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ABSTRACT. This paper is concerned with the homogenization of nanoparticle suspensions when
resonant behaviors are involved, leading to unusual results, such as high incoherence or scattering. At
first glance, this seems incompatible with homogenization, which only applies to the coherent part of the
electromagnetic response of the suspension. Homogenization procedures must be based on averaging
the response of many statistical samples of the suspension, characterized by their size and shape. The
focus is on the effect of the agglomerate shape, which is explored by considering elliptical samples of
the suspension of different aspect ratio; a section is devoted to the problem of scattering by an ellipse.
We show that incoherence is not an intrinsic characteristic of a medium, but a function of its shape.
Hence, it is possible to go from a restricted to an unrestricted homogenization just by changing the shape,
which does not affect the resulting effective refractive index.

1. INTRODUCTION

In a context of global warming, the development of innovative materials for improving the performance
of renewable energy sources is an acute need. An important family among these is that of heterogeneous
materials composed of nanoparticles, with structures that allow for the tuning of optical properties [1,2].
One such example is the use of nanoparticles deposited on solar cells to increase absorption [3].
Numerical simulations offer the possibility of exploring how these optical properties relate to the
refractive indices and textural properties (arrangement, concentration and size) of the heterogeneities.

However, representative simulations of random materials can only be obtained by sampling a
representative volume element (RVE). The exact resolution of Maxwell’s equations for these systems
can quickly become very expensive in terms of time and computer resources. In order to circumvent this
issue, it is common to homogenize the heterogeneous medium and then work with the effective
properties. Usually, effective medium theories (EMTSs), such as Maxwell-Garnett [4] or Bruggeman [5],
are used to compute an effective refractive index for an idealized homogeneous equivalent to the
heterogeneous sample. However, these approximations are quite limited in scope, and a more
sophisticated homogenization procedure is needed in general. Our motivation in this paper is to explore
cases where even a sophisticated method is tested to its limits, to figure out if homogenization is even
possible in such instances.

The paper is structured as follows. Section 2 is devoted to a discussion on the link between radiative
transfer and homogenization, along with important concepts of homogenization, such as the coherent
and incoherent parts of the field. A summary of the homogenization procedure is made afterwards. In
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Section 3, we briefly develop the theory of light scattering by a homogeneous ellipse, i.e., the shape we
chose for the evaluation of the sampled volume elements. Finally, Section 4 details the results of
homogenization of nanoparticle ensembles in challenging situations, where either incoherence or
scattering are high. We show that incoherence is not an intrinsic characteristic of a medium, but a
function of its shape. Hence, it is possible to go from a restricted to an unrestricted homogenization just
by changing the shape, which does not affect the resulting effective refractive index.

2. RADIATIVE TRANSFER AND HOMOGENIZATION

In order to describe radiative transfer in materials, approximate solutions to the Radiative Transfer
Equation (RTE) are often employed. In the transport approximation, for example, the solution is
constructed as a function of the transport scattering coefficient o;,- and the transport extinction coefficient
B+, the difference between the two being the absorption coefficient « [6]. In the independent scattering
regime, where the interaction between particles can be disregarded, these three phenomena can be related
to the single-particle cross-sections and the density of the heterogeneities [7]. However, for non-
negligible inter-particle interactions, the so-called dependent scattering regime, the direct computation
of the coefficients in the general case is still an open question. For the particular case where the
considered medium is homogenizable, that is, when an effective refractive index n,r, describing its
electromagnetic behavior can be computed, the following extinction coefficient can be computed [8]:

4m
Kext = TIm(neff)' ey

For an inhomogeneous medium to be unrestrictedly homogenizable, it needs to be composed of non-
resonant scatterers that are smaller than the wavelength [9,10]. In these circumstances, the most common
EMTs can be applicable. However, these theories are incapable of describing certain situations, such as
resonant nanoparticle suspensions [11]. Moreover, if the size of the scatterers is non-negligible, then
scattering inside the medium emerges [12] and homogenization becomes restricted [13]. A restricted
homogenization means that the effective refractive index only describes a part of the general
electromagnetic response: the coherent component. The part that cannot be accounted for by an effective
index is called the incoherent part. The coherent-to-incoherent ratio tends to decrease with the size of the
individual scatterers. Therefore, one can consider that the concept of homogenization stops making sense
whenever this ratio is below a certain threshold, as it only describes a negligible part of the general
electromagnetic response. However, the particle size is not the only criterion that leads to restricted
homogenization; it can be so even if scatterers are very small compared to the wavelength, whenever
resonant interactions are found in the medium [9,11].

Let us consider an inhomogeneous medium that is homogenizable, meaning it is possible to find an index
ner s that describes its coherent electromagnetic behavior. To do that, one can take a finite sample of the
macroscopic medium and calculate the refractive index that a homogeneous equivalent would need to
possess to produce the same electromagnetic response. Because only a finite sample was evaluated, its
effective index will deviate by an amount §n, ¢ from the exact value. Accordingly, the electromagnetic
behavior of this sample can be split into a mean component and a fluctuating one:
{ E(r) = (E)(r) + 8E(1), )

H(r) = (H)(r) + 6H(r),

where E and H are the electric and magnetic fields, respectively; (-) is the mean field arising from n, ¢
and & - the fluctuating part due to 8n;. By definition, (§E) = (§H) = 0. Thus, in order to get rid of



the fluctuating part and extract the accurate value of n,, it is clear from Eq. (2) that we need to consider
averages of the physical quantities of interest over a sufficient number of configurations or statistical
samples of the medium.

In practice, we generate and simulate the electromagnetic response of a great number of configurations
of a very large randomly generated texture with a certain filling factor f. Each configuration will sample
a certain portion of the space, with a particular spatial arrangement of the scatterers. The simulation is
carried out by a direct method via the use of the multiple-sphere T-matrix method [14,15]. In short, this
allows the exact computation of the response of all the scatterers of the agglomerate to an incoming field
by taking into account the multiple scattering between particles. Multiple scattering is accounted for via
the use of the addition theorem, which links together multipolar expansions of the fields in the coordinate
systems of each particle [16,17]. As a result, we have access to the scattered fields of each configuration
(Esc and Hy,). It is then possible to compute the mean total Poynting vector using:

(Suae) = 3 Re((Ese X Hic)), ©

where -* stands for the complex conjugate. Using the definition of the fields given in Eq. (2), Eg. (3) can
be rewritten into:

1 1
(Stot) = ERe((Esc> X <H;c>) + ERe«aEsc X 8Hsc>)' (4)

where the first term corresponds to the coherent part of the Poynting vector (S,,5) and the second to its
incoherent part (Sincon)-

Using these quantities, the exact procedure for homogenization is as follows:

e Compute S, of the inhomogeneous medium.
e Compute the Poynting vector (S},,,) Of an homogeneous medium with refractive index 1oy, .
e Fit Spom 10 Scon. When the match between the two is satisfactory, then n. ¢ = npom.

For this procedure to be accurate, the number of configurations is a crucial parameter. Taking too few
may lead to a badly defined coherent part, which results in a poor extraction procedure. On the other
hand, too many configurations lead to intractable simulation times. The other important parameter to
consider in these simulations is the size of each configuration; it needs to be a RVE of the medium
[18,19]. If it is too small, then the interactions between particles inside each configuration might not be
representative of the typical interactions found in the global medium, which will introduce a bias in the
obtained value for n .

To the best of our knowledge, the shape of the individual configurations has not been studied as a
significant parameter for homogenization. Spherical samples are usually considered [10,11,20,21], as
the fitting procedure can rely on the well-established Mie theory for the equivalent homogeneous sphere
[22]. The goal of this article is to test whether using other shapes has an effect on the procedure and the
obtained results, by comparing the results obtained for elliptical samples to those of circular ones. The
study was conducted using 2D media to avoid the computational burden that would be required for a 3D
study.



3. LIGHT SCATTERING BY A HOMOGENEOUS ELLIPSE

Light scattering by an elliptical particle is less known compared to light scattering by a circular particle
for which many textbooks exist [23,24]. Therefore, let us first derive the equations that we are going to
need before examining the homogenization results. Starting from the Helmholtz equation, it was
demonstrated that it is possible to use the separation of variable to solve it in elliptic coordinates [25].
Let us define the electric field as E(&,n) = f(¢)g(n), where & and n are the elliptical coordinates. By
inserting this separation in the Helmholtz equation, one can derive the two following equations:

fazg
I Fp2 T 1A= 2qcosCmlg(m) =0,
L(’)_EZ +[1— 2q COSh(ZE)]f(f) =0,

where A is the characteristic value and q the Mathieu parameter. In our case, q is linked to the wave
number k and the eccentricity ¢ of the ellipse via 4qg = (kc)?2. From onwards, we use the notation of
Abramowitz [26] and Meixner [27], alongside with their normalization. The solutions of Eq. (5) first line
are called angular Mathieu functions and are given by Eq. (20.2.3) and Eq. (20.2.4) of [26], whereas the
solutions of Eq. (5) second line are called radial Mathieu functions and are given by Eqg. (20.6.7-20.6.10)
of [27].

Now let us consider a plane wave with wavelength A and temporal dependence e =t traveling inside a
medium with refractive index n,, (often considered as vacuum) impinging on an ellipse with major axis
a, minor axis b and refractive index n, at an angle 8, from the x-axis. The magnetic field is parallel to
the z-axis, transverse—magnetic (TM) polarization, whereas the direction of propagation is perpendicular
to it, so:

H;nc(x, y) — Hoe—ikm(xc0590+ysin90)’ (6)

where k,,, = 2mn,, /A is the wavenumber in the host medium and H,, the amplitude of the incident wave.
Following Meixner’s approach, such a plane wave can be decomposed into the sum of Mathieu functions
as follows [27]:

+00

HIPS@Em) = Ho ) (~D"men (=00, qm)Mes” (£, qm)men(n, am), ™

n=-—oo

where me,, is the angular Mathieu function of order n and M e,(ll) is the first radial Mathieu function of
order n. Upon interaction of the incident wave on the ellipse, an outgoing scattered field is emitted,

which can be represented using the elliptical traveling wave function M e,(f). Inside the ellipse, the field
can be represented with the same kind of expression as the incident field, except for the substitution

Am — (qe:

( <
HEOEm) = Ho ) buMe & ammen(n,am),
o ®)
k Hzint (& m) =Hy nzz_oo CnMer(Ll) (&, qe)men(n,q.),



where b,, and c,, are the scattering and interior coefficients to be determined, respectively. The radial
and tangential fields can be computed using [25]:

( 1 1 Jd (H,
| b= 5 (2)
Wf\/cosh2 & —cos2ndn
! . ©

1 0
L T l‘*’e\/cosh2 & —cos2n0¢ (_>'

where € can either be the permittivity of the medium €,,, or the ellipse €,.. Imposing the usual continuity
condition of the axial and tangential components at the interface of the ellipse - defined by § = ¢, =

> Zin (a+Z) -, it is possible to compute the coefficients b,, and c,,. Using the asymptotic expression of the

modified Mathieu functions M e(3) given in [28], the final expression of the far-field flux scattered by
the ellipse is obtained after some more algebra that is not reproduced here for the sake of space, and is
given by the following expansion:

2

> (0 bymen (i, am) (10)

n=-—oo

Flp) = —
1 - wk,,

The goal of the homogenization procedure will be to compare ||S x|l to F(n) to obtain the effective
refractive index.

4. HOMOGENIZATION OF RESONANT INTERACTING NANOPARTICLES

Let us consider a medium made of nanoparticles, with a radius r, = 100 nm and complex refractive
index n. These nanoparticles are randomly distributed with a filling factor f,, = 15% inside a boundary
whose shape can be a circle with radius R, or an ellipse with major and minor axis definedas A = R /t
and B = R, /+/T, respectively, where T = A/B. This definition ensures that the ellipse and the circle
have the same surface and thus the same number of particles inside. Some examples of ellipses with
R, =5 um and different t are represented in Figure 1(a). All averages will be taken over 1000
configurations with the same 7 value. Each agglomerate of nanoparticles is illuminated by a plane wave
with TM polarization and wavelength A = 10 pm.

In a previous article [9], we found that homogenization was challenging for the following particle
refractive indices: n; = 0.029 + 1.732i and n, = 0.044 + 1.129i. The first case corresponds to a
regime where incoherence is high, a situation in which homogenization is by definition restricted.
However, unlike the common belief that incoherence is an indicator of scattering in the medium [13],
scattering was found to be negligible in this case. On the contrary, little incoherence and strong scattering
were found in the second case, which also renders homogenization questionable, as a homogeneous
medium should not present internal scattering. Furthermore, this case requires a very large RVE,
rendering simulations cumbersome [19].

Figures 1(b)/(c) display the ratio of incoherence to mean flux as a function of R, for different ¢ for
refractive indices n, and n,, respectively. The expectation is that all configurations would become more
similar with an increase in the agglomerate radius, thus leading to a reduced incoherent response (i.e.,
limRa%m(cﬁ) = 0). This is indeed the case for the simulations carried out with n,, as shown in Figure
1(c). However, it is possible to find cases for which the incoherence does not have a stable behavior, but
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Figure 1. (a) Examples of ellipses with R, = 5 um, where each shape is labeled by its t value. (b)
Ratio of incoherence to mean flux as a function of R, for different = for calculations made with
n = n,. (c) Same as (b), but for n = n,. (d)/(e) Real/imaginary parts of the effective refractive index
as a function of R, for different T for n = n,. (f)/(g) Same figure, but for n = n,.

oscillates with the radius, as in Figure 1(b). What is more, this strange behavior is observed for all values
of 7. Whereas the oscillations for T > 1 (main axis perpendicular to the propagation) seem attenuated,
this is not the case for circular configurations or ellipses with T < 1. This means that incoherence is not
an intrinsic characteristic of a medium, as it is possible to increase or reduce its amount just by changing
the shape of the configurations.

Regarding the numerical results of the homogenization procedure, Figures 1(d,e) display the real and
imaginary parts of the effective refractive indices obtained for n = n; as a function of R, for different
7. By increasing R, a clear convergence towards a single value is observed, irrespective of 7. This is a
clear illustration of the concept of RVE: the larger the configuration, the more representative it is of the
medium, and therefore the better the homogenization. In addition, this proves that homogenization using
elliptical configurations is possible and agrees well with the result obtained with a circular shape (t =
1). Interestingly, homogenization with moderate incoherence (z = 3) gives the same results as
homogenization with higher incoherence (z < 1). Note that in the first case, the homogenization can be
considered unrestricted, whereas in the second case, it is restricted. This implies that the quality of
homogenization is independent of the amount of incoherence. This result runs opposite to the widely
held assumption that high incoherence implies that homogenization is not possible.

The extraction of the real/imaginary parts of n..r from n = n, is displayed in Figures 1(f)/(g). The
homogenization does not converge towards a single value, but strongly depends on z. This is especially
true for the imaginary part. To get more insight into this particular case, the coherent and incoherent
scattering far-field flux diagram for configurations with R, = 12 pm are represented in Figure 2, as a
function of 7. It seems that the fit for t = 1/10 is not able to successfully reproduce the back-scattered
radiation. In contrast, for T = 10, it is the radiation scattered perpendicular to the forward direction which
is underestimated. These results suggest that the homogenization for these two cases is probably less
trustworthy than the others tested t. However, for the three other cases, the fit matches perfectly the
coherent flux. Therefore, in the absence of any other indicator, it is not possible to discriminate which of
these values, if any, is the true one. Most probably, the RVE is still bigger than the tested agglomerate
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Figure 2. Scattering far-field flux diagram for n = n, and R, = 12 um, as a function of angle and
eccentricity (t). The radial axis is in logarithmic scale. Only half of the polar angles are shown, as the
diagrams are almost perfectly symmetric.

radius, implying that the extraction procedure, as implemented in this work, is still biased. For
computation reasons, we were not able to pursue the investigation further.

5. CONCLUSIONS

To homogenize a heterogeneous medium made of interacting nanoparticles, one can compare the
coherent far-field flux of a number of configurations to the far-field flux of a homogeneous equivalent;
by matching the two, the effective refractive index can be retrieved. The three main parameters for such
procedure are the number, the size and the shape of the configurations. The first two were already
extensively studied and are linked to the concept of RVE. In this paper, we investigated the impact of
the shape of individual configuration on the homogenization by comparing the effective refractive index
obtained with ellipses and circles.

After having summarized the scattering theory for ellipses, we have shown that the shape can have a
great impact on the amount of incoherence, implying that the incoherent field is not necessarily an
intrinsic characteristic of the medium. For the same medium, we were able to go from a restricted
homogenization with high incoherence to an unrestricted homogenization with little incoherence just by
changing the shape. In both cases, the obtained effective refractive indices are the same.

Finally, we investigated a case that was demonstrated to exhibit high scattering alongside a large RVE,
making the homogenization challenging and rendering simulations complex. Changing the shape turned
out to lead to different solutions for the effective refractive index. However, in the absence of a clear
indicator of which solution is the exact one, it was impossible to discriminate them.
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