTERF on target only) || 0.205

Table 1: One-dimensional example. Root mean squared errors of CATE on source
and on target with three different methods: offset causal with separate KRR mod-
els, offset causal with unique KRR model, and HTERF only trained on target data
(baseline method). HTERF causal forests have 500 trees. The results are aggre-
gated over 50 simulation replications with 500 test points each (the source dataset
stays unchanged; only the target training and test datasets are modified).

Table[I] shows that both causal offset methods have better performance than

the baseline method. In this example, using a single KRR model for treated
and untreated individuals is more efficient than using two KRR models.

HTERF estimation on source HTERF estimation without transfer

Figure 1: Graphical illustration for the one-dimensional example. First: HTERF
CATE estimation on source. Second: HTERF CATE estimation on target using
only target data. Third: HTERF CATE estimation on target using offset causal
with separate KRR models. Fourth: HTERF CATE estimation on target using
offset causal with unique KRR model.

In order to explore the sensitivity of the method to various parameters
(leaf size, number of trees, sample size), we conducted a more extensive
study. In order to help reproducibility of our work, the Python code used
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to get these results is available at https://plmlab.math.cnrs.fr/maume/
transfer_causal/. We keep the same source and target models as above.
The offset is done with regression random forests. The graphs below (Figure
show the impact of leaf size, while Table [2| gives more insights on other
parameters. Following Hill (2011); [Hahn et al.| (2020), we use PEHE (pre-
cision in estimating heterogeneous effects): mean squared error of CATE
estimates for each unit in a dataset, as an error measure.

0.06 0.08
1

PEHE
0.04
1

0.02

0.00
1

20 40 60 80 100

Leaf Size

Figure 2: Simple example in dimension 1. PEHE are computed over 200
test points and the mean is taken over 30 repetitions; the source sample size
is 5,000. The red lines are for two offset models; the green lines are for one
single offset model. Solid lines correspond to a ratio of target sample size
over source sample size of 5%, and the dotted lines correspond to a ratio of
2.5%. The lines with round markers are for 500 trees, while the lines with
triangles are for 200 trees.

Figure [2| and Table [2 illustrate the convergence results with respect to the
sample sizes, the influence of the leaf sizes, and the number of trees. Some
cross-validation procedure could be used to select the best parameters, but it
has not been implemented at this time. We remark on this one-dimensional
example that the two offset models estimated by random forests give better
results than the single random forest offset models.

5.2 Multi-dimensional example

Let us consider a multi-dimensional example inspired by the previous one.
The source domain is:
Xs = (XM, .. Xs10) ~ U(]o, 1]10),
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Table 2: For the simple dimension 1 example, we have recorded the mean over

30 repetitions of PEHE computed over 200 test points; in brackets is the standard

deviation. The computations have been fipne for different sample sizes (source and

target), number of trees, and the leaf size is in brackets. The “Double” columns

refer to the method with two offset models; the “Single” columns refer to the model

with one offset model; the “Naive” columns refer to the HTERF algorithm on the
target sample (i.e., with no transfer). Means and standard deviations are multiplied

by 100.



W*# ~ Bern(0.5), and

Y = sin(X*W)W* 4 cos(X*®?)). The target domain is defined by: X! ~
U([0,1]%),

Wt ~ Bern(0.5), and

Yt = cos(XH M)W 4 cos(XH2)).

A first simulation is done with a source sample of size 10,000 and target
samples of size 500.

| Method | RMSE |

Source 0.004

Offset separate KRR models || 0.957
Offset unique KRR model 0.960
Offset separate RF models 0.120
Offset unique RF model 0.135
No transfer 0.348

Table 3: Multi-dimensional example. Root mean squared errors of CATE on source
and on target with five different methods: offset causal with separate KRR models,
offset causal with unique KRR model, offset causal with separate random forest
(RF) models, offset causal with unique RF model, and HTERF only trained on
target data (baseline method). HTERF causal forests have 500 trees. The results
are aggregated over 50 simulation replications with 500 test points each (the source
dataset stays unchanged; only the target training and test datasets are modified).

Figure [3| illustrates the poor performance of KRR in estimating f° and f°.
In the top right image, the KRR estimator of the function f* fails to cap-
ture the variations of YJ against X#(2), However, when using random forests
to estimate f® and f°, causal offset algorithms are more efficient than the
baseline method (see Table . In this setting, using separate models for
treated and control units is the best strategy.
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Figure 3: Graphical illustration for the multi-dimensional example. First: KRR
estimation on source of the function f§. Second: HTERF CATE estimation on
target using only target data. Third: HTERF CATE estimation on target using
offset causal with separate KRR models. Fourth: HTERF CATE estimation on
target using offset causal with unique KRR model.

As in the one-dimensional case, we conducted a more extensive study to
assess the impact of sample sizes, leaf sizes, and the number of trees on
the results. The performance measure used is again PEHE. The offset is
calculated using regression random forests. Figure [] illustrates the impact
of leaf size, while Table [d] provides further insights into the other parameters.
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Figure 4: Example in higher dimension. PEHE are computed over 200 test points
and the mean is taken over 30 repetitions; the source sample size is 5,000. The red
lines are for two offset models; the green lines are for one single offset model. Solid
lines correspond to a ratio of target sample size over source sample size of 5%, and
the dotted lines correspond to a ratio of 2.5%. The lines with round markers are
for 500 trees, while the lines with triangles are for 200 trees.

Remark that in this dimension 10 model, only the first two variables are used
in the model. The eight remaining variables may be seen as noise. Thus,
this example shows the robustness of our algorithms to nuisance variables.
It should also be noted that, in this example, for source sample sizes and
target sample sizes that are too small, applying the transfer method yields
worse results than the naive method (without transfer), see Table

5.3 A more complex model: Ishigami-like

We conclude this simulation study with a more complex and non-linear
model: an Ishigami-like model in dimension 3. The source domain is:
X5 = (X, X5() X56)) ~ U([0,1]%),
W*# ~ Bern(0.5), and
ye = sin(X*W) 4+ [sin(XS(z))g] - W
+0.1[X*®2 . sin(XW).

The target domain is defined by:
X!~ U([0,1]%), W! ~ Bern(0.5), and

Yt = sin(XtW) + [cos(Xt(Q))Q} Wt
+0.1[X! )2 . sin(X D).
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We conducted a study illustrating the impact of sample sizes, leaf sizes, and
number of trees on the results. The performance measure is again PEHE.
The offset is done with regression random forests. Figure[5|shows the impact

of leaf size; Table |5| gives more insights on other parameters. For this
g
o
A
,,A'/ .
y g o
w o a
o L}

0.005
1

Leaf Size

Figure 5: An Ishigami-like example. PEHE are computed over 200 test points and
the mean is taken over 30 repetitions; the source sample size is 10,000. The red
lines are for two offset models; the green lines are for one single offset model. Solid
lines correspond to a ratio of target sample size over source sample size of 5%, and
the dotted lines correspond to a ratio of 2.5%. The lines with round markers are
for 300 trees, while the lines with triangles are for 100 trees.

Ishigami-like example, since it is more complex, we have done simulations
for source sample sizes of 5,000 and 10,000; the target sizes are 2.5% or 5%.
In this case, the results without transfer are very poor, which emphasizes
the interest of the transfer method.

5.4 Semi-synthetic dataset

A final example is presented using the IHDP dataset, already introduced in
the HTERF article |Jocteur et al. (2024). This dataset has been studied in
Wei et al| (2024) to compare the accuracy of various ATE estimators in a
transfer learning context. In addition to RMSE, two additional indicators
of performance for ATE estimation are added:

o ATEL L[S0 70 (XIY) - 7(X))

o ATE2: Ly

R (XI) - THXIY)|

To create the source and target domains, the binary variable “The mother
drank alcohol during pregnancy” has been used: the source domain consists
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of all children whose mothers did not drink, and the target domain consists
of the children whose mothers drank alcohol.

In this example, causal offset with a unique random forest model is the most
efficient for CATE and ATE estimation, followed by causal offset with two
separate models (see Table @ Both algorithms outperform the baseline
method without transfer.

6 Discussion

In this work, we have presented an algorithm to perform transfer learning
on the causal inference problem. This approach combines the offset algo-
rithm, already used on regression problems, and the HTERF causal forest.
The combination of these two methods allows for a consistency result on
the CATE estimation in the target domain. A generalization bound is also
shown; these results rely on stronger assumptions than the classical HTERF
consistency, especially regarding the number of trees in the forest.

Additional work could be done on the proof of consistency to lighten the
assumptions. An almost sure convergence might also be obtained instead of
an L' convergence. Also, from a practical point of view, a cross-validation
procedure would be useful, especially to select the optimal leaf size, even if
the results are quite good by taking any leaf size in a window from around
5 to 50. One issue in order to propose a cross-validation procedure is that
the quantity of interest (CATE) is not observed, as it would be the case
in regression. Some work would have to be done to find the appropriate
criterion for cross-validation.

A Proof of results

Sequel of the proof of Theorem[3 The U, term rewrites:

Un=| 3 st (=5 - E1(D.X)

n
S _8,0 S 1770 Ve
€|t E oy E7(D, X;)| -
— i=1
We=1 we=1

IN
@.M
Q

Since Y*,Y? are assumed to be bounded, f*, f° are assumed to be continu-
ous, and X lives in a compact space, then € and e’ are bounded. Following
the HTERF consistency proof (see the Appendix of Jocteur et al. (2024) and
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the use of Lemma A.7 there), we have (where C' denotes a generic positive
constant):

2

C
o 8,0 s112
E Z @ 61z < H‘ngoo (\/ﬁ(lnn)ﬁ
W<> 1
02

+n(1n n)Y

+ Cva(n+ 1>2dec<1nn>2ﬁ/c>

— 0 as n — oco.

For the last term, we use the following decomposition:

<

1 ~
+1E HE‘l’(D,Xi)
n

E [af

1 (Dv il)

1 ~
o — n‘ ‘Elo(D’Xz‘)

|
|

Since Z _; &% =1 and the af’s are 1dentlcally dlstrlbuted conditionally on
D, we have for any n € N: E[af|D] = L and E[af] = £. The Cauchy-Schwarz
inequality gives:

?| |

1 _
o — n‘ ‘Ei)(DXi)

<y/Var(ay) \/IE

Using the total variance formula:

~ 2
o(D, X;) }

Var(ay) = E [Var(ag|D)] .

We can rewrite:

& 11x<>eA l) &
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where conditionally on D, the (Zl)le{l,...,n} are independent and identically
distributed; this leads to
Var(ai|D) = =Var(Zy)

E[Z}|D]

&=

&= DJ\HUU\H

IN

(]\f<> (X @1,

]lXOGA ’D]

IN
|~

E

(N5 1(x;01,Dp))?
Ixsoca, (1)]1{N<>1(x ©1,Dn)<A} ‘D
( n,l(Xv ©1,D ) .

Ixsoca, (1)11{N<>1(x :01,Dn >>\}‘ ]

+=E

Ixoca,)
0 (X; 917 Dn)

|

( (x;01,Dy) < A‘D)
f]E[ ;D]
+ = ( (x;01,Dy) < A‘D)
<t 4P (V21 (x:01,D,) < A‘D) .
Remark that

B
{N;j’l (x;01,D,) < \/5(12“”)}

C {|Nn1 (x:01,Dp) — Ny 1 (x;01,Dy)|

y Jﬁ(lznn)ﬁ},

thus we have
P (N;Z,l (x;01,Dp) < A)D) <

P (\Nn,l (x;01, D) — N2, (x;01,D,)| > )\’D) .

The following lemma has been stated in |Jocteur et al.|(2024), it is Lemma
A.7 there; it is based on Vapnik-Chervonenkis theory.
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Lemma 3. Consider u € {0,1}, as before, Ny, ,(An(0)) = Npu(x;0,Dy,)
is the number of observations of Dy, such that W = u that fall into A, (0) =
A, (x;0,Dy), and Ny, (An(©)) = Ny ,(x;0,X°!, ... X" D), the number
of observations of DS such that W = u that fall into A,(©). Then, Ve > 0,

P (‘Nmu (A4, (©)) — Ng,u (A (@))| > 5)
< 16(n + 1)2d6—52/128n )

Using Assumption [2] and Lemma [3] there exist C and M positive constants
such that:

1
O\ < — . _
Var(ay) < B + E [P (| Np,1 (x;01,Dy)

nn B
el )
2

S—
Bn3/2 (Inn)”?

1 B
© (%61, D0)| > ﬂ))

+ P (‘Nn,l (X; @1,Dn) —

2

<

T +4C(n+ 1)2d67(1nn)2ﬁ/512

o)

Now, since we assume that EY converges to 0 in L? as n goes to oo, it also
converges to 0 in L':

E ||, alED.X)|| < > y/Var(a})
Woty Wot1

(3 (3

E||B(D,X3)P]

g

+E[EY (D, X7)|]-
<

ny/Var(as)

g

E||E(D,X5)’]

+E[EN (D, X7)]]

—> 0 as n — 0.
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The term V,, can now be treated:

Vo = Z ol (x) [E(YH(1)[X! = X?)

We=1

—E(Y (1)IX" =x)]|

The following lemma allows to control the variation of 7| on leaves. It is
Lemma 2 in Meinshausen and Ridgeway| (2006) and it is similar to Lemma
5 in |Bénard et al.| (2022).

Lemma 4. Let Assumptions (md@ be verified, let x € X and ¢ € [1, B].
Denote A, (x,0¢,D,) = ®?:1 I(x,04,D,,), where I(x,0¢,D,) are inter-
vals; then,

max |I(x,0.,Dy,)| = o(1).
j=1,..,d

Combining Lemma [ with the continuity of 71, we get

VEEILBLYxEX, swp  n(s) -l 230
z€A, (x,0¢,Dp) n—o00

Using this result, we get that V,, goes to 0 almost surely, as n goes to infinity:
indeed, if for all ¢ =1,..., B X¢ & A, (x,0,,D,,) then o (x) = 0 so that

Y af(x) [E[YH)X =X7] - R [Y(1)[X' = x]]

< sup |n(z) —7i(x)| —— 0.
z€Ap(x) n—+00

Since 71 is bounded, so is V,, and by the dominated convergence theorem,
we have the L' convergence to 0 of V},, when n goes to infinity.

new( new, 0( )

It remains to consider the quantity |77 (x) — 7 |. We consider sepa-
rately but in a similar fashion !T”e“’(x) 7 (x)| and |77 (x) — 7070 (%) |:

| ~ neu) new <> ’

1 & ]1x eA ]lW:lynew

ﬂxgeAn(Z)]1W;>:1
N;;,l <X7 @lu Dn)

Ynew,o

Following the HTERF consistency proof in [Jocteur et al. (2024) (see the
end of the Appendix there, where the similar quantity is considered), &
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converges to 0 almost surely, as n goes to infinity. The crutial point here
is that the distributions Y"¢¥| X! W and Y"%°|X® W* are the same. As
already mentionned, since all Y is bounded and f*, f° are continuous, we
have that Y¢*° and Y are bounded. So that the dominated convergence
theorem, implies that the # term tends to 0 in L! as n goes to infinity. [

B Generalisation bound

We start with the following decomposition:

e (x) — 71 (x)|

<[00 — 700+ [ ) — )
<Un+Vn

<72 X;€An(l) W—lynew

| B =1 j=1 Nn,l(xa Oy, n)

IxseanIwy=
N’ri,l (Xa @la DTL)

n
VU D a?BN(D, X)) |+

i=1
we=1

Z ael?| +| Y ef(x) [E[YH(1)XF = X7] -
Wot1 Wot

E[Y'(1)X’ =x]]|

<B,tfset + BHTERF,

where

Boffset: Z a?(X)Ef(DaXQ?) +
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and

n

Burerr = Z o) (x) [E[Y'(1)|X =X7] —
i—1
we=1

Bl 0x =1+
]lX €An l)]lefl new
ZZ Nn 1 X, @la ) Y B

ﬂx;eAn(Z)ﬂW§=1
N;Z,l (Xa ®l7 DTL)

Yﬂew,o
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We have recorded the mean over 30

Table 4: Example in higher dimension.

repetitions of PEHE computed over 200 test points; in brackets is the standard

deviation. The computations have been done for different sample sizes (source and
target), number of trees, and the leaf size is in brackets.

deviations are multiplied by 100.

Means and standard
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recorded the mean over 30 repetitions

e
of PEHE computed over 200 test poins§; in brackets is the standard deviation.

Table 5: An Ishigami-like model. We

Means and standard deviations

The computations have been done for different sample sizes (source and target),

number of trees, and the leaf size is in brackets.

are multiplied by 100.



| Method | CATE ATE1 ATE2 |
Offset separate models || 0.808 0.292 0.561
Offset unique model 0.734 0.180 0.491
No transfer 1.016 0.351 0.732

Table 6: RMSE on CATE and two different errors on ATE with three different
methods: offset causal with separate RF models, offset causal with unique RF
model, and HTERF only trained on target data (baseline method). HTERF causal
forests have 500 trees; the forest of the first step in HTERF has 500 trees. The
results are aggregated over 50 simulation replications; the source dataset stays

unchanged, but for each replication, the target sample is modified.
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