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Abstract
We study a superlinear elliptic boundary value problem involving the 𝑝-
Laplacian operator, with changing sign weights. The problem has positive
solutions bifurcating from the trivial solution set at the two principal eigenvalues
of the corresponding linear weighted boundary value problem.
Drabek’s bifurcation result applies when the nonlinearity is of power growth.
We extend Drabek’s bifurcation result to slightly subcritical nonlinearities.
Compactness in this setting is a delicate issue obtained via Orlicz spaces.
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1 INTRODUCTION

Our aim is to prove the existence of positive solutions to a Dirichlet problem for a class of quasilinear elliptic equa-
tions whose nonlinear term has non-power growth, and involves indefinite nonlinearities. More precisely, we consider

−Δ𝑝𝑢 = 𝜆𝑉(𝑥)𝑢𝑝−1 + 𝑚(𝑥)𝑓(𝑢), in Ω, 𝑢 = 0, on 𝜕Ω, (1.1)

where 𝑝 > 1, Ω ⊂ ℝ𝑁 , with 𝑁 > 𝑝, is a bounded, connected open set, with 𝐶1,𝛼 boundary 𝜕Ω, Δ𝑝(𝑢) = div (|∇𝑢|𝑝−2∇𝑢)
is the 𝑝-Laplacian operator, 1 < 𝑝 < ∞, 𝜆 ∈ ℝ is a real parameter. The weights𝑉 ∈ 𝐿∞(Ω) and𝑚 ∈ 𝐶1(Ω) both changing
sign in Ω, and 𝑓 ∈ 𝐶([0, +∞)) is slightly subcritical (see (f1)∞). Prototype nonlinearities are the following ones:

𝑓(𝑠) ∶=
|𝑠|𝑝∗−2𝑠

[ln(1 + |𝑠|)]𝛽 , 𝑓(𝑠) ∶=
|𝑠|𝑝∗−2𝑠

[ln (1 + ln(1 + |𝑠|))]𝛽 , 𝛽 < 𝑝∗ − 1, (1.2)
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where 𝑝∗ ∶= 𝑁𝑝

𝑁−𝑝
is the critical Sobolev exponent, and 𝛽 > 0 is a fixed exponent, or even having a smaller perturbation

of order 𝑂(|𝑠|𝑞−2𝑠) at infinity, with 𝑝 < 𝑞 < 𝑝∗.
There is a huge amount of literature when 𝑉 ≡ 1, and 𝑓(𝑠) is 𝑝-superlinear and grows at infinity as, say, 𝑠𝑞−1 with

𝑞 < 𝑝∗. The case 𝑝 = 2 and 𝑚 changing sign was first studied by [2] for a power-like nonlinearity, next by [4], among
others, and for the case 𝑝 ≠ 2 see, for instance, [5, 25, 26].
We focus inwidening the solvability of the quasilinear problem (1.1) to nonlinearities𝑓 slightly subcritical. The literature

is more scarce when the nonlinearity is not of subcritical power type at infinity. We extend bifurcation results for the
𝑝-Laplacian case and for those nonlinearities. Specifically, we will assume the following hypothesis on 𝑓:

(f1)∞ 𝑓 is slightly subcritical: lim𝑠→+∞
𝑓(𝑠)|𝑠|𝑝∗−1 = 0;

(f2)∞ 𝑓 increasing at infinity and there exists two constant 𝑠0 > 0 and 𝑐0 > 1 such that

𝑠𝑓(𝑠)

𝐹(𝑠)
≥ 𝑐0, ∀𝑠 > 𝑠0, (1.3)

where 𝐹 is the primitive of 𝑓 satisfying 𝐹(0) = 0.

Using local bifurcation techniques, we prove the existence of positive solutions to problem (1.1). Some hypothesis on
the behavior of 𝑓 close to 0 are needed. We will assume the following classical condition:

(f3)0 𝑓(0) = 0, there exists 𝛿0 > 0 such that 𝑓(𝑠) > 0 for 𝑠 ∈ (0, 𝛿0), and 𝑓 is 𝑝-sublinear at zero: lim𝑠→0
𝑓(𝑠)|𝑠|𝑝−1 = 0.

To characterize a principal eigenvalue of a changing sign weight 𝑉 ∈ 𝐿∞(Ω), let us consider the following eigenvalue
problem: {

−Δ𝑝𝜑 = 𝜆𝑉(𝑥)|𝜑|𝑝−2𝜑 in Ω,
𝜑 = 0 on 𝜕Ω.

(1.4)

It is known that Equation (1.4) possesses exactly two principal eigenvalues, denoted by 𝜆1(𝑉) and 𝜆−1(𝑉), characterized
by

𝜆1(𝑉) = inf
𝑢∈𝑆+ ∫Ω |∇𝑢|𝑝𝑑𝑥, 𝜆−1(𝑉) = − inf

𝑢∈𝑆− ∫Ω |∇𝑢|𝑝𝑑𝑥, (1.5)

where

𝑆± =

{
𝑢 ∈ 𝑊

1,𝑝
0 (Ω) ∶ ∫

Ω

𝑉(𝑥)|𝑢|𝑝𝑑𝑥 = ±1

}
.

Those are the only eigenvalues associated with a non-negative eigenfunction and they are simple and isolated (see [14],
and references therein).
Let us denote by 𝜑1(𝑉) (𝜑−1(𝑉)) the positive eigenfunction associated with 𝜆1(𝑉) (𝜆−1(𝑉)) of 𝐿∞-norm equal to 1, and

introduce the following hypothesis on 𝑓 near 0 and on the weight𝑚:

(f4)0 there exists a constant 𝐶1 > 0 and a continuous function 𝑔0 ∶ [0, +∞) → [0, +∞) such that for all 𝜏 > 0,

||||𝑓(𝜏𝑠)𝑓(𝑠)

|||| ≤ 𝐶1(1 + 𝜏𝑝
∗−1) for all 0 < |𝑠| < 1, (1.6)

and lim𝑠→0
𝑓(𝜏𝑠)

𝑓(𝑠)
= 𝑔0(𝜏) , uniformly for 𝜏 on compact intervals.
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CUESTA and PARDO 3

F IGURE 1 Possible global bifurcation diagram representing amushroom–shaped compact component.

Moreover, 𝑔(0) = 0, 𝑔0(𝜏) > 0 for all 𝜏 > 0, and

∫
Ω

𝑚(𝑥)𝑔0(𝜑±1(𝑉)) 𝜑±1(𝑉) 𝑑𝑥 < 0. (1.7)

We prove the existence of two continuum of positive solutions bifurcating from the two principal eigenvalues of Equa-
tion (1.4). Drabek [22, Theorem 14.18, p. 189] and Takáč–Girg [23, Proposition 3.5] used Browder–Petryshyn topological
degree [7, 36], an extension of the Leray-Schauder degree formonotonemappings. Del Pino–Manasevich [20, Theorem 1.1]
used a homotopy to the case 𝑝 = 2. Roughly speaking, bifurcation theorems for the 𝑝-Laplacian case apply for subcritical
power type nonlinearities, but do not treat slightly subcritical nonlinearities such as Equation (1.2).
When𝑝 = 2, for a subcritical power type nonlinearity, in [8] the authorworks on indefiniteweights so that Equation (1.1)

has a bounded, mushroom–shaped compact continuum of positive solutions connecting the two principal eigenvalues
of Equation (1.4), see Figure 1. A uniform 𝐿∞(Ω) bound for the solutions is guaranteed through the blow up method.
Although we prove some 𝐿∞ estimates for the solutions to Equation (1.1), a uniform 𝐿∞(Ω) bound is an open problem.
Let us define

Ω± ∶= {𝑥 ∈ Ω ∶ ±𝑚(𝑥) > 0}, Ω0 ∶= {𝑥 ∈ Ω ∶ 𝑚(𝑥) = 0},

and assume that:

(m1) sup𝑚+ > 0 and sup𝑚− > 0, so both Ω± ≠ ∅;
(m2) let 𝜔+,0 ∶= int

(
Ω+ ∪ Ω0

)
, 𝜔+,0 have a finite number of connected components, and ||{𝑥 ∈ 𝜔+,0 ∶ ±𝑉(𝑥) > 0

}|| ≠
0;

(m3) let 𝜔0 ∶= int
(
Ω0

)
, 𝜔0 ≠ ∅ have a finite number of connected components, and ||{𝑥 ∈ 𝜔0 ∶ ±𝑉(𝑥) > 0

}|| ≠ 0.

The pair (𝜆, 0) is a solution of Equation (1.1) for every 𝜆 ∈ ℝ, whenever 𝑓(0) = 0. Pairs of this form will be designated
as the trivial solutions of Equation (1.1). We say that (𝜆, 0) is a bifurcation point of Equation (1.1) if in any neighborhood of
(𝜆, 0) there exists a nontrivial solution of Equation (1.1). It is well known that if (𝜆, 0) is a bifurcation point of Equation (1.1)
then 𝜆 is an eigenvalue of Equation (1.4), see, for instance, [20].
Next, we state a bifurcation theorem for problem (1.1).

Theorem1.1. Assume that𝑓 satisfies hypothesis (f1)∞–(f2)∞ andalso (f3)0–(f4)0. Assume further that𝑚 ∈ 𝐶1(Ω) changes
sign inΩ and satisfies hypothesis (m1). Then

(i) there exists two closed and connected sets𝒞+
1 and𝒞

+
−1 of positive solutions to Equation (1.1), bifurcating from the trivial

solution set at the bifurcation point (𝜆1(𝑉), 0) and (𝜆−1(𝑉), 0), respectively;
(ii) either𝒞+

1 is unbounded, or (𝜆−1(𝑉), 0) ∈ 𝒞+
1 . Likewise, either𝒞

+
−1 is unbounded, or (𝜆1(𝑉), 0) ∈ 𝒞+

−1;
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4 CUESTA and PARDO

(iii) 𝒞+
1 bifurcates to the right and𝒞

+
−1 to the left. Precisely, there exists 𝛿 > 0 such that

(𝜆, 𝑢) ∈ 𝒞+
1 , 0 < |𝜆 − 𝜆1(𝑉)| < 𝛿, 0 ≠ ‖𝑢‖ < 𝛿 ⟹ 𝜆 > 𝜆1(𝑉),

and also

(𝜆, 𝑢) ∈ 𝒞−
1 , 0 < |𝜆 − 𝜆−1(𝑉)| < 𝛿, 0 ≠ ‖𝑢‖ < 𝛿 ⟹ 𝜆 < 𝜆−1(𝑉);

(iv) if we assume either (m2) or (m3), there exist Λ1, Λ−1 ∈ ℝ, with

Λ−1 < 𝜆−1(𝑉) < 0 < 𝜆1(𝑉) < Λ1,

such that if problem (1.1)𝜆 has non-negative nontrivial solutions, then Λ−1 ≤ 𝜆 ≤ Λ1.

We will give in Proposition 4.1 an upper (resp. lower) bound of Λ1 (resp. of Λ−1).
The main novelties of this paper are the following:

(i) We extend bifurcation theorems for𝑝-Laplacian problem to slightly subcritical nonlinearities, see Theorem 3.2. Com-
pact embedding of Sobolev spaces into Lebesgue spaces (Rellich–Kondrachov theorem [6, Theorem 9.16]) do not
apply for slightly subcritical functions with non-power-like growth. Instead, the compactness is achieved via Orlicz
spaces under hypothesis (f1)∞, see Proposition 3.1 and Theorem A.2.

(ii) We state sufficient conditions for the existence of a continuum of positive solutions in a quasilinear bifurcation
problem, see Theorem 3.4, which complements the results in [20, 23]. The branch of positive solutions satisfies
Rabinowitz’s alternative.

(iii) In Theorem 1.1, we generalize partially results of [8] on changing sign weights, for 𝑝 ≠ 2 and non-power-like
nonlinearities.

(iv) In Theorem 2.1, we prove some explicit 𝐿∞ estimates for quasilinear problemswith a slightly subcritical nonlinearity.

The paper is organized in the following way. In Section 2, we prove some explicit 𝐿∞ estimates for quasilinear problems
with a slightly subcritical nonlinearity. A Drabek’s-type bifurcation result is developed in Section 3 followed by a result
on the existence of two branches of positive solutions bifurcating from 𝜆1(𝑉) and 𝜆−1(𝑉), respectively, see Theorem 3.4.
In Section 4.2, we obtain a non-existence result. We end this section with the proof of Theorem 1.1. We have tried to make
a summary on tools of Orlicz spaces as simple as possible and self-contained, see Appendix A.

2 𝑳∞ BOUNDS AND CLASSICAL 𝑪𝟏- REGULARITY

An important issue for weak solutions 𝑢 (positive or not) of our problem is if there are uniform a priori bounds. When
𝜆 = 0, 𝑚(𝑥) ≡ 1, and 𝑓 is the first case of Equation (1.2), the relationship between 𝐿∞, Sobolev and Lebesgue norms has
been studied in [9–11, 15, 29, 31] for the semi-linear case, and in [17, 29, 30] for the 𝑝-Laplacian case. A uniform 𝐿∞ a priori
bound for positive weak solution, is known when 𝛽 >

𝑝

𝑁−𝑝
. When 𝑝 = 2, it is also known that there is a positive solution

blowing up as 𝛽 → 0, see [13] for details. From a recent result of [32], first we derive an estimate of the 𝐿∞ norm of weak
solutions to problem (1.1) in terms of the ‖ ⋅ ‖𝑝∗ , see Theorem 2.1.
Throughout this paper, for any 𝑢 ∈ 𝑊

1,𝑝
0 (Ω) we will denote

‖𝑢‖ ∶= (
∫
Ω

|∇𝑢|𝑝𝑑𝑥)1∕𝑝

.
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CUESTA and PARDO 5

2.1 𝑳∞ bounds

Let us consider the quasilinear problem

−Δ𝑝𝑢 = 𝑓(𝑥, 𝑢) in Ω, 𝑢 = 0 on 𝜕Ω, (2.1)

and assume that Ω is a bounded domain of ℝ𝑁 and 𝑓 ∶ Ω × ℝ → ℝ is a Carathéodory function.
We recall that 𝑢 ∈ 𝑊1,𝑝(Ω) is a weak solution to Equation (2.1) if for each 𝜓 ∈ 𝑊

1,𝑝
0 (Ω),

∫
Ω

|∇𝑢|𝑝−2∇𝑢 ⋅ ∇𝜓 𝑑𝑥 = ∫
Ω

𝑓(𝑥, 𝑢)𝜓 𝑑𝑥.

If 1 < 𝑝 < 𝑁 and there exist 0 ≤ 𝑞 ≤ 𝑝∗ and 𝑐 > 0 such that

|𝑓(𝑥, 𝑠)| ≤ 𝑐(1 + |𝑠|𝑞−1) a.e. 𝑥 ∈ Ω, and for all 𝑠 ∈ ℝ, (2.2)

then any 𝑢 ∈ 𝑊
1,𝑝
0 (Ω) solving weakly problem (2.1), belongs to 𝐿∞(Ω), cf., for example, [24].

The following result is a consequence of [32, Theorem 1.6], and gives an estimate of the 𝐿∞ norm of a solution in terms
of its 𝐿𝑝∗ norm, for nonlinearities 𝑓 that are slightly subcritical in the sense of (f1)∞.

Theorem 2.1 (𝐿∞ estimates for slightly subcritical problems). Assume that there exists a continuous function 𝑓 ∶

[0, +∞) → [0, +∞) satisfying

|𝑓(𝑥, 𝑠)| ≤ 𝑓(|𝑠|), ∀𝑠 ∈ ℝ; 𝑓(𝑠) > 0, ∀𝑠 > 0. (2.3)

where 𝑓 satisfies (f1)∞. Let ℎ(𝑠) ∶=
𝑠𝑝
∗−1

𝑓(𝑠)
, for 𝑠 > 0, ℎ(0) = 0. Then, for any 𝜀 > 0 there exists 𝐶 = 𝐶𝜀 > 0 such that the

following holds:

ℎ(‖𝑢‖∞) ≤ 𝐶

[(
1 + ‖𝑢‖ 1

𝑝−1

𝑝∗

)‖𝑢‖𝑝∗
](𝑝∗−1) 𝑝

𝑁
+𝜀

, (2.4)

for every nontrivial weak solution of Equation (2.1), where 𝐶 = 𝐶(𝜀, 𝑓, 𝑝,𝑁, |Ω|), and it is independent of 𝑢.
Remark 2.2.

1. Note that we can always redefine 𝑓 in order to be strictly increasing for 𝑠 > 0, for instance max0≤𝑡≤𝑠 𝑓(𝑡) + 𝑠𝑞, with
𝑝 − 1 < 𝑞 < 𝑝∗ − 1.

2. This result also holds for changing sign solutions.

Proof of Theorem 2.1. The proof is adapted from the proof of [32, Theorem 1.6], where it is assumed that

|𝑓(𝑥, 𝑠)| ≤ |𝑎(𝑥)|𝑓(|𝑠|), a.e 𝑥 ∈ Ω, ∀𝑠 ∈ ℝ;

𝑎 ∈ 𝐿𝑟(Ω) with 𝑁∕𝑝 < 𝑟 ≤ ∞, 𝑓(𝑠) > 0, ∀𝑠 ≠ 0.

Let 𝑢 be a solution to Equation (2.1). On one hand, we notice that whenever 𝑓 can be chosen strictly increasing for 𝑠 > 0,
then we can always follow the second possibility (ii) in [32, Theorem 1.6]. On the other hand, we point out that in pp. 13–14
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6 CUESTA and PARDO

the following estimate can be read as:

ℎ(‖𝑢‖∞) ≤ 𝐶‖𝑎‖ 𝜃
𝑟

(‖𝑓(|𝑢|)‖ 𝑝∗

𝑝∗
𝑁∕𝑟

−1

)𝜃−1 ‖𝑢‖ 𝜗
𝑝∗ ,

for 𝑢 = 𝑢𝑘, where {𝑢𝑘} is a sequence of solutions to Equation (2.1), 𝜃 =
𝑝∗
𝑁∕𝑟

−1

𝑝∗
𝑁∕𝑞

−1
, 𝜗 = 𝜃 (𝑝∗

𝑁∕𝑞
− 𝑝), ∀𝑞 ∈ (𝑁∕𝑝,𝑁), and

𝑝∗
𝑁∕𝑠

∶=
𝑝∗

𝑠′
= 𝑝∗

(
1 −

1

𝑠

)
, for 1 ≤ 𝑠 ≤ ∞, where 𝑠′ is the conjugate exponent of 𝑠, 1∕𝑠 + 1∕𝑠′ = 1, and 𝐶 = 𝐶(𝑝,𝑁, 𝑞, |Ω|).

Hypothesis (2.3) implies that 𝑟 = ∞, and 𝑝∗
𝑁∕𝑟

= 𝑝∗, so

ℎ(‖𝑢‖∞) ≤ 𝐶

(‖𝑓(|𝑢|)‖ 𝑝∗

𝑝∗−1

)𝜃−1 ‖𝑢‖ 𝜗
𝑝∗ ,

with

𝜃 = 𝜃(𝑞) =
𝑝∗ − 1

𝑝∗
𝑁∕𝑞

− 1
, 𝜗 = 𝜗(𝑞) = 𝜃 (𝑝∗

𝑁∕𝑞
− 𝑝). (2.5)

Moreover, from subcriticality (see (f1)∞),

‖𝑓(|𝑢|)‖ 𝑝∗

𝑝∗−1

≤ 𝐶
(
1 + ‖𝑢‖𝑝∗−1𝑝∗

)
.

Consequently

ℎ(‖𝑢‖∞) ≤ 𝐶
(
1 + ‖𝑢‖𝑝∗−1𝑝∗

)𝜃−1 ‖𝑢‖ 𝜗
𝑝∗ .

Let Θ(𝑞, 𝑡) ∶=
(
1 + 𝑡𝑝

∗−1
)𝜃−1

𝑡 𝜗 . Fixed 𝑡 = 𝑡0 > 0, the function 𝑞 → Θ(𝑞, 𝑡0) for 𝑞 ∈ (𝑁∕𝑝,𝑁), satisfies the following:

ln (Θ(𝑞, 𝑡0)) ∶= (𝜃 − 1) ln
(
1 + 𝑡

𝑝∗−1
0

)
+ 𝜗 ln 𝑡0.

Derivating with respect to 𝑞, and since 𝑑

𝑑 𝑞

(
𝑝∗
𝑁∕𝑞

)
=

𝑝∗

𝑞2
, we can write

𝑑

𝑑 𝑞
(Θ(𝑞, 𝑡0))

Θ(𝑞, 𝑡0)
= 𝜃′(𝑞) ln

(
1 + 𝑡

𝑝∗−1
0

)
+ 𝜗′(𝑞) ln 𝑡0

= −
(𝑝∗ − 1)(
𝑝∗
𝑁∕𝑞

− 1
)2 𝑝∗𝑞2 [ln(1 + 𝑡

𝑝∗−1
0

)
+
[(
𝑝∗
𝑁∕𝑞

− 𝑝
)
−
(
𝑝∗
𝑁∕𝑞

− 1
)]

ln(𝑡0)
]

= −
(𝑝∗ − 1)(
𝑝∗
𝑁∕𝑞

− 1
)2 𝑝∗𝑞2 [ln(1 + 𝑡

𝑝∗−1
0

)
− (𝑝 − 1) ln(𝑡0)

]
.

Consequently,

𝑑

𝑑 𝑞
(Θ(𝑞, 𝑡0)) < 0 ⟺

1

𝑝 − 1
>

ln(𝑡0)

ln
(
1 + 𝑡

𝑝∗−1
0

) .
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CUESTA and PARDO 7

It is easy to see that the function 𝑡 → ln(𝑡)

ln(1+𝑡)
is an increasing function for 𝑡 > 0, and so

sup
𝑡∈ℝ+

ln(𝑡)

ln
(
1 + 𝑡𝑝∗−1

) = lim
𝑡→∞

ln(𝑡)

ln
(
1 + 𝑡𝑝∗−1

) =
1

𝑝∗ − 1
<

1

𝑝 − 1
,

then Θ(𝑞, 𝑡0) is decreasing in 𝑞 for any 𝑡 = 𝑡0 ∈ ℝ+, so, for any 𝑡 fixed

inf
𝑞∈(

𝑁

𝑝
,𝑁)

Θ(𝑞, 𝑡) = Θ(𝑁, 𝑡) =
(
1 + 𝑡𝑝

∗−1
) 𝑝′

𝑁 𝑡
𝑝

𝑁
(𝑝∗−1) ≤ 𝐶

[
(1 + 𝑡)

1

𝑝−1 𝑡

](𝑝∗−1) 𝑝
𝑁

,

since Equation (2.5), and then

𝜃(𝑁) − 1 =
𝑝∗ − 1

𝑝∗(1 − 1∕𝑁) − 1
− 1 =

𝑝∗∕𝑁

𝑝∗(1 − 1∕𝑁) − 1
=

1∕𝑁

1 − 1∕𝑝
=
𝑝′

𝑁

𝜗(𝑁) =

(
1 +

𝑝′

𝑁

)
𝑝∗

(
1 −

1

𝑁
− 1 +

𝑝

𝑁

)
= 𝑝∗

(
𝑝 − 1

𝑁
+

𝑝

𝑁2

)

=
𝑝

𝑁
𝑝∗

(
1 −

1

𝑝
+

1

𝑁

)
=

𝑝

𝑁
𝑝∗

(
1 −

1

𝑝∗

)
=

𝑝

𝑁
(𝑝∗ − 1).

Finally, and since the infimum is not attained in (𝑁∕𝑝,𝑁), for any 𝜀 > 0, there exists a constant 𝐶 = 𝐶𝜀 > 0 such that

ℎ(‖𝑢‖∞) ≤ 𝐶

[(
1 + ‖𝑢‖ 1

𝑝−1

𝑝∗

)‖𝑢‖𝑝∗
](𝑝∗−1) 𝑝

𝑁
+𝜀

,

where 𝐶 is independent of 𝑢, ending the proof. □

2.2 Regularity of weak solutions

Since weak solutions to problem (2.1) under condition (2.2) belong to 𝐿∞(Ω), the classical results of [21, 28, 37] for a regular
domain Ω of class 𝐶1,𝛼 provide that 𝑢 belongs to 𝐶1,𝜇(Ω) for some 𝜇 = 𝜇(𝑁, 𝑝, 𝛼) ∈ (0, 1). Precisely, we have:

Proposition 2.3 (𝐶1,𝜇(Ω)-regularity for Problem (2.1)). Assume hypothesis (2.2). Then, for any weak solution 𝑢 ∈ 𝑊
1,𝑝
0 (Ω)

of Equation (2.1),

(i) 𝑢 ∈ 𝐿∞(Ω) and there exists a constant 𝑐0 > 0 depending only on 𝑝,𝑁, 𝑐 and ‖𝑢‖𝑝∗ such that
‖𝑢‖∞ ≤ 𝑐0.

(ii) There exists 𝜇 = 𝜇(𝑝,𝑁, 𝛼) ∈ (0, 1) for which 𝑢 ∈ 𝐶1,𝜇(Ω). Moreover, there exists 𝐶 = 𝐶(𝑝,𝑁, 𝛼, 𝑐, ‖𝑢‖∞) such that
‖𝑢‖

𝐶1,𝜇(Ω)
≤ 𝐶.

In particular, a 𝑊1,𝑝
0 (Ω)- bounded sequence (or𝐿𝑝∗(Ω)-bounded) of solutions to problem (1.1)𝜆𝑛 , with 𝜆𝑛 varying in a bounded

interval, is uniformly bounded in 𝐶1,𝜇(Ω).

Proof. Parts (i) and (ii) are well known, see [21, 28, 37]. We prove the last assertion. Thanks to Theorem 2.1 and Proposi-
tion 2.3, a sequence of solutions to problem (1.1) 𝑊1,𝑝

0 (Ω)- bounded sequence or 𝐿𝑝∗(Ω)-bounded, remains also bounded
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8 CUESTA and PARDO

in 𝐶1,𝜇(Ω). Indeed, since Theorem 2.1, ℎ (‖𝑢𝑛‖∞) ≤ 𝐶, and due to ℎ(𝑠) → ∞ as 𝑠 → ∞, hence ‖𝑢𝑛‖∞ ≤ 𝐶. Finally, by part
(ii), ‖𝑢𝑛‖𝐶1,𝜇(Ω) remains also bounded. □

Remark 2.4. In the critical case 𝑞 = 𝑝∗, the ‖ ⋅ ‖∞-norm of weak solutions cannot be bounded in terms of the Sobolev
norm, as was observed by [19, p. 725]. Consequently, a sequence of solutions to problem (2.1) with 𝑞 = 𝑝∗, bounded in
𝑊

1,𝑝
0 (Ω), not necessarily remains bounded in 𝐶1,𝜇(Ω).

3 A BIFURCATION RESULT FOR A QUASILINEAR PROBLEMWITH A SLIGHTLY
SUBCRITICAL NONLINEARITY

The firstmain result in this section, Theorem3.2, proves a slight generalization of aDrabek’s bifurcation theorem for quasi-
linear equations, see [22, Theorem 14.18]. These bifurcation results are based on the well-known works of [35, Theorem
1.3] and [18, Lemma 1 and Theorem 2] for the semilinear case. The second main result, Theorem 3.4, proves Rabinowitz’s
alternative for a branch of positive solutions.
Consider the quasilinear elliptic problem with parameter 𝜆{

−Δ𝑝𝑢 = 𝜆𝑉(𝑥)|𝑢|𝑝−2𝑢 + 𝑔(𝜆, 𝑥, 𝑢), in Ω,
𝑢 = 0, on 𝜕Ω,

(𝑃𝜆)

where 𝑔 ∶ ℝ × Ω × ℝ → ℝ is a Carathéodory function such that, for any bounded set 𝐽 ⊂ ℝ there exists some continuous
function 𝑓 ∶ ℝ+ → ℝ+ such that

|𝑔(𝜆, 𝑥, 𝑠)| ≤ 𝑓(|𝑠|) 𝑎.𝑒. 𝑥 ∈ Ω, ∀(𝜆, 𝑠) ∈ 𝐽 × ℝ, (3.1)

where 𝑓 is slightly subcritical. We denote by 𝐹̄ the primitive of 𝑓 vanishing at 0.
Let us define the following operators 𝑁, 𝑆 ∶ 𝑊1,𝑝

0 (Ω) → 𝑊−1,𝑝′ (Ω) and 𝐺 ∶ ℝ ×𝑊
1,𝑝
0 (Ω) → 𝑊−1,𝑝′ (Ω):

⟨𝑁(𝑢), 𝜓⟩ = ∫
Ω

|∇𝑢|𝑝−2∇𝑢 ⋅ ∇𝜓 𝑑𝑥,
⟨𝑆(𝑢), 𝜓⟩ = ∫

Ω

𝑉(𝑥)|𝑢|𝑝−2𝑢𝜓 𝑑𝑥, (3.2)

⟨𝐺(𝜆, 𝑢), 𝜓⟩ = ∫
Ω

𝑔(𝜆, 𝑥, 𝑢)𝜓 𝑑𝑥.

Define the product space 𝐸 ∶= ℝ ×𝑊
1,𝑝
0 (Ω) endowed with the norm ‖(𝜆, 𝑢)‖𝐸 ∶= |𝜆| + ‖𝑢‖.

In order to reformulate Drabek’s bifurcation theorem for the equation𝑁 − 𝜆𝑆 − 𝐺(𝜆, ⋅) = 0we need to assure that 𝐺 is
a compact operator.

Proposition 3.1. Assume that 𝑔 satisfies the growth condition (3.1) with 𝑓(0) = 0, 𝑓 continuous, strictly increasing for 𝑠 ≥ 0,
and satisfies (f1)∞–(f2)∞ with 𝑓 = 𝑓.
Then for any bounded closed interval 𝐼 ⊂ ℝ, the operator 𝐺 ∶ 𝐼 ×𝑊

1,𝑝
0 (Ω) → 𝑊−1,𝑝′ (Ω) is compact.

Proof. Let {𝜆𝑛}𝑛∈ℕ be a sequence in 𝐼, and {𝑢𝑛}𝑛∈ℕ a bounded sequence of𝑊
1,𝑝
0 (Ω). Then, up to a subsequence, there exist

𝜆0 ∈ 𝐼 and 𝑢 such that 𝜆𝑛 → 𝜆0, 𝑢𝑛 ⇀ 𝑢 weakly in𝑊1,𝑝
0 (Ω), strongly in 𝐿𝑝∗−1, a.e. and in measure. Let us show that the

sequence {𝐺(𝜆𝑛, 𝑢𝑛)}𝑛∈ℕ converges in𝑊−1,𝑝′ (Ω). For any 𝜓 ∈ 𝑊
1,𝑝
0 (Ω),

|||||∫Ω (𝑔(𝜆𝑛, 𝑥, 𝑢𝑛) − 𝑔(𝜆0, 𝑥, 𝑢))𝜓 𝑑𝑥
||||| ≤ ‖𝜓‖𝑝∗ ‖‖𝑔(𝜆𝑛, ⋅, 𝑢𝑛) − 𝑔(𝜆0, ⋅, 𝑢)‖‖(𝑝∗)′

Let 𝑧𝑛 ∶= 𝑔(𝜆𝑛, ⋅, 𝑢𝑛) and 𝑧 ∶= 𝑔(𝜆0, ⋅, 𝑢) and let us apply Theorem A.2 of Appendix A to estimate ‖𝑧𝑛 − 𝑧‖(𝑝∗)′ .
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CUESTA and PARDO 9

Wechoose𝑎 = 𝑓−1 and 𝑏(𝑡) = 𝑝∗

𝑝∗−1
𝑡

1

𝑝∗−1 . Since𝑓 is strictly increasing,𝑎∗(𝑡) = 𝑎−1(𝑡) = 𝑓(𝑡), seeDefinition (A.7), (A.8),

moreover 𝐵(𝑡) ∶= 𝑡(𝑝
∗)′ = 𝑡

𝑝∗

𝑝∗−1 , for 𝑡 ≥ 0. Remark that, by (f1)∞,

𝑎∗(𝑠) = 𝑓(𝑠) ≤ 𝑐𝑠𝑝
∗−1 + 𝑑, 𝐴∗(𝑠) = 𝐹̄(𝑠) ≤ 𝑐

𝑝∗
𝑠𝑝

∗
+ 𝑑𝑠

for some 𝑐, 𝑑 > 0.
Now, we check the hypotheses of Theorem A.2.

1. The sequence {𝑧𝑛}𝑛∈ℕ is bounded in 𝐾𝐴(Ω), that is, for all 𝑛 ∈ ℕ, ∫
Ω
𝐴
(||𝑧𝑛(𝑥)||) 𝑑𝑥 ≤ 𝐶 for some 𝐶 > 0. Indeed, using

Equation (A.10) we can write

∫
Ω

𝐴
(||𝑧𝑛(𝑥)||)𝑑𝑥 ≤ ∫

Ω

𝐴(𝑎∗(|𝑢𝑛(𝑥)|)) 𝑑𝑥
= ∫

Ω

(|𝑢𝑛(𝑥)|𝑎∗(|𝑢𝑛(𝑥)|) + 𝐴∗(|𝑢𝑛|))𝑑𝑥 ≤ ∫
Ω

(𝑐′|𝑢𝑛|𝑝∗ + 𝑑′)𝑑𝑥 ≤ 𝐶.

One proves similarly that 𝑧 ∈ 𝐾𝐴(Ω).
2. 𝐴 satisfies the Δ2-condition at infinity if there exist constants 𝑘0 > 1 and 𝑡0 > 0 such that,

𝑡𝑎(𝑡)

𝐴(𝑡)
≤ 𝑘0, for 𝑡 > 𝑡0,

see Proposition A.1.
Through the change of variable 𝑠 = 𝑓−1(𝑡) = 𝑎(𝑡), since Equation (A.10) and by hypothesis (f2)∞, we can write

𝑡𝑎(𝑡)

𝐴(𝑡)
=

𝑠𝑓(𝑠)

𝑓(𝑠)𝑠 − 𝐹̄(𝑠)
≤ 𝑐0
𝑐0 − 1

=∶ 𝑘0, for all 𝑡 ≥ 𝑓(𝑠0).

3. It remains to prove that 𝐵 increases essentially more slowly than 𝐴 at +∞. It is equivalent to prove that 𝐴∗ increases
essentially more slowly than 𝐵∗, see [27, Lemma 13.1]. That is to check, that 𝐹̄ increases essentially more slowly than
𝑡 → 𝑡𝑝

∗ , which is a consequence of hypothesis (f1)∞. This concludes the proof. □

We define 𝒮 as the closure in 𝐸 of the nontrivial weak solution set of (𝑃𝜆):

𝒮 ∶=
{
(𝜆, 𝑢) ∈ 𝐸 ∶ 𝑢 ≠ 0 and 𝑁(𝑢) − 𝜆𝑆(𝑢) − 𝐺(𝜆, 𝑢) = 0

}𝐸
. (3.3)

Now, we can prove the following bifurcation theorem:

Theorem 3.2. Let 𝑔 satisfies the growth condition (3.1) with 𝑓(0) = 0, 𝑓 continuous, strictly increasing, slightly subcritical at
infinity, see (f1)∞, satisfying also (f2)∞ and (f3)0 with 𝑓 = 𝑓. Let 𝜇1 be either 𝜆1(𝑉) or 𝜆−1(𝑉).
Then, there exist a maximal closed connected set𝒞 of 𝒮 containing (𝜇1, 0) such that either

(i) 𝒞 is unbounded on 𝐸, or else
(ii) 𝒞 contains a point (𝜆̃, 0) where 𝜆̃ ≠ 𝜇1 is an eigenvalue of problem (1.4).

Proof. Weadapt the proofs of [22, Theorem 14.18 and Theorem 14.20], and of [23, Proposition 3.5], based on thewell-known
result of Rabinowitz [35, Theorem 1.3] to the case of a nonlinearity 𝑔 satisfying Equation (3.1). Note that the operator 𝐺 is
compact according to Proposition 3.1.
Let deg denotes the Browder–Petryshyn topological degree [7, 36] defined for monotone mappings generalizing the

Leray–Schauder degree, see also [22, Section 14.6]. Since 𝜇1 is an isolated eigenvalue, reasoning as is [22, Theorem 14.18],
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10 CUESTA and PARDO

for any 𝑟 > 0, and 𝛿 > 0 small enough, the following degree is well defined in any open neighborhood 𝐵𝑟 of 0, and

deg (𝑁 − (𝜇1 + 𝛿)𝑆, 𝐵𝑟, 0) ≠ deg (𝑁 − (𝜇1 − 𝛿)𝑆, 𝐵𝑟, 0).

Assume for a moment that

lim‖𝑢‖→0

‖𝐺(𝜆, 𝑢)‖𝑊−1,𝑝′ (Ω)‖𝑢‖𝑝−1 = 0, (3.4)

uniformly for 𝜆 on bounded sets. Then, the invariance for homotopy yields that for some 𝑟, 𝛿 > 0 small enough,

deg (𝑁 − (𝜇1 + 𝛿)𝑆 − 𝐺(𝜇1 + 𝛿, ⋅), 𝐵𝑟, 0) ≠ deg (𝑁 − (𝜇1 − 𝛿)𝑆 − 𝐺(𝜇1 − 𝛿, ⋅), 𝐵𝑟, 0), (3.5)

ending the proof.
To prove Equation(3.4), let 0 ≠ {𝑢𝑛}𝑛∈ℕ be a sequence in 𝑊

1,𝑝
0 (Ω) such that ‖𝑢𝑛‖ → 0. Then, for 𝜆 on a bounded set

𝐽 ⊂ ℝ

lim
𝑛→∞

‖𝐺(𝜆, 𝑢𝑛)‖𝑊−1,𝑝′ (Ω)‖𝑢𝑛‖𝑝−1 = lim
𝑛→∞

sup‖𝜓‖≤1∫Ω
|𝑔(𝜆, 𝑥, 𝑢𝑛)𝜓|‖𝑢𝑛‖𝑝−1 𝑑𝑥

Let us denote 𝑤𝑛 =
𝑢𝑛‖𝑢𝑛‖ , fix 𝜀 > 0 and 𝜓 ∈ 𝑊

1,𝑝
0 (Ω) with ‖𝜓‖ = 1. Since (f3)0, there exists 𝛿1 > 0 such that, for 𝜆 ∈ 𝐽,

|𝑔(𝜆, 𝑥, 𝑠)| ≤ 𝜀|𝑠|𝑝−1, a.e. 𝑥 ∈ Ω, ∀|𝑠| ≤ 𝛿1.

Denote for all 𝛿 > 0,

Ω𝛿
𝑛 ∶= {𝑥 ∈ Ω ∶ |𝑢𝑛(𝑥)| ≥ 𝛿}.

Since we can assume that 𝑢𝑛 → 0 in measure, for any 𝛿 > 0 fixed |Ω𝛿
𝑛| → 0. So, there exists an 𝑛0 = 𝑛0(𝜀) (= 𝑛0(𝜀, 𝛿1))

such that |Ω𝛿1
𝑛 | ≤ 𝜀 for all 𝑛 ≥ 𝑛0.

Here and thereafter 𝐶 stands for a constant independent of 𝑛. By Holder’s inequality,

∫
Ω⧵Ω

𝛿1
𝑛

|𝑔(𝜆, 𝑥, 𝑢𝑛)𝜓|‖𝑢𝑛‖𝑝−1 𝑑𝑥 ≤ 𝜀 ‖𝜓‖𝑝 ‖𝑤𝑛‖𝑝−1𝑝 ≤ 𝐶𝜀. (3.6)

Using that 𝑓 satisfies (f1)∞, there exists 𝛿2 > 𝛿1 such that,

|𝑔(𝜆, 𝑥, 𝑠)| ≤ 𝜀|𝑠|𝑝∗−1, a.e. 𝑥 ∈ Ω, ∀|𝑠| ≥ 𝛿2.

Besides, let 𝑐(𝛿1, 𝛿2) > 0 be such that

𝑓(|𝑠|) ≤ 𝑐(𝛿1, 𝛿2)|𝑠|𝑝−1, ∀𝛿1 ≤ |𝑠| ≤ 𝛿2

and let 𝑛1 = 𝑛1(𝜀) (= 𝑛1(𝜀, 𝛿1, 𝛿2)) ∈ ℕ be such that

|Ω𝛿1
𝑛 | 𝑝∗−𝑝𝑝∗ ≤ 𝜀

𝑐(𝛿1, 𝛿2)
, ∀𝑛 ≥ 𝑛1.
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CUESTA and PARDO 11

Then, since𝑊1,𝑝
0 (Ω) is embedded into 𝐿𝑝∗(Ω), using Holder’s inequality, we have

∫
Ω
𝛿1
𝑛

|𝑔(𝜆, 𝑥, 𝑢𝑛)𝜓|‖𝑢𝑛‖𝑝−1 𝑑𝑥 ≤ 𝜀 ∫
Ω
𝛿2
𝑛

|𝑢𝑛|𝑝∗−1|𝜓|‖𝑢𝑛‖𝑝−1 𝑑𝑥 + 𝑐(𝛿1, 𝛿2)∫
Ω
𝛿1
𝑛 ⧵Ω

𝛿2
𝑛

|𝑤𝑛|𝑝−1 |𝜓|𝑑𝑥
≤ 𝐶 𝜀‖𝑢𝑛‖𝑝∗−𝑝‖𝜓‖𝑝∗ + 𝑐(𝛿1, 𝛿2)‖𝑤𝑛‖𝑝−1𝑝∗ ‖𝜓‖𝑝∗ |Ω𝛿1

𝑛 | 𝑝∗−𝑝𝑝∗ (3.7)

≤ 𝐶𝜀 + 𝐶𝑐(𝛿1, 𝛿2)|Ω𝛿1
𝑛 | 𝑝∗−𝑝𝑝∗ ≤ 𝐶𝜀, ∀𝑛 ≥ 𝑛1.

Inequalities (3.6) and (3.7) give Equation (3.4). □

We complete this section by a regularity result for solutions bifurcating from zero, that we will use later.

Proposition 3.3. Assume the hypotheses of Theorem 3.2. Let {(𝜆𝑛, 𝑢𝑛)}𝑛∈ℕ be a sequence of solutions to (𝑃𝜆) for 𝜆 = 𝜆𝑛, such
that lim𝑛→∞ 𝜆𝑛 = 𝜆∗. Then, the following three statements are equivalent, as 𝑛 → ∞:

(i) ‖𝑢𝑛‖𝑝∗ → 0;
(ii) ‖𝑢𝑛‖∞ → 0;
(iii) ‖𝑢𝑛‖𝐶1,𝜇(Ω) → 0.

Moreover, the following hold

(1) if lim𝑛→∞ 𝜆𝑛 = 𝜆±1(𝑉), and ‖𝑢𝑛‖𝑝∗ → 0, then the sequence 𝑤𝑛 ∶=
𝑢𝑛‖𝑢𝑛‖∞ is the union of two disjoint sub-sequences

{𝑤
′

𝑛}𝑛∈ℕ and {𝑤
′′

𝑛 }𝑛∈ℕ, one of them possibly empty, such that, if nonempty, they satisfy 𝑤′

𝑛 → 𝜑±1(𝑉), and/or 𝑤
′′

𝑛 →

−𝜑±1(𝑉) in 𝐶1,𝜇′ (Ω) as 𝑛 → ∞. Here, 𝜇′ ∈ (0, 𝜇) is arbitrary and 𝜇 is given in Proposition 2.3.
(2) If ‖𝑢𝑛‖𝑝∗ → 0, then lim𝑛→∞ 𝜆𝑛 = 𝜆±1(𝑉).

Proof. Clearly, (iii) implies (i) and (ii). We will prove that (i)⇒ (ii) and (ii)⟹ (iii).
(i)⟹ (ii). Our hypothesis on 𝑔 guarantees that, for all 𝑛 ∈ ℕ, (𝑃𝜆) for 𝜆 = 𝜆𝑛 satisfies the hypothesis of Theorem 2.1.

So, using Equation (3.1), we apply Theorem 2.1 with 𝑓(𝑠) ∶= (|𝜆±1(𝑉)| + 𝛿)‖𝑉‖∞𝑠𝑝−1 + 𝑓(𝑠) for 𝑠 > 0. Fix 𝜀 > 0, by Theo-

rem 2.1 and their conclusion (2.4), ℎ(‖𝑢𝑛‖∞) → 0 as 𝑛 → ∞with ℎ(𝑠) ∶= 𝑠𝑝
∗−1

𝑓(𝑠)
for 𝑠 > 0. Since ℎ is a continuous function,

ℎ(𝑠) > 0, ∀𝑠 > 0, and

lim
𝑠→0+

1

ℎ(𝑠)
= lim

𝑠→0+
(|𝜆±1(𝑉)| + 𝛿)‖𝑉‖∞𝑠𝑝−𝑝∗ + 𝑓(𝑠)

𝑠𝑝∗−1
= +∞,

then ℎ(0) = 0 and ‖𝑢𝑛‖∞ → 0 as 𝑛 → ∞, and (ii) holds.
(ii)⟹ (iii). The function 𝑤𝑛 ∶= 𝑢𝑛∕‖𝑢𝑛‖∞ satisfies

∫
Ω

|∇𝑤𝑛|𝑝−2∇𝑤𝑛 ⋅ ∇𝜓 𝑑𝑥 = ∫
Ω

𝜅𝑛(𝑥)𝜓 𝑑𝑥 (3.8)

for all 𝜓 ∈ 𝑊
1,𝑝
0 (Ω), with

𝜅𝑛(𝑥) ∶= 𝜆𝑛𝑉(𝑥)|𝑤𝑛|𝑝−2𝑤𝑛 +
𝑔(𝜆𝑛, 𝑥, 𝑢𝑛)‖𝑢𝑛‖𝑝−1∞

.

Since 𝑓 satisfies (f1)∞ and (f3)0, and ‖𝑤𝑛‖∞ = 1, there exists 𝐷 > 0 such that, for all 𝑛 large enough,

|𝜅𝑛(𝑥)| ≤ 𝐷 a.e. 𝑥 ∈ Ω,
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12 CUESTA and PARDO

and from Proposition 2.3, there exists a constant 𝐶 > 0

‖𝑤𝑛‖𝐶1,𝜇(Ω) ≤ 𝐶 = 𝐶(𝑝,𝑁,𝐷)

and (iii) follows.
Now, we prove the last two parts of the lemma.

(1) The embedding 𝐶1,𝜇(Ω) → 𝐶1,𝜇′ (Ω) being compact, by Arzelà–Ascoli’s theorem, the sequence {𝑤𝑛}𝑛∈ℕ contains a
subsequence that converges into 𝐶1,𝜇′ (Ω) to some 𝑤; we denote it again by 𝑤𝑛 → 𝑤. Note that ‖𝑤‖∞ = 1. We let
𝑛 → ∞ in Equation (3.8), to conclude that 𝑤 ∈ 𝐶1,𝜇′ (Ω)must satisfy

∫
Ω

|∇𝑤|𝑝−2∇𝑤 ⋅ ∇𝜓 𝑑𝑥 = 𝜆±1(𝑉)∫
Ω

𝑉(𝑥)|𝑤|𝑝−2𝑤𝜓 𝑑𝑥.
By the simplicity of 𝜆±1(𝑉), we have 𝑤 = ±𝜑±1(𝑉).

(2) Assume that 𝜆𝑛 → 𝜆∗. Then, reasoning as in part (1), 0 < 𝑤𝑛 → 𝑤 in 𝐶1,𝜇′ (Ω) and 𝑤 ≥ 0, 𝑤 ≠ 0, satisfy

∫
Ω

|∇𝑤|𝑝−2∇𝑤 ⋅ ∇𝜓 𝑑𝑥 = 𝜆∗ ∫
Ω

𝑉(𝑥)|𝑤|𝑝−2𝑤𝜓 𝑑𝑥,
so 𝑤 is a non-negative eigenfunction, and necessarily 𝜆∗ = 𝜆±1(𝑉). □

Theorem 3.4. Let 𝑔 satisfies the growth condition (3.1) with 𝑓(0) = 0, 𝑓 continuous, strictly increasing, slightly subcritical at
infinity, see (f1)∞, satisfying also (f2)∞ and (f3)0 with 𝑓 = 𝑓.
Denote 𝐸 = ℝ ×𝑊

1,𝑝
0 (Ω) and

𝒫+ ∶=

{
𝑢 ∈ 𝐶1

0(Ω) ∶ 𝑢 > 0 inΩ and 𝜕𝑢

𝜕𝜈
< 0 on 𝜕Ω

}
.

Then,

(i) there exists a closed connected set𝒞+
1 ⊂ 𝐸 of positive weak solutions to (𝑃𝜆) containing the bifurcation point (𝜆1(𝑉), 0);

(ii) there exists a closed connected set𝒞+
−1 ⊂ 𝐸 of positive weak solutions to (𝑃𝜆) containing the bifurcation point (𝜆−1(𝑉), 0);

(iii) either𝒞+
1 is unbounded, or (𝜆−1(𝑉), 0) ∈ 𝒞+

1 . Likewise, either𝒞
+
−1 is unbounded, or (𝜆1(𝑉), 0) ∈ 𝒞+

−1;

Proof. Let us check that all the hypothesis of bifurcation Theorem 3.2 are accomplished, for 𝑔̂(𝜆, 𝑥, 𝑠), where 𝑔̂(𝜆, 𝑥, ⋅) is
the odd extension of 𝑔(𝜆, 𝑥, ⋅).
Consider the modified problem

−Δ𝑝𝑢 = 𝜆𝑉(𝑥)|𝑢|𝑝−2𝑢 + 𝑔̂(𝜆, 𝑥, 𝑢) in Ω, 𝑢 = 0 on 𝜕Ω. (3.9)

Trivially, if 𝑢 ≤ 0 is a solution of Equation (3.9) then −𝑢 is a positive solution of Equation (3.9), and positive solutions to
Equation (3.9) are positive solutions to (𝑃𝜆).
Denote 𝜇1 either 𝜆1(𝑉) or 𝜆−1(𝑉) and let 𝐺 ∶ 𝐸 → 𝑊−1,𝑝(Ω) be the map

⟨𝐺(𝜆, 𝑢), 𝜓⟩ = ∫
Ω

𝑔̂(𝜆, 𝑥, 𝑢)𝜓 𝑑𝑥.

Theorem 3.2 applied to the principal eigenvalue 𝜇1 = 𝜆1(𝑉), implies the existence of a maximal closed connected set
𝒞̂1 (with respect to the closure of nontrivial solutions 𝒮) for Equation (3.9), containing (𝜆1(𝑉), 0). Likewise, we get the
existence of another maximal closed connected set 𝒞̂−1 containing (𝜆−1(𝑉), 0). Both sets 𝒞̂±1 satisfy properties (i) and (ii)
of Theorem 3.2. Moreover, by oddity of 𝑔̂, if (𝜆, 𝑢) ∈ 𝒞̂1, also (𝜆, −𝑢) ∈ 𝒞̂1, in other words−𝒞̂1 = 𝒞̂1 and−𝒞̂−1 = 𝒞̂−1.
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CUESTA and PARDO 13

(i) Let us first prove that there exists 𝛿 > 0 such that

𝒞̂1 ∩ 𝐵𝛿((𝜆1(𝑉), 0)) ⧵
{
(𝜆1(𝑉), 0)

}
⊂ (𝜆1(𝑉) − 𝛿, 𝜆1(𝑉) + 𝛿) ×

(
𝒫+ ∪ −𝒫+

)
. (3.10)

Assume by contradiction that there exists a sequence of solutions (𝜆𝑛, 𝑢𝑛) ∈ ℝ × (𝑊
1,𝑝
0 (Ω) ⧵ {0}), 𝑢𝑛 ∉ 𝒫+ ∪ −𝒫+,

such that

∫
Ω

|∇𝑢𝑛|𝑝−2∇𝑢𝑛 ⋅ ∇𝜓 𝑑𝑥 = 𝜆𝑛 ∫
Ω

𝑉(𝑥)|𝑢𝑛|𝑝−2𝑢𝑛𝜓 𝑑𝑥 + ∫
Ω

𝑔̂(𝜆, 𝑥, 𝑢𝑛)𝜓 𝑑𝑥

for all 𝜓 ∈ 𝑊
1,𝑝
0 (Ω) and (𝜆𝑛, 𝑢𝑛) → (𝜆1(𝑉), 0). Denote by 𝑤𝑛 ∶=

𝑢𝑛‖𝑢𝑛‖∞ . Due to Proposition 3.3,
𝑤𝑛 ∶=

𝑢𝑛‖𝑢𝑛‖∞ → ±𝜑1(𝑉), in 𝐶1,𝜇′ (Ω) . (3.11)

Since 𝜑1(𝑉) ∈ 𝒫+ and𝒫+ is an open set in the𝐶1
0 -topology, there exists a neighborhood𝒱 ⊂ 𝒫+ such that𝑤𝑛 ∈ 𝒱,

and we conclude that also 𝑢𝑛 ∈ 𝒫+, contradicting that {𝑢𝑛} is not in𝒫+ ∪ −𝒫+. If 𝑤𝑛 → −𝜑1(𝑉), we take instead
the sequence of solutions {−𝑤𝑛}𝑛∈ℕ and reason as in the previous case. We have proved Equation (3.10).
Note that 𝒞̂1 ∩

(
ℝ ×𝒫+

) ≠ ∅ as a result of Equation (3.10) and the fact that 𝒞̂1 = −𝒞̂1. Let 𝒞̂1

+
be the maximal

subcontinuum of 𝒮 containing the branch of positive solutions bifurcating from (𝜆1(𝑉), 0) contained in 𝒞̂1. By a
subcontinuum of 𝒮 we mean a subset of 𝒮 which is closed and connected in the Banach space 𝐸.
Taking 𝒞+

1 ∶= 𝒞̂1

+ ≠ ∅, let us prove that

𝒞+
1 ⊂ ℝ ×𝒫+ ∪ {(𝜆±1(𝑉), 0)}. (3.12)

Assume by contradiction that there exits (𝜆∗, 𝑢∗) ∈ 𝒞+
1 with (𝜆∗, 𝑢∗) ≠ (𝜆±1(𝑉), 0) and that there exits {(𝜆𝑛, 𝑢𝑛)}𝑛 in

𝒞+
1 ∩ ℝ ×𝒫+ such that 𝜆𝑛 → 𝜆∗, 𝑢𝑛 → 𝑢∗ and𝑊1,𝑝

0 (Ω). Since 𝑢𝑛 > 0 then 𝑢∗ ≥ 0. If 𝑢∗ = 0 then (𝜆∗, 0) is a bifurca-
tion point of positive solution and therefore 𝜆∗ = 𝜆±1(𝑉), a contradiction. Since 𝑢∗ ≥ 0, 𝑢∗ ≠ 0 then 𝑢∗ is a nontrivial
non-negative weak solution to problem (𝑃𝜆) for 𝜆 = 𝜆∗, and therefore, by the regularity results of Proposition 2.3 and
the standard strong maximum principles for quasilinear elliptic equations [33, 34, 38] we deduce that 𝑢∗ > 0 in Ω

and 𝑢∗ ∈ 𝐶1,𝜇(Ω), so the claim (3.12) is proved.
(ii) The proof is similar to the case (i) with minor changes.
(iii) To prove that either 𝒞+

1 is unbounded, or (𝜆−1(𝑉), 0) ∈ 𝒞+
1 , we use 𝒞̂1

+
. We claim that

𝒞̂1 ⊂ 𝒞̂1

+
∪
(
−𝒞̂1

+)
∪ {(𝜆−1(𝑉), 0)}. (3.13)

Since Equation (3.12), the branch 𝒞̂1

+
⧵ {(𝜆±1(𝑉), 0)} only contains strictly positive solutions.

In particular, a pair (𝜆∗, 𝑢∗) ∈ 𝒞+
1 cannot be approached by changing sign solutions, and the claim (3.13) is

proved. Consequently, recalling that 𝒞̂1 satisfies Rabinowitz’s alternative, either 𝒞+
1 = 𝒞̂1

+
is unbounded or else

(𝜆−1(𝑉), 0) ∈ 𝒞+
1 . □

4 NON-EXISTENCE AND PROOF OF THEOREM 1.1

We will made use of the well-known Picone’s identity [3], that we recall here. Let us denote

𝐿(𝑣1, 𝑣2) ∶= |∇𝑣1|𝑝 + (𝑝 − 1)
𝑣
𝑝
1

𝑣
𝑝
2

|∇𝑣2|𝑝 − 𝑝
𝑣
𝑝−1
1

𝑣
𝑝−1
2

∇𝑣1 ⋅ |∇𝑣2|𝑝−2∇𝑣2, (4.1)

𝑅(𝑣1, 𝑣2) ∶= |∇𝑣1|𝑝 − |∇𝑣2|𝑝−2∇𝑣2 ⋅ ∇
(

𝑣
𝑝
1

𝑣
𝑝−1
2

)
,
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14 CUESTA and PARDO

for any couple of 𝑎.𝑒. differentiable functions 𝑣1 and 𝑣2 defined on an open set  ⊂ ℝ𝑁 , with 𝑣2 > 0. Then one has:
1. 0 ≤ 𝐿(𝑣1, 𝑣2) = 𝑅(𝑣1, 𝑣2).
2. If 𝑣1∕𝑣2 ∈ 𝑊1,1

𝑙𝑜𝑐
() then 𝐿(𝑣1, 𝑣2) = 0 a.e. in  implies that 𝑣1 = 𝑐𝑣2 for some constant 𝑐 ∈ ℝ in each connected

component of .

4.1 A non-existence result

Let 𝜔 ⊂ Ω be an open bounded set, possibly non-connected, with {𝜔𝑖}𝑖∈𝐼 its family of open connected components. We
recall that if Ω′ ⊊ Ω in an open domain, then 𝜆±1(𝑉,Ω′) > 𝜆±1(𝑉,Ω), see [14]. Let us denote by

𝜆1(𝑉, 𝜔) = inf
𝑖∈𝐼

𝜆1(𝑉, 𝜔𝑖), 𝜆−1(𝑉, 𝜔) ∶= sup
𝑖∈𝐼

𝜆−1(𝑉, 𝜔𝑖)

where 𝜆±1(𝑉, 𝜔𝑖) are resp. the smallest positive eigenvalue and largest negative eigenvalue of the Dirichlet eigenvalue
problem

−Δ𝑝𝜑 = 𝜆𝑉(𝑥)|𝜑|𝑝−2𝜑 in 𝜔𝑖, 𝜑 = 0 on 𝜕𝜔𝑖,

see Equation (1.5). Clearly, if 𝐼 is finite, then 𝜆±1(𝑉, 𝜔) = 𝜆±1(𝑉, 𝜔𝑖) for some 𝑖 (not necessarily unique). Observe that if

||{𝑥 ∈ 𝜔𝑖 ∶ 𝑉(𝑥) > 0}|| > 0, then 𝜆1(𝑉, 𝜔𝑖) < +∞.

Likewise, if

||{𝑥 ∈ 𝜔𝑖 ∶ 𝑉(𝑥) < 0}|| > 0, then 𝜆−1(𝑉, 𝜔𝑖) > −∞.

Let us agree that 𝜆1(𝑉, 𝜔𝑖) = +∞ if 𝑉 ≤ 0 a.e. in 𝜔𝑖 (resp. 𝜆−1(𝑉, 𝜔𝑖) = −∞ if 𝑉 ≥ 0 a.e. in 𝜔𝑖). Finally, when 𝑉 ≡ 1 we
will write 𝜆1(𝜔) = 𝜆1(1, 𝜔), and 𝜆±1(𝑉) = 𝜆±1(𝑉,Ω), when 𝜔 = Ω.

Proposition 4.1. Let 𝑓 satisfy hypothesis (f1)∞ and (f3)0.

(i) Assume that𝑚 satisfies (m1) and (m2). Set 𝜔+,0 ∶= int
(
Ω+ ∪ Ω0

)
. Let us denote:

𝛼+,0 ∶= 1 +
𝐶0 sup𝑚

+

𝜆1(𝜔+,0)
, and 𝐶0 ∶= inf {𝐶 ≥ 0 ∶ 𝑓(𝑠) + 𝐶𝑠𝑝−1 > 0 for all 𝑠 > 0} < +∞.

If problem (1.1)𝜆 has a non-negative nontrivial solution, then

−∞ < 𝛼+,0 𝜆−1
(
𝑉,𝜔+,0

)
< 𝜆 < 𝛼+,0 𝜆1

(
𝑉,𝜔+,0

)
< +∞.

(ii) Assume hypothesis (m3). Set 𝜔0 ∶= int
(
Ω0

)
. If problem (1.1)𝜆 has a non-negative nontrivial solution, then

−∞ < 𝜆−1
(
𝑉,𝜔0

)
< 𝜆 < 𝜆1

(
𝑉,𝜔0

)
< +∞.

Proof.

(i) Let 𝜆 > 𝛼+,0𝜆1
(
𝑉,𝜔+,0

)
and assume by contradiction that there exists a non-negative nontrivial solution𝑢 ∈ 𝑊

1,𝑝
0 (Ω)

to Equation (1.1)𝜆. By standard maximum principles for quasilinear elliptic equations (see [33, 34, 38]) we deduce that
𝑢 > 0 in Ω and 𝜕𝑢

𝜕𝜈
< 0 on 𝜕Ω.

Let us write 𝜔+,0 = ∪𝑚
𝑖
𝑤𝑖 the decomposition of 𝜔+,0 as the disjoint union of its open connected components. Then,

𝜆1(𝑉,Ω
0,+) = 𝜆1(𝑉, 𝜔𝑖) for some connected component 𝜔𝑖 of 𝜔+,0. Let 𝜑

+,0
1 ∶= 𝜑1 (𝑉, 𝜔𝑖) be a positive eigenfunction
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CUESTA and PARDO 15

associated with 𝜆1(𝑉, 𝜔+,0) of 𝐿∞-norm equal to 1. For simplicity, we will also denote by 𝜑+,01 the extension by 0 of
𝜑+,01 in all Ω.

Fix 𝜀 > 0 and put 𝜉 ∶= (𝜑
+,0
1

)𝑝

(𝑢+𝜀)𝑝−1
. If we multiply Equation (1.1)𝜆 by 𝜉 and integrate along Ωwe find,

∫
Ω

|∇𝑢|𝑝−2∇𝑢 ⋅ ∇( (𝜑+,01 )𝑝

(𝑢 + 𝜀)𝑝−1

)
𝑑𝑥 = 𝜆 ∫

Ω

𝑉(𝑥)(𝜑+,01 ) 𝑝
𝑢𝑝−1

(𝑢 + 𝜀)𝑝−1
+ ∫

Ω

𝑚+(𝑥)𝑓(𝑢)
(𝜑+,01 )𝑝

(𝑢 + 𝜀)𝑝−1
𝑑𝑥.

Using Picone’s identity, we deduce

0 ≤ ∫
Ω

𝐿
(
𝜑+,01 , 𝑢 + 𝜀

)
𝑑𝑥 = ∫

Ω

𝑅
(
𝜑+,01 , 𝑢 + 𝜀

)
𝑑𝑥 ∫

Ω

||∇(𝜑+,01 )||𝑝 𝑑𝑥 − ∫
Ω

|∇𝑢|𝑝−2∇𝑢 ⋅ ∇( (𝜑+,01 )𝑝

(𝑢 + 𝜀)𝑝−1

)
𝑑𝑥

= ∫
Ω

||∇(𝜑+,01 )||𝑝 𝑑𝑥 − 𝜆 ∫
Ω

𝑉(𝑥)(𝜑+,01 ) 𝑝
( 𝑢

𝑢 + 𝜀

)𝑝−1
− ∫

𝜔+,0
𝑚+(𝑥)𝑓(𝑢)

(𝜑+,01 )𝑝

(𝑢 + 𝜀)𝑝−1
𝑑𝑥

≤ ∫
𝜔+,0

||∇(𝜑+,01 )||𝑝 𝑑𝑥 − 𝜆 ∫
𝜔+,0

𝑉(𝑥)(𝜑+,01 ) 𝑝
( 𝑢

𝑢 + 𝜀

)𝑝−1
+ 𝐶0 sup 𝑚+ ∫

𝜔+,0

( 𝑢

𝑢 + 𝜀

)𝑝−1
(𝜑+,01 )𝑝 𝑑𝑥.

Letting 𝜀 → 0, we obtain

0 ≤ lim
𝜀→0 ∫Ω 𝐿(𝜑

+,0
1 , 𝑢 + 𝜀) 𝑑𝑥 ≤

(
𝛼0,+ −

𝜆

𝜆1(𝑉, 𝜔+,0)

)
∫
𝜔+,0

|∇(𝜑+,01 )|𝑝 𝑑𝑥
which is clearly a contradiction whenever 𝜆 > 𝛼+,0𝜆1(𝑉, 𝜔

+,0). In the case 𝜆 = 𝛼+,0𝜆1(𝑉, 𝜔
+,0), we have

lim
𝜀→0 ∫Ω 𝐿(𝜑

+,0
1 , 𝑢 + 𝜀) 𝑑𝑥 = 0

and using Fatou’s lemma

∫
Ω

lim inf
𝜀→0

𝐿(𝜑+,01 , 𝑢 + 𝜀) 𝑑𝑥 ≤ 0

Since 𝐿(𝜑+,01 , 𝑢 + 𝜀) ≥ 0 for all 𝜀 > 0 then we get,

𝐿(𝜑+,01 , 𝑢) = lim inf
𝜀→0

𝐿(𝜑+,01 , 𝑢 + 𝜀) = 0 𝑎.𝑒. in Ω.

Since trivially 𝜑
+,0
1

𝑢
∈ 𝑊1,1

loc(Ω), from the results of Picone’s identity mentioned above we infer that, in 𝜔𝑖 , 𝜑
+,0
1 = 𝑐𝑢

for some 𝑐 ∈ ℝ. But 𝜑+,01 vanishes on 𝜕 (𝜔𝑖) ∩ Ω although 𝑢 > 0 in Ω, a contradiction.
(ii) The proof of non-existence for 𝜆 ≤ 𝜆−1

(
𝑉,𝜔+,0

)
is similar to the previous case and we omit it. □

4.2 Proof of Theorem 1.1

Since hypotheses on 𝑓, choosing 𝑓 strictly increasing as in Remark 2.2, hypotheses of Theorem 3.4 are satisfied. Hence,
parts (i)–(ii) are accomplished.

(iii) We have to prove that there exists a neighborhood𝒰 ⊂ ℝ ×𝑊
1,𝑝
0 (Ω) of (𝜆1(𝑉), 0) such that for all (𝜆, 𝑢𝜆) in𝒞+ ∩ 𝒰,

𝜆 > 𝜆1(𝑉). Assume that there is a sequence (𝜆𝑛, 𝑢𝑛) of bifurcated positive solutions to Equation (1.1) in a neigh-
borhood 𝒰 ⊂ ℝ ×𝑊

1,𝑝
0 (Ω) of (𝜆1(𝑉), 0), with (𝜆𝑛, 𝑢𝑛) → (𝜆1(𝑉), 0). Let 𝜀 > 0 be fixed. Using Picone’s identity, see
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16 CUESTA and PARDO

Definition (4.1), and that (𝜆1(𝑉), 𝜑1(𝑉)) is an eigenpair, we deduce that for all 𝜀 > 0

0 ≤ ∫
Ω

𝐿(𝑢𝑛, 𝜑1(𝑉) + 𝜀) 𝑑𝑥 = ∫
Ω

𝑅(𝑢𝑛, 𝜑1(𝑉) + 𝜀) 𝑑𝑥 (4.2)

≤ ∫
Ω

|∇𝑢𝑛|𝑝 𝑑𝑥 − ∫
Ω

|∇𝜑1(𝑉)|𝑝−2∇𝜑1(𝑉) ⋅ ∇
(

𝑢
𝑝
𝑛

(𝜑1(𝑉) + 𝜀)𝑝−1

)
𝑑𝑥

= ∫
Ω

𝑚(𝑥)𝑓(𝑢𝑛)𝑢𝑛 𝑑𝑥 + ∫
Ω

𝑉(𝑥)𝑢
𝑝
𝑛

[
𝜆𝑛 − 𝜆1(𝑉)

(
𝜑1(𝑉)

𝜑1(𝑉) + 𝜀

)𝑝−1
]
𝑑𝑥.

Since hypothesis (f4)0 on 𝑓 and Equation (3.11), we deduce for 𝑤𝑛 =
𝑢𝑛‖𝑢𝑛‖∞ that

𝑓(𝑤𝑛(𝑥)‖𝑢𝑛‖∞)
𝑓(‖𝑢𝑛‖∞) → 𝑔0(𝜑1(𝑉)(𝑥)) as 𝑛 → ∞, a.e. 𝑥 ∈ Ω.

Indeed, fix 𝛿 ∈ (0, 1). Hypothesis (f4)0 on 𝑓, implies that for all 𝜀1 > 0 there exists a 𝑛1 > 0 such that

||||𝑓(𝜇‖𝑢𝑛‖∞)𝑓(‖𝑢𝑛‖∞) − 𝑔0(𝜇)
|||| ≤ 𝜀1, ∀𝑛 > 𝑛1, ∀𝜇 ∈ [(1 − 𝛿)𝜑1(𝑉), (1 + 𝛿)𝜑1(𝑉)].

Clearly, (1 − 𝛿)𝜑1(𝑉) ≤ 𝑤𝑛 ≤ (1 + 𝛿)𝜑1(𝑉) for 𝑛 big enough, and so

𝑓(𝑤𝑛(𝑥)‖𝑢𝑛‖∞)
𝑓(‖𝑢𝑛‖∞) − 𝑔0(𝑤𝑛(𝑥)) → 0 as 𝑛 → ∞, a.e. 𝑥 ∈ Ω.

Hence, using Equation (3.11), we deduce

∫
Ω

𝑚(𝑥)
𝑓(𝑢𝑛)

𝑓(‖𝑢𝑛‖∞) 𝑢𝑛‖𝑢𝑛‖∞ 𝑑𝑥 →
𝑛→∞ ∫

Ω

𝑚(𝑥)𝑔0(𝜑1(𝑉)) 𝜑1(𝑉) 𝑑𝑥 =∶ 𝐼1 < 0 ,

by hypothesis (f4)0.
Now, we prove that 𝜆𝑛 > 𝜆1(𝑉). Indeed, on one hand

lim
𝑛→∞

1‖𝑢𝑛‖𝑝𝑝 ∫
Ω

𝑉(𝑥)𝑢
𝑝
𝑛 𝑑𝑥 = ∫

Ω

𝑉(𝑥)𝜑1(𝑉)
𝑝 𝑑𝑥 =

‖𝜑1(𝑉)‖𝑝
𝜆1(𝑉)

> 0

and then ∫
Ω
𝑉(𝑥)𝑢

𝑝
𝑛𝑑𝑥 > 0 for 𝑛 large enough. On the other hand, letting 𝜀 → 0 in Equation (4.2), dividing by‖𝑢𝑛‖∞𝑓(‖𝑢𝑛‖∞) and using Equation (3.11)

(𝜆1(𝑉) − 𝜆𝑛)‖𝑢𝑛‖∞𝑓(‖𝑢𝑛‖∞) ∫Ω 𝑉(𝑥)𝑢𝑝𝑛 ≤ ∫
Ω

𝑚(𝑥)
𝑓(𝑢𝑛)

𝑓(‖𝑢𝑛‖∞) 𝑢𝑛‖𝑢𝑛‖∞ 𝑑𝑥 →
𝑛→∞

𝐼1 < 0.

We have proved the first part of (iii). The second part is identical to that one.
(iv) Let us finally define

Λ1 ∶= sup
{
𝜆 > 0 ∶ (1.1)𝜆 admits a positive solution

}
,

Λ−1 ∶= inf
{
𝜆 < 0 ∶ (1.1)𝜆 admits a positive solution

}
.

Since the above, Λ−1 < 𝜆−1(𝑉) < 𝜆1(𝑉) < Λ1. Moreover, as a consequence of Proposition 4.1, Λ1, Λ−1 are finite. We
have proved (iv).
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ENDNOTES
1Note that the continuity of the function 𝑔0 and the fact that 𝑔0(𝑠𝑡) = 𝑔0(𝑠)𝑔0(𝑡) for all 𝑠, 𝑡 positive, imply that 𝑔0(𝑠) = 𝑠𝑞−1 for some 𝑞 ≤ 𝑝∗.
2The map 𝑢 → ‖𝑢‖𝐴 is the Minkowski functional of the convex set 𝐶 = {𝑢 ∈ 𝐾𝐴(Ω) ∶ ∫

Ω
𝐴(|𝑢(𝑥)|) 𝑑𝑥 ≤ 1}.
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APPENDIX A: THE CONVEX SET 𝑲𝑨(𝛀) AND ITS GAUGE ‖ ⋅ ‖𝑨
Let us summarize some definitions and results on convex sets and its Minkowski functional (gauge). We refer the reader
to [1, 16, 27].

A.1 The convex set 𝐾𝐴(Ω)

Let 𝑎 ∶ ℝ+ → ℝ+ be increasing (that is, 0 ≤ 𝑠 ≤ 𝑡 implies 𝑎(𝑠) ≤ 𝑎(𝑡)) and right continuous. Let𝐴 ∶ ℝ+ → ℝ+ be defined
as

𝐴(𝑡) = ∫
𝑡

0

𝑎(𝑠) 𝑑𝑠. (A.1)

Then, 𝐴 is a continuous, strictly increasing and convex function such that 𝐴(0) = 0.
If furthermore 𝑎(0) = 0 and lim𝑠→+∞ 𝑎(𝑠) = +∞, we will say that 𝐴 is a 𝑁-function.
LetΩbe an open subset ofℝ𝑁 . The convex set𝐾𝐴(Ω) is defined as the set of real-valuedmeasurable functions𝑢 ∶ Ω → ℝ

such that:

∫
Ω

𝐴(|𝑢(𝑥)|) 𝑑𝑥 < +∞.
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For all 𝑢 ∈ 𝐾𝐴(Ω), one defines the gauge

‖𝑢‖𝐴 ∶= inf

{
𝜆 > 0 ∶ ∫

Ω

𝐴

(|𝑢(𝑥)|
𝜆

)
𝑑𝑥 ≤ 1

}
. (A.2)

Observe that ‖𝑠𝑢‖𝐴 = |𝑠|‖𝑢‖𝐴 for all 𝑠 ∈ [−1, 1], ‖𝑢 + 𝑣‖𝐴 ≤ ‖𝑢‖𝐴 + ‖𝑣‖𝐴 for all 𝑢, 𝑣 ∈ 𝐾𝐴(Ω) and ‖𝑢‖𝐴 = 0 if and only
if 𝑢 = 0 a.e. Note also that𝐾𝐴(Ω) is a convex set which is not a linear space in general.2 From the convexity of𝐴, it follows
that

∀𝑢 ∈ 𝐾𝐴(Ω), ‖𝑢‖𝐴 ≤ max

{
∫
Ω

𝐴(|𝑢(𝑥)|) 𝑑𝑥, 1}. (A.3)

Furthermore, one have

∀𝑢 ∈ 𝐾𝐴(Ω), 𝑢 ≠ 0, ∫
Ω

𝐴

(|𝑢(𝑥)|‖𝑢‖𝐴
)
𝑑𝑥 ≤ 1. (A.4)

A.2 Conjugate of a 𝑁- function, generalization of Young’s and Holder’s inequalities
Let 𝐴 be an 𝑁-function. The conjugate 𝐴∗ of 𝐴 is defined by

𝐴∗(𝑡) ∶= max{𝑠𝑡 − 𝐴(𝑠), 𝑠 > 0}, ∀𝑡 ≥ 0 (A.5)

or, equivalently,

𝐴∗(𝑡) ∶= ∫
𝑡

0

𝑎∗(𝑠) 𝑑𝑠, ∀𝑡 ≥ 0, (A.6)

where 𝑎∗ ∶ ℝ+ → ℝ+ is given by

𝑎∗(𝑡) ∶= sup{𝑠 ∶ 𝑎(𝑠) ≤ 𝑡}. (A.7)

Observe that for any 𝑡 ≥ 0, 𝑎∗ (𝑎(𝑡)) ≥ 𝑡 and, whenever 𝑎 is strictly increasing,

𝑎∗(𝑡) = 𝑎−1(𝑡). (A.8)

If follows directly from Definition (A.6) that𝐴∗ is an𝑁-function as well. It follows also directly from Definition (A.5), the
following Young’s inequality:

∀𝑠, 𝑡 ∈ ℝ+, 𝑠𝑡 ≤ 𝐴(𝑠) + 𝐴∗(𝑡). (A.9)

Equality holds in Equation (A.9) if and only if 𝑡 = 𝑎(𝑠) or 𝑠 = 𝑎∗(𝑡). In particular ∀𝑠, 𝑡 ∈ ℝ+,

𝑠𝑎(𝑠) = 𝐴(𝑠) + 𝐴∗(𝑎(𝑠)), 𝑡𝑎∗(𝑡) = 𝐴(𝑎∗(𝑡)) + 𝐴∗(𝑡). (A.10)

Let Ω ⊂ ℝ𝑁 be open. Using Equations (A.9) and (A.4), the following generalization of Holder’s inequality holds:

∀𝑢 ∈ 𝐾𝐴(Ω), ∀𝑣 ∈ 𝐾𝐴∗(Ω),
|||||∫Ω 𝑢𝑣 𝑑𝑥

||||| ≤ 2‖𝑢‖𝐴 ‖𝑣‖𝐴∗. (A.11)

A.3 Δ2-condition and comparison of convex functions
Let 𝐴 be an 𝑁-function, 𝐴 is said to satisfy the Δ2-condition if for all 𝑟 > 1 there exists 𝑘 = 𝑘(𝑟) > 0 such that:

𝐴(𝑟𝑡) ≤ 𝑘𝐴(𝑡) ∀𝑡 ≥ 0. (A.12)
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20 CUESTA and PARDO

When Equation (A.12) holds only for all 𝑡 ≥ 𝑡0, for some 𝑡0 ≥ 0, then 𝐴 is said to satisfy the Δ2-condition near infinity.
Proposition A.1. Let 𝐴 be an 𝑁-function. A necessary and sufficient condition for 𝐴 to satisfy the Δ2-condition at infinity
is that there exist constants 𝑘0 > 1 and 𝑡0 > 0 such that

𝑡𝑎(𝑡)

𝐴(𝑡)
≤ 𝑘0, for 𝑡 > 𝑡0.

See [27, Theorem 4.1].
Let 𝐴 and 𝐵 be two 𝑁-functions. We say that 𝐵 increases essentially more slowly than 𝐴 near infinity if

∀𝛿 > 1 lim
𝑡→+∞

𝐵(𝛿𝑡)

𝐴(𝑡)
= 0. (A.13)

We have the following result:

Theorem A.2. LetΩ ⊂ ℝ𝑁 be an open set with finite volume and let 𝐴 and 𝐵 be two N-functions. Assume also that

(1) 𝐴 satisfies the Δ2-condition near infinity,
(2) 𝐵 increases essentially more slowly than 𝐴 near infinity.

Let {𝑢𝑛}𝑛∈ℕ be a ‖ ⋅ ‖𝐴-bounded sequence of 𝐾𝐴(Ω) converging in measure to some 𝑢 ∈ 𝐾𝐴(Ω). Then

lim
𝑛→∞

‖𝑢𝑛 − 𝑢‖𝐵 = 0.

Starting from boundedness and convergence in measure, this theorem is a simplified approach to a certain strong
convergence. Alternatively, one could use compact embedding in Orlicz–Sobolev spaces [12].

Proof of Theorem A.2. Let 0 < 𝜀 < 2 sup𝑗 ‖𝑢𝑗‖𝐴 be fixed and put 𝑣𝑛 ∶= |𝑢𝑛−𝑢|
𝜀

. Let us show that there exists 𝐾 = 𝐾(𝜀) > 0

such that

∀𝑛 ∈ ℕ, ‖𝑣𝑛‖𝐴 ≤ 𝐾. (A.14)

Indeed, let us choose 𝑟 ∶= max
{ 2 sup𝑗 ‖𝑢𝑗‖𝐴

𝜀
,
2

𝜀

}
, and 𝑘 = 𝑘(𝑟), 𝑡0 > 0 as given in the Δ2-condition, then

∀𝑡 ≥ 0, 𝐴(𝑟𝑡) ≤ 𝐴(𝑟𝑡0) + 𝑘𝐴(𝑡) (A.15)

Since 𝐴 is increasing, convex, and satisfies Equation (A.15), we have

𝐴(𝑣𝑛) ≤ 1

2
𝐴

(
2‖𝑢𝑛‖𝐴

𝜀

|𝑢𝑛|‖𝑢𝑛‖𝐴
)
+
1

2
𝐴

(
2|𝑢|
𝜀

)
≤ 1

2

(
2𝐴(𝑟𝑡0) + 𝑘𝐴

( |𝑢𝑛|‖𝑢𝑛‖𝐴
)
+ 𝑘𝐴(|𝑢|)).

Hence, using Equations (A.3) and (A.4),

‖𝑣𝑛‖𝐴 ≤ ∫
Ω

𝐴(|𝑣𝑛(𝑥)|) 𝑑𝑥 + 1 ≤ 1

2

(
2𝐴(𝑟𝑡0)|Ω| + 𝑘 + 𝑘 ∫

Ω

𝐴(|𝑢(𝑥)|) 𝑑𝑥) + 1 ∶= 𝐾,

and so Equation (A.14) is satisfied. Since Equation (A.13), let us choose 𝑡1 > 0 such that

𝐵(𝑡) ≤ 1

4
𝐴(𝑡∕𝐾) ∀𝑡 ≥ 𝑡1.
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CUESTA and PARDO 21

Set

Ω𝑛 ∶=

{
𝑥 ∈ Ω ∶ 𝑣𝑛(𝑥) > 𝐵−1

(
1

2|Ω|
)}

, Ω
′

𝑛 = {𝑥 ∈ Ω𝑛 ∶ 𝑣𝑛(𝑥) ≥ 𝑡1}.

Since the sequence {𝑢𝑛}𝑛 converges in measure to 𝑢, and 𝜀 is fixed, {𝑣𝑛}𝑛 converges in measure to 0 for 𝛿 =
1

4𝐵(𝑡1)
there

exists 𝑛0 ∈ ℕ such that ∀𝑛 ≥ 𝑛0, |Ω𝑛| ≤ 𝛿. Thus

∫
Ω

𝐵(𝑣𝑛(𝑥)) 𝑑𝑥 = ∫
Ω⧵Ω𝑛

𝐵(𝑣𝑛(𝑥)) 𝑑𝑥 + ∫
Ω
′
𝑛

𝐵(𝑣𝑛(𝑥)) 𝑑𝑥 + ∫
Ω𝑛⧵Ω

′
𝑛

𝐵(𝑣𝑛(𝑥)) 𝑑𝑥

≤ |Ω|
2|Ω| + 1

4 ∫
Ω
′
𝑛

𝐴

(
𝑣𝑛(𝑥)

𝐾

)
𝑑𝑥 + 𝛿𝐵(𝑡1) ≤ 1,

thanks to Equation (A.14). Consequently, ∫
Ω
𝐵
(|𝑢𝑛(𝑥)−𝑢(𝑥)|

𝜀

)
𝑑𝑥 ≤ 1, and so

∀𝑛 ≥ 𝑛0, ‖𝑢𝑛 − 𝑢‖𝐵 ≤ 𝜀. □
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