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Abstract

The Increasing Population Covariance Matrix Adaptation Evolution Strategy (IPOP-
CMA-ES) algorithm is a reference stochastic optimizer dedicated to blackbox optimization,
where no prior knowledge about the underlying problem structure is available. This paper
aims at accelerating IPOP-CMA-ES thanks to high performance computing and parallelism
when solving large optimization problems. We first show how BLAS and LAPACK routines
can be introduced in linear algebra operations, and we then propose two strategies for de-
ploying IPOP-CMA-ES efficiently on large-scale parallel architectures with up to thousands
of CPU cores. The first parallel strategy processes the multiple searches in the same ordering
as the sequential IPOP-CMA-ES, while the second one processes concurrently these multiple
searches. These strategies are implemented in MPI+OpenMP and compared on 6144 cores
of the supercomputer Fugaku. We manage to obtain substantial speedups (up to several
thousand) and even super-linear ones, and we provide an in-depth analysis of our results
to understand precisely the superior performance of our second strategy. These results are
finally confirmed on a local compute cluster with 512 cores

Keywords: Parallel Optimization ; Blackbox Optimization ; Local Optimization ; Large-
Scale Parallelism ; BLAS

1 Introduction
Optimization problems are prevalent in numerous modern scientific and engineering domains,
necessitating increasingly intricate and compute intensive algorithms. They can also be of dif-
ferent nature depending on the application domain, the underlying computational complexity,
the extent of information made available to the solvers, etc. This paper addresses blackbox
continuous optimization problems requiring large-scale parallel architectures. More precisely,
the goal is to find a real-valued solution x ∈ Rn that minimizes (or maximizes) a continuous
objective function f : Rn → R. The function f is given as blackbox, meaning that no pre-
determined mathematical knowledge is available about the function, such as its derivatives or
any information about its structure (e.g. is the function smooth or convex?). A blackbox opti-
mization algorithm then operates by probing f for input x, obtaining the corresponding fitness
value f(x), and proceeding accordingly for the rest of the search process in an iterative man-
ner. Blackbox optimization problems have received considerable attention for being essential
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in many application domains. These include complex engineering models or numerical simu-
lations, and generally application fields where problem specifics remain elusive. For instance,
applications in aeronautics necessitate optimizing aerodynamics through simulations of airflow
around vehicles, nuclear physics involves simulating heat or particle diffusion to optimize the
dimensions of containment vessels, urban transportation systems require optimizing a traffic
flow determined by the patterns of stoplights, etc. Traditional gradient-based approaches
cannot be applied to such problems. This led to the development of various classes of blackbox
optimization algorithms, also known as derivative-free algorithms [36, 17].

We are interested here in the so-called CMA-ES (Covariance Matrix Adaptation Evolution
Strategy) algorithm [27], and more specifically in its IPOP-CMA-ES[10] (Increasing Population
CMA-ES) variant. CMA-ES is a state-of-the-art blackbox optimization algorithm, which is,
along with its variants, the best optimizer in the GECCO black-box optimization competition
[64]. CMA-ES also has applications in many fields: neural networks [42], applied physics and
engineering (e.g. for the design of thermal cloaks [20], optic cloaks [21], lenses [55], gas turbines
[29]), autonomous sailing [45, 44], hydrology [65], sensor networks [5], wind energy [59], solar
energy [34], to cite a few. CMA-ES is an iterative algorithm. At each iteration, it samples
a set of λ points in the decision space (called the population) using a probability distribution
determined by the current mean point and a n× n covariance matrix, with n the dimension of
the objective function f . The qualities of the λ points are evaluated by probing the blackbox
function f and used to update the mean point and the matrix for the next iteration. These
updates involve linear algebra operations and aim at directing the search towards interesting
neighbouring areas in the decision space. The IPOP-CMA-ES[10] (Increasing Population CMA-
ES) restart strategy improves CMA-ES, especially when dealing with complex problems[64].
After a CMA-ES execution (referred to as a descent henceforth) terminates, possibly due to
being trapped in a local optimum, a subsequent CMA-ES descent is initiated with an increased
population size, and this process continues iteratively. This enables IPOP-CMA-ES to employ
increasingly thorough searches, at the cost of more and more function evaluations, to eventually
find better optima.

CMA-ES and IPOP-CMA-ES can be used to tackle challenging blackbox optimization prob-
lems. However, large optimization problems still require a lot of compute power, because the
function evaluations can be individually time-consuming, and/or because many function evalua-
tions (i.e. CMA-ES iterations) can be needed to solve complex problems. Two main approaches
can be distinguished in the literature to accelerate CMA-ES and IPOP-CMA-ES for large op-
timization problems. The first class of approaches focuses on reducing the cost of the linear
algebra operations while attempting to maintain as much effectiveness as possible in gener-
ating new promising solutions. Instead of using a full matrix of n2 parameters, this can be
achieved by storing a reduced number of parameters, resulting in lower costs when updating
and utilizing the matrix. For example, some variants can manage to store k < n vectors of n pa-
rameters [38, 41, 6, 40, 39, 30], or only n parameters [60], or even solely the sampled points[33].
Subsequent works have compared the respective merits of such large-scale variants [70, 57, 69],
considering their reduced ability to retain information about the local function landscape, which
results in less effective convergence and lower quality of the final solution. The second class of
approaches leverages parallelism, essentially performing multiple independent function evalua-
tions [51, 11], while ensuring that the search ability is not affected. This was for example used
for specific application domains [42, 18, 31]. Additionally, certain parameters can be adapted
during the CMA-ES descent [11], in the hope of finding settings which best fit the considered
parallel hardware. Another way of using parallelism is to run multiple CMA-ES descents con-
currently, while trying to improve the convergence of any given descent using information from
the other descents. In the optimization field, this method is known as the island model. Some
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island models were proposed for the original CMA-ES[52, 51, 61]. Such island models have also
been used in specific domains[23, 49, 54], or for multi-objective optimization[13]. Some works
also implement an island model for a large-scale CMA-ES variant [7, 15, 16]. However, to the
best of our knowledge, there currently exists no work on the parallelization of IPOP-CMA-ES,
which implies running descents of increasing population sizes.

In this paper, we thus focus on the use of parallelism and HPC to solve large optimiza-
tion problems with IPOP-CMA-ES by speeding up both the linear algebra operations and the
function evaluations. Our contributions can be summarized as follows.

• We first show how the CMA-ES linear algebra operations can be accelerated thanks to
BLAS and LAPACK routines. This requires the rewrite of some of these operations in
order to introduce more efficient BLAS routines.

• We present two parallel strategies for IPOP-CMA-ES to fully exploit a large number of
CPU cores (up to several thousands). Such a number of CPU cores implies multiple
compute nodes in distributed memory, each node being composed of multiple cores in
shared memory. The goal here is to leverage large-scale parallelism (via multiple nodes)
to benefit from the increasing number of (parallel) evaluations in IPOP-CMA-ES. The
first strategy performs descents in the same order of population size as the original IPOP-
CMA-ES, while the second strategy concurrently processes descents of different population
sizes.

• We thoroughly compare MPI[47]+OpenMP[58] implementations of our two strategies on
6144 cores (128 nodes) of the supercomputer Fugaku in order to determine which one
is the most relevant on such a large-scale parallel architecture. We also present results
obtained on top of 512 Intel Xeon cores in order to fairly support our findings when using a
more conventional HPC compute cluster. Our empirical comparisons are performed using
the reference BBOB[25] (Black-Box Optimization Benchmarking) benchmark configured
with various dimensions and various function evaluation costs. Accordingly, we conduct
a comprehensive analysis to assess the impact of the considered parallel strategies on
both performance and solution quality, as a function of the target function, problem
dimensionality, and evaluation costs.

The rest of this paper is organized as follows. In Section 2, we give some background on
CMA-ES and on IPOP-CMA-ES. In Section 3, we show how we have introduced BLAS and
LAPACK routines, and we describe the proposed parallel strategies. We report our detailed
experimental study on Fugaku in Section 4, and we confirm our results on a local cluster in
Section 5. We finally conclude the paper in Section 6.

2 CMA‐ES with increasing population
We discuss here the main working principles of the Covariance Matrix Adaptation Evolution
Strategy with Increasing Population[10] (IPOP-CMA-ES), starting with the Covariance Matrix
Adaptation Evolution Strategy (CMA-ES) it is based on.

2.1 The Covariance Matrix Adaptation Evolution Strategy
A high-level template of the CMA-ES is given in Algorithm 1. Let n be the dimension of the
function f to be optimized. CMA-ES maintains a best current point m ∈ Rn, also called the
mean. At each iteration, CMA-ES samples a population of λ points in Rn using a multivariate
normal distribution N (m,C) with a mean m and a covariance matrix C ∈ Rn×n. In other
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Figure 1: The CMA-ES sampling process in a decision space of dimension 2. The white dot indicates
the optimum, the red ellipse the normal law, and the red crosses the sampled points.

Algorithm 1 Pseudocode of CMA-ES with population size λ

1: initialize (mean: m, covariance matrix: C, variance: σ, evolution path of σ: pσ, evolution
path of C: pc)

2: while no stopping criterion met do
3: ▷ Perform one CMA-ES iteration ◁
4: for i = 1..λ do
5: xi ← sample_point(m,C, σ)
6: for i = 1..λ do
7: fi ← f(xi)
8: update (m,C, σ, pσ, pc) using (xi)i=1..λ and (fi)i=1..λ

9: return the sampled point with the best quality

words, such a distribution is an extension of the normal law centered at the mean m and
distorted along the width and orientation of the multi-dimensional ellipsoid encoded by the
matrix C (see Figure 1 for an illustration). This allows CMA-ES to adapt the search, and the
underlying sampling process, to the local shape of the function it is optimizing. Specifically,
the mean m, as well as the matrix C, are dynamically updated depending on the quality, that
is the f -values, of the sampled points. Generally speaking, the adaptation of the mean simply
consists in choosing a new mean value based on the best sampled f -values. The covariance
matrix adaptation aims at updating the ellipsoid width and orientation towards the best so-far
sampled points. This implies more complex algebra, having O(λ × n2) complexity. In fact, in
addition to the covariance matrix C, the scale at which CMA-ES searches for new points is
determined by a step-size σ ∈ R. Jointly adapting the step-size σ and the covariance matrix C
is a critical ingredient for the success of the CMA-ES search process. This adaptation process
is controlled using the so-called evolution paths pc ∈ Rn and pσ ∈ Rn, respectively to C and σ.
Without going into further details, the motivation behind using the evolution paths is to allow
CMA-ES to learn from the points sampled so-far in the previous iterations, and to adapt the
search trajectory accordingly, eventually converging more effectively towards the true optimum.
To summarize, at each iteration, CMA-ES sample new points, adapts the sampling parameters
accordingly, and resumes the search for the next iteration, until a stopping condition is met.
The stopping condition in CMA-ES can be typically set according to search status. For further
details behind all of these mechanisms, the reader is refered to the orginal design of CMA-
ES[27, 10].

In the following, we will only recall the mathematical equations necessary to describe our
contributions, specifically the equation for sampling new points and adapting the covariance
matrix. All other algebraic considerations, such as evolution paths and step-size adaptation
mechanisms, follow exactly the same specifications as in CMA-ES. These are not included
here in order to keep the presentation focused. Sampling from the multi-dimensional normal
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Algorithm 2 Pseudocode of IPOP-CMA-ES with initial population size λstart, multiplicative
factor 2, maximum coefficient Kmax

1: K ← 1
2: while K ≤ Kmax and budget not exhausted do
3: initialize (mean: m, covariance matrix: C, variance: σ, evolution path of σ: pσ, evolution

path of C: pc)
4: while no stopping criterion met do
5: process one iteration of CMA-ES (see Algorithm 1, lines 4-8) using m, C, σ, pσ, pc

and with population size K × λstart

6: K ← K × 2
7: return the sampled point with the best quality (over all descents)

law N (0, C) requires two matrices B and D, where B is a matrix containing orthonormal
eigenvectors of C, and D is a diagonal matrix containing the square roots of the eigenvalues of
C. In CMA-ES, we eventally want to sample the point xk ∈ Rn from the normal lawN (m,σ2C).
The corresponding equation can then be written as:

xk = m+ σBDzk, ∀1 ≤ k ≤ λ (1)

where zk ∈ Rn is sampled from N (0, I), with I the identity matrix. Besides, the equation for
adapting the covariance matrix in CMA-ES is as follows:

C ← C + cµ

λ∑
i=1

wrk(i)(yiy
T
i − C) + c1(pcp

T
c − C) (2)

where cµ ∈ R and c1 ∈ R are the learning rate parameters for CMA-ES, wrk(i) ∈ R is a
weight that depends on the rank of the point xi when sorted by it f value (points with better
function values have greater weights, and

∑λ
i=1wrk(i) = 1), and ∀i ∈ J1, λK, yi ∈ Rn is such

that xi = m + σyi [26]. Notice that computing B and D from the matrix C involves an
eigendecomposition, which requires O(n3) operations. Updating other variables like pc or pσ
requires at most O(n2) or O(λ× n) operations and is thus less time-consuming.

2.2 The increasing population restart strategy
CMA-ES is a stochastic search algorithm. Two executions of Algorithm 1 (also referred to as
descents) on the same problem may thus return a different best point as output. As such,
running CMA-ES multiple times can straightforwardly enhance the quality of the final best
solution. The benefits behind such multiple executions depend on the shape of the objective
function. Besides, to identify if the search has eventually converged and if the current execution
must stop, multiple stopping conditions[9] have been proposed. The stopping conditions can
generally be understood as either the function quality not improving anymore, or the function
being locally too flat, or even the sampling distribution being too small (i.e. the mean stops
moving, etc). In such a situation, the search can hence be restarted (i.e. launch a new descent)
in the hope of finding better solutions.

Interestingly, it has then been shown that increasing the population size λ for each new
restart enables better convergence [10] to high-quality solutions. Such an Increasing Population
restart strategy has led to the design of the state-of-the-art IPOP-CMA-ES variant[10, 43, 67, 8].
In fact, IPOP-CMA-ES has been shown to provide the same convergence rate as CMA-ES on
simple functions, while performling significantly better one on many complex functions. The
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corresponding high-level template of IPOP-CMA-ES is presented in the template of Algorithm 2.
It relies on a multiplicative factor of 2 to increase the population size at each restart. The ini-
tial population size λstart is hence multiplied by K = 2i for the i-th CMA-ES execution, with
K ranging from 1 to a user-defined maximum value Kmax, e.g., Kmax = 28. Notice that at
each iteration of a given descent, multiple function evaluations are performed and the number
of function evaluations equals the population size. Since these evaluations are embarrassingly
parallel, IPOP-CMA-ES offers an increasing degree of parallelism along its execution. When
targeting a parallel version of IPOP-CMA-ES, this increasing degree of parallelism is an oppor-
tunity to reach important parallel speedups. however, we need to design a relevant strategy to
deploy at best this varying parallelism degree on a given (fixed) number of CPU cores. For this
purpose, we consider in the next section different parallel strategies.

3 High performance parallel strategies
3.1 High performance linear algebra
3.1.1 Motivation

Depending on the application, the cost of linear algebra within a parallel CMA-ES algorithm
may or may not be negligible. The following are examples of applications where this linear
algebra cost significantly affects performance.

Firstly, there are cases where the cost of a function evaluation is lower or similar to the
linear algebra one. One example is topology optimization [20], where the objective function
involves a simulation using the finite element method. The cost of a single function evaluation
is typically O(N), and occasionally O(N2). In contrast, the cost of linear algebra operations
comes down to O(N2) per iteration, since the O(N3) operations are performed once every N
iterations, with N values up to 4 000.

Secondly, an entire class of functions with low evaluation cost arises in surrogate optimiza-
tion. This technique is commonly used to optimize expensive objective functions. A surrogate
function is constructed using machine learning. The key advantage is that the surrogate model
is significantly less time-consuming to evaluate than the original objective function. For in-
stance, in real-world problems, the computation time can be reduced: from days to milliseconds
in various scientific simulations ranging from high-energy-density physics to oceanic pelagic
stoichiometry modeling [35]; to 3-6 milliseconds in virtual thermal sensor simulations [22]; to
milliseconds in predicting the mechanical performance of materials [71]. However, because the
surrogate model has the same dimensionality as the original function, the associated linear alge-
bra operations remain equally expensive. Moreover, while surrogate models reduce the cost per
evaluation, they are not easier to optimize in terms of the number of evaluations required. For
example, in real-world scenarios, optimization may require: 100,000 surrogate evaluations for
vehicle dynamics control systems [68]; 24 hours for electromagnetic problems [14]; and 24 hours
or more for decentralized energy systems [63]. Thus, optimizing a surrogate model can still
be time-consuming and may benefit substantially from a modest or large parallel architecture.
In such cases, while the majority of CMA-ES computational effort can be devoted to function
evaluations, accelerating linear algebra can still yield significant performance gains. Consider
indeed a scenario where CMA-ES spends in sequential 99% of its time on multiple function
evaluations and only 1% on linear algebra. As per Amdahl’s law, distributing the function
evaluations across 99 CPU cores leads to the non-accelerated linear algebra accounting for 50%
of the total runtime in parallel. In this context, accelerating linear algebra can have a strong
impact on the overall CMA-ES speedup.
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Therefore, accelerating linear algebra may be crucial, depending on the application. In
Section 3.1.2, we thus show how we can leverage BLAS and LAPACK routines to accelerate
linear algebra on a single core. Parallel computation of linear algebra will be investigated in
Section 4.2.

3.1.2 Design

We now consider how standard BLAS and LAPACK routines can be incorporated into CMA-ES
(and, by extension, IPOP-CMA-ES). Our primary goal here is to develop an efficient imple-
mentation of the core operations of CMA-ES, which can then serve as a reliable baseline for
integrating various parallel function evaluation strategies. Let us recall that BLAS (Basic Linear
Algebra Subprograms1) provides high-performance implementations of standard linear algebra
operations: vector operations (Level 1 BLAS), matrix-vector operations (Level 2 BLAS), and
matrix-matrix operations (Level 3 BLAS). LAPACK (Linear Algebra PACKage2) then relies on
BLAS routines to efficiently solve other sophisticated operations, e.g. systems of linear equa-
tions, eigenvalue problems, singular value problems, etc. As previously presented in Section
2.1, each iteration of CMA-ES involves linear algebra operations. Our implementation is based
on the serial C reference code of CMA-ES3. Surprisingly, this implementation does not use any
BLAS or LAPACK call. In fact, matrix multiplications are written using standard loops, and
the algorithm for the eigendecomposition is ultimately from Wilkinson and Reinsch [73]. In
our work, we focus on Level 3 BLAS operations with a cubic time complexity for a quadratic
input data size. These operations provide indeed a linear arithmetic intensity which enables
their effective implementation to highly take advantage of current CPU architectures. We are
then able to improve the reference C implementation of CMA-ES by introducing BLAS and
LAPACK routines, either straightforwardly or thanks to some rewriting of the linear algebra
operations. Specifically, this concerns three steps as discussed in more details in the following.
Notice that among these three steps, we found that the first two were already implemented
in the Fortran source code of the CMA-ES pCMALib library [51] ; but, these optimizations,
and their performance impact (especially for IPOP-CMA-ES), were not presented in the corre-
sponding paper[51]. Moreover, to our knowledge, the last step was not considered before, even
when analyzing the pCMALib Fortran library.

• Firstly, the eigendecomposition of the covariance matrix C can easily benefit from LA-
PACK by using the dsyev routine.

• Secondly, the original equation for the covariance matrix adaptation (as given by Eq. 2)
does not involve any matrix-matrix multiplication. However, since we have that

∑λ
i=1wrk(i) =

1, we can first rewrite Eq. 2 as follows:

C ← (1− cµ − c1)C + cµ(
λ∑

i=1

wrk(i)yiy
T
i ) + c1pcp

T
c .

Let us then denote by M the n× n matrix equal to
∑λ

i=1wrk(i)yiy
T
i . We then have:

∀(r, c) ∈ J1, nK2,Mr,c =
λ∑

i=1

wrk(i)(yi)r(y
T
i )c =

λ∑
i=1

(yi)r(wrk(i)(y
T
i )c) =

λ∑
i=1

Ar,iBi,c

1See: https://www.netlib.org/blas/
2See: https://www.netlib.org/lapack/
3See: https://github.com/cma-es/c-cmaes
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where A is a n × λ matrix containing columns of (yi)i=1..λ and B is a λ × n matrix
containing rows of (wrk(i)y

T
i )i=1..λ, namely:

A =

y1 · · · yk · · · yλ

 , B =


wrk(1)y

T
1

...
wrk(k)y

T
k

...
wrk(λ)y

T
λ

.

Therefore, we can rewritte the covariance matrix adaptation step as follows:

C ← (1− cµ − c1)C + cµA ·B + c1pcp
T
c (3)

where the matrix product A · B can be very efficiently performed thanks to the Level 3
dgemm BLAS. Notice that 2λn affectations are required to create the matrices A and
B, but this cost will be dominated by the λn2 operation cost of the matrix product: the
BLAS performance gain is thus likely to offset (at least partly) these extra affectations.
Moreover, the sizes of the so-defined matrices A and B depend on λ. Consequently, this
makes our BLAS rewriting relevant for IPOP-CMA-ES for at least two reasons. First,
the covariance matrix adaptation is more time-consuming for IPOP-CMA-ES, where the
population size λ = Kλstart is increasing with K and becomes eventually larger than for
a standard CMA-ES execution. Second, since the best dgemm performance is obtained
for large enough matrices, the BLAS gain will be stronger for IPOP-CMA-ES.

• Thirdly, regarding the sampling of new points, as previously depicted in Eq. 1, this implies
only matrix-vector products (since D is a diagonal matrix in Eq. 1). However, we can
generate all of the (xk)k=1..λ sampled points at once as follows:x1 · · · xk · · · xλ

 =

m · · · m · · · m

+ σBD ·

z1 · · · zk · · · zλ

 .

In practice, this only implies λn extra affectations to fill a n × λ matrix with the mean
vector m. Again, this extra cost will be dominated by the matrix mutliplication cost (λn2

operations), and likely be offset by the BLAS performance gain. Moreover, as for the
covariance matrix adaptation step, the matrix sizes here depend on λ which makes this
step more time-consuming, and the BLAS performance gain stronger, when considering
IPOP-CMA-ES.

3.2 The parallel strategies
In this section, we aim at deploying IPOP-CMA-ES on large-scale parallel architectures with
thousands of CPU cores. Such architectures are based on multiple nodes (distributed-memory
parallelism) composed by few multi-core processors each (shared-memory parallelism). We will
thus rely on a hybrid MPI+OpenMP approach, using MPI for inter-process communications
and OpenMP for multi-thread parallelism. In the reminder, we denote by T , the number of
threads in each MPI process. We consider an IPOP-CMA-ES execution flow with consecutive
population sizes K × λstart, K being a power of 2 ranging from 20 to Kmax (see Algorithm
2). For such an IPOP-CMA-ES execution, we propose two generic parallel evaluation strategies
targeting a fixed (arbitrarily large) number of CPU cores. These strategies will then be deployed
in practice on a given HPC compute environment, and their relative perfomance systematically
analyzed and compared in Section 4.
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Figure 2: Illustration of the core occupancy
of a naive version of IPOP-CMA-ES with suc-
cessive parallel descents.
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Figure 3: Illustration of the core occupancy
of the K-Replicated strategy.

3.2.1 Parallelism within a CMA-ES descent

Common to all our parallel strategies, each single CMA-ES descent will be driven by a dedicated
MPI process, hereafter referenced to as the main process. At each iteration of a given descent,
CMA-ES evaluates the objective function f on λ points. These λ evaluations can be performed
in parallel. In order to acheive the best possible parallel speedups, we aim at fully exploiting
this parallelism level by processing each evaluation on a dedicated CPU core. Specifically,
when λ ≤ T , we can distribute the λ evaluations on the T threads of the main MPI process.
When λ > T , we have to rely on multiple MPI processes. The main process will thus first
generate the list of points where the objective function must be evaluated. These points are
then ”scattered” (using the corresponding MPI function) on a set of MPI processes. This sets
an implicit synchronization among all processes involved in the same descent. Each of these
MPI processes will evaluate the function on its points (using its T threads), and the objective
function values are finally ”gathered” (using again the corresponding MPI function) back to
the main process. Finally, we will also consider standard multi-thread parallelism for the linear
algebra operations (of Section 3.1.2) performed in each single descent. This will be detailed in
Section 4.2. In the next two sections, we describe the parallel evaluation strategies.

3.2.2 The K-Replicated strategy

As illustrated in Figure 2, the first idea that may come to mind when designing a parallel
IPOP-CMA-ES execution, is to successively run each descent of increasing K-value using the
parallelism available within each descent (as described in the previous section). The clear
drawback of such an approach is the overall low CPU core occupancy. In fact, since a descent
with a large K-value have a higher degree of parallelism, most of the CPU cores will be unused
for the other descents with smaller K-value.

A first solution, hereafter referred to as ‘K-Replicated‘, is to replicate the current descent
(at a given K-value) into multiple, independent descents (using the exact same K value but a
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Algorithm 3 Pseudocode of the K-Replicated strategy. The global communicator
MPI_COMM_WORLD (containing all MPI processes) and Kmax are used for the initial
call.

procedure K-Replicated(communicator, K)
if K > 1 then

my_rank ← MPI_Comm_rank(communicator)
size ← MPI_Comm_size(communicator)
my_half_comm ← MPI_Comm_Split(communicator, my_rank ≤ size /2,
my_rank) ▷ splits ‘communicator‘ in two halves of equal size
K-Replicated(my_half_comm, K/2)

if K ≤ Kmax then
CMA-ES descent(communicator, K × λstart)

20 21 22 23
Kmax
22

Kmax
2 Kmax

. . .

. . .

Figure 4: Illustration of the K-Distributed algorithm.

different seed) until all the computing resources (cores) are used This is illustrated in Figure
3. The number of replicated descents is then c/(K × λstart), where c is the total number of
CPU cores available. This strategy implies more simultaneous parallel descents at the begining,
when K is small, and fewer descents when K is larger. On one hand, a full usage of the CPU
cores is guaranteed. On the other hand, since CMA-ES is a stochastic algorithm, the additional
replicated descents can help finding better solutions. In other words, the K-replicated strategy
exploits all the available CPU cores by replicating multiple descents with the same K-value.
These concurrent descents increase the chances of finding better solutions for the stochastic
IPOP-CMA-ES algorithm.

Regarding the implementation, we notice that once two K descents are finished, their as-
signed resources can be used for a subsequent 2K descent. This can be efficiently implemented
as in the recursive Algorithm 3 using a hierarchy of MPI communicators, which represent sets
of MPI processes that can exchange messages [47]. New communicators can be created by
specifying subsets out of a previously existing communicator; Each process of the parent com-
municator indicate which child communicator it belongs to. The global communicator is thus
split until the resulting communicators are small enough to be used for descents with K = 1.
Then, each time a pair of K = 2i descents from a same parent communicator is finished, the
control flows back up to this parent communicator for a K = 2i+1 descent. This is repeated
until Kmax is reached. In order to have a distinct random generator seed in each descent, we
rely on the current time multiplied by the rank of the MPI process in the global communicator.

3.2.3 The K-Distributed strategy

We now consider a second strategy to leverage parallelism among multiple CMA-ES descents for
large-scale parallel architectures, which stems from three observations. Firstly, a descent using
a population size λ can be sped-up up to a factor of λ (provided the communication and linear
algebra times are short enough). Secondly, one may assume that a descent using a population
size K × λstart may take, roughly, K times as long to reach a given quality as when using a
poulation of size λstart. This can be interpreted as CMA-ES taking in more information about a
local landscape of the function before making the choice of where to move next, which requires
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more time. The benefit of using a larger population size is that, in many cases, the decision will
be more ’informed’, causing CMA-ES to avoid being trapped in a local optimum for longer, and
ultimately finding better solutions before the end of the descent. Finally, although the previous
assumption seems reasonable, from a very general perspective, there could also be cases where,
for some quality ranges on some objective functions and for some K-values, a K×λstart descent
will be faster or slower than K times the duration of a λstart descent. This is because the
optimal population size should depend on the properties of the function’s landscape. Note that,
for complex functions, the local landscape properties can change depending on the region of the
search space or on the scale it is observed at.

From the first and second observation, we can reasonably expect that several descents, each
with a different population size λ and each running on λ CPU cores, will generally improve
the quality of their current best solution for roughly the same amount of computation time.
Then, from the third observation, we can expect that, thanks to their different population sizes,
some of these parallel descents will be faster than others to reach certain qualities. Therefore,
running a range of population sizes in parallel may provide better results than running sev-
eral descents with the same population size, as K-Replicated does. This leads us to consider
running concurrently all descents with a distinct K value each. As illustrated in Figure 4, the
log2(Kmax) + 1 descents are executed at the same time, each with a population size equal to
K×λstart, for K = 20, 21, 22, ..,Kmax. We refer to this algorithm as ‘K-Distributed‘. We imple-
ment it with MPI by splitting the initial communicator into log2Kmax +1 sub-communicators,
each containing twice as many processes as the previous one.

4 Experimental results on Fugaku
In this section, we conduct a step-by-step performance analysis on the supercomputer Fugaku of
the different parallel and high performance strategies described before. We first start describing
our experimental set-up including the setting of the optimization benchmark functions, the
considered parallel computing environment and how our parallel strategies are specified for
the Fugaku hardware. Then, we report the benefits of using sequential and multi-threaded
BLAS/LAPACK routines for CMA-ES. Our main results dealing with the different parallel
strategies are then reported and analyzed in a comprehensive manner.

4.1 Experimental setup
Firstly, for the purpose of comparing the considered algorithms from a pure optimization per-
spective, we consider the COmparing Continuous Optimizers (COCO) [28] framework provid-
ing an implementation of the Black-Box Optimization Benchmarking (BBOB)4 test suite [25].
BBOB is a state-of-the-art blackbox test suite, used in particular in a reference workshop held
yearly in the well-established Genetic and Evolutionary Computation Conference (GECCO).
More than 200 algorithms were already benchmarked within this framework. BBOB provides
a set of 24 continuous functions exposing different properties believed to represent a relatively
broad range of blackbox optimization problems that one may encounter in practice. All func-
tions are available in multiple dimensions: in this paper we will study dimensions 10, 40, 200
and 1000. It is to be noticed that algorithms benchmarked using the BBOB functions, and the
underlying COCO framework, usually fix as a budget the total amount of function evaluations
that an algorithm is allowed to query. However, although the time it takes to query one black-
box function evaluation may vary across different BBOB functions of different dimensions, the
BBOB test suite does not allow to explicitly control the evaluation times, which are in fact

4See also: https://numbbo.github.io/data-archive/bbob/
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very short (less than 9ms in dimension 1000 on average across all functions). In practice, the
time to evaluate a blackbox function directly impacts the overall CPU time required to run an
algorithm. It is hence an important feature to account for when fairly assessing the performance
of a parallel optimization algorithm. In fact, this has a direct impact on the computation grain
size (i.e. the amount of work performed by each ”task” in parallel). Therefore, in our work, and
in addition to the broad range of functions provided by the BBOB test suite, we also consider
to accommodate different blackbox evaluation times by adding artificial additional times to the
BBOB function evaluations. For dimensions 10 and 40, for which BBOB functions have low
evaluations costs, we consider additional costs of 1ms, 10ms and 100ms. This will allow us for a
more comprehensive and realistic performance assessment of the considered parallel algorithms.
In fact, having such evaluation times, even for small dimensions, is commonly encountered in
function optimization. For instance, Roussel et al.[37], use CMA-ES for parameter estimation
with objective functions of dimension 8 and evaluation costs in the order of magnitude of the
second. Evaluation costs may be even larger when scientific simulations or neural networks are
involved. For example, using CMA-ES to find hyper-parameters for neural network training
can necessitate 5 or 30 minutes in dimension 19[42]. Other examples of evaluation times in-
clude: groundwater bioremediation (about 8 minutes)[50], aerodynamics of a shape (about 3
or 11 minutes)[32], molecular docking (4 hours)[46], automotive crash simulation (about 17 or
29 hours)[19] ; and neural network trainings for computer vision (0 to 30 minutes)[12] or for
document classification (average of 2.5 or 5.8 hours)[66].

Secondly, for the purpose of studying the parallel performance of our algorithms on large‐scale
parallel architectures with thousands of CPU cores, we consider running our algorithms on top
of the supercomputer Fugaku. In June 2024, Fugaku was the fourth most powerful supercom-
puter in the TOP500 list[3], and the first in the world in the HPCG list[2] and in the GRAPH500
BFS list[1]. This massively parallel supercomputer contains 158,976 A64FX CPUs, which are
ARM-based architectures developed by Fujitsu with 48 compute cores and 4 assistant cores
each[56, 62]. The A64FX is divided in 4 CMGs (core memory groups) of 12 cores each. Each
CMG is a NUMA (non-uniform memory access) node. Indeed, the memory space of the CPU
consists of a set of HBM2 high-bandwidth memory and 2 levels of cache for each of the 4
CMGs. The CMGs communicate between each others and with the network using a ring bus.
The A64FX CPUs are connected by the Tofu Interconnect D [4], a 6D torus topology. For our
experiments, we consider using 128 A64FX CPUs of the Fugaku, representing a total of 512
CMGs and 6,144 compute cores.

Regarding our implementations, they are all based on the serial C reference code of CMA-
ES5, which we modified to integrate the BLAS/LAPACK routines and the MPI+OpenMP
parallelization. They are compiled with the Fujitsu C Compiler (version 4.11.1), the Fujitsu
OpenMP and MPI libraries, and the Fujitsu thread-parallel implementation of BLAS/LAPACK.
We let the C reference code set default values for all parameters, except for the initial mean m,
the initial variance σ and λstart. In order to better adapt to the BBOB search space, we indeed
set at the start of each CMA-ES descent the initial mean m to a point selected uniformly at
random in the BBOB search space, and the initial variance σ to 1/4 of the search space width.
Regarding λstart, the usual setting is of the order of magnitude of ten. In order to obtain the
best parallel speedups and to compare our strategies on a large number of CPU cores within a
single setting, we target the processing of each evaluation on a dedicated CPU core (see Section
3.2.1). For our MPI+OpenMP performance tests on Fugaku, we thus choose to have λstart = 12.
This way we can have T = 12 threads in each MPI process: the K × λstart evaluations of a
K descent are thus performed with K MPI processes with T threads each. Each A64FX runs
4 such MPI processes, i.e. one per CMG as usually done with NUMA architectures. For K-

5See: https://github.com/cma-es/c-cmaes
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Replicated we set Kmax to 29 which leads to Kmax×λstart = 29×12 = 6144 parallel evaluations
executed on 6,144 cores (512 CMGs, 128 A64FX) for the final descent. For K-Distributed, we
set Kmax to 28 which leads to (

∑8
i=0 2

i)× λstart = 511× 12 = 6132 parallel evaluations on 511
CMGs. The K-Distributed strategy thus uses 12 fewer cores than the K-Distributed one, but
this is the fairest comparison we can make between these two strategies. We let the sequential
IPOP-CMA-ES execute with Kmax = 29, and we ensure that this is the sole process running
on the CMG of its core, so as to prevent cache interference with other processes. To keep our
experiments manageable in a reasonable time, the execution limit is set to 12 hours of wall-
clock time. Except for Section 4.2 (BLAS/LAPACK tuning), we conducted 20 runs for each
function and each strategy in dimensions 10 and 40. Due to time constraints, we performed at
least 5 runs for each in dimensions 200 and 1000.

4.2 Linear algebra performance results
We start our analysis by studying the performance impact of introducing the BLAS/LAPACK
routines in three linear algebra steps described in Section 3.1.2. Figure 5 shows the performance
gains with respect to each step, each step being executed sequentially for various dimensions
and for various K-values with λstart = 12. Figure 5a reports the performance gain of using
LAPACK specifically with respect to the eigendecomposition operation in CMA-ES. LAPACK
enables us to accelerate the eigendecomposition step for problems of dimensions 40 and above,
and significantly for problems of dimensions 200 et 1000 (up to 15.3x), where the C matrix is
large enough to benefit from the LAPACK performance optimisations. Notice that for a rela-
tively small dimension of 10, we found that using LAPACK leads to a performance loss, which
is because the matrices maintained by CMA-ES are so small for such a dimension. However,
since in dimension 10 the eigendecomposition accounts for only 9% of the overall linear algebra
runtime (averaged over the 24 functions of BBOB), the overall loss in performance is negligible.
Figure 5b presents BLAS performance gains with respect to the adaptation of the C covariance
matrix. We distinguish here gains obtained when directly using Level 2 BLAS in Eq. 2 (see
Section 2.1), and gains obtained with Level 3 BLAS thanks to our rewriting proposed in Section
3.1.2. While the use of Level 2 BLAS does not offer performance gains in dimensions 10, 40
and 200, our new computation scheme based on Level 3 BLAS offers very significant perfor-
mance gains (up to 190x), especially for higher problem dimensions. The extra affectations (see
Section 3.1.2) are thus offset by the BLAS gain, even for the lowest dimension. As for the
sampling operations, as reported in Figure 5c, we observe that using Level 2 routines directly
in equation 1 (see Section 2.1) can only provide some gain for dimensions greater than 10.
However, when the operations are rewritten using Level 3 routines (see Section 3.1.2), we are
able to accelerate the reference C code for any dimension, with gains stronger than for Level 2
BLAS. Again the extra affectations (see Section 3.1.2) are offset by the BLAS gains. Finally,
in Figure 5d, we report performance gains due to the sampling operations, but this time in a
different context. The gain is computed with respect to all the linear algebra part (i.e. both
sampling at lines 4-5 and update at line 8 in Algorithm 1), and not just to the sampling step
like in Figure 5c. The eigendecomposition uses LAPACK and the matrix adaptation uses Level
3 BLAS, whereas Level 2 or Level 3 BLAS are used for the sampling. Although the gains
obtained solely for the sampling may be deemed relatively small compared to the ones obtained
solely for the covariance matrix adaptation, using Level 3 BLAS for the sampling operations
still has a relatively substantial impact when LAPACK and BLAS routines are already used
to optimize the other linear algebra steps. For instance, this enables us to increase the overall
gain over the C reference code from 1.5 to 2.5 for all the linear algebra operations in dimension
1000. As a final remark, regarding the sampling and the adaptation steps, one can see stronger
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Figure 5: a) Performance gains for the eigendecomposition of the C matrix when using LAPACK over
the reference C code (written without LAPACK). b) , resp. c) Performance gains for the adaptation
of the C matrix (resp. for the sampling) when using Level 2 or Level 3 BLAS over the reference C
code (without BLAS). d) Performance gains over the reference C code (without BLAS and LAPACK)
for all the linear algebra part, with LAPACK for the eigendecomposition and Level 3 BLAS for the C
matrix adaptation, when using Level 2 or Level 3 BLAS routines for the sampling. The IPOP columns
correspond to a IPOP-CMA-ES execution with successive descents using K from 1 to 28.

gains for K = 28 and for IPOP-CMA-ES than for K = 1. This is due to the larger population
sizes, which lead to larger matrices. This shows that BLAS/LAPACK routines are even more
relevant for IPOP-CMA-ES than for CMA-ES, the IPOP-CMA-ES increasing population sizes
becoming eventually larger than the CMA-ES ones.

For completness, we report in Table 1 the proportion of CPU time linear algebra opera-
tions consume relative to the total execution time of IPOP-CMA-ES, with and without Level 3
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Table 1: Proportions (averaged over all BBOB functions) of the linear algebra runtime within the
overall runtime of a sequential execution of IPOP-CMA-ES (with λstart = 12 and Kmax = 28) as a
function of whether it is accelerated using Level 3 BLAS and LAPACK.

Dimension
Accelerated 10 40 200 1000

no 38% 36% 44% 69%
yes 33% 21% 18% 21%

BLAS / LAPACK routines. As we can see, BLAS/LAPACK becomes increasingly effective at
reducing the proportion of linear algebra computations as the dimension increases. High dimen-
sionnality is a key factor that makes an optimization problem hard, making our linear algebra
rewrites particularly valuable for tackling harder problems. Thanks to our BLAS/LAPACK
rewrites, the linear algebra part is now minority in the overall IPOP-CMA-ES runtime. Using
additional costs for the evaluations (see Section 4.1) will make the linear algebra part even more
minority.

Finally, we tuned our BLAS/LAPACK implementations to determine the optimal number
of threads (up to a maximum of 12) for each dimension. We found that dimensions 10 and
40 run best with 1 thread, dimension 200 with 4 threads and dimension 1000 with 12 threads.
This aligns with the observation that larger dimensions entail larger matrices, which can be
effectively managed by BLAS/LAPACK with a greater number of threads. However, the sizes
of the involved matrices are not large enough, and the best speedup we obtain for running
BLAS/LAPACK on multiple threads is 1.4×, for dimension 1000 with 12 threads. Due to this
limited speedup , we believe that we would not benefit from distributing the linear algebra
operations over multiple MPI processes (i.e. over more than 12 cores). That is why we chose
to perform the linear algebra operations in parallel using only multi-threading within one MPI
process (the main one for each descent, see Section 3.2.1), and up to 12 threads.

Now that we have accelerated the linear algebra operations, with BLAS/LAPACK routines
and as much as possible via parallelism, the time spent on function evaluations is the majority
in the IPOP-CMA-ES execution time; hence, making the relevant parallelization of function
evaluations of high importance. We will thus now focus on our two proposed parallel strategies.

4.3 Parallel performance results
In this section, we delve into the performance behavior of the proposed K-Replicated and K-
Distributed parallel algorithms. A thorough and fair performance assessment of our parallel
evaluation variants requires to discuss two aspects. Firstly, although the function evaluation
time can significantly influences the overall performance, it cannot be explicitly controlled in
the COCO implementation of the BBOB functions. Hence, one has to adopt a more robust
approach to assessing parallel performance relative to function evaluation time. Secondly, due
to the stochastic nature of the considered algorithms, K-Replicated and K-Distributed are not
expected to deliver exactly the same output as the sequential IPOP-CMA-ES. Consequently, it
is essential to carefully define a metric that allows us to fairly evaluate the ability of the different
algorithms to reach high-quality solutions within reduced time-frames. In the next subsection,
we begin by discussing the methodology we adopt to address these two aspects. Subsequently,
we present our findings and state our main results.
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4.3.1 Performance assessment methodology

Function evaluation time. We first analyze the relevance of the additional costs introduced
in Section 4.1, by reporting in Figure 6 the share of MPI communications in the total runtime
of a K = 28 descent involving 256 MPI processes. When considering zero additional cost,
the time spent in MPI communications (scatter and gather operations) is limited for the main
process, but is the vast majority of the total time for an other process involved in the parallel
descent. This is because the linear algebra part is only performed in the main process and leads
to important waiting times for processes other than the main one in their MPI communications
(namely at the scatter level). The linear algebra part can thus be a potential performance
bottleneck when scaling on a large number of CPU cores. When adding extra costs in the
function evaluation, one can see in Figure 6 that the MPI communication shares (i.e. the
relative cost of the linear algebra part with respect to the total time, as well as the data
transfers themselves) strongly decrease, until becoming a minority. Hence, these extra costs
enable us to also ’simulate’ real-life cases (see Section 4.1) where the linear algebra should not
be a performance bottleneck.
Solution quality. Since the optimal solutions of the BBOB functions are known, we can eval-
uate the quality of a solution relative to the optimal one. In our work, we measure quality by
the difference ϵ between the function value of the best solution found so far by an algorithm
and the function’s optimal value. Since the considered algorithms are stochastic, we get inspi-
ration from the so-called Expected Runtime (ERT) [24] in order to aggregate the quality results
obtained from multiple runs using different seeds for a same algorithm. The ERT defines the
empirical average time (over the different seeds) it takes for an algorithm to hit a solution of
a given target quality ϵ. Notice that two scenarios can happen. In the case all the runs of
an algorithm were successful to hit the target quality ϵ, the ERT is simply the average of the
hitting times. In the case some runs were unsuccessful within the maximum affordable budget,
we can assume that the algorithm could have been restarted for a new run until a success is
observed. The time until a new run is successful can then be viewed as a random variable,
which average value can be empirically estimated in a straightforward manner using the data
available from the (other) successful runs at hand. Hence, the ERT value is simply defined as
the sum of the execution times of all runs (including unsuccessful ones) divided by the number
of successful runs. Notice that for the ERT to be correctly defined, at least one run must be
successful. The reader is referred to [24] for more details.

Furthermore, it is well known that the relative behavior of an optimization algorithm de-
pends on the tackled function, i.e., no algorithm is better than all others for all functions.
Besides, not all algorithms can hit the same range of targets on all functions. Some al-
gorithms are even not able to reach the same target that other algorithms can reach for
the same function. Consequently, this raises a number of qualitative and quantitative ques-
tions, i.e., which algorithm is able to reach a given quality? which algorithm reaches it
faster than the others ? what relative speedup can be obtained for a given solution qual-
ity? etc. In particular, parallel speedups cannot be defined in the conventional manner
used in parallel computing. Instead, we consider nine fixed target quality values, namely
ϵ ∈ {102, 101.5, 101, 100.5, 100, 10−2, 10−4, 10−6, 10−8}. These values are the same as the ones
used in the COCO framework [28]. They are intended to represent a range of target quality
going from easy, to moderate and difficult to achieve. For each given pair of BBOB function
and target quality ϵ, we can then fairly analyze the relative ERTs achieved by the considered
algorithms. In the following section, we define the speedup achieved by an algorithm over an-
other one, with respect to a given BBOB function and a given target quality ϵ, as the ratio of
the ERTs achieved by the two algorithms.
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Table 2: Speedups obtained by the two parallel strategies over the sequential IPOP‐CMA‐ES, aggre-
gated over the different pairs of BBOB functions and target qualities, for various function dimensions
and function granularities. ’<’ (resp. ’>’) stands for the number of function-target couples for which
K-Replicated reaches the target quality before (resp. after) K-Distributed. Function-target couples are
accounted for when both parallel algorithms reach the target quality, so the sum of the counts may vary
with the dimension and the granularity.

Dimension 10 10 10 10 40 40 40 40 200 1000
Additional cost 0 1ms 10ms 100ms 0 1ms 10ms 100ms 0 0
K-Replicated
avg. speedup 1.1 83 159 219 8.6 70 160 176 59 23

std. dev. 4.0 234 432 639 24 171 520 618 183 55
min. speedup 0.1 0.1 0.6 3.7 0.0 0.1 0.5 3.9 0.1 0.1
max. speedup 30 1620 2995 5018 206 1182 3861 5121 1614 425

</> 13/182 15/182 10/188 23/170 9/173 9/174 13/170 35/148 28/134 20/107
K-Distributed

avg. speedup 2.7 115 201 169 17 171 419 736 392 70
std. dev. 3.2 259 378 255 39 302 799 2884 1580 257

min. speedup 0.5 0.6 2.1 7.7 0.3 0.7 1.8 8.0 0.3 0.5
max. speedup 20 1610 1901 2071 267 1645 3857 18080 13944 2397

4.3.2 Overall parallel speedup

In Table 2, we summarize some basic statistics concerning the speedups obtained by our two par-
allel strategies over the sequential IPOP-CMA-ES. This sequential IPOP-CMA-ES leverages our
Level 3 BLAS / LAPACK rewrites (with one thread) so as to focus here on the speedups obtained
thanks to MPI+thread parallelism. More precisely, Table 2 reports the average, the standard
deviation, the minimum and the maximum, speedups obtained respectively by K-Replicated
and K-Distributed over the different pairs of BBOB functions and target qualities. The results
are reported for each considered function dimension and function granularity. Additionally,
the row ”</>” of Table 2 offers a direct comparison : each function-target pair is counted in the
left-hand (resp. right-hand) number when K-Replicated reaches the target quality before (resp.
after) K-Distributed. For example, the first cell with value 13/182 reads as K-replicated has
better ERT than K-Distributed on 13 function-target pairs, whereas K-Distributed has better
ERT than K-replicated on 182 function-target pairs. Two main observations can be extracted
from Table 2.

Firstly, we can clearly see that K-Distributed (despite using a little less CPU cores) provides
almost always a better average speedup than K-Replicated. The only exception is for dimension
10 with 100ms additional cost. Interestingly, even in such a case, as shown in the ”</>”
row, the number of function-target pairs where K-Distributed is faster than K-Replicated is
substantial. This holds true with no exception independently of the setting of the dimension
and the additional cost. Moreover, we managed to obtain very high maximum speedups (over
functions and targets) for both strategies, as soon as the computation grain or the dimension
are large enough. It is also interesting to note that we even obtain ’super-linear’ speedups for
K-Distributed. This happens for dimension 40 with a function additional cost of 100ms, as well
as for dimension 200, where the maximum observed speedup of K-Distributed is respectively
18080× for function f7 with target 10−6, and 13944× for f18 with 10−2, which is substantially
larger than the 6144 cores used. One should indeed recall that the considered parallel strategies
do not imply exactly the same search behavior as serial IPOP-CMA-ES. Hence, these results
support the fact that, for some specific functions/targets, the considered parallel strategies are
able to show better search behavior than the original serial algorithm. Secondly, we can clearly
see in Table 2 that the function evaluation granularity as captured by the considered additional
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Table 3: ECD value reached by each algorithm for the final timestamp of K-Distributed for various
dimensions and granularities.

Dimension 10 10 10 10 40 40 40 40 200 1000
Additional cost 0 1ms 10ms 100ms 0 1ms 10ms 100ms 0 0

Sequential IPOP 72% 31% 24% 21% 67% 34% 34% 33% 48% 39%
K-Replicated 29% 82% 83% 83% 75% 74% 78% 78% 65% 57%
K-Distributed 82% 82% 83% 82% 78% 79% 79% 80% 75% 64%

costs has a deep impact on the obtained speedups. Except for one case (when increasing
the additional cost from 10ms to 100ms in dimension 10 for K-Distributed), the speedup of
the parallel strategies over the serial algorithm increases indeed consistently with the function
evaluation cost.

At this stage of the presentation, let us remark that although Table 2 provides a global
view of the achieved speedups, the reported statistics are still to be very carefully interpreted.
In particular, computing a speedup value can only be performed when both the sequential
IPOP‐CMA‐ES and the parallel strategy were successful in hitting a given target. This means
that the average speedup values shown in Table 2 discard the pairs of function/target where at
least one algorithm was not able to hit the considered target. Generally speaking, we observed
that the harder a target is, the more likely it is for serial IPOP-CMA-ES to be unsuccessful. This
is exactly why the overall average speedup values reported in Table 2 decreases when going from
dimension 200 to dimension 1000. However, such a decrease is not to be attributed to a parallel
performance loss as the problem dimension increases. It is instead to be attributed to the fact
that many target values cannot be hit by serial IPOP-CMA-ES. Hence, a more fine grained
assessment of the behavior of the different parallel strategies is needed to fully appreciate the
benefits of the designed strategies, in particular as a function of problem dimension. This is to
be studied in more detail in the next section.

4.3.3 Empirical cumulative distribution analysis

In this section, we analyze the relative performance of the considered algorithms using the so-
called Empirical Cumulative Distribution Functions (ECDF) [48] as introduced in the COCO
benchmarking framework6. An empirical (cumulative) distribution function F : R → [0, 1] is
defined for a given real-valued data set, such that F (t) equals the fraction of elements in the
data which are smaller than or equal to t. In an optimization setting, the ECDF is to be viewed
as a measure of how many ’problems’ a stochastic optimization algorithm can solve on average
for a given time budget t. For the purpose of our analysis, we consider the data-set containing
the (function,target,run)-triplets labeled with the timestamp at which the algorithm was able to
find a solution hitting a specified target value. The ECDF then counts for every timestamp t the
proportion of (function,target,run)-triplets labeled with a timestamp smaller than or equal to
t. In other words, the ECDF counts the proportion of targets that an optimization algorithm is
able to hit as a function of the elapsed time t, i.e., the higher the proportion, the more powerful
an algorithm.

The ECDF curves across all dimensions and without an additional cost are reported in
Figures 8, a) b) c) d). Notice that an ECDF curve positioned to the left of another one indicates
a more powerful algorithm. Notably, the K-Distributed’s curve is almost always the leftmost
which suggests that, without specific knowledge of a function landscape, K-Distributed is the
superior choice. Similarly, the K-Replicated’s curve is to the left of the sequential IPOP-CMA-

6https://numbbo.github.io/coco-doc/perf-assessment/\#empirical-distribution-functions
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(a). Dimension 10 (no additional cost)
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(b). Dimension 200 (no additional cost)
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(c). Dimension 1000 (no additional cost)
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(d). Dimension 40 (no additional cost)
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(e). Dimension 40, additional cost of 1ms
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(f). Dimension 40, additional cost of 100ms

Figure 8: ECDF (i.e. rates of function-target couples reached for a given runtime) of each algorithm
for various dimensions and granularities.

ES one for most of the execution time. This ECDF analysis thus confirms the conclusions
from Section 4.3.2: both parallel strategies outperform the sequential IPOP-CMA-ES, with
K-Distributed being the most effective.

Next, we analyze the dynamics of the algorithms with respect to function dimension. Firstly,
higher dimensions show a larger gap between the parallel variants and the sequential IPOP-
CMA-ES, leading to greater speedups for the parallel variants. Secondly, for each dimension,
there is a cross-over ECD value where each parallel curve crosses and stays to the left of the
sequential curve, meaning the parallel variant is generally better than sequential IPOP-CMA-ES
for solving problems past this point. Sequential IPOP-CMA-ES is therefore faster only for the
very easiest targets and, as the dimension increases, these cross-over values decrease, making
the parallel variants the better choice for a broader range of problems. Thirdly, in Table 3, we
report the ECD values for each algorithm at the final timestamp of the K-Distributed strategy.
We observe that ECD values decrease with increasing dimension, especially at dimensions 200
and 1000. However, for these high dimensions, the parallel strategies show greater ECD values
than the sequential IPOP-CMA-ES, K-Distributed having the greatest ones. Thus, as dimension
increases (which makes optimization problems more challenging), the benefits of our parallel
variants, particularly K-Distributed, become more pronounced. Furthermore, in Figures 8 d)
e) f), we report ECDF curves for different granularities at dimension 40 (dimension 10 leads to
similar results). As with dimension, a higher granularity widens the gap between the parallel
strategies and the sequential IPOP-CMA-ES. A higher granularity increases the gap between K-
Distributed and K-Replicated for ECD values greater than 0.4, making K-Distributed a better
choice for more time-consuming problems.

Finally, we observe specific effects in certain dimensions and granularities. In dimension
1000 (see Figure 8c), the sequential IPOP-CMA-ES stops at a lower ECD value due to the time
limit, which prevents us from computing parallel speedups for many targets hit by our parallel
strategies (see Section 4.3.2 and the lower average speedups for dimension 1000 in Table 2).
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Table 4: log2K (averaged over 20 executions) of the first descent to reach a given quality for a K-
Distributed run in dimension 40 (no additional cost). ’‐’ indicates that no descent reached the target.

targets
function 102 101.5 101 100.5 100 10−2 10−4 10−6 10−8

1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
2 2.2 2.4 2.4 2.7 2.8 3.0 2.8 2.8 2.7
3 0.7 3.0 - - - - - - -
4 1.3 5.1 - - - - - - -
5 0.1 0.1 0.1 0.0 0.1 0.1 0.1 0.1 0.1
6 0.1 0.1 0.1 0.3 0.4 1.1 1.0 1.2 1.3
7 0.3 0.6 1.9 3.9 4.5 4.8 4.8 4.8 4.8
8 0.3 0.7 1.4 1.6 1.6 1.7 1.8 1.8 1.9
9 0.3 0.8 1.7 1.9 1.9 2.0 2.0 1.9 1.9
10 1.8 1.6 1.8 1.7 1.9 2.0 2.0 2.0 2.1
11 3.0 2.9 2.9 3.0 2.8 2.6 2.6 2.5 2.6
12 0.2 0.3 0.7 0.9 1.1 1.2 1.2 1.6 1.6
13 0.0 0.1 0.1 0.7 1.2 2.4 2.6 3.1 3.1
14 0.1 0.0 0.0 0.0 0.0 0.1 1.5 2.4 2.6
15 0.6 2.1 4.2 5.6 6.4 6.5 6.5 6.5 6.5
16 0.5 1.0 1.2 0.9 1.6 6.9 7.2 7.5 7.0
17 0.0 0.0 0.0 0.0 0.3 1.5 2.4 3.5 4.0
18 0.1 0.1 0.1 0.5 1.2 3.7 5.4 5.7 5.7
19 0.0 0.0 0.1 1.6 1.9 - - - -
20 0.0 0.1 0.1 0.0 6.9 - - - -
21 0.6 0.1 0.1 2.0 2.5 2.3 2.3 2.3 2.3
22 0.0 0.1 1.4 1.4 1.0 - - - -
23 0.2 0.2 0.2 5.0 1.9 3.3 - - -
24 1.0 4.2 5.0 5.7 - - - - -

However, past the last ECD value reached by sequential IPOP-CMA-ES, the slope of the curves
for the two parallel strategies do not bend, showing that these strategies are actually highly
efficient in high dimension. This is why, along with the parallel speedups, ECDF profiles are
necessary to appreciate the full extent of the performance of our strategies. Notice that, in
dimensions 10 and 40 for all granularities, K-Replicated’s final runtime reaches slightly more
targets than K-Distributed, but only long after K-Distributed is over. This is because we have
let K-Replicated run up to Kmax = 29 (as opposed to Kmax = 28 for K-Distributed) and
because K-Replicated’s design involves more descents. This enables K-Replicated to perform
more exploration, at the cost of a much greater budget.

4.4 Impact of the population size
In this section, we analyze the effect of the population size on K-Distributed’s performance. In
Figure 9, we show the convergence profiles for each distinct population size of K-Distributed on
two illustrative BBOB functions. We can see that the value of the population size allowing to
reach the fastest a function quality depends both on the considerd function and the considered
quality. For an easy target quality, or for a function with a very simple shape (such as the sphere
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function f1), the descents underlying K-Distributed are clearly ordered by K value (hence by
population size) : the K = 20 descent is better than the K = 21 one, which is better than
the K = 22 one, and so forth. However, for a more complex function (such as f17) and for
more challenging target qualities, some descents may stop being competitive after a given time,
ordered by the value of K. We also see that the time before a descent stops being effective
highly depends on the underlying population size. To support these observations, we report
in Table 4 the average log2K value of the first descent to find a solution for the considered
functions and targets. We clearly see that lower population sizes are better suited in the first
stages of the search (i.e. for the columns with the highest power of 10). However, for relatively
difficult targets the best population size varies substantially, with log2K ranging from 0.1 to 7.5.
Notice that these targets correspond to the highest speedups of K-Distributed over sequential
IPOP-CMA-ES. Besides, the best population size highly depends on the considered function,
and no population size is inherently better than another. Consequently, since we lack a reliable
way to predict which population size is more effective, the best strategy is to give an equal
chance to each size and start them all at the beginning of the execution, which is precisely
how K-Distributed operates. Moreover, let us emphasize that in the design of K-Distributed
parallel evaluation strategy, the number of cores used is proportional to the population size.
This makes the duration of the iterations closer among the different population sizes. As a
result, the convergence of each descent operates on a more similar time scale. Without such a
parallel evaluation, the descent with larger population sizes would require much more time and
would be less competitive compared to the ones with lower population sizes.

5 Experimental results on a local cluster
The results discussed in the previous section were obtained using the supercomputer Fugaku.
This could raise the question of whether the conclusions drawn can be generalized to more
accessible computing platforms, which might constitute an issue from a reproducibility and
HPC perspective when assessing the performance of a parallel algorithm. This is precisely the
goal of this section, where we consider running the different algorithms using a relatively smaller
local cluster. Specifically, we use the gros cluster of the Grid’5000 platform7 equipped with 124
nodes, each node having one Intel Xeon Gold 5220 CPU with 18 cores. In order to make our
experiments manageable, and due to the restrictions imposed by internal usage rules of the
Grid’5000 platform, we fix the time limit to 1 hour for all experimented algorithms. The
parameters underlying our initial experimental set-up (including the benchmark functions, the
additional cost controlling function evaluation granularity, and the values of λstart and Kmax)
remain unchanged. But since the number of available CPU cores is much lower here than on
Fugaku, we cannot process each evaluation in parallel on a dedicated CPU core. Therefore, we
use only one thread per MPI process, and at each iteration of CMA-ES each thread processes
λstart = 12 evaluations in serial on one CPU core. This enables us to consider 12 time less
CPU cores, hence up to 512 using 29 nodes. Although this setup may not yield the maximum
possible speedups, it provides a fair basis for evaluating and analyzing the relative performance
of the parallel techniques and strategies under consideration within a smaller, more typical HPC
environment. Due to space constraints, we only focus in the following on how our previous key
findings translate with respect to: (i) the introduced BLAS/LAPACK optimizations, and (ii)
the proposed parallel evaluation strategies.

Firstly, we report in Figure 10 the performance gain obtained by the BLAS and LAPACK
operations as discussed previously in Section 3.1.2, and subsequently analyzed in Figure 5d on

7See: https://www.grid5000.fr

22



K=1
K=28IPO

P

10

0
1
2
3
4
5
6
7
8
9

10

Ga
in

K=1
K=28IPO

P

40
K=1

K=28IPO
P

200
K=1

K=28IPO
P

1000

machine=gros eigenLimit=activée(limité à 20%)

dimension

Level 2 BLAS Sampling
Level 3 BLAS Sampling

Figure 10: Performance gains on one Xeon core over the reference C code (without BLAS and LAPACK)
for all the linear algebra part, with LAPACK for the eigendecomposition and Level 3 BLAS for the C
matrix adaptation, when using Level 2 or Level 3 BLAS routines for the sampling.

Fugaku. From Figure 10, it is clear that the BLAS and LAPACK optimizations introduced in
the CMA-ES reference C code are valid when implemented and executed on one Xeon core of
the considered local cluster. Besides, we can see that the gains offered by BLAS and LAPACK
for the CMA-ES algebraic operations are even better compared to the ones obtained on Fugaku.
In fact, we here obtain up to ×10 gain against solely ×2.5 gain previously. Let us emphasize
that we did not customize our code in anyway on such an environment, but we simply relied on
the standard Intel oneAPI Math Kernel Library to run our code properly on this architecture.

Secondly, we report in Figure 11 the ECDF profile obtained by the different experimented
algorithms. As discussed previously, the ECDF allows us to provide a fair idea on the relative
performance of the different algorithms independently of the considered functions or quality
targets. This figure is to be contrasted with Figure 8 reported previously for the supercomputer
Fugaku. We can see that, with few exceptions, the results from Figure 11 are fully consistent
with the ones obtained on Fugaku: For relevant function computation grains or dimensions, the
ECDF curves indicate that K-Distributed is overall better than K-Replicated, which is better
than sequential IPOP-CMA-ES, demonstrating that the parallel evaluation strategy implied
by the designed K-Distributed is the most accurate when parallelizing IPOP-CMA-ES. For
completeness, we can notice few changes in the relative performance of the parallel algorithms,
which happen only for the function settings having the smallest computation grain, namely
dimension 10 and dimension 40 without additional function evaluation cost. In particular, we
can see that in the latter situation, the gap between K-Distributed and K-Replicated is less
pronounced relatively to the Fugaku experiments. We believe that this is to be attributed to
the difference in performance between the high performance TofuD [4] Fugaku interconnect,
and the standard Ethernet network underlying the considered Grid’5000 local cluster. More
precisely, the former offers a 6.25 GB/s maximum theoretical throughput against a 40.8 GB/s
one in the Fugaku environment. For low computation grain or dimension, the low K-value
descents (more numerous in K-replicated) are indeed less communication sensitive than the
descents with greater K-values. Notice however that the relative gap in performance between
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(b). Dimension 200 (no additional cost)
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(c). Dimension 1000 (no additional cost)
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(d). Dimension 40 (no additional cost)
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(e). Dimension 40, additional cost of 1ms
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Figure 11: ECDFs, obtained on the local cluster, of each algorithm for various dimensions and granu-
larities.

the two parallel strategies becomes significant as soon as slightly higher function evaluation
grains or dimensions are experimented, which demonstrate the relevancy of our parallel design.
Lastly, we found that the speedups obtained on the local cluster are lower than those obtained
on Fugaku. This is without surprise since in the local cluster setting, our experiments employ
only 512 CPU cores (against 6144 CPU cores on Fugaku), and 12 function evaluations are
performed by each CPU core (while these 12 function evaluations were performed in parallel on
12 cores on Fugaku). Notice however that we found that the overall parallel efficiencies (that is
the ratios between the achieved speedups and the number of cores) remain similar in the two
experiments.

To summarize, this additional set of experiments demonstrates that our techniques are not
limited to deployment on large-scale supercomputers such as Fugaku. They remain effective and
worth considering even when only a more modest local cluster is available. This also highlights
the portability and adaptability of the proposed methods, making them accessible to a broader
range of end-users, especially from the optimization community. Moreover, the consistency of
the observed performance trends across different hardware platforms reinforces the robustness
of our approach and its practical relevance in real-world HPC scenarios.

6 Conclusion
In this paper, we investigated two parallel strategies for the IPOP-CMA-ES (Covariance Matrix
Adaptation Evolution Strategy with Increasing Population) algorithm, designed for large black-
box optimization problems on thousands of CPU cores. Both strategies leveraged BLAS and
LAPACK routines to accelerate linear algebra operations, which required the rewriting of some
operations to successfully benefit from the more efficient Level 3 BLAS. The first approach,
K‐Replicated, performs multiple descents with identical population sizes, increasing the popu-
lation size as descents conclude and thus mirroring the progression of IPOP‐CMA‐ES. On the
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other hand the second strategy, K‐Distributed, adapts IPOP-CMA-ES differently by initiating
all descents simultaneously, each with a distinct population size.

Thanks to experiments on the supercomputer Fugaku, using MPI+OpenMP implementa-
tions on 128 A64FX CPUs of 48 cores each (6144 cores in total), with a reference blackbox op-
timization benchmark extended with coarser computation grains, we showed that these parallel
strategies greatly improved on the convergence speed of the original sequential IPOP-CMA-ES,
reaching speedups up to several thousand. Notably, K‐Distributed outperformed K‐Replicated
in the vast majority of cases. Moreover, due to its concurrent processing of multiple descents
with distinct population sizes, K-Distributed occasionally exhibited super-linear speedups up
to 18080× on 6144 cores. We complemented these results with a detailed analysis of the su-
perior performance of K-Distributed. According to our results, if one has a given allocated
time on a large-scale parallel architecture, we recommend running K-Distributed and possibly
restarting each descent once finished until the time is up. Moreover, additional experiments
conducted on a local cluster with 512 cores demonstrate that the proposed techniques are not
specific to Fugaku, highlighting their relevance and applicability across a broader range of HPC
environments.

This study opens up several interesting research avenues. The proposed large-scale tech-
niques could serve as a basis for parallelizing other CMA-ES variants, such as the large-scale
ones[38, 41, 40] Additionally, they could be integrated with other optimization heuristics, such as
global optimization [53] or hyper-parameter tuning [42]. Furthermore, investigating methods to
predict the most effective CMA-ES population size for an objective function, either beforehand
or at runtime, could strongly benefit to both sequential and parallel blackbox optimization.
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