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TWO-ROW DELTA SPRINGER VARIETIES

ABEL LACABANNE, PEDRO VAZ, AND ARIK WILBERT

ABSTRACT. We study the geometry and topology of A-Springer varieties associated with two-
row partitions. These varieties were introduced in recent work by Griffin—-Levinson—Woo to give
a geometric realization of a symmetric function appearing in the Delta conjecture by Haglund—
Remmel-Wilson. We provide an explicit and combinatorial description of the irreducible compo-
nents of the two-row A-Springer variety and compare it to the ordinary two-row Springer fiber as
well as Kato’s exotic Springer fiber corresponding to a one-row bipartition. In addition to that, we
extend the action of the symmetric group on the homology of the two-row A-Springer variety to
an action of a degenerate affine Hecke algebra and relate this action to a gl,-tensor space.
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1. INTRODUCTION

The Springer correspondence [Spr76, Spr78] provides a powerful bridge between geometry
(via Springer fibers) and algebra (via representations of Weyl groups) facilitating deep insights
and results in both fields. In particular, it offers a geometric construction of the irreducible
complex representations of Weyl groups. These representations are obtained as the top degree
cohomology of Springer fibers, which are the fibers of the desingularization of the nilpotent cone.

In type A, nilpotent elements of the Lie algebra sl,, are classified by their Jordan type, or equiv-
alently, by a partition of n. Even in type A, the geometry of these fibers is not well understood. In
the case of Springer fibers associated with two-row partitions, the situation is much nicer and has
been studied extensively. For example, the irreducible components of two-row Springer fibers
as well as their intersections are known to be smooth [Fun03, StWel2]. The Springer fibers for
which all irreducible components are smooth have been classified in [FrMel0]. In the two-row
case, there also exists a nice diagrammatic description of the irreducible components in terms
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of cup diagrams [Fun03, StWel2]. A homeomorphic topological model has been built for these
varieties [Kho04, Weh09] and the action of the symmetric group on the top degree cohomology
has a skein theoretic interpretation [RuTy11, Rus11]. In types C' and D, the geometry and topol-
ogy of two-row Springer fibers have been studied in [EhSt16a, Will8, StWil9, ILW22]. As in
type A, the irreducible components and their intersections are smooth and they admit explicit
descriptions in terms of cup diagrams.

There also exists another version of the Springer correspondence for the symplectic group
[KatO6] which is cleaner than the original Springer correspondence in type C. In fact, Kato’s
exotic Springer correspondence yields a bijection between orbits in the exotic nilpotent cone
and irreducible representations of the Weyl group of type C'. In contrast to that, the original
Springer correspondence is more intricate outside of type A and requires extra data in terms of
the component group. In the exotic case, the nilpotent orbits have been classified explicitly using
bipartitions [AcHe08]. The irreducible components of exotic Springer fibers have been studied
thoroughly in [NRS18], as well as [SaWi22] in the specific case of one-row bipartitions. As for
the ordinary two-row Springer fibers, the irreducible components of exotic Springer fibers for
one-row bipartitions can be described using certain cup diagrams.

Even though the study of Springer fibers originated in the geometric representation theory of
Weyl groups, many connections to representation theory, combinatorics, geometry, and topology
have been established in recent years. These connections are already rich and interesting when
one restricts to the two-row case. For example, the diagrammatics appearing in the study of
two-row Springer fibers have an interpretation in terms of parabolic Kazhdan—Lusztig theory
[Fun03, CDVDMO0S8, CDV11]. Furthermore, the cohomology of two-row Springer fibers in type
A is related to Khovanov’s arc algebra [KhoO2], which provides invariants of tangles, and thus
an interesting connection to low-dimensional topology. In fact, it turns out that the cohomology
ring of the Springer fiber is isomorphic to the center of the principal block of parabolic category
O, [Bru08, Str09]. Using a generalization of Khovanov’s arc algebras, deep connections to the
representation theory of Lie (super)algebras and (walled) Brauer algebras were established in
work by Brundan-Stroppel [BrStl1a, BrSt10, BrStl1b, BrSt12] and Ehrig—Stroppel [EhSt16b,
EhStl16¢, EhSt17, EhSt]. As evident from the above, two-row Springer fibers have proven to
have important applications in the field of categorification and 2-representation theory.

Motivation. The research that led to this paper originated in an attempt to understand [LNV21]
in terms of Springer theory, to define an arc algebra categorifying the Hecke algebra of type
B with unequal parameters, or more precisely one of its quotients, the blob algebra of Martin—
Saleur [MaSa94]. The representation theory of this algebra is governed by one-row bipartitions
which naturally appear in Kato’s exotic Springer correspondence. The exotic Springer fibers
associated with one-row bipartitions share many geometric properties with the ordinary two-row
Springer fibers in type A. Also note that the combinatorics of the blob algebra naturally appear
when studying exotic Springer fibers for one-row bipartitions, [SaWi22].

Recently, yet another Springer-type variety, called a A-Springer variety, has been introduced
in work of Griffin—Levinson—Woo, [GLW24]. This variety gives a geometric interpretation of
a ring generalizing both the cohomology ring of a Springer fiber in type A, and the Haglund—
Rhoades—Shimozono ring, [HRS18]. As remarked in [GiGr24], the A-Springer variety turns out
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to be a generalized Springer fiber in the sense of Borho—MacPherson, [BoMc83]. In the two-
row case, the A-Springer variety is intimately related to both the exotic and ordinary Springer
fiber (see Main Theorem B). We believe that it would be interesting to define an arc algebra
whose center is isomorphic to the cohomology of a two-row A-Springer variety, and establish
connections with Kazhdan—Lusztig theory, generalizing the rich picture known in type A.

What we do in this paper. In this paper, we specifically study A-Springer varieties associated
with two-row partitions. We develop a diagrammatic combinatorics well suited for comparison
with ordinary two-row Springer fibers as well as exotic Springer fibers associated with one-row
bipartitions.

In order to define the A-Springer variety in the two-row case, we fix a two-row partition
(n — k, k) of n and an integer 0 < m < k. Moreover, we fix a nilpotent endomorphism x of C"
of Jordan type (n — k, k). The A-Springer variety B(An_hk)’m consists of all partial flags in C"
of the form {0} = Fy C F; C --- C F,_,, C C" satisfying dim(F;) = i, 2F; C F;_; for all
1<i<n—m,and ima™ C F,_,,. We refer to Definition 2.3 for the general case.

The first step in our study is to provide an explicit description of the irreducible components
of the two-row A-Springer fibers using the notion of a A-cup diagram. An example of a A-cup

diagram is given by

This is a crossingless diagram consisting of cups and rays attached to finitely many vertices on
a horizontal line. In addition to that, there exists a vertical dotted red line, a so-called cut line,
dividing the diagram into a left and a right part. We only allow right endpoints of cups and rays
to the right of the cut line. More details on A-cup diagrams can be found in Definition 2.7.

Section 3 is devoted to the study of the irreducible components of the A-Springer variety
B(An_ k. k),m> and we prove the following result.

Main Theorem A (Theorem 3.4). There exists a bijection between the irreducible components
of the A-Springer variety B(An_wf)’m and the A-cup diagrams on n points with k cups and m
vertices to the right of the cut line. We give explicit relations describing all flags contained in the
irreducible component associated with a given A-cup diagram. As a consequence, we show that
each irreducible component is an iterated P'-bundle, and, in particular, it is smooth.

To some extent, we like to think of the A-Springer varieties as an interpolation between
Springer fibers in type A and exotic Springer fibers that have a type C' flavor. Indeed, in the
extremal case m = 0, the A-Springer variety B(An_ o k),0 is equal to the two-row Springer fiber
associated with the partition (n — k, k), and in the extremal case m = k, the A-Springer variety
B(An_ k)& 18 isomorphic to the exotic Springer fiber associated with the bipartition ((n—2k), (k)).
Using our explicit description of irreducible components, we relate in Section 4, for any value
of 0 < m < k, the two-row A-Springer variety B(An_ k) m 1O the two-row Springer fiber B, 1)
and to the exotic Springer fiber B‘(e(n_m_ k), (K)) associated with a one-row bipartition. We partially
answer [GLW24, Question 8.7].
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Main Theorem B (Theorem 4.1 and Theorem 4.4). There exists a bijective morphism of al-
gebraic varieties between a closed subvariety of the two-row Springer fiber B, _j ) and the
A-Springer variety B(ﬁ_ ko), Similarly, there exists an isomorphism of algebraic varieties be-

tween the A-Springer variety B(An_m)’m and a closed subvariety of the exotic Springer fiber
Bi—m—).)
The next step is a representation theoretic study of the homology of the two-row A-Springer
variety. In [GLW24], an action of a symmetric group is constructed on the top degree homology
of any A-Springer variety, and the representation is identified with a Specht module associated
with a skew partition. In Section 5, we construct a topological model for the A-Springer variety
in the two-row case and use this model to identify the representation of the symmetric group
Sn—m in every degree of its homology (not only the top degree).

Main Theorem C (Theorem 5.10). For 0 < d < k, the degree 2d of the homology of the
A-Springer variety l’.‘)’(An_11€7,€)7m is isomorphic, as an S,,_,,-representation, to the Specht module
associated with the skew partition (n — d,d)/(m).

Remark. We construct the action of the symmetric group on the homology of the A-Springer
variety (or, more precisely, on its topology model) by embedding the homology into the homol-
ogy of a product of 2-spheres. The symmetric group naturally acts on the product of 2-spheres by
permuting spheres. We show that the action induced in homology restricts to an action on the ho-
mology of the A-Springer variety. This construction also provides a skein theoretic description
of this representation, answering [GLW?24, Question 8.6].

The above result shows that each degree of the homology of the A-Springer variety is not
always irreducible as a representation of the symmetric group S,,_,,. In contrast to that, the
representations of the symmetric group on the homology of ordinary two-row Springer fibers,
as well as the representations of the Weyl group of type C' on the homology of exotic Springer
fibers associated with one-row bipartitions, are irreducible. In Section 6, we extend the action of
the symmetric group on the homology of the A-Springer variety to an action of the degenerate
affine Hecke algebra.

Main Theorem D (Theorem 6.4 and Theorem 6.18). Each degree of the homology of a two-row
A-Springer fiber is an irreducible representation of the degenerate affine Hecke algebra.

In order to prove the above theorem, we identify the action on homology with the action of the
degenerate affine Hecke algebra on a gl,-tensor space, using a version of Schur—Weyl duality.

Conventions. In this paper, all varieties and vector spaces are defined over the field of complex
numbers. If X is a topological space, we denote by H,(X) its singular homology with com-
plex coefficients and by H*(X) its cohomology with complex coefficients. It follows from the
universal coefficient theorem that homology and cohomology are dual to each other degreewise,
that is H;(X) = Hom(H*(X),C) = H*(X) for all nonnegative integers 7. Note that this duality
is different from Poincaré duality. The duality implies that all results originally proved for co-
homology remain true for homology, and vice versa, as long as they only depend on the vector
Space structure.
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2. A-SPRINGER VARIETIES

Given an integer n and a sequence (d, ..., d,), we will denote by Fl(4, . 4,)(C") the set of
partial flags Fy = (F})1<i<, such that dim(F;/F,_,) = d;. Concerning flags, we will always use
the convention that I, = {0}. We will write shortly F1(C") for the set of complete flags in C",
that is the set F/»)(C").

2.1. Springer fibers. Springer fibers arise as fibers of the desingularization of the nilpotent
cone (see [Spr78]). The Springer fiber B, associated with a nilpotent element = € gl (C) is the
following subset of complete flags in C™:

B, ={F, € FI(C") | zF; C F;,_; fori < n}.

This is a subvariety of the flag variety which, up to isomorphism, depends only on the orbit
of = under the action of G L, (C) by conjugation. Given a partition A of n, we will then usually
write B, for the Springer fiber associated with a nilpotent element in gl,,(C) of Jordan type \.

The study of the cohomology of these Springer fibers is related to the representation theory of
the symmetric group via the Springer correspondence. Given a partition A = (Aq,..., \,) of n,

we denote by n(\) the integer > ., )\i()\é’—l)'

Theorem 2.1 ([Spr78, Section 1]). The following hold:
(1) The Springer fiber B, is equidimensional of dimension n(\).
(2) There exists an irreducible action of the symmetric group S,, on H*"V(B,).
(3) The map \ — H?>"™(B,) is a bijection between partitions of n and irreducible complex
representations of S,,.

2.2. Exotic Springer fibers. Exotic Springer fibers arise as fibers of the desingularization of
the exotic nilpotent cone (see [Kat06]). We first need to endow C*" with a structure of a sym-
plectic space. Fix a basis (e1,...,¢€n, fi,..., fn) of C*" and define a symplectic form w by
w(es, ;) = —w(fi, €i) = 0isjns1. The action of Sp(C?”, w) on gl,,,(C) by conjugation yields a
decomposition gl,,,(C) = sp,,,(C) & S(C?") of Sp(C**, w)-modules. Explicitly

S(C*™) = {z € gl,, | Vv,w € C*, w(zv,w) = w(v, zw)}.

The exotic Springer fiber B , associated with a nilpotent element z € S (C?") and a vector
v € C?" is the following subset of flags in C?":

B;,=1{F. € ]-"l(ln,n)(CZ") | F} is isotropic with respect to w, zF; C F;_1, v € F,,}.
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Once again, up to isomorphism, this algebraic variety only depends on the orbit of the pair
(z,v) under the action of Sp(C*", w). These orbits were determined in [AcHe08] and are indexed
by bipartitions of n. Therefore, given a bipartition (), u1) of n, we will write B, ,, for the exotic
Springer fiber instead of By , if the pair (z,v) is in the orbit labeled by (A, 11).

Similarly to the Springer correspondence in type A, we obtain a geometric construction of the
irreducible complex representations of the Weyl group of type C.

Theorem 2.2 ([Kat06]). The following hold:
(1) The exotic Springer fiber 35, is equidimensional of dimension n(\) + |-
(2) There exists an irreducible action of the Weyl group of type C,, on H>"N+ ) (Bf\, u)'
(3) The map (A, p1) — H2("(/\)+W‘)(B§7u) is a bijection between bipartitions of n and irre-
ducible complex representations of the Weyl group of type C,,.

2.3. Definition of the A-Springer variety and basic results.
Let A = (\1,..., \s) be a partition of n, and let m be a positive integer such that 0 < m < A,.
In terms of the Young diagram, we visualize m as a cut line:

O

A= ,_r

[

m

The part of the partition to the right of the cut line is denoted by \'. Then \' = (A\; —m, ..., Ay —
m) is a partition of n’ = n — ms.

Definition 2.3. Let = € gl,(C) of Jordan type \. We define the A-Springer variety by
B}%m - {FO E fl(ln’+7n ))(Cn) | Z'E g E_l fOI"L S n/ _|_ m, alld lm xm g Fn’—i—m}

;m(s—1

Up to isomorphism, the algebraic variety Bﬁm depends only on the Jordan type of the nilpotent
element z, see [GLW24, Lemma 3.4]. Note that we have Bﬁo = B,.

Remark 2.4. The variety Bﬁm is the variety denoted by Y,/ v s in [GLW24]. This change
of notation is justified by our comparison between Springer fibers, exotic Springer fibers and
A-Springer varieties when \ is a two-row partition, see Section 4.

Let 7y, be the set of partial fillings of the Young diagram of A with the labels {1,...,n +m}
(without repetition), such that the labels in each row are right justified and decrease from left to
right, and the ith row contains at least A;-many labels.

Let P(m, \') be the set of all fillings of the Young diagram of \’ with the labels {1, ..., n'+m},
such that the labels decrease from left to right along each row and down each column. Since )\’
is a partition of n’, we do not use all the possible labels in such a filling.

The following proposition summarizes some of the results from [GLW?24].

Theorem 2.5. The following hold.
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(1) There exists an affine paving of Bf,m whose cells are in bijection with the set T ,.

(2) If m = )\, then there is a bijection between the irreducible components of Bﬁm and the
set P(m,N). If m < A, then there is a bijection between the irreducible components
of Bf,m and those elements S € P(m, ') which satisfy the following condition: let
ig € {1,...,n'+m} be the smallest number which does not appear in the filling S, then
at least one entire row of X' is filled up by a subset of the numbers {1, ... ig — 1}.

(3) The variety Bf,m is equidimensional and its dimension equals

n():’) +m(s—1),
where N is the conjugate of the partition .

As for the usual and the exotic Springer fiber, there is an action of a Weyl group on the top
degree cohomology of the A-Springer variety. We refer to [JaPe79] for the notion of the Specht
module associated with a skew partition. The following is [GLW?24].

Theorem 2.6. There exists an action of the symmetric group Sy, on H 2(”(5‘)+m(s_1))(8§m)
which is isomorphic to the Specht module associated with the skew partition X/ (m®™1).

In contrast with the (exotic) Springer correspondence, the top degree cohomology is not an
irreducible representation of the symmetric group S,/ .

2.4. Special Case: two-row partitions. In this subsection, we restrict ourselves to the case
of A-Springer varieties associated with two-row partitions. We fix A = (n — k, k) a two-row
partition of n. In particular, we have 0 < k < |n/2].

Definition 2.7. Fix a horizontal line with n = (n — m) + m vertices labeled by the numbers
1,...,n in increasing order from left to right. A cup diagram is obtained by either connecting
two vertices by a cup, or by attaching a vertical ray to a given vertex. We require that the resulting
diagram is crossingless and that every vertex is connected to exactly one endpoint of a cup or
ray. We use the notation i—j to indicate that vertices ¢ < j are connected by a cup. Moreover,
we write —1 if vertex i is connected to a ray.

The set of all cup diagrams on n vertices with k& cups such that the m rightmost vertices labeled
by {n —m + 1,...,n} are connected to rays or to right endpoints of cups only is denoted by
B,— k,m- The diagrams in B,,_ , ,,, are called A-cup diagrams.

Remark 2.8. Definition 2.7 makes sense for any nonnegative integers n, k, m such that 0 < k <
|n/2] and 0 < m < n, but the A-Springer variety is only defined when 0 < m < k. We will
need the more general diagrams in the proof of Proposition 3.7.

Example 2.9. Below we give examples of A-cup diagrams for n = 7, m = 2. We use a vertical
dashed line to indicate the m rightmost vertices.

T TN VY
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The first two diagrams are elements of B4 3 o and the last one an element of Bs 5 5. Note that

N\

is not a A-cup diagram (the second rightmost vertex is not connected to a ray nor is it the right
endpoint of a cup).

Lemma 2.10. Let 0 < m < k. There exists a bijection between the irreducible components of
B(An_&k)’m and the set B,,_ i m.

Proof. The irreducible components of B(An_ . k),m are indexed by a subset of P(m, \') by Theorem 2.5.
We remark that this subset of P(m, \') is in bijection with the set of fillings of the skew Young
diagram of \/(m) with the labels in {1,...,n — m}. Such a bijection is given by filling the
boxes of \/(m) with the entries that are not in the filling of \'.

We can now embed these fillings of A/(m) with the labels in {1,...,n — m} in the set of
fillings of A with the labels in {1,...,n} by simply adding the entries n, ..., n —m + 1 into the
first m boxes of the first row. The image of this embedding is exactly the set of fillings of A with
the labels in {1, ...,n} which are decreasing along rows and columns and such that the entries
n,...,n —m + 1 are in the first row (the decreasing condition forces these entries to be in the
first m boxes).

Finally, to such a filling of A we associate the unique element of B,,_y, ;. ,,, such that the vertices
connected to the left endpoints of cups are the entries of the second row. Thus we obtain a
bijection between the irreducible components of B(An_ k) and the set B,,_j, 1 - [

,m

Example 2.11. Let us take A\ = (3,3) and m = 2. The set of irreducible components is then
parametrized by the following fillings of N = (1, 1) with entries in {1,2, 3,4}

21134
111

The skew tableaux of shape \/(m) and the tableaux of shape \ as obtained in the proof are

2 3 4
41311 11412]1(]3]2]1

and

6152|1653 ||6|5]4
413|1]14)2

Finally, the corresponding elements of Bs 3 5 are
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3. IRREDUCIBLE COMPONENTS FOR TWO-ROW A-SPRINGER VARIETIES

As in the previous section, let A = (n — k, k) be a two-row partition of n and 0 < m < k. We
also define \' = (n — k — m, k — m) which is a two-row partition of n’ = n — 2m.

3.1. Embedding the A-Springer variety into the Cautis—Kamnitzer variety. Fix a large in-
teger N > 0 (see Remark 3.1 for details on what is considered “large”) and let z: C*V — C2V
be a nilpotent linear endomorphism with two Jordan blocks of the same size. In particular, there
exists a Jordan basis

(D er Tep T Ten flbeb...be

of C* where the action of z is indicated by the arrows (the vectors e; and f; are sent to zero).
In [CaKa08, §2], Cautis—Kamnitzer define a smooth, projective variety given by

2 Y, = {F, € Flanan-n)(C?™) | 2F; C Fi_1},
which will play an important role for our results.
Remark 3.1. Note that the inclusions zF; C F;_; imply that
F,Cz'F,_, C...C2™0) =span(er,...,en 1, s [n)

Hence, the variety Y,, does not depend on the choice of N as long as N > n. In particular, we
can always assume (by making N larger, if necessary) that all the vector spaces of a flag in Y,
are contained in the image of z.

Define E,,_;x C C* to be the subspace spanned by

617"'7€n—k7f17"'7fk'

Then we can view the A-Springer variety B(An_ o k),m A5 @ subvariety of Y,,_,,, via the following
identification

(3) B(An_k,k),m = {Fo € Yn—m ‘ Zm (En—k,k> g Fn—m g En—k,k} .
By the z-invariance of the flags, the following observation is immediate:

Lemma 3.2. We have B(An_hk)’m ={F €Yo m| Foom € Enkks Cn—kms fiem € From }-

3.2. Explicit description of the irreducible components. For the remainder of this article, we
will write B(An_ ko )m L0 denote the embedded A-Springer variety via the identification (3). The

following subvarie’ties will describe irreducible components of the A-Springer variety B(An_ o k) m

Definition 3.3. Leta € B,,_j ;. ,,,. We define K, C Y,,_,, to be the subvariety of Y,,_,,, consisting

of all flags (F1, ..., F,,_,,) satisfying the following conditions imposed by the A-cup diagram a:
(1) Ifi—j, 4,7 € {1,...,n — m}, then

Fy = Z—%(j—i—i—l)ﬂ_l_
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(i) If }—4,7 € {1,...,n — m}, then

F; = F;,_1 + span <e1 (Hpa(i))).

2
Here, pa(i) is the number of rays to the left of vertex i (including the vertex 7) in a.

There are no relations for a vector space indexed by a vertex connected to a cup whose right
endpoint is connected to a vertex in {n —m + 1,...,n}.

Theorem 3.4. Let 0 < m < k. The following statements hold:

(a) The subvariety K, C Y, _,, is an irreducible component of the A-Springer variety
B(An—k,k),m c Yn—m-

(b) The irreducible component K, C B(An_hk)’m is an k-fold iterated fiber bundle over P':
there exist spaces K, = X1, Xs, ..., Xg, Xpi1 = pt together with maps p1,pa, ..., Pk
such that p;: X; — P! is a fiber bundle with typical fiber X;1. In particular, the
irreducible component K, is smooth.

(c) The map a — K, defines a bijection between the A-cup diagrams in B,,_y, 1. ., and the
irreducible components of B(ﬁ_ ko),

Remark 3.5. Given a flag (F1,..., F,_,) € Y, ., we have 27V = z{lFi, where z, is the
restriction of z to F),_j j, because 2~1F} is contained in E, gy foralli € {1,...,n —m}
(see also Remark 3.1). In particular, we could replace z by the restriction z) of z to £,_j  in
Definition 3.3. Hence, the description of the irreducible components of the A-Springer variety
in Theorem 3.4(a) also makes sense without the embedding into Y,,_,,.

For the proof of Theorem 3.4 we consider the subvariety Xfl_m CY, 1 <i<n-—-m,
defined by

“) Xy =AFe €Yo | Frpn = 27 Fia},
and the surjective morphism of varieties ¢’ _, : X! — Y, _,, o given by
(5) (Flv"'yFn—m) = (Fly'"7F;—172F;'+27"'72Fn—m)7

see also [CaKa08, §2].

Lemma 3.6. Let a € B, ., be a cup diagram with a cup connecting vertices i and i + 1
and let a € B,_j_1 ,—1m be the cup diagram obtained by deleting this cup. Then we have

Ka = (qg—m)_l (Ké>'

Proof. We have to show that a flag (Fy, ..., F,_,,) € Y,_,, satisfies the conditions (i), (ii) from
Definition 3.3 with respect to the A-cup diagram a if and only if

G (B Foe) = (Fuy o Fiog, 2F0, o 2F 0 ) € Yoo
satisfies these conditions with respect to a. For a proof, we refer to [SaWi22, Lemma 17]. U

Proposition 3.7. Let a € B, _ ., and F, € K,. Then F,,_,, C E,_j and €,_k_m, fi—m
belong to F,,_,,. In particular, if 0 < m < k, we have K, C B(An_hk)

7m.
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Proof. We use the same argument as in the proof of [SaWi22, Proposition 18]: we proceed by
induction on the number of cups in a with both endpoints on the left of the cut line.
If there is no cup with both endpoints on the left of the cut line, then m > k and

k
T
By convention, f;_,, = 0 since k < m, so that f,_,, € F},_,,,. By definition of K, the flag F,
satisfies F; = span(eq, ..., e;) for 1 <i < n—m — k. Therefore, we have thate,,__,, € F,,_,

since €,_j—m € Fy_p_m and F,_p_,, C F,_,,. Finally, F,_,, C z*F,_,_,, is included in
span(el, ey Cnem, f17 Cey fk) = En—k,k-

m

N

a =

Now, suppose that there is a cup in a with both endpoints on the left of the cut line. Fix
then 1 < ¢ < n — m such that the vertices 7 and ¢ + 1 are joined by a cup in a. We consider
a € B,_—1—1,m the diagram obtained by removing this cup.

Then ¢! _, (F,) = (Fy,...,F;_1,2Fs,...,2F,_,) € Kz and so, by induction, we have
an_mgspan(el, ey k-1, f17 ey fk—l) and Fn_mgspan(el, B G f17 ey fk‘):En—k,k-

We finally show that e,,__,, and f_,, are in F},,_,,. By induction hypothesis, we also have
en—k-m-1 € zF,_m_1. There then exists v € F,_,,_1 such that z(v) = e,_g_,,—1. Any such
v is of the form v = e, _;_,, + ae; + Bf;. Since 7 and ¢ 4+ 1 are joined by a cup, we have
Fi 1= 27'F,_; D 2710} = span(ey, f1). Therefore the vectors e; and f; belong to F,,_,, and
enk-m =V —aey — B f1 € F,_,,. One shows similarly that f;_,, € F,_,,.

If 0 < m < k, then Lemma 3.2 implies that K, C B(An_k’k) O

7m.

Proof of Theorem 3.4. We first note that K, is an k-fold iterated fiber bundle over P'. The proof
is the same as for the irreducible components of two-row Springer fibers because the defining
relations (i) and (ii) of K, in Definition 3.3 are the same as for two-row Springer fibers. However,
for the reader’s convenience, we briefly recall the argument. We refer to [Fun03, Proposition
5.1] and [Sch12, Section 8] for additional details. Let i; < 75 < ... < 17; denote the vertices
connected to a left endpoint of a cup in a. Note that the space [, _; is the same for every flag
(F1,...,F,_) € K, because each vertex strictly to the left of 4; is connected to a ray. Hence,
by successively applying relation (ii) in Definition 3.3, we see that [, _; is uniquely determined.
As a result, we can consider the fiber bundle

pi: Ka — P(Z_lFil—l/Fil—l) >~ Pp! ) (F17 ceey Fn—m) — Fz‘l/Fz'l—L

Its typical fiber is denoted X, and consists of all flags (F},..., F,_,,) € K, with F;, (and
F;, if (i; + 1) and j are connected by a cup) fixed. Now we repeat the above construction
replacing X; by X, and the vertex i; by 79, and continue until we have exhausted all of the
vertices i1 < ... < i.

In order to prove parts (a) and (b) of Theorem 3.4 we first note that K, is smooth since it
is an k-fold iterated fiber bundle over P'. This shows that K, is irreducible since it is as well
connected as an iterated fiber bundle over P'. By Proposition 3.7 the variety K, is contained
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in B(An—k,k),m' Finally, the dimension of K, equals & which is the dimension of B(An—k,k),m by
Theorem 2.5. Hence, K, is an irreducible component of the (embedded) A-Springer variety
B(An_ k) m In particular, parts (a) and (b) of Theorem 3.4 are now clear from the above.

By Lemma 2.10 we know that the cup diagrams in B,,_j, ;. », are in bijective correspondence
with the irreducible components of B(An_ o k) Since the irreducible components K, are different

for different a € B,,_; 1 ., We see that the map a — K, explicitly realizes this bijection which
proves part (c) of the theorem. 0

Example 3.8. Let us continue Example 2.11. The irreducible components are then given by
o K, ={F, Cspan(ey, f1) C Fy C F3},
o I} = {Fl C Fy, C Z_l(Fl) C Fg},
o K. = {Fl CFk CF;C Z_1<F2>}.

3.3. C*-action and generalized components. In [GLW24], an affine paving of the A-Springer
variety is constructed in order to compute the cohomology ring of the variety. We make this
explicit in the two-row case using a C*-action.
Let C* act on C*V by
t- €; = t_lei and t- fz = tfl
This action restricts to E),_j  and induces a C*-action on the A-Springer variety B(An_ k)

Definition 3.9. A combinatorial weight of type (n — k, k) is a sequence in {A, V}" containing
n — k ups (A) and k£ downs (V).

Such sequence is called a A-weight of type (n — k, k,m) if there is no V to the left of any A
among the last m symbols.

When writing weights we use a | to indicate the m rightmost entries and we suppress the
unnecessary commas.

Example 3.10. Let n = 5 and k = 2 and m = 2. Then N A V|A\ A is a A-weight of type (3,2, 2)
and NV NV A is not.

Proposition 3.11. There is a bijection between A-weights of type (n — k,k, m) and the fixed
points under the action of C* on B(An_k’k)’m.

Explicitly, given a A-weight o = (v, ..., o) of type (n — k, k, m), the corresponding fixed
point is the flag 'S with ith subspace given by

Ea = Span(ﬁ, - oy CHIN s 10 the left of i} f17 ceey f#{\/'s to the left ()jz})

Proof. Itis clear that the flag I is fixed by the C*-action since each space of the flag is generated
by weight vectors with respect to C*-action.

Conversely, let Fy, = (Fy,...,F, ) € B(An_MLm fixed under the action of C*. Using in-
duction on [/, one see that the vector space F; must be spanned by e, ..., e, fi,..., f, for some
0<p<n-—kand 0 < g < k with p+ ¢ = [. By counting occurrences of e’s and f’s, we
recover the entries o, . . ., a,,_,, of the A-weight corresponding to the fixed flag F,. Let r be the
number of V among these ay, . . ., &y, —p,. Then the condition 2™ (E,, k) C F),_,, forces to have
0 <r <k — m. We then complete the weight oy, . .., o, by 7 +m — k A followed by k — r
V in order to obtain the A-weight of type (n — k, k, m) corresponding to Fj. 0
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We define the attracting cell of the fixed point F> by
Ko ={F. € B}, i1 lim - F, = F}.

),m|t

To test whether a flag F, lies inside F;,, we follow [StWel2, Section 2.2]. We define P to be the
subspace of E,,_ ; spanned by the e;’s and () to be the subspace of E,,_j i spanned by the f;’s.
Given a flag F, in B(An—k,k),m’ we associate a new flag F2*° by setting F*** = P, + Q); C P& @,
where P, = F; N P and @Q); is the image of F; by the projection onto () along P. It is then clear
that this flag is stable under the C*-action. The following is similar to [StWel2, Proposition 14].

Lemma 3.12. Let o be a A-weight of type (n — k, k,m) and F, € B(An_,ﬁk)’m. The flag F, is in
the attracting cell K, if and only F* = F.

Lemma 3.12 implies that the cell K, is an affine variety. We can also explicitly describe these
attracting cells. Let o be a A-weight and construct a A-cup diagram C'(«) as follows:
(1) successively connect neighboring pairs VA by a cup, ignoring symbols that are already
connected,
(2) connect remaining symbols to rays if there is no more V left to a A.

Theorem 3.13.
(1) There is a bijection between the A-weights of type (n — k, k, m) and the cells of an affine
paving ofB(An_k’k)’m.
(2) The attracting cell K, consists of all flags F, € B(An_,%k)vm satisfying the following con-
ditions: Cn
(i) F;=2""2 F_ifl <i<j<n—mandi—jinC(a),
(ii) F; = F2 if —iin C(w),
(iii) F;_1 N P = F; N P ifi is the left endpoint of a cup in C(«).
Proof. The first item follows from Proposition 3.11.

Concerning the second item, we can use the same arguments as in [SaWi22, Theorem 36],
working with a A-Springer variety does not affect the proof. U

Remark 3.14. We also obtain a description of the closures of the cells K, by removing the
condition (iii) in the description of K, in the above theorem.

In addition, if C'(«) contains k cups, then it is clear that the closure of K, is the irreducible
component associated with the A-cup diagram C'(«).

Example 3.15. Let A = (3,3) and m = 2.
e fora =V V AV|AA we get

and FY = (span(fi),span(fi, f2),span(ey, f1, f2),span(es, f1, fa, f3)). Then the clo-
sure of the attracting cell consists of all flags F, € B(Ag,g),z such that

FCF Cz(F)CF CC
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This is in fact the irreducible component of Bé73)72 labeled by the diagram C(«).

o fora = AV VV|ANA we get

Cla) = ‘

and Fy = (span(e1),span(ey, f1),span(ey, f1, f2), span(ey, f1, f2, f3)). Then the clo-
sure of the attracting cell consists of all flags F, € 15’(%’3)’2 such that

span(e1) C span(ey, fi) C F3 C Fy € C°.

This attracting cell is not an irreducible component of Bé 3),2°
e fora = ANANAV|VV, we get

Cla) = ‘

and F® = (span(eq),span(eq, es), span(ey, s, €3), span(ey, s, €3, f1)). Then the clo-
sure of the attracting cell consists only of the flag F{

As a corollary to Theorem 3.13, we obtain a diagrammatic description of the homology of the
A-Springer variety.

Corollary 3.16. The homology H*(B(An_k’k)’m) has a basis indexed by the A-weights of type
(n — k, k,m). Moreover, the homological degree of an element of this basis is given by twice the
number of cups in C'(«).

4. COMPARISON WITH SPRINGER FIBERS AND EXOTIC SPRINGER FIBERS

We still work with a A-Springer variety B(An_k’k)’m for a two-row partition (n — k, k) and
0 < m < k. We compare this variety with the two-row Springer fiber B, 1) and with the
exotic Springer fiber 5(,, _,, 1 1)-

4.1. Comparison with the two-row Springer fiber. In this subsection, we give a partial answer
to [GLW24, Question 8.7]. We already have remarked that if m = 0 then the A-Springer variety
Bﬁo is equal to the Springer fiber B,. Consider 7: Y, — Y,,_,, the morphism of algebraic
varieties which forgets the last m subspaces of a flag:

7T(F1,...,Fn) = (Fly---aFn—m)-

Forgetting the cut line defines an injection ¢: B,,_x ., — By— x0. The set B, _j 1, indexes
the irreducible components of the A-Springer variety B(An_ kk)m and the set B,,_j 1 o indexes the

irreducible components of the Springer fiber B(,,_ ). Therefore, if a € B,,_j s m, then K,(y) is
an irreducible component of B, _j, ).

Theorem 4.1. The restriction of  to B, i,y has its image in B(An_ e k) and induces a bijective

morphism of algebraic varieties between | J K, (a) € Bin—k,r) and B(An_k’k)’m.

aeank,k,m
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Proof. It Iy € B(y—j k), then F;, = E,,_; ;.. Therefore, im (z|En7kk)m =z"(F,) C F,_, and
the map 7 induces a well-defined morphism of varieties 7: B, x) — B(An_ ki k),m- I the follow-
ing, we will restrict this morphism further and show that 7: [ J
bijective.

Let F, € B(An_ o k) m Since the cells of the affine paving from Theorem 3.13 form a partition

A .
aeank,k,m KL(a) — B(n—k‘,k}),m 18

B(An_k’k)’m, there exists a unique attracting cell K, such that F, € K,. Note that C'(«) only
contains rays and right endpoints of cups to the right of the cut line. After forgetting the cut line,
the resulting diagram labels an attracting cell of B(,,_j, 1) contained in Uaeanfk,k,m K, (a). Using
the relations for right endpoints of cups and rays, we can uniquely extend the flag F, to a flag
(Fs, Fremi1, -, Fp) € UaGank,k,m K, (a). Thus, every flag in B(An_k’k)’m has a unique preimage
under 7. 0

4.2. Comparison with the exotic Springer fiber for a one-row bipartition. Asin Theorem 4.1,
we compare a two-row A-Springer variety with an exotic Springer fiber associated with a one-
row bipartition. Before doing so, let us recall the description of [SaWi22] of the irreducible
components of exotic Springer fibers for one-row bipartitions.

Firstly, [SaWi22, Proposition 14] shows that we can ignore the symplectic structure in the case
of exotic Springer fibers for one-row bipartitions. If the bipartition is ((p), (¢ — p)) then

6) B?(p),(q—p)) ~{F, €Y, |e, € Fy}.

(S]

As for the A-Springer variety, the notation B((p)v( a—p) will refer to the exotic Springer fiber
embedded in Y,. We first deal with the extremal case m = k.

Proposition 4.2. The A-Springer variety B(An—k,k),k and the exotic Springer fiber B?(n—2k),(k)) are
isomorphic.

Proof. Using an inductive argument as in [SaWi22, Proposition 18], one can prove that if a flag
F. 6 B?(p)7(q_p)) thell Fq g Span(el, c ey eq, fl, ceey fq_p). Therefore B(ATL—IC,]{),]C al’ld B?(n—2k),(k))
are isomorphic to subvarieties of {Fy € Y, | Fr—r C E,—ki}, see (3) and (6). By Lemma 3.2,
we have

B(An_k,k),k = {Fo € Yn—k | Fn—k C En—k,ku €n—2k, fO € Fn—k} .
Since fy = 0, comparing with (6) shows that both varieties are equal as subvarieties of Y,,_;. [

We turn back to the general case of 0 < m < k. Elements of the A-Springer variety B(An_ ko k)m
are described by flags in Y;,_,, and so are the elements of the exotic Springer fiber B(,, _,,, ;) (1))

We quickly recall the diagrammatics describing the irreducible components of the exotic
Springer fiber associated with the bipartition ((n — m — k), (k)), see [SaWi22] for more de-
tails. These irreducible components are indexed by one-boundary diagrams on n — m points
which are endpoints of rays, cups or half-cups: cups connect two points, and both rays and half-
cups connect only one point. Doing so, we require that the diagram is crossingless. We will
denote by B((,—m—r),x)) this set of diagrams with a total number of cups and half-cups equal to
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There is a map B,,_j, 1 n, into B((n—m—r),(x)) by deleting the part of the diagram right of the cut
line. Since there is no cup among the last m points of an element of B,,_j, ;. ,,, this map is an
injection: we can reconstruct the initial diagram by completing the half-cups and then complete
the remaining points with rays.

Example 4.3. The previous injection is illustrated as below:

U\.J AN

The following diagram is not in the image of the injection Bz 35 — B(1),(3))-

[ &=
Indeed, three points are needed to complete the half-cups and only two points are allowed on the
right of the cut line of an element of B3 3 ».

It easy to see that the image of this map is the subset of B (,—,—k),x)) With at most m half-
cups. Using this identification, given a € B,_j 1.,, we will denote by K the corresponding
irreducible component of the exotic Springer fiber Bf(n_m_ k), (k)

Theorem 4.4. The (embedded) A-Springer variety B(An_k’k)’m is equal to the closed subvariety
UaeB%M K3 of the (embedded) exotic Springer fiber B&n_m_k)(k)).

Proof. Since €,_—m € 2™(En—kk), the result follows from [SaWi22, Proposition 14] and the
description of irreducible components of the exotic Springer fiber [SaWi22, Theorem 15]. 0

5. A TOPOLOGICAL MODEL AND THE ACTION OF THE SYMMETRIC GROUP

Recall that we have fixed a two-row partition (n — k, k) and 0 < m < k. Using Theorem 4.4
and the topological model for the exotic Springer fiber of [SaWi22], we obtain a topological
model of the A-Springer variety B(An_ k) m We then deduce a skein theoretic description of the

action of the symmetric group .S,,_,,, on the homology of the A-Springer variety.

5.1. A topological model. Let S? C R3 be the two dimensional standard unit sphere with north
pole p = (0,0, 1). Given a A-cup diagram a € B,,_j, ;. ,,,, define
Sa={(x1,- .., Ty_m) € (8" | 2; = —x; if i—j, and z; = pif }—i}.

Note that S, is homeomorphic to a product of 2-spheres. Each left endpoint of a cup in the
diagram a € B,,_j 1., contributes exactly one sphere.

Definition 5.1. The fopological A-Springer variety S@_ o )m 1S defined as the union

Sormm= |J SacC(s)".
a€B, _k k,m

The above definition of S, does not use the part of the diagram right of the cut line, and makes
sense for any a € B((,—m—),x))-
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Proposition 5.2. There exists a homeomorphism between the A-Springer variety B(An_m)

,m

and the topological A-Springer variety S(ﬁ_k’k)’m such that the irreducible component K, of
B(An_m)’m is sent to S,.

Proof. In [SaWi22], a homeomorphism between the exotic Springer variety B{,, _,,, 1) ) and

Sln—m—k),(k)) = U Sa C (87"

a€B((n—m—k),(k))

is constructed and the irreducible component K corresponds to S,. Therefore, using Theorem 4.4,
the restriction of the homeomorphism B, _,,_j 1)) =~ S ),k to the closed subvari-

n—m—Fk

eties provides a homeomorphism B(An_m)’m ~ S@—M)m‘ The irreducible component K, of
B3,k ky.m 1S then sent to S, O

Exactly as in [SaWi22, Section 4.3], we describe the pairwise intersection of irreducible com-
ponents in terms of circle diagrams.

For a € B, 1m. denote by a the reflection of a along a horizontal line. For a and b two
A-cup diagrams in B,,_, . ,,, we call the concatenation ab a circle diagram. Such a diagram
only contains circles and (open) lines. In a circle diagram, a line is called non-propagating if it
is entirely on the left of the cut line and its endpoints are on the same side of the horizontal line.
Otherwise, a line is called propagating.

Proposition 5.3. Let a,b € B,,_j i, . The intersection S, N Sy, is nonempty if and only if all the
lines in the circle diagram @b are propagating. Moreover, Sy N Sy, is homeomorphic to (S?)¢,
where { counts the number of circles in ab plus the number of lines in ab crossing the cut line
with both endpoints on the right of the cut line.

Proof. This follows from [SaWi22, Theorem 29]. [

Example 5.4. Below we give examples of cup diagrams a, b and a circle diagram ab.

Therefore the intersection S, N Sy, is a 2-sphere.

5.2. Diagrammatic description of the homology. The topological model constructed in the
previous section naturally embeds in (S?)"~ and this inclusion induces a map

(7) H(SG_gym) = HA((SH)™T).

We describe explicitly this map using line diagrams and show that this map is injective and the
natural action of the symmetric group Sy, on H.,((S*)"~™) stabilizes the subspace H.,(S5,,)-

The decomposition of the sphere S? as {p}U(S?*\{p}) defines a CW-structure on S? with one 0-
cell and one 2-cell. We fix this CW-structure and then equip (S?)"~™ with the Cartesian product
CW-structure. The cells of this CW-structure are indexed by the subsets U of {1,...,n —m} by
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mapping U to the cell C; which is defined by choosing the 0-cell in the i-th component if i ¢ U
and the 2-cell if + € U. We will denote by [y the homology class of the cell Cyy in H,((S?)"™™)
so that (Iy) is a basis of H,((S?)"~™), the degree of [y is given by twice the cardinal of U.

Following [SaWi22, Section 6.1], we will write the elements [;; as line diagrams: we attach
n — m vertical lines, which are decorated by dots on the lines with endpoints not in U.

Example 5.5. If U = {1,3} C {1, 2, 3,4}, the corresponding line diagram is

o141

Given a A-weight o of type (n—k, k, m), we define an element L, € H,((S*)"™) as follows.
Denote by U,, the set of all U C {1,...,n — m} containing one endpoint of each cup of C'(«)
left of the cut line and the left endpoints of cups which cross the cut line. We set

R e

UEZ/{(X

where A, (U) is the number of right endpoints of cups of C'(«) in U.

Example 5.6. Consider the A-weight « =V N AV |A V. The associated diagram is

oY

Cla) =

We then have

el

the first term corresponding to U = {1,4} and the second one to U = {2, 4}.

Proposition 5.7. The inclusion S(%_ kkym < (S*)"~™ induces an embedding

Ho(St—sym) = HA((SH)"™)
which sends the homology class of K, to L,
Proof. The proof is similar to [SaWi22, Proposition 57]. 0

5.3. Action of the symmetric group. The symmetric group S,,_,, acts naturally on (S*)"~™ by
permutation. This induces an action at the level of the homology, which is again described by per-
mutations of the lines in a line diagram. From now on, we identify the homology H, (S@_ k. k),m)
with its image in H,((S?)"~™).

We give a skein theoretic description of the action of the symmetric group, thereby answering
[GLW24, Question 8.6]. We write s; € S,,_,, for the transposition (i, + 1). To state the explicit
action, we will identify the basis element L, of the homology corresponding to the A-weight o
with the corresponding A-cup diagram C'(«).
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Proposition 5.8. The subspace H, (S(ﬁ_ k) ) is stable under the action of the symmetric group.

,m

Moreover, the action of s; on L, is obtained by stacking the diagram

11+ 1

on top of C(«) and using the following relations

e isotopies,

. . U
e skein relation: >< = —I—‘ ‘,

e

e bubble removal: O = -2,
e cap removal: ﬂ =0,
e if these operations create diagrams which are not allowed (i.e. with an entire cup right

of the cut line), then these diagrams are set to zero.

Example 5.9. Consider the weight o of Example 5.6, with corresponding A-cup diagram

Cla) =

Then the actions of s1, so and s3 on C(«) are respectively given by

and
N Y N\
Proof of Proposition 5.8. This is a direct computation, along the lines of [Rus11]. ([

As already shown in [GLW24] for the top degree, the representations obtained in each degree
are not simple. In the following, if ;. is a skew partition of n — m, we denote by V,, the corre-
sponding skew Specht module which is a complex representation of \S,,_,,. If u is a partition of
n — m, then it is the usual irreducible Specht module.

Theorem 5.10. Let 0 < d < k. As S,,_,,, representations, we have the following isomorphisms:

min(m,d)

Hoa(BGy iy m) ™ $H Vin-m—dtjd—j) = Vin-d.d)/(m)-

j=max(0,2d+m—n)

Proof. For 0 < j < min(d, m), we consider the subspace W, of Hgd(B(An_ k.k).m) SPanned by the
vectors L, such that C'(«) has at most j cups through the cut line.
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Let us first notice that Wiyin(dm) = sz(B(An_k,k),m)- Indeed, if L, € HZd(B(An—k,k),m) then the
diagram C'(«) has d cups and since there are m point on the right of the cut line, there are at most
m cups of C'(«) through the cut line.

We also have W; = {0} if j < m — n + 2d. Suppose that m — n + 2d > 0, otherwise there
nothing to prove. If C'is a cup diagram on n points with d cups, then there are n — 2d rays on
this diagram. Denote by r the number of rays on the right of the cut line. This implies that m —r
cups must pass through the cut line. But since » < n — 2d, we obtain that C' must have at least
2d + m — n cups through the cut line.

From the description of the action of S,,_,,, in Proposition 5.8, it is clear that ¥ is stable under
the action of .S,,_,,,. Therefore, we obtain a filtration

{0} C Wmax(0,2d+m—n) C Wmax(O,Zd—i—m—n)—i—l c---C Wmin(d,m) = H2d<B(An_k7k)7m)

by S,,_n, invariant subspaces. We claim that W; /W;_; ~ Vin—m—d+j,a—j)» which will prove the
first isomorphism of the proposition.

Indeed, the quotient space W, /W,_; has a basis given by A-cup diagrams on n points with
d cups and exactly j cups through the cut line. Forgetting the right part of such a diagram and
replacing the j half-cups created this way by rays, we obtain a cup diagram on n — m points with
d — j cups and all such diagrams can be obtained by this process.

We obtain an isomorphism of vector spaces between W;/W,_; and Haq—j)(Bn—m—dtj.d—j)
which is easily checked to be S,,_,,-equivariant thanks to Proposition 5.8. Therefore, since
Hg(d_j)<B(n_m_d+j7d_j)) is isomorphic to Vi, —a4j,a—j) as a representation of S,,_,,, we have
proven our claim.

Concerning the isomorphism with the skew Specht module V/,,_g 4)/(m), We use that the mul-
tiplicity of V, in V(;,_q.4)/(m) as an S,_p,-representation is equal to the multiplicity of V(,,_4 4
inIndg” o (V, ® V(m)) as S, -representations [JaPe79, Section 3]. From Pieri’s formula, we
deduce that, as an S,,_,,-representation, we have V(;,_q.q)/(m) =~ &P i V.., the direct sum being on
partitions y obtained from (n — d, d) by removing m boxes, no two in the same column. We
easily check that we obtain the expected direct sum. 0

6. ACTION OF THE DEGENERATE AFFINE HECKE ALGEBRA

We enhance the action of the symmetric group S,,_,, on the cohomology of the A-Springer
variety to an action of the degenerate affine Hecke algebra. Each degree of the cohomology will
be irreducible for the action of this algebra.

6.1. Degenerate affine Hecke algebra and action on the homology of (S?)"~™. We start by
defining the degenerate affine Hecke algebra.
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Definition 6.1. The degenerate affine Hecke algebra H,,_,, is the C-algebra with generators

O1y- s O0pn_m—1>T1,- .., Tn_m and relations
ol =1 forl<i<n-—m
0,0j = 0;0; if i — 5] > 1,
0i0i110; = 0410041 forl<i<n—m-—1,
TiTj = TjT; forl <i,5 <n—m,
0T = x;0; ifj #i,141,
Tir10; — 0x; = 1 forl <i<n-—m.
There is a well-known polynomial action of H,,_,, on C[X7, ..., X,,_,,,] given by the so-called

Dunkl operators. This action preserves the degree and the following definition is the restriction
of the action of Dunkl operators on span(X;, ---X;, | Kk € N1 <3 < --- < i <n—m),
written in the language of line diagrams.

Definition 6.2. Let £ = (&, ..., &) € C*™"L Given a line diagram [y, with U a subset of
{1,...,n — m} of cardinality d, and 1 < i < n — m, we define

( n—m

Cati—nt+m—[{1<j<i|j@Uu— Y lnmuy ifiel,
J=i+1

DE(ly) = bt

(’i—n—l—m—l—|{’i<j§n—m|j6U}|)ZU—|-ZZU\{j}U{i} ifi ¢ U.
Jev

\

We will call £ the parameters of the action. Since this action arises from Dunkl operators, this
defines an action of the degenerate affine Hecke algebra on H, ((S?)"~™), see [Che05].

Proposition 6.3. The assignment o; — s; and x; — DZ@) is a well-defined action of the degen-
erate affine Hecke algebra H, _,, on H.((S*)"~™).

6.2. Restriction to the homology of the A-Springer variety. It turns out that the cohomology
of the A-Springer variety, viewed as a subspace of the cohomology of the product of n — m
spheres, is stable under the action of the degenerate affine Hecke algebra for specific values of
the parameter &.

Theorem 6.4. Let € = (&, ..., &—m) With &g = n+ 1 — d. Then the subspace H*(B(An_k’k%m)
of H.((S*)"~™) is stable under the action of H,_,.

We will prove the theorem as follows: since the degenerate affine Hecke algebra H,,_,, is
generated by the symmetric group and x,,_,,, it suffices to show that the subspace H. (B(An_ k. k),m)
is stable under the action of the symmetric group and under the action of x,,_,,. The action of the
symmetric group is given in Proposition 5.8, therefore it suffices to consider the action of x,,_,,.
We give explicit formulas in terms of line diagrams, which have a skein theoretic interpretation

akin to the action of the symmetric group.
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Let a be a A-weight of type (n — k, k, m) and suppose that the corresponding A-cup diagram
C'(«) has d cups. In other words, the element L, corresponding to « is in Hgd(B(An_ kkym)- We

discuss three cases, depending whether n — m is the endpoint of a ray, the right endpoint of a
cup or the left endpoint of a cup in C'(«).

Lemma 6.5. Suppose that n — m is the endpoint of a ray in C(«). Then ,,_, - Lo, = 0.

Proof. By definition, we have

Lo =Y _ (1)

UGUa

Since we have supposed that n — m is the endpoint of a ray in C'(«), we know that n —m & U
for all U € U,,. Therefore, the definition of the action of the degenerate affine Hecke algebra via
Dunkl operators implies that

Tpm - Lo = Z (=1)2@) Z lo\ iy u{n—my = Z (=)Dl iyoin—rm) -
UeUa iU UEUa
=
We consider the bijection ¢ of {(U, i) | U € Uy, i € U} givenby (U, i) = (U\ {i} U{j},7)
where j is such that i and j are connected by a cup in C'(«). This is well defined: there exists
no cup that crosses the cut line because n — m is the endpoint of a ray. Moreover, it is clear that
AU\ {i}U{j}) =A.(U) £ 1ifi € U and j is connected to i by a cup in C'(«).
Therefore, using the bijection ¢, we obtain that

Tpm - Lo = Z (=D yognemy = — Z (=D (yotn-m) = —Tn-m - La,

Uy U€ely
i€U icU
which implies that z,,_,, - L, = 0. ]

Lemma 6.6. Suppose that n — m is the left endpoint of a cup in C(«). Then
Tpom * Lo = (m+1)L,.

Proof. Since n — m is the left endpoint of a cup in C'(«), the corresponding right endpoint is on
the right of the cut line. Therefore n — m € U for all U € U,, and the definition of the action of
the degenerate affine Hecke algebra in terms of Dunkl operators gives

Tpem lu=_E—H{1<i<n—m|igU})lv=n+1—-d—(n—m—d))ly =(m+1)ly
for all U € U,,. This implies that x,,_,, - L, = (m + 1) L,. O
In order to state the last case, we need to introduce some notations. Suppose that n — m is the
right endpoint of a cup in C'(«). Denote by a; < --- < a, the left endpoints of cups in C'(«)
with right endpoints among the last m points, i.e. right of the cut line. We also let a,,; be the
left endpoint of the cup of C'(«) with right endpoint n — m.
Therefore, the weight « satisfies the following:
oo =ANforn—-m+1<j<n—-m+rando;=Viorn—m+r+1<j<n,
e o =Vforje{a,...,a,11}and a,_,,, = A.
For 1 < ¢ < r define a A-weight o’ of type (n — k, k, m) by:
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e q, ,=Vanda, = A,

i_ .
t = qaj for j # ajp1,m —m,

In terms of cup diagrams, the diagram C'(«') is obtained from C'(«) by moving the cup joining
a,+1 and n — m to a cup joining a; and a; 1.

If the number of right endpoints of cups crossing the cut line in C'(«) is smaller than m, that
is r < m, we also define a weight o° by:

0o _ 0 _
[ 3o =Vanda,_,, . . .1 =/,

n—m
e o) = qjfor j # a;,n —m.

o

0_
J

In terms of cup diagram, all the points as, . . ., a1 and n — m are left endpoints of a cup and a,
is the endpoint of a ray.

Example 6.7. Let us take « =V V AV V A |A AV. The associated cup diagram is then

Ca= N\

We have r = 2 and a; = 1, ay = 4 and as = 5. Therefore, the weights o, o and o and their
respective associated cup diagram are given by

G
> =VVAVAV|AAY, C(a?) =

\ \S

a' =VVAAVVIAAY, C(a') = \_/ \
T \S

a® =V VAVVV|AAA, C(a) = ‘ &

N

We have drawn in green the cup that “moves along the diagrams when going from o to o*”.

Lemma 6.8. Suppose that n — m is the right endpoint of a cup in C(«), and keep the notations
from above. Then

T

(8) Tnom Lo ==Y (m—71+i) L.

=0

Remark 6.9. In (8), the term Lo is not defined if m = r. Nonetheless, in the case m = r, this
term appears with a coefficient 0 and it is unnecessary to distinguish the cases m = r and m # r.

Example 6.10. In the above example, we obtain x5 - L, = —3L.,2 — 2L, — Leo.
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Proof of Lemma 6.8. First, we compute the action of z,_,, on L, following the definition in
terms of Dunkl operators:

Tnom-La= Y (DD (m+Dlp+ Y (=)Dl piyopm),

Ueln Uelq ieU
n—meU n—mgU

where we have used that {; = n+1—dand {1 <i<n—m | i€ U} =n—m—dforU € U,
withn —m € U.

In order to compare with the right hand side of the equality to prove, we introduce some
subsets of {1,...,n —m}. For 1 <i < r we define

Ui:{UEUai aiEU}:{UEUai|ai+1¢U},

and also Uy = Uyo (if a° is not defined, then we set U, = ). It is then straightforward to check
that, for all 1 < ¢ < r, we have U,; = U;_1 U U, and that these unions are disjoint. Moreover,
an element U € U; is as well in Uyi+1 and we have A,i+1(U) = A,i(U) + 1. Therefore

i(m —r+i) Ly = i(m —r+1) Z (=12 O, 4 Z —r+i Z (=1)Aai @)y,
i=0 i=1 Ueli— Uel;
r—1
:—Z(m—r—i-i—i-l)Z(— Aai lU+Z —r+1i) Z(—l)Aai(U)lU
i=0 Uel; Uel;
r—1
=m Y (=) @y =N (-
Uel, i=0 Uel;
=(m+1) > (~1)* ) ZZ Vet )],
vel, =0 Uel;

But we have i, = {U € U, | n—m € U} and if U € U, then A,(U) = A (U) + 1. Tt
remains to prove the following equality:

Y DY lnvopem = 0 > (=

Uelq €U =0 Uel;
n—mgU

We simplify the right hand side as follows. Suppose that ¢ and j are connected by a cup in
C(«). Then we have a bijection

{Uely|n—mgUandicU} -{Ue€ly,|n—m¢gUandjecU}
givenby U — U\ {i} U{j},and A, (U \ {i} U{j}) = Ao(U) £ 1. Therefore

r+1
Ao (U _ Ao (U
Z (1) ( )ZZU\{i}U{n—m} = Z (—=1) ( )Z [\ {a:yufn—m}»
Uely U Ucly =1
n—mgU n—mgU ai€lU

since we can cancel the other terms by pairs that carry opposite signs. Finally, for all 1 < ¢ <
r + 1, we have a bijection between {U € U, | n —m ¢ Uanda; € U} and U;_; given by
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U — U\ {a;} U{n — m} which moreover satisfies A,(U) = A,i(U \ {a;} U {n — m}).
Therefore

r+1 r
Y DO lngagopemy = D ) (Rl
UcUs i=1 i=0 Uel;
n—mgU a; €U
and the proof is complete. U

Proof of Theorem 6.4. The theorem follows from Proposition 5.8, Lemma 6.5, Lemma 6.6 and
Lemma 6.8, together with the fact that the degenerate affine Hecke algebra is generated by the
symmetric group and by ,,_,. U

6.3. Comparison with a tensor space. The goal is to give a proof of the irreducibility of the
action of H,,_,, on the cohomology of the A-Springer variety, using Schur—Weyl duality. We
consider the Lie algebra gl, with basis given by (hy, ho, e, f) where

v (o 0) =0 1) o= (o) = (o)

We denote by (2 its Casimir element, thatis 2 =h; @ h1 + ho @ ho +e® f + f Qe.
We also consider the natural representation V' with basis (v,,v_) with the following gl,-
action:

hi vy =vq, he vy =0, e-vy =0, froo=v_,
hy-v_ =0, hy -v_=wv_, e-v_ = vy, f-v_=0.
The m-th symmetric power SV of the fundamental representation has (vy, . .., v,,) as a basis

and the following gl,-action:
hy - v; = (m — i), hy - v; = v, e-v; =11, frvi=(m—1i)vi.

The main player will be the tensor space V®("~™) @ S™V/, which is naturally a gl,-module.
The following theorem has been proved in [Suz98, Proposition 7.1].

Theorem 6.11. (1) The mapping s; — i ;41 and x; — — Zi<j§n—m+1 Q; ; + m1d defines

an action of H,_,, on V"™ & S™V which commutes with the action of gl,.

(2) The maps H,,_, — Endg, (V"™ @ S™V) and U(gl,) — Endy, , (Ve @S5mV)
are surjective.

(3) As an (U(gly), Hy,—m)-bimodule, we have

min(n—m,|n/2])
V®(n—m) ® 8™V ~ @ ‘/(n—d,d) X Ld,
d=0

Where Vi;,_q q) is the simple highest gl,-weight module of highest weight (n — d, d) and
Lg is a simple H,,_,,-module.

This theorem provides a construction of certain simple H,,_,,-modules, which will be com-
pared to the modules obtained via the cohomology of the A-Springer variety.
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Remark 6.12. In [Suz98], the action of z; is slightly different. We recover ours after applying
the automorphism o; — 0, p—i, T; — —Tp_ms1—; of H,_,, and shifting the action of all the z;
by a common constant.

The simple module L, is a calibrated simple module, in the sense of [RamO03], and is then
indexed by a placed skew shape. It can be checked that the corresponding skew partition is

(n—d,d)/(m).
First, to each a € B,,_;4,, we associate a highest weight vector p, of weight (n — d,d) in

yem-—m) & §my/ We convert each cup left of the cut line into the vector v_ ® v, — vy ® v_,
each ray left of the cut line into v, , and the remaining r cups with endpoints on both side of the

cut line into the vector
Wy = Z (_1)|I|UI vy,

Ic{1,...,r}
where v; € V®" has its i-th tensorand equal to v, if 7 € I and to v_ otherwise. We then place
these vectors in the appropriate position in V®("~™) & S™V/: the n — m endpoints left of the cut
line correspond to the various tensorands V' and the m endpoints right of the cut line correspond
to the tensorand S™V. In this process, we completely ignore the rays right of the cut line.

Example 6.13. The vector corresponding to the diagram

e\

(1R ® —vL QU_)Q(V_QRUV_ QU — vy QV_ QU] —V_ QU; QU1 + Up QUy V).

Lemma 6.14. Let a € B,,_; 4,,. Then p, is a highest weight vector of weight (n — d, d).

Proof. Since permuting the first n — m tensorands of V®("~™) © S™V commutes with the action
of gl,, it suffices to check that v_ ® vy — vy ® v_, vy and w, are highest weight vectors, which
is immediate. The weight of v_ ® v, — v, ® v_, v, and w, being respectively (1, 1), (1,0) and
(m, ), the weight of p, is then (n — d, d). O

We also notice that p, = vq(a) + higher terms, where «(a) is the A-weight obtained by ori-
enting the cups in a counterclockwise and the rays upward, and v, () is obtained by replacing
V by v_ and A by v, and then tensoring by vy. Here, the higher terms are with respect to
Ve, @ QU , OV <V @ QU & Vy if, for the first index such that €; # ¢!, we have
e; < €}, with the convention — < +. Therefore, the family {p, | a € B,,_g.4,,} is free.

Lemma 6.15. The set {p, | @ € B,_44.m} is a basis of the highest weight vectors of weight
(n —d,d) in V"™ @ MYV,

Proof. Since the family is free, it remains to show that we have the correct numbers of such
vectors. But, using the branching rules for gl,-modules, we see that the number of summands
of V®=m) & S™V isomorphic to Vin-a,a) is the number of standard tableaux of skew shape
(n —d,d)/(m), which is also the cardinal of B,,_ 4. O
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As a corollary, we have a basis of the H,,_,,-module L;, and we now compute the action of the
generators of the degenerate affine Hecke algebra to compare with the representation obtained
on the cohomology of the A-Springer variety.

Proposition 6.16. Let a € B,,_; 4.,. The action of s; on p, is obtained by stacking the diagram

1141

on top of a and using the same relations as in Proposition 5.8.

Proof. This follows from standard calculations. For example, the vector w, is clearly invariant
by permutation of any two consecutive tensorands among the first r, which corresponds to the
last point of Proposition 5.8. U

It remains to compute the action of the polynomial generator of the degenerate affine Hecke
algebra. We compute the action of x,,_,, by distinguishing there cases.

Proposition 6.17. Leta € B,,_; 4,,. We have:

0 if n — m is the endpoint of a ray,
Tp—m - Da =14 (M + 1)pa if n — m is the left endpoint of a cup,
— > _o(m—1r41i)pa  if n —m is the right endpoint of a cup,

where, in the third case, the integer r and the diagrams a* are defined similarly as in the previous
section.

Proof. We first suppose that n — m is the endpoint of a ray in a. Therefore, there are only rays
right of the cut line, and p, = v®@v, v, for some v € V=1 Since Q- (v, @vg) = mv, vy,
we find that z,,_,,, - pa = 0.

Now, we suppose that n — m is the left endpoint of a cup. The corresponding right endpoint
is then right of the cut line. Using the action of the symmetric group, it then suffices to compute
the action of €2, 1 on the vector w,. Given I C {1,...,7}, we have

(m = I)vr @ vy + [vpfn-my ®vp-1 ifn—mel,

er ' ® = i
rer (v U|1|) {‘ﬂv[ @ v + (m — ‘IDUIU{n—m} Qv ifn—m Z 1.

This implies that €,., 1 - w, = —w, and that z,,_,, - pa = (M + 1)pa.
Finally, suppose that n — m is the right endpoint of a cup. Once again, using the action of the
symmetric group, it suffices to compute the action of 2,5, 13 on the vector

Z () @ (v- @ vy — vy @ V) @ .

Ic{1,...,r}
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For 1 <14 < r, denote by w,; ;+1, the vector in Ver+2) & S™V given by inserting into w, the
vector v_ ® v, — vy ® v; at the tensorands 7 and ¢ 4+ 1. We have

Q7‘—1—2,7‘+3 Wy 41,42 = Z (_1)‘1‘1][@(1)_ ® ((m - |IDU+ ® v + |I‘U— ® U\I\—l)
Ic{1,...r}
— v @ (o- @ vy + (m = |I|)vy @ vjri11))
We then find that €, 5,43 - Wy 41,742 + Wy 11,042 15 @ linear combination of terms of the form
vy ® -1, with J C {1,..., 7+ 2}, with coefficients (—1)//I=Y(m — |J| +2) if r + 2 € J and
(=DM Jlifr+2 & J. We fix J C {1,...,7 + 2} and compute the coefficient of v; ® v} in

the sum

r+1
9) Z(m — 7+ D)Wy i1+ (M — 1)Uy @ Wy

i=1
We will distinguish four cases, whether 1 and r + 2 are in J or not. We will treat only the case
1,742 € J, the other cases being similar. The set ./ correspond to a word +“! —Pro B pakt
with v, 3; > 0. Then, for each subword —+ in the position ¢, 7+ 1, v; ® v| ;-1 appears in w,.; ;41
with a coefficient (—1)!/I=! and for each subword +— in the position i,7 + 1, v; ® U] |1 appears

in w,; ;11 with a coefficient —(—1)“] I=1, Therefore, the total coefficient of v; @ v|j|—1 in the sum
(9) is

(_1)|J‘_1 (Z(m — T+ Z(as + ﬁs)) - Z(m — T+ i(as + ﬁs) + aj) + (m - T))

j=1 s=1 j=1 s=1
k
= (=) m —r+> " B
j=1

But Z§:1ﬁk = (r 4+ 2) — |J| and we find that the coefficient is (—1)//I=1(m — |J| + 2) as
expected. We finally obtain that
r+1
QT+2,T’+3 Wy 41,42 = —Wrr41 042 + Z —r+ { wrz si+1 + ( - ’l")'U_;,_ ® Wr41

= MWy ri1r42 + Z(m — 7+ D)W iq1 + (M — 7))V @ Wi,
i=1
which concludes the proof. O

Theorem 6.18. The H,,_,,-module H2d(B(n o) ) is irreducible.

Proof. The map L, + pa() 18 an isomorphism of vector spaces since it sends a basis of
Hgd(B(n kk)m ) on a basis of Ly. Furthermore, the comparison of the action of H,_,, on

both sides shows that this isomorphism is H,_,,-equivariant. Since L, is irreducible, so is
H2d(B(n k,k),m )- O

6.4. Action in the extremal cases.



Two-row Delta Springer varieties 29

6.4.1. Springer fiber of type A. In this section, we assume that m = 0. In this extremal case,
the A-Springer variety is isomorphic to the Springer fiber associated with the two-row partition
(n — k, k). There is a well-known action of the symmetric group S,, on the (co)homology of the
Springer fiber, which has a skein theoretic interpretation [Rus11]. We recover this action if we
restrict the action of the degenerate affine Hecke algebra H,, to the symmetric group S,,.

Proposition 6.19. Suppose that m = 0. Then the generator x,, then acts by 0.

Proof. Since m = 0, there are no points on the right of the cut line, and n cannot be the left
endpoint of a cup. The result then follows from Lemma 6.5 and Lemma 6.8. 0

The action of the generator x; is then given by the Jucys—Murphy element Z;L:Z 21(2 7). The
action of H,, is entirely recovered form the action of the (group algebra of the) symmetric group

Sh.-

6.4.2. Exotic Springer fiber. In the extremal case m = k, the A-Springer variety is isomorphic
to the exotic Springer fiber associated with the one-row bipartition (n — 2k, k). There is a well-
known action of the Weyl group W,,_;. of type C,,_; on the (co)homology of the exotic Springer
fiber, which can be easily described [SaWi22].

Recall that in Section 6.1 we have constructed an action of the degenerate affine Hecke al-
gebra H,_,, on the homology of the Delta Springer variety B(An_ k) m We now describe this
action using W,,_,,,, which we consider as the group of signed permutations on the set {—(n —
m),...,—1,1,....,n—m}.

For 1 < i < n — m, we denote by s; the permutation (i i + 1)(—i — (¢ + 1)) and by
the permutation (i — 7). The group W,,_,, acts on Hoq((S*)"~™): the element s; acts by usual
permutations and s/ acts on a line diagram Iy € Hyy((S?)"™™) by

, L ifi g
s ly = e
—ly ifieU.

For 1 < i < n — m, we define the Jucys—Murphy elements .J; and j, by

i—1 n—m

Ji=> (ji) and Ji= Y (ij).

j=1 j=it+1
Proposition 6.20. The action of x; on Hoq((S*)"™™) is equal to the action of
1—¢ 1 .
2$’(ad—n+m+1—l—Ji)— _;SZJZ‘.
Proof. LetU C {1,...,n —m}. We have
( i—1

{1<j<iljeUlly+) lnguy ifiel,

j=1
ZU
Jily = g

{1<j<iljgUl+ ) lngum ifigU,
\ I
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and

( n—m

{i<j<n—m|jeUly+ Y lnmuy ifiel,
j=i+1

Jivly = il

{i<j<n—m|j@Utlu+ Y lngom ifigU

j=i+1
jeu

\

1—s
2

The proof is complete once we notice that

. ZU = 5ieUlU and

5y = Siguly. O

Nonetheless, the homology of the A-Springer variety B(An_ k) is not stable by the action of
W,.—m, but only under the action of the degenerate affine Hecke algebra. In the extremal case
m = k, the homology of the Delta Springer variety is equal to the homology of (S*)"~* in
degree 0,2,...,2k and is {0} in all other degrees. Therefore, the description of the action of
W, given in [SaWi22] is equivalent to the action of the degenerate affine Hecke algebra H,,_j:
since both actions are irreducible, the Jacobson density theorem implies that the two actions
generate End(Hay((S?)"7F)) .
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