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FRAMIZATION OF SCHUR-WEYL DUALITY AND
YOKONUMA-HECKE TYPE ALGEBRAS

ABEL LACABANNE AND LOIC POULAIN D’ANDECY

ABSTRACT. We study framizations of algebras through the idea of Schur—Weyl duality.
We provide a general setting in which framizations of algebras such as the Yokonuma—
Hecke algebra naturally appear and we obtain this way a Schur-Weyl duality for many
examples of these algebras which were introduced in the study of knots and links. We
thereby provide an interpretation of these algebras from the point of view of represen-
tations of quantum groups. In this approach the usual braid groups is replaced by the
framed braid groups. This gives a natural procedure to construct framizations of algebras
and we discuss in particular a new framized version of the Birman—Murakami—Wenzl al-
gebra. The general setting is also extended to encompass the situation where the usual
braid group is replaced by the so-called tied braids algebra, and this allows to collect in
our approach even more examples of algebras introduced in the knots and links setting.
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1. INTRODUCTION

The Yokonuma—Hecke algebra is a natural generalization of the usual Hecke algebra
in the sense that the Hecke algebra originally appeared in the study of the permutation
representation of GL, (F,) with respect to its Borel subgroup, while the Yokonuma-Hecke
algebra plays a similar role when replacing the Borel subgroup by its unipotent radical.

The Yokonuma—Hecke algebra was also studied from the point of view of knots and
links, and was used to produce invariants [19] 22] generalizing the well-known construction
of the Jones and HOMFLY—-PT polynomials from the usual Hecke algebra. The precise
topological meaning of these invariants in relation with the HOMFLY-PT polynomial
was then elucidated [7, [33]. In this context, the Yokonuma-Hecke algebra is referred to
as a “framization” of the usual Hecke algebra, and there were subsequent attempts to
“framize” other known algebras and use them for knot theory [6, [10, [13] 14} 15 21]. These
framizations are usually defined via generators and relations and it is not always clear
what the correct definition should be (e.g. the different versions for the Temperley—Lieb
algebras [14]).

The usual Hecke algebra also appears in another famous context, which is the quantum
Schur-Weyl duality, relating it to the representation theory of the quantum groups U, (gly)
[18, [35]. The Schur—Weyl duality completes the picture in which the Jones and HOMFLY—
PT polynomials are seen as particular cases of Reshetikhin—Turaev invariants associated
to quantum groups. Thus a similar interpretation of the Yokonuma—Hecke algebra in a
Schur-Weyl duality with quantum groups seems desirable and natural to expect.

The first goal of this paper is to prove a Schur-Weyl duality statement for the Yokonuma—
Hecke algebra, as well as for various related algebras such as framizations of the Temperley—
Lieb algebra, and the so-called algebra of braids and ties [2, 36]. We will thus find the
precise meaning of all these algebras from the point of view of quantum groups.

The usual Hecke algebra can be seen as a deformation of the group algebra of the
symmetric group, and the Yokonuma—Hecke algebra has a similar interpretation in terms
of a deformation of the wreath product (Z/dZ)" x &,,, also known as the complex reflection
group G(d,1,n). A Schur-Weyl duality context for this group exists and a quantization
of this duality can be obtained in terms of the Ariki-Koike algebra, which is another
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deformation of the group G/(d, 1,n), and in terms of the quantum group U, (gly, ®- - -@gly, ),
see [29, B8] and references therein. We prove that a Schur-Weyl duality with U,(gly, ©
---@gly,) also applies to the Yokonuma-Hecke algebra instead of the Ariki-Koike algebra.
Nonetheless, we find that the extension of the Schur—-Weyl duality of the Hecke algebra to
the Yokonuma—Hecke algebra is easier and more natural than for the Ariki-Koike algebra,
and is in fact a particular case of a general procedure developed in this paper. Here, the
action of a braid group that factors through the Hecke algebra is replaced by an action of
the framed braid group that naturally factors through the Yokonuma—Hecke algebra.

The second goal of the paper is to provide a general procedure to construct framizations
of algebras from the point of view of the Schur—Weyl duality. This general procedure
culminates in Theorem [B.3] that contains in particular the following statement.

Theorem. We have a morphism of algebras ® : kF%RB,,, — End (V).

Here the space V. =V; @& --- @ V, is a direct sum where each Vj is a representation of
a bialgebra A, with the property that the usual braid group acts on the tensor products
Vb®k and centralizes the action of A,. Of course the main example we have in mind is when
the algebra A, is a quantum group acting on a finite-dimensional representation V;. The
algebras in Schur—Weyl duality in the theorem are then the tensor product A = A;X- - - KAy
and the group algebra k%%, of the framed braid group. The particular case factoring
through the Yokonuma-Hecke algebra is found when A, = U,(gly,) and V; is the vector
representation of dimension Ny, so that V' is the natural vector representation of dimension
Ni+--+ Ngof A=Uygly, ©--- Daly,).

In this approach, the Yokonuma—-Hecke algebra is naturally obtained and we recover as
well the natural framization of the Temperley—Lieb algebra. This also allows us to give a
natural definition of a framization of the Birman—Murakami—Wenzl algebra, which seems
to be new. Any algebra appearing in a Schur—-Weyl duality can be framized following this
procedure. The one-boundary extension of the previous theorem is also proved, involving
the framed affine braid group, and is applied to affine versions of framizations of algebras,
such as the affine and cyclotomic Yokonuma—-Hecke algebras.

This procedure of framization is mostly used to construct invariants of knots and links,
and sometimes several versions of a framization of an algebra are proposed. For example,
there have been at least three tentatives of framization of the Temperley—Lieb algebra [14].
With our procedure of framization, we find that the correct framization of the Temperley—
Lieb algebra should be the Schur-Weyl dual of the quantum group U,(gl,&® - - - @ gl,). One
of the three proposed framizations is then natural to consider from our point of view, as it
was also advocated in [8], see also Remark 5.8

Another advantage of the approach through the Schur—Weyl duality is that we recover
naturally some isomorphism theorems for the framizations of algebras (see Remark [5.3] for
example). In fact, we advocate the point of view that the correct framization of a given
algebra should be isomorphic to a direct sum of matrix algebras over tensor products of the
algebra we started with. This comes up naturally in the approach through the Schur—Weyl
duality and is also natural from the point of view of invariants of knots and links [8] [16] 33].
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The representation theory of the framizations of algebras is also recovered from this point
of view.

Finally we also provide the general procedure allowing to obtain algebras related to
braids and ties. One of our motivations was to explore and to generalize, from the Schur—
Weyl duality setting, the relationship between the algebra of braids and ties and the fixed
points of the Yokonuma—-Hecke algebra under the action of a symmetric group. To do so in
a general setting, we first upgrade this relationship to the level of the framed braid group.
We define a natural action of the symmetric group on the group algebra of the framed
braid group, and by taking the fixed points under this action we make the connection with
the tied braid monoid of [1].

We upgrade the Schur-Weyl duality previsouly obtained by adding a natural symmetry
of the representations, so that the fixed point subalgebras for a natural action of the
symmetric group on the framizations of algebras naturally enter the picture. The general

procedure leads to the following braids and ties version of the preceding theorem (see
Theorem [7.1]).

Theorem. We have a morphism of algebras ¥ : TB,, — Endae,(V®").

Here the algebra TB,, is the tied braid algebra while A and V' are as in the first theorem,
with the additional assumption that all bialgebras A, are the same and all representations
V,, are the same. In this situation, the symmetric group &, naturally acts on A and V
naturally becomes a representation of the smash product.

The algebraic description of the centralizers in these Schur—Weyl duality settings will
thus provide braids and ties versions of well-known algebras. For example, we recover the
algebra of braids and ties from the Yokonuma—-Hecke algebra [2] and we recover a braids and
ties version for the Temperley—Lieb algebra, also called partition Temperley—Lieb algebra
[20] (see also [4] for related constructions). We also propose a definition by generators and
relations of a BMW algebra of braids and ties, which seems natural in our approach and
which seems different from the one in [3].

Our goal is not to be exhaustive concerning the framizations of algebras and their braids
and ties versions, but is more to provide a Schur—Weyl duality setting in which these
framizations naturally appear. We give many examples, some of those are well known
and many others deserve a more thorough study. We also note that the Yokonuma—Hecke
algebra appears as a special case in [25] where a Schur—-Weyl duality statement different
from ours is given.

Acknowledgements. LPA is supported by Agence Nationale de la Recherche Projet AHA
ANR-18-CE40-0001 and the international research project AAPT of the CNRS. AL is
supported by a PEPS JCJC grant from INSMI (CNRS). The authors thank Catharina
Stroppel and Pedro Vaz for useful discussions.

2. ALGEBRAIC PRELIMINARIES

Let us start with some short and easy algebraic lemmas. Let k be a field.
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2.1. External tensor products of algebras. Let d € N* . Forall 1 <b <d, let A, be a
unital k-bialgebra. Recall that this means in particular that we can make tensor products
of Aj-modules and that we have a notion of a trivial representation ¢, : A, — k, that we
denote 1,4,, and which satisfies 14, ® V;, =V, ® 14, = V}, for any A,-module V;, where the
isomorphisms are given by the trivial identity map.
We consider the algebra
A=A K- ---KA,;.

As a vector space, this is the usual tensor product, and the multiplication is performed
independently in each factor for pure tensors and extended linearly. Given A,-modules
Wy for b = 1,...,d, the tensor product becomes naturally a representation of A that we
denote W7 X --- X W,. The tensor product of two such representations of A is defined by
performing the tensor product of A,-modules in each factor.

Now we fix an Ap,-module V, for each b = 1,...,d. We see it as an A-module, namely,
we make the following identification:
(1) Vi=1,4 K- K1y MVKI1,, K---K1y, .

Finally, we define the following A-module:
V=Vie  --aV;.

Explicitly, the action of an element a; ® - -- ® aq in A is given by

GH® - Qag-v= (Hec(a0)>ab~v, YoeVyandb=1,....d.
c#b

We have the following relation between the centralizer of A in V®" and the centralizers of
the various Aj.

Lemma 2.1. Suppose that for all1 < b < d and r # s we have Hom, (V;*", V;¥*) = 0.
Then we have

(2) EndA(V®") ~ @ Mat(n) (EndAl (Vl®u1) R ® EndAd(Vd®ud)> ’
vEqn
the sum being taken over all d-compositions v = (v1,...,vy) of n.

The multinomial coefficients appearing as sizes of the matrix algebras are:

n n!
v .yl

Proof. We have the following decomposition of the vector space V®":

d
Ve — @ Vo, @@V, .

ai,..,an=1

Looking at (), we see that the summand V,, ® ---®V,  is an A-submodule isomorphic to
VER . K Vd®”‘1, where v, is the number of indices among a4, ..., a, which are equal to
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b. There are therefore (Z) summands corresponding to the composition v. Therefore we
have the following decomposition of V®" as an A-module:

(3) Ven ~ @ (Vl®l/1 X.. X V;{@Vd)@(ﬁ) )
vEgn

The statement of the lemma follows from the general fact that given A,-modules Wy, W,
we have

Homa(W, B - R Wy, W/ K-+« K W)) = Homy, (Wi, W) ® - - - @ Hom, (Wy, W) |

together with the hypothesis which implies that there is no homomorphism commuting
with A between summands corresponding to different compositions. O

Remark 2.2. Without the assumption, the isomorphism in the lemma remains valid if we
replace the full centralizer End4 (V™) by its subalgebra generated by the subspaces:

HOIHA(Val®"'®Vad>%1®"'®%d)a

for a’s and b’s giving the same composition, namely such that [{i | a; = x}| = |{i | b; = z}|
forallz =1,...,d.

Remark 2.3. One can explicitly give the isomorphism of Lemma 2.1] using the idempo-
tents m, corresponding to the projections on the summands of the decomposition V®" ~

D (VPR K Vd®"d)®(2). If mp: V — V is the projection on the summand V; of V|
the idempotent 7, for v F; n is given by

T, = Z Ty, Q- Q@ my, GEHdA(V®").
(blv"'vb"l)e{lv"'vd}n
H{ilbi=k}|=vk

The isomorphism of the lemma then sends f € End4(V®") to the family (7, f7,)e,m. The
assumption of Lemma [2.Tlindeed implies that if v # p then m, f7, = 0.

2.1.1. Consequences. The isomorphism of the lemma implies a Morita equivalence between
End4(V®") and the direct sum of the algebras inside the matrix algebras. In particular,
the irreducible representations of the direct sum in the right hand side of (2]) are indexed
by

(v, p1,-..,pa)  with v Egn and py, € Irr(Endga, (V,2")),

the dimension of this representation being (") ngl dim(pp). The total dimension of the
algebra is of course:

2
Z (Z) dl(,ll) . .dfffl) ,  where d,(f;) = dim (End,, (V;2")) .

vEgn
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2.2. One-boundary extension. We keep the same context, and suppose that we are
moreover given for all 1 < b < d an A,-module M,. To lighten the notations, we denote:

C® = End,, (M, ® V;2") .

We consider the A-module M = M; K ---X M, and we have the following one-boundary
generalization of Lemma 2.1

Lemma 2.4. Suppose that for all1 <b < d and r # s we have Homy, (M, @ V", M, ®
V,2%) = 0. Then we have

End(M @ V&) ~ @Mat ®-- 000,
vEgn
the sum being taken over all d-compositions v = (vy,...,v,) of n.

Proof. We use the decomposition [B) of V®™ in M ® V®" and conclude with the same
argument as in the proof of Lemma 2.1] O

Similar consequences as in Section 2.1.1] can be deduced.

2.3. Centralizer and group action. Let A be a unital k-algebra. Suppose that we are
given a finite group G that acts by algebra automorphisms on A. We denote the action
G x A — Aby (g,a) — 9a. We can now define the smash product algebra A x G of A and
k[G] as the k-vector space A ®y k[G] equipped with the following multiplication:

(a®g) - (b®h)=ab®gh, Va,be A, Vg, heQG.

We will often identify a € A witha® 1€ AxGand ge G with l®ge AxG.
We now fix an A x G-module W. The centralizer algebra End 4(WW) inherits of an action
of G by conjugation. Namely, this action is defined, for g € G and ¢ € End4(W), by

(g-0)(v)=g-d(g™"-v), YoeW.
Indeed, we have that g - ¢ € End 4 (W) since

(g-9)(av) =g d(g " av) = g-p(Fag™"v) = g%a-¢(g™"v) =ag-¢(g~" v) = a-(9-¢)(v) .

Lemma 2.5.
(i) The centralizer algebra End 4.q (W) of AXG is the fized point subalgebra of End 4(W):

End (W) = End,(W)©

(i) Assume that |G| is invertible in k. Let X be an algebra equipped with an action of
G by algebra automorphisms. If we have a surjective algebra morphism

@ X — EndA(W),
commuting with the action of G, then ¢ restricts to a surjective algebra morphism

0 X% = Endy(W)©
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Proof. For the first item, note that W, being an A x G-module, is in particular both
an A-module and a G-module, and that centralizing the action of A x G is equivalent
to centralizing both actions of A and . Then it is immediate that for an element in
End (W), centralizing the action of G is equivalent to being in End4(W)¢.

For the second item, since ¢ commutes with the action of G, it is clear that X is sent
to the fixed points End 4(W)%. To check the surjectivity, take an element y in End 4(W)€.
From the surjectivity of ¢, there is an element x in X such that ¢(z) = y. Now taking
the average ﬁ > gec 9., it is straightforward to see that this is an element in X% which

is sent to y. [
2.3.1. Main example. We take the general setting of Section 1] with the additional as-
sumption that all bialgebras A1, ..., Ay are equal to one and the same bialgebra A® and
all modules Vi, ...,V are equal to one and the same A©-module V©:
A=AVK.. KA and Vi=---=V;=VO

In this case, the algebra A is equipped naturally with an action of the symmetric group
G4, obtained by permuting the tensorands:

U~($1®"'®l’d):$071(1)®"'®$0—1(d) Vo € Gy, le,...,xdeA(o).

Therefore we consider the algebra A x &, defined by this action.

There is also a natural action of &5 on V' by permuting the d summands. We extend
diagonally this S4-action to V®". Explicitly, the resulting action of o € &, permutes the
summands of V®" as follows:

d
yon — @ Vo, ® @V, and o :V, @ - ®Vay = Vo) ® - @ Vi(an) -

ay,...,an=1

Together with the action of A, this yields an action of A x &4 on V®", We recall from
Lemma [2.5] that
Endaxe, (V") = End (V") |

where the action of &4 on End4 (V") is by conjugating with the action of G4 on V®™.

Example 2.6. Our main example will be A©® = U, (gly) so that
A=Uy(gly) X BUy(gly) = Uy(gly @ -~ D gly)

and the module V(© is the standard vector representation CV, so that V is the standard
vector representation CV @ - - - @ CVby block-diagonal matrices.

As before, we aim at a description of the centralizer End e, (V®") as a direct sum of
matrix algebras (over tensor products of A®-centralizers). To do this, we introduce some
notations.

Given a k-algebra B and a finite group G, we define the algebra €5 (B) of G-circulant
matrices with coefficients in B by

€a(B) = {(f(h'9), | F 1 G B} .
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We see elements of 6(B) as matrices of size |G| with coefficients in B by fixing an ordering
of the elements of G.

Remark 2.7. The matrix (f(h_lg))gheG
representing the right multiplication of the element i (9)g on the group ring BIG].

Therefore 6;(B) is an algebra isomorphic to B[G] = B ®y k|G]. Note that we recover the
usual circulant matrices when G is a cyclic group of finite order.

in B5(B) is the matrix with coefficients in B

We are ready to formulate the final result of this section. To lighten the notation, we
denote by B\” the endomorphism algebras End 4 ((V(©)®F).

Lemma 2.8. Suppose that for all r # s we have Hom 40, (V)2 (V©)®5) = 0. Then

we have
(4) EndAde(V(gn) ~ @ Ma,t(;z)/l“lr” (CGGZIX"'XGI,,L <B§\?) R R B(O)>) )
002a
where a partition \ in the sum is written as (14,22, ... nln), that is, I; is the number of i

occurring in A and l(A) =11 + -+ + 1.

Proof. We introduce some notations. We will denote @ = (ay,...,a,) € {1,...,d}". Such
an element @ corresponds to a composition v = (vq,...,v4) Fq n, where v; counts the
number of elements of @ equal to . We denote C,, the set of all @ corresponding to v. The
sets C, are the orbits for the &,-action on {1,...,d}" by place permutations. We can

write the space V®" as
@D DVae-ava.

vEgn aeCy,
Now, from Lemma 2.5] we need to calculate the fixed points under the &4-action of
End4(V®"). The Gg-action comes from the action on {1,...,d}" extended diagonally
from the natural action on {1,...,d}. This action permutes the sets C, corresponding to
compositions having the same components in different order. With this Gg-action, any
composition v is equivalent to a partition A of n with at most d non zero parts, and we
write v ~g, A if this is the case. So now we have

— @ @ @Val@)...@)van_

A= n v~g  AaeCy,
iN<d 4

The assumption of the lemma implies that there is no A-linear morphisms between two
subspaces corresponding to different compositions, so we get:

Bnd g, (V") = @ (@ Endy (€D Vi, ®- )>6d .

n v~ acCy
e e

For a given A, the group &, permutes transitively the summands corresponding to different
v. So a fixed point must have equal components in all these summands, and it is enough
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to look at the summand corresponding to v = \. But still there is a residual action inside

the summands. Writing A\ = (11,22, ... nl"), we obtain
G
End e, (VE") @ EndA<@ Vi, ®"‘®Van) ’
AFn aeCly
I(N)<d

where G is a subgroup of &, isomorphic to &;, x --- x &;,. More precisely, G, is the
subgroup of elements permuting the numbers in {1,...,d} which appear with equal mul-
tiplicities in @ € C. In particular it leaves stable the subset Cy of {1,... d}".

Then we decompose the set C as a union of orbits for the action of Gy:

C)\:C)I\U'”UCf.

Note that we have not included in G the subgroup permuting the numbers in {1,...,d}
appearing with zero multiplicities in @ € C. As a result, it is easy to see that the stabilizers
of elements of C for the Gy-action are all trivial. In other words, each orbit C% is equivalent
to G with its left regular action.

Now, as before, we see elements of Endy (Gaaeck Vo, @ -+ ® Van> as matrices with

coefficients in B§°1) ® - ® B/(\(;) and with lines and columns indexed by C). We write
such a matrix M as a block matrix using the decomposition of C'y into Gy-orbits. So
M = (M;j)i =1, and the block M;; has its lines indexed by C% and its columns by
Ci. As discussed above, this means that the coefficients of M;; can be indexed by pairs
(g, h) where g, h € G. Finally, it is now immediate to check that the condition of being
fixed by G is equivalent to the condition that for each block M;;, the coefficient indexed
by (g,h) actually only depends on h~'g. This means that each block is an element of
B (BY @ -2 BY).

The cardinal of C) is (2) while the cardinal of each Cf is |Gy| = I;!---1,!. Thus the

number £ of blocks in the matrix above is (;\L) ﬁ This concludes the proof. 0J

Remark 2.9. One can make a remark similar to Remark 2.2l Namely, if we remove the
assumptions in the lemma above, we still have a subalgebra of the centralizer isomorphic
to the right hand side of ({@]). In fact, what we really have proven is that taking the fixed
points under &, of the direct sum of matrix algebras found in Lemma Z.T] results in the
right hand side of ().

2.3.2. Consequences. As in Section 211l the isomorphism of Lemma implies a Morita
equivalence, and in particular a description of the irreducible representations, which can
also be obtained by applying Clifford theory to the fixed point subalgebra (see for example
[17, §3] and also Remark 2.7]). We have that the irreducible representations are indexed by

A with €(0) < d,
()\apla"'apdaAla"'aAn) where Db GII-I-(BS;))’
A € Irrk(Gli) ,
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where we have denoted a partition A\ = (A\y,...,\g) = (1122 ... n). The dimension of
this representation is

n ngl dim pp [ [, dim A,
A Lo ! .

Note that the total dimension of the direct sum of matrix algebras in () is

2
(5) Z (7;) u where dj, = dim(Bl(cO))‘

| (I
= L. 0!
I(N<d

Explicit examples will be given in Section [7l

3. FRAMED BRAID GROUP AND CENTRALIZERS OF TENSOR PRODUCTS

In this section, we keep the setting of the previous section and we will add the assumption
that for each algebra A, and its module V}, we have a morphism from the braid group %,,
to the centralizer End 4, (V,™). This assumption will imply that a certain “framization” of
the braid group naturally appears when looking at the centralizers of the algebra A.

In this section, d is still a fixed positive integer and we assume that the field k contains
a primitive d-th root of unity (, and that d is invertible in k. In particular k contains d
distinct d-th roots of unity, which are all powers ¢®, with b=0,...,d — 1.

3.1. Braid group and framed braid group.

3.1.1. The Artin—Tits braid group of type A. We will denote by 9B, the Artin—Tits braid
group of type A,_1. A presentation using generators and relations is given by

B, = <81, ey Sn_1|SiSj = 8;8; if |’L — j‘ > 1, $iS8;S8; = S;8i5; if ‘Z — j| = 1) .
3.1.2. The framed braid group. The framed braid group FRB,,, (of type A) is defined as the

wreath product 9B, ! Z/dZ, where the braid group %, acts on (Z/dZ)" via permutations.
An explicit presentation by generators and relations is given by the following

8iS; = 858 if |'l—]| > 1,
S$iS5jS; = 55855 if |’l — ]| = 1,
9@,d7n:<fl""’f“—1’ =1 for all 1 <4 < n, >
boeotn tit; = tit; for all 1 <i,5 <,
sitj = ts,()Si foralll<i<nand1<j57<n

Here s; acts on indices 1,...,n as the transposition (i,7 + 1).



12 ABEL LACABANNE AND LOIC POULAIN D’ANDECY

3.2. Framed braid group and centralizers. For all b € {1,...,d}, we assume the
existence of an element R® € End(V, ® V}) such that, for any n > 2, we have an algebra
morphism given by

k%, — Endga, (V")

6 ¢ )
©) ' si — RY (i=1,...,n-1),

where as usual Rgb) denotes the map which acts as R on factors i and i+ 1 in V,*". Since
RZ@ and Rg-b) obviously commute when |i — j| > 1, the assumption amounts to the braid
relation RZ@ Rﬁf’QlR?’ = Rﬁf’QlR?’ Rfi)l being satisfied.

Note that we slightly abuse notations by not indicating the dependence on n for the

maps ¢p. The relevant n will always be clear from the context. Note also that ¢, is also
trivially defined for n = 0, 1 since in these cases the braid group 9, is the trivial group.

Example 3.1. If A4, is a quasi-triangular Hopf algebra, the action of the R-matrix of A
on the tensor product V; @ V;, provides a map R® satisfying the above assumptions.

Our main examples will be when A, = U,(g), namely a quantum enveloping algebra,
where g is gl or a complex simple Lie algebra. In this case, R® is obtained through the
action of the universal R-matrix on a finite-dimensional weight representation V;,. We refer
to [23] for more details on quantum enveloping algebras.

Remark 3.2. The braid group does not always generate the centralizer End 4, (V,*"). If
Ay is a quantum enveloping algebra of a simple complex Lie algebra, Lehrer and Zhang [26]
give a sufficient condition on the representations V; such that the braid group generates
the centralizer algebra.

Our goal now is to define elements realizing the framed braid group in the centralizer
Enda(V®™) of A in V®". First, we define 7: V. — V by

)= ifveV, Y=1,...,d.

With respect to the decomposition V' = @Z:l V., the endomorphism 7 is simply block
diagonal, namely, we have:
d
r=P¢ 1y,
b=1

Then we define o: V@V -V &®V by

O’(’U@’w):{

Note that the subspaces V, ® V.. and V. ® V,, are simply permuted by o if b # ¢, and V, ® V,,
is globally fixed by ¢. An equivalent description of ¢ is:

w R ifveV,,weV,with b # ¢,
RO(w@w) ifv,w eV

d
_ (b
0= @ R )|Vb®Vb ® @ Plvgv.av.av, ,
b=1 b#c
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where Ply,ov.ev.ev, is the flip operator sending v ® w to w & v.
To denote endomorphisms of V®", we use the following standard notations:
=10 @r@ldy"" and o;=1dY" ' ®@o @ AL

We are ready to state the relation between the framed braid group and the centralizer of
A in V®", Recall that the maps ¢, denote the morphisms from the usual braid group to
the centralizers End 4, (V,%"), set up in (@).
Theorem 3.3. Letn > 1.

(i) We have the following morphism into the centralizer of A in V":
kFBy, — Endy(Ve")

P t; — T (izl,...,n),
si — o (i=1,...,n—1).
(ii) We have:
(7) DEFRB) = D) Mat ) (¢1(11<93V1) Q- ® ¢d(k%,,d)> .
vEgn

Proof. (i) As in the proof of Lemma 2] we look at the following decomposition of V' as a
direct sum of A-modules:

d
(8) ver= P va1®-~-®van:@(vl@"lw-mvf”d)@(”) ,

at,...,an=1 vEgn
where each (ay,...,a,) corresponds to a composition v such that v; is the number of
elements among aq, ..., as which are equal to j.

The map 7;, ¢ = 1,...,n, is equal to (% 'Id on the summand V,, ® --- ® V,, , and

therefore commutes with the action of A. If a; = a;,1 = b, the map o; is equal to RZ@ on
Vo, ® - ®V,,, that is it acts as R® on factors 7 and i + 1 and as the identity on other
factors. This also commutes with A, since only A, acts non-trivially on V, ® V, and its
action is centralized by R®). Finally, if a; # a;+1 then the summand V,, ® --- ®V,, is
isomorphic to the summand with V,, and V,, , exchanged. This isomorphism of A-modules
is given by the flip operator acting on factors ¢ and ¢ 4+ 1. This coincides with the action
of o; in this case, which therefore commutes with the action of A.

We have shown that the image of the given map indeed takes values in the centralizer
of A. Now it is straightforward to check that the relations of the framed braid group are
satisfied. For example, to check the braid relation between o; and o;,1, the action is non-
trivial only on V,, ® V,,., ® V,,.,, and one splits the verification in several cases, depending
on which among a;, a;.1, a;1o are equal to each other.

(i) First of all, the summands corresponding to different sequences (aq,...,a,) in (&)
are distinguished by the eigenvalues of the commuting operators 7, ..., 7,. Therefore, in
the image of the framed braid group, we have all projections onto the different summands

Va1®"'®v:1n-
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Then for two summands V,, ® ---® V, and V,, ® --- ® V}, corresponding to the same
composition, one is obtained from the other by a permutation of the indices. The corre-
sponding permutation operator is the corresponding isomorphism of A-modules. It is easy
to see that such a permutation operator is in the image of the framed braid group, using
suitable ¢’s for permuting factors with different indices.

Now for a composition v, we consider the simplest summand V,, ®- - -®V,, corresponding
to v, namely, the summand

VI gV

which is obtained by taking a; = --- =a,, =1, ay,41 = -+ = Gy, 41, = 2 and so on. At
this point, it remains to show that the subalgebra

$1(kBy,) @ - - ® Pa(kBy,)

of its endomorphism algebra is obtained in the image of k%%, ,,. This is the case since this
subalgebra is generated by the restrictions of the operators oy, ...,0,, -1, and 0,41, ..., Oy 11p—1,
and so on. 0

We can strengthen the conclusion of the preceding theorem if we add some natural
assumptions on the centralizers of the algebras A,. First, assume that for allb=1,...,d,
the image of the braid group %,, generates the centralizer algebra End 4, (V,*") for alln > 0.
In other words, the maps ¢, are all surjective. In this case, the formula in the second item
becomes obviously:

(9) (kFBan) ~ P Mat (EndAl(‘G@m) —— EndAd%@d)) .

Comparing with Lemma 2] we see that this is the full centralizer End4(V®") if we add
the further assumption that Hom 4, (V;%", V,2*) = 0 if r # s. We summarize in the following
statement.

Corollary 3.4. For allb=1,...,d, assume that Homu, (V2" V,**) =0 if r # s and that
for allm > 0, the image of the braid group 9B,, generates the centralizer algebra End 4, (V,2").
Then the centralizer algebra End(V®™) is generated by the image of FRBap.

Example 3.5. The assumptions of the corollary are satisfied for U,(gly) with its funda-
mental vector representation or for U,(gl,) with any of its irreducible representations.

Note that the assumption Homgu, (V,®", V,**) = 0 if r # s will not always be satisfied if
Ay, = U,(sly). For example if V, is the vector representation, we have Homy, (V})®(N+k), VIR £

0 for any k > 0. Here the assumption will be satisfied if r, s < N.

3.3. The idempotents £;;. We define elements F; ;, for 4,5 = 1,...,n, which will be
important in the following. They are defined in the commutative subalgebra of the group
algebra kF 9B, ,, generated by t,...,%,:

7

d
1
a=1
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The elements E; ; are idempotents, which satisfy obviously F; ; = F;; and:
LE =t ;.
Moreover, their relations with the other generators sq,...,s,_1 are
skEij = Es (i),s,(j)Sk  and in particular s;E; = E;s; .

To calculate the images of the idempotents E; ; by ®, the map given in Theorem [3.3 we
introduce the following operator on V ® V':

d
€= @ Idy,ev, © @ Ovieve »
b=1

b#c
or equivalently

vew ifv,welV,,

E(“(X””“):{o itveVywe V. with b+ c.

For any i # j, we denote ¢, ; the endomorphism of V®™ acting as € on factors ¢ and j, and
as the identity on the other factors. As before, we denote ¢; = ¢€;;41.

Proposition 3.6. We have:
gij =P®(E;;) and in particular ¢; = ®(E;) .

Proof. We have that ®(E, ;) is éZZﬂ 77, “ and thus if we have a vector in Vj in the i-th

factor and a vector in V, in the j-th factor, we find that it is multiplied by é ZZ:1 ¢b=ca,
This is 1 if b = ¢ and 0 otherwise. U

3.3.1. Framization of a characteristic equation. The idempotents £; ; and their images ¢, ;
are useful to find relations satisfied in the centralizer algebra End 4 (V") in addition to the
relations of the framed braid group. We show how it works when we know a characteristic
equation for the maps R® € End(V ® V), namely we assume that we know non-zero
elements Ay, ..., \; of k such that:

(R(b)_)\l)m(R(b)_)\k):(), b=1,....d,

The point is that the eigenvalues of R® are the same for allb=1,...,d.
This assumption easily implies the following relations for the images of the generators
of the framed braid group F%,, in the centralizer End 4(V®"):

(10) giloi—M)...(ci—=XN)=0 and (1—g)(c}—1)=0.

This is immediate, since o; is the flip operator when restricted to the kernel of the projector
g;, while it is the direct sum of the operators RZ@, b=1,...,d, when restricted to the kernel
of 1—¢;. We note that any linear combination with two non-zero coefficients of the relations
above implies both relations. Explicit examples will be given in Section [l
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4. THE FRAMED AFFINE BRAID GROUP AND ONE-BOUNDARY CENTRALIZERS

In this section, we give the variants of the preceding section involving the affine braid
group and its framed version when we consider the one-boundary setting.

4.1. The affine braid group and its framed version. We denote by %2 the affine
braid group (or type B,, Artin—Tits braid group) with generators sg, s1, . .., $,_1 and defin-
ing relations:

50515051 — S150S5150
(11) $iSj = S8 foralli,7 =0,1,...,n— 1 such that |i — j| > 1,
SiSix1Si = Si+1SiSit1 foralli=1,...,n—2.

The framed affine braid group %%Zi is defined as the wreath product B Z/dZ,

where the braid group %! acts on (Z/dZ)" as follows. The generators sy,...,s, 1 act
as permutations as before, and the additional generator sy acts trivially. An explicit
presentation of GJ%Z{Z is with generators sg, s1,...,S,_1 and tq1,ts,...,t,, with defining
relations (III) and
t;l =1 forall j =1,...,n,

tit;, = tit; foralli,‘zl,...,n,
(12) J J >

tiso = Sot;j forall j =1,...,n,

tisi = sitgy forallj=1,...,nandi=1,...,n—1

4.2. Framed affine braid group and centralizers. As before for the one-boundary
situation, we add into the picture an A-module M = M; X --- X M, where each M, is an
Ap-module, and we look at the centralizer of A in M ® V®".

Note that we keep our assumption (6l of the existence of a morphism from the usual
braid group to each centralizer Enda, (V,"). Here, we assume moreover that, for all b €
{1,...,d}, we have an element K® ¢ Enda, (M, ® V}) satisfying on M, @ V, @ V,

KO RO O RO — RO g0 RO 6

where we have extended K® to M, ® V;)®2 by acting trivially on the last factor and R(®)
to M, ® V,2% by acting trivially on the first factor. This means that we have the following
morphism:

k% —  Endga, (M, ® V,2")
(13) o so — KO
si — RY (i=1,....n-1),

where we have extended naturally K® to act on M, ® V,E" by acting trivially on all but

the two first factors (also RZ@ acts on V," as before and trivially on M,). The morphisms
3 extend the morphisms ¢, from (8.
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Example 4.1. The main example of such maps arises from the double braiding in a braided
category. If M, and Vj are two objects of a braided category, the map K® = Ry, i, Ras, v,
satisfy our assumptions. In the case of quantum groups, this situation have been considered,
for example, in [31].

Our goal now is to define elements realizing the framed affine braid group in the central-
izer End (M ®V®™). We have already the action of the framed braid group on V®", realized
by the elements 74, ..., 7, and oy, ...,0,_;. We extend naturally these actions to M @ V&
by acting as the identity on M. So it remains to define an operator og: M @V — M V.
Recall that V =V, @ --- @& V;. We will define oy on each summand in the direct sum

MV=MeVi®& - adMV,.
Let b € {1,...,d} and write
M@Vi=MR-- - IMKX---KM)RV, .

In words, the action of o is defined by acting with K® on legs M, and Vj of the tensor
product and trivially on the other factors. More precisely, we define

00 (M@ @M@ @mg) vy > (M- @m @ @my) @,

where K® (m, @v,) = Y. m/ @', Of course oy is extended to M ® V" by acting trivially
on the last n — 1 factors.

We have the natural one-boundary generalization of Theorem [3.3l Recall that the maps
3 denote the morphisms from the affine braid group to the centralizers End 4, (M, @ V,&"),

set up in (I3)).
Theorem 4.2. Letn > 1.
(i) We have the following morphism into the centralizer of A in M @ V&™:

kF®B;, — Ends(M @ V)

ot ti —» 1 (i=1,...,n),
si — o (1=0,...,n—1).
(ii) We have:
(14) o (kFB) = @D Mat ., ( (kB) © ~-~®¢3ﬁ(k933§)> .
vEgn

Pmof (i) We only need to check that og is in the centralizer and that the relations of
% ,, involving sy are satisfied. Write the following immediate decomposition as a direct
sum of A-modules:

d
(15) MeVve= MoV, e -V, .
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On a given summand, the map og acts as K(®) on the factors M,, and V,, and trivially
elsewhere. This commutes with A since only A,, acts non-trivially on these factors and its
action is centralized by K (1)

For the relations of %%Zi that we need to check, the commutation of oy with all gener-
ators 7; is immediate since 7; acts as the multiple of the identity (%~ Id on the summand
M®V, ®---®V,, , which is stable by 0y. The commutation of oy with o9,...,0,_1 is
also immediate. For the braid relation involving sg, let us apply it on one given summand
MV, @+ QV,,.

If a; = ag = a, the relation acts non-trivially only on the factors M,, V,,, V,, of the tensor
product, and it becomes on these factors the relation K@ R@ K(@) R(@) = R(a) (o) Rla) g (a),
This is satisfied by our running hypothesis (I3).

If ay = a and ay = b with a # b, the relation acts non-trivially only on the factors
M,, My, V,, V, of the tensor product. Ignoring the other factors, let us apply it on a vector of
the form m,®my@v,@vy. Denote K@ (m,®v,) = > m/®@v" and KO (my@u) = > m"@v”,
and recall that oy acts on v, ® v, as the flip. An easy calculation shows that both sides of
the relation ogo0901 = 01000100 gives the same result:

M @My @V, @ vy > Y m' @m’ @v @ .

(ii) We can reproduce verbatim the reasoning in the proof of item (ii) of Theorem
until we are left with checking that we have in the image of ®*" the subalgebra,

A" (kB ) @ - - © 0 (kBY)
of the endomorphism algebra for the summand
M®%®V1®"'®%®Vd )

The first factor gb?ﬁ(k%f) is generated by the operators oy, 01,...,0,,-1. For the action

#3 (s0) of the generator sq of %ff, one needs to consider the operator o, ... 010007 " ... 0,1,

o,
since the o;’s around o( act as permutation operators in this case. The remaining gener-
ators of ¢35 (k9B:T) are obtained with o,41,...,0,,11,-1. And similarly one can get any

(bgﬁ(k%f}f) in the subalgebra generated by o9, 01, ...,0,_1. O

With the same reasoning as before Corollary B.4] we get its analogue for the one-
boundary case.

Corollary 4.3. Assume that for allb=1,...,d, the image of the affine braid group B
generates the centralizer algebra Enda, (M, ® V") for alln > 0. Then we have

(16)  *"(kF B, ~ P Mat () (EndA1(M1 RVE)® - ®Enda,(My ® Vd®”d)> ,
If moreover we assume that Homy, (M, @ V2", M, @ V,%) = 0 when r # s, then the

centralizer algebra End (M ® V") is generated by the image of 9393311.

Example 4.4. When A, = U,(gly) and V}, is the vector representation, the surjectivity is
satisfied [31]. If M, is a finite-dimensional irreducible representations, the other assumption
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is satisfied as well. Again, one has to be careful for this second assumption in other examples
such as U, (sly).

5. RECOLLECTION OF FRAMIZATIONS OF ALGEBRAS

In this section, we consider several algebras appearing in the literature as framizations
and we provide a new example for the Birman—Murakami-Wenzl algebra. Each example
will be seen as a centralizer algebra for a certain (product of ) quantized enveloping algebras.

In this section, we take an indeterminate ¢ and the field k = C(q).

5.1. The quantum Schur—Weyl duality. We recall the well-known statements called
quantum Schur-Weyl duality [I8] [35]. Let N > 1 and U, (gl ) denote the quantum group
associated to the Lie algebra gly. Let V' be the vector representation of U,(gly). The
centralizer Endy, (q1,)(V®") is described with the help of the Hecke algebra H,. We fix the
normalizations such that the Hecke algebra H,, is defined as the quotient of the braid group
algebra k9,, by the following quadratic relations:

(17) s2=(q—qYHsi+1, i=1,...,n—1.
Theorem 5.1. There is a surjective morphism from the Hecke algebra to the centralizer:
(18) ¢ : H, — Endy, g, (V") .

It is an isomorphism if and only if n < N.

Moreover, if n > N, the kernel of ¢ is generated by the g-antisymmetrizer on N + 1-
points. For N = 2, the (unnormalised) g-antisymmetrizer on 3 points is given by

(19) Az =1—q"s; —q "so+q 25180+ q %5981 — ¢ *518951 .

5.2. The Yokonuma—Hecke algebra. For each b=1,...,d, we take A, to be the quan-
tum group U, (gly, ), for some integer N, > 1, and V} its vector representation of dimension
Ny. Then the algebra A is

A=Uy(aly,) W---RU,(gly,) = Uy(gly, ©--- D gly,),

the quantum group associated to the Lie algebra of block-diagonal matrices with block sizes
Ny, ..., Ng. The representation V of A is the natural vector representation of dimension
Ni+ -+ Ny

The Yokonuma-Hecke algebra YH,, is defined as the quotient of the framed braid group
algebra k¥, ,, by the additional relation
(20) S?:(q_q_l)EiSi+1a i:]-a---an_]w

1 d $4—8
where we recall that E; = 55 71,77

Theorem 5.2. There exists a surjective homomorphism
¢ YHd,n — EndA(V®") .
It is an isomorphism if and only if n < Ny for all 1 < b < d.
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Proof. Recall that we already have the algebra morphism
® : kFRB,, — Enda(VE")

following from Theorem 3.3l From the discussion of the action of E; in Section B.3] namely
Formula (I0)), we know that the following relations are satisfied in the image by ®

Ei(s?—(q—q¢Hsi—1)=0 and (1-E)(si—1)=0.

7

The sum of these two relations gives the additional relation (20) of the algebra YH,,,.
Therefore, the morphism ® factors through the algebra YH,,,.

The surjectivity is obtained by an application of Corollary 3.4, whose hypotheses are
satisfied here.

If n < N, for all 1 < b < d, the centralizers End 4, (V,*") are all isomorphic to the Hecke
algebra H,,, from the usual Schur-Weyl duality in Theorem [5.1l Thus the second item of
Theorem reads in this case:

(21) ®(YHy,,) ~ @Mat - @H,).

vEgn

The right hand side has dimension

> (1) = 3 (1) =i

vEgn vEgn

It is easy to see that YHg, is spanned by elements t{'...t¢"s,, where a1,...,a, €
{1,...,d} and elements s, are indexed by elements w of the symmetric group S,, (see
for example [9, [19]). This shows that the dimension of YH,, is less or equal than n!d".
We conclude that ¢ is an isomorphism. O]

Remark 5.3. The proof shows that the Yokonuma-Hecke algebra YHg,, is isomorphic to
the direct sum of matrix algebras in the right hand side of (2I). This was also shown
directly in [16] over the ring C[g, ¢~!]. The representation theory of YH,,, can be deduced,
see [9, [17] and Section 2.1.11

5.3. Framization of the Temperley—Lieb algebra. We keep the setting of the pre-
ceding section, A, = U,(gly,) and V, the vector representation of dimension N, and we
consider the case Ny =--- = Ny = 2.

The Temperley-Lieb algebra TL,, is defined as the quotient of the Hecke algebra H,, by
the additional relation, if n > 2,

1—q sy —q 'sg+q 28180 + ¢ %8981 — ¢ 518951 =0 .

Note that this relation implies the same relation with sy, s replaced by s;, s;11. Since all
Ny’s are equal to 2, the Temperley—Lieb algebra is isomorphic to the centralizer End 4, (V,%")
for any b=1,...,d, as was recalled in Section 5.1

The following analogue of the Temperley—Lieb algebra in the framized situation was
defined in [15], see also [8], 14].
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Definition 5.4. The framization of the Temperley-Lieb algebra, denoted FTLg,, is the
quotient of the Yokonuma-Hecke algebra YH,,, by the relation:

(22) EiEy(1 —q sy — g so + q 25180 + ¢ 25981 — ¢ °518951) = 0 .

Here again, the same relation with indices 1, 2 replaced by ¢,7 4+ 1 is implied. Note that
from the properties of the elements F; recalled in Section [3.3] the product E; F, commutes
with s; and s,.

Theorem 5.5. The algebra FTLg,, is isomorphic to the centralizer Enqu(g[g)(V®”) where
V' is the vector representation of dimension 2d.

Proof. We already have the surjective morphism
® : YHan — Endy g (Ve

from Theorem First we need to check that the defining relation (22)) of FTL,, is
satisfied in the image by ®. From the description of the image by ® of the idempotents E;
in Proposition B.6] we have that the product E;F; acts as follows on V® V ® V: it acts
as the identity on subspaces of the form V, ® V, ® V,,, where a = 1,...,d, and acts as 0 on
all other subspaces V, ® V, ® V..

On subspaces V, ® V, ® V, the relation (22]) is satisfied since the g-antisymmetrizer As
acts as 0 from the usual Schur-Weyl duality, and on other subspaces it is trivially satisfied
since F1FE5 acts as 0.

Therefore, the morphism @ factors through the algebra FTLg,. The second item of
Theorem reads in this case:

(23) O(FTLg,) ~ @Mat (TL,, ®---®TL,,) .
vEgn

To conclude that ® is an isomorphism, one can show that the dimension of FTLg,, is less
or equal than the dimension of the right hand side. This can be found in [§]. O

In [§] the algebra FTL,,, is directly shown to be isomorphic to the direct sum in (23))
and the representation theory is described. This is an example of the general setting in

Section 2.1.11

5.3.1. The Complex Temperley—Lieb algebra. Variants of the algebra FTLy,, were defined,
see [8, 14]. In particular, the so-called complex Temperley-Lieb algebra CTLg,, is defined
as the quotient of the Yokonuma-Hecke algebra YHg,, by the relation:

1 _ _ _ _ _
(24) o D tithts(1— g sy — g sa + g Psisa+ q 78281 — ¢ Ps1s281) =0
a,b,c=1
From the point of view of the action of the algebra YH,, on V®" from the preceding
sections, the meaning of the prefactor
d

Z tot5ts = 12 t9)E1 B,

a,b,c=1 a=1
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is easy to explain. It acts on V@V ®V as follows: it is proportional to the identity on the
subspace V; ® Vi ® Vi, and it acts as 0 on all other subspaces V, ® V, ® V.. In particular,
on all these latter subspaces, the relation (24]) is automatically satisfied. On the subspace
Vi ® Vi ® V) it is satisfied only if the dimension of V; is 2.

From the preceding discussion, using the same reasoning as in the preceding subsection,
we get the following interpretation of the algebra CTL,,, as a centralizer. We need to take
A=U,(gly @ gly, ®---®gly,) (and V is of dimension 2 4 Ny + - - - 4+ Ny).

Theorem 5.6. There exists a surjective homomorphism
® : CTLg, — Enda(V®") .
It is an isomorphism if and only if n < Ny for all 2 < b < d.
Again, as in the preceding subsection, we recover the isomorphism

CTLg,, =~ @ Mat(z) (TLV1 OH,® --® H,,d) ,

vEgn

which was proved directly in [8] along with the representation theory of CTL,,, which is
a particular case of Section 2111

Remark 5.7. It is straightforward to generalize the above picture, by taking various
idempotents and various g-antisymmetrizers in relations similar to ([22]) or (24)), in order
to relate to centralizers End 4 (V®™) for various values of Ny, ..., Ny. For example, one can
take s € {1,...,d} and replace the prefactor in ([4) by 3¢, _, ¢~*¢=Dtetbts to relate to
the centralizers when Nj is of dimension 2 and other N,’s al’"l;itrary.

Remark 5.8. We conclude from this subsection, as was also advocated in [§], that the most
natural framized versions of the Temperley-Lieb algebra are, first, the algebra FTL,,, and,
second, the algebra CTLg,. The other variant called Yokonuma-Temperley-Lieb algebra,
see [14], does not seem to be naturally related to any centralizer.

5.4. Framization of the Birman—Murakami—Wenzl algebra. In this section, we work
over the field k = C(q, a) with two indeterminates. The Birman—Murakami—Wenzl algebra,
BMW algebra for short, is defined as the quotient of the braid group algebra k%,, by the
additional relations

(25) €5, =a ‘e fori=1,...,n—1,
(26) eis]ilei =a*le; for |i —j| =1,
where
-1
S; — S,
27 e, =1——"—
@ e

We will denote this algebra by BMW,,(¢,a) or BMW,, if the parameters are clear from
the context. As a consequence of the defining relations, the generators s;’s satisfy a cubic
relation:

(28) (si—a™)(si = (@—q ")si —1) = 0.



FRAMIZATION OF SCHUR-WEYL DUALITY AND YOKONUMA-HECKE TYPE ALGEBRAS 23

The quotient by the relations e; = 0 gives back the Hecke algebra. Other implied relations
in BMW,,(¢q, a) are

_ -1
(29) e? = <“ 4 1) e,

(30) €i€;€; = € for |Z — ]| =1.

The algebra BMW,, can be seen as a deformation of the Brauer algebra and its dimension
is equal to 22 = (20 —1)- (2n —3)---5-3- 1.

An instance of Schur-Weyl duality [35 Sections 5 and 6] shows that for specific special-
izations of a, this algebra is related to a centralizer algebra for U,(spyy) or U,(sosn). Let

V' be the vector representation of U,(spyy) or U, (s502x).

Theorem 5.9.
(i) Specialize a to ¢¥ 1. There is a surjective morphism from the BMW algebra to the
centralizer
(31) ¢+ BMW,(q,¢" ") — Endy, sy (VE")

It is an isomorphism if and only if n < N.
(ii) Specialize a to —q™N L. There is a surjective morphism from the BMW algebra to
the centralizer

(32> ¢ : BMWn(Qa _qN+1> — Enqu(spzN)(v@m) .
It is an isomorphism if and only if n < N.

Remark 5.10. A similar statement also exists for U,(soony11) but one needs to add a
square root of q.

In [21], a definition of the framization of the BMW algebra is proposed and seems not
to be related to the context of the present article. We propose a different definition for
the framization of the BMW algebra that we can relate with a centralizer. Recall the
idempotents F; introduced in Section 3.3

Definition 5.11. The framization of the BMW algebra, denoted FBMW,,,(q, a), is the
quotient of the framed braid group algebra k%%,,, by the additional relations

(33) e;s; =a ‘e fori=1,...,n—1,
(34) eisﬁleiEHl = aileiEiH for i = 1, N 2 s
where
-1
S; — S;
35 €, = Ez - L .
(35) p—

Note that the definition of e; in the algebra FBMW,,,(¢, a) involves the idempotent E;.
As a consequence, the cubic relation (28] is replaced by

(36) (si —a 1) (si — (g —q Y)siE; — 1) = 0.
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The quotient by the relations e; = 0 now gives back the Yokonuma—Hecke algebra. As for
the usual BMW algebra, some additional relations are implied.

Lemma 5.12. The following relations are satisfied in FBMW 4,,(q, a):
(37) eiEi = €4,

-1
(38) 2= (5 1)

q—dq
(39) e, b, = Eje; foralli,j,
(40) €656 = eiEj fOT |’L — j‘ =1.

Proof. Using the definition of e;, it is clear that e;t; = t;,1e;. Therefore
tie; = at;sie; = asitip1€; = asi€it; = ety = tip16;
and t;t;, Jrllei = ¢;. Then Relation (37) follows from the definition of E; in terms of t;, ;1.
Relation (38)) follows immediately from (B7).
As for Relation (39), first note that s; commutes with Ej; if j # ¢ + 1. Moreover, s;
commutes with F;,1 E;. Recall also that all £;’s commute. Now we claim that these facts

together with (B7) imply Relation (39). First, for j # i + 1, this is immediate. Second, for
j=1+1, we have:

Eipve; = B Biey = eibi By = e BBy = e By
Finally, Relation (40) immediately follows replacing e; by its definition and using the

previous relations. O

The main purpose of Definition [B.11]is that the framization of the BMW algebra relates
to some centralizers of U, (s0on ®- - -@50oy) and U, (spyy - - -Bspyy ). Note that, unlike the
gl situation with the Yokonuma-Hecke algebra, here we have a single integer N involved.
This is because this dimension fixes the value of the parameter a and therefore can not
vary.

Proposition 5.13.
(i) For each b = 1,....d, we choose the algebra A, = U,(s02n) and Vj, its vector
representation of dimension 2N. There exists a homomorphism

® : FBMWg,(q, ¢V ") — Endy(VE) .

(ii) For each b = 1,...,d, we choose the algebra A, = U,(spyy) and V, its vector
representation of dimension 2N. There exists a homomorphism

® : FBMWg,(q, —¢" ") — Enda (V") .

Proof. We only prove the case of A = U,(s0oy5)®?, the case of sp,y is similar. We already
have the algebra morphism

O kFBy, — Enda(VE")

following from Theorem It suffices to show that the relations of the framed BMW
algebra are satisfied. Let v = v; ® - - - ® v,, € V" with v; being in the summand V,, of V.
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Let us start with (33)). If a; # a;11, then E; acts by 0 and s; acts on v by permuting the
components v,, and vg,,,. Therefore the element e; acts by 0 on v and the relation (33)) is
satisfied. If a; = a;11, then E; acts by the identity on v and the relation (33)) is satisfied
by Theorem

Relation (B4)) is proven in the same fashion. The term e;E;;; acts on v by 0 unless
a; = a;41 = a;42 where it acts by the identity on v. In that second case, Relation (34) is
once again a consequence of Theorem 0

From Section [3], since the morphisms ¢, are surjective, we have in both cases above:
(41) (I)(FBMde) ~ @ Mat(,D (EndAl(V'l®V1) R ® EndAd(‘/Cl®yd)> .
vEgn

where for simplicity we omit the parameters of the algebras. Moreover, if n < N, the
morphisms ¢, are isomorphisms, and therefore

(42) B(FBMW,,,) =~ (P Mat ) (BMWVl ® - ® BMW,,d> .
vEgn

At this point it is natural to ask about the injectivity of ®. One way to answer this is to
have an upper bound on the dimension of FBMW,,, corresponding to the dimension of
the right hand side of (42]).

Actually, we conjecture the following natural isomorphism theorem similar to the ones
obtained for the Yokonuma—Hecke algebra and their Temperley—Lieb versions.

Conjecture 5.14. Over some subring of C(q,a), we have
(43) FBMWq, = €D Mat ) (BMW,,l ® - ® BMW,,d) .
vEgn :

In particular, we conjecture that the dimension of the algebra FBMW,,, is:

n)2(21/1)!...(21/d)! |

v 2np !

dim FBMW g, = <

vEgn

This was checked for small values of n and d. For d = 2, the sequence of dimensions start
with 1,2,10,84,1014,16140 for n = 0,1,2,3,4,5. This does not seem to be on [30].

5.5. Affine and cyclotomic Yokonuma—Hecke algebras. For b = 1,...,d, we take
once again A, = U,(gly,) and V, the vector representation of dimension IN,. We also take
a module M, in the category O for U,(gly,). In this case, we have for each b a morphism

a1 Endg, (M, @ V2™

where the affine Hecke algebra Hiff is the quotient of the algebra of the affine braid group
k(%] by the Hecke relation s? = (¢ — ¢ ')s; + 1 for all i = 1,...,n — 1. We refer to
[31] where it is also shown that this morphism is surjective if M, is a finite-dimensional
irreducible module. Another situation where ¢ is surjective is when M, is a parabolic
universal Verma module, see [24].
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Now recall from [9] the definition of the affine Yokonuma-Hecke algebra YH?{; as the
quotient of the algebra k[?%gi] of the framed affine braid group by the quadratic relation

s?=(q—q YE;s;+1foralli=1,...,n—1. The following result is obtained immediately
combining the results from Section .1 with the calculation already made in Theorem

Theorem 5.15. There exists a homomorphism
o+ YHY! — Enda(M @ V") .

It is easily obtained using the results from Section [A.1] that it is surjective if for example
each M, is a finite-dimensional irreducible module or a universal parabolic Verma module.

Now for simplicity, assume that all N,’s are equal to a number N and that all M,’s are
the same irreducible U,(gly)-module M(®. Then all maps ¢ factors through the same
cyclotomic quotient (or Ariki-Koike algebra)

o 0 HYC — Endya, (M, ® V2™

s

where H7YS is the quotient of H* by the relation (so — A1)...(so — Am) = 0, where
the eigenvalues A1, ..., A, depends on the choice of the module M. The number m of
eigenvalues is the number of irreducible components in the decomposition of M© & V(©
and these eigenvalues are computed in [I1, Remark after Proposition 5.1].

In this situation, we have obviously that the morphism ®*! from Theorem factors

through a quotient of YHZ?; called in [9] the cyclotomic Yokonuma—-Hecke algebra. This is

defined as the quotient of YH3 by the same relation (so — A1)...(so — Ap) = 0 and we
denote this algebra by YH®

dm,n’

We now give conditions when the map ®*% from Theorem (5.I5)) is an isomorphism be-
tween the cyclotomic Yokonuma—Hecke algebra and the endomorphism algebra End (M ®
V®n). Suppose that M© is the finite dimensional representation of U,(gly) associated to
the partition j, which is of length at most N. The number of summands of M© @ V/(©
is given by the number of partitions of length at most N obtained from g by adding one
box. Denote by 1 =r; <ry <--- <1, < N (resp. ¢; > ¢y > -+ > ¢p,) the rows (resp.
columns) of addable boxes of p.

Lemma 5.16. The map ¢ : HY® — End 40 (M© @ (V©)®") is an isomorphism if and

m,n

onlyifn<c;—cip,n<rgi1—riandn<N+1—r, foralll <i<m.

Proof. This follows from [31, Theorem 6.20], which provides the dimension of the endo-
morphism algebra. An equivalent argument would be to compare the Bratelli diagram
describing the branching rule of M© @ (V(©)®" and the poset of m-partitions: they are
equal at the levels n satisfying the condition of the lemma, which implies the equality of
dimensions of H¥®, and End 40 (M© @ (V©@)®n), O

Using the results obtained in Section [3] we immediately obtain the following proposition.

Proposition 5.17. The map ®*: YHYS — End o (M @ V®") is an isomorphism if

d,m,n

and only if n <c¢; —cip, n<rgg1—riandn < N+1—r, foralll <i<m.
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Proof. By Corollary we have an isomorphism
o (YHT:, ) ~ P Mat ) (EndA(O) (MO @ (VO g...@End 0 (MY (v<0>)®Vd)) .

d,m,n
vEgn

Using Lemma [5.10, we obtain that End o (M© @ (V©)®) ~ HS for all 1 < k < d.
Therefore @ (YHT* ) is of dimension

d,m,n
n\> n
Viglooombdy) = m™n) = "n! =di eve
Z (u) m” ! mPiyyl = m™nl Z (u) (dm)"n! = dim(YHg", ),
vEgn vEgn
and therefore ®* is an isomorphism. The last equality above is proved in [10]. OJ

As in the previous sections, we recover an isomorphism proved in [32]

YHY®  ~ @Mat(ﬁ)(HCyc ®---@HIC ).

d,m,n m,v1 m,vg
vEgn
Indeed, given d,n and m, it suffices to find a partition p and an integer N large enough
such that the conditions of Proposition 517 are satisfied. For example, one can choose
N > mn and p = ((m — D)n)", ((m — 2)n)™,...,n"), the exponent being repetition of
entries:

0)

Similar results can be obtained if M(® is a universal parabolic Verma module, using the

surjectivity result in [24] Theorem 4.2].

Remark 5.18. We could as well consider specific choices of N and of M(© where the
quotient of HYC isomorphic to the endomorphism algebra of M 0@ (V)" has an explicit
description in terms of generators and relations. For example,

(1) if N =2 and M© is the k-th symmetric power of the vector representation of gl,,
then for n < k, the centralizer of M© @ (V(©)®" is isomorphic to a specialization
of the blob algebra of Martin and Saleur [27], also known as the one-boundary
Temperley—Lieb algebra. See also [34] for generalizations to gly.

(2) if M© is the irreducible representation of gl given by the partition ((N—1)k, (N —
2)k, ..., k), then for n < k, the centralizer of M© @ (V(©)®" is isomorphic to a
specialization of the generalized blob algebra of Martin and Woodcock [2§].

In these two cases, we leave to the reader to find a presentation by generators and
relations of the quotient of YHy =~ (m = 2 in the first case, m = N in the second case)

isomorphic to the centralizer End (M ® V"), thereby defining framizations of the one-
boundary Temperley—Lieb algebra and of the generalized blob algebra.
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6. TIED BRAID ALGEBRA AND FIXED POINTS SUBALGEBRA OF k[F3,,,]

In the section, we still suppose that d is invertible in our base field k and that a primitive
d-th root of unity exists in k. We then fix once again a primitive d-th root of unity (.

6.1. Another presentation of the group algebra of %%,,,. We give another presen-
tation of the group algebra, over the field k, of the framed braid group. This is similar to
[1'7, Section 2.2], where another presentation of the Yokonuma-Hecke is given, in terms of
idempotents.

Definition 6.1. An ordered partition of n in d parts is a d-tuple (I3, ..., I;) of subsets of
{1,...,n} such that

(1) if a # b then I, N I, = 0,
(2) Lhu---Ul;={1,...,n}.

We denote by Py(n) the set of ordered partitions of n in d parts.

Note that a part I, is allowed to be empty and that the order of the sets ([y,..., ;) in
such an ordered partition is relevant. A direct application of the multinomial theorem shows
that |Py(n)| = d™. Another explanation of this equality is that the set Py(n) parametrizes
the one-dimensional representations of the group (Z/dZ)", as developed below. We define
the position of j in an ordered partition I = (I3,.. ., I), denoted by pos;(I), as the unique
integer 1 < a < d such that j € [,.

Given an element I € Py(n), we define an element E; in the group algebra of the group
(Z/dZ)™, that we also consider in the group algebra of the framed braid group F%,,,, by

n

d
1
(44) E =] (8 ) g—l(posi(l)—nté) _
=1

i=1

The elements (E;)regp,m) form a complete family of mutually orthogonal minimal central
idempotents in k[(Z/dZ)"]. They satisfy:

tiE = Et; = (D Ey
Note that we can recover the element ¢; from the E}’s:

d
NI
a=1

IE@d(n)
pos;(I)=a

Since {ti' - thng | 1 < k; < d,0 € B,} is a basis of k[FBy,,] we deduce that
{Ejo | I €Py(n),oc € RB,}

is a basis of k[F%B,,]. We also have immediately the following alternative presentation of
the algebra k[F%B,,).
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Proposition 6.2. The group algebra k[F B, | has a presentation with generators sy, . .., Sp_1
and Er, I € Py(n) with relations
8iSj = S;8i, if i — gl > 1,
8i5;Si = 5;5iS5, if i —jl =1,
EIEJ:(;I’J, fO’f’ [,JG@n(d),
> Bt
1€, (d)
s;Er = Es,1)si, for1<i<nandI € Py(n).

Here, s;(I) denotes the element of Py(n) obtained from I = (Iy,...,1;) by applying the
transposition (1,1 + 1) to each Ij.

6.2. Action of &, on k[FRB,,]. The above presentation of the algebra k[F%,,] makes

apparent an action by automorphisms of the symmetric group &,. Indeed the symmetric
group &, acts on the set P4(n) by

w- (I, ..., 1q) = (Lyqy, -, Ly-1@) forw € &g and I € Py(n).
This action naturally endows k[#FB,,,] with an action of &4 by linearly extending
(45) w-(Ero)=Ey0, forwe&,, Ie€Py(n)ando e B,.

From the presentation in Proposition [6.2] it follows easily that this induces an action of &,
on k[FRB,,,| by automorphisms of algebras (the only argument needed is that the action of
S, on P4(n) permuting the subsets commutes with the action of &,, permuting the letters
1,...,n).

6.3. Fixed points subalgebra (k[F%,,,])°?. The set of unordered partitions of {1, ..., n}
in at most d parts is then in bijection with the set of orbits of %;(n) under the action of
the symmetric group Gy:

Pan)/Sg = {{L,.. . i} | LHU---Ul;={1,....n}and [, N[, =0 for 1 <a#0b<d}.

Once again, we stress that some of the I, might be empty. We denote by B;(n) the cardinal
of Py(n)/S4. It is easy to see that:

n 1
(46) i) = amred = 3 (3 -
(N)<d

where [; in the sum is the number of parts of A equal to i, namely A = (111,22 ... nl).
For d > n, the number By(n) does not depend on d any more and is equal to the Bell
number.

Given I € Py(n) we denote by [I] its orbit in Py(n) under the action of &,. For such
an orbit [/], we then define an element Ej; € k[FRB,,] fixed under the action of &g:

Ey = Z E;.

Je(I]
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From the formula (45]) giving the action of G, on the group algebra of F%AB,,, it is imme-
diate that the set
{Eumo | 1] € Pa(n)/Ga, 0 € Bn}
is a k-basis of (k[F%B,,]) "
Finally, recall that we have introduced for 1 < 1,5 < d the elements

7] = d Ztat_ and EZ = Ei,i+l .
Multiplying Ei; by > rep. @) Er (Whlch is 1), we obtain that:

Ei,j - Z E[

Ie%,(d)
pos; (I)=pos ; (1)

Moreover, one also easily checks (as in [I7, Lemma 4.1]) that

Enp= ] Es [ «a-Ey.

1<i,j<n 1<i,j<n
pos(I)=pos; (1) pos,(I)#pos; (1)

A statement similar to [17, Proposition 4.2] follows straightforwardly.

Proposition 6.3. The subalgebra (K[FBa.,))* of K[FBan) is the subalgebra generated by
S1y-+.,8n—1 and El, Ce 7En—1-

6.4. The tied braid algebra. The tied braid monoid has been introduced by Aicardi
and Juyumaya in [I]. In this section, we relate the algebra of the tied braid monoid to
the subalgebra of fixed points (k[F%,,])"*. This is similar to [I7, Section 4], where a
relationship is obtained between the algebra of braids and ties and the fixed points of the
Yokonuma—-Hecke algebra under the action of &,.

Let us start by defining the tied braid algebra as the algebra of the tied braid monoid.

Definition 6.4. The tied braid algebra TB,, on n strands is the k-algebra with generators

S1, .-, Sn—1 that we require to be invertible and satisfying the usual braid relations, together
with additional generators Fj, ..., F,_; satisfying the relations
E-E»ZN»E-foralll<ij<n, Ef:Eifora111§i<n,
§;E; = E;5; forall 1 <i < n, 5;E; = E;3, for i — j| > 1,
E5,8; = 3;5,E; for |i — j| =1, E5,57 YE; for |i — j| =1

E,E;5 = E;5,E; = 5,F;E; for |i — j| = 1.

Arcis and Juyumaya showed [, Proposition 4.8] that the tied braid monoid is a semidi-
rect product between the partition monoid and the braid group. As a consequence, one
can describe a basis of the tied braid algebra. Since the elements §; for 1 < ¢ < n satisfy
the braid relations, we have a well defined element 6 € TB,, corresponding to an element
o€ RB,.
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For1 <1< j <n we set

Eij =31 5B §j__11

and also E“ =1 fori € {1,...,n}. Note that E@Hl — E;. Finally, a set partition of
{1,...,n} having at most n non-empty parts can be identified with an unordered partition
[I] € P, (n)/6,, and we set

1<i<j<n
pos; (I)=pos;(I)

This element is an idempotent of TB,, and the description by Arcis-Juyumaya [5] of the
tied monoid as a semidirect product immediately shows that

{f[f]a- | [I] € Pu(n),o € By}

is a basis of TB,,. Therefore, TB,, is free over k[%,,] of rank the usual Bell number B,(n).
Moreover, a triangular change of basis easily shows that the elements f{;) can be replaced
by the elements Ej;) where

En= 1] Es 11 Q-Ey.

1<i,j<n 1<i,j<n
pos; (I)=pos;(I) pos; (I)#pos;(I)

Similarly to [I7, Corollary 4.5], we have:
Theorem 6.5. The following map defines a surjective morphism of algebras:

B, — k[g%d7n]6d
S; — S

which is an isomorphism if and only if d > n.

Proof. The assertion that the assignment §; — s; and E; — E; defines a morphism of
algebras boils down to a simple calculation using the relations in k[F%,,,|. The surjectivity
follows from Proposition If d > n, en element [I] € Py(n)/S4 can be identified with
an unordered partition in %,(n)/S,, (by removing some empty subsets in [I]). In this
case, one has immediately that a basis of TB,, is sent to a basis of k[F%,,,|%¢, and the
morphism therefore becomes an isomorphism.

If d < n, elements [I] € Py(n)/S, are identified with a strictly smaller subset of
Pn(n)/S,, (the set partitions with at most d non-empty parts). In this case, a strictly
smaller subset of the basis of TB,, is sent onto the basis of k[?%dm]ed and the morphism
cannot be injective. 0
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7. TIED BRAID ALGEBRA AND CENTRALIZERS OF TENSOR PRODUCTS

We now study the action of the tied braid algebra on centralizers, in the spirit of Sec-
tion We start from the construction of Section [3, with the additional assumption that

all bialgebras Ay, ..., Ay are equal to one and the same k-bialgebra A®  and all modules
Vi,...,Vy are equal to one and the same A©-module V(©:
A=A0R...xA®  and Vlz...zvdzv(m .

So we have an algebra morphism from the braid group algebra to the centralizer of A©)
on (V)@ (for any n > 0):
(47) ¢@ 1 kB, — Endye (VO)*") .

Note that in this section this single morphism plays the role of the morphisms ¢y, for all
b=1,...,d. This allowed us to define, in Theorem B3.3] a morphism of algebras

(48) O K[FBg,] — Enda(VE) .
This morphism was given explicitly on the generators t;,s; of FB,,. Below we will also

give it on the new generators Ey, defined in (44]), of k[F%B,,,).

7.1. Centralizers of semi-direct product. As explained in Section 2l we have the nat-
ural action of &; on A (permuting the factors) and the corresponding algebra A x Sy
acting on V®". Moreover, we recall that:

End e, (VE") = End 4 (VE")%¢

The action of &, on the centralizer End4(V®") is simply by conjugating with the ac-
tion of &4 on V®". We recall for convenience of the reader that we have the following
decomposition of V&

d
(49) Ven — @ Vi, @0V, .

at,...,an=1

and that an element o € G, acts by permuting the summands as
(50) o Va1 ®-~-®Van — Vo(a1)®-~-®V0(an) .
Note that this is different from the action of &,, by permuting the factors.

7.2. Action of the tied braid algebra. The image of the element E; under the mor-
phism @ in (48)) is easily seen to be the projector onto one summand of the decomposition

(E9) of V&
(51) (ED) : V" = Voo, @+ @ Voos, (1) -
Indeed, recall that E; is the idempotent associated to the irreducible representation of

(Z/dZ)" corresponding to t; + (P*(D=1 In view of the action of ®(t;) in Theorem [3.3]
the above description of ®(E}) follows immediately.
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We are ready to state the general result relating the tied braid algebra with centralizers
of tensor products. Note that the images by ® of the elements s; and F; of the framed
braid group algebra were described explicitly in Section [3l

Theorem 7.1. For any d > 1, we have a morphism of algebras
TB, — Endaxe,(V®")
(52) U 5 = O(s;) (i=1,....,n—1),
E, —» ®F) (i=1,...,n—1).
This morphism is surjective if the morphism ® in ([@S) is surjective.

Proof. We start by checking that the morphism ® in (48 is S 4-equivariant and thus induces
an algebra morphism

(53) K[F B, — End 4 (VE)S

The equivariance of the morphism ® on the generators s; amounts to the fact that the action
of &4 on V& commutes with the image ®(s;). This follows easily from the description
of ®(s;) = o; in Section Indeed either ®(s;) sends a summand ...V, ® V,, ... to
ooV, ® Vg, ..., in which case it commutes with the action (50), or it acts inside a given
summand ...V, ® V., ... (if a; = a;41) in which case its action does not depend on the
value of a;, since all algebras A, are the same, and it also commutes with the action (B0).

For the equivariance of the morphism ® on the generators F;, we have that ®(o -
Er) = ®(E,.) acts as the projector on the summand Vi (o.1) ® =+ ® Vyos, (0.1 Since
pos;(o - I) = o(pos,;(I)), it is equal to the conjugate by the action of o in (50) of the
projector on Ve, (1) @ -+ @ Vpos (1)- This concludes the proof of the equivariance.

Composing the morphism in (53]) with the one obtained in Theorem sending TB,, to
K[F B4, we get the morphism ¥

U : TB, — Enda(V®") = Enda.e,(VE") ,
the last equality being in Lemmal[2Z5l The statement about the surjectivity of the morphism
follows from the general fact in Lemma O

7.3. Examples of algebras of braid and ties. In this section, we take an indeterminate
q and the field k = C(q).

7.3.1. The Hecke algebra of braids and ties. We take A® = U,(gly) and V@ the vector
representation of U,(gly) of dimension N. Then the algebra A is isomorphic to U, (gl%")
and the representation V' is the vector representation of dimension d/V.

The Hecke algebra of braids and ties BTS is the quotient of the tied braid algebra TB,,
by the additional quadratic relation of the Yokonuma—Hecke algebra
This algebra was defined in [2] but we have slightly modified the name.
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Theorem 7.2. We have a surjective morphism
. H n
\Il . BTTL — Enqu(g[%d)NGd(V(g ) .
This is an isomorphism if and only if n < d andn < N.

Proof. We already have a surjective morphism TB,, — Endy;, yed).e,(V ") thanks to The-
orem [Z.Il It then suffices to recall that the quadratic relation is satisfied in the centralizer
as shown in Theorem

Then we have to show that W is injective if and only if n < d and n < N. One can
forget about the Uq(g[%d) X G4-module structure and consider only the resulting map to
Endy(V®"). Then the injectivity follows from the results of [37]. O

Here we take d = n and we use the above theorem for N > n. Applying the general
results from Section 2.3l we deduce the following isomorphism

(54) BT, = @Mat('i)/h!mzn! (Céellx-"xezn (Hy®---® Hm) ’
AFn
where we recall that a partition A in the sum is written as (1,22, ... n'), that is, [; is

the number of ¢ occurring in A\. The algebras H,, are usual Hecke algebras. We recover,
with a slightly different formulation, an isomorphism theorem proved in [12].

Specifying the setting of Section 2.3.2] we find an indexation of irreducible representa-
tions over C(q) of BT by

(N p1seeoyprs Ny Ay), where AEn, piE N, A E

where we have identified the irreducible representations of the symmetric group and of the
Hecke algebra with partitions. The dimension of this representation is:

n\ [, dim p; dim A;
A Lo ! '

We recover the description of the semisimple representation theory of BTY, see [17, 136).
Note that the general formula for the total dimension of the direct sum of matrix algebras
simplifies nicely and we find:

" AL 'Akn AL ! ' '

A-n

where B(n) is the Bell number. The sequence n!B(n) starting from n = 0 with 1, 1, 4, 30, 360
is the sequence A137341 on [30].

7.3.2. The Temperley—Lieb algebra of braids and ties. We keep the same setting and we
impose moreover that N = 2. In view of Section [5.3] it is natural to define the Temperley—
Lieb algebra of braids and ties BTEL as the quotient of the Hecke algebra of braids and
ties BT by the additional relation:

E1E2(1 — @5 — g 8+ 515+ g %808 — ¢ P515:5) = 0.



FRAMIZATION OF SCHUR-WEYL DUALITY AND YOKONUMA-HECKE TYPE ALGEBRAS 35

Theorem 7.3. We have a surjective morphism
U : BT," — Endy, g6, (V") -
This is an isomorphism if and only if n < d.

Proof. We already have a surjective morphism in Theorem from the Hecke algebra
of braids and ties BTY. Moreover, the fact that the additional relation defining BT "
is satisfied in the centralizer was already proved in Theorem .5 As for the preceding
theorem, the injectivity statement follows from the results of [37]. We skip the details. O

Applying the general results from Section (and taking d = n), we obtain the following
isomorphism in terms of usual Temperley—Lieb algebras:

(55) BT =~ (P Mat (23 1,1, (%Gllx...xgln (TLy, ® - ® TLAn)> :

AFn

Specifying the setting of Section 2.3.2] we find an indexation of irreducible representations
over C(q) of BT!" by

()\,pl,...,pn,Al,...,An>, Where)\l—n, pzl_)\z (6(p2> SQ), All_ll,

where we have identified the irreducible representation of TL; with partitions of £ with no
more than two parts. The dimension of this representation is the same as for the algebra
BTY. The total dimension is:

2

. TL o n C)\l o . C)\n

dim BT, _Z(A) A
AFn

where C}, = k%rl(zkk) is the Catalan number. This sequence starts (from n = 0) with

1,1,4,29,334,5512 and does not seem to be on [30]. The algebra BTZL is also called
partition Temperley-Lieb algebra, see [37, Section 5] and [20)].

7.3.3. The BMW algebra of braids and ties. Here we extend our ground field with another
indeterminate k = C(q,a). We define the BMW algebra of braids and ties BTEMW as the
quotient of the tied braids algebra TB,, by the relations:

(56) e;5; = a e fori=1,...,n—1,
(57) €Z‘EZ‘:€Z' fOI'T::L...,n—l,
(58) € sile,E = a*le, B, for |i —j| =1,

slsl

where ¢; is defined as e; = E e

Note that Relations (56])) and (58)) were defining relations of the framization of the BMW
algebra FBMW,,,. On the other hand, Relation (57) was a consequence of the defining
relations in FBMW,,,. However, it was proved using the explicit definition of the element
E; in terms of ¢;,t;,1. Such an argument is not available here and that is why we put (57
as a defining relation of BTPMW, And indeed one can check for n = 2 that it is not implied
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by the other relations. It is easy to check that all other relations from Lemma are
also satisfied in BTEMW,

In fact our goal is to have defining relations for BTPMW which are enough to prove the
expected isomorphism:

R S TR —
AFn

TBMW given by

2
‘ — n (2A)! (22!
dim BT, = ; (A) R PL Y S5 TS B W

and in particular, to lead to a resulting dimension of B

This sequence of dimensions starts (from n = 0) with 1,1, 5,48, 747 and is not on [30]. We
have checked that the defining relations above give the correct dimension for n < 3.

For some specializations of a, we leave to the reader to formulate the obvious analogues
of Proposition (adding the G4-action into the picture, as above).
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