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Understanding and optimizing the design of helical micro-swimmers is crucial for advancing their
application in various fields. This study presents an innovative approach combining Free-Form
Deformation with Bayesian Optimization to enhance the shape of these swimmers. Our method
facilitates the computation of generic swimmer shapes that achieve optimal average speed and
efficiency. Applied to both monoflagellated and biflagellated swimmers, our optimization framework
has led to the identification of new optimal shapes. These shapes are compared with biological
counterparts, highlighting a diverse range of swimmers, including both pushers and pullers.

Keywords: Shape Optimization, Bayesian Optimization, Flagellated Helical Micro-swimmer, Free-Form-
Deformation, Boundary-Element-Method

I. INTRODUCTION

Micro-swimmers are microscopic organisms with the ability to move in a fluid environment, as seen in sperm
cells, bacteria, and other similar entities. Understanding and improving their performance, including their swimming
mechanisms and shapes, is a current research focus. This knowledge can be applied to the design of micro-robots
with a wide range of applications, such as delivering drugs to specific target locations in medicine [I, 2].

Because of their small size, micro-swimmers operate at low Reynolds numbers, within the Stokes regime. As explained
by Purcell in the Scallop Theorem, swimmers performing reciprocal motion do not produce any net displacement
at low Reynolds numbers, where viscous forces dominate over inertial forces [3]. Helical flagella allow non-invariant
deformation under time-reversal symmetry, enabling displacement. This swimming mechanism is exemplified by the
FEscherichia Coli bacterium, which naturally utilizes helical flagella for propulsion [4], or the MO-1 bacterium [5] [6].
These swimmers are also widely used in robotics because they can be easily guided by an external magnetic field [7].
The performance of micro-swimmers with single or dual helical flagella has been thoroughly studied, especially with
ellipsoidal cell bodies, by optimizing certain parameters while keeping others fixed [8HI0], using genetic algorithms
[11], or even experimentally [I12]. With the development of Machine Learning (ML), new methods applied to these
problems could yield interesting results, similar to those used in aerodynamics [13].

In this paper, we explore the optimization of micro-swimmer shapes with one and two helical flagella, aiming to find
shapes that enable optimal swimming along a straight line. This involves maximizing speed while accounting for the
power expended during movement. The challenge here is to optimize both the shape of the head and the flagella. This
requires coupling various methods to solve the fluid-structure interaction and the optimization problem. The dynam-
ics of the swimmer are obtained using the Boundary Element Method (BEM), commonly applied in such applications
[8, 10} 14, 15]. The BEM is implemented using the MATLAB library Gypsilab [16]. Several shape optimization methods
are available, including parametric, geometric, and topological optimization [I7, [I8]. We focus on parametric shape
optimization due to the complexity of the model, particularly the challenges associated with computing the shape
gradient [19], especially when constraints are involved. The use of Bayesian Optimization (BO) methods, specifically
the Scalable Constrained Bayesian Optimization (SCBO) method [20], represents a novel approach in micro-swimmer
shape optimization. This method, implemented in PYTHON via the BoTorch library [21], is particularly well-suited for
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high-dimensional problems with numerous constraints.

One of the major novelties of this paper is that the swimmer’s head is not constrained to a particular geometric shape;
instead, a generic shape can be obtained through optimization. Most previous studies have focused on ellipsoidal
heads [SHIT), [22H24]. However, the shape of a micro-swimmer’s head can be complex, such as the flattened water drop
shape of human spermatozoa [25]. We use the Free-Form-Deformation (FFD) approach [26] to achieve a generic shape
framework. FFD allows the deformation of a parameterized shape representation by manipulating control points,
which is then coupled with BO methods, as demonstrated in [27].

The optimal shape results are validated and benchmarked against swimmers found in the literature [8, [10]. Simula-
tions are performed for two optimization problems with different goals: maximize average speed or maximize average
efficiency. We study both monoflagellated and biflagellated swimmers. New swimmer forms emerge from this paper,
providing insights into microscale swimming dynamics. These forms are discussed and compared with their biological
counterparts, showing a rich variety of swimmers that can be pushers or pullers [28].

The paper is organized as follows: presents the mathematical modeling of micro-swimmers, including their
geometry and the swimming problem’s numerical scheme. introduces the shape optimization problem
with FFD and BO coupling. presents the numerical results, beginning with the optimization of a few
parameters for swimmers found in the literature, and then extending the analysis to include the optimization of all
parameters. [Section V|and [Section VI|summarize and conclude the paper.

II. MICRO-SWIMMERS MODELLING

This section provides a description of the geometry of micro-swimmers, with a focus on the flagella, followed by
an explanation of the system’s dynamics and the numerical scheme used to solve them. The parameterization of the
head is detailed in [Section [1Il

A. Geometry of Micro-swimmers

The swimmer, denoted by S, is composed of a head H and a set of ny of flagella, i.e. S = HJ¥} F;. The head is

assumed to be an arbitrary shape in R3. Each flagellum F; is a tube of radius r with a centerline of total length L
described by, for s € [0, L]

z(s) =s,
y(s) =R (1—e ") cos (352),
2(s) =R'(1- e~ %" sin (QLAS) ,

where R is the maximal amplitude of the helix, A is the wavelength, and kg is a shrinkage coefficient [9]. The distance
between each flagellum and the head is defined by [ along the normal to the head. We denote (e1, ea,e3) the body
frame which moves with the swimmer, centered in the center mass of the head 2. The junction zf of each flagellum
F; is characterized by angles «; in the frame (e1,e3) and f; in the frame (ej, e3). The orientation of each flagellum is
determined by the angles ; and (3;, representing rotations around es and ez respectively. The geometric configuration
of the swimmer is illustrated in where the head is represented by a sphere and only one flagellum is depicted
for simplicity. This modelisation was already employed in [10] for biflagellated swimmer, and in [§] for monoflagellated
one.

B. Dynamics of Micro-swimmers

Due to the low Reynolds number in microswimmer dynamics, the fluid behavior is governed by the Stokes equations.
Let u : R? = R3 and p : R? — R represent the velocity and pressure fields of the fluid, respectively, satisfying the



FIG. 1. Schematic of micro-swimmers represented by an arbitrary flagellum F; with parameters (o, 8:, Vi, 6i, \i, RY, 74, 1i) in
the frame (e1,e3) (Left) and in the frame (eq,e2) (Right).

non-slip condition and the following equations:

—pAu+Vp =0 in R\ S,

Vou=0 in R\ S,
u=U+QA (z —z™) on 0H, (1)

u=U+QA (z —z) + wel A (z — 2) on OF;,

|lu|l,p — 0 as r — +00,
for all + € {1,...,nr} and where S denotes the micro-swimmer. Here, y = 1 represents the viscosity of the fluid,
and w = —27rad.s™! denotes the angular velocity of the flagella around their directional axes ef *, mimicking the

propulsion mechanism of bacteria that generate helical waves along their flagella. The translational velocity and
angular velocity are represented by U € R3 and Q € R3, respectively. The Dirichlet boundary conditions are imposed
by we;’ A (z — %), where w is known, and U + Q A (x — 21), where U and Q are the variables of interest that we
aim to determine.

C. Numerical Scheme

Stokes’ equations, being linear with respect to velocity v and p, admit the existence of a Green’s tensor kernel G;;
for (i,4) € {1,2,3}%. For (z,y) € (R3)2, the Green’s function is given by:

Gy, y) = — ( 03 +($¢—yz')(xj—yj)>7

~ smp \lz =yl Iz —yl3

where ¢;; is the Kronecker delta. The convolution of the Green’s kernel with the fluid surface tensions f = o(u,p)n
yields an integral representation of the velocity field u on 9S. Thus, for any y € 95 [14], 29], we have:

3 1 3
) == [ 3Gt + o [ 3 Dt (ais 2

where T} (z,y) = —glEimy@i—v)@eye) g, (i,4,k) € {1,2,3}%. In the Stokes equation (), the immersed object

lz—yll3

describes the motion of a rigid object with velocity u(x) = U + QA (z — z*), leading to:

3
8%/3 Z uwj(2)Tjix(z, y)ng(x)dz = 0. 3)

F i k=1

Substituting into , we obtain:
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Equation provides the velocity expression on the solid boundary once the stress tensor is known. It can be inverted
to obtain the stress tensor on the solid boundary. If the solid is subjected to external forces or torques, Fe,: and Te,+
respectively, (4) must be complemented by the following equations:

(z)dx = Foxt,
oS (5)
f@) A (x — 2f)de = Toy.
a8

If the external forces and torques are zero, the equations are called self-propulsion constraints. Using , , and
for self-propulsion, we obtain a system for determining the translational and rotational speeds (U, §2), given by:

U—(z—zTH)AQ+ G(z,y)f(y)dy =0, Vo € 0H,
s
U—(z—zT)AQ+ G(z,y)f(y)dy = (x—mFi)/\wefi, Vo € OF,
o5
(6)
f(y)dy = 0,
oS5

fy) A (y—ady = 0.
oS

Expressing the Stokes problem as a problem on S boundaries @, we can use the BEM. In our case, the compu-
tational domain is simply the mesh that discretizes the swimmer, i.e., the mesh of the head and flagella. Let N be
the number of nodes in the mesh and Vy the conformal finite element space we’re working in. Here, we’ll consider P!
finite elements. Expressing f in the Viy basis, we have for all y € 95 and for all j € {1,2,3}:

N
fiy) = fid' ),
=1

where ¢ = {¢!,..., @™} is the basis of Viy on 95 and (fjl . fJN)T is the coordinate vector of f; in Viy. By denoting

fl= ( oAl f?l,)T and multiplying by ¢*, an element of Vy, followed by integration over 95 of the first two equations
in @, for k € {1,..., N}, we obtain the system:

N
H k I k
/aH(U—@—o: >m)¢<x>dx+/ </{)SG(x7y)§f¢(y)dy>¢(I)dx

OH
— 0,
N
H k U4l k
| 0= n0)dtant [ (/aseu,y);m(y)dy)qb (@)da

= /E)F(a: - xFi) /\wefigbk(a:)dx,

N
/a " 1! (y)dy = 0,

S=1
N
| w=a" A 6wy =
as =1
ng
foralli € {1,...,np}. Since S = H U F;, we can separate the integrals so that reads as a matrix system:
i=1
G JT KT [f I(w)
J 0 0 Ul =

0
K 0 0] |Q 0
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Sub-matrix G is composed of (14 nx)? sub-matrices G{4-5} for (A, B) € {0H,0F",...,0F""}. Each G145} matrix
can be subdivided into N4 X Np sub-matrices of size 3 x 3 defined by:

G;'{ﬁlf} :/A/BGij(xvy)¢l($)¢k(y)dxdy,

for (i,j) € {1,2,3}2, 1€ {1,...,Ng}, and k € {1,...,Na}. The sub-matrix J is composed of (1 + nx) sub-matrices
JA for A € {0H,0F",... 0F"r}. Each matrix J4 is a diagonal block matrix where each block is of dimension 1 x N4
and the j-th is denoted J7 ., defined by:

il,j°

J{?’j z/ei¢l(ac)alx7
A

for (i,7) € {1,2,3}> and I € {1,..., N4}. Similarly, the sub-matrix K is composed of (1 + ny) sub-matrices K for
A€ {0H,OF",...,0F""}. Each matrix K4 has size 3 x 3N, and its components K{;‘.’l are defined by:

K{;{l = /A [(z —z) A ei]j ¢ (x)dz,

for (i,7) € {1,2,3}2 and [ € {1,...,Na}. The vector I(w) is composed of (14 np) subvectors I(w)?? =0 and I(w)4
for A€ {OF",...,0F"F}. Each vector I(w)* is subdivided into N4 subvectors of size 3, defined by:

I(w)i* = /A [(z — 2™) Aweit] ¢! (2)dz,

for I € {1,...,Na}. The implementation is done using the open-source BEM code Gypsilab[30] in Matlab and the
validation cases are presented in

III. SHAPE OPTIMIZATION PROBLEM

We introduce S° as the reference monoflagellated swimmer, whose characteristics are summarized in [Table I, and
whose flagellar parameters correspond to those in [I0], for future comparison. The resulting average velocities and

power dissipation are tabulated in

TABLE 1. Parameter values for the cell body and flagellum of the reference swimmer S°.

Parameter Value (Dimensionlesss) Value (Dimensional)
2100 By, (0,1) By, (0,0.74)
3 2.2 pm
0 0.067 0.05 pm
A0 1 0.74 pm
zgto 0.% 0.15 pm
l 2r 0.1 pm
kY 0.333 x 27/ X\° 2.8 pm~?
a®,~° 89,69 0 0 rad

FIG. 2. Discretization of the reference swimmer S° used to obtain values in [Table 11l



A. Admissible Shape

In this section, we define the set of shapes from which potential swimmers are selected. As outlined earlier,
each swimmer comprises two components: the head and its flagella. These components belong to respective sets
of admissible shapes, denoted as S,q = HE, x FI,, where FI, (for flagella) and HS, (for the head) are defined
subsequently. In what follows, we denote by |A| the volume of the A shape.

1. Flagella admissible shape

We define the set of flagella admissible shapes ]-"fd by
]:(Zii:{FCR3|(>‘3RtaO‘377575)EP and ‘F‘:|FO|}a (8)

with P a compact set associated with the problem under study and F° the referent flagella whose characteristics are
shown in [Table Il To keep flagellum volumes constant, we’ll consider flagella of the same radius r = 0 and the same
total length L = L°.

2. Head admissible shape

In this paper, we employ FFD framework [26] to parameterize the shape of the swimmer’s head. The FFD approach
describes an arbitrary basic shape using a discrete set of control points. Let’s briefly outline the main framework below.

The shape we are working on, denoted by €2, is embedded in a slightly larger geometric domain denoted by D. The
key point is to operate within the unit cube of R by using a diffefomorphism with D. In this unit cube, M points,
called the control points, are defined to track the geometrical deformation of the shape. Moving these control points
induces a deformation of the cube consistent with their displacement. The resulting deformed shape is obtained by
applying the inverse diffeomorphism to the ”deformed unit cube” (see . This setup defines a map, denoted
by T, which deforms the reference shape by shifting the control points by an amount p € R3M |

T:DxR>*M — D(pu

(@) = (v eToy)(@p), ®)

as illustrated in We define the set from which we can select the potential heads as follows:
a={H=TH’p)|peV and |H|-|H|<e}. (10)
Here, the volume of the sphere H? is preserved with a precision of ¢ and V defines a sufficiently small neighborhood

around the control points to prevent mesh collapse. For V, we limit the displacement of each control point so that
they do not cross each other and we move only those at the edge of the domain, i.e., we fix the internal points.

B. Statement of the optimization problems

In this part, we state the optimization problem by defining the cost functions of interest. First, we define the power
dissipated and the average power dissipated as follows [10]:

ng N 1 T
P= Z —wel . /BF o(u,p)n A (z —2f%) and P = f/o P(t)dt, (11)
i=1 i

where T is the time for a single stroke, n is the outward normal to OF, o denotes the stress tensor, given by
o(u,p) = —pI +2pe(u), and e(u) represents the deformation tensor, defined as e(u) = %(Vu—i— Vu™). Then, the mean
translational and angular velocities are given by:

U= ;/OT Ut)dt and Q= ;/OT Q(t)dt. (12)



FIG. 3. Illustration of the FFD method deforming a domain D containing a 2 shape via a p vector using the T' application
described by @

TABLE II. Mean velocities and power dissipated obtained from by taking the swimmer S° from [Table I

Parameter Value (Dimensionless) Value (Dimensional)
U? —0.0306 —0.0226 pm.s~ !
a 0.1470 0.1470 rad.s ™"
p° —24.7512 —18.276 pW

Finally, we define the cost functions, J; and J3, corresponding respectively to the mean speed in the direction of ey
normalized by the one of the reference swimmer SY and the mean efficiency, as:

U.(S) U1(9) PO
J1(S) = —— d J(S)=—— —— . 13
(8) = ~po? and h(S) = —p X (13)
Hence, the optimization problem, for i € {1, 2}, is formulated as:
inf J;(S). (14)

SES.4

Cost functions are adapted to work with minimization problems, as it is more conventional to address minimization
rather than maximization in optimization. In the following, to avoid notational complexity, we omit the dependence
on the swimmer’s shape in some functional.

C. Bayesian Optimization Applied to Shape Optimization

In order to solve these micro-swimmer shape optimization problems, we apply Bayesian optimization methods [31],
specifically the Scalable Constrained Bayesian Optimization (SCBO) method [20]. First of all, Gaussian processes
(GPs) are probabilistic modeling techniques used to approximate functions when direct evaluation is computationally
expensive [32] 33]. Instead of evaluating the expensive function J for many swimmer shapes, GPs allow us to model
J based on limited data and make predictions about its behavior with uncertainty estimates. illustrates how
GPs work on a toy function, showing observed values and the associated GP model.

Solving the problem requires rewriting the constraint spaces S,q, defined by and , in terms of inequality
constraints such as:

Sag ={S=(H,F) CR*xR® | ¢(5) = (c"(9),...,¢™(S5)) <0}.
The main method is presented above with which depicts the different steps.



GP Samples
=== True function
—— GP Mean
1 e —— \ Confidence Interval
3 X Meanatx=3.3
Posterior pdf at x =3.3
® Observed values

FIG. 4. Gaussian Process on a toy function. The true function (red line) is approximated by the GP mean (blue line) according
the observations (black point). The Gaussian posterior distribution for = 3.3 is depicted (green). The associated point-wise
confidence intervals at level 95% are displayed (blue). A set of 100 GP samples is displayed (grey).

1. We start by taking a number of initial shapes and defining the trust region using maximum utility. The trust
region approach allows the selection of samples locally around the best current point by defining a hypercube.
Given n shapes {S;},, we evaluate the cost function J and the constraint function c. Then, we define the set
of feasible constraints for these shapes as:

Fc = {Sl ‘ C(Si) S 0}
To choose the center S* of the hypercube, two cases are considered depending on the cardinality of F:

argmin J(S) if Fo #9,
SeF.

argmin max {c/(S),0} if F, =0,
Se{Sih, ; { }

S* =

i.e., either F, is non-empty, and we take the point minimizing the cost function, or F. is empty, and we take
the point minimizing the maximum constraint violation. The length of the hypercube is initialized by L.

2. Until the number of remaining possible evaluations reaches zero or the optimization converges:
(a) Gaussian process models associated with the cost function and the constraint functions are constructed
from the observations, i.e., shapes and evaluated functions for these shapes.
(b) Randomly choose r shapes inside the hypercube.

(c) We consider a number of ¢ batches. For each batch, we obtain a sample from the posterior distribution of
cost and constraints models (as in grey in [Figure 4)) at the level of discretization obtained by the previous
r shapes. The best of the r shapes is then selected for each batch.

(d) For the g best shapes obtained in the previous step, the cost function and constraints are evaluated.
(e) These new shapes are added to the previous observations.

(f) The trust region center is updated upon improvement from the new candidates, and its length is modified
if necessary. Let 7, and 7y be the success rate and failure rate, respectively, and ns and ny the number
of successes and failures. Success is achieved when a better shape than the center of the hypercube is
obtained. We say that S is a better shape than S when S does not satisfy the constraints, and S has
a smaller constraint violation, or when S satisfies the constraints, and S also satisfies them while having
lower objective value. The length of the hypercube is then adapted as follows:

L =min{2L, L.},
ns =0,

L=L/2

if ng = 75 then
ng = O7

and if ny = 7; then {

with Ly and Ly, denoting the maximum and minimum length of the hypercube.



3. The algorithm returns the best admissible point found.

A disturbance probability, as introduced in [20], has been incorporated to mitigate the edge effect, which refers to the
phenomenon where points in high-dimensional spaces tend to lie near the boundaries of the search space. This effect
can trap the algorithm at the boundaries of the hypercube. The implementation is done using the open-source SCBO
code BoTorch[34] in PYTHON.

o

FIG. 5. SCBO representation: 1) Initial shapes are taken from € (represented by crosses), and the trust zone is defined (a
grid with the central point surrounded and the edge of the zone defined by a square). 2) a) The Gaussian process models
associated with the objective J and the constraints ¢ are constructed. 2) b) r random shapes (represented by triangles) are
taken from the trust region. 2) ¢) A batch of ¢ realizations {(j (S:) é(Si))T 7_1 is calculated. For each realization, the x-axis
corresponds to the S shapes in Q and is discretized by the {S;}i—; (the triangles) chosen previously. The y-axis shows the
realizations. For simplicity, a single graph is drawn for the objective and the constraints. For each realization, we keep the
best shape (completely filled triangle). 2) d) For the ¢ best shapes {S;}~_,, we calculate the real value of the objective and the
constraints. 2) e) These ¢ new shapes are added to the previous observations. 2) f) The trust region is readjusted by modifying
its center and length.

IV. NUMERICAL RESULTS

This section is divided into two parts. The first part focuses on presenting the results achieved using our method,
which enhances the optimal results found in the literature [8, I0] constrained by a more restrictive geometrical
framework. The second part addresses the outcomes obtained by optimizing all aspects for both the monoflagellated
and biflagellated swimmers. Because of the nature of the problem, it is natural to consider two planes of symmetry for
the head. This is described in along with the details of the numerical implementation. Detailed figures
of the swimmers are given in [Appendix A]and [Appendix D] Bayesian optimisation convergence graphs associated with
optimal swimmers are presented in [Appendix I

A. Outclassing Competing Models

In this subsection, we concentrate on the top-performing swimmers identified in the case of monoflagellates from
[8] and in the case of biflagellates from [I0]. Using our method, we propose new swimmer designs capable of outper-
forming the previous models by relaxing the geometric assumptions about the swimmer’s head.

Our results are presented in The first row shows meshes of the swimmer we aim to outperform. In the first
case, a monoflagellated swimmer from [g] is depicted whose characteristics are described in|Table VII where the head
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is modeled as an ellipse defined by the equation

2 2

= xT z 3 1'2 y i =
H{( ' Ys )GR | (R1)2 + (R2)2 + (R3)2 1}’ (15)

whose parameters have been optimised to minimize inverse efficiency given by

P

-1

No = 67T/L/_10127 (16)
where A is the volume average radius of the cell body. Beside, we illustrate the swimmer designed using our method,
which optimizes the head shape while maintaining the same head’s volume and same flagellum by using the same
cost function, i.e., inverse efficiency, given by . The resulting form is shorter but wider. Non-intuitively, the
forward fluid-exposed side is broader and tapers towards the point where the flagellum is attached. This is contrary
to expectations of a more streamlined, car-like front. The second row presents the case of a biflagellated swimmer.
The position of the second flagellum is determined by a 7 rotation of the first flagellum around the e; propulsion
axis. This assumption allows us to constrain the swimmer’s movement to the e; axis. The left swimmer, with a fixed
ellipsoidal head (whose equation is given by and characteristics are described in [Table VIII), has its junction
between the head and the flagella optimized according to the mean efficiency Jo, see [10]. The swimmer depicted on
the top right represents the result by optimizing only the head’s shape. Subsequently, we optimized both the shape
of the head and the angle of the junction between 0 and 7/2 as in [I0]. For the swimmer whose head alone has
been optimized, the shape is flatter and more elongated than the original. Unlike the monoflagellated swimmer, a
triangular shape tapering towards the front can be seen. Additionally, when the angle of the junction between the
head and the flagella is also optimized, the head shape becomes more elongated, echoing optimal aerodynamic shapes.

To compare the various micro-swimmers, we present their swimming characteristics in For the monoflagel-
lated swimmer, the optimized version exhibits greater speed but consumes more power compared to the benchmark.
Additionally, its wider, flatter geometry results in a significant reduction in angular velocity. In contrast, the opti-
mized biflagellate swimmers demonstrate a higher angular velocity and lower power consumption. They also achieve
greater translational speed.

B. Shape Optimization of Flagellated Micro-swimmers

In this section, we generalize the optimization process to account for all parameters describing the head and flagella
of the micro-swimmer. We assume the swimmer’s shape (head and the second flagellum in respect the first for
biflagellate swimmers) must be symmetric with respect to e; (i.e., the desired direction of displacement). The flagella
parameters are considered within the set P, defining the admissible flagella ffd (see ), prescribed as:

P =10.3,4] x [0.1,1] x [—g,g] X [—%,g} X {—%,g} X {—gg}

The existence and convergence of our approach towards a globally optimal shape are not confirmed. Therefore,
multiple simulations of the same problem were conducted, consistently yielding similar results. The best results are

summarized in and Convergence graphs, presented in and detailed figures of the
swimmers, provided in offer additional insights.

1. Monoflagellated swimmer

Optimal shape description : Focusing on the translational velocity, J; in (13), [Table V] and [Table V]| reveal
that a water-drop-shaped head with a large-amplitude flagellum results in a swimmer about 3.6 times faster than
the reference swimmer. When power dissipation is considered, Js in , the results show a swimmer 1.5 times
more efficient than the reference swimmer, with a slightly elongated head and a flagellum of smaller amplitude and
longer wavelength. The head shapes are quite similar in both cases, so we will refer to these swimmers as water-drop
swimmers.

Swimming trajectory : As can be seen in the velocity-optimized swimmer has a helical trajectory
with larger steps but also with a larger radius than the optimal swimmer that takes power dissipation into account.
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TABLE III. Comparison between benchmark swimmers and optimized designs based on efficiency metrics. The first column
includes benchmark swimmers obtained from [8] (first row) and [I0] (second row). The second column showcases outperforming
designs achieved through different optimization strategies: the first and second rows represent designs optimized only by head
shape, while the third row includes designs with the addition of the a parameter for biflagellate swimmers. Efficiency metrics
are evaluated using inverse efficiency for monoflagellated swimmers and mean efficiency for biflagellate swimmers.

Benchmark swimmers Outclassing swimmers
2.490 pm 2.274 pm
-— e
1.743 pm
Monoflagellated swimmers 20V > K
5313 pm N -
1t = 149.881 Nt = 149.441
2.018 ym
1.300 pm
>
\a:0.4rt
Biflagellate swimmers 1.950 pm | \NDNAM- - - - - -- - -
-—
1.557 pm
J, = 0.9551

J, = 1.0920

TABLE IV. Swimming characteristics for benchmark swimmers from [§, [10] and optimized versions from [Table III} The
swimming characteristics are normalized relative to the benchmark.

A A
® ® O < L)%
AN PN

U, /U} 1 1.0618 1 1.1152 1.1338
Q1 /08 1 0.7983 1 1.0251 1.3268
P/P° 1 1.1209 1 0.9994 0.9916

This is due to the large amplitude of the flagellum, which almost reaches the upper limit. Conversely, when power
dissipation is considered, the resulting helical trajectory has a smaller radius. Thus, accounting for power dissipation
significantly impacts the resulting optimal swimmer displacement. To meet the constraint specified in for average
displacement along the e; axis, the algorithm identifies optimal swimmers with a flagellum oriented along the ey axis.
However, a single flagellum induces significant displacement in the e; and e3 directions during its stroke.

2. Biflagellated swimmer

Optimal shape description : Focusing on the translational velocity, J; in , we obtain a rather unusual swimmer
with a much more compact head than those that can be obtained in other types of problem and flagella of very large
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amplitudes (here again the upper limit is almost reached). Because of its similarity in shape, we’ll call this swimmer
Bullhead swimmer. This swimmer is almost 11 times faster than the reference swimmer S°. However, as soon as we
take into account the power expended, Js in , we obtain a more ”conventional” shape. It has an elongated head
with flagella of low amplitude. The swimmer is slightly more than 1.2 times more efficient than the reference swimmer.

Swimming trajectory : As can be seen on the optimal swimmers only move in the e; direction during
their stroke, unlike the reference swimmer. This is due to the second flagellum, which is placed symmetrically and
gives the swimmer a certain stability. The fastest moving swimmer does not take into account the power dissipated,
so we can see the appearance of a particular trajectory where the swimmer moves backwards during the stroke,
allowing him to reach a high propulsion speed along e; while dissipating a lot of power. On the other hand, when the
power dissipated is taken into account, the swimmer adopts a strategy that allows him to make as few ”unnecessary”
movements as possible.

TABLE V. Comparison between the reference swimmer, S°, introduced in and the best swimmers with one and two
flagella found through Bayesian optimization using two cost functions : mean velocity (first column) and mean efficiency
(second column). The first row represents the reference swimmer. The second row displays optimized monoflagellated swimmers,
and the third row shows optimized biflagellate swimmers.

Mean speed Mean efficiency

1.480 pm

1.557 pm

Reference swimmer S°

Jil=1]l=1

2.790 pm

1.103 me Y

17, = 1.5540

1.152 me
Best monoflagellated swimmers

2.263 pm

[l
1.369 pum| {)

. . /4
Best biflagellate swimmers 1.425 pm | BESSZSZS
R Sav

1],| = 1.2477

|1, = 10.908
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FIG. 6. Center of mass trajectories of the reference swimmer S° (blue triangles) compared to optimal swimmers (from [Table V)
optimized for mean velocity (red rounds) and mean efficiency (green squares) for two periods.

TABLE VI. Swimming and geometrical characteristics of optimized swimmers from[Table V] normalized relative to the reference
swimmer S° (see [Table TI)).

Optimization of J; Optimization of Js
= —
[ ¢ N ; o @_
U, /UY 1 3.5980 10.908 1.5196 2.6046
/0 1 5.3728 1.7061 1.3660 1.3993
P/P° 1 3.9366 15.144 0.9785 2.0874
/A0 1 2.5705 1.0169 1.7162 1.9069
R'/R™ 1 4.9985 4.9965 1.0985 1.1745
a/m 0 2.5485¢ 3 0.3686 2.5420e™3 0.1868
B/m 0 1.7318¢73 0.4994 3.0524¢ 72 3.9592¢ 2
/7 0 —2.1914¢73 0.2518 2.3316¢° 1.2893¢2
§/m 0 5.9362¢ 3 —0.2911 4.7056¢3 1.5362¢2

V. DISCUSSIONS

Our results on the shape optimization of flagellated micro-swimmers through Bayesian optimization offer valu-
able insights into the efficiency morphology at the microscale. A notable finding from our study is the significant
influence of flagellar number and positioning on micro-swimmer head shapes as can be seen between and
[Figure 18] and [Figure 17| and [Figure 19} However, our study extends beyond existing research by adopting a bigger
admissible shape space. By doing so, we discover novel and better optimal shapes that diverge from conventional
ellipsoidal designs [8], 111 28] [35], highlighting the importance of considering a new range of morphological possibilities.

An important characteristic of flagella, revealed through optimization, is that while larger flagellar amplitudes result
in higher speeds, they also lead to increased power consumption, as detailed in Amplitude and wavelength
also play an important role in the swimmer’s motion. This counter-intuitive phenomenon was obtained experimentally
where the fastest magnetic helical swimmers had a flagellum close to one turn [36]. This trade-off has significant im-
plications for micro-swimmer design, emphasizing the need for nuanced optimization strategies that balance velocity
with efficiency.

In [Table VI we note certain phenomena common to the mono- and biflagellated cases. In the J;-case , the
angular velocities and the power dissipated are higher than in the other cases, and the flagellum amplitude is almost
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FIG. 7. Time sequence of the velocity field evolution throughout the stroke cycle of the bullhead swimmer. The fluid streamlines
in the plane y = 0 are depicted in white. The colormap represents the fluid velocity along e;. The red arrow indicates the
direction of the swimmer’s displacement. (¢ = 0-0.257) The swimmer exhibits a small recoil. (¢ = 0.57-1.57) The swimmer

moves forward with a peak velocity at ¢t = 7. (t = 1.757) The swimmer experiences a small recoil similar to the start of the
movement.
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FIG. 8. Time-averaged velocity field around optimized swimmers: (first) optimized monoflagellated swimmer for Ji, (second)
optimized monoflagellated for Jo, (third) optimized biflagellate for Ji, and (fourth) optimized biflagellate for J2. The fluid
streamlines in the plane y = 0 are depicted in white. The colormap represents the fluid velocity along e;.

equal to the upper limit chosen. In the Js-case, on the other hand, we obtain lower angular velocities and flagellum
amplitudes. We can also see that the orientation of the flagella, i.e., v and 4, are very small with the exception
for the bullhead swimmer. Additionally, we observe that the optimized monoflagellated swimmer is more efficient
than the optimized biflagellate swimmer (1.5540 > 1.2477). Indeed, the biflagellate swimmer dissipates slightly more
than twice the power of the monoflagellated swimmer. Moreover, the addition of a second flagellum does not result
in a doubling of the translational velocity. An important difference can be seen in between mono- and
biflagellate swimmers. Swimmers with a single flagellum produce helical trajectories. This phenomenon, known as
the Helix Theorem, is described in more detail in [37, [38]. The addition of a second symmetrical flagellum results
in a helical trajectory with zero amplitude, unlike the monoflagellated swimmer. This characteristic is important to
consider in the context of maneuverability. As shown in [39], the second flagellum plays a crucial role in achieving
great maneuverability, particularly in the reorientation of microorganisms.

In contrast to prior works that often focus on optimizing individual parameters incrementally [35, [40], or even testing
different types of flagella [4I] our approach considers the simultaneous optimization of complex head and flagella
parameters. This methodology allows us to achieve generalized optimization results, as demonstrated by the distinct
morphologies observed in single and biflagellated micro-swimmers. Our findings suggest that by incorporating con-
siderations of power dissipation, we can achieve more streamlined head shapes. These shapes are both flattened and
puffed in certain areas, similar to the head of a human spermatozoon [25], with the difference that the attachment
point of our flagella is in the puffed area.
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Two aspects are particularly distinctive for the bullhead swimmer: its shape and its trajectory. Unlike other swimmers,
a low-amplitude recoil appears during its stroke. A study of the fluid in the neighbourhood of this swimmer at eight
different instants during a stroke is described in We observe a low-amplitude backward movement at
te{0,3, %r}, while during the rest of the stroke, the forward displacement is much greater. Additionally, w
characterizes a puller behavior similar to Chlamydomonas reinhardtii [42]. In contrast, other swimmers, as shown in

typically exhibit pusher behavior [2§] due to their ”more conventional” shapes.

VI. CONCLUSION AND PERSPECTIVES

The implementation of a more general parametric optimization of shape has enabled the discovery of new optimal
shapes for micro-swimmers, which were previously represented almost exclusively by ellipsoidal forms. The obtained
characteristics provide a better understanding of the impact of the shapes of the heads and flagella, as well as their
number, on micro-swimming performance.

Future extensions of this work could lead to a better understanding of the forms of micro-swimmers that can be found
in nature or improve the design of micro-robots. While our study has provided new results on the optimal shapes of
flagellated micro-swimmers, many avenues for further exploration remain open. For instance, incorporating advanced
techniques such as machine learning, or different shape spaces as B-spline in [43], could reveal new optimal designs.
Additionally, investigating more complex environments, such as swimmers immersed in viscoelastic fluids or account-
ing for the elasticity of the swimmer, holds significant potential, particularly in micro-robotics. This is especially
relevant in the medical field, where micro-robots must navigate multiple fluids with varying complex characteristics
(often non-Newtonian), which can cause significant reductions in swimming accuracy [44]. The methods presented
in this paper could be instrumental in designing micro-robots that maintain their effectiveness in such challenging
environments.

Supplementary Materials: See supplementary materials (video files) available with the submission on arXiv for

videos of the movements associated with the optimized swimmers and a race between the best swimmers and the
reference swimmer.
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Appendix A: Benchmark swimmers

Detailed presentation of swimmers from the literature are depicted in this appendix. The best swimmer, according
to the inverse efficiency , obtained in [8] by optimizing only the parameters related to the head is described in
and its mesh is displayed in

TABLE VII. Geometric parameters describing the head and the flagella of the optimal bacteria in from [10] by
optimizing only the radius of the ellipsoidal head.

Parameter Value (Dimensionless) Value (Dimensional)

Ry (0.7 x 0.3)71/3 1.245 pm

R2 0.3 x R1 0.374 nm

R3 0.7 x Rl 0.872 pm

A 1 0.74 pm

L 10x A 7.4 um

r 0.05 x A 0.037 pm

A 4.7863 3.542 pm

R A/ (2m) 0.564 pm

kg 21/ A 1.773 pm™*




16

1.743 me \i
f..

‘E” mi@@\_ \L

FIG. 9. Optimal swimmer, in frame (e1,e3) (Left) and in frame (e1, e2) (Right), according to the inverse efficiency from
[8] by optimizing only the radius of the ellipsoidal head. The geometric parameters are presented in [Table VII

In [I0], micro-swimmers are described by a fixed ellipsoidal head, with only the angle o varying to yield the best
swimmer according to the average efficiency at o = 0.4m. The characteristics of the swimmer’s head and flagella
are presented in [Table VIII] [Figure 10| shows the reference swimmer from [I0] on the left, used to normalize speeds
and powers, and the best swimmer with an angle a equal to 0.47 on the right.

1.300 pm
1.300 pm

Ry A A

1.950 ym Ve 1:950 pm

>
1.557 pm

v \N\
e, \ S
T_,e T_,ew 1.557 um

FIG. 10. (Left) Mesh of the reference monoflagellated swimmer from [I0] with o = 0 and the geometric parameters in[Table VII1}
(Right) Example mesh from [I0] for biflagellated swimmer with a = 0.47 and the geometric parameters in [Table VIIIl

TABLE VIII. Geometric parameters describing the head and the flagella of the bacteria in [10].

Parameter Value (Dimensionless) Value (Dimensional)

Ry 0.874 0.65 pm
Ro 0.874 0.65 pm
Rs 1.5R: 0.975 pm
L 3.0 2.2 pm

r 0.067 0.05 pm
R! 0.2 0.15 pm
A 1.0 0.74 pm
ke 0.333 x 2/A = 2.09 2.8 pm~!
l 2r =0.134 0.1 pm

Appendix B: Validation of the BEM.

1. Monoflagellated micro-swimmer

We reproduce here a case from the literature [9] where Slender-Body-Theory (SBT) was used to solve a self-
propulsion problem. The aim is to recover the mean translational velocity and the inverse efficiency for a monoflag-
ellated bacterium according to the number of wavelength N,. This number is related to the total tail length L

by
ANy
L= /
0

ds,

ds ' ds ' ds 5

(dw(S) dy(s) d2(8)>
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where (z(s),y(s), 2(s)) are given by ([[A). The mean translational velocity is normalized by V = w/kg (ITA)-(T)
and the inverse efficiency is given, here, by . The head of the swimmer is taken as sphere of unit radius A = 1.
The geometry of the swimmer considered is referenced in where a =y =8=4§ =0. shows the
comparison between the different results obtained for L/A =5 and L/A = 10 ratio, and those in the paper [9].

TABLE IX. Geometric parameters describing the flagellum of the bacteria in [9].

Parameter Value (Dimensionless) Value (Dimensional)
A 1 0.74 pm
r 0.02A 0.0148 pm
l 2r 0.0296 pm
R A/(@2r)
kg 2w/

5001 ; 5%
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. 1 ‘ -
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> . ~ N x5 O L/A=10,BEM
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0.021 4" O L/A=5,BEM 100 B
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0 1 3 5 6 1 4 5
N)\ N/\

FIG. 11. Comparison of normalized mean translational velocity (Left) and the inverse efficiency (Right) between the results
obtained in [9] (dashes) and our simulations for L/A =5 (round) and L/A = 10 (square).

2. Biflagellated micro-swimmer.

We reproduce a case from the literature [10] where the BEM was used to solve a self-propulsion problem. The aim
is to recover the mean translational and rotational velocities, mean power dissipation, and efficiency for a biflagellate
bacterium, normalizing these quantities by those obtained for a monoflagellated bacterium with the same head and
flagellum shape, as presented on the left in The different quantities are described by equations and
, with respect to the new reference swimmer chosen in shows the comparison between the
results and those in the paper [I0]. The shape of the head is defined by (15). In addition, the second flagellum is
considered to be created by a rotation of 7 around the axis of propulsion e; of the first flagellum, whose junction
point is determined solely by the angle o«. The geometric parameters used for the simulations are shown in
where v =8 =9 = 0.

Appendix C: Numerical Implementation

Stroke discretization : In the simulations, the number of BEM evaluations to compute the different mean values
and is set to four, obtained by rotating the flagella around their axis by angles of 7t with ¢t € {0,1,2,3}.
Choosing 6, 8, or 12 evaluations does not significantly change the average values (relative error less than 10~3), thus
4 evaluations seems be a good choice especially considering the high computational cost of BEM coupled with the
optimization routine.

Symmetry constraint : In order to obtain a varied shape space for the heads of micro-swimmers while limiting the
dimension of the problem due to computational costs and optimization performance, we consider four control points
along the three axes, i.e., M = M x My x M3 = 64 with My = My = M3 = 4. As we are interested in the movement
of the swimmers along the e; axis, it seems natural to consider symmetries along the (e, e3) and (e1,es) planes. To
do this, we apply this symmetry constraint to our control points (since the reference shape we are deforming, H°,
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FIG. 12. Comparison of normalized mean translational velocity (top left), normalized mean rotational velocity (top right),

normalized mean power dissipation (bottom left) and normalized mean efficiency (bottom right) between the results obtained
in [I0] (cross), and our simulations (round).

itself respects these symmetries). All that remains is to determine the position of (64 — 8)/2 = 14 control points (as
explained above, we're not touching the internal control points). We are working in dimension d = 3, so the head
optimization problem is of dimension 14 x 3 = 42. The overall dimension of the optimization problem is d = 42 4+ p
where p is the number of flagellum parameters being optimized.

Trajectory constraint : Additional constraints must be added to ensure that swimmers, on average, do not move
along es or e3 as they swim, described by:

s, |U3| < €01, (C1)

where €;,; > 0 is a chosen tolerance.

Mesh collisions : On top of that, a new constraint must be considered to avoid mesh collisions. Depending on the
shape of the head and the parameters of the flagella, such collisions may occur. To avoid this, we introduce a new
constraint to the optimization problem. The natural constraint would be to consider a binary constraint informing
whether or not the parameters are feasible or infeasible. This type of constraint can be complicated to deal with,
particularly for complicated problems because of its binary discrete nature. It is preferable to work with continuous
constraints. Here, we use a Monte Carlo (MC) method to quantify this: we draw Ny;c = 10° points inside a hypercube
and look at the number of points that are inside, N;,, at least two different convex envelopes associated with the

meshes. Considering the convex envelopes of the flagella allows us to check whether there is an intersection that can
occur when the tail rotates around its axis. The constraint is defined as:

N;

— < 0. C2
Nye — (€2)

The numerical parameters of the optimization problem are described in |Table X| The optimization problem
becomes : for i € {1,2},

sty ) )

Nin/Nrnc<0
|Uz2]|,|Us|<€to1
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TABLE X. Constraints optimization parameters.

Parameter Value Description
5 0.01 Tolerance on head volume conservation 4
Etol 0.001 Tolerance on the average trajectory according to e .
Nye 5¢8 Number of points for the MC method to avoid mesh collisions .
My, Mo, M3 4 Number of control points by direction e, ez and es.
M I3, M, — T (M; — 2) Number of movable control points, i.e./ those at the edge.
T4 m —-0.1 - Bounds in the direction e; for the control points.
1% (I [—r4, ri]);\il Open set for the control points to prevent mesh collapse in (10).
P Number of flagellum parameters being optimized.
d 42+ p Dimension of the optimization problem.
r9OBO min (5000, max (2000, 200 x d)) Candidates generated in the trust region of SCBO algorithm.
q°cBo 15 Number of batches of SCBO algorithm.
LiGEo 0.8 Initial length of the trust region of SCBO algorithm.
L5GBo 0.57 Minimal length of the trust region of SCBO algorithm.
L5gBo 1.6 Maximal length of the trust region of SCBO algorithm.
JCBO 3xd Number of initial points of SCBO algorithm.

Appendix D: A collection of the best swimmers

A set of images illustrating in greater detail the swimmers optimized in this paper in different orientations, as well
as their dimensions.

2274 um
S Ee—

0785 pmi@/\/\

L,e

FIG. 13. Optimal swimmer obtained by the head optimization of the literature swimmer from [§] in the frame (e1,es3) (Left)
and in the frame (e1, e2) (Right).

2.018 ym

s
>
> 1.557 ym

(T

S

==
A
SEe

FIG. 14. Optimal swimmer obtained by the head optimization of the literature swimmer from [10] in the frame (e1, e3) (Left)
and in the frame (e1, e2) (Right).
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FIG. 15. Optimal swimmer obtained by optimising both the head and the « parameter in relation to the literature swimmer
from [I0] in the frame (e1, e3) (Left) and in the frame (e1, e2) (Right).
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FIG. 16. Optimal monoflagellated swimmer (water-drop swimmer) obtained by optimizing all parameters describing the head
and flagellum, taking into account the mean velocity problem Jy in the frame (e1,e3) (Left) and in the frame (ei,e2)
(Right).
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FIG. 17. Optimal monoflagellated swimmer (water-drop swimmer) obtained by optimizing all parameters describing the head
and flagellum, taking into account the mean efficiency problem Jo in the frame (e1,e3) (Left) and in the frame (e1,e2)
(Right).
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FIG. 18. Optimal biflagellate swimmer (bullhead swimmer) obtained by optimizing all parameters describing the head and
flagellum, taking into account the mean velocity problem Ji in the frame (e1, e3) (Left) and in the frame (e1, e2) (Right).
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FIG. 19. Optimal biflagellate swimmer obtained by optimizing all parameters describing the head and flagellum, taking into
account the mean efficiency problem J; in the frame (ey, e3) (Left) and in the frame (e1, e2) (Right).
Appendix E: Convergence graph

Plots of the different convergence graphs of the SCBO Bayesian optimization algorithm applied to the shape
optimization of the various micro-swimming problems studied in this paper.
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FIG. 20. The curves are associated with the best current point during the various iterations and batches. The infeasible region
corresponds to iterations where constraints have not yet been met. (Left) Comparison between the best swimmer in [§] (red)
and the optimal shape while optimizing the head for the inverse efficiency . (Right) Comparison between the best swimmer
in [I0] (red), the optimal shape while optimizing the head with ae = 0.47 (green), and the optimal shape while optimizing the
head and o (blue) for the mean efficiency (I3).
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FIG. 21. The curves are associated with the best current point during the various iterations and batches. The infeasible region
corresponds to iterations where constraints have not yet been met. (Left) Convergence graph for mean velocity problem Ji,
, with one flagellum. (Right) Convergence graph for mean efficiency problem Ja, , with one flagellum.



22

—— Best current value —— Best current value
Infeasible Region —0.81 Infeasible Region
—44 :
-6
Q
-
_8,
_10,
0 500 1000 1500 2000 0 500 1000 1500 2000

k k

FIG. 22. The curves are associated with the best current point during the various iterations and batches. The infeasible region
corresponds to iterations where constraints have not yet been met. (Left) Convergence graph for mean velocity problem Ji,
(13), with two flagella. (Right) Convergence graph for mean efficiency problem J2, (13), with two flagella.

[1] H. Ceylan, I. C. Yasa, U. Kilic, W. Hu, and M. Sitti, Translational prospects of untethered medical microrobots, Progress
in Biomedical Engineering 1, 012002 (2019).

[2] C. K. Schmidt, M. Medina-Sanchez, R. J. Edmondson, and O. G. Schmidt, Engineering microrobots for targeted cancer
therapies from a medical perspective, Nature Communications 11, 5618 (2020).

3] EE. M. Purcell, Life at low Reynolds number, |American Journal of Physics 45, 3 (1977),
https://pubs.aip.org/aapt/ajp/article-pdf/45/1/3/11809839/3_1_online.pdf.

[4] S. Chattopadhyay, R. Moldovan, C. Yeung, and X. Wu, Swimming efficiency of bacterium Escherichia coli, Proceedings of
the National Academy of Sciences 103, 13712 (2006).

[5] C. T. Lefevre, A. Bernadac, K. Yu-Zhang, N. Pradel, and L.-F. Wu, Isolation and characterization of a mag-
netotactic bacterial culture from the mediterranean sea, Environmental Microbiology 11, 1646 (2009), |https://ami-
journals.onlinelibrary.wiley.com/doi/pdf/10.1111/j.1462-2920.2009.01887.x.

[6] S.-D. Zhang, N. Petersen, W.-J. Zhang, S. Cargou, J. Ruan, D. Murat, C.-L. Santini, T. Song, T. Kato, P. Notareschi, Y. Li,
K. Namba, A.-M. Gué, and L.-F. Wu, Swimming behaviour and magnetotaxis function of the marine bacterium strain MO-
1, Environmental Microbiology Reports 6, 14 (2014), https://ami-journals.onlinelibrary.wiley.com/doi/pdf/10.1111/1758-
2229.12102.

[7] M. E. Alshafeei, A. Hosney, A. Klingner, S. Misra, and I. S. Khalil, Magnetic-based motion control of a helical robot using
two synchronized rotating dipole fields, in 5th IEEE RAS/EMBS International Conference on Biomedical Robotics and
Biomechatronics (IEEE, 2014) pp. 151-156.

[8] N. Phan-Thien, T. Tran-Cong, and M. Ramia, A boundary-element analysis of flagellar propulsion, |Journal of Fluid
Mechanics 184, 533-549 (1987).

[9] J. J. L. Higdon, The hydrodynamics of flagellar propulsion: helical waves, Journal of Fluid Mechanics 94, 331-351 (1979).

[10] H. Shum, Microswimmer propulsion by two steadily rotating helical flagella, Micromachines 10, |10.3390/mi10010065
(2019).

[11] K. Ishimoto, Hydrodynamic evolution of sperm swimming: Optimal flagella by a genetic algorithm, Journal of Theoretical
Biology 399, 166 (2016).

[12] Z. Ye, S. Régnier, and M. Sitti, Rotating magnetic miniature swimming robots with multiple flexible flagella, IEEE
Transactions on Robotics 30, 3 (2014).

[13] J. Li, X. Du, and J. R. Martins, Machine learning in aerodynamic shape optimization, Progress in Aerospace Sciences 134,
100849 (2022).

[14] C. Pozrikidis, Boundary Integral and Singularity Methods for Linearized Viscous Flow, Cambridge Texts in Applied Math-
ematics (Cambridge University Press, 1992).

[15] B. J. Walker, R. J. Wheeler, K. Ishimoto, and E. A. Gaffney, Boundary behaviours of Leishmania mexicana: A hydrody-
namic simulation study, Journal of Theoretical Biology 462, 311 (2019).

[16] F. Alouges and M. Aussal, FEM and BEM simulations with the Gypsilab framework (2018), arXiv:1804.00995 [math.NA].

[17] G. Allaire and M. Schoenauer, Conception optimale de structures, Vol. 58 (Springer, 2007).

[18] G. Allaire, C. Dapogny, and F. Jouve, Chapter 1 - Shape and topology optimization, in |Geometric Partial Differential
FEquations - Part 11, Handbook of Numerical Analysis, Vol. 22, edited by A. Bonito and R. H. Nochetto (Elsevier, 2021)
pp. 1-132.


https://doi.org/10.1088/2516-1091/ab22d5
https://doi.org/10.1088/2516-1091/ab22d5
https://doi.org/10.1038/s41467-020-19322-7
https://doi.org/10.1119/1.10903
https://arxiv.org/abs/https://pubs.aip.org/aapt/ajp/article-pdf/45/1/3/11809839/3_1_online.pdf
https://doi.org/https://doi.org/10.1111/j.1462-2920.2009.01887.x
https://arxiv.org/abs/https://ami-journals.onlinelibrary.wiley.com/doi/pdf/10.1111/j.1462-2920.2009.01887.x
https://arxiv.org/abs/https://ami-journals.onlinelibrary.wiley.com/doi/pdf/10.1111/j.1462-2920.2009.01887.x
https://doi.org/https://doi.org/10.1111/1758-2229.12102
https://arxiv.org/abs/https://ami-journals.onlinelibrary.wiley.com/doi/pdf/10.1111/1758-2229.12102
https://arxiv.org/abs/https://ami-journals.onlinelibrary.wiley.com/doi/pdf/10.1111/1758-2229.12102
https://doi.org/10.1017/S0022112087003008
https://doi.org/10.1017/S0022112087003008
https://doi.org/10.1017/S0022112079001051
https://doi.org/10.3390/mi10010065
https://doi.org/https://doi.org/10.1016/j.jtbi.2016.03.041
https://doi.org/https://doi.org/10.1016/j.jtbi.2016.03.041
https://doi.org/10.1109/TRO.2013.2280058
https://doi.org/10.1109/TRO.2013.2280058
https://doi.org/https://doi.org/10.1016/j.paerosci.2022.100849
https://doi.org/https://doi.org/10.1016/j.paerosci.2022.100849
https://doi.org/https://doi.org/10.1016/j.jtbi.2018.11.016
https://arxiv.org/abs/1804.00995
https://doi.org/https://doi.org/10.1016/bs.hna.2020.10.004
https://doi.org/https://doi.org/10.1016/bs.hna.2020.10.004

23

[19] C. Moreau, K. Ishimoto, and Y. Privat, Shapes optimising grand resistance tensor entries for a rigid body in a Stokes flow,
arXiv preprint arXiv:2207.06023 |10.48550/arXiv.2207.06023 (2022).

[20] D. Eriksson and M. Poloczek, Scalable Constrained Bayesian Optimization, in International Conference on Artificial
Intelligence and Statistics (PMLR, 2021) pp. 730-738.

[21] M. Balandat, B. Karrer, D. Jiang, S. Daulton, B. Letham, A. G. Wilson, and E. Bakshy, BoTorch: A framework for
efficient Monte-Carlo Bayesian optimization, Advances in neural information processing systems 33, 21524 (2020).

[22] H. Gadélha, On the optimal shape of magnetic swimmers, Regular and Chaotic Dynamics 18, 75 (2013).

23] A. T. Chwang, T. Y. Wu, and J. Gray, A note on the helical movement of micro-organisms,
Proceedings of the Royal Society of London. Series B. Biological Sciences 178, 327 (1971),
https://royalsocietypublishing.org/doi/pdf/10.1098 /rspb.1971.0068.

[24] J. B. Keller and S. I. Rubinow, Swimming of flagellated microorganisms., Biophysical Journal 16, 151 (1976), place: United
States.

[25] D. J. Smith, E. A. Gaffney, J. R. Blake, and J. C. Kirkman-brown, Human sperm accumulation near surfaces: a simulation
study, |[Journal of Fluid Mechanics 621, 289-320 (2009).

[26] T. W. Sederberg and S. R. Parry, Free-form deformation of solid geometric models, in Proceedings of the 13th annual
conference on Computer graphics and interactive techniques (1986) pp. 151-160.

[27] H. Song, E. Park, H. J. Kim, C.-I. Park, T.-S. Kim, Y. Young Kim, and S. Ryu, Free-form optimization of pattern shape
for improving mechanical characteristics of a concentric tube, Materials & Design 230, 111974 (2023).

[28] E. Lauga and T. R. Powers, The hydrodynamics of swimming microorganisms, Reports on Progress in Physics 72, 096601
(2009)!

[29] J. Happel and H. Brenner, |Low Reynolds number hydrodynamics, 1st ed., Mechanics of Fluids and Transport Processes
(Springer Dordrecht, 1983) pp. XII, 553.

[30] https://github.com/matthieuaussal/gypsilabl

[31] R. Garnett, Bayesian optimization (Cambridge University Press, 2023).

[32] R. B. Gramacy, Surrogates: Gaussian Process Modeling, Design and Optimization for the Applied Sciences (Chapman
Hall/CRC, Boca Raton, Florida, 2020) http://bobby.gramacy.com/surrogates/!

[33] C. E. Rasmussen and C. Williams, |Gaussian Processes for Machine Learning| (MIT Press, 2006).

[34] https://github. com/pytorch/botorchl

[35] A. Acemoglu and S. Yesilyurt, Effects of geometric parameters on swimming of micro organisms with single helical flagellum
in circular channels, Biophysical journal 106, 1537 (2014).

[36] D. Walker, M. Kiibler, K. I. Morozov, P. Fischer, and A. M. Leshansky, Optimal Length of Low Reynolds Number
Nanopropellers, Nano Letters 15, 4412 (2015).

[37] G. Cicconofri and A. DeSimone, Modelling biological and bio-inspired swimming at microscopic scales: Recent results and
perspectives, Computers & Fluids 179, 799 (2019).

[38] M. Rossi, G. Cicconofri, A. Beran, G. Noselli, and A. DeSimone, Kinematics of flagellar swimming in Fuglena gra-
cilis: Helical trajectories and flagellar shapes, Proceedings of the National Academy of Sciences 114, 13085 (2017),
https://www.pnas.org/doi/pdf/10.1073/pnas.1708064114.

[39] Q. D. Tran, E. Galiana, P. Thomen, C. Cohen, F. Orange, F. Peruani, and X. Noblin, Coordination of two opposite flagella
allows high-speed swimming and active turning of individual zoospores, eLife 11, e71227 (2022).

[40] B. Bet, G. Boosten, M. Dijkstra, and R. van Roij, Efficient shapes for microswimming: From three-body swim-
mers to helical flagella, The Journal of Chemical Physics 146, 084904 (2017), https://pubs.aip.org/aip/jcp/article-
pdf/doi/10.1063/1.4976647/13597855/084904_1 _online pdf.

[41] A. Lolli, G. Corsi, and A. DeSimone, Control and navigation problems for model bio-inspired microswimmers, [Meccanica
57, 2431 (2022)

[42] J. S. Guasto, K. A. Johnson, and J. P. Gollub, Oscillatory flows induced by microorganisms swimming in two dimensions,
Phys. Rev. Lett. 105, 168102 (2010).

[43] H. Guo, H. Zhu, R. Liu, M. Bonnet, and S. Veerapaneni, Optimal slip velocities of micro-swimmers with arbitrary axisym-
metric shapes, Journal of Fluid Mechanics 910, A26 (2021).

[44] D. Li, M. Jeong, E. Oren, T. Yu, and T. Qiu, A helical microrobot with an optimized propeller-shape for propulsion in
viscoelastic biological media, Robotics 8,/10.3390/robotics8040087 (2019).


https://doi.org/10.48550/arXiv.2207.06023
https://doi.org/10.1134/S156035471301005X
https://doi.org/10.1098/rspb.1971.0068
https://arxiv.org/abs/https://royalsocietypublishing.org/doi/pdf/10.1098/rspb.1971.0068
https://doi.org/10.1016/s0006-3495(76)85672-x
https://doi.org/10.1017/S0022112008004953
https://doi.org/https://doi.org/10.1016/j.matdes.2023.111974
https://doi.org/10.1088/0034-4885/72/9/096601
https://doi.org/10.1088/0034-4885/72/9/096601
https://doi.org/10.1007/978-94-009-8352-6
https://github.com/matthieuaussal/gypsilab
http://bobby.gramacy.com/surrogates/
http://www.gaussianprocess.org/gpml/
https://github.com/pytorch/botorch
https://doi.org/10.1021/acs.nanolett.5b01925
https://doi.org/https://doi.org/10.1016/j.compfluid.2018.07.020
https://doi.org/10.1073/pnas.1708064114
https://arxiv.org/abs/https://www.pnas.org/doi/pdf/10.1073/pnas.1708064114
https://doi.org/10.7554/eLife.71227
https://doi.org/10.1063/1.4976647
https://arxiv.org/abs/https://pubs.aip.org/aip/jcp/article-pdf/doi/10.1063/1.4976647/13597855/084904_1_online.pdf
https://arxiv.org/abs/https://pubs.aip.org/aip/jcp/article-pdf/doi/10.1063/1.4976647/13597855/084904_1_online.pdf
https://doi.org/10.1007/s11012-022-01567-9
https://doi.org/10.1007/s11012-022-01567-9
https://doi.org/10.1103/PhysRevLett.105.168102
https://doi.org/10.1017/jfm.2020.969
https://doi.org/10.3390/robotics8040087

	Parametric Shape Optimization of Flagellated Micro-Swimmers Using Bayesian Techniques
	Abstract
	Introduction
	Micro-swimmers modelling
	Geometry of Micro-swimmers
	Dynamics of Micro-swimmers
	Numerical Scheme

	Shape Optimization Problem
	Admissible Shape
	Flagella admissible shape
	Head admissible shape

	Statement of the optimization problems
	Bayesian Optimization Applied to Shape Optimization

	Numerical Results
	Outclassing Competing Models
	Shape Optimization of Flagellated Micro-swimmers
	Monoflagellated swimmer
	Biflagellated swimmer


	Discussions
	Conclusion and perspectives
	Acknowledgments
	Benchmark swimmers
	Validation of the BEM.
	Monoflagellated micro-swimmer
	Biflagellated micro-swimmer.

	Numerical Implementation
	A collection of the best swimmers
	Convergence graph
	References


