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1. Introduction

In many applications (for instance in genomics or natural language processing), the dimension of the parameter of interest p is
large in comparison to the sample size n and sometimes increases with n. Consider for instance the problem of estimating or testing
a mean of variables in R?, with p > n; in that case, the empirical covariance matrix is not full rank and does not approximate the
true one (for the Frobenius or spectral norms) when » tends to infinity (see Theorem 2 in Mestre [24]. It is also ill-conditioned,
see Johnstone [16]). As a consequence, the usual Hotelling’s Tn2 tests in a large dimension framework are no longer valid (see
Chen et al. [9], Li et al. [22]). It is thus important to construct estimators and testing procedures that take into account the high
dimensional aspects of the problem (as done for instance in Ledoit and Wolf [19,20], Bodnar et al. [7], Yao et al. [35], see also
the references therein). Many papers have considered this problem of p larger than » in the last decades starting from the works of
Dempster [10] (see also the references and discussions in Bai and Saranadasa [4]). More recently, Srivastava and Du [30] proposed
to use the diagonal matrix of the sample variances instead of the covariance matrix (see also some variations in Dong et al. [11]).

One relevant proposition for our framework, which has been developed in the statistical literature is to use a penalized estimator
of the covariance matrix which is non-singular, and to use this matrix in tests. In that spirit, Chen et al. [9] have obtained
asymptotically valid regularized Hotelling’s T tests for the mean in the Gaussian case in a high dimensional framework when n and
p = p(n) tend to infinity at some specific rate. Li et al. [22] have extended these results to some sub-gaussian distributions. Dong
et al. [11] propose some related penalized tests for comparing two high-dimensional means. The purpose of this paper is to further
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explore the finite sample properties of Hotelling tests by deriving exponential bounds of some correctly regularized Hotelling’s T2
for general distributions, including ones with very few moments.

Exponential bounds allow for building conservative confidence regions for the parameter of interest or testing the value of a
parameter in a large-dimension framework as in Chen et al. [9] and Li et al. [22]. We will develop a testing procedure exploiting
our inequalities in the paper. The main advantage of these inequalities is that they are valid under very few moments assumption
whereas most authors assume normality or subgaussian assumptions. They are also of interest in statistical learning to control risk
even with unbounded loss functions.

For this, we derive exponential bounds for some regularized Hotelling’s T2 statistics in the spirit of Bertail et al. [6], who obtained
bounds for self-normalized quadratic forms or the Hotelling’s T2 statistic when p < n. We show that for symmetric distributions,
only moments of order 2 are needed and we only assume the existence of moments of order 8 for general distributions.

Let Z,Z,,..., Z, be ii.d. centered random vectors with probability distribution P, defined on a probability space (£, A, P) with
values in (R”™, B, P) endowed with the L, norm |.||,. We denote E the expectation under P. Put Z" = (Z;),_,,. As n and p(n)
go to infinity, notice that (Z), defines a triangular array of random variables with varying dimensions. However, since we are
interested in finite sample properties, we will drop the dependence in n. In particular, we use p instead of p(n). But keep in mind
that p is a function of n in an asymptotic framework. The covariance matrix of the observation is given by X, = E(ZZT), where
we denote by ZT the transpose of Z and Z,ll/ 2 the square root of X,. Denote by Z, = n~!3>_ Z; the sample mean. The sample
covariance matrix is defined here by

n
1 T
S,=- ; Z,z, .
Notice that we do not center the Z,’s by the empirical mean. By a slight abuse of notation, we call Hotelling’s T"2 the statistic
defined by
T?=nZz]S'Z,

If we use a recentered version say

-1
n
(1 - T _
T2 =nZ] <_ Y (2-2,)(z-2,) > z,
it is known that controlling T,, is equivalent to controlling 7, as shown by Eaton and Efron [13] using the relationship

2
2 T
T+ T?

For some positive real numbers, p; and p,, define S, (p;.p,) the linear combination of the identity matrix with the sample
covariance matrix

Sy (/71’/72) =pid, +p2S,,

with [, the identity matrix of size p. For p; = 0 and p, = 1, §,(0,1) = S, is the empirical covariance matrix, which is singular for
p > n. When p, = 1 and p; > 0 (and small), S, (p;,1) corresponds to a Tikhonov regularization of the sample covariance matrix:
see Tikhonov [32]. It is precisely this estimator which is used in the tests proposed by Chen et al. [9] or Bai et al. [3] and which is
studied in detail in Ledoit and Wolf [19]. In particular, it is shown in Ledoit and Wolf [19] that if one chooses adequately p; and p,
then one can obtain a well-conditioned estimator of the covariance matrix which is invertible and more accurate than the sample
covariance for some L,-distance.

We denote by %, the expectation of S, (p;,p,), which is given for any p;, p, > 0 by

Z~‘rt = Sn (pl’pZ) = pllp+p22n‘

In the following, we are interested in Hotelling’s T2 statistic with a linear combination of the sample covariance and the identity,
that we now call the regularized Hotelling’s T? statistic defined by

17 (p1.p2) =nZ] S, (p1:02) Z,

generalizing the proposal of Chen et al. [9].

In the framework of high dimension, such quantities also appear naturally when studying empirical likelihood under a lot of
constraints, penalized in its dual form by an L,-norm: see for instance Newey and Smith [25], Lahiri and Mukhopadhyay [17]
among others.

When p < n, exponential bounds for Tnz(O, 1) (that is, with the empirical covariance matrix instead of a regularized one) have
been obtained by Bertail et al. [6]. Their exponential bound is controlled by two terms: (i) an exponential term corresponding to a
“Hoeffding” or Pinelis [27] type of inequality applied to a symmetrized version of the observations and (ii) an exponential bound
which essentially controls the minimum eigenvalue of the sample covariance matrix and the proximity of S, to ~,. However, for
p > n such inequality cannot hold since in this case the minimum of the eigenvalues of .S, is always 0. Moreover, it can easily be
seen from the results of Bertail et al. [6] that the bound becomes very bad when p > n or/and when p and » are of the same order.



E.M. Issouani et al. Journal of Multivariate Analysis 203 (2024) 105342

We obtain in this paper general results for T2 (p;, p,) for general values of p; and p, as well as for some adequate estimations of
these parameters, when p is bigger than » and when p and » are such that p/n — £ € ]0, o|.

Many other estimators of the covariance matrix have been proposed in the literature since the proposal of Ledoit and Wolf [19].
See for instance the book by Pourahmadi [28]. However, note that the purpose of this paper is not to estimate correctly the
covariance matrix but rather to have an estimator close to the true one, that keeps at the same time the universal properties of
self-normalized sums in a multivariate context. The goal is to obtain exponential inequalities for correctly standardized Hotelling’s
T? statistics (the quadratic version of self-normalized sums) under second-order moment assumptions in the symmetric case and
very few assumptions in the general case (covering some heavy-tailed multivariate distributions). For reasons that will appear later,
we are successful with the estimator proposed by Ledoit and Wolf [19]. Indeed with this estimator, we are able to keep the self-
normalized structure of the sum after a correct rotation of the data. This is not the case for many other more complex estimators of
the covariance matrix including the one developed in Ledoit and Wolf [20], Yao et al. [35] or Bodnar et al. [7] and most of the ones
presented in Pourahmadi [28]. We can obtain some partial results (under some additional assumptions) for the estimators proposed
in Bodnar et al. [7] which are generalizations of the estimator of Ledoit and Wolf [19]. Indeed we also obtain in the appendix some
bounds for the Hotelling statistics in the symmetric case, when using the estimator proposed by Bodnar et al. [7]. It would be of
great interest to extend our work under some sparsity assumptions since in that case it is known that concentration inequalities for
some estimators of the variances may be obtained (see the forthcoming book of Tropp [34]) but this is another topic and it requires
further developments.

The paper is divided into four parts including this introduction. In the second part, we recall some known exponential inequalities
for Tn2 (0,1) when p < n under weak moments assumptions. Then we obtain an oracle exponential inequality for the regularized
Hotteling’s Tn2 (p1.p,), assuming that the values p; and p, are fixed and known. Some interesting sharp bounds that may be useful
in statistical learning assuming symmetry are obtained for any » and p large. We then establish a general inequality for p = O(n)
for non-symmetric distributions under weak moment assumptions. In the third part, we estimate the optimal values p] and ] and
show that the inequality remains valid up to some additional small terms controlling the concentration of these estimators around
their true value. We illustrate our results with some simulations in the supplementary material.

2. Oracle exponential bounds for regularized Hotelling’s T

In the following, we define the penalized Hotelling’s T as the particular regularized Hotelling’s statistic T2(p, 1) with p > 0. The
aim of this section is to establish an oracle exponential inequality for the penalized Hotelling’s T in the case p > n and when the
distribution of the data is symmetric (Theorem 1 and Theorem 2) as well as in the general case, that is when the distribution is not
necessarily symmetric (Theorem 3).

2.1. Known bounds for Hotelling’s T?

Some bounds for T2 or self-normalized sums may be quite easily obtained in the symmetric case (that is for random variables
having a symmetric distribution see Pinelis [27]) and are well-known in the unidimensional case p = 1. In non-symmetric and/or
multidimensional cases with p < n, these bounds are new and not trivial to prove. One of the main tools for obtaining exponential
inequalities in various settings is the famous Hoeffding inequality (see Hoeffding [15]). For centered independent real random
variables Y, ...,Y,, that are bounded, say |Y,| <1, forall i € {1,...,n}, we have, for g; € [-1, 1] such that Zaf =1,

2
n
t
vt>0, P <Za,-Yl-> >t §2exp<—§).

i=1

A direct application of this inequality to self-normalized sums (via a randomization step introducing independent Rademacher
1.v.’s ¢;) yields that, for independent real (p = 1) symmetric random variables Z;, i € {1,...,n}, and not necessarily bounded (nor

identically distributed). Indeed, we have by putting Y; = ¢, and q; = ﬁ ;for >0,
Xz
n 2 n 2 n 2
P(szr):P %Z’ =P MZ’ =E (P Mzt‘(zﬂieu,,.m SZ@XP(—L>-
Zi:lZi Zi:]Zi Z[:]Zi 2

Pinelis [27] has obtained with a different technique, a sharp y? type of bounds which generalizes this kind of results for
multivariate data when p < n. He proved that, if Z has a symmetric distribution, without any moment assumption on the variables
Z;, then one has

2 3_
Vi> 0. B(T; 21) < -F,0. M

where F,(#) is the cumulative distribution function (cdf) of a 72(p) distribution. The density is denoted by f »- A crude approximation
yields that for ¢ large enough,

P_
2

"exp(-1/2),

2 e’
IP’(TnZt)SE 1
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where I (x) = f()+°° t*~le~'dt is the gamma function.

Notice that, for p = 1 this bound (only valid for large ) is better than the crude Hoeffding bound since we recover the
missing factor LI in front of the exponential (see Talagrand [31]). When p < n, using a multidimensional version of Panchenko’s
symmetrization lemma (Panchenko [26]) Bertail et al. [6] have obtained an exponential inequality for the general distribution of
12

n

4
Z with finite kurtosis y; = E <‘ VA ”2> More precisely, they establish that under 0 < y, < o,

@) fort>np, P(T?>1)=0,
(ii) for any @ > 1, and any positive ¢ such that 2p(1 + a) <t < np, the following bound holds for some explicit constant C(p),

n(l—i)z

ra(p+1)

IP’(TEZI)S 26 (t_p(1+a)>§exp <_M

3_6
or¢+n \ 20 +a) 20 +a) )+C(”)" e

The first term is essentially equivalent to the tail of a y%(p) distribution (up to an explicit constant), while the second term
controls the speed of convergence of .S, to X,, when y, < . The constant a controls the balance between these two terms on the
right-hand side of the inequality and may be optimized. Notice that this second exponential term is small when p < n but explodes
in 3 if p/n — 1 > 0 for large n, making this bound useless in that case.

In the general multidimensional framework considered in Bertail et al. [6] and in this paper, the main difficulty is to keep the
self-normalized structure when symmetrizing the initial sum. In the next sections, the results of Bertail et al. [6] obtained for p < n
are extended to the case p > n by using a regularized version of .S, proposed in Ledoit and Wolf [19]. This inequality is based
on an appropriate diagonalization of the regularized sample covariance matrix which allows applying Pinelis’ inequality [27] (see
Section 2.2). This crude inequality is refined in Section 2.3. When dealing with the general case (see Section 2.4), we establish first
a multivariate symmetrization Lemma 3 in the spirit of Panchenko [26]. This symmetrization partially destroys the self-normalized
structure (the normalization is then S, (p, p,)+Z, = 25, (py. p2)+(Z,—S, (p1. p,)) instead of the expected normalization S, (p;.0,)),
but the right standardization can be recovered (up to the factor 2) by obtaining a lower tail control of the distance between S, (p;. ;)
and ZN,,. To control this distance and make it as small as possible we will use the results of Ledoit and Wolf [19]. We also discuss
what can be obtained with the estimator proposed by Bodnar et al. [7].

2.2. Bounds for regularized Hotelling’s T* in a symmetric framework

We now obtain a simple inequality for the regularized Hotelling’s T2 in the symmetric case, based on previous results by
Pinelis [27]. It essentially shows that the tail of the regularized Hotelling’s T? is controlled by the tail of a y? (») distribution.

Theorem 1. Assume that Z has a symmetric distribution, then without any moment assumption, we have, for any n > 1, for t > n, for
any py,py >0,

2 (A1 _ ST o1 > t 23 - 2e3 (t = n)?
1P><Tn (p—2,1> zr) —IP’<nZn S (p1.pm) Z, 2 Z) < TFn(t) < e d G , ()

where F, is the cdf of a y*(n) distribution.
Moreover, for any p > 0, we have

2 _ ST o—1 5 _
P<Tn<p,1> nZI>ZP<nZnSn ».1Z, "Zt)gﬁexp 2 . .
i )

Inequality (2) yields a control of T?(p,, p,) = nZ} S (p|, p,) Z,, when using a linear shrinkage estimator of the variance. This,
in turn, can be simplified in inequality (3), to a truly penalized Hotelling’s 72. Note that for any p;, p, > 0,
Sy (p15p Sy +pi1
n(12)=2n 1p=Sn+ﬂ_1]p
) P2 P
and for any p > 0,

S, (0, 1) =S, +pl,

is a penalized estimator of the covariance matrix. Inequality (3) can be interpreted as a Bernstein-type inequality.

Remark 1. These inequalities hold for any choice of positive p, and p,. However for the inequalities to be sharp, p, and p, should
be chosen adequately. First from the proof of Theorem 1, we see that the inequality is sharp only when p, is close to 0, which is in
accordance with what we know about Tikhonov regularization [32]. Notice that the proof of Theorem 1 and the inequality remain
valid if we use nZ (,)” Z, rather than nZ]S;2 (p,1) Z,. In the procedure of Chen et al. [9] this means that asymptotically there
is no difference between standardizing by the regularized variance or by the generalized inverse of the covariance matrix. Such a
proposal using the Moore-Penrose inverse was also studied in Srivastava [29]. Actually when p tends to 0, then nZ_nTSn‘1 (1) Z,
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converges to nZ] (S,)” Z, where (A)~ is the Moore-Penrose or generalized inverse of A which is unique for symmetric matrices (see
Theorem 4.3 in the survey of Barata et al. [5]). We give a short proof of this result in Section 6 of the supplementary material. We
also refer to the book by Golub and Van Loan [14] for general results about the Moore-Penrose inverse and the link to least-square
problems and Tikhonov regularization (see p. 257). As a consequence, the tail probabilities of nZ_nTSn" (p,1) Z, and nZ_nT(S,,)‘Z_,, are
the same by a straightforward continuity argument and dominated convergence theorem. The regularization just serves as a trick to
approximate the generalized inverse. However, the finite sample properties of the regularized Hotelling’s 72 will strongly depend
on the choice of p; and p,.

Remark 2. Bodnar et al. [7] have proposed an improved estimator of the variance—covariance matrix in a large dimension setting
by replacing the identity in Ledoit and Wolf’s shrinkage estimator by a general matrix, that is an estimator of the form:

120+ p2Sy,

for some matrix X, such that for any p and n, Tr(Z;) < oo, where Tr(A) denotes the trace of the matrix A. They proved the strong
consistency of this estimator for well-chosen values of p, and p, for several different matrix norms (including the Frobenius norm),
under improved conditions. The purpose of this paper is not to have the best estimator of the true variance-covariance matrix but
to use an estimator of this quantity, that keeps the nice self-normalized properties of the penalized Hotelling’s statistics. This is
more restrictive and imposes some strong conditions on the type of regularization that can be chosen if one wants to obtain a sharp
control. The main reason for this is the fact that eigenvalues are continuous functions of matrices while eigenvectors are not. When
using a perturbation X, of the empirical variance-covariance function .S, (centered at the true mean), the corresponding orthogonal
transition matrices of this penalized matrix will not keep the self-normalized structure unless the perturbation matrix X, and the
empirical covariance matrix S, are commuting which is true for a penalization matrix X, proportional to the identity but more
difficult to check for other cases. We give in the supplementary material (see subsection 6.5) an example of a random matrix %,
depending on S, which commutes with S,. Notice that even if the perturbation matrix %, is diagonal, in general, S, and X, will
not commute. The particular case considered in Bodnar et al. [7] when X, = 1/pl, with the corresponding optimal value given in
their paper (see their expressions in Equations (3.8) and (3.9)) is covered by our results and Theorem 1 still holds in that case (by
replacing p, by the term p, /p in the inequality).

In the following paragraph, we will obtain an improved bound in the symmetric case. Recall that, for symmetric matrices A
and B of size p x p, we have A < B if the matrix B — A is nonnegative. Note that, if we assume that there exists 7, > 0 such
that 5,1, < X, then without any further assumptions, we can control the tail distribution of nZ] (p, Z, + ,02.5‘,,)71 Z, by the tail of
nZl (npid,+ pzS,,)_1 Z,. This amounts to replacing p; by #,p; in the preceding inequalities. This will induce some additional cost
in the inequalities of Theorems 3 and 4. Therefore, for the sake of simplicity, we will only present our results for .S,(p,, p,).

Actually, we also obtain in Section 8 of the supplementary material a general result with the estimator proposed in Bodnar
et al. [7] in the symmetric case (by working on a previous self-normalization of the data). The result is more difficult to state in
comparison to the one obtained with Ledoit and Wolf’s estimator [19]. However, it may be of independent interest.

2.3. An improved bound for penalized Hotelling’s T? in the symmetric case

It can be seen from the proof of Theorem 1 that the penalized Hotelling’s Tn2 statistic essentially behaves like a weighted sum
of independent y2(1) random variables. This also explains the results of Chen et al. [9]. Actually, we can obtain a bound for this
quantity relying on the results of Pinelis [27] and Laurent and Massart [18] (see p. 24 of their paper) who control the tail of the
weighted sum of independent »2(1) random variables. Let 4 = (4 D=t € RY be the eigenvalues of S, (ordered in a decreasing
order). We define for any p;, p, > 0, the following effective dimensions (see Chen et al. [9] for other expressions of these quantities):

inf(n,p) ) inf(n,p) /12 1.
O0,(Apy,p) = —_— 5 Oy(4,p1,p2) = —_— 5 Ok(dp1py) = sup (—I> .
Z{ p1+ Pad; le (p1 + p2A))? ® 1<j<inf(np) \ P1 t P24;

In the next result, we obtain a sharp bound for regularized and penalized Hotelling’s T2. Notice that, in that case, the recentering
factor depends on O,(4, p,, p,) and is random. In the proof of Theorem 2, this value is essentially bounded by n/p,, which is a very
bad approximation when p, is small. Theorem 2 tells that, for p > n, the tail of the regularized Hotelling’s T? statistic behaves as
the weighted sum of n independent y2(1) r.v.’s where the weights are given by the random factors —<—. We get some Bernstein
bounds for this weighted sum by first randomizing by some independent Gaussian r.v.’s, then condltlonlng on the data and applying
Laurent and Massart’s Bernstein inequality [18]. This inequality in turn can be transformed into some exact bounds for the statistics
of interest.

Theorem 2. Assume that Z has a symmetric distribution then, without any moment assumption, we have, for any n > 1 and p > 0, for
any t > 0 and for any p,, p, > 0 including random values depending on the data we have,

T%(py, py) — ©,(A, py, 0,4, p;,
P o (P1>02) — O1(4, p1, py) s \/5(\/;+ (4 P ﬂz)t) <Cexp(-1), C= 32
V26,02, p1. 922 02(4, p1p2) 4

5
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Equivalently, we have for the penalized Hotelling’s statistic, for n > 1 and p > 0, for any t > 0 and, for any p > 0,

T2(p, 1) — ©,(A, p, 1) o_(4,p,1
P(M—IPZ@+M, <cew(-L).

0,(4p. 1) 0,04 p. 1)

Remark 3. (i) As mentioned before, it is possible to extend this theorem to the case when we use a standardization of the form
S4 (p1.p2) = p1A+ p,S, where A is any symmetric (deterministic or not) matrix provided that S (p,, p,) is invertible. This covers
both Ledoit and Wolf [19] and Bodnar et al. [7] estimators. However, in some cases, the eigenvalues of § ;‘ may explode making
the inequality rather useless. We give a general result (with the correct standardization) and discuss the choice for A in Section 8
of the supplementary material.

(ii) The constant C ~ 5.54 comes from Remark 4.1 of Chasapis et al. [8] who extended a result of Pinelis [27]. Indeed they
state that, when symmetrizing, for smooth functions of quadratic forms, Rademacher variables may be replaced by standard normal
variables. However, their constant is probably not optimal and we expect the optimal value C to be 2¢3/9 ~ 4.46 as in Pinelis [27].
This is indeed supported by some simulations in the supplementary material.

The bounds in Theorem 2 can be used in practice for testing purposes in particular in anomaly detection in statistical learning.
See for instance the literature on intrusion detection systems using multivariate control charts based on Hotelling’s T (for instance
see Tracy et al. [33] and Ajadi et al. [2] for recent references in quality control). We develop this idea in the following example.

From Theorem 2, we can derive and construct an acceptance region for high-dimensional mean testing. Let W, W, ..., W, be i.i.d.
random vectors of dimension p, orthant symmetric around their mean. We aim to test if the true mean vector of these observations
is equal to y or not, for some fixed risk error §. For this we define Vi € {1,...,n} Z; = W; — u,. Now we want to test:

Hy:E(Z)=pu=0, vs H; :pu#0,

where 0, = (0, ... ,o)".
First of all, compute the corresponding penalized Hotelling’s T2 (using any positive value for p; and p, including the optimal
estimated values proposed in Ledoit and Wolf [19]) defined by

T2(py.p2) = nZ] (S, (p1.02)) " Z,

where S, =1 ¥ Z,ZT and S, (py,p2) = py1, + p2S,. Now put ¢(8) = log & with C = 2¢> » 5.54.
Then the acceptance region of level 1 — 6 is given by
O, (4,py,
(4, 1 pz)c(6)> .
O,(4, p1.p2)

The proof of this result is left to the reader. This result holds for any » and p. When p < n is large, we can put p; = 0 and get some
Pinelis’ type bounds (when the y? distribution tail is itself approximated by a Gaussian tail).

T,,Z(Pp p2) £ 01(4,p1,p) +20,(4,p1, pp) ( Ve(d) +

2.4. Bounds for regularized Hotelling’s T* for non symmetric distribution

We now consider Z with a general (not necessarily symmetric) distribution. We will later prove a symmetrization lemma
that generalizes the one obtained in Bertail et al. [6]. In the following, we use the results of Ledoit and Wolf [19] to optimally
control the distance between S, (p,,p,) and X,. For this, consider the modified Frobenius scalar product between matrices and the
corresponding norm given by

Tr(ABT)

Tr(AAT
(4, B) = - IAl* = (A, A) = M

Note that dividing the standard Frobenius scalar product by p enables the norm of the identity I, to be equal to 1, which is more
convenient. In the following, we extend this modified Frobenius norm to vectors by considering, for any vector Z € R?,

Wz =Tr(2Z") /p.

2.4.1. Additional notations and hypotheses

Put %, = (0};),., .., and consider A the diagonal matrix of the eigenvalues of X, and O the matrix of associated eigenvectors.
n kj)1<k,j<p n

The eigenvalues are denoted u, ..., u, With . = py > - > p, = py;,. We have X, = 0A0T. Now, for i € {1,...,n}, we define
Y,=07Z with ¥, = (Y;;,....Y,,) .
In order to provide a well-conditioned estimator for large dimensional covariance matrices, Ledoit and Wolf (2004) [19] have

Srt (/71,/72) _Zn

random matrices, equipped with the inner product (A4, B);, = E [(A, B)] with associated norm ||.||§{ = E|I.|I>. We assume the four
following assumptions:

2
studied the minimum of E <‘ ) This minimization can be seen as a projection problem in the Hilbert space of

A, 3Ky, K, > 0 such that, for any n and any p > n, K, < £ < K;.

A, 3K, > 0 such that, for any » and any p > n, }7 5=1 E rYlgj] <K,.

6
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Az 3K; > 0 such that for any » and any p > n, KL < Hmin < Hmax < K3.
3
A, 3K, > 0 such that for any » and any p > n,

2
P y 2 kDeQ (Cov (Y1,Y1,,Y1,Y1,)) < K,

n? Card (Q) ~n’

where Q denotes the set of all the quadruples that are made of four distinct integers between 1 and p.

Remark 4. A, and A, are already assumed in Ledoit and Wolf [19]. First assumption A, essentially means that p = p(n) is of the
same order as n. A, states that the moment of order 8 is bounded in average: this condition holds if the following moment of order
8, i 5_’= \E [Z f/] is finite (by sub-multiplicative inequality and the fact that ||O|| = 1). Notice that we need this condition to have
a rate of convergence (and control the variance of the estimator) whereas this condition is used to obtain consistency in Ledoit and
Wolf [19]. As noticed in Bodnar et al. [7], it is a strong hypothesis for consistency but we cannot avoid it to obtain a rate. This is
still a weak condition since we do not require exponential moments and allow for a fat tail behavior of the sample. A; ensures that
the largest and the smallest eigenvalue of the true covariance matrix are bounded. This rules out the case when the components
of the vector Z are too correlated: consider for instance the degenerate case where X, is a matrix full of 1, then in that case the
smallest eigenvalue is 0 and the largest is p. The case of a vector with long memory components is studied in Merlevede et al. [23]:
they show that the largest eigenvalue is unbounded. Thus, this case does not enter our framework. Assumption A, is immediate
in the Gaussian case, since v = 0 because of the rotation which makes the Y;, ;s i €{l,....p}, independent. Obviously, for (Z;, i
independent, v = 0 as well. More generally if the components of the vector satisfy some adequate a-mixing conditions, then the sum
in the hypothesis A, can be seen as a sum of cumulants and may also be controlled using the arguments of Doukhan and Leén [12].

2.4.2. Inequalities for random variables with a general distribution

The next Theorem 3 extends Theorem 1 to general distributions which are not necessarily symmetric. From now on, following
Ledoit and Wolf [19], we denote p} and p; the optimal values defined as the minimum arguments of E ‘ S, (p1.02) = Z, 2, Ledoit
and Wolf [19] have obtained

2

«_ P o o’ 2 2 27 |I?
f=50h =5 o =(5u0,). =[50
2 2
P =E|s, -5, & =a+p=E|s, -1
* 2
Now, we define, for a® # 0, p* = p—i = ﬂ_z(;z, which yields the optimal penalized estimator of S,
s
S, (07,05
Sk = Su(iorz) L ) =S, +01,

2

If o® = 0, take S = 621, (in that case we will need to estimate 52).

Theorem 3. Assume that Z has a general distribution with finite variance X,. Assume in addition that assumptions A; to A; hold. Put
a* =1+ % Then we have, for any n > 1, for any p > n, and for t > 2n,

P (T2 p* 1) > (1 +a")1) < 73

Remark 5. Here the bounding function for large ¢ behaves like a centered 42 (1) distribution, up to the factor %. The term (1 +a*)
ensures that the maximal eigenvalue of ¥, does not contribute to the inequality.

Notice that the inequality is still valid when using S, (p;.p,), the regularized version of S, instead of the penalized version ¥,
up to a small modification of the bound (1 + a*)t by the factor 1/p}: for n> 1, p > n, for any ¢ > 2n

] _tn
[P’<T3 (p}.03) = é(l+a*)t> < Zgﬁ(f;n)f %

Notice that the green dashed line in Fig. 1 represents the set of penalized estimators .S, (p, 1) for which we obtain universal bounds
in Theorems 1 and 2.

3. Inequality with estimated parameters

We have proved an exponential inequality for the penalized Hotelling’s Tn2 with theoretical values a* and p*. In practice these
values are unknown. In this section, we estimate these quantities and obtain an inequality for the penalized Hotelling’s T2 with
estimated parameters.
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Fig. 1. True covariance X,, sample covariance S,, and S,(p},p5), S, respectively regularized and penalized sample covariance.
The scalar product is (, );, with its associated norm. We represent S,(p;,p;), the optimal combination of S, and I, defined by orthogonal projection of the true

covariance matrix X, on the random vector-space generated by S, and 7,. Thus S} = S,(p", 1) is the penalization of S, by I, with p* = :4 for which we obtain
3
a bound in Theorem 3.

We first recall several results of Ledoit and Wolf [19] on the asymptotic behavior of regularized empirical covariance estimator
S, (p l,pz). Lemma 1 and Proposition 1 below summarize these results with our notations and are proved by Ledoit and Wolf [19]
in different lemmas and a theorem of their paper.
L
We use the same assumptions as in Ledoit and Wolf [19]: — denotes the fourth-moment convergence as n goes to infinity, i.e.
Ly 4
U, = U = E[(U,-v)"] —o.
Ledoit and Wolf [19] essentially have shown that L,-consistent estimators for o2, a2, f? and 62 are simply given by their empirical
counterparts that is
2 2
A2 &2
o =(Sul,). &= ; ;

~2
S'l - nIP|

n
~ 2 1 . ~
i =8-F. R=pX|z@ s 5 =min(.8).
i=1

Lemma 1 (Ledoit and Wolf [19] Lemma 3.2, Lemma 3.3, Lemma 3.4, Lemma 3.5). Under Assumptions A, to A,, we have

(i) o2, a? and p? remain bounded (as n and p tend to ).

Ny Ly Ly
(i) Foralln, E[6}] =02 6&2-06>—0, 6&}-0c*—0.
ORI Ly

(iii) 82 - 6% — 0.
! L L
(v) B2 -p> S 0and 2 -2 0.
2

L
™ & -a? 0.

After replacing the unobservable scalars o2, a2, 2 and 6> by their sample counterparts in the formula of S, (p;,p,), Ledoit and
Wolf [19] obtained an estimation of the regularized empirical covariance matrix say

R ﬁ2 &2

S, = ol + =

6’1 5"

S

-
Ledoit and Wolf [19] have shown that S, and S, (p,.p,) are asymptotically equivalent in the modified Frobenius norm.

Proposition 1 (Ledoit and Wolf [19], Theorem 3.2). Under Assumptions A,—A,, we have

. . & 2
@) lim, E | S, -, (pl,pQ)” =0.
(ii) Moreover, S‘n has the same asymptotic expected loss (or risk) as S, (pl, pz), ie.,

) . 2 2
lim E|$, - = —JE( =0.
nh—00

Sn (/7],172) - Z‘n
In the same way as Ledoit and Wolf [19] we define the optimal coefficients p} and p;. They are estimated respectively by 5}

A2 ~2 N
and P5» where P = 2—263 and Py = Z—’é Now, if &3 # 0, we introduce S the “estimated optimal” penalized version of S, given by

A 5 N
S::S"<ﬁ—*,l>:S,,+p:Ip, o= .
2

n
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Fig. 2. We denote the true covariance X,, the sample covariance S,, the regularized and the penalized estimators of .S,, respectively .S, and S; The principle is
similar to Fig. 1 except that S, is determined first so that the regularized estimator belongs to the yellow line and the penalized optimal estimator S‘: =S, (% l)

is the closest value to X, on this line. This difference induces an additional error term in our inequalities. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

Similarly the unobservable threshold constant ¢* introduced in Theorem 3 is estimated by a* = 1 + ? Theorem 4 establishes

an exponential bound for the penalized self-normalized sums, when S* is replaced by the estimator S‘: and a¢* by @, up to a small
error term that we control explicitly (see Fig. 2).

Theorem 4. Under Assumptions A, to A,, we have, for any n > 1, for any p > n, for any t > 2n and for any small value of € > 0,

n -n
- 3 ) C (e
tn)z e + (€)

20 A% q* E T
IP’(T,,(P,,,I)ZI(1+a"+2€))S 9 ( ) F(§+1) ne

, (€]
J K . .. Lo
where @ = 1+ ﬁ—;?, and C (¢) is a real positive function, independent of n, defined by

4K?c* K2
C(e)=4K1\/K2<2+l+K1>+2KIG< %>+ ! G( < >+—3G<e>.
p €

1 € 262K, E

The function G is defined explicitly in Lemma 7. Notice that C(e)/e explodes when ¢ goes to 0.

These results essentially show that we have a y2(n) control in the tail of the distribution, for a threshold larger than 2n(1 + a)
(recall that 2n is the variance of a y2(n) distribution). The loss (1 + @) is essentially due to the correlation between the components
of Z and the deviation from homoscedasticity. The value of ¢ cannot be too small but can be optimized by balancing the two terms
in the inequality. For a given ¢ and a given level § it is possible to solve numerically the second term of inequality (4) equal to &
to get a valid bound for the Hotelling’s T2 for any » and p.

4. Simulations and conclusion

We defer the intensive simulation study to Section 2 of the supplementary material. For different multidimensional distributions
(respectively, Gaussian, Log-Normal, and multivariate Pareto type II distributions, with different dependency structures, see details
in the supplementary material) we give the distribution of the estimated optimal penalty as well as the distribution of the penalized
Hotelling T2 (with estimated penalty) compared to our exponential bounds. From these simulations, we draw the following
conclusions:

(i) When the components of the vector are independent, the penalty coefficient 5% can be very large, especially for very asymmetric
and fat tail distributions (see Remarks 1 and 2 of the supplementary material). It means that the covariance matrix does not play
any role in the standardization. Conversely, when the data coordinates are dependent, the penalty coefficient 5} tends to become
relatively small. This is in accordance with the simulation results obtained by Dong et al. [11], in a slightly different framework
(comparison of two samples) showing that it may be useless to use the covariance matrix component in the independent case.

(ii) The values of 5} depend on the level of dependence but also on the dispersion of eigenvalues in the case of independence.
Specifically, if o? is small (indicating low dispersion of eigenvalues), the observed mean value of j* is smaller compared to the
case with a large «® (indicating high dispersion of eigenvalues). This phenomenon is more pronounced for asymmetric and for
heavy-tailed distributions. In that case, it is clear that the estimator of the covariance matrix is closer to the identity (up to a scaling
factor) than to the empirical covariance matrix (see also the conclusions of Dong et al. [11]).

(iii) On the contrary, in the case of dependence, the estimated value 5 remains relatively small (does not explode as in independent
scenarios). As the level of dependence increases, the 5 value decreases.
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(iv) For the normal distribution, a strong linear relationship is observed between the optimal estimated penalty coefficient 5* and
the ratio p/n. It seems that the penalty should be of order 2p/n in the independent case but more of order p/n in the dependent
case (for our specific values of the parameters).

(v) The distribution of the penalized Hotelling’s 7?2 statistics clearly depends on the ratio p/n but exhibits a stable behavior even
when the penalty coefficient becomes exceedingly large.

Since our bounds are universally applicable and valid regardless of the data distribution, they inherently tend to be conservative
(especially in the Gaussian case) but can be used safely when the asymptotic normal approximation is quite inappropriate (see the
log-normal and Pareto cases in particular). From this simulation study, we conclude that our work gives some interesting information
both on the optimal penalty that one may choose and on the order of the bounds. However, there is still room for improvement.

Acknowledgments

The authors sincerely thank Prof. Dietrich von Rosen, the Editor-in-Chief, the Associate Editor, and the anonymous reviewers
for their valuable feedback and constructive comments and suggestions, which have greatly contributed to enhancing the quality
and scope of the results. We would also like to thank the algebraist Xavier Mary, MODAL’X, Univ. Paris Nanterre, for his comments
and his suggestions. This research has been conducted as part of the project Labex MME-DII (ANR11-LBX-0023-01).

Appendix A. Proofs

In the first part of this section, we provide all the proofs of Theorems 1, 2, 3 and 4 given in Sections 2, 3 and 4. In the second
part of the appendix, we detail all the calculations to obtain an explicit constant C(e) appearing in Theorem 4 when replacing the
true quantities by their empirical estimators.

We set some notations that we will consider in the following proofs. .S, is a symmetric and nonnegative matrix. Denote by O,
an orthogonal matrix in M, (R) such that S, = 0,4,0] where A, is a diagonal matrix and

A
A, = " for any p > n.
0
Let A, > - > A, denote eigenvalues of S,. Put ¥, = 0] Z; with ¥, = (¥, ... ,f/,;p)T.
Proof of Theorems 1 and 2. We first establish a simple inequality for the penalized Hotelling’s T2 in the symmetric case, based on
previous results by Pinelis [27]. The idea of the theorem is to use a rotation trick of the Z; that allows us to return to the “small”

dimension case given by Pinelis [27]. This yields a bound given by the survival function of a y2 with n degrees of freedom. []

Proof of Theorem 1. Note that Vectors ¥; remain symmetric in distribution and uncorrelated. It is easy to see that, by construction,
the empirical covariance matrix of the ¥, ..., f/,, is

n n

1 NN 1 T

- PRAAE - Y 0,2,270,=0,5,0,= A,
i= i=1

This implies that for any vector ¥;, their coordinates for j > n + 1 are zero. Indeed, for j > n+ 1, n~! o Y2 = 0, implies in turn

that each Y,’ =0, j€e{n+ 1, ...,p}, i € {l,...,n}. Define Y, the n-dimensional vector version of ¥; with these non zero components,
that is to say Vj <n, ¥;; =Y, ; and their corresponding empirical mean ¥, on the collection Y = (Y,), _, .. Thus, for all p;, p, > 0,
we have
1% i1~
ST o1 > oT - %
nZ, S (p1.02) Z, = "(;ZY, )(P11p+P2An) (;ZYI>
= i=1

n —I Y n —I Y 2 4 -~
- z XY z ) < 1 1)
o ot pzﬂ = p 4
As A, =n"t Y0 ”, we have reduced the problem to the sum of n self normalized sums, which can be seen as Hotelling’s 7>
of symmetric random variables in R". In other words, nZT S~ (p.p,) Z, < énY"TS;‘ (Y®)Y,. Thus, by applying Pinelis [27] (1),
we have

Vi >0, P<nZnTS;1 (prp2) Zp > =+ ) <XF .
123 9
Recall that, if Ny, ..., N, are independent N'(0, 1) r.v.s, then by Lemma 1 of Laurent and Massart [18], one has,

10
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> NZ—n u
vu>0, P2t > Vo u+ L)) <e.
( Van Vn

By inverting the polynomial in ﬁ, this is a Bernstein type inequality for i.i.d random variables

" N2—n 2 2
Yv >0, IP(Z'_I—'ZV <exp|— 2Zv <ex S S—

wor <

P
2 v
1+,/1+2\/_L> 2(1+\/§\/ﬁ)
\n
It follows that, for 7 > n,

n N2_ — )2
E,()=P T Nizno - <eop (-0 O
Vo \/_ 4

Proof of Theorem 2. Recall that: Z, = ’1, Y, Z; with Z; € RP. Introduce independent Rademacher r.v.’s ¢; taking the values +1

with probability 1/2. Define Z¢ = i Y, €Z;. Then, in the symmetric case considered here, Z, and Z¢ have the same distribution.
Now write

¢ R v .
nZ)TS, ! (p1.02) Z; ‘"<n2 Y, >(011 +pA,)” 1<; ZeiY,->=eTVVTe, (5)

i=1 i=1

where ¥ = (¥},....%,)T, e=(e1,....¢,)  and V = 2V (o1, +p,4,) "%,

Chasapis et al. [8] obtain an extension of Pinelis [27] result, stating that for smooth functions of quadratic forms, Rademacher
variables may be replaced by standard normal variables. More precisely, define the Euclidian norm ||x||, = m and consider
&, ..., &, independent standard Gaussian random variables. Then, for any ¢ > 0, for any vectors v, ..., v, in R?, we have

3
P [||elv1 + ey, = t] <CP [||51v1 + &V = t] , C= 262.

Note that the value C = %ez ~ 5.54 (see Chasapis et al. [8]) is probably not optimal. See the supplementary material for numerical
experiments supporting the fact that the optimal value is the one appearing in Pinelis equal to 2¢%/9 for smooth function. Since we
have

eVt t+ev, = %
where V is the matrix of vectors v; = (v;;,...,v,,) corresponding to the rows, we can rewrite

lervy + -+ env,,”; = HETVHE =e'VV'e.

It follows that, for any u > 0,
Ple"VVTe>u] <CP[eTVVTE 2y

By conditioning according to ¥;’s and using Eq. (5), we have, for any n > 1, for any p > 1, for any u > 0 and, for any p,, p, > 0,
P[ZTS; (prop) Zg 2 ul =E[P(TVVTezu| Vi, ¥, )| < CE[P(§TVVTe2u| Tiv Y, )]

Moreover, recall from the preceding proof that we have

n inf(p,n) -1 n & 2
v o I (' X eYi;)
n(; Zsi}”_T>(p11 +pA,) <;§ > > AN Bl

n(ZOTS ! (py.p2) ZE
n n ( 1 2) n = & l’1+l’2}~j

€;Y; A

_ Zp n_ znl i t/) J
j=1 4j p1+ P4

We obtain
iﬂf(Pq")( —1 Z 6 ) A
- -1 = i=1%i"i,j J % %%
P[n(ZS)T S, (p.p Zf>u]gc1t«: P|n sul V... 7] ®)
n ( n( 1 2)) n Z‘T /1]. pl+p21j 1 n

Let us now work conditionally to ¥,.....¥,. Put K; = \/n (™' $1_, &Y, ;) /\/Z;, j € {1.....inf(p.m)}. Thus for any j # k

. . LY EY D YA A
Y,...,Y)=COV \/; i=1%i l,]’\/; i=1%i i,

11

Cov(Kj,Kk

fond, )= Ly Tt
b _ni=l\/;{j’{k_
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Since K = (K, ... ,Kmf(p,,,)) is a Gaussian vector (as a linear combination of independent variables), it follows that K2, ... ,K; o)
are iid y2(1).
Now, consider the vector b = (b,,...,b,) with nonnegative components (conditionally to Y, ;') defined by
b, = A
;= .
p1+ A
A direct application of Laurent and Massart [18] Lemma 1 to Z‘“f(” ) b; ( - 1) gives for any u > 0

inf(p,n)
P( > b (Ki-1) >2||b||zﬁ+2||b||mu>Sexp(—m.

j=1

In other words, for any u > 0, we have

f
o T b KT~ el

>\/5\/; \/_” lle u <exp(-u). )
2

Now by combining (6) and (7) we obtain the following result for the recentered version of our quantity of interest,

=)

n(Z)'S; " (p1.p2) Zg — bl > Vayis Vol

b
206112 18l

Ty b K7 = bl

151l 3 A
B B N N VLI NESR

b 1,...,inf(p,n)}
206112 1Pl

< Cexp(—u).

The result of the theorem follows by noticing that ||b||, = (4, p;, py), k € {1,2} and ||b||l, = Ogf(4, 1. p2). [

Proof of Theorem 3. In the following, we adapt Panchenko’s symmetrization lemma to a y? distribution. This ensures that, if we
have a 2 (k) type of control for the tail of a random variable v, which stochastically dominates some random variable &, then we
are also able to control the tail of £. For large values, this tail is essentially the same as the one of a (k) distribution. We use exactly
the same ideas as in Panchenko’s lemma 1 and corollary 1 (which assumes an exponential control of the tail of the distribution of
the variable v). [

Lemma 2. Letv and & be two real r.v.’s. For a € R, put @,(x) = max (x — a;0). Assume that:
@) for any a € R,
E®, () <Ed,(v)
(ii) there exists k and constants C; > 0,¢, > 0, such that for any t > 0
P(v>1) <C F(ct)

then, for t > 2k/c,, we have

X k cy1—k
t—k\2 7
IP’(-’:ZI)SQ<CI ) ¢ =
2 r

()

and, for t > k/c,, we also get

PE21)<CiFyy (et —k).

Proof of Lemma 2. We follow the lines of the proof of Panchenko’s lemma, with a function @, with a = ¢ - CL given by
1

@ (x) = max (x —t+k/c1;0), for t > k/c,. Remark that & (x) is convex, nondecreasing and that @ (0) = 0 and @ (1) = k/c;. We

thus have by Markov’s inequality

+o0 +oo
EQQ) _E®() _ 1 <<1> (0)+/ " X)P(v> x)dx> < cl% Fy (erx) dx.
1

PE>1<
€202730 = o0 o0 /e ey

By integration by parts, we get

oo 400 +oo
/ Fy (c]x)dx:/ 1 X f (clx)dx—(t—k/cl)/ 1 fx (clx)dx.
t

t—k/c; —k/c; t—k/c;

12
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Recall that

felw) = — 5 exp(= )
k 2’</2F(§) 2

we thus have
Cy +0o f( )d (4] /+°°( )%71 ( Clx)d F ( , k)
— X X X = — Ci X exp(——=V)dx = et — )
k t—k/cy SR 2k/2+|§[‘(§) i—k/e, 1 P 2 k+2 €1

It follows by straightforward calculations that, for t > k/c|,

— t—k—
PE>n<C (F,(+2 (et —k)— a —Fu (clt—k)>.

Using the recurrence relation 26.4.8 of Abramovitch and Stegun [1], (page 941), for u > 2k,

(u—k)

(u—k))"/2 Cie 2
2 F(’E‘+1).

""‘fk(u—k))sc1 (fk+2(u—k)—fk(u—k))s<

¢ (fkarz (u—k)-

We get with u = ¢t, for 1 > 2k/cy,

k/2 _(etk)
P(§21)§<(CIt k)) Cie 2

2 k '
r (5 + 1)
Moreover, for t > k/c; we have P(¢é > 1) <C, Fk i (clt - k)) Notice that we only lose 2 degrees of freedom in this case. It will
not be important if k is large, typically of the order of » in our case. []

Now, we extend Panchenko symmetrization lemma (see Panchenko [26] Corollary 1, p. 2069) to the multidimensional
framework. Let J, = {u € R?, |lul|, = 1} be the unit circle of R’. Let X =T(Xf)15i5n be an independent copy of Z™ = (Zi)lsign'

Since p > n, the matrix S, (Z® - X®) = %Z?:l (Z;- X;) (Z, - X;) is not invertible. We derive from S, (Z™ — X™) the
corresponding penalized empirical covariance matrix

S, =5, (p102) = 2011, + 2, (2 = X™).
It is easy to see that
E(S, (2" -Xx")) =25, and E (S, (2® - x") | z") =5, + =,.
Since S, (7,.7,) = 511, + 725, (Z® — X™), we get that
[E(§,, | z<")) = B, 45 (S, + Z,) =200, + 5 (S, + Z,) .
As a consequence, define
P=E <”S (Z® - x®) - zz"H2> =E <“s (z7) - an2> +E (”S (x) - zn“2> =252
Similarly, put
@ =2d% 5=28 & =(23,.1) =2
then we have

~ 2 » 2
~_a~2_ o 2 _ ~_ﬂ _ﬂ _
P1—§U —25—26 =2py, p2_;§_2_5_2_p2'

It thus follows with this natural choice of 5| and p, that we have
E (§n (71.72) ‘ Z(")) =S, (p1p2) + %, E (§n (171472)) =2pi 1, + 0 %,) = 2%,

These quantities will appear in the following symmetrization lemma. Its proof is an extension of Corollary 1 of Panchenko
(see [26]) with some adaptations to the multidimensional y2 case. See also Bertail et al. [6] for the non-penalized version of this
result for p < n.

Lemma 3. Choose some fixed positive value of p, and p,. If there exists k € N*, C, > 0 and ¢, > 0 such that, for all t > 0,

T(Z,-X _
P| sup M > V| < CyF, (ep),
ued, MT§"M

13
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then, for all 1 > 2k/c,,

T _)\2 (e
P| sup V2, > sC2<(czt2 )> -
ued, \/MT (Sn (pl’p2)+fn>u F<E+l>

and, for all t > k/c,,

TZ
P sup \/;ll n 2\/;
ueg, \/MT(Sn(pl’p2)+§n>u

Proof of Lemma 3. Denote

< szk+2 (czt - k) .

A, (2™) = nsupsup {E [4b (u" (Z, - X,,) — bu" S,u) | Z"]}
u€g, b>0

and
C, (2™, X™) = nsupsup {4b (u" (Z, - X,) —bu"S,u)}.
ueg, b>0
We have by Jensen’s inequality, that for any convex function ¢
¢ (4,(27)) <E[¢(C, (2", x7)) | 2] ®
Finally, we can rewrite 4, (Z®) and C, (2™, X)) in an explicit form of self-normalized sums by maximizing according to b,

the two expressions above, which leads to
2 2

V2, V2,

A, (Z(")) = sup = sup —
uedp \//31 +pouT (S, + Z,)u u€J, \/uTS,, (p1spy) u+uTZ,u

Similarly, we have
2

T(Z,- X
C, (20, x™) = sup M
4 \Ju'S,u

Now we conclude by applying Lemma 2 to inequality (8) with these expressions of A, (Z®) and C, (2™, X") with C, = C,
and ¢, =¢;. [

Proof of Theorem 3. We now control the Hotelling’s T2 in the general case, by cutting its distribution tail into two parts. The

2
s
first part allows us to get back to the expression above sup \/;'"—Z”N controlled by Lemma 2. The second term is
ued, VuT Sy(pr.p2)utuT Z,u
controlled by the largest eigenvalue of X,.
Let
u'Z,
B, = sup

S | \JuTS, (p1:py) u

Notice that by construction we have, for any ¢ > 0, (and particularly for any ¢ > 2n)

{nZ_;,rSn (pl,p2)71 Z_n > t} = {n1/2Bn > \/;}

To transform the penalized self-normalized sum from the expression nZ| (.S, (p;, pz))_] Z, to its “pseudo” version with the wrong

2
N ' Z, . X
normalization, sup { | ———2—— , let us introduce D, defined by
ued, | \ Vu' Sy(p1.o2)utu’ Zyu

D, = sup

> u' (piI,+py2,)u
+ e oS = sup 1 + M
ued,

TS, (prpy)u|  ued, u (pi1,+ p2S,) u

14
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First, notice that we have

-1

B nu' Z u' 2 u nu' Z, u' 3 u
V=2 = sup # inf 14t =t < sup # L
D u's TR

oSy (TS, (praps)u | w(p102) €\ \JuTS, (p1.py)u w (P1op2) u

-1

2
T Z,
< |sup — ) 9
ueTp \/uTSn (p1.p2) u+uT Z,u

for which we have an exponential bound by Lemma 3 and Theorem 1.
Thus by splitting the probability according to the event {D? > 1+ a}, for a > 1 and, for any ¢ > 2, we have

P(nZ]S7 (p1,p2) Zy 2 1) < ]P’(B> ,,,_\/_>+]P’(D >\/E)<1P<f; ,/m>+P(Dnzm).

(10)

So now, it remains to treat the second term in the right-hand side of inequality (10). Notice that we have, for a > 1,

T u'S, (p1,py)u
(D, Viza) = {sup (02 Y sa b o i (50 1L
ueg, \ u'S, (p1,py)u ued, u'>u a

First, if X, = 21, is diagonal, then we have
qu,,u = uT(pIIp + pzazlp)u =p+ p262.
Since

uiéli (S, (p1sp2)u) = uieni (4T (o1 I, + p2S,)u) = py,

if we choose a such that a > (p; + p,62)/p;, then we have

inf (u"S, (py.py)u)

€],
IP’[DnZ\/1+a]§IP’ =

<il=o0
p1 + py0? a

Remark that, in this case, we have p} = o2 and p; = 0 and it follows that the inequality is true for any a > 1. Notice that the

proximity between X, and aZI is precisely controlled by the term o? = || 3, — 021 ‘
Now consider the general case. For sake of clarity, we will use the notation s, (A) for the minimum eigenvalue of a matrix A,
and respectively pu.c (A) for the maximum. First, notice that

=v

— K—M\
u's, (pl,pZ)u ~ ~ uT 51 Z u
inf [ ———=———— ='f<TZ_]S , Z"‘):'f—"S , o
ulenjp( uTZ,,u ulél]p U 2, On (/71 /72) n ¥ ulélj ‘S;lunz n (P1 pz ”Z 1y “ ‘ ”
. T . T5-2 S-1y = P
> ng (v's, (pl,pz)v)xuglaf.p (u z, u) > piHmn(Z,) = 5

Now, using the optimal values p} and p;, we have the decomposition
2, (P1203) = P11, + 052,

it follows that we get

T k% *

- . u'S, (pt.p5)u 7
oo (2 (P75 05)) = 05 + 05 pax(Z,),  inf = > .
e ( ! 2) ! 2 P ueJ, ”Tzn (pT,pZ) u pT + p; Hmax(Zy)

It follows that if we choose a such that

1 1

a 1+ ”ma;izn)

and, since a* =1+ ﬁ > 1+ e (2) by Assumption A;, then, if a > a*, we get
I > 3
P(D,>Vi+a)=0. an

15
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As a consequence, we obtain an exponential inequality for any value a > a*. Combining inequalities (10) and (11), we get, for any
a>a*,

- - B
vix2n, P(nZIS (p.py) Z, 2t(1+a) <P <\/ZF" > \/E> . (12)
n
Let X® = (X;),_.., be an independent copy of Z® = (Z;),_,_ . Applying Theorem 1 to (Z; - X;);<, which is symmetric, we
obtain o T
' (Z, — X 3
| sup V' (2, - X,) > /i S%Fn(t).

ued, /uTgnu

Thus, applying Lemma 3 to the inequality above implies that, for all 7 > 2n,

_ =)

TZ 3 _ n/2
P| sup \/;u “ 2\/; S%(U;’)) e’ . a3
~ n
ued, \/MT(Sn(pl,pz)Jrzn)u r(5+1

Finally by combining (9), (12) and (13), the result holds. []

~—

ﬁ'—* - pl’ > e] for small positive

Proof of Theorem 4. The following lemmas will allow us to control explicitly the deviation PP [

values of . []

Lemma 4 (Inversion). Let w > 0, and consider (er)n>| a sequence of nonnegative random variables. Assume that there exists a positive
constant C;, such that Ve > 0,3N > 0,Vn > N,

C; 1
]P’(|VI/"—LU|>€)S7€—2

Then there exists a function Cs, ,, positive, such that Ve > 0,Yn > N

C;. €
P 'L_i se) < S ©
W, w nez

n

where Cy,1/,(6) = S (1+ (we)?)’.

Proof of Lemma 4. Since w > 0, we have

p(l L_Ll.e\_p 'i_l
W, w| w W,

Now, Vn € 10, w[ we get

>e).

@ an
e e
P('L—i >£>§P<'%—l‘>e, |VV”—w|§r]>+IP(|VVn—w|>n).

W, w w

n
w

(w-n)*’

w

On the interval [w —n;w + 7], f @ x = < is Lipschitz with [ x| < thus we obtain

w w
VW, E[w—n;w+n],'——1‘s— W, —wl|.
' W w7
w Cs w?
vrelouwl, <P —— |W,-w|>e) < 2 ———
(w—1n) noe2(w—n)

and since

C
Vn€10;wl, (D < =L,
n n?

it follows that
C 2 C C 2
Pkt ) ¢ Sxoptt o Sal oGyl 1
no W nooew-mt o nt o n el €2<1_1) wh wz(l)

w w

a=1
w C C C
< = min {—1 +i}s—3 min {—1 +i} < = (1+e5) .
nw?acloll | 2 (1 — )t a2 nw?acloll | 2 (1 — ) ot nw?
) _2/5\5 5
Setting " = < and Cy,y,, (¢') = €” x % (1 + (we') 2/5) = % (1 + (we’)z/s) , the result holds. []

16
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Lemma 5. Consider u, v two positive scalars, and (U,), (V,) some random sequences. Assume that there exists positive constants C, and
C, such that Ve > 0,Vn > 1:

é4 1 Cy 1
P(|U, —u|>¢) < o P(|V,—v|>e¢) < a
Then there exists a function C,,,, such that Ve > 0,
C4uv(€) 1

P(|U,V, —uv|>¢€) < P

~ , 2 - M
where Cy,,, (€) = Cy (2’“%) +C, (2u)? is a positive function of e depending on u, v, C, and C,.

Proof of Lemma 5. By straightforward inequalities, we get for any ¢ > 0,
P(|U,V, —uv| > €) = P(|U,V, —uV, +uV, —uv| > €) SIP’(V,,|U,,—u| > £,u|Vn—v| < E)+IF’(u|Vn—U| > %)

SP((U+—)|U > )+p(|y U|>—)<]P’(|U —u| > >+]P’<|Vn—u|>i)

2uv+ €

< §<2uv+e>2+g(g) < Caup (©) 1

T on €u n \e n 2

Lemma 6 (Proximity Between o2, o, %, §* and Their Estimators). Let u> € {02, a?, 2,62} be one of these quantities of interest and &>
its corresponding estimator. Then ¥n > 1 and Ve > 0, we have:

]P’(‘u —u|>e) "zge)
ne
with
* C,2 = \/K; for the case where u* = 6% and i? = o2,
. 052 _21<4+(100+1<2)1<2+24\/'1<5/“+41<3/2
u? =52 and % = 62,
cCp(e)= 4K2\/_+ Cs +2K; \/_ for the case where u* = f? and i Az = /}3,
+ Cple)=2°Cpn +24K2\/_+22K V/K; e. for the case where u? = o® andu =a2

223K? +41<1/2 ( +2\/€) \/KIZKZ +4K, (1+3K,) + 2K, for the case where

: ~2 2 ~2 _ 1§ 1 yn 2 2 _ 1yvp 2| _ 1y»p
Proof of Lemma 6. Consider &, and ¢°. Recall that 6, = ;Z._l -3 yij) and o = ;E._ El|y | = ;Z. | M
Following the ideas of Ledoit and Wolf [19] who obtain the convergence of the fourth order moment, we rather control the
second order moment as follows:

=
—_—
—
63
|
Q
[}
—
(S}
1
Il I
|- !
M= N
==
M= i
= S |-
| —— =
—
=
<
=
S
S—
\—/
©
I
VR
S|
I B3
= =
M-
~
<
ST
=
<
S—
\_/N

(57, =) %g(yl?y_ ‘”f')]

%g(y?,—u,)y =%E <%§(y?/_”f)>z % < Zy“) _<E[%§yi]>z

1/2
1 8
1Sel))
Therefore, using the second assumption A,, one gets

E[(62-0*)] < VK

n

14

Finally, we have by Markov inequality the bound

Ye > 0, P[|”2—62‘>E]SM \/E

[ <
" €2 ne2

Consider 53 and 2. Combining the expressions (A.2) and (A.3) on page 394 in Ledoit and Wolf [19], we get
B-5= (620" =20 (2 =) +|IS.[P - E(IIs.]7).

17
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Similarly using their expressions, (A.4) from page 394 to page 399, and (A.1) on page 390, we have respectively the inequalities
var (|15, ) < = (K2Ky +4K, (1+3K,) +2K,), o> < /K,.

Combining these expressions with Bienaymé-Tchebychev, Markov and Cauchy-Schwartz inequalities, we obtain a control of
N k
P ()53 - 52‘ > e) by a function of n,¢, A,, A, and Var(||S,||?) where A, = E ()&5 - 02| ) Indeed we have, by Markov inequality, for
all e > 0,

P(|82-e>e) < ;—Z{E[(&ﬁ—oz)“] +40'E [(62 - 0?)’] +E [(||S,,||2—IE||S,,|| ) ]+402E [|o‘ —02(3]
| (I8 - & (15017))] + 22 [ (@2 - o2 sl - & (15.07)|| }
< é {A4 + 40 Ay + Var (|15, ) +462m+402\/A2Var (I1s.07) +2\/A4Var (IIs.I) } :

Now by some previous controls established by Ledoit and Wolf (2004) [19] (page 394), we have

96K,
n

+46°E [ 82 -

Ay

IN

D Var (IS,0°) < 5 (K2Ka +4Ky (143K,) +2K,) = 2K and o> < /K.

Using the control stated in inequality (14), A, < 4/K,/n, we can easily get the explicit constant Cy, as a function of K;, K,,
and K. For all ¢ > 0, for all » € N*, we have

P (|$5 e e) <L [961(2 +4K,K) + K + 4K\ 96K, Ky + 4K)?\K) K + 2\/96K2K]
ne

c;
< L {2K4+(100+K2)K2+24\/—K5/4+4K 1422363 + 4K, (K, +2\/_) VKK, +4K; (1+3K,) +2K4} <=
ne

Consider ﬁ}% and f°. Since 6% = a? + §? yielding 6> > %, Ledoit and Wolf [19] showed (proof of Lemma 3.4 page 401, lines from
—12 to —6) that

—max(. ﬁz—ﬁz .,.55—52 .)Sﬂf—ﬁzs. ﬁ_f—ﬂz.
From this we deduce
.ﬁE—ﬂz .Smax{max(.ﬁ_ﬁ—ﬂ2 s 5,2,—52 .),.ﬁ:,z—ﬂz .}smax(.ﬁz—ﬂ2 .,.3,2,—62 .).

Controlling . 2 — p* | leads to a control for , §> — 62 , and . > — p*> \. By the same arguments as in Ledoit and Wolf [19] (proof
of Lemma 3.4, page 399, equation (A.7)), we have the following expression

n n
1 1 1
By = B = IS, = 17 + <—2 2z,z] - 5,I” -E [—2 Yzz - znuz]).
i=1 i=1

Now, splitting the probability into two terms, on the one hand, using Markov inequality on the first term and applying Bienaymé-
Tchebychev inequality to the second term, we get for all ¢ > 0,

n
2. (1 4 1
P( A2 =0 > e) <ZE(S1S, - 57) + E—QVar<n—2 2127 —Zn||2>.
i=1

Following Ledoit and Wolf [19] (proof of Lemma 3.1 page 391 line +5), we have
2
E(|IS, - ZI°) < K VK.
Moreover, we have by Ledoit and Wolf [19] (in the proof of Lemma 3.4, page 401 line +3)
15 T 2 2
ar <ﬁ ; ”Z,Zi -z, ) < K2\Ky/n.
We obtain for any ¢ > 0,

P77 o) < 250/ 2 VG

n

Finally, w1thIP’()62 52‘ >e) < iz and
(f->e) < (> ) vo (-] >e).
we obtain for any € > 0,

P((ﬁf —ﬂz‘ > s) < ﬁ (4K12\/?2+c52 +2K1\/K_2€> <

Cple)
—.

ne

18
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Remark that Cp (e) tends to 4K12\/ K, +Cs when e tends to 0. Consider 4> and «?. Since we have &> = 62 — 2 and a® + 2 = 62, one
can easily see that & — a® = §2 — 2 — 62 + 2. For all € > 0, we get

22 < (Az_z f) (Az_ 2 f)
P(laz-a?|>c) < P(|57-¢2]>5)+P (|2 -|> 5
22C 22Cp (€/2) C
< 2t +ﬂ—/sL(23C52+24K12 K+ 22KV, E)S 2(€)
ne? ne? ne? ne?

Remark that C,(e) tends to 2°Cyz + 24K 12\/K2 when ¢ tends to 0. [

In the next lemma, we control the proximity between 1/5; and 1/p*, that we denote g, (¢) and show that it is of order O (1/n).
For this, we first apply product Lemma 5 to ﬂf and 62. Then, we apply the inverse Lemma 4 to ﬂf&ﬁ. Finally, we use another time
product Lemma 5 applied to 42 and 1/4252.

Lemma 7 (Proximity Between 1/p* and 1/57).
For any ¢ > 0, we have
se)<8©
ne?

with Cp and C,» defined in Lemma 6 and

1 1
T

g,,(e)=IF”<
p

A%
n

22C ()

2
G(e) = Cy,p /202 (€) (20° + €f70”) " + Jiod

26202 +€)> 22Cp () 5
Ca1/p02(€) = [sz( Fol2 ! ﬁ3ﬂ0'4 (1+(20%))".

Remark 6. the function Cy,/p,2(¢) may be clearly bounded by a polynomial of degree 4 in . As a consequence, the function G(e)
may be bounded by a polynomial of degree 6.

Proof of Lemma 7. We apply the product Lemma 5 to obtain a control for ﬁ;f&ﬁ thanks to Lemma 6 which gives us some control
of 62 and /2. For all € > 0, one gets

Chp252(6)

2 5)

B(|8262 - 50| > ) < -

with

20202 + €\’ 2
Cop2p2 (e):Ki”(%) +Cp(e) (207).

We now apply the inverse Lemma 4 with inequality (15) to obtain a control of 1/ ﬂf&ﬁ. That is, for all € > 0, we have

Cy.1/p252(€)
p< e) < Gpa©

ne?
with Cy,y/p2,2 defined by Cy. /p252 (€) =
we obtain for all € > 0,

1 1

e P

5

Chp252(€)
ﬁ8 o8

5
(1 + (ﬂzaze)z/s) . Applying the product Lemma 5 with u = 1/(f?¢?) and v = o?,

_ 2 2 22 22
Cai1/p+(€) = Cy1yp202 (€) (207 + €f°67) +C“2(€)W'
etk !? 2064 (22K% /Ky +Cy 25(2K24/K;+Cyp
Remark that when ¢ tends to 0, Cy,/,+ tends to :46§ + ( ﬂls v 2+C; ) ( 1ﬂ4042 s )

Proof of Theorem 4. Recall that &} =1+ % and a* =1+ %. For any u > 2n, we have for ¢ > 0

Pz 8 Z, 2u(1+a +2)) <P(nZ]S'Z, 2u(l+a* +e))+ P(|a,—a*|2¢) <D+ (. (16)

We start by establishing a control for (I). Define 4, = nZ ($*~! — §*71) Z,, then we have () =P (nZ] S*7'Z, + 4, > u(1 + a* +¢)).
Since u > 2n > n, we have

0]

IA

P(nZ] S Z, + 4,2 u(1+a" +e¢),|4,| <en) +P(|4,] > en)

IN

P(nZ]S: ' Z, 2u(l1+a*+¢)—en) +P(|4,| >en) < P(nZ]S:7'Z, 2u(1+a*)) +P(|4,] > en). a7
Theorem 3 gives us an exponential bound controlling the first term of the right hand of inequality (17) when a = ¢* and u > 2n.

19



E.M. Issouani et al. Journal of Multivariate Analysis 203 (2024) 105342

Now use the following matrix factorization A~' —B~! = A~! (B — A) B! to control the second term in the right hand of inequality
(17) with A = 8* and B = X2, It is easy to see that B — A = (p* — *) I, then we obtain

A, =Tr@d,)=Tr(nZ] ($¥' =81 Z,)=n(p*-p:)Tr(Z] S5 Z,).

Recall that ¥ = S, + p*I, = O A0 +p*I, = O (A, +p*1,) O], then using the same rotation matrix O,, we obtain $*~1§*~! =

/ 1
0,D0;, with D = dlag(( po )(M+ N G )(/1"+ 5 75 "*""’p*ﬁ*) where diag is a diagonal matrix. It follows that
* Ak >T ll/‘ s« A ll/" L1 4 * Ak 11_2
a,=n(p" =5, Tr(2]0,02D20,Z,) = (0" = ;) Tr ((D2n20,Z,) (D2n20,Z,) ) = (s —pn)‘DZnZY,,
2

1
Since, for any x in R?, ||[D2x||? < ,,*1,;; llx|I3, and because we have ||x||Z = p||x||?, we get

2 2

1
nty,

lo* — 23l

|A,,|Sp 1 1

p*o; A
Lemma 7 gives a control of the first term on the right-hand side of this inequality so that it is sufficient to control the second term.
Write

<

2

1 _
nty,

I, I,
~
1_21i<i> LYy lySy
nin = — = — Y’2+— Y, Yy
J ij i
pnj:] i=1 pnj:li:l pnjlll!’l
il #i

Since E(I;) =E (pln Py ij) = ¢2, use Bienaymé-Tchebychev inequality and the independence of the Y;’s to get for ¢ > 0,

<1Ji}l"lyz_(7 >_> ( >->< ( 12‘112 ”> < e—znp (Z)ﬂ) . 18)

Then, by Assumption A,, we have E (Il] 5_’=1 Y14,') < v/K,. Then, by Cauchy-Schwartz inequality, we obtain

)4 2 )4 p P P P
Lol($n) |« (L Em ) ek S Be ) < Sve L5 S e () o ()

np =i np =

1 1{1< Py (1%, 1 1
4
< K2+;<; _21,/13(1/1,])) SE\/K2+;IE(; EIYI-/) < ;\/Kz(;+1>. (19)
- e

Finally, combining inequalities (18), (19), we get the following control for I,, for # > 0

]P’(II—IE(II)>g><rIil\/E(%+1>. (20)

Now, we focus on I,. Using the independence between the observations Y;’s, we have

TN

j=1i=

E(L)=E (pin )2AND D W 1 jY,-,,j> = 0. By Bienaymé-Tchebychev inequality, we have, for > 0
i

2
41w v v
P(>2)< e[S Y- Yvv,l | (21)
n Ly e |
i
. 1 (n—1)2 2 2 . . . L.
Furthermore, since L= (n (n_l)) , we can express the expectation above as the expectation of a U-statistic
2 2
p n n
1y L (n— 1)
E ;Z; ZY"JY"'J T g n(n—l)z:Z Y”Yl//
j=1 "=l =1 i=1i'=
i'#i ’;é:

More precisely, this is a U-statistic of degree 2 with kernel w (¥;,Y;) = iz Y; ;Y ;, with E [w (¥;,Yy)] = 0 and degenerated
gradients E | w (Y,,Y,) |Y;| =0 and E [w (v,.Y,) ‘ Y[/] = 0. Using the expression of the variance of this U-statistic as given in Lee

1

(2019) [21], it follows that
2

n—-17% 1 -2
2 ZZYJYI"J = 4 nn—D) <n0 >Var(w(Yi,Yi,))=

= i=1i'=
2
/#,

) 2
-1.0(1
Ef{ =Y r,m; ) | (22)
»

20



E.M. Issouani et al. Journal of Multivariate Analysis 203 (2024) 105342
. 1 5p 2 1y p 1y p 2
Now, we have by independence E (; 2 YlyjY2J> =E [17 et X qujYzJYl’kYz’k] == )AD I [E(Y,,Y14)]"- Recall
2
that E[Y; ;Y;,] = 0if j # k. By using Holder inequalities repetitively and by Assumption A,, we have iZfﬂ [IE (lej)] <

(i j= IE(YS ))5 SKZ%,yielding

2
)4
1 1
E <;ZYLJ.Y2J> < ;\/Kz. (23)
j=1

Finally, combining Egs. (21), (22) and (23), we obtain a control for I, as follows

p n n
ORI K3 XN PEETET 2

pn j=li=1li'=1 n
i1#i
Finally, Assumption A, implies
2
1 1 1/2 1o 1 €
= — _ < — > =
P(|4,] >en) =P (p 7 > ‘ Y, ” > en P (n2Y,|| |= p > X

1 1

Py

1_
n2Y,

2
<P - > )+ >—< ).
<( ’ ) 2K1> 262K,
Using the fact that P(AB > ¢) < P(A > \/E) +P(B > \/E), and the definition of the function g, in Lemma 7, we have
2
2 € € €
— > — —
77y 2K1>+g"<\/ 2K1>+g"<2621<1>
1 € 1 € € €
<P(L-6?>=z,/— ) +P(L,>=,/— — .
<o (n-e> 5y )+ (oo ) <o (Vo) o (55

we get for any € > 0,

1 _
nty,

Ve > 0, ]P’(|A,,|>en) S]P’<

Therefore, by inequalities (20) and (24), considering 1 = | /5=,
1

SRV T () e e (o) o ()

4K K, 1 € €
< —=(2+-+K — — ). 25
- en < +p+ 1>+g,,<v 2K1>+g"(20'2K1> 25)

We now complete the proof of the theorem by handling the term (II) in inequality (16). By Lemma 7, we get for any € > 0,

IP’(|ﬁn—a*|>e)=IP< >K13>=g,7 <Ki3> (26)

With inequalities (16), (17), (25), and (26), and using the expression of G to bound g, given in Lemma 7, we obtain for ¢ > 0,
and u > 2n,

1 1

P(nZ)S:7'Z, >u(1+a +2)) < P(nZ]S:7'Z,>u(l+a%)) +

1\/_ <2+p+K1>

€ € € 203 fu—n\3 e_? 1C(e)
- = < = = - 4=
+g”(\/2K1>+g"<202K1>+g"<K3> -9 ( 2 > r "+1)+" €’
where C(e) is independent of » such that

) \ Ll ) - 4K%o* . K? €
V. C(e) = 4K, \/K S+K K\G ()= G <o\ %)
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Appendix B. Supplementary data

Supplementary material related to this article can be found online at https://doi.org/10.1016/j.jmva.2024.105342.

References

[1] M. Abramovitch, I. Stegun, Handbook of Mathematical Tables, National Bureau of Standards, Washington, DC, 1970.
[2] J.O. Ajadi, Z. Wang, I.M. Zwetsloot, A review of dispersion control charts for multivariate individual observations, Qual. Eng. 33 (1) (2021) 60-75.
[3] Z. Bai, J. Hu, C. Wang, C. Zhang, Test on the linear combinations of covariance matrices in high-dimensional data, Stat. Pap. 62 (2) (2019) 701-719.

21


https://doi.org/10.1016/j.jmva.2024.105342
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb1
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb2
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb3

E.M. Issouani et al. Journal of Multivariate Analysis 203 (2024) 105342

[4]
[5]
[6]
[71

[8]

[91

[10]
[11]

[12]

[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]

[24]

[25]
[26]
[27]
[28]

[29]
[30]
[31]
[32]
[33]
[34]
[35]

Z. Bai, H. Saranadasa, Effect of high dimension: by an example of a two sample problem, Statist. Sinica (1996) 311-329.

J.C.A. Barata, M.S. Hussein, The Moore-Penrose pseudoinverse: A tutorial review of the theory, Braz. J. Phys. 42 (2012) 146-165.

P. Bertail, E. Gautherat, H. Harari-Kermadec, Exponential bounds for multivariate self-normalized sums, Electron. Commun. Probab. 13 (2008) 628-640.
T. Bodnar, A.K. Gupta, N. Parolya, On the strong convergence of the optimal linear shrinkage estimator for large dimensional covariance matrix, J.
Multivariate Anal. 132 (2014) 215-228.

G. Chasapis, R. Liu, T. Tkocz, Rademacher-Gaussian tail comparison for complex coefficients and related problems, Proc. Amer. Math. Soc. 150 (03)
(2022) 1339-1349.

L. Chen, D. Paul, R.L. Prentice, P. Wang, A regularized Hotelling’s T? test for pathway analysis in proteomic studies, J. Amer. Statist. Assoc. 106 (496)
(2011) 1345-1360.

A.P. Dempster, A high dimensional two sample significance test, Ann. Math. Stat. (1958) 995-1010.

K. Dong, H. Pang, T. Tong, M.G. Genton, Shrinkage-based diagonal Hotelling’s tests for high-dimensional small sample size data, J. Multivariate Anal. 143
(2016) 127-142.

P. Doukhan, J.R. Le6n, Cumulants for stationary mixing random sequences and applications to empirical spectral density, Probab. Math. Statist. 10 (1989)
11-26.

M.L. Eaton, B. Efron, Hotelling’s T? test under symmetry conditions, J. Amer. Statist. Assoc. 65 (330) (1970) 702-711.

G.H. Golub, C.F. Van Loan, Matrix Computations, third ed., The Johns Hopkins University Press, Baltimore, 1996.

W. Hoeffding, Probability inequalities for sums of bounded random variables, in: The Collected Works of Wassily Hoeffding, Springer, 1994, pp. 409-426.
I.M. Johnstone, On the distribution of the largest eigenvalue in principal components analysis, Ann. Statist. 29 (2) (2001) 295-327.

S. Lahiri, S. Mukhopadhyay, A penalized empirical likelihood method in high dimensions, Ann. Statist. 40 (5) (2012) 2511-2540.

B. Laurent, P. Massart, Adaptive estimation of a quadratic functional by model selection, Ann. Statist. 28 (2000) 1302-1338.

0. Ledoit, M. Wolf, A well conditioned estimator for large dimensional covariance matrices, J. Multivariate Anal. 88 (2004) 365-411.

O. Ledoit, M. Wolf, Quadratic shrinkage for large covariance matrices, Bernoulli 28 (3) (2022) 1519-1547.

A. Lee, U-Statistics: Theory and Practice, first ed., Routledge, 1990.

H. Li, A. Aue, D. Paul, J. Peng, P. Wang, An adaptable generalization of Hotelling’s T? test in high dimension, Ann. Statist. 48 (3) (2020) 1815-1847.
F. Merlevede, J. Najim, P. Tian, Unbounded largest eigenvalue of large sample covariance matrices: Asymptotics, fluctuations and applications, Linear
Algebra Appl. 577 (2019) 317-359.

X. Mestre, On the asymptotic behavior of the sample estimates of eigenvalues and eigenvectors of covariance matrices, IEEE Trans. Signal Process. 56
(2008) 5353-5368.

W.K. Newey, R.J. Smith, Higher order properties of GMM and generalized empirical likelihood estimators, Econometrica 72 (2017) 219-255.

D. Panchenko, Symmetrization approach to concentration inequalities for empirical processes, Ann. Probab. 31 (2003) 2068-2081.

1. Pinelis, Extremal probabilistic problems and Hotelling’s T? test under a symmetry condition, Ann. Statist. 22 (1) (1994) 357-368.

M. Pourahmadi, High-dimensional covariance estimation: With high-dimensional data, in: Wiley Series in Probability and Statistics, John Wiley & Sons
Inc, 2013.

M.S. Srivastava, Multivariate theory for analyzing high dimensional data, J. Japan Statist. Soc. 37 (1) (2007) 53-86.

M.S. Srivastava, M. Du, A test for the mean vector with fewer observations than the dimension, J. Multivariate Anal. 99 (3) (2008) 386-402.

M. Talagrand, The missing factor in Hoeffding’s inequalities, Ann. 'IHP Probab. Stat. 31 (4) (1995) 689-702.

A.N. Tikhonov, On the regularization of ill-posed problems, in: Doklady Akademii Nauk, Vol. 153, Russian Academy of Sciences, 1963, pp. 49-52.

N.D. Tracy, J.C. Young, R.L. Mason, Multivariate control charts for individual observations, J. Qual. Technol. 24 (2) (1992) 88-95.

J.A. Tropp, et al., An introduction to matrix concentration inequalities, Found. Trends Mach. Learn. 8 (1-2) (2015) 1-230.

J. Yao, A. Kammoun, J. Najim, Eigenvalue estimation of parameterized covariance matrices of large dimensional data, IEEE Trans. Signal Process. 60 (11)
(2012) 5893-5905.

22


http://refhub.elsevier.com/S0047-259X(24)00049-6/sb4
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb5
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb6
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb7
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb7
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb7
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb8
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb8
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb8
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb9
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb9
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb9
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb10
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb11
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb11
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb11
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb12
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb12
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb12
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb13
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb14
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb15
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb16
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb17
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb18
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb19
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb20
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb21
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb22
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb23
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb23
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb23
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb24
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb24
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb24
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb25
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb26
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb27
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb28
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb28
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb28
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb29
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb30
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb31
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb32
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb33
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb34
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb35
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb35
http://refhub.elsevier.com/S0047-259X(24)00049-6/sb35

	Exponential bounds for regularized Hotelling's T2 statistic in high dimension
	Introduction
	Oracle exponential bounds for regularized Hotelling's Tn2
	Known bounds for Hotelling's Tn2
	Bounds for regularized Hotelling's Tn2 in a symmetric framework
	An improved bound for penalized Hotelling's Tn2 in the symmetric case
	Bounds for regularized Hotelling's Tn2 for non symmetric distribution
	Additional notations and hypotheses
	Inequalities for random variables with a general distribution


	Inequality with estimated parameters 
	Simulations and conclusion
	Acknowledgments
	Appendix A. Proofs
	Appendix B. Supplementary data
	References


