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Abstract. We consider a slightly subcritical elliptic system with Dirichlet bound-
ary conditions and a non-power nonlinearity in a bounded smooth domain. For
this problem, standard compact embeddings cannot be used to guarantee the ex-
istence of solutions as in the case of power-type nonlinearities. Instead, we use the
dual method on Orlicz spaces, showing that our problem possesses a mountain
pass type solution.
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1. Introduction

Let us consider the system

—Av=-—"" inQ
(1n(e+u))
—Au=—=""__ inQ
(ln(e+v))ﬁ (1-1)
u>0,v>0 in Q
u=v=0 on 0f)

where Q ¢ RN, N > 3, is a bounded domain of class C?, p,q > 0, a < p, 8 < q,
and (p, ¢) may belong to the critical hyperbola; specifically, either
1 1 N -2
> + > , 1.2
p+1 qg+1 N (1.2)
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or
1 1 N -2 o 16}

+ = , —_—t >
p+1 qg+1 N p+1 qg+1

0. (1.3)

We want to find a solution (u,v) of (1.1), positive in both components.

Problems of type (1.1) has been considered by several authors, we refer to [3,9,11,
17]. In [3] the authors study the case (1.2) and a = 3 = 0. Whereas in [9, Theorem
2.7] the authors study related nonlinearities when the pair of exponents (p,q) lies
below the critical Sobolev hyperbola (1.2), using variational approaches. In [11,
Theorem 1.3], using an Orlicz-space approach, the authors study the existence of
solutions of (1.1) when the pairs of exponents (p, q), (a, 3) satisfy (1.3), in particular
(p,q) lies on the critical Sobolev hyperbola, with p,q > 1; they do not cover the
case p,q > 0. While in [17] the authors establish a-priori L>® bounds when the pair
of exponents (p,q) lies on the critical Sobolev hyperbola (1.3), 1 < p,q < oo, and
a, 3> 2/(N — 2). Concerning one single equation, we can mention [5] establishing
L* a priori bounds when « > 2/(N — 2), [8] analyzing the asymptotic behavior of
the solutions as @ — 0, and [10] including a changing sign weight.

Our main result is the following:

Theorem 1.1. Assume p,q > 0, o < p, B < q, and either (p,q) satisfy (1.2) or
(p,q), (o, B) satisfy (1.3). Then Problem (1.1) possesses a solution of mountain

pass type.

The proof relies on the dual method which allows to reduce the existence of
solutions to the problem (1.1) to finding critical points of an energy functional
defined on a suitable Orlicz space, whose accurate choice is the main novelty of the
present paper.

Remark 1.2. We would like to comment on condition (1.3). At this aim we point out

that Theorem 1.1 also applies to the case of the single equation, namely p = g = %
and a = § > 0. In particular, the problem
—“Au=-—""_ inQ
(1n(e+u))
u>0 in (1.4)
u=20 on 0f)

has always a positive solution. On the other hand, it is known that Pohozaev’s
identity [21] ensures the non-existence of positive solutions on star-shaped domains
to Eq. (1.4) whenever a < 0, see Remark 4.3.
In a similar way, it could be interesting to prove the criticality of our condition
1.3. Indeed, a question naturally arises: if p and ¢ lie on the critical hyperbola and
> B
p+1 g+1
does the system (1.1) have any positive solutions on a star-shaped domain? In
Theorem 4.2 we give a partial answer when both a and § are not positive. The
general case remains open.



Positive Solutions of Elliptic Systems

The paper is organized as follows. In Sect. 2 we describe the dual method which
allows us to consider p, ¢ > 0. Roughly speaking, this method consists in taking
the inverse of the Laplace operator, and defining the inverse of the nonlinearities.
In Sect.3 we prove our main result, that the associated energy functional, defined
in a suitable product of Orlicz spaces, has a mountain pass geometry. Section4 is
devoted to analyze the criticality of the condition (1.3). Finally, Sect. 5 summarize
the theory of Orlicz spaces needed for our purposes.

2. The Dual Method

2.1. The Variational Formulation
Given any s € (1,00), we introduce the operator K := (—=A)~1: L$(Q) — W25(Q)N
Wy *(€2) which is defined as

K(f):=u if and only if — Au= fin Q, u =0 on 0.

Next, we set

at) = —  and b)) = —— witht>0,  (21)
(In(e + 1)) (In(e +t))”
and consider their primitive functions:
¢ ¢
A(t) := /a(s) ds and B(t) == /b(s) ds for all ¢>0. (2.2)

0 0
If o < pand B < q, the functions a, b are strictly increasing and so invertible
in [0, +00). Let us denote by

~ 1

a:=a and b:=b"' the inverse functions. (2.3)

If we set f = a(u) and g = b(v) or equivalently u = a(f) and v = b(g), then problem
(1.1) can be rewritten as

b(g) =K(f) inQ
a(f)=k(g) nQ (2.4)
f>0,g>0 1in .
Let us introduce their primitive functions:
t

t
At) = / a(s)ds  and B(t) = / b(s) ds, (2.5)
0 0

for all t > 0, and denote LA(Q) and LB (Q) the Orlicz spaces associated to the func-
tions A and B respectively, cf. Definition 5.3 and Remark 5.7. Observe that, since a
and b are continuous and increasing the functions le are B are N- functions, cf. def-
inition 5.1. We endowed the space L4(Q) (resp. LZ(2)) with either the Luzembourg
norm || -|| 5y or the Orlicz norm ||-|| 5 (resp. |- || ) and |- | 5), see definitions (5.3)
and (5.4) for those norms. From Lemma 5.5 and Proposition 5.10(i), the spaces
LA(Q) and LB(Q) are complete with both the Orlicz or the Luxemburg norm.
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Problem (2.4) has a variational structure. Indeed, let us denote by X the Ba-
nach space
X = LAQ) x LB(Q)
endowed with the norm ||(f, 9)|lx :== || fllz + ll9ll 5-

By the regularity result Theorem 5.29, the operator K sends LA(Q) into

AQ) N w2 A( ), cf. Definition 5.19 of the Orlicz-Sobolev spaces Wy (Q) and
W2 H(Q), when H is equal to either A or B. Thus for any (f,g) € X, (K(f ),K(9)) €
w2 A( )X W2 B( ). By a solution (u,v) of (1.1) we mean a pair (u,v) € (Wol’A(Q)ﬂ
WQ’A(Q)) (I/VO1 B(Q) N WQ’B(Q)) satisfying (1.1) in the weak sense.

Moreover, for (p, q), (a, 3) satisfying either (1.2), or (1.3), we have that the em-
beddings W24(Q) — LB(Q) and W25 (Q) — LA(Q), are continuous and compact,
see Lemma 2.8. Consequently, fK(g) € L*(), gK(f) € L*(£2), see the 2nd Holder’s

inequality (5.5) in Proposition 5.10. Furthermore, it follows from the definition of
K, that

/ Fr()de = [ VK(7)-Vilg)de = [ gx()da. (2.6)
Q

For convenience, let us extend a, a, b, b in the whole R as odd functions, and

extend A, A B and B as even functions. We next introduce the C'-functional
J : X — R defined by

J(f.9) = /Z<f> do:+/ (g) di — /(fK( ) rgk(f))de  (27)

whose derivative at (f,g) € X is equal to

T(Fglnval = | [athvndat [gvado / biK(g / o K(f)de | |

Q Q

for all (¢1,12) € X.
Trivially, the Eq. (2.4) are the Euler-Lagrange equations associated to the
action functional J.

2.2. On the Nonlinearities

Lemma 2.1. (i) There exists two constants c1, ca > 0, only dependent of p, and «,
such that

citr (In(e + t))% a(t) < Cotr (In(e + t))%, forall t>0. (2.8)
(ii) There ezists two constants Cq, Cay > 0 only dependent of p, and «, such that
Cit"v (In(e+1))7 <A®t) < Cot™s ((In(e+1)7,  forall t>0.
Proof of Lemma 2.1. (i) By definition,

a(t(ln(e + t))%) = t?(In(e +t))" [ln (e +t(In(e + t))%)}

—Q
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Now, checking that
In (e +t(In(e +1) ") In (e + t(In(e +1) 7 )

li =1 li =1
150 In(e + t) ’ e In(e + t) ’

s R

and since that quotient of logarithms is a continuous, non vanishing function for
t > 0, we can conclude that there exists two constants d;, do > 0 such that

o
p

dit? < a(t(ln(e + t)) ) < dat?, for all ¢ >0,
and since @ is increasing,
a(dyt?) < t(In(e+1))7 <a(dot?),  forall ¢>0.
Now, firstly denoting by s = d;tP, secondly using that
In (e+t1/p) In <e+t1/p)
M e 0 M ety
and thirdly, denoting by s = dat?, we obtain (2.8).
(ii) Given v > 0, and v > —7, set
oy u(t)=0o(t) =t (In(e+1))",  for t>0,
then

1 t
In(e+1¢) (e+1¢)]°

ol () =0'(t)= 7" (In(e + t))y v+ v

Observe that

and that

Moreover, if v > —~, then o is increasing.
Set

1 t
MO = e s

Trivially, lim; .o h(t) = 0, lim;_,o h(t) = 0, and there exists a unique t* > 0 such
that

0, for t>0.

ht) < h(t) = ——— <1,  Vt>0.
e+ t*
Hence
’Y+ ’V’6 710_1 (t)<t’yfl(1n(e+t))l’< - ‘V‘e 710/ (t)
e+ t* Y,V — — e+ t* vV ’

(2.10)

and observe that whenever v > 1, t771 (In(e + 1)) = 0,_1,,(t), so
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—1 —1
ey e
(4 2%) o0 s (- 0) 2.

By definition of A (see (2.2)), using (2.8), and (2.10), we can write

t t

At) = /ZL(S) ds < cz/sé(ln(e + 8))% ds < Caopi1 o(t) = Cot™s (In(e + t))%.
0 0

Likewise is obtained the reverse inequality. O

Remark 2.2. Likewise, there exists two constants C7, C4 > 0 only dependent of p,
and «, such that

Ci7 (In(e+ 1)) " < A(t) < C4 " ((In(e +1¢)) ", forall ¢>0.
In fact, from (2.10), for all ¢ > 0,

<p+1—|— ‘OM)_I ta(t) < A(t) < (p—l—l— ’a’e>_1ta(t).

e+ t* e+ t*

Lemma 2.3. (i) Assume that o > 0. Then, for all f € L’K(Q), and for the constants
Cy, Cy > 0 provided by Lemma 2.1, the following hold

/ A(f) da > HfH(A) , whenever || fll 4y = 1, (2.11)
[ Aprde< G A1 whenever £l < 1 (2.12)
and
~ p+1
[ Anas =g (2.13)
(ii) Assume now that o < 0. Then,
~ p+1
[ Apde< ZIA15 . uhenever 17z > 1 (2.14)
A > 21 » L<
[ Aprde= GG whenever £l <1, (2.15)

and if f € Lptl(Q), then
~ pt1
/QA(f) do < Ca || f]] s -

Remark 2.4. Likewise, for all f € LA(€), and for the constants C}, C% > 0 provided
by Remark 2.2, the following hold
(i) Assume that oo > 0. Then,

/

C
/ A(f)de < 22 HfHI()X)l, whenever || f|lay > 1,
Q Cl

and

C/
Aoz GHUFIZE.L whenever £y < 1.
2
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and if f € LPT1(Q), then

AMﬁMS%WMT (2.16)

(ii) Assume now that o < 0. Then

i

C1
[ A= G, whenever I > 1.
A(f)dx < G Kl whenever || f]|(4) < 1 (2.17)
0 = (A)> (A) =+ :
and
JRGEECA ot

Proof of Lemma 2.3. Let

v\p

Ai(s) =s (ln(e +5))7.

Since Lemma 2.1

qA&mmgémﬁmgaéimm.

(i) Assume that a > 0. If || || 4) = 1, then by Lemma 5.5(iv)

]_:/AV |f‘ d:13<02/ |f| pTTl(ln(e{-‘fD)% M ’
Q 11l N o \ I/l In(e +[f])

o L ner12)F = G [Apae< @ s [
\w® 197 197,

Consequently, (2.11) holds.
Moreover, for all f € L4(Q), with 1fllay <1

et FERNNG
_ i IR In (e + pfi7)
1AA@ﬂ@>wZQAQm@) uw+m)( @+m>)

S [0 (wte1)F = S [ Binas> G — [ Alpya.
" 1917 70 1917

So (2.12) holds. B
Besides, for all f € L4(9),

R

[ Ayde=cr [ Ade=cr [ 1A% (ne+17)? do = CillfLL
Q P
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~ _laf
(ii) Assume now that o < 0, and let us write now As(s) := s (In(e+s)) 7.

Assume now || f|| 4 <1, then

AV N7 e - (e i) )
1‘/QA<|f||<A>> ! §02/9<|f||<g)> (Infe +1£D) (m(ew{_)))
(A

A O e R L

HfH(A) 112

So (2.15) holds. N
Moreover, for all f € LA(Q), with 1flla =1,

i (V) w AN e - (i )7
t= /A<|f||(A))d 2CI/Q(||J£|(A)> (In(e+11D) <ln( f))

e+ TG
A% (ne+ 1) = [ D(nae> G —r [ Ap)an
|\f||<j) ¢ £l 4 1Al &
Consequently, (2.14) holds.
Finally, Lemma 2.1(ii) ends the proof. O

2.3. On the Space X = LA(Q) x LZ(Q)

We prove in this section that X is reflexive.

To do so, in Proposition 5.10(v) is stated that we only need to check that the
N-functions satisfy the As-condition at infinity (see (5.1) for a definition of the
As-condition at infinity).

Proposition 2.5. A, B, g, B satisfy the As-condition, and X is a reflexive Banach
space. Moreover, the dual space

~ ~ / ~ / ~ /

X' = (LA(Q) X LB(Q)> - (LA(Q)) X (LB(Q)) — LAQ) x LB(Q)  (2.18)
Proof. From Lemma 5.5 and Proposition 5.10(i), the spaces LA(Q) and LB(Q) are
complete with both the Orlicz or the Luxemburg norm. From Proposition 5.10(v) it
is enough to check that A, B, A, B satisfy the As-condition. To do that, we apply
Lemma 5.4 (iii), see condition (5.2).

Indeed, notice that by 'Hopital rule
!
ta(t) — lim ta'(t)

t—+oo A(t)  t—+4oo a(t)

. th(t)
+1=p+1, and tllinoo%—q—i—l,

see (2.9) in the proof of Lemma 2.1. Now, changing the the variable s = a(t), using
Young equality (3.1), and I'Hopital rule

/
- ta(t) lim ~sa(s) o sa(s) ~ im a(s) + sa’(s) 1 Y
t—+o0 A(t)  s—too A(a(s)) s—toosa(s) — A(s)  s—too  sd/(s) P
see also (2.9) in the proof of Lemma 2.1. Likewise,
/
lim t~ ) _ lim ~5b(3) = lim L(S) = lim M = E + 1.
t——4o00 B(t) s—>+oo B(b(S)) s—+00 Sb(S) — B(S) §——+00 sb (S) q
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Finally, Proposition 5.10 (iv) and the fact that (A) = A4, and (A) = A ends the
proof.
]

n order to prove some geometric properties of the functional J, we will made
use of the following continuous embeddings:
Lemma 2.6. If o, >0,
LAQ) — L™ (Q) and LB(Q) — L' (Q), (2.19)
and if a < 0, (respectively, B < 0), for all e > 0 small enough,
LA(Q) — Li_a(ﬂ), (respectively, LB(Q) — Lﬁ_e(ﬂ)). (2.20)

Likewise, if a, 8> 0, for all e > 0 small enough,

LA(Q) — LPYLI5(Q) and LB(Q) — LIT15(Q), (2.21)
and if a < 0, (respectively, f < 0),
LAQ) — LPYL(Q), (respectively, LP(Q) — LI (). (2.22)
Proof. We remark that whenever o, 5 > 0, (2.19) holds using that
alt) <7 = at) > 17 = A(t) > ]%t%l. (2.23)
Moreover, as for all u € LA(Q), u # 0, we have from (5.6) in Proposition 5.10(iii),

Jul 2.

il U

~ D pt+1

12/A< u >dm2p Y dz = P +1,
Q ||u||A p+1Jg ||u||A p+1 H H P

so, the embedding (2.20) is proved.

Besides, if a < 0, (respectively, 5 < 0), for all £ > 0 small enough, (2.20) holds.
Indeed, fix € > 0 small, there exists ¢ = ¢. > 0 such that

ctP ift<1
- <
alt) < {ctp+€ ift>1,

then
_ c_l/psl/p ifsgc
a(s) = e~/ pte)gl/(vte)  if g > ¢
and
- _P_—1/pg(p+1)/p ifs<ec
As) 2 4 7l eV ore) et )/ (obe) | (B pEE ). g >
e orl — pretri)c s> c.

In particular

A(s) > Cys"7 = — O,
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for
Cy = pte 071/(%5)7 C, := max p+e c Ec ’
p+e+1 p+e+1l (p+e+1)(p+1)
€
/!
p(p+e)

with C1,Cy > 0. From the above and by definition, if u € LA(Q), u Z 0, then
putting v =

llull z

12/!1(@(95)) dxz/Cl o5 dz — Co|0,
Q Q

S0,

/ ’
—&

pt1 Pl
L+ CoQf) ull 7 = Cullull £,
P

—e!

and the embedding (2.20) is proved.
The proofs of (2.21) and (2.22) are similar. O

The following Lemma is a technical one, that will be useful to prove Proposition
2.10.

Lemma 2.7. Let a, A, a, A be defined by (2.1), (2.2), (2.3), and (2.5) respectively.
Here ~ means equivalent at infinity, see Remark 5.15. Then

(i) A is equivalent to Ao a atinfinity, (A~ Ao a), and L*(Q) is isomorphic to
LA° Q). ~

(ii) A is equivalent to A o @ at infinity, (A ~ A « @), and LA(Q) is isomorphic to
LA ° Q).

Proof. (i) Clearly, since Lemma 2.1, and Proposition 5.17, for any ¢ € L4(Q),
A@W) = A([]) ~ [P (Inf[) ™", and /Q|¢|p+1(1n|¢|)a dr < C.
Moreover,
a(yp) ~ [P (Infy[)=*
p+1

Ala(@®)) ~ (WPl =) 7 (nf])? = [+ (Infp]) =7,
s0 A ~ A o q at infinity, and

/ A(a(w)) dx < C, consequently a(v) € LA(Q).
Q
(ii) Likewise, for any ¢ € LA(Q),

A@W) = A(jl) ~ [0 (W [g))¥,  and /|¢| () dz < C.
Moreover,

a(y) ~ |y|7 (I fy))7,
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and

1)

Aa(w) ~ (1017 e)3)" (o)~ = (65 (o)) .

so A ~ Ao at infinity, and

/ Aa(y))dz < C, consequently (1) € LA(Q).
Q

2.4. On the Functional J
Let us write J' = ® — T, where ® and T are defined, for all (f,g) € X and for all
(wlva) € Xa as

(1, )b, ] = / a( ) do + / Bg)in do, (2.24)

Q Q
T(f, ) lth1, n] = / U1 K(g) + / o K(f) do. (2.25)
Q Q

We will see that Y is a continuous compact operator, see Proposition 2.9, and that
® is an homeomorphism, see Proposition 2.10.

We start by proving that T is a compact operator. Let us recall that, by using
the regularity result Theorem 5.29, (K(f),K(g)) € W2A(Q)x WP (Q) for all (f,g) €
X. Furthermore, we have

Lemma 2.8. Let p,q > 0, o, € R satisfying either (1.2) or (1.3). Then, the em-
beddings W4(Q) — LB(Q) and W*B(Q) — LA(Q) are compact.

Proof. We use Theorem 5.27. Assume first that p%l > % In particular, we observe
that if p% > N oo 2L — % and a > (1—%)]9(]\7—&), then W2’A(Q) —

27 p p

Cy(92) is compact, where Cy,(2) = C(2) N L*°(R2). Hence the embedding

w24(Q) — LP(Q)
is also compact.
Moreover, if p% = % and a < (1 — %) D (N — p%), then
W>A(Q) = L4(Q)
is compact for all N -function A; such that
Ay = (A7),
where << is defined in Definition 5.14(iii), and (/T*)*, at least of exponential type,

is defined by (5.13). Let us verify that B << (Av*)* using that B(s) ~ s97!(Ins)~7?,
see Lemma 2.1 and Example 5.18. Indeed, for all ¢ > 0 fixed, we have that
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B(s)

hm %, :0,

s=Feo (A*)7(es)
holds trivially. i
Likewise, if %1 > & then the embedding W*2(Q) — LA(Q), where A(s) ~
sPT1(Ins)~@, is compact.

Let us now study the situation appearing when p% < % We now remark (see

Lemma 2.1 and Example 5.25) that for pTJfl <&,

A(s) ~ SPTH(IH s)#, so then W2’A(Q) — LA(Q) VA; < ((j)*)*’
with ((ﬁ)*)* ~ 81\7117\]*(12)7% [log(s)] 1\’17*‘127%‘

Let us verify that B << ((Z)*)*, in other words, that for all 6 > 0,

(D)) 0)
1 AV )
Sifrnm B(s) +00
Indeed,
((ﬁ)*)*(és) _N@+D o4y s SR
W ~ sNp—2p+1 @ )[log(s)] N2t 0 o
if
_ N+ _Ne+1) __aN
No—2p+D) T Ny T N e T
ie. if
2 1 N 1
ol a0 8,

—_—, = , all
p+1 N q¢g+1 Np—-2(p+1) p+1 p+1 q+1

This last inequalities are equivalent to

N -2 1 < 1 1 n 1 N -2 q_“ n I} -0
— ) or = , an .
N p+1 gqg+1 p+1 g+1 N p+1 g+1

The first inequality holds under hypothesis (1.2), the second one holds by hypothesis
(1.3).

Likewise if %1 < &, then the embedding W2’B(Q) «— LA(Q) is compact, and
the proof is achieved. O

Proposition 2.9. The linear operator T : X — X' defined by

Y(f,9) 1, 2] = /1/11 K(g) dﬂ?+/¢2 K(f) dx, V(th1,92) € X
) )

18 a continuous compact map.
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Proof. Let us prove the continuity. Let {f,}nen be a sequence in LAQ) converging
to some f €~LA(Q) and {g, }nen a sequence in LZ(£2) converging to some g € LZ(Q).
Let ¢ € LA(£2). We have

|T(fn>9n)[¢1,¢2] - T(f»Q)Wn¢2H
< [ (KU K] + [~ Kl )

< C([K(f) = K| Inell 5 + [[K(9a) = K@) 111 5)

We only have to prove that ||K(f,)—K(f) HB — 0, the proof of ||K(gn)—K(g) HA —
0 is analogous. This result follows from the regularity results of Theorem 5.29 and
the above Lemma 2.8.

~ Let us now prove the compactness. Let {f,}nen be a bounded sequence in
LA(Q) and {gn}nen a bounded sequence in LB (). From (5.17) we have

[K(fn)llyaa <O IK(gn)llyres < C

for some constant C' independent of n. Then, using Lemma 2.8 and the fact that
X is reflexive (cf. Proposition 2.5, and Proposition 5.10) we infer the existence
of g € LE(Q) and f € LA(Q) such that, up to a subsequence, |K(f,) — gllz —
0,||K(gn) — flla — 0 as n — oo. Hence, using the 2nd Holder’s inequality, for any
(11,12) € X, defining Ty [vh1, o] := [(f1h1 + g¢p2)da,

\ﬂh@%%%%ﬁm%ﬂﬂSAOMMW—WM+W%Wr¢%DM

< O ([ = ol s 12l 5 + 1Ggn) = £l I111)
so then ||Y(fn, gn) — Zt,4llx» — 0 as n — oo. O

We end this section, proving that ® is an homeomorphism.

Proposition 2.10. The non-linear operator ® : X — X' defined by
B9l va)i= [a(fvrdo+ [Hopads,  forall (v1,00) € X.

Q Q
is an homeomorphism.

Proof. To prove that ® : X — X’ is an homeomorphism, we use Proposition
5.10(iii)-(iv), Remark 5.7, and Lemma 2.1 and Example 5.18.
Step 1. @ is injective.

Assume that ®(f1,g1) = P(f2, g2), so for any (11,12) € X
0= (®(f1,91) — ©(f2, 92)) W1, V2]
= [ a5~ at)Jon o + [ [olor) - 5o} d,

Q Q
then

a(fr) =a(fa),  blgr1) =blg2) ae zEQ
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or equivalently, since @ := a~! and b= b1,
f1=fa, g1 =gz a.e. x €.

Step 2. ® is surjective.

Let us check that for any (¢1,12) € X' = LA(Q) x LB(Q) (see (2.18)),
(a(yh1),b(t2)) € X, and

P (a(1),b(1h2)) = (11, 12). (2.26)

Since Lemma 2.7, a(y1) € LA(Q). Likewise b(¢2) € LB(Q), and (a(¢r),b(¢2)) € X.

Since @ :=a~" and b:= b~', it is straightforward to check that (2.26) holds.

Consequently,

O (Y1, 92) = (a(¥), b(1h2)).
Step 3. ® is continuous.

Let (fn,9n) — (f,g) be a convergent sequence in LA(Q) x LB(Q), in other
words

1o = Fllz+llgn —gllz — 0.

Claim.

1fa = fllz =0 = [[a(fa) —a(f)], — 0.

Once proved the claim

la(F) =) 4+ 6(92) ~29)]] 5 = O
Then, since Proposition 5.10(i)-(ii), and Remark 5.11, for all (¢1,15) € X,

‘((I)(fmgn) - ®(f, g)) [1, ¢2]’

= | [ ath) - D) da+ [ [ig0) o) d

Q
< [la(f) = a(h)| AInllz + [16(gn) = b(9)| s llw2ll 5 — O,

and the continuity is achieved.

Proof of the Claim.
Since Theorem 5.13, to conclude the claim, we need to check that a(f,) — a(f)
in A-mean, in other words

/QA(|d(fn) —a(f)|) dz — 0.

On the one hand since Lemma 2.7, A ~ Ao g at infinity, and LA(Q) is isomor-
phic to L4 ° 4(Q), so, for any f € L4(Q)

/ A(a(f)) dz < C, and consequently a(f) € LA(Q).
Q

Likewise, {a(f,)} C LA(Q).
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On the other hand since Theorem 5.13, f,, — f in A-mean, so

/A(fn—f) dx:/fl(]fn—f\)dxao. (2.27)
Q Q

Assume by contradiction that the claim do not hold. Then, there exist g9 > 0
and a subsequence {f,, }x satisfying

/ A@(fo,) —a(f))dz > o for all k € N. (2.28)
Q

Put z; := A(|fn, — f|). Since (2.27), zx — 0 in L(Q), so by the Lebesgue
reverse dominated converge theorem, there exists a subsequence {zy,}; and there
exists h € L1(Q) such that

2k; < h,  zg, — 0 a.e., and also frlzkj = fnkj —f—0a.e.
We have
o, | S AN (R) +|f] € LAQ).
By monotonicity of @, and since Lemma 2.7, A ~ A o @ at infinity, so
W(fu,) < (A7) +151) = € LAQ),

Al fa,) —3f)]) < AC+a(F) € L),

Since pointwise convergence A (|Zi( fnkj) —a(f) |) — 0 a.e., and from Lebesgue dom-

inate convergence theorem we conclude that

(it ~anl) aa —o,

which contradicts (2.28). This concludes the proof of the claim. O

3. Proof of Theorem 1.1

First we star by proving that J satisfies the (P.S) condition. To this aim we will use
of the following (trivial) lemma:

Lemma 3.1. [13, Lemma 3.1] Let X be a reflexive Banach space and F € C*(X) be
such that

(1) any Palais-Smale sequence of F' is bounded;
(2) forallue X,

F'(u) = L(u) = T(u),

where L : X — X' is a homeomorphism and T : X — X' is a continuous
compact map.

Then, F satisfies the Palais—Smale condition.
Proposition 3.2. J satisfies the (PS) condition.
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Proof. Let us first check (2) for the space X = L4(Q) x L?(Q) and the functional
F = J defined (2.7). Observe that X is a reflexive Banach space by Proposition 2.5
and J € C'(X;R) is such that J' = ® — T where & is defined in (2.24) and Y is
defined in (2.25). Thus, (2) follows from Propositions 2.5 and 2.9.

Now we check (1). Let {(fn,gn)}nen be a Palais—Smale sequence for the func-
tional J, that is, we have for some C' > 0 and some sequence of positive real numbers

{En}nGN — 0,

(PS1): J(fn,gn) < C for all n € N,

(PS2): [ (frs gn) 1, o] < enll (1, ¥2)lx V(b1 2) € X

Since (2.6), for every (f,g) € X, 6 € R we have

Y (f 9t / fK(g / K(f)dz | = Y(f.9) [0, (1 — 0)g].

and since the identity

J(frrgn) = T (fr 90) [0, (1 = 0)g]
= [ (A5 + Blow) = 0£,5) = (1= 0)ani0,)) do
it follows from (PS1)-(PS2),
[ (A = 0fuits) do+ [ (Blaw) = (1= 0)guilan) do < eull (Furgo)llx +2C:

Assume by contradiction that [|(fn,gn)||x — 400. Using the Young equality, see
Proposition 5.8 (iii),

A(t) = ta(t) — A(a(t)) (3.1)
Integrating by parts A(t fo (ln(eJrs))a ds, we have that
tal(t ¢ p+l d
A(t) = alt) + . / : a+1 . ’
pt1l p+1lJo (In(e+s)) ets
and consequently,
1 a(t) p+1 d
Ala(t)) = —— tat) + — / ~ =
p+1 pt1lJo  (In(e+s)) e+s
Likewise
1 t q+1 d
B(t) = ——tb(t) + — AR,
q+1 qg+1Jo (In(e + s)) ets
and
~ 1 R 3 b(t) g1+l ds
B(b(1)) = — tb(t) + -
q+1 at1lJo  (In(e+s)”" ets
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. a(t) gP+1 ds

A(t) — ota(t) = <])-—9> ta(t) — —

p+1Jo (ln(e+s))a+1e+57

~ - . b(t) ga+1 s
B(t) — (1—0)th(t) = (q - 9)> th(t) — 5/0 (n(e £ 2" eis.

Since 1’'Hospital rule,

/t $p+1 ds .
a+1 -
1 ets a+1
lim ’ ( n(e+s)1) = 1 , moreover  lim M =0,
t—o0 A p+1 t—oo ta(t)
(In(e + t))aJrl
then, for each € > 0 there exists a C. such that
t p+1
= / ° | ds <eta(t) + C¢, for all ¢ >0,
pt1Jo (In(e+s))*" e+s
and
a(t) p+1 d
/ ° Tl ° <eta(t) + Cs, for all ¢>0.
0o (In(e+5s)) e+ s
Choosing
1 1 1 1 1
9:< - >:<p >emJL
2 p+1 qg+1 2\p+1 gq+1
we get that
p q 1 1 1
——f=—-(1-0)==|1-——=—| >0.
p+1 g+1 ( ) 2( p+1 q—l—l)
Consequently
~ 1 1 1
At) —0ta(t) > |z (1 - — - ——) — a(t) — C.,
(t) — Ota(t) > [2< P q—i—l) e] ta(t)—C
and
B(t) — (1—0)th(t) > [1 <1 LI ) e] £h(t) - C.
) p+1 q+1 c
Hence

/ fud(f) da + / G b(gn) dz < 0| (far g0)lx + C,
Q Q

and as ta(t) > 0 for all ¢, we then get

1 ~ 1
H(J%gwllx/gf"a(f”)dw_m’ M{/ﬂgnb(gn)dxﬁo.
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Thus, using that for all u € L¥(Q)

lullr < 2llull s < 2max {/ H(u) dz, 1}
Q

(cf. Lemma 5.5(iii) and Proposition 5.10(i)) for H = A and H = B, we reach a
contradiction. U

Proof of Theorem 1.1. We wish to apply a mountain pass type theorem. We divide
the proof in 2 steps. Recall that the functional J is defined in (2.7).

Step 1. We prove that (0,0) is a local minimum of J. By Young’s inequality for both
A and B implies

J(f.9) = /(f)da:+/ <>dx—/<fK<>+gK<f>>d:c

Q
> [ Ao+ / Blg)dz — /Q (A(5) + AK(9))) da
Q Q

1 ~
-3 | (B +B&() da
1 [~ 1 [~ 1 1
—5 [Apydz 5 [ Blods - [ Awig) da - 2/QB(K(f))dq:.
Q Q Q
Let us distinguish 3 cases according to the signs of o and 3.

Case 1: Assume that o > 0 and 8 > 0. First observe that, since

~ P il ~ q  att
Aty > ——t'» , B(t)> ——t «
®) p+1 ()_q+1

a+

for all t > 0 (see (2.23)), then X C LLZI(Q) X LTI(Q) Moreover, using that
1 1
A(t) < ——t**t B(t) < ——9t!
) < p+1 ®) < q+1
for all t > 0, we get
1 1
AK(g))dx < ——||K(g)|IPT1, /BK dr < ——||R(f)||9TL.
[ Atz < =S K@lgt [ B < Ik

Besides, using Sobolev embeddings, either the second inequality of (1.2) or the
equality in (1.3) and the regularity of K, there exists a constant C' > 0 independent
of f and g such that

[K(@)lp+1 < ClK(GI 2002 < Cligllaze,  [K(Hllg+1 < CIRAI ozt < Cllf ez

W™ a q w
Thus
p e 1 +1 o 1 +1
2J(f,9) = (Hpril —Crr HfH%) < pllgll o -t HQVZH)
p+1 P q
Finally, using the first inequality of (1.2) a d <qg+1,or equivalently,

21 < p+1) and that |f]lp < %) Hqu, ol < (£2)™" gl 5, we
conclude that J(f,g) > 0 for all (f,g) € X with 0 # ||(f, g)HX sufficiently small.



Positive Solutions of Elliptic Systems

Case 2: Assume that o > 0 and § < 0 (the case o < 0 and 3 > 0 is analogous).

Using Sobolev embeddings, the regularity of K, and since ¢+ 1< (T B p% ) -
-1
= (# - %) , we have that
K g1 < CURW(_p, 2y S CIRDN oz < CllSlogr -

On the one hand, since (2.16), and the above

| B dr < 5 I < cls

On the other hand, since (2.13)

[ Ayaa=cins
Q

Hence, using the Young inequality

1 -
z/UMm+gMﬂwm:!fmm¢m§AB@MW+LBUWﬁMw

Q
mzAAmm—ABMUWx

SO

and using (2.41)

J(f.9 )>CHin DHfH?i}

for 0 # || f|| 4 small enough. Observe that if f = 0, then J(f,g) fQ g)dr > 0

for |lgllz # 0.
Case 3: Assume that o < 0 and 8 < 0.

Notice that if a < 0, § < 0 then necessarily (1.2) holds. Using Orlicz—Sobolev
embeddings (see Lemma 2.8), and the regularity of K (see Theorem 5.29), we have
that

[K(9)lla < ClK(Glw=5 < Cligllz, KDz < CIR) w24 < ClFI 4
On the one hand since (2.17), and the above
/QA(K(Q))dw < Clk(9IE™ < Cllglis™, /QB(K(f))df < ClIRHIE™ < CllfIg™

whenever [K(g)[la < 1, [K(f)l|s < 1.
On the other hand since (2.15) in Lemma 2.3, and Lemma 2.6,

qg+1

[Ana=cing. [ Bad=clal,

whenever ||z < 1 llgll < 1
Then, for all (f,g) € X with 0 # ||(f, g)||x sufficiently small

gt+1
27(.9) 2 17~ 1%+ (dalol 7 = dalal) o
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Step 2. There exists (f1,91) € X such that J(f1,91) < 0. Indeed, choose s € (1/p,q)
(this is possible as gp > 1, which follows from (1.2) or (1.3)). We shall show that there
exists ¢ € R big enough such that J(t¢1,t°¢1) < 0. Indeed, since K(¢1) = ¢1/A1, we
can write

~ - 1+s
Tt °61) :/A(t¢1)dx+/B(tS¢1)dx— tAl /(¢1)2d:c.
Q Q Q

Since Lemma 2.1 and Example 5.18, A(t¢1) ~ (t¢1) 7 (In(t¢1))7, and B(t°¢;) ~

(tsgbl)q%l(ln(tsgbl))% Since prl < 1+s, and also 5% < 1+s, hence J(tp1,t°¢1) —
—00 as t — 00.

4. A Non-existence Result

The following lemma provides a Rellich—Pohozaev—Mitidieri type identity, see [18,
21,22].

Lemma 4.1. (Rellich-Pohozaev—Mitidieri type identity) Let u and v be in C?(2),
where Q is a C' domain in RN, and u=v =0 on 0. Then

/Au(w-Vv)—l—Av(:E-Vu):(N—2)/(Vu'Vv)+ ZZ(;U-VU)
Q Q o9
ov

+ (a:-Vu)—/m(Vu,Vv) (- v),

o0 81/

where v denotes the exterior normal, and (x - v) denotes the inner product.

For the proof we refer to [18]. B
By definition, a solution (u,v) of (1.1) belongs to (W&’A(Q) N w24(Q)) x
(WOI’B(Q) N W2’B(Q)). Since an estimate of Brezis—Kato [4], based on Moser iter-

ation techniques [19], u,v € CT(Q) N W>5(Q) for any v < 1, s < 400, see for
instance [20, Lemma 2.1 (iv)]. If, in particular Q is C%#, then u,v € C%H(Q).

Theorem 4.2. Non existence of non-negative non-trivial classical solutions Let (u,v)
€ (C? (ﬁ))2 be a pair of non-negative solutions to the problem (1.1).
Assume that
1 1 N -2
+ =
p+1 qg+1 N

Assume also that Q is strongly star-shaped with respect to 0 (the inner product
(x-v(z)) >0 for all z € 09Q, and (x - v(x)) # 0) and that OQ is C*. If o, 3 < 0,
then

(4.1)

Assume now that

(4.2)
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and that Q is star-shaped with respect to 0 ((x - v(z)) > 0 for all x € 0Y) and that
0N is CL. If a, 3 <0, then

=0, v=0, in €.

Remark 4.3. In particular, for the single equation, i.e. p = g and a = § < 0, we
have the following;:

Assume that p = 2* — 1, and also that € is strongly star-shaped with respect
to 0. If a < 0, then

u =0, in Q.

Assume now that p > 2* — 1, and that € is star-shaped with respect to 0. If
a < 0, then

u =0, in Q.

Proof of Theorem 4.2. If we set W (u,v) := A(u) + B(v) then W,, = a(u) and W,, =
b(v). Therefore, for solutions v > 0 and v > 0 of (1.1),

/ Au (- Vo) + Av (2 Vu)]
[ ey
:—N/QW—l—/Qdiv(W:v):—N/Q[A(u)—i—B(v)]+/m(x-u) W (u, ),
/Q VuVo = /Q wa(u) = /Q vb(v). (4.3)

Applying Lemma 4.1 (Pohozaev-Rellich-Mitidieri type identity) we get that

N [ A - (V=2 | wafw
/ (z-v) W(u,v) — / (Vu-Vv) (z-v)+ u (z-Vv)+ o (x-Vu). (4.4)
a9 a0

50 OV aq OV

and

On the one hand, v = v = 0 on the boundary, so the first integral in the r.h.s.
vanishes. Moreover, since u = 0 on 0f2, the tangential component of Vu vanishes
and Vu is parallel to the normal vector v(z) at each point 2 € Q, in other words
Vu(r) = +[Vu()| (o).

On the other hand, since Hopf’s Lemma, 2 Fu(r) < Oforallzw € 09, so Vu(z)v
%( ) = —|Vu(z)|, and consequently, Vu(x ) = —|Vu(z)|v(x). Likewise, g—Z(ar) =
—|Vo(z)|, and Vou(z) = —|Vv(x)|v(x). Consequently, the r.h.s. of (4.4) is reduced
to

(= IVu(@)|[Vo(@)| + [Vu@)||Vo(@)| + [Vu(@)|[Vo()]) (2 v)
Ou Ov

= [Vu(@)|[Vo(@)| (2 v) = =L (@ v),
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hence

ou v
N/Q[A(u)+3(v)]—(N—z)/Qua(u): Quov ). (45)

a0 811 81/

Integrating by parts A(t fo (1n(e+s))a ds, we have that

a t sPHl ds a toa(s) s
(t) - (t) = at+1 = ds.
p+1 pt1Jo (In(e+s)) ets p+1lJo Infets)ets

(4.6)
Likewise
1 0] bob(s) s
B(t)— ——tb(t) = ds. 4.7
®) qg+1 ®) g+1Jy Inle+s)e+s y (47)
Substituting (4.6)—(4.7) into (4.5), and since (4.3),
1 1 u@)a(s)
N{—+— | =-(N=2 ds d
[ <p+1+q+1> ( )]/Q p+1// In(e+s)ets
v(@) b(s) s Ou Ov
ds dx = ——(z-v). 4.
q+1// ln(e+s e+s 5 ar 8981/81/(x V) (4.8)
Introducing (4.1) in (4. ) we deduce
/ /U(I) al ds dx (4.9)
p+1 In(e —|— s)e+s ’

v(z)
// (5) ds dx = %@(x v).
q—|—1 lne+5 e+ s aq OV Ov

Assume o, < 0, if uw # 0, then v # 0, and the Lh.s. of (4.9) is non-positive. On
the other hand, if € is strongly star-shaped with respect to 0, the r.h.s. of (4.9) is
strictly positive, giving a contradiction, and necessarily, u = 0, and v = 0.

Assume u # 0, then v # 0, and introducing (4.2) in (4.8), we deduce

u(x) als
// ds dx
p+1 lne+s Je+s

V@) p(s) Ou Qv
— 4.1
q+1// lne—i—s)e—i—std v 3981/81/(:5 )- (4.10)

Assume «, 8 < 0, then the Lh.s. of (4.10) is non-positive. On the other hand, if
) is star-shaped with respect to 0, the r.h.s. of (4.10) is strictly positive, giving a
contradiction, and necessarily, v = 0, and v = 0.

O

We point out that, in general if p and ¢ lie on the critical hyperbola, it would
be interesting to check if the condition
e
L
+1

— <0
p+1 ¢ -
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ensures that
a//a(s)sds—/@)sdsdaﬁgo
alJo Inle+s)e+s o In(e+s)e+s
or equivalently

N/Q[A(u)—i—B(v)] _(N_z)/Q Bua(u)+ (1—8)vb(v)] < 0.

5. On Orlicz Spaces

Let us summarise in this section some basics results on Orlicz spaces (cf. [1], [15]
and [23]).

5.1. N -Functions

Definition 5.1. (N-functions) A function H : [0,00) — [0,00) is said to be a N-
function if an only if H is continuous, convex, H(t) = 0 if and only if ¢t = 0 and

lim H(t)/t =0, lim_H()/t = +oc.

Any N-function is extended to R as an even function. We denote by h the left
derivative of H.

5.2. Orlicz Classes, Orlicz Spaces and the Luxembourg Norm

Associated to the N-function H we have the following class of functions. Let 2 ¢ RY
be here an arbitrary open set.
For our application, Q C RY is a bounded set.

Definition 5.2. (Orlicz class). The Orlicz class K*(Q) is defined by
K2(Q) = {u : Q@ — R : u is measurable and/ H(u(z)) dz < —|—OO} .
Q

Orlicz classes are convex sets, but in general not linear spaces.

Definition 5.3. (Orlicz space). We say that v € L¥(Q) if and only if there exists a
constant ¢ > 0 such that cu € K (Q). LH(Q) is a vector space, and it is called the
Orlicz space associated to H.

Let us recall the following result:

Lemma 5.4. Let H be an N -function. Then,
(i) LH(Q) = KH(Q) if and only if H satisfies the so called Ay-condition:
Tk >1, H(2t) < kH(t) V> 0.

(i) If Q is bounded then L™ (Q)) = K" (Q) if and only if H satisfies the so called
As-condition at infinity:

Ik >1,30 >0, H2) <kH() V>t (5.1)
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(iii) Assume H is derivable and its derivative h is continuous and strictly increasing.
If

th(t)

H(t)

then both H and H satisfy the Asg-condition at infinity, where H is defined

below in Definition 5.6.1

limi— 400 =a € (1,+00) (5.2)

Proof. (i) It follows from [15, Theorem 8.2], (ii) from [23, Theorem 2] and (iii) from
[15, Theorem 4.1 and Theorem 4.3]. O

We can provide the Orlicz space L7 (Q) with the Luzemburg norm:

lullary = inf A > 0 /H (“&”) de <1V (5.3)

Q
Lemma 5.5. (i) (L7(Q),]| - |\(#)) is a Banach space.
. H u
(ii) If u € L"(Q), u # 0, then [, H (m> dr <1.
(iil) [Jullcmy < max{fQ H(u)dz, 1}.
(iv) If H satisfies the Ag-condition then, for all u # 0, u € L¥(Q), it holds

/H( Y > do = 1.
Q ||U||(H)

If Q) is bounded, the conclusion holds if H satisfies the Ao~ condition at infinity.

Proof. The proof of (i) can be found in [23, Theorem 10, p. 67]. The proof of (ii)
and (iii) follow trivially form the definition of the Luxembourg norm. The result of
(iv) is proved in [23, Proposition 6, p. 77]. O

5.3. The Young-Conjugate of a N/-Function

Definition 5.6. Let H be an N -function and denote H its Legendre transform, i.e.

H(s) := iléﬁ{sa — H(o)}.

Then, H is called the Young-conjugate of H.

Some authors call H the complementary function of H, see [15, p. 11-13]. We
denote by h the right derivative of H.

Remark 5.7. If h is strictly increasing, then h(t) = h=1(t).
The following properties are trivial to prove.

Proposition 5.8. Let H be an N -function.

'[15, Theorem 4.2] clarify that H and H satisfies the As-condition if and only if H satisfies the
As-condition and the Va-condition, in other words, there exist numbers A > 1 and ¢1 > 0 such that

H(t) < %H(ht) for ¢ > 1.
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(i) () = H.
(i) H is an N-function.
(iii) H and H satisfy the Young inequality:
Vs,t € (0,400), st<H(s)+ H(t)
and the equality holds if and only if t = h(s) or s = h(t).
(iv) The following 1st Hélder’s inequality holds:

vf e LH(Q), vg € L7(Q), / F@)g(@)]dz < 2 fllan gl
Q

Proof. The proof of (i)—(ii) can be found for instance in [15, Chapter 1]. For the
proof of (iv), see [23, Proposition 1 and Remark in p. 58]. O

5.4. Dual Norm, the Dual of an Orlicz Space and Reflexivity

Definition 5.9. Let H be an N-function. For all u € L (Q) we define the dual norm
of uw or Orlicz norm of u as

[ullr := sup {/qu da : |[v]| ) < 1}. (5.4)
We have
Proposition 5.10. (i) For all u € L (Q)
Jalley < llzr < 20l

(ii) 2nd Holder’s inequality:

Vu € LH(Q), Yo € LH(Q), /|u(x)v(m)| de < |[ul lloll 7. (5.5)
Q

(iii) For all u € L (Q), u # 0,

/QH<”U7’H>dx <1 (5.6)

(iv) If H satisfies the Aq-condition then the dual space (LA (Q), | - HH)/ coincides
with (L7 (Q), ||+ Il z))-

(v) LH(Q) is a reflexive Banach space if and only if H and H satisfy the As-
condition.
If Q is bounded, the conclusions (iv) and (v) hold if H and H satisfy the Aq-

condition at infinity.

Proof. The proof of (i), (ii), (iii) follows from [15, Lemma 9.2 and Theorem 9.3, p.
74]. For the proof of (iv) and (v) see [23, Theorem 10, p. 113]. O

Remark 5.11. Since Proposition 5.10 (ii) and (i), 2nd Holder’s inequality can be
written:

Vue L), Yo e 17(@), [ fu@)o(o)]do < flululolls
Q
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Observe that Proposition 5.10 (iv) is a Riesz representation theorem for Orlicz
spaces, whenever H satisfies the As-condition.

Definition 5.12. We say that the sequence {u,, }nen converges in H-mean to u when-
ever

lim H<|un(:n) - u(x)\) dz = 0.

n—0o0 0

The following Theorem states that convergence in H-mean is equivalent to
the convergence with respect to the Orlicz-norm, provided that the As-condition is
satisfied, see [15, Theorem 9.4].

Theorem 5.13. Let H be an N -function satisfying the Ao-condition. Then, the con-
vergence in H-mean is equivalent to the convergence with respect to the ||- || g norm.

5.5. Comparison of N/ -Functions

It is possible to consider different partial ordering relations between A -functions,
and they imply continuous embedding into Orlicz spaces.

First let us introduce the following ordering relations. The following partial
ordering relation between functions is involved in embedding theorems between
Orlicz space associated with different A/-functions:

Definition 5.14. Let H and H; be two N -functions.
(i) The function H; is said to dominate the function H globally (respectively near
infinity), denoted by H < Hy, if there exists a positive constant ¢ such that
H(s) < Hy(cs), for s>0 (s > so).

(ii) The functions H and H; are called equivalent globally (near infinity), denoted
by H ~ Hy, if each dominates the other globally (near infinity).
(iii) If for every ¢ > 0, there exists a number s, > 0 such that

H(s) < Hy(cs), for s>0 (s > se),

then H is said to increase essentially more slowly than Hy (at infinity), and in
this case we write H < Hj.

Remark 5.15. There are different partial ordering relations between A/-functions.

(i) It is said that H growths more slowly than H; at infinity, and it is written
H <« Hy, if and only if

=0.

. H(rs)
V>0 )
In [23, p. 15, Definition 1, (ii)] is said that H; is essentially stronger than H.
This definition is equivalent to Remark 5.15 (i). See [23, p. 16, Theorem 2.b,
(i) <= ()]
(ii) In particular, if
H(s)

3 O 1' =
0B gy

then H is equivalent to Hy at infinity.
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Proposition 5.16. Let H and Hy be two N -functions.

The continuous embedding L1 (Q) — L¥(Q) holds if either Hy dominates H
globally, or || < oo and Hy dominates H near infinity.

Moreover, L*(Q) c LH1(Q) if and only if there exists a constant C > 0 such
that ||ullg, < Cllullg for all uw € LE(Q).

Proof. The proof of the first statement, follows directly from definition 5.3 of Orlicz
space, and from Definition 5.14(i).
For the proof of the second estatement, see [16, Theorem 4, p. 51]. O

Proposition 5.17. Let H and Hy be two N -functions. If H ~ Hy then L7 (Q) is
isomorphic to LH1(Q).

Ezample 5.18. (Some useful facts) Let p > 0, a < p, and
e

a(t) == mesne 20
Then, we have
(i) A(s) ~ sPT(In 5)_(1)‘, )
(ii) E}V(S) = ap_:l(s) ~ i; (Ins)w,
(iii) A(s) ~s 7 (Ins)r,

(iv) A=1(s) ~ 5771 (Ins) 771,

See Lemma 2.1.

5.6. The Orlicz—Sobolev Spaces Wy ™ (2) and W™ H (Q)
Let H be an N-function and let m € N*.

Definition 5.19. (i) The space W™ (Q) is defined as
wmH(@Q) ={u: Q- R : D e L"(Q) V|a|€{0,1,,...,m}}

where D stands for the weak partial derivative of wu.
(ii) The Luxemburg norm for the elements u of this space is

= D~
ol 2= o 1Dl

and (W™H(Q), [ - ||lm,z)) is a Banach space.
(iii) The space W, H(Q) is defined as

WOI’H(Q) — M”'HL(H).
(iv) The Orlicz norm for u € W, '™ (Q) is defined by

lullwr := sup {/qu dz v e WEE(Q), ol < 1},

The Orlicz norm is equivalent to the Luxemburg norm, see Proposition 5.10(i).
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5.7. Optimal Embedding Theorems for Orlicz—Sobolev Spaces

We present in this section some known results concerning the optimal Orlicz—Sobolev
embedding. For that purpose, we define for any any N-function H, the auziliary
function

* H(r)
where N/ = % We will denote by — a continuous embedding, and by — a

compact embedding.

Remark 5.20. We can always assume that @y is well defined. Indeed, since (2 is of
finite measure (it is bounded), we can assume without loss of generality that
H(r)

7-1+N’dT < o0
0

otherwise H can be replaced by any N-function which is equivalent to the original
one near infinity and makes the previous integral converge. Such a replacement does
not affect the result since the corresponding Orlicz—Sobolev norm is equivalent to
the original one.

It turns out that one finds different optimal embeddings depending on whatever

] ~ [O(r
i = TILV), dr (5.8)

is finite or not. Notice that if iy = 400, in particular @y is strictly increasing (at
least for s large) and <I>;l,1 is well defined. Consequently we distinguish two cases:

Case 1: iy < 400. The following Theorem is a compact Orlicz—Sobolev embedding
for the spaces W' (Q) and W# (), in terms of continuous bounded functions,
see [12], and [6, Corollary 1]. Recall that a bounded open set € is called strongly
Lipschitz if, for each x € 0€, there exist a neighbourhood U, of x, a coordinate sys-
tem (y1, ..., yn) centered at x and a Lipschitz continuous function ¢ of (y1,...,yn—1)
such that

QNU = {1, yn): yn > (Y1, -y yn—1)}-

Theorem 5.21. Let Q@ C RN, N > 2 be a bounded open set. Let H be an N -function
satisfying iy < +o00, where ig is defined in (5.8). Let Cy(S2) be the space of contin-
uwous bounded functions on Q.

1. Then, the embedding
Wt (Q) = Co(©)

18 compact.
2. If in addition Q) has the strong Lipschitz property then, the embedding

WHI(Q) = Cy(Q)

1s compact.
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Case 2: iy = +00. The following theorem gives the optimal Orlicz—Sobolev contin-
uous embedding for the space WO1 H(Q), in terms of Orlicz spaces, see [7, Theorem
1].

Theorem 5.22. Let N > 2. Let H be any N -function and let ®y be the auziliary
function defined in (5.7) Assume that i = +oo, where ip is defined in (5.8). Define
forall s >0

N/

H*(s)zﬂji,(s)z/stN’—l (q);[l(tN')> dt (5.9)

0

Then H* is an N -function, and the following continuous embedding holds:
wWeH(©Q) — L7 (Q). (5.10)
Furthermore LY (Q) is the smallest Orlicz space that renders (5.10) true.

The following theorem is a also a continuous Orlicz—Sobolev embedding, this
time for the space W1 (), in terms of Orlicz spaces, see [7, Theorem 2]. We will
say that  C RY satisfies the cone property, if there exists a cone X such that for
any z € {2, the set () contains a cone congruent with ¥ and whose vertex is x.

Theorem 5.23. Let N > 2. Assume that Q C RY is any open bounded connected set,
satisfying the cone property. Let H be any N -function, and let H* be the function
defined by (5.9). Assume that ig = +o00, where iy is defined in (5.8). Then, the
following holds:

i) There exists a constant C, depending only on H, |Q| and N, such that
(1) g only
v —uqll a0y < ClIVullm) for all u € WHT(Q).
Here,

il
ug = — | u(x) dz
2 Jo )

is the mean value of u over €.
(ii) The continuous embedding

whH(Q) — L7 (Q)
holds, where possibly H* is replaced at zero, in the sens of Remark 5.20.

Finally we give in Theorem 5.24 below a compact Orlicz—Sobolev embedding
for the space W (Q), this time in terms of Orlicz spaces, see [7, Theorem 3].

Theorem 5.24. Let N > 2 and let 2 be any open, bounded, connected set, and sat-
isfying the cone property. Let H be any N - function. Assume that iy = +00, where
ig is defined in (5.8) and Hy a N- function increasing essentially more slowly near
infinity than H* defined by (5.9). Then the embedding

WhH(Q) — L™ ()

1s compact.
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Example 5.25. Some useful continuous and compact embeddings
Consider any N-function H such that

H(s) ~ s"[log(s)] “

where either p >1and a € Ror p=1and « > 0.
Let © € RY be an bounded open set.

Case 1. The following compact embedding holds:

p>N and «a € R,

Wy (Q) — Cy(Q) if either
or p=N and a> N —1.

Case 2. The following continuous embedding holds:
Wt @) - L Q) if p<N,

see Theorem 5.22, where

sp[log(s)]a>ﬂ if 1<p<N,

H*(s) ~ q es™/ 717 if p=N, a<N -1, (5.11)
SNI
e if p=N, a=N—1.

By Theorem 5.23, the same embeddings are true with W (Q) replacing
ng H(Q), provided that © C RY has finite measure and satisfies the cone prop-
erty.

Moreover, if p < N, since Theorem 5.24

whiH(Q) — LH(Q) for any H; << H*.

Notice that if & = 0, (5.11) agrees with Sobolev’s theorem when p # N, and with
Trudinger’s theorem when p = N.

Ezample 5.26. Consider a N-functions H(s) which are equivalent near infinity to

5 (10g [log(s)]), where cither {f;; S,
Then, Theorem 5.22, and Theorem 5.21 imply that

WHH(Q) — Cy(Q)  if p> N,
and

wHH(@Q) - L7 Q) if p<N,

where

N
N-—p

H*(s) ~ (sp[log log(s)r)

o[ Hoste)) 73 it o N
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Theorem 5.27. Assume that Q2 has the strong Lipschitz property. Let C,}(2) be the
set of C1 functions such that their derivatives are bounded in L*(Q). Let A the

N -function defined in (2.5). The following Orlicz—Sobolev continuous embeddings
hold:

LA@) i B < a<(1-4) (Ve (4 )
. if ptl _ N _ 1 _
A ¢ ] O # 5= (1) (- (e D)
or pT 5 (RS R,
CH(Q) if HL=N, a>p(N-1), ol >N, aeR;
(5.12)
with ( ) defined by
Szv;;\l(ziw [log( )}Np—aziﬁw Z’fL'H < %’
T\ * N/\N-1-ax>=y
(A) ~ s ( Np (p+)) fp+1:?’a<(1_%)(]vp_(p+1))
e =N o= (1- L) (Np— (p+1)).
(5.13)
Moreover, the following Orlicz—Sobolev compact embeddings hold
LA (Q) VA; < (A)7, i B <
~ and ag(l——) (Np (p—l—l));
W2’A(Q) - Cb(Q) Zf p—;)_l = 1;77 (1 - 7) (Np - (p + 1))7
or p+1 > —, a €R;
[ CH(Q) if pf :N, a>p(N-1), or p+1 >N, a € R;

(5.14)

for any Ay increasing essentially more slowly than ((2[)*)*7
((A)*)*, see Definition 5.14(iii).

denoted by A1 <<

Proof of Theorem 5.27 Since Lemma 2.1 and Example 5.18,
A(s) ~ s p (ln s)7.

Moreover, by Orlicz—Sobolev continuous embeddings,

w2A(Q) - {WL(A)*(Q)
Cy ()

with (A)* defined specifically

1
5" [log(s)]
eSN/(N 1— ;)’

N’

e ° s

(A4)" ~

e

if B2 <N, a<pN-1)
p
if p}#zN,a>p(N—1), orM>N a € R;
by
“ N
?>N*pTJ51, if p%l<N,
if %:N,a<p(N—1)
if PH =N, a=p[N-1),
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cf. Theorem 5.23, Theorem 5.21, Example 5.25, and definition (5.11). Observe that

N _ptl_ Neth) _ (p 1)
N-2XL p T Np—(p+1) © \ptl N :
Iterating the above procedure we obtain (5.12), with (ﬁ*)* defined, by
pt1 - Np—(p+1)
(3% [log(s)]ﬁ%) Np=2(pF1) e pp# < %7
A~ NN me iy :
(A7) Qo) 2 =N < (1 &) (Np—(p+1)
N
. 2= X, 0= (1= 4) (N~ (p+ 1),

which is obtained iterating twice (5.11). It can be equivalently rewritten as (5.13).

-1
N(p+1) Np—(p+1 N(p+1
Observe that Npip(er)l) N;_Q((};H)) = Np_(ﬁ(pll) = (1% - % :

Moreover, from Theorem 5.24, the Orlicz—Sobolev compact embeddings de-

scribed in (5.14) hold, see Definition 5.14(iii) for A; increasing essentially more

slowly than ((A)*)", denoted by A; < ((A)*)". O

Corollary 5.28. In particular, under the conditions of Theorem 5.27, assume that
one of the following two conditions holds:

(i) either (1.2) is satisfied, for any a € R
(ii) either (1.3) is satisfied, and o > 0.

Then, the following Orlicz—Sobolev compact embedding holds
W24(Q) — LrtH(Q). (5.15)
If (1.3) is satisfied, and o = 0, then the above embedding is continuous.

Proof. Using Theorem 5.27, we only have to realize that A;(s) = s¢t! increases
essentially more slowly than (A*)*, ie., A < (A*)*, see Definition 5.14(iii).

We first check that LA)™(Q) ¢ Lat1(Q). Indeed,

N(p+1) p 2 1 N-2_ 1 1

- 0 2qt]l S — =< —— + .
Np—20p+1) =1 p+1 N g+l N “p+1 g+1

Moreover, since a > 0 in case (ii), then 4; << ((ﬁ)*)*, and so (5.15) holds.
If (1.3) is satisfied, and « = 0, then A; = (ﬁ*)*, and the embedding is contin-
uous. ]

5.8. The Dirichlet Problem

Let Q C RY be a bounded domain of class C2?, H a N-function and f € L¥(Q).
Let us consider the Dirichlet problem

—Au= fin Q, u =0 on 0f. (5.16)
Solutions are understood in the weak sense, i.e.
Vi € Ca (), /Vu-Vgodx:/fgpda:.
Q Q

We have the following regularity result (cf. [2, Theorem XI.8|, and [14, Theo-
rem 4]).
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Theorem 5.29. Let 2 C RY be a bounded domain of class C%. Assume that H and
H satisfies the Ag-condition. Then, the unique solution u = K(f) of problem (5.16)
belongs to W2 (Q) N W, (Q), —Au = f a.e. and

lalle + Y 0w ,ull g + > N|0% e ull y < ClF Il (5.17)

for some C' = C(N,H,Q).

See Lemma 5.4 (iii) for having a sufficient condition guarantying that H and
H satisfies the As-condition.
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