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Abstract

In this paper, we establish an exponential inequality for U-statistics of i.i.d. data, varying
kernel and taking values in a separable Hilbert space. The bound are expressed as a sum
of an exponential term plus an other one involving the tail of a sum of squared norms. We
start by the degenerate case. Then we provide applications to U-statistics of not necessarily

degenerate fixed kernel, weighted U-statistics and incomplete U-statistics.

1 An exponential inequality for Hilbert-valued degener-

ate U-statistics

1.1 Definition of U-statistics

Given an i.i.d. sequence (§;);-, taking values in a measurable space (S,S), a separable Banach
space (B, ||-||z) and measurable functions h;: S™ — B (where S™ is endowed with the product
o-algebra of §), the U-statistic of kernels (h;) is defined as

Un ((hi)ielncm) = Z h't (S'L)? (11)
i€lncy’
where Inc™ = {(i);_, 1 <4y < -+ <ipf,Incl ={i = (ig),, E N 1 < iy <y <+ <ip <n}
and & = (&iys - -5 Gin)-

When the kernels h; are index free, that is, h; = h and h(&;) is integrable, it is known
that U, (h) /() converges almost surely to E [k (&[1,m))] (see Hoeffding (1948)), where &[1 ) =
(&, .., &m) hence U, (h) /(3) is an unbiased estimator of E [h (p1,n))]. Allowing the kernel h
to vary with the index opens a wider range of applications, including weighted U-statistics and

also incomplete U-statistics.



In this paper, we will consider U-statistics taking values in a separable Hilbert space that
will be denoted by H. We provide an inequality for the tail of ||U,, (h;)||z. The upper bound is a
addition of an exponential term with an other one which is expressed in terms via a tail of a sum
of squared norms of some random variables linked with the kernels h; and the sequence (&),

Exponential inequalities for U-statistics of i.i.d. data have been obtained by Arcones (1995),

Bickel and Ritov (1995), Borisov (1990), Christofides (1991), Giné et al. (2000), Houdré and Reynaud-Bouret
(2003) for bounded kernels, Wang (1998) for kernels having finite exponential moments.

For dependent sequences, the following results are available for bounded kernels. In the
mixing case, a deviation inequality has been established by Han (2018) for fixed kernel under an
assumption on [-mixing coefficients, and conditional a-mixing coefficients. Borisov and Volodko
(2009); Borisov and Bystrov (2019) dealt with the ¢-mixing case. The case of a-mixing data
combined with a control on the decay of the Fourier transform of the kernel was treated by
Shen et al. (2020). Duchemin et al. (2023) gave exponential inequalities for U-statistics of order
two, of varying kernel case where data is a function of a Markov chain.

One of the main motivations of studying Hilbert space valued U-statistic is to treat spa-

tial sign for robust tests (see Chakraborty and Chaudhuri (2017); Wegner and Wendler (2023);
Jiang et al. (2023)), where the sign function is replaced by the map sending the origin to
itself and u — u/||ully if v # 0. Wilcoxon-Mann-Whitney-type test are also studied in
Chakraborty and Chaudhuri (2015). The consideration of U-statistics with varying kernel allows
in particular to treat weighted U-statistics. These ones are widely used for change-point tests by
Dehling et al. (2022); Hu and Wang (2023), ranking problems by Clémencon et al. (2016, 2008).
Gini mean-differences, that is, when m = 2, S = H and h;, ;, (u1,u2) = ||u1 — usl|y, when the
sequence (§;),-, takes values in a separable Hilbert space can be useful in the study of functional
data. The latter has also been done via U-statistics in Hu et al. (2023). Empirical U-statistics
have also been studied (see Ruymgaart and van Zuijlen (1992) for the i.i.d. case, Raghi (1998,
1997); Harel et al. (1994) in the mixing case). They can be viewed as random elements of an 1.2
space hence the deviation inequalities we established can be used.

Our results deal with Hilbert space valued U-statistics, which are not the most general Banach
spaces where U-statistics are involved (see for instance Adamczak (2006) and Giraudo (2024b),
where type 2, respectively, smooth Banach spaces are considered). Let us explain why our work
does not address the latter case. Our argument rests on a deviation inequality for Hilbert valued
martingales. Using the dimension reduction explained in Ding et al. (2013), section 4, such an
inequality could be established for smooth Banach spaces (like in Luo (2022)), at the cost of a
constant that depends on B through a constant C' such that for each x,y € B,

Iz +yllz < llzllp +pJe (v) + Cllylls (1.2)

where 1 < p < 2 and J,: B — R is linear and continuous. We would like to use an induction
argument and a change of Banach space, that is, taking BY like in Giraudo (2024a) but the
constant C' in (1.2) may depend on N (this was not an issue in the aforementioned paper, since

the involved constant is related to a martingale moment inequality and is the same for B and
BY).



1.2 An exponential inequality for degenerate U-statistics

Our approach to derive deviation inequalities rests on martingale methods. In general, U-statistic
of the form (1.1) are not sums of martingale differences in some sense. In order to use such
properties for each index of summation, we will need the following assumption.

Definition 1.1. The U-statistic U, ((h;)) defined as in (1.1) is degenerate if for each ¢ € Inc™
and jO S [[1>m]];
E [hi (Epmy) 1555 € [L,m]\ {jo}] =0 a.s., (1.3)

where [a,b] = {k € N;a <k <b} and Eppmp = (&1, -+, 6m)-

We will see later what can be done if (1.3) does not hold. The inequality for degenerate
U-statistics reads a follows.

Theorem 1.2. Let m > 1. There exist constants A,,, B, and C,, such that if (H, (-,-)) is a
separable Hilbert space, (§;);~, is an i.i.d. sequence taking values in a measurable space (S,S),
hi: S™ — H are measurable functions for which (1.3) holds, then

2
x m
ml’griiz{N § h, 51 > < Am exp (— <§) )

i€Inc]?

+ B, /oou (1+ logu)w_lﬁD Z | i (£5e) H;I > Cpyu | du, (1.4)
1

i€lnc’y

where

gloe = (&, ... 6
and (59) X A € [[1,m], are independent copies of (&;),-,-
> -

Let us make some comments on Theorem 1.2.
When M; := sup,, . csllhi(S1,-..,8m)|ly is finite, the right hand side of (1.4) vanishes

with the choice y = Zielman M?/C,, hence we get

—m

2
max Z hi (&) >z < Apexp e Z M} . (1.5)

i€Inc]? H i€lnc’y

It is also known by Arcones (1995) that when h = h; bounded and degenerate with respect to
(&i);=1, the exponent 2/m in the exponential term is optimal.
Notice also that the right hand side of (1.4) is finite if and only if for each 7 € Inc],

m(m+1) 1

< 00.

B s (6 (0 o s (00) )



In particular, this require a bit more than the existence of a finite second moment. This is not a

HH is supposed

to admit finite exponential moments. When we only have finite moment of order between 1 and

restriction at all, since in the application cases, the random variable th (5[[1,mﬂ)

2, one can use the deviation inequality presented in Giraudo (2024b).

Let us explain how Theorem 1.2 can be applied. The value of x will be imposed by the
application we have in mind. Moreover, for a fixed x, the right hand side of (1.4) is the sum of
two terms, an exponential one, which is increasing in y and and a tail one, which is non-increasing
in y. Usually, we will choose y depending on N and x such that exp (— (x/ y)z/ m) has the wanted

decay, which will furnish a condition on the tail of Zielman th (§§0C) H;I However, the tail of
such random variable is not easy to control. We will provide some examples where it will be
possible to bound it.

2 Applications

The result of Theorem 1.2 apply when the kernels are degenerate. In the next examples, we will
see which kind of bound can be obtained for non-necessarily degenerate kernels, and also with a
bound involving the random variables [y ,,,) instead of &, 1 <i < N.

2.1 Index free kernel

In this Subsection, we consider the case where the functions h; do not depend on ¢ and will be
simply denoted as h. The corresponding U-statistic will be expressed as

Umn,n (h) = Z h (&) .

i1€lncy’

The degeneracy assumption (1.3) reads as for each jo € [1,m],

E [h (gﬂl,m]]) | f[[l,m]]\{jo}] =0 a.s.

Of course, such an assumption has no reason to take place in general. We thus need to decompose
h into a sum of functions of less than m-variables for which the corresponding U-statistic is
degenerate.

Definition 2.1. Let (S,S) be a measurable space and let (H, (-,-)) be a separable Hilbert space.
We say that the kernel h: S™ — H is symmetric if for each sq,...,s, € H and each bijective

map o: [1,m] — [1,m], h(sa(l),...,sg(m)) =h(S1, -\ Sm)-

Define for k € [1,m] the kernels

k
hi: SE = H by (s1,-8) = (D" 3" BB (w80, G0 6m)] (21)
=0

J (ug))_, Ency,



and hg = E[h (&, ...,&n)]. In this way, the following equality, known as the Hoeffding’s decom-
position (see Hoeffding (1948)), takes place:

m m n
Upin (h) = (k) @UM () . (2.2)
k=0 (k)

When h is degenerate, the terms of index k € [0,m — 1] vanish. Also, observe that for each
k, Uxn (hi) is a degenerate U-statistic and that if E [h (f[[l,m]} | 5[[1,;@]1)} = 0, then hy (5[[1,;6]1) =0

almost surely.

Definition 2.2. Let m > 1, let (S,S) be a measurable space, let (§;),., be an i.i.d. sequence
taking values S and let (H, (-,-)) be a separable Hilbert space. We say that the kernel h: S™ — H
is degenerate of order d if for each k € [0,d — 1], Uk, (hi) = 0, where hy, is defined as in (2.1).

It is clear that in view of (2.2) that if h is degenerate of order d, then

m m n
=3 (1) YU ) 23
= \k/ ()

Theorem 2.3. Let m > 1. There exists constants A,,, By, and C,, such that if (H, (-,-)) is a
separable Hilbert space, (§;);5, is an i.i.d. sequence taking values in a measurable space (S,S),

h: S™ — H s symmetric and degenerate of order d, then for each positive x and v,

P ( max ||Upn (h)|lg > SL’Nm_%)

m<n<N
% m o0 _ m(m+1)
< A, exp <— (f) ) + BmZ/ P <Hk > C’muN¥xl_§y§> u (1 +logu) T du, (2.4)
Y g V1

where
Hp:=E [Hh (f[[l,m}])HH | f[[l,k]ﬂ :

This result relates to Corollary 1.1 in Giraudo (2021) in the following way. Our result deals
with Hilbert-valued U-statistics, while that in Giraudo (2021) is restricted to the real-valued
case. However, in this latter case, the constants are explicit which is not the case in (2.4).

Rates of convergence in the law of large numbers can be derived in exactly the same way as it
was done in Giraudo (2021), replacing the absolute value by the Hilbert norm. We will therefore
simply state them, without proof.

Corollary 2.4. Let (S,S) be a measurable space, m > 2, h: S™ — R be a symmetric function,
and let (&;);5, be an i.i.d. sequence of random variables with values in S. Suppose that h is degen-
erate of order d. If there exists a positive y > 0 such that M := sup,.exp (t7) P (Hh (5[[1,,”]]) HH > t)
1s finite, then for all x > 0,

P ( max_||Up.n (h)|lg > me) < Kjexp (—K2N%x%) ,

m<n<N

where K1 and Ky depend on v, M and m.



2.2 Weighted sums

In this Subsection, we provide results for weighted sums of non-necessarily degenerate U-statistics.
When h; does not depend on % or more generally when h; = T; (h), where T;: H — H is a
bounded linear operator and h is degenerate, it is possible to control the tail of Zielne% th (gg‘m) H;I
in terms of the operator norms of 7;, defined as || 15|55y = sup {[|7; (7). h € H, [|h[ly = 1},
and the tail of Hh (5[[17,,1]1) HH
When h is not necessarily degenerate, one can still do the Hoeffding’s decomposition and get
that

S nE) =Y d" (i (&), (2.5)

1€Inc) k=d iEIncﬁ
where hy, is defined as in (2.1) and for 4 = (iy,...,4) € IncF,
(nk) _ § :
ai — Tj.
j:(jl7"'7jm)61nczlv{i17"'7ik}c{j17"'7j7n}

When m = 2, one has

"V = (T + T

J=1

with the convention that 7Tj; = 0 if j < 7. For m = 3, one has

3

(n,2) _
a; i = E (T ing + Tiy jiin + Thiin i)

j=1

(n,1) _ } :
aj, - (Ti1,j17j2 + le,il,jz + Tj17j27i1) )

1<j1<g2<n

with the convention that T}, x, x, = 0 if k1 < ko < k3 does not hold.

Since the operators aﬁ"”“) depend on n, we cannot formulate a deviation inequality for the run-
ning maximum. A deviation inequality for weighted and non-necessarily degenerate U-statistics

reads as follows.

Corollary 2.5. Let m > 1. There exist constants a,,, b, and c,, such that if (H,(-,-)) is a
separable Hilbert space, (§;);~, is an i.i.d. sequence taking values in a measurable space (S,S),
h: S™ — H is a measurable function which is degenerate of order d and T;: H — H are bounded
linear operators, then for each positive x and vy,

2

m—d x m

PLI > Bkien| >an™ | 3 1Tl <amexp<‘(§)>
i€lnc)’ H i€lnc]?

m(m+1)

+%/uu+mm(zpm>%wmh@m
1

where

H = ||h (&m) || -

6



2.3 Incomplete U-statistics

The computation of a U-statistic of order m based on a sample of size n requires a computation
of a number of terms of order n™, which can be high in practise. For this reason, Blom (1976)
introduced the so-called incomplete U-statistics, whose rough idea is to put a random weight
equal to 0 or 1, reducing the number of terms that one has to compute. Here are the most
common ways of defining the random weights.

e Sampling without replacement: we pick without replacement N m-uples which belong to

Inc™.

e Sampling with replacement: we pick with replacement N m-uples which belong to Inc™.

m
n

e Bernoulli sampling: consider for each 2 € Inc]’, a random variable Z,; taking the value 1
with probability p, and 0 with probability 1 — p,. Moreover, we assume that the family

(Zn,i)iemen is independent and also independent of the sequence (&;);c;.-

The weak convergence of incomplete U-statistics has been established in Janson (1984). Rates in
the law of large numbers were obtained by Nasari (2012) and for L' convergence by Diirre and Paindaveine
(2023). Recent papers include incomplete U-statistics in a high dimensional setting, like Chen and Kato
(2019), and Lowe and Terveer (2021) obtained a central limit theorem when the data is based
on a triangular array.

Our first result deals with sampling with or without replacement.

Corollary 2.6 (Deviation inequality for sampling with and without replacement). Let m > 1.
There exist constants ap,, by, and ¢y, such that if (H, (-,-)) is a separable Hilbert space, (£;);5,
is an i.i.d. sequence taking values in a measurable space (S,S), h: S™ — H is a measurable
i€lnc)’ is a

collection of random variables taking the values 0 or 1 which is independent of (£;),~, and such
that Y, cinem Zng = N and x,y > 0, then

function which is degenerate of order d, N > 1 and n > m are integers and (Z,;)

i€lncy’ Y

PY Zuh(€)| >2vNy/min{N,nm7) <amem)<_<£)i>

m(m+1)

+%/uﬂ+mm(2PW>%wWL@ﬂ
1

Observe that the sampling with or without replacement is packed gives the same result. The
only crucial thing is the numbers of random weights that are not zero.

Also, observe that the normalization v'N/min {N,nm=4} is decreasing with d: if the U-
statistic is degenerate of order m, we only need a normalization by v/N in order to get a bounded

independent of N and n. In the other extreme case, that is, when d = 1, which corresponds to

the case where h; (&) is centered, if one takes N < n™ !

(which is logical if one wants to reduce
significantly the number of elements), then one needs the much stronger normalization N.

A deviation inequality for Bernoulli sampling reads as follows.

7



Corollary 2.7 (Deviation inequality for Bernoulli sampling). Let m > 1. There exist constants
Uy b and ¢, such that if (H, (-, -)) is a separable Hilbert space, (§;);-, is an i.i.d. sequence taking
values in a measurable space (S,S), h: S™ — H is a measurable function which is degenerate of
m 18 a collection of random variables taking

n

orderd, N > 1 andn = m are integers and (Zns); e
the values 0 or 1 with respective probabilities 1 — p, and p,, which is independent of (£;),~, and

x,y >0, then

P Z Znih (&)l > an™\/ppy/min {p,,n"}

i€lnc)’ H

(-75) rowe (- §)
<apexp | — +anexp | — | —
2 Y

Let us compare Corollaries 2.6 with 2.7. The right hand side of (2.7) is similar, up to the
constants, to the sum of the second and third terms of the right hand side of (2.8). These
quantities are independent of n and of the involved parameters of the sampling methods. The

2o

m(m+1)

>+bm/ u(l+logu)” = P(H > cpyu)du.
1

(2.8)

required normalizations to have a right hand side independent of n, N or p, (up the the first
term for (2.8)) depend on d and are the weakest if d = m and the strongest if d = 1. When
N = n"p,, the normalizing terms coincide. Nevertheless, an other exponential term appears
in (2.8) due to the control of the probability that the sum of the weights is bigger than some
number.

Let us point out that a Bernstein type exponential inequality for incomplete real valued
U-statistics has been established by Maurer (2022). The results deals with sampling with re-
placement, bounded kernels and the author does not make any assumption on degeneracy. The
results are expressed in terms of the number of m-uples among the chosen N that contain a spe-
cific value k, or that contain both k£ and ¢. Therefore, this does not make Corollary 2.6 directly
comparable with Maurer’s results.

If we assume that H has a weak exponential moment, namely that for some positive xy and
a >0,

sup exp (kot*) P (H > t) < o0, (2.9)
>0

the bounds (2.7) and (2.8) can be simplified as follows.
For the sampling with or without replacement, one gets the existence of a constant Kk > 0
such that

sup sup exp (mc ijm) P Z Znih (&)|| > 2V Ny/min {N,nm=4} | < cc. (2.10)
n2m x>0 i€lnc]?
n H



For Bernoulli sampling, there exists a constant K such that for each n, p, € (0,1) and = > 0,

exp <— min{n 2pn,/€£l§'2f;/”7}) P Z Zngh (&)|| > 2n™\/pny/min {p,,n=4} | < K.
H

i€lnc)’

(2.11)

3 Proofs

3.1 Proof of Theorem 1.2

Let us first explain the global idea of proof. It will be show that it is sufficient to prove The-
orem 1.2 for decoupled U-statistics and only in the case z/y > 3™/2. Then we proceed by
induction over m. The induction step is performed first via an application of the martingale
inequality given in Proposition A.5 for an appropriated choice of the filtration. Then, in order to
use the induction assumption, we introduce a new Hilbert space so that we can apply the result
for U-statistics of lower order.

In order to ease the notation of the exponent of the log appearing in the involved terms in

the proof, we define

m(m+ 1)
2

In view of Corollary B.2, it suffices to prove Theorem 1.2 for decoupled U-statistics. Indeed,

Dm = -1, m=>1.

assume that for each m > 1, we can find constants A/, B!/ and C/ for which the inequality

2
dec < A — f "
mrggicN Z h f >z | <A, exp ”

i€lnc)?

+B;n/100 At loguy P [ S [l ()| > Clyu | du

i€lnciy

holds for each Hilbert space H and each functions h; which are degenerate with respect to (&;),, -
Applying Corollary B.2, we derive that

/ x %
mrggicN Z hi (&) >z | <A, Kyexp <— <me) )
+ B! K, / (1 +logu)’™ P \/Z | (&) HH>C’7'nyu du

1€Incy

and replacing y by y/K,,, we can see that letting A,, := A K,,, B,, = B, K,, and C,,, = C! | K,
(1.4) holds.



We can also reduce the proof to the case x/y > 3™/2, by replacing A,, by max{A,,, *},
so that the contribution of max {A,,, e} exp (— (x/ y)z/ m) makes the inequality trivial for the
range of (z,y) for which z/y < 3™/2.

Therefore, we will prove by induction on m > 1 the assertion P (m) defined as follows:
"there exists constants a,,, b, and ¢, such that for each measurable space (5, S), each indepen-
dent copies (5;“), k € [1,m] of an i.i.d. S-valued sequence (¢;),,, each separable Hilbert space
(HL, (-, -))g, each collection h;: S™ — H, 4 € Inc™ of measurable maps such that for each ¢ € Inc™
and each jy € [[1,m],

E [hs (§pmt) 10§55 € [Lm]\ {Go})] =0, (3.1)
the following inequality holds for each z,y > 0 satisfying z/y > 3"/? and each N > m

2
x‘ m

ma h dcc z| <a,, e —
m<n2{N Z = S Xp( (y) )

i€lnc]? H

+ b /Oou(l—i—logu)pmﬁ” S i (&) |5, > cmyu | du.”
1

i€lnc’y

For m = 1, this follows directly from Proposition A.3, since (3.1) implies that the considered
U-statistic is a sum of independent centered random variables.

Assume that P (m) holds for some m > 1 and let us show P (m + 1). Let (S,S) be a measurable
space, (§;);5; an i.i.d. sequence of S-valued random variables, let (I, (-,-)) be a Hilbert space
and let h; : ™! — H be measurable functions such that for each jo € [1,m + 1],

E [Niipr (§ntms1) | 0 (&5 € [Lm+1]\ {jo})] = 0 as. (3.2)

Let N > m+ 1 and 2,y > 0 such that z/y > 3(™*1)/2_ Let us show that there are constants
Gmi1, bme1 and ¢, 1 depending only on m + 1 such that

2
x m—+1
P max h dCC >z | <a exp| — | —
m+1<n<N Z = Bmtl p Yy
H

zEIncm+1

% Zm+1

+ bt /100u(1+1ogu)pm+11@ ST (€) |5 > emeayu | du. (3.3)

zEIncm+1

Define for j > m + 1 the random variable

= 3 hay (e g

zEIncJ 1

and the o-algebras
Fm =0 (£d0° i€ Incly_y),

fj:fm\/a(g(m“),ugj),j2m+1.



Recall the following elementary property of conditional expectations: if Y is an integrable random
variable on a probability space (2, F,P) and G, H are two sub-o-algebras of F such that H is
independent of o (Y) V G, then

EY|GVH|=E[Y |d]. (3.4)
Let j > m + 1 be fixed. Then the following equality holds:

E[D; | Fial= Y E [hi,j (5;@’ (m+1> | Fi_ 1} :

'LEImcJ 1

Using equality (3.4) for a fixed 4 € Inc}'; with ¥ = h; (&ioc’ €§m+l)>’ G =0 (&) and

H =0 (&4 € Inc_ \ {i}) Vo (£(m+1) <j-1),
furnishes the equality

E[D; | Fial = Y E [hi (g2, o (6)]

’LEII’ICJ 1

which equals 0 by (3.2) hence (D;),.,,,, is a martingale difference sequence with respect to the
filtration (F}),.,,. Moreover, observe that

E [|1D;l% | Fiea] = E[ID;ll | Fon Vo (850, u < j - 1)]

hence an other application of (3.4) to G = F,, and H = o ( SRRV - 1) gives E [||D]||]%I | Fioi] =

_m_

E [||Dj||H | Fin]. Using Proposition A.5 with z; = z and y; = ym;ﬂzzmﬂ gives

P max Z h deC >z | = max >z

m+1<n<N m+1<n<N
zEIncm+1 H

2\ o
< 4dexp —(—) +4/ ulP
Y 1

N
which can be rewritten, by independence between (5;106)2,61 - and <€ng+1)> , as
ne j=m+1

ZD

j=m+1

LU
Z ID)If > yrianti g | du, (3.5)

j=m+1

2
ec T m+1
F m+r{12¢z{<zv Z hi (fs ) >z | <4dexp (- <§) )

m+1
1€Inc] H

2
2
+4/ /SN ~ Z i ; (&masj) > y%“x%“gz dP . (m+1) (3[[m+1,N]]) du,

é.[[erl N]
j= m+1 1,€Inc Ly H

(3.6)

11



where for a function g: S¥™ — R,

/g (Sm+1, ey SN) dIPg(erl) (S[[m-i-l,N}]) = /g (Sm_H, Ceey SN) d]P)gm+1 (Sm+1) . .dPgN (SN) .

[m+1,N]

In order to control the tail involved in the right hand side of the previous equation, we introduce

the separable Hilbert space (]ﬁl, (- -)ﬁ) which is defined as H = (xj)je[[m+17N]] T € H} and
N
<(xj)je[[m+17]v]] 9 (yj)je[[m—i-l,Nﬂ>]ﬁI = Z <xj7 yj>]HI
j=m+1

and for fixed s;, 7 € [m + 1, N], we define the functions h,-;(sj)je[[l - Sm s H by

h’l:;(sj)je[[m+17N]] (317 e 3m) = (hi,j (517 <5 Smy Sj) 11,€Inc >]€[[m+1 N]] (37)
Consequently, (3.6) can be rephrased as
=
€x m+
Pl max || > hi(§7)| >« <4exp<_<_) )
m+1<n<N Yy
i€lncmt! o
. - dec — mm E
—|—4/ /SN N hz;(sj)je[[l,m]] (52 ) >y +1:L’ +1 g dpg[([zﬁ)]v (3[[m+1,N]]) du.
i€lnci;_, i
(3.8)

By assumption (3.2), the following equality takes place for ngnm Q- ® ngvmﬂ) almost every
(Sj>j€[[m+1,N}]: -

E | Riss;), e psang (El1mD) ‘gﬂl,mﬂ\{jo}} = 0.
Therefore, an application of P (m) for such s;, fixed u > 1 and = and y replaced respectively by

Ty = yFI T a4 Yy = Lm’
8’ 8(1+logu)?
gives
2\
P m+nllg::(<N ZGIHZC;”H h; é‘dec >z | <4dexp <_ <§) )

2
0 m+1 0 oo
+ Qam/ u exp (— <§) (1+ logu)) du + bm/ / / uv (1 + logv)P™
1 Y sN-m J1 J1

PZ‘N

2
. dec -

p Pis(s,) et (65 )‘ﬁ S0+ og)? dudvdPyinin  (stmtrn1) - (3.9)

i€lncyy_,

YUVCyy

12



Since z/y > 3(m*1/2 we get

2am/ uexp | — (—) (14 logu) | du < 2a,, exp <—) :
1 Y Y

Moreover, using the expression of ||-||z and (3.7) allows us to derive from (3.9) that
2
m—+1
dec < o E
Pladiiy] 2 M) > ) <@ 2m)en ( y

1,€Inv:erl
+bm/ / / uv (1 + logv)™™
SN-m J1 1
N

e YUVCyy
P Z Z th : HH 8(1+10gu)m/2 dUdUdpg[([:E) ]](S[[erlvN]])

'LEIHCN 1] im

miﬂ 0o oo
= (4+2ay,)exp | — <§) + bm/ / uv (1 +logv)’™ g % dudv, (3.10)
Yy 1N (14 logu)

where

9(t) = S CICEIE

zGIncm+1

Doing the substitution w = u (1 + log u)_m/ v for a fixed u > 1, it suffices to prove the existence
of constants k,, and k!, for which for each w € R,

Pm
> 1 m w (1 + logu)™?
I (w) = /1 1u(1+10gu)7m/2<w5 (1+logu) <1 + log ( " du

< Bmlyse (14 logw)™ . (3.11)

Let us show (3.11). From the observation that there exists a constant xi,, depending only
on m such that for each u > 1, u < Ky nu(l +logu)_m/2
w < (K1m) ', hence

1”2("@1,m)2 1 1 1 % pm
Iw) < 1,5, )1/ — (1 +logu)™ (1 + log (w( + logu) du.
m 1 u u

Moreover, using that (1 + log u)m/ 2 /u can be bounded independently of u > 1, we get for some

, we derive that [ (w) vanishes if

constant kg, that

w2("11,m)2

1
I(w) < Iig’mlw>1/ — (14 logu)™ (1 +logw)’™ du
u

1
Pm

("‘Cl,m)2 1 1 l %
+ ol m)1<w<1/ ~(1+logu)"” (1 1 log (% du (3.12)
’ 1

which gives (3.11). This ends the proof of Theorem 1.2.
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3.2 Proof of Theorem 2.3

Starting from (2.3), one has

m n
k
Jnax | U ()l < ;( )krglaggVHUkn(hk @ mmZNm max [V ()l

where hy, is defined as in (2.1) and &, depends only on m, hence

m<n<N

IP’( max_||Upn.n (Bl >me—%) ZP(max Uk (i)l > 2N~ /m) (3.13)

For each k € [d,m], we apply Theorem 1.2 in the following context: my = k, h; = hy, x), =
eNF=425  /m and y, = NF~4/2g1=F/d  /m. We obtain in view of (3.13) that

IP( rgggNHUmn( Mg > =N ) g;AkeXp <_ (5) )

o _— C 2
+Bk/1 w(l+log) ™ 5P S e (8% [ > (Eka—le—’;,gmu) .

. k
i€lncy,

where Ay, Bg,Cr, k € [d + 1,m] are as in Theorem 1.2. Also, since the random variables

17k (&5%) I3

}H, 1€ Inclfv, have the same distribution, one has

S e (@) < N e () [ < N, (3.14)

'LEIncN

where < is defined as in Definition A.4 and kj depends only on k. Therefore, we infer from

conv

(A.8) that
m—g S r\
Nﬁ%mmwwwVQ<;Mm((ﬁ>
" o[ » k 2 Cr . 2k—d d-k 21)
—I—ZBk u(l+logu) PN Hhk (5[17kﬂ)HH> EN 2 X d KU 1 dudv
i 1 J1
= ZAkexp — (f) +ZBk/ / u (1 + logu)’™ P (H > C'Wm]\f¥ K2 uf) dudv.
k=d Y k—d 1 1 2m

Lemma 2.2 in Giraudo (2021) gives

v

/ / u (1 +logu)™ g (uy/v) dudv < Iim/ u(l+logu)’=" g (u/km), (3.15)
1 1 1

which concludes the proof of Theorem 2.3.
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3.3 Proof of Corollary 2.5

Starting from the decomposition (2.5), one has

P> Th@)| >a) <D P D a™ ()| >a/m

i€lnc)? k=d i€lncy®

H H

1—k/d, k/d

For each fixed k € [d,m], we apply Theorem 1.2 with m replaced by k, y, = x and

hi(s1,...,s1) = a™ (hy (s1,...,s1)). We derive that

%

Pl Ti(h(&)|| >= <§:A’“6Xp<_<£)§>

i€lnc)’ H d Y

Y

£ [ ull+logu R JZ o [, > S ot | an
k=d !

i€lncy®

For a convex increasing function ¢: R — R, one has

2

(n,k)
n : o)

Ble 3 [ (e, || <B o] 4t X g 2 I @)l
iclney? i€lnc)? n,

[
e (Al (6 )
o (A2 () 2)] '

E
< E [p (42 primt?)]

<E| )

s m
i€lncy

<E o | 0™ > (Tl smH

i€lnc)?

<E o | 0™ Y ITilge fmH

i1€lnc)?

hence a use of (A.8) gives

P Tih(&)| >=|< iAkeXp (_ (g)Q/d>

i€Inc - k=d

—k

+ Z Bk/ / u (1 + log u)k(k_l)/z_l P (An,k Hhk (5[[17@]) HH > xdTygu\/ﬂ/ (4m)) dudv.
T 11
We conclude by a use of (3.15).

15



3.4 Proof of the results of Subsection 2.3

Before going into the proofs of each corollary, let us mention the common elements of proof

Define for k € [d,m] and i € Incf the random variable

ZP =" Zu;,

JEI()
where [, (¢) denotes the set of indices 7 = (j,),~, € Inc]' such that on a set K = {¢,...,¢;} of
cardinal k, one has j,, = i1,...,Js, = ix. By symmetry of h, we have
Sz =3 Y 20 (@), 3.16)
i€lnc)? k=d jeInck

This decomposition reduces us to show the existence of constants a,,, b,, and ¢, depending only

on m such that for each k € [d, m] and x,y such that z/y > 1,

P Z Z(k hi (&)l > z\/ﬁ\/min {N,nm=1} | < a,,exp (— <§)m>

i€Inck H

+ bm/ u(1+logw)™™ V2P (H > ¢yu) du and — (3.17)
1

P Z Z(k hy. (& > zn™\/pny/min {p,, n=4}

1,€Inc H

m 2 2 00
<y exXp <_n 2p") + ap, exp (— <£) ) + bm/ u(1+logu)™™ V2P (H > ¢yu) du.
Y 1
(3.18)

Proof of Corollary 2.6. By independence between (Zy;);cppom and (&);-, one has

P ZZ(khk >z

1,€Inc H

- Z P Z Z Zjhk 57‘ > | P <(Z"vi)i61ncﬁ = (Zi)ielncfl) ’

(20);erpen €0013%% [ i€Tnen FE0E)

16



Using Theorem 1.2 for fixed (2;);cp,q+, We find that for yj that will be specified later,

P Z Z(k hi (&)l >z | <agexp <— (i) )
Yk

'LEInc H

+ bk Z P ((Z"vi)ielncﬁ = (Zi)ielncfl)
(Zl)zelnck 1o, l}c
2

/u(1+logu)k(k_1)/2IP Z Z zihi () || > vy | du.
1

i€lnck ||d€lr(d) H

2
Let A:=3 ", .o (delk( ) zj> . For a convex increasing function ¢: R — R, one has

2 B 2
1
E |p Z Z zihy, (§5°°) =E |¢ 1 Z Z z | Al (dCC)HH
i€lnck ||F€lk (%) H | i€lnck \Je€lx(i)
2
1
<E| X 5] e (Al E)2)

i€lnck \Je€lr(i)

VAN
=

1
1 Z zi | e (AlimHz)

iclnck \Jje€l, ()

hence > jen (i) %M (5,) < Ak, H?. Since /> ¢; < > \/¢;, one has A < N2

Moreover, by Cauchy-Schwarz, A nmFN < n™m 4N, Overall,
2

S ()| < Nmin {N, 0"}k, H?

. conv
zEIanL JEIL(%) H

hence by (A.8) and (3.15), we get

2/k
P Z Z(khk (&)|| >z ] <agexp <— (i) )
Yk

'LEInc H

—|—bk/ u (1 + logu)* /2 p <\/Nmm {N,nm=}x H > yku) du.
1

; k
i€lncy,

2/k 2/m
Bounding the exponent k (k + 1) /2 by m (m + 1) /2, choosing y; such that (y%) = (%)
and using the fact that z/y > 1, one gets

2/m
P Z Z(k hi (&)l >z | <agexp <— (f) )
Yy

'LEInc H

—l—bk/ u (1 +logu)™™m/2p <\/Nm1n{N nm=d}gl H>yu)d
1

17



from which we derive (3.17) by applying the previous inequality with x and y replaced respectively
by 2 (N min { N,n™=4}) "% and y (N min { N, nm=4}) "1/, 0

Proof of Corollary 2.7. We start from

P z8h(€)|| > an™ypay/min{p,n-3} | < Py + P,

'LEInc

where

P =P Z Zni>2n"p, | and

i€lnc)?

P2 =P Z hk gz > xnm\/p_n V min {pn7 n_d} N Z Zn,i < Qnmpn

p——
zEInc H 1€Incy)

The term P is bounded, via Azuma-Hoeffding’s inequality, by 2 exp (—n™p? /2). Using indepen-

dence between (Zy, ), p,em and (&;);5,, we get

1€lnc))

j > P> Y zhe(&)| >an™y/pay/min{p,, n~}

(zz)lelnck c{o, I}C" i€Inck el (1) -

1Zzelncm 2{<2n"pn P <(Z”7i>i61ncﬁ = (Zl)zelnc ) :

We apply Theorem 1.2 for fixed (2;),.; » and get

i€lnc;)

2/k 00
x k(k—1)
Py < aj exp (— <_y ) >+bk/ u(l+logu) 2 E P ((an)ielnck = (Zi)ielnck)
k 1 n n

(26)semek €10.11°F
2

P Z Z zihy (§dCC) > u? (xnm)zpn min {pn, n_d} 1S e 2 <2nmp, AU

i€Inck ||j€lx(3) H

For (2;);cpem such that 3, »
P

letting A =3, 1,k (Zjelk(i)> , one has

2 B 2

Ele[ XX am@)| || =kl %z S| Al ()

i€lnck ||7€li (%) H icInck \Je€lx(%)

i€Ine? m 2 < 2n™p, and a convex non-decreasing function ¢: R — R,

2

<E|5 Y[ 30w e (Al E)2)

i€Inck \J€lx(3)

<E [<p (A/im[-lz)] )

18



Since >, cpuem Zi < 2npy, an application of /> ¢; < Y- 4 /¢; gives that A* < 2n™p,,. Moreover,
convexity of the square gives A < n™*2n™p,, < 2n*" %p,. The combination of the obtained

2
Zjelk(i) zihy, (SSCC) HH < Ky min {\/Qnmpn, 2n2m_dpn} H?. We then

conv

conclude similarly as in the proof of Corollary 2.6: we use (A.8), then (3.15) and take y; making

im v ,
estimates gives > oy,

2/k
the terms exp <— (i) ) k€ [d,m], equal and finally, the fact that z/y is bigger than one

allows to find a bound independent of k. This ends the proof of Corollary 2.7. O

A A deviation inequality for Hilbert-valued martingale

differences

A.1 Real-valued case

In this section, we collect existing results in the literature in order to derive an exponential
inequality for real-valued martingale difference sequence. The tail of the maxima of absolute
values of a martingale are controlled via an exponential term and the tail of the sum of squares.
This will be the starting point

Fan et al. (2015) showed the following.

Theorem A.1 (Theorem 2.1 in Fan et al. (2015)). Let (D;),., be a real-valued martingale dif-
ference sequence with respect to the filtration (]:j)j>o- Suppose that there exists random variables
Vi_1, 7 € [1,n], which are non-negative and F;_i-measurable, non-negative functions f and g
such that for some positive A and for all j € [1,n],

Then for all z, v, w > 0,

n k k k
P <U { D; > :c} N {ZD]2 < 112} N {Zvj_l < w}) <exp (—Az+gN) P+ f (N w).
k=1 \j=1 =1 1
(A.2)
Notice that the condition (A.1) is satisfied for all A > 0 when f(\) = g(\) = A\?/2 and
Vio1 = E[D? | F;_1] provided that E [D?] is finite for each j. After having chosen w = v?,
optimized over A the right hand side of (A.2) and applying Theorem A.1 to D; and then to —Dj;,
we derive that for all x and y > 0

1> x) < 2exp (—Qyj—z) +P (zn: (D +E[D; | Fj]) > y;) . (A3)

i=1

An inequality in this spirit has been established by Bercu and Touati (2008), Theorem 2.1,
without the max but the event involving the sum of squares and conditional variances is in the
probability in the left hand side.
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A.2 Dimension reduction in Hilbert spaces

An extension of (A.2) to the Hilbert-valued case requires the following dimension reduction
result. This was done by Kallenberg and Sztencel (1991) in the continuous time case, and in
Proposition 5.8.3 in Kwapien and Woyczynski (1992) in the discrete case.

Lemma A.2. Let (H,(-,-)) be a separable Hilbert space, let ||z||y == +/(z,x) and let (D;),,
be a H-valued martingale difference sequence with respect to the filtration (]-"j)]}o. Enlarging the
probability space if needed, there exists an R*-valued martingale difference sequence ((dy ;, dg,j))];l
with respect to the filtration (G;).., such that for each j > 1, ID; |5 = 2 ; + d3; and for each
n>l,
STE(IDilg | Fjoa] =D E[d3, 1G] + Y E[d}y ]G] and (A.4)
j=1

i=1 j=1

- (Z d> ; (Z d> | (A9

H

> D
=1

A consequence of such a dimension reduction is that a deviation inequality for real valued

martingale difference sequences in terms of tails of norms of increments can be covnerted into
a similar inequality for a Hilbert-valued martingale difference sequences. An inequality in the
spirit of (A.3) reads as follows.

Proposition A.3. For each separable Hilbert space (H, (-,-)) and each H-valued martingale dif-

ference sequence (D;) .., with respect to a filtration (F;),.,

k

3o,

Jj=1

P | max
1<k<n

x2 n 2
o) <o (<) 28 (z (1D + B (1D, 7)) > %) ,
(A.6)

H j=1

where ||z||y = /(z, ).

Proof. Let H be a separable Hilbert space and let (Dj)j>1
sequence with respect to a filtration (]-"j)]}o. By Lemma A.2, there exist an R2-valued martingale
difference sequence ((d1;, da,5));-, such that for each j > 1, ||Dj]|[2HI =di ;+d3; and (A.4), (A.5)
hold for each n. In particular,

be a H-valued martingale difference

<

H

_|_

> D
j=1

from which the following inequality follows:

n
E duj
=1

n
E da
=1

k

>0,

J=1

P | max

1<k<n 1<k<n

> <P<max
H

k
E dyj
=1

> f) + P (max
2 1<k<n
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An application of (A.3) with y? replaced by y? = y?/4 gives

k 2
x
P 1121]?31 ZD]- >z | <4dexp (_E)
Jj=1 H
2 y 2 Y
+P Zd FE[d ;[ G] > 5 | P D _di +E[d; | Ga] > T
and (A.6) follows from the combination of (A.4) and (A.5 O

The following ordering was studied in Riischendorf (1981).

Definition A.4. Let X and Y be two real-valued random variables. We say that X < Y if for

conv

each nondecreasing conver ¢: R — R such that the expectations E[p (X)] and E[p (Y)] exist,
Elp (X)]<Efp (V)]

The point of this ordering is that if X < Y, one can formulate a tail inequality for X in

conv

terms of tails of Y. More precisely, Lemma 2.1 in Giraudo (2021) gives that if X and Y are
nonnegative random variables such that X < Y, then for each positive t,

conv

P(X>t)</looIP<Y>t£> dv. (A.8)

When the conditional variances admit a particular form, it is possible to express the tails of
maxima of a martingale by the sum of squares of the norm of the increments, that is, without
conditional moment.

Proposition A.5. Let (H, (-, -)y) be a separable Hilbert space. Let (D;),,
martingale difference sequence with respect to a filtration (]:j)j>o- Suppose that

be a square integrable

E (D1l | Fi-1] = E[I1Dsllg | Fo] as..

Then for each positive x and y, the following inequality holds:

x? *
(1@]?3% ZD > a:) <dexp <_E) +4/1 ulP

Proof. We combine (A.G) with (A.8), applied with X =37 (||D]||]%I +E [||D]||]%I | F;_1]) and
V=23 Dl -

u u
STUDE > ye | du (A9)
j=1

B Decoupling inequalities for U-statistics

Let U, be a U-statistic defined as in (1.1). Suppose for simplicity that h; = h. In general,
its treatment is a difficult problem because the contribution of each random variable &; appears
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in several coordinates of the function h and the random field defined by X; = h (&) is not
stationary. Moreover, the involved filtrations are not easy to deal with. A much easier object is
the decoupled U-statistic U for which the entries are replaced by independent copies of (51')1'21-
More precisely, we define

Udec ; Z h; gdec (B].)

i€lnc)?

lec = <5n . fz m ), and the sequences <§i(1)> .
i>1

and have the same distribution as the sequence (&;),. -

L <£.(m)> , are mutually independent
i>1

(2

An important feature of decoupled U-statistics is that the tail of the U-statistic can be
controlled in terms of that of its decoupled version.

Proposition B.1 (de la Pena and Montgomery-Smith (1995)). For each m > 1, there exists a
constant K., depending only on m such that if (&;);5, s an i.i.d. sequence taking values in a
measurable space (S,S), (B, |-||g) a separable Banach space, h;: S™ — B and let U, ((h;)) and
Udee ((h;)) are defined respectively as in (1.1) and (B.1), then the following inequality holds for
each positive x:

P ([|Un ((hi))llp > @) < Kl (Ko U ((h))]| > ) -

Since we are interested in maxima of U-statistics, we will need the following consequence of
Proposition B.1.

Corollary B.2. For each m > 1, there exists a constant K,, depending only on m such that
if (&i);q 15 an i.i.d. sequence taking values in a measurable space (S,S), (H, (-,-)) a separable
Hilbert space, hy: S™ — H and let U, ((h;)) and U3 ((h;)) are defined respectively as in (1.1)
and (B.1), then the following inequality holds for each positive x and N = m

<n< m<n<N

P < max U (i) ||y > x) K, P (K max _||US ((hs)) ||, > x) :

Proof. We apply Pl"OpOSlthIl B.1 to the following setting: we take B = H" endowed with the

N
norm ‘ Yn) et 5 = MAXi<neN |yl and for ¢ € Inc™ consider h S™ — HY defined as

hi (81, 8m) = (HZ(") (s1,.. .,sm))N

n=1
where
H,L(n) (Sl, ey Sm) = hm (81, cey 8m> 1im<n’
In this way,
a0 (Ra))ls = [0 ( (32))
and a similar equality holds for the decoupled versions of the U-statistics. O
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