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Finite-dimensional homogeneous boundary control for a 1D
reaction-diffusion equation

Mericel Ayamou Nicolas Espitia

Abstract—1In this paper, we address the problem of finite-
dimensional boundary stabilization of the 1D reaction-diffusion
equation. Using the modal decomposition approach, we propose
a finite-dimensional homogeneous controller, stabilizing the
unstable dynamics while ensuring the stability of the residual
part. The closed-loop system with homogeneous feedback is
well-posed and stable. The proposed controller is proven
superior to a finite-dimensional linear feedback controller in
terms of closed-loop performance. The numerical simulations
are presented to support the analytical results.

I. INTRODUCTION

Parabolic partial differential equations (PDEs) play a cru-
cial role in the mathematical description of complex systems
involving diffusion phenomena (arising in biology, chemistry,
spatial ecology, etc). Control design for complex systems
modeled by PDEs has constituted, for many years, a central
research area [1], [2]. A traditional way to act on those
systems is through in-domain and boundary control . Tradi-
tionally, two main approaches have been used for boundary
control and observer design: 1) the backstepping method [3]
and 2) modal decomposition approach. The latter approach
relies on separating a finite-dimensional unstable part from
a stable infinite-dimensional part of the PDE. It allows for
the design of finite-dimensional controllers and observers,
which are easier to implement and offer greater flexibility,
including the possibility of designing nonlinear boundary
controllers (e.g., sliding mode output feedback control as
described by [4]) and sampled-data controllers [S]. The roots
of modal decomposition can be traced back to seminal works
like [6], [7], [8]. In [7], for instance, a Galerkin projection
on modal subspace is used to design a finite-dimensional
control for the reduced order model of the reaction-diffusion
equation so that the control law stabilizes the unstable part
while maintaining the stability of the residual part. This
method has gained renewed interest in recent years, with
several contributions utilizing it to propose constructive ways
to design finite-dimensional observers and controllers (see,
e.g., [9], [10], [11], [12], [13] through Lyapunov and LMI-
based techniques). In [9], a finite-dimensional linear control
has been constructed for 1-d reaction-diffusion equation with
input delay at boundary. Based on some feasible LMIs con-
ditions and using a direct Lyapunov method, the authors of
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[10] constructed a finite-dimensional observer-based control
for stabilization of a parabolic PDE with unbounded control
operator and either bounded and unbounded observation
operator and extend this approach to the case of Dirichlet
boundary control and measurement for heat equation in [11].
In [13], they constructed a finite-dimensional control for
semi-linear parabolic PDE. The authors of [12] extended the
work [10] to the case of Dirichlet boundary control and either
a Dirichlet or Neumann boundary observation.

In most cases, the resulting finite-dimensional controllers
for PDEs are linear, which are suitable for application and
implementation because of their simplicity and for enabling
more accessible a well-posedness analysis of closed-loop
systems. However, similar to finite-dimensional settings,
alternative approaches like sliding-mode or homogeneous-
based controllers might offer better performance with fea-
tures like accelerated or even finite-time convergence com-
pared to linear controllers.

Homogeneity is a sort of symmetry of an object (function
or set) with respect to group transformation (dilation), which
has been discovered for many physical models. As dilation,
we can cite a uniform dilation introduced by Leonhard Euler
in the 18th century, a weighted dilation [14], a geometric
dilation generated by unstable C* vector field [15] and a
linear dilation generated by an anti-Hurwitz matrix [16] (as
used in this paper). Homogeneous-based controllers (known
to be an intermediary of linear control and sliding mode
control) have been widely used in control and estimation
design in finite-dimensional systems [16], [17] as better
convergence rate, and lesser overshooting. The closed-loop
system with homogeneous feedback are known to be highly
stable (finite/fixed time stability).

While homogeneous-based in-domain control for
parabolic PDEs exists [18], applying this approach to
boundary actuation remains underdeveloped. Hence, in this
paper, we propose a finite-dimensional homogeneous-based
controller for the boundary stabilization of a reaction-
diffusion PDE. This controller capitalizes on the advantages
of homogeneity applied through boundary actuation and
enables improved performance in such PDE systems.

Exploiting the modal-decomposition approach, we design
stabilizing feedback (for the unstable modes) using the con-
cept of generalized homogeneity. We state and give a sketch
of the proof that the closed-loop system with the proposed
nonlinear control is well-posed and performs better than a
finite-dimensional linear control. In fact, we can achieve what
is called partial finite-time stability (see e.g., [19] for more
details on partial finite time stability).



To our knowledge, this work constitutes a first attempt to
design a finite-dimensional homogeneous-based boundary
controller for a reaction-diffusion PDE in the literature.

The paper is organized as follows: In Section 2, we
present some preliminaries on homogeneity notions. Section
3 deals with preliminaries on modal decomposition, linear
finite-dimensional control design for reaction-diffusion equa-
tion, and homogeneous control design for the linear finite-
dimensional system. The main result is presented in Section
4. Numerical results are presented in Section 5 showing the
effectiveness of control strategy.

A. Notation

Ry ={a € R:a > 0}; |z]| = V22 is Euclidean norm
of z = (2)y = (21,---,2n)" € R"; we write P > 0 if
the symmetric matrix P = P' € R™*" is positive definite
; |z|| = V& T Pz is the weighted Euclidean norm with the
matrix P > 0 defined below ; given L > 0, (-,-) is a scalar
product on L?(0, L) such that Vf,g € L?(0,L), (f,g) =
fOL f(z)g(x)dz, H*(0, L) is Sobolev space having k square
integrable weak derivatives ; Oy = (0,...,0)" € RN 1y =
(1,0,...,0)T € RY; C(R,) is a set of continuous function
on R;. A function o : Ry — Ry is said to be a class-
K function if it is continuous, zero at zero, and strictly
increasing. A class-KC function ¢ : Ry — R, is said to
be a class-K o, function if it is unbounded with its argument.

II. PRELIMINARIES ON HOMOGENEITY AND PROBLEM
STATEMENT

A. Preliminaries on Homogeneity

Homogeneity is a symmetry property with respect to a
group of transformations and in this paper we consider a
particular case of homogeneity with respect to linear dilation.

A family of linear operators d(s) : R™ — R™ with s € R
is a called a dilation if it satifies:

e group property : d(0)z=xz, d(s) od(t)x = d(s + t)x,

Ve € R" Vs, t € R;
e continuous if the mapping s — d(s)z is continuous,
VeeR™;
o limit property: liminf|d(s)z| =
Ss—+0o0
limsup ||d(s)z| = 0, Vz # 0.
S—r— 00

+o00 and

Any linear dilation d in R™ admits the representation [20]:

oo

J
— sTGY
= T

=0

d(s) = e?%4

seR. (1)

where Gq € R™ ™ is an anti-Hurwitz matrix called a
generator of d with Gq4 .

Definition 1: A dilation d is monotone if s — ||d(s)z||
is a monotone increasing function for any x # 0.

Corollary 1: A linear continuous dilation in R™ is mono-
tone with respect to the weighted Euclidean norm |z| =
VaTPz,0 < P=P"T € R" ™ if and only if

PGqa+GiP =0, P=0. )

Any linear continuous and monotone dilation in a normed
vector space also introduces an alternative norm topology.

A function || - [|q : R™ + [0,+00) defined as follows:
[[0]la = 0 and
lz|la = e®, where s, € R: ||d(—s)z|| =1, =z #0,
3)

is called canonical d-homogeneous norm in R™ where d is
a dilation. Note that Vs € R and Vz € R", one has:

[d(=In([|z[la))x]l = 1. )

Definition 2: [15] A function h : R™ — R (resp., a vector
field f : R™ — R"™) is d-homogeneous of degree 1 € R if

h(d(s)x) = e**h(z), VreR", VsecR. 3)

(resp., if  f(d(s)z) = e**d(s)f(x), Vo € R" Vs e R.)

B. Problem Statement

Let us consider the 1D reaction-diffusion equation :

dy(t,x) = vipey(t,z) + qy(t,z), (6)
y(t,0) = 0, (7)
y(t, L) = U(t), (8)
y(0,2) = yo(z), 9

(t,x) e Ry x[0,L] , L > 0, where y(t,-) is the reaction-
diffusion PDE state at time ¢, v is the diffusion coefficient
and ¢ > 0 is the reaction coefficient. U(t) € R is the control
input. The aim of this paper is

« to design the homogeneous finite-time stabilizer for the
system (6)-(9) using modal decomposition approach;

o to investigate if the use of the homogeneous feedback
results in a smaller peaking than the linear feedback.
More precisely, consider the following control problem:
given initial state yo € H?(0,L) with yo(0) = 0, a
stabilization precision € > 0, a prescribed time 7" > 0

and a maximal control amplitude U, the closed-loop
system (6)-(9) has the desired stabilization precision:

ly(t, Mo <€ VE>T, (10)
with the restricted control magnitude
sup [U(t)] < U. (11)
t>0

We aim to investigate if (for some given yo € H?(0, L)
with yo(0) = 0) the homogeneous feedback may solve
this problem, while linear feedback always violates one
of the above conditions (see [21], [22]).

III. MODAL DECOMPOSITION

In this section, we recall the main ideas for boundary
control design using modal decomposition. We start by using
the following change of variable (see [2, Definition 3.3.2]):

w(t,xz) =y(t,x) — FU(1), (12)



where, as in [11], we set U(0) = 0, to obtain the following
equivalent PDE:

w(t,z) = vigw(t,x)+ quw(t,z) — %U(t)
+LU(t), (13)
w(t,0) = 0, (14
w(t,L) = 0, (15)
provided that
w(0,2) = o) — £U(0) = yolw).  (17)

By introducing a new control input £(¢) = U (t), one obtains
a coupled ODE-PDE

Ut) = €), (18)
dyw(t, z) Vupw(t, x) + qu(t, x) — £E(t)

(), (19)

w(t,0) = 0, (20)

w(t, = 0, 2n

w(0, ) yo(z), (22)

The solution to (19) can be represented as follows:
w(t,z) =Y wa(t)gn(@), wa(t) = (w(t,-), dn), (23)
n=1

with ¢, (z) = \/zsin(m), n = 1,2,... and projecting

L L
onto the basis {¢,}52 ;, one has
Ut) = &) (24)
Wn(t) = (VA + @Qwn(t) — ba€(t) + gbnU(t), (25)
wn(0) = yon, (26)
where n > 1, \,, = — ”zgz is the eigenvalue of the operator
Oz corresponding to the eigenvector ¢n, Yn.o = (Yo, Pn),
and
L
b =1 /0 r¢y,(2)dr. (27)

Since A\, =& —oo when n — +o0, then there exists an integer
N > 1 such that

vApt+qg<—6, V n>N+41, (28)

with § some positive constant.

By setting, w™(t) = (U(t),wy(t),wa(t) - ,wn(t)T,
By = (_gy)» By = (bn)y, Ay = (
Ay = diag{v\, + ¢}}_,, we obtain from (24)-(26), the
following augmented system:

W™ (t) = Ayw™(t) + Bné(t), (29)
Wn(t) = (VA + @Qun(t) — bu&(t) + qb U(t), (30)

and initial data (w™ (0),w,(0)) = (¥, vo.n)-

IV. HOMOGENEOUS-BASED CONTROLLER AND MAIN
RESULT

We propose a nonlinear control following the concept
of generalized homogeneity based on a linear dilation d
generated by an anti-Hurwitz matrix G4 as defined in (1).

Since the pair (Ay, By) is controllable, then according
to [23], the linear algebraic equation

ANGy — GoAy + ByYy = Ay, GoBy =0, (31)

has a solution Yy € R*>*WV+D Gy ¢ RINFDX(N+1) gych
that the matrix Gg— Iy 11 is invertible. Moreover, the matrix

Gq = Ins1 + pGo, (32)

is anti-Hurwitz for any p € (—1,0) and the matrix Ay =
An + ByKgy with Kg = Yo(Go — Iny1)~ ! satisfies the
identity

AoGa = (Gq + pIni1)Ao,

GaBy = By. (33)

Furthermore, the Linear Matrix Inequalities

(Ao +6Ga) Xn+Xn(Ao+6Ga)" +ByY,+Y) By =0, (34)
GaXn+XnGY -0, X, =X, >0, (35)

have solutions X, € RWADXN+D) apg v, € RIXWV+1)
The following result proposes a homogeneous control using
a dilation d that is generated by G4 defined in (32). This
controller can achieve finite-time stabilization of the finite-
dimensional system (29).

Lemma 1: ([23]) Given any initial condition yév € RN+L
the system (29) with the feedback law

™ (1) = Kow™ (t) + N (w™ (1)), (36)

with
N (™ () =[w" @)l g Knd(— In(|[w™ (£)|a))w™ (), (37)

where K;, = V3, X, ', Y}, X}, solution of (34)-(35) and d
the dilation generated by Gg4 defined in (32) is globally
Lyapunov stable and satisfies

wh (t) = Ony1,  VE>T(y)), (38)

with T(y)) = i la”

Proof: The proof follows the same lines as in the
proof of [23, Lemma 5] showing that the functional V (t) =
[w™ (t)||a satisfies V' (t) < —6V (£)'** along the solution of
closed-loop system (29), (36), (37). |

Based on this lemma, we propose a finite-dimensional
homogeneous control stabilizing globally the infinite-
dimensional system (6)-(9).

Theorem 1: For any initial condition yo € H?(0, L) such
that yo(0) = yo(L) = 0, if u € (—1,0) then the system
(6)-(9) with feedback law (36) has a unique solution and the
origin y = 0 is globally asymptotically stable in H'(0, L).

N|—p
Moreover, for all t > T'(yl') = %, the control input
U and y satisfy
Uit)=0, (yt-),én)=0, n=1,...,N, (39)



(e M 0,0y < MeC=TED S X lya(T ()
n>N

with v = (0, (y0,¢1),- - -, (Y0, ¢n))" and some posft‘%\%
M > 0.

Proof: 'We provide a sketch of the proof, which is
divided into two parts.

Part 1: (Existence and uniqueness)

The closed-loop system (18)-(22), (36)-(37) is rewritten in
the following compact form:

Z(t) = (A+BKyP)Z(t)+ BN (PZ(t)),
Z(0) (0,90) € H,

(41)
(42)

where H = R x L?(0,L) is a Hilbert space with inner
product given by (Z1, Zs)y = U1Us + (wy,ws), with Z; =
(Ul,wl) EH, Zy = (UQ,’LUQ) € H, Z(t) = (U(t),w(t, )) €
H is the system state, the operator A : D(A) C H — H is
given by

0 0

AZ(t) = 0,y + gl

-2
D(A) = {(U,w) € Rx H2(0, L)|w(0) = w(L) = 0}, (43)

Z(t),

r(x) = 7, using the identity operator 1 on A and null
operator 0 on H, the operator P : H — RN*! defined
as PZ(t) = w(t) is linear and bounded and the operator
B : R — H defined as BE(t) = [, ] &(t) is linear
and bounded. Since the Laplacian operator 0,, generates
a Co-semigroup on L?(0, L) and the operator Z(t) € H
q[r(-),1]Z(t) € H is linear bounded in H then, the operator
A generates a strongly continuous semigroup on H ([24,
Therorem 3.2]), and in parallel, since B,P are linear and
bounded, then A + BKyP generates a strongly continuous
semigroup (S(t))¢>0 on H. Moreover the control operator
B is admissible (see [25, Section 4.2] ) for the semigroup
generated by A + BKP.

Following same lines as in [26, Theorem 1] and using [25,
Proposition 4.2.5 and 4.2.10], the closed loop system (41)-
(42) admits a mild solution Z(t) € C([0,400),D(A)) N
HL ([0,400),H) for € (—1,5*) and a classical solution
Z(t) € C([0,+00),D(A)) N CH([0,+00),H) for p €
[5£,0) defined by

Z(t) = S()2(0) + /0 tS(t—s)BJ\/(a(s))ds, (44)

where «(t) is solution of

Aoa(t) + BN(N(a(t))a
P(0,50) € RV,

a(t) =
a(0) =

(45)
(46)

for any initial condition yo € H?(0, L) such that 3o(0) =
yo(L) =0, Ag and By are such that (33) is verified. Notice
that the solution «(t) of (45) is unique and continuously
differentiable on [0, +00) (see [16, Theorem 9.1]); the map
L2 ([0, +00),R),

loc

Hlloc([07 +OO>7 R)7

if ME(—L—%),
it pel5h0).

t— N(at)) € {
47)

The proof of existence of solution of closed-loop system
(41)-(42) is complete.
The uniqueness of the solution of closed-loop system (41)-
(42) can be shown by contradiction. In fact if Z; and Z, are
two solutions of (41)-(42) and using the fact that (45)-(46)
admits unique solution, one derives Z; = Zs. The proof is
complete.

Part 2: (Asymptotic stability)
Let us consider the system

where n > N, wh(t) = (U(t), w1 (t), wa(t) -
Jw™ (1)) = Ko™ (1) + M (™ (1), Ko = Ko~ 14, and
A() = AN + BNKO

From (12) and using Wirtinger’s inequality along with [11,
Lemma 1], one has

e, Mo,y < M (3 Pallenl®) +10@)]), 50)
n=1
for some positive M.

Since On 43 is Lyapunov stable for (48) and using [16,
Lemma 7.2] there exists 5; € K, such that

vt>0, |wh(t) <oy ) (51)
This implies that there exists o1 € K such that
2\ 3 N
(D Mallwal?)? + U@ < (). (52

n<N

Since w? (t) = On11,Vt > T(yd'), then Vn > N + 1 and
Vit > 0,

- Ty)
wn(t) = Mty o — bn/ A9 £ (5))ds, (53)
0

with A, = v\, + q.
Then using [16, Lemma 7.2] and (51), there exists oo €
Ko such that Vt > 0,

[ N
(O] < |yn ol ., Yn>N. (54
wn )] < lynol + 3 o2l > N 50

Thus,

(D Pallwal®)® < M ( Y Pallgnol®)* + o203
n>N n>N

(55)

1
NG
with My = \/imax{l, (Zn>N \luA;JJiZIP ) }-

Using the inequalities (50) and (52),(55), there exists o3 €
Ko such that

Vvt >0, |yt )z, < osllyollaro,z))- (56)
This means that y = 0 is Lyapunov stable in H?!.
From (49), Vt > T(y{"), one has
N
t) =0n41,
w (t) N+1 (57)

Wn(t) = (An + Qun(t), n=N



Then using (50), one derives V¢ > T'(ylY),
1
Iyt < Mye TGN S n o (T ) 2]
n>N
(58)
which implies

lim |ly(t, )| &1 (0,0) = 0. (59)

t—+oo

This means y = 0 is asymptotically attractive in H'(0, L).
Since Vt > T(y{¥),U(t) = 0 then (12) implies that

V> T(yy), ylt,) =w(t,"). (60)
Using (38) one derives
vt > T(yp'), (y(t ), ¢n) =0, n=1-- N (6])
The proof is complete.
|

Remark 1: The homogeneous control (36) is a nonlinear
static feedback, which is Non-Lipschitz at w™ = On,.
In this case, Theorem 1.6 from [27], commonly used to
justify the well-posedness of infinite dimensional systems
with locally Lipschitz non-linearities, is inapplicable to the
entire space H.

Remark 2: Theorem 1 proves that the closed-loop system
with the homogeneous control is partially finite-time stable.
The proposed homogeneous controller steers the first N
modes of the distributed state y to zero in a finite time, while
all other modes decay exponentially to zero.

V. NUMERICAL SIMULATIONS

We perform numerical simulations on the system (6)-
(9), by using system (18)-(22) and transformation (12). The
initial condition and parameters are: yo(z) = z(m — ),
q=14,v =1, L = 7 and N = 1. We consider (23)
with M = 10 truncated basis. We use the control toolbox on
Matlab to compute the following linear control gains:

Ki, = (—13.5600, —106.6818),
K, = (—17.7100, —147.8641)

We use the Homogeneous Control Systems (HCS) Toolbox
for MATLAB [28] to compute , || - ||a, Ko, Kpn, Xn, Ga:

p=—0.1, Ko = (—0.5600, —2.0918),
K, = (—13.0000, —104.5900),

X, — (0.0269 0.3096) Gy = (0.9600

(62)

0.3096 3.8570 0.0107  1.1400

(63)
Figure 1 shows the simulations in logarithmic scale of the
norm ||y(t, )|/ z1(0,) of the closed-loop system with linear
control (blue line), with high-gain linear control ( black
dashed line), and with homogeneous control (red line). We
can observe that the closed-loop system with homogeneous
control converges faster to zero than a closed-loop system
with linear control. One can also observe that only a closed-
loop system with high-gain linear control and homogeneous
control achieves

ly(t, N mrom) < €:= 1074, Vt>T:=6,

0.5229)

(64)

Error Norm of the system

102

linear control
7 homogeneous control
S — — —High gain linear control
100 E
102
<
=10 ¢
108
108 ;
0 1 2 3 4 5 6 7 8

Fig. 1: Evolution of ||y(t, )|z (0, in a logarithmic scale
of the closed-loop system with linear control (blue and black
dashed lines) and homogeneous control (red line)

Error Norm of the system

linear control
homogeneous control
— — —High gain linear control | |

Fig. 2: Evolution of |y(t,-)|[z1(0,x) of the closed-loop
system with linear control (blue and black) and homogeneous
control (red) during the initial phase of stabilization

with the price to pay, the linear controller violates the
conditions stated in (11). Indeed, from Figure 3 only the
homogeneous control achieves (64) with the control restric-
tion

sup |[U(t)] < U :=9.5. (65)

One can also observe in Figure 2 and Figure 3 that using
high-gain linear control to achieve (64) implies a large
deviation of solution closed-loop system (a peaking) and an
overshoot of the control signal during the initial phase of
stabilization. Note that using high-gain linear control may
result in an unbounded peak and a very large overshoot when
N is very large. Hence, we can observe the advantage of
using a homogeneous control while making it possible to
obtain faster convergence without a peaking effect and with
a small overshoot.



Control Signal

linear control
homogeneous control
— — —High gain linear control | |

Fig. 3: Time-evolution of the control signal U (¢) of the linear
control (black and blue line) and homogeneous control (red
line) during the initial phase of stabilization

VI. CONCLUSIONS

In this paper, we designed a finite-dimensional nonlin-
ear homogeneous controller for stabilizing a 1D reaction-
diffusion equation. We provided a statement and sketch of
the proof for the existence of the closed-loop solution and
demonstrated the system’s stability. Simulations revealed
that the homogeneous controller outperformed the linear
feedback controller in terms of closed-loop performance,
eliminating peaking effects and reducing overshoot. Future
work will focus on developing homogeneous observer-based
controllers for reaction-diffusion PDEs and extending these
results to nonlinear PDEs, such as the 1D viscous Burgers
equation.
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