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An observability estimate for the wave equation and applications to
the Neumann boundary controllability for semi-linear wave

equations

Sue Claret*

September 10, 2024

Abstract

We give a boundary observability result for a 1d wave equation with a potential. We then deduce with
a Schauder fixed-point argument the existence of a Neumann boundary control for a semi-linear wave
equation Ouy — Ozzy + f(y) = 0 under an optimal growth assumption at infinity on f of the type sIn?s.
Moreover, assuming additional assumption on f’, we construct a minimizing sequence which converges
to a control. Numerical experiments illustrate the results. This work extends to the Neumann boundary
control case the work of Zuazua in 1993 and the work of Miinch and Trélat in 2022.

AMS Classifications: 35L71, 93B05.
Keywords: Observability inequality, semi-linear wave equation, exact boundary controllability, fixed-
point method, least-squares approach.

1 Introduction and main results

Let Q:= (0,1), T > 0 and Qr := 2 x (0, T). We define the Hilbert space H/y\(2) := {2 € H'(Q); 2(0) = 0}

endowed with the norm H-||H<10)(Q) = [|0z [ p2()- We denote by H(B;(Q) the dual space of H(lo)(Q) equipped
with the dual norm

(w, 2)-1.1
lolugio = 20 o) el
sent, @\ 121l @

)

where (-,-)_1; denotes the dual product between H 1 (Q) and H},(92). For any A € L®(Qr) and B €

(0) (0)
L?(Qr), we consider the following linear wave equation

Outtp — Ozatp + Ap = B, Qr,
@(Ovt) =0, 3:::80(1775) =0, (OvT)7 (*)
(90(70)7at¢(70)) = (@07@1)7 Qa

where ¢ = ¢(,t) is a state and (o, ¢1) € L*(Q) x H(B)I(Q) is a given initial data. Then, (¥) admits a unique
solution in the sense of transposition in C°([0,T]; L2(€2)) N C*([0, T7; H(B)l(ﬂ)), we refer to Definition [2[ and
Theorem This paper is devoted to the boundary observability problem corresponding to @ Precisely,
our main result is as follows

*Université Clermont Auvergne, CNRS, LMBP, F-63000 Clermont-Ferrand, France; sue.claretQuca.fr.
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Theorem 1. Let T > 2, A € L>®(Qr) and B € L*(Qr). Then, for any ¢ solution in the sense of
transposition of @, there exists Cops = C(, T, A) > 0 such that

2 2 2
H(‘p('a 0)7 at‘P(‘a 0))||L2(Q)XH(_O;(Q) < Cobs (HQD(L ')HL?(o,T) + ||att90 - ammﬂo + ASDHL?(QT)) : (ObS)
Moreover, there exists C = C(Q,T) > 0 such that
Ol = CeCVIAlL= @)

Estimate has been known for many years, see [LT89a), Theorem 3.1 (b) p. 271 or Theorem 3.4 (b) p.
274] , [ILTZ05, Chapter 19, Lemma 19.A.1 p. 324] or [Cor(7, Proposition 2.60, 2.61 p. 74]. In the above
results, the constant C,,s depends on the potential A. However, the explicit estimate of Cops as a function
of the potential A as in [Zua93, Theorem 4 p. 120] or [ZhaO0, Theorem 3.1, 3.2] is a part of the problem and
it is exactly the main novelty of this paper. The proof is based on the same method as in [Zua93l, Section 3].
In particular, the one-dimensional character is used in a fundamental way.

By duality arguments, boundary observability estimates are equivalent to boundary controllability prop-
erties. In particular here, one motivation for Theorem ] is the exact boundary controllability of the following
semi-linear wave equation

6tty - a:z::cy + f(y) = 07 QT7
y(oa ) =0, 8zy(1a ) =, (OvT)v (**)
(y(vo)aaty(vo)) = (UOaul)a Q7

where (ug,u1) € H(lo)(Q) x L?() is a given initial data, v is a control function and f € C}(R) is a non-linear
function. The problem of exact controllability associated with (xx) is the following one:

Given a controllability time T > 0 large enough, for any initial data (ug,u1) and any final data (29, 21) in
H(lo)(Q) x L?(Q), find a control function v € L*(0,T) and y € C°([0,T); H(lo)(Q)) NC([0,T]; L*(Q)) solution
of (x%) such that

(y('vT)aaty('vT)) = (20, 21) in €1 (1)

The controllability problem of the non-linear wave equation has essentially been studied in the case of
distributed control with mainly Dirichlet boundary conditions. The first work on the exact controllability
of a finite-dimensional non-linear wave equation is due to Markus in [Mar65] by using an implicit function
theorem. The above method was then applied to obtain local controllability results on non-linear wave
equation in [Fat75] or [Che76]. After that, the global controllability problem for semi-linear wave equation
is studied under the following growth assumption on the non-linearity :

£(r)]

3B > 0 small enough such that limsup —~—5~— < 3 for some p > 0. (H)
|r| =400 |T| In |’I"|

In particular, by a Schauder fixed-point argument, Zuazua in [Zua93] proves the first distributed controlla-
bility result for the 1d semi-linear wave equation under the assumption with p = 2. Subsequently, the
above result is generalized by the same approach to the multidimensional case with p = 1/2 in [LZ00] and
then with p = 3/2 in [FLZ19]. In the specific case of mixed boundary conditions with a Neumann control,
to our knowledge, there are very few results. A global exact boundary controllability result for , under
the assumption that the non-linearity f is continuous with first derivative uniformly bounded, was given in
[ILTZ05, Chapter 19] in the space H (10)((2) x L2(2) for the multidimensional case. Another controllability
result is proved in [Cor07, Theorem 4.22 p. 178] with a Schauder fixed-point argument adapted from [Zua93]
assuming that f is at most linear.
A first consequence of Theorem [1]is the following
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Theorem 2. Let T > 2. Assume that f € C*(R) such that

limsup ——5-— L < B. (H1)

jri—-too [ In* |1
If B is small enough then the system E(D 1s exactly controllable in time T.

The proof is based on a Schauder fixed-point argument. In particular, the stability property of the operator
results from the observability inequality of Theorem (1| and the assumption on f; which can be
proved to be optimal in the power of the logarithm by the same argument as in [Zua93| Section 4].

Remark that Theorem [2| and all the previous cited results only give the existence of a control function
for (%) and is not based on a constructive method. It is only very recently that the question about the
construction of convergent control approximation has emerged: we refer to [MT22], [ BLM23b] using a least-
squares approach or [CCRR22l BLM23al [CLLM24] where a Picard iterative scheme is proposed. Under the
assumption that the non-linearity is continuous in time and Lipschitz in space with a Lipschitz constant
independent of time, we mention the back-and-forth iterations method of [NZWF19] which is illustrated
in the case of the boundary controllability of the Sine-Gordon equation with a mixed boundary conditions.
Eventually, in [CT06], Coron and Trélat construct a control in a feedback form to move from any steady-state
to any other one provided that they are in the same connected component of the set of steady-states.

Assuming an additional growth assumption on f’, a second consequence of Theorem [I|is the following

Theorem 3. Let T > 2. Assume that [’ is a-Holder continuous, for some o € [0,1], and satisfies

!
hInsupIf( )l
Ir|—+oo I |7

<p (H2)

with 3* > 0 small enough. In the case oo = 0, we assume moreover that || f'|| L) is small enough. There
exists a sequence (Y, Vi)ken which con’uerges strongly, at least with order 1 + a after a finite number of
iterations, to a state-control pair (y,v) of (B)

As in [MT22, BLM23b, LMGM21], Theorem [3|is obtained by a least-squares approach, which consists to
minimize the functional

Ey,v) = [0y — Ouay + )220y

over all the pair (y,v) € L?(Qr) x L?(0,T) satisfying (y(-,0),9%(-,0)) = (ug,u1) and (y(-,T),0y(-,T)) =
(20, 21). In particular, the observability inequality (Obs) is used in a fundamental way and the assumption
(H2) on f’ is again a consequence of the expression on the observability constant.

Outline. The paper is organized as follows. Section [2|is devoted to giving some theoretical results for
linear wave equation with potential and source term. In particular, we give the existence, uniqueness and a
priori estimates for weak solution in the regularity space H, (10)(9) x L?(Q) (see Section i and for solution
in the sense of transposition in the space L?(Q) x H(Bl(Q) (see Section . In Section |3| we give the proof of
the observability inequality given by Theorem |1} We give then controllability results as an application
of in Section {4l Section is devoted to controllability of a linear wave equation, while Section
and Section [£.3] are devoted to Theorem [2] and Theorem [3] respectively. Finally, we present some numerical
simulations in Section [5] to illustrate our results and, we conclude and give some perspectives in Section [6]
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2 Linear wave equation with mixed boundary condition

2.1 Existence and uniqueness of solutions in the space H(lo)(Q) x L*(Q)

Let T > 2, B € L'(0,T;L*(?)), v € L*(0,T) and A € L*>(Qr). We consider the following linear wave
equation

Oy — Ouay + Ay = B, Qr,
y(oa ) =0, aﬂcy(lv ) =, (OvT)a (2)
(y(vo)aaty(vo)) = (UOaul)a Q7

where y = y(z,t) is the state and (ug,u1) € H(lo)(Q) x L%(Q) is a given initial data.
We define the solutions of in a weak sense.

Definition 1. We say thaty € L?(0,T; H(lo) (Q))NH(0,T; L*(Q)) N H2(0,T; H(_o)l (Q)) is a weak solution
of if and only if y is solution of the variational formulation

(Ouy( 1), 2) =110y 11 (0) —v(t)z(l)—|—/ axy(')xzdx—k/ Ayzdxz/Bzd:r, VZGH(lo)(Q), (3)
() 59 0y Q Q Q

for a.e. t € [0,T] and (y(-,0),dy(-,0)) = (ug,u1) in Q.
The well-posedness of system is proved in the following theorem

Theorem 4. Let A € L>(Qr), B € L' (0,T; L*(Q)), v € L*(0,T) and (ug,u1) € H(Q) x L*(Q). There
exists a unique weak solution y of satisfying

y € C°([0, T]; Hgy () N CH ([0, TT; L*(9)).

Moreover, there exists a constant C = C(Q,T) > 0 such that, for any t € [0,T],

”y('at)HH(lo)(Q) + Haty('at)”Lz(Q) < CBC ”A”LOO(QT) ( ”(uO’ul)HH(lO)(Q)xL?(Q) 4F ||B||L1(O,t;L2(Q)) =+ ”/UHLz(O,t))-
(4)

Finally, y(1,-) belongs to H*(0,T) and there exists C = C(2,T) > 0 such that, for any t € [0,T],
0L, =09 < CeOVIA=@ (o, un)llay oz + IBlmrouszaay +Iolzzon) - 6)

Proof. The proof is based on well-known arguments. For the existence, as in [LM72| Proof of Theorem 8.1
p. 265], a candidate solution is built using the Faedo-Galerkin method by considering a Hilbert basis of
L?(9) composed of eigenvalues of the Laplacian which is also an orthogonal basis of H (10)(9) (see [Bre83l
Théoréme 1X.31 and Remarque 29 p.192-193] for the existence of such a basis). First, we prove that this
solution satisfies inequalities and and then we show that the above candidate solution is a solution of
our problem. Uniqueness is treated separately in a similar way to [Eval0, Theorem 4 p.385]. O

2.2 Existence and uniqueness of solutions in the space L?(Q) x H(B)I(Q)

This section is dedicated to the existence and uniqueness of solution of the linear wave equation in the space
L2(Q) x H(B)l (Q). In particular, we define the solution of () by the transposition method (see [LM72, Chapter
I, Section 4.2 p.47]). For any g € L*(Qr), let w € C°([0,T7; H(lo)(Q)) NCY([0,7T]; L*(2)) be the weak solution
of the backward adjoint equation

Opw — Ogpw + Aw = g, Qr,
w(O» ) =0, azw(lv ) =0, (O,T), (6)
(w(-,T),@tw(~,T)) = (0,0), Q.
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Definition 2. We say that ¢ € L? (0, L (Q)) is a solution in the sense of transposition of (B) if and only
if  is solution of the identity

/ o(z,t)g(z,t) dedt = / B(z, tyw(, t) dzdt + (o1, w(-, 0)) g-10) i (q)
Qr Qr OO (7)
- / vo(z)0rw(z,0) dz, Vg € L*(Qr),
Q

where w is the weak solution of @

Theorem 5. Let B =0, A € L>(Qr) and (¢o, 1) € L?(2) x H(B)l (). Then, there exists a unique solution

in the sense of transposition of @ satisfying

p € C°([0,T]; L2(2)) NC* ([0, T]; Higy ().

Moreover, there exists a constant C = C(T,Q) > 0 such that

leCoD)llz2@) + 19ep (s )l g1y < Ce“VIHE=@D (00, 01) | 3y ezt ) 8)

for any t € [0, T].
Proof. Let (po,¢1) € L*(R2) x H(_O)l(Q) and A € L*°(Qr). We easily check that problem

b(e, 9) = £(g), Vg € L*(Qr), (9)

where
boo) = [ odedt and o) = (o110 0) sy o~ [ 0()0hy(,0) da,

admits a unique solution ¢ € L?(Qr) by the Lax-Milgram theorem (see [Bre83), Corollaire V.8 p.84]).
Now, let us write
="+ ¥y

where Uy € C°([0,T]; L*(Q)) N Cl((O,T};H(_O)l(Q)) and Wy € C°([0,T]; H((2)) N C'([0,T]; L*(Q)) are re-

spectively the solution in the sense of transposition and the weak solution of

0¥ — 021 =0, Qr, 04 Wg — O Vo + AVy = — AV, Qr,
U4(0,-) =0, 0,¥¢(1,:)=0, (0,7), Us(0,-) =0, 0,¥s(1,:)=0, (0,7),
(U1(-,T), 0091 (-, T)) = (0, 1), Q, (Va(-,T),0,%5(-,T)) = (0,0), Q.

Remark that, ¢ € C°([0,T]; L2(Q)) N C'((0,T7; H(_o)l (Q)). Since the energy associated with system in ¥y is

conserved, we have

1C23.Co 1), B0 D@y @ = (00 00120yt @ - vt € [0, 7). (10)

Moreover, using estimates and (10), we obtain

2 A/ ) 2
H(\IJQ<'7t)vat\IIQ('at))”H(lO)(Q)xL?(Q) < Cec 1Al @) ”A\IleLZ(QT)

(11)
< CeC HA‘lLOO(QT)T||A||iDO(QT) (20, 1)

2
||L2(Q)xH(;))1(Q) :

Therefore, since the embeddings H  (2) — L*(2) and L*(Q) — H(_o)l () are continuous, we deduce estimate

using and . O



Remark 1. Let ¢ € C°([0,T]; L*(Q2)) nC*([0,T7; H(_o)l (Q)) the solution in the sense of transposition of (¥)
associated with B = 0. As a consequence of the time reversibility of the wave equation,  satisfies

1pos 1)l aqayxargicay < CeVII=@D (ll(, )] 22y + 18eo (s Ol ey ) (12)

for all t € [0,T7.

3 Observability estimate

This section is devoted to the proof of Theorem It is an adaptation of [Zua93l Section 3 p.120] to the
boundary case. Here and in the following, the Dirichlet-Neumann Laplacian inverse operator, noted (—am)*l,
is defined by
-1 _
(_axm) : H(0)1 (Q) - H(lo)(Q)
f—u

where u is the unique solution of

/Q dpu Opvdx = (f,v) 1k @)1 () Vv € Hi) ().

In particular, (—89896)_1 is a continuous isomorphism (see [Lio88, p.201]) such that

[ (G i VS € H(Q).

@’
Proposition 1. Hidden regularity. Let ¢ € C°([0,T]; L*(€2)) N C'([0,T]; H(B)I(Q)) be the solution in the
sense of transposition of (¥) associated with A € L>(Qr), B = 0 and (o, ¢1) € L*(Q) x H(B)l (Q). Then,
©(1,-) belongs to L*(0,T) and there ezists a constant C = C(T,Q) > 0 such that

le(, )z2o.) < CeCVIAlE=@D ||(<P0a<Pl)||L2(Q)xH(—O§(Q) ' (13)

Proof. Let (po,¢1) € H(lo)(Q) x L*(Q) and let ¢ € C°([0,T7; H(lo)(Q)) Nnct ([0, T]; L2(2)) nC3([0, T); H(_O)l(Q))

be the weak solution of (ED associated with (¢, ¢1). We consider y € H, (10)(9) the unique weak solution of

_8zx = —¥1, Qa
{ X ¥1 (14)

x(0) =0, d:x(1) =0,
that is x is solution of
/Qazxazv dz = 7<¢1,U>H&);(Q)7H(10)(Q), Yu € H(lo)(Q).

We define .
M%ﬂ=/¢®@®+x@, (1) € Qr.
0

In particular, h € C*([0,T1; H(lo)(Q)) N C2([0,T; L2(2)) nc3([0, T); H(B)I(Q)) Since ¢ is a weak solution of

system @, by Definition |1}, we have

(Onp(-, 1), Z>H—1(Q) HL () —|—/ Orp(x,t)z(x) do —|—/ Az, t)p(x, t)z(x)de =0, Vze H(lo)(Q)
(@270 Q Q



for any ¢ € [0, T]. We integrate the previous equation on [0,t],t € (0,T] and we obtain

¢ ¢
/(&ﬂo( $),2) -1 (), H Q)der// Osip(z, 8) :z:)dsder/ /A(x,s)cp(:v,s)z(z)dsdx:()
H) 0 o Jo
¢
& /8t (O (-, >H(B>1(Q)aH<lo)(Q) ds+// (’“)wgo(x,s)(’“)wz(x)dsdx:/ (—/ A(w,s)ap(m,s)ds) z(z) dx

& (Owp(1),2) g H (). H (O)(Q)—<5tg0(.70), 2) g HEH @) (@) // Orp(x, 8)0z2(x)ds dz

_ /ﬂ (_ /0 A(x,s)@(m,S)dS) +(z) de

t
& 0. Doy o+ [ oo st [ ([ op(eos) duste)ao
0

= /Q (—/0 A(z, s)p(z, s)ds) z(z) dz
& <8tgo(~,t),z>H(—o)1(Q) 1}, (@) +/ </Ot Oz p(x, s)ds + (‘91)((30)) O0rz(x)dx = /Q (— /Ot A(x7s)g0(x,s)ds> z(x) dz.

Since Oyh(-,t) = Opp(-,t) in H(B)( ) and Ogzh(- fo (-, 8)ds + 0, x  in L2(Q), we deduce

¢
(Ouh(-,1),2) -1 ()10 () +/ Ozh(-,1)0pz(x )dxf/ </ A(x,s)ga(x,s)ds) z(x) dz
H) (© Q 0
1 i.e. his a weak solution of .
Dyt — Dugh = / Apdo,  Qr,
0
h(0,) =0, 9.h(1,) =0, (0,7)
(h(vo)aath(70)) = (X?@O)a Qa
with (x, o) € H(lo)(Q) X H(O)(Q) C H(lo)(ﬂ) x L?(2). Thus, using (5)), we get

(15)

t
o+ ool + | [ 4C.)pt0)do

L"'(Qﬂ) .

[0eh(1, ) L2010y < C <||><H1

We have (using Cauchy-Schwarz inequality and estimate (8]))

1 t
< TIA o) / / o(z,0) do

1 \/i(/otw(x,a)?da)

1
< TNAIR o) / Tlg(x, 20,1 Az < T2AI} < o) 191320
< T2C| Al (e Y I @0 (00, 1) 17

||L2(Q)xH(—0§(Q)

2 2

dx

L2(Q1)
1/2|2

< TYANF e (@) dz

and since (—,,) "' is a continuous isomorphism, ||X||H1 () S < Cllgr ||H . Therefore

10:h(1, )l L2(0,7) < Ce“V Il @ ||(<P0a<P1)||L2(Q)XH(O) Q)

o for all (¢o, 1) € H(lo)(Q) x L%(9). By a density argument, since d;h = ¢ in Qr, we deduce the result. [



Lemma 1. Let T > 2 and let ¢ € C°([0,T]; L*(Q)) N Cl([O,T];H(_O)l(Q)) be the solution in the sense of
transposition of (¥)) associated with A € L>(Qr), B = 0 and (po, 1) € L*(Q) x H (). There ezists a
constant C = C(Q,T) > 0 such that

(0)

T—1
2 oo 2
/1 (s Dy At < CeOVIE=@ (1, )2 079 - (16)

Proof. Let ¢ = 4(t,x) € C°([0,1]; L*(0,T))nC* ([0, 1) H o 1(0,T)) be the solution in the sense of transposition
of the following wave equation where the role of the time and space variables has been interchanged:

Oza) — O — A = 0, Qr,

¥(0,) =0, o(T,) =0, Q,

(¥(-1),0:0(1)) = (¢(1,),0:0(1,)),  (0,T).
The estimate applied to i becomes

2 2 C/TAl L
oG 2) a0y + 1029 )y s 0,y < CEVIA=@D ([0 1), 00 ) 2o mymrgiory . V2 €2
Since ¥(t, 1) = ¢(1,t) and (¢, 1) = 0,¢(1,t) =0 in [0,T], we obtain
)0 + 1066,y 0y < OV (1, ) B zy, V€,
and we deduce
1172(0p < ClORIVIAE= @D, )| 22,7 (17)
Moreover, since ¢ = ¢ in 7(1) := {(z,t) € Qp; t € 1 —z, 2 +T — 1)} C Qr, we have
||7/1||%2(QT) = /(1) |’¢(t7x)‘2 dxdt = /(1) |Lp(x,t)|2 dzdt
z+T— 1 T— 1 (18)
// o(x, )| dadt > // o(x,t)* dadt.
1
Therefore, using and , we deduce the result. O
Lemma 2. Let T > 2. There ezists C = C(Q,T) > 0 such that the solution ¢ € C°([0,T]; L*(2)) N
c*([o, T7; H(_O)1 (Q)) in the sense of transposition of () associated with A € L>(Qr), B = 0 and ((,007 1) €
L?(Q) x H(o) (Q) satisfies

to =1
| 10Dy @ < C (4 WAlm@n) [ ety ot (19)

ty
for any t1,t2 € (1, T —1),t; < to.

Proof. Let (o, 1) € (H?(Q)NH () x Hy) (2) and let o € C°([0, T); H*(Q)NH ) (2))NC* ([0, T); H{y (2))N
C2([O,T];H( )(Q)) be the solution of () associated with (o, ¢1). Let t1,t2 € (1,7 — 1) with ¢1 < t. We
take r € C([1,7 — 1]) such that

r(t) =1 for all ¢ € [t1, o]

712

Ir\ € L®(1,T - 1).
Multiplying the equation in () by r(t) (—am.)_ © and integrating by part on [1,7 — 1] the term in Jy ¢, we
obtain

- /1T17"(t) /0 (o) (<0,0) ol ) dadt — / o / Ouip(@,): (~0pa) ™ ol t) dadt
B /IT_lru) /Olamso@,t) (~0rs) " (et df‘“*/ - / Al Deles ) 10 (02 el dadt =0



We can check that, for any ¢t € [0, 7]
1
0

Thus, we obtain

T-1 T-1 1 T-1

| 01060 ot = = [ @) [ ot (0™ el ddi= [T 00 Tl
T-1 1
/ /O A, () 1(t) (—00) ™ (1) dadt

T-1 74/(15) .
< < T(t)atcp('at)a (781$) (p('?t»H_l Q),H (2 de
oW o1 (@), H (@)
T—1
ey / o, £) 22t
T—1
£ O (14 rllie g Al = (n) / o D2

1 T-1
2
<5 [ 01O g
o)
t (1,7-1)

e (1 + H +(1+ ||A||Lw<QT)>||r||Loo(LT-1>)

T—1
2
S Rl
1
1 i.e. we have for all ¢ regular, where C depends on r. We conclude the result by a density argument. [
2 We are now able to etablish Theorem [il

Proof of Theorem[l] Let ¢ € {z € CO([0,T); L*(2)) nC* ([0, T7T; H(o) (Q)); O — Ouaip + Ap € LQ(QT)}. We
decompose ¢ as ¢ = 1)1 + o where 11 and 1 are respectively solution in the sense of transposition and
weak solution of

O h1 — Ogeth1 + A1 = 0, Qr, Opstha — Opat2 + Athg = 0o — Opatp + A, Qr,
1/11(07 ) =0, 5x¢1(1, ) =0, (OaT)v 1/)2(07 ) =0, 8mw2(17 ) =0, (OaT)v
(1/)1('70)73151/11(',0)) = (@0a<ﬂ1)» Qv (1/)2('70)a3t1/)2('70)) = (0a0)7 Qv

Using then , we have for any t1,t2 € (1,7 —1) C [0,T],t1 < t2
L pt2
(t2 = 1) 10, e1)ll 2y <m0 < CeVIAl=an / 1 llz2 (@) + 1061 ()l 1 ot
< CeCVIAlIL> @) / 91 (-, 1) || £2()dt,

and using and since ¥ = ¢ — 109, we deduce

C Al oo
100 20 laeargican < g CEVIT=@ (1, ) aga
1 /Al Lo
< mce 14l @) (”SO(L ')||L2(0,T) + ||7/}2(1, ')||L2(O,T)) ’

Moreover, since 12(1,0) = 0 and using , we have
”wQ(lv ')”L?(O,T) < C ||at¢2(1a ')||L2(07T) g Cec ”AHLOC(QT) Hattgp - 8m:90 + A('O||L2(QT) )

s and we deduce the result. O



4 Application to the controllability of a semi-linear wave equation

This section is devoted to applications of Theorem [I] In particular, as mentioned in the Introduction, one
motivation for inequality (Obs) is the exact boundary controllability for the semi-linear wave equation .

4.1 Controllability of a linear wave equation

In this section, for any 7" > 0, the exact controllability problem associated with is considered : given
(w0, u1), (20, 21) € Hg)(Q) x L*(R), we look for the existence of a control function v € L*(0, T') such that the
associated solution y € C°([0,T]; Hlyy (2)) NC' ([0, T]; L*()) of [) satisfies (y(-,T),dey(-,t)) = (20,21) in
Q. Moreover, the aim is to get, thanks to estimate , precise estimates of a particular state-control pair
in term of the data.

Let @ be the space defined by

b= {w € C°([0,T7; L* () nc* ([0, T7; H(o) (Q)); w is the solution of the transposition of

for some B € LZ(QT)}.

From (Obs)), ® endowed with the scalar product given by

T
(p7 q)(b = / (attp - azzp + Ap) (attq - amzq + Aq) dl’dt + / p(]-v t)q(lv t)dta vp, q € i)v
T 0

is a Hilbert space. The main result of this section is a null-controllability result for the linear system .

Theorem 6. Assume T > 2. For A € L>(Qr), B € L*(Qr) and (ug,u1) € H(O)(Q) x L2(Q), there exists a
unique function p € ® solution of

P Qe = Bqdzdt + [ ui(z)q(z,0)dr — (¢q(-,0),u0) 5 -1q Q) Vg € ®. (20)
i o HGHQ),HY ()

Moreover, y = Oup — Ozzp+ Ap is a controlled trajectory to zero for , v = —p(1,-) is the associated control
function and there exists a constant C = C(Q,T) > 0 such that (y,v) satisfies

Iyl 2(@ry + 10l 20y < CeCVIAl=@r) <||B||L2(QT) + [[(uo, 1) 2 Q)><L2(Q)> : (21)

(0)

Proof. We refer to [CEFCMI3l, Proposition 2.2 p.6] and [BLM23a, Theorem 6 p.7] where a similar result is
obtained in the case of Dirichlet boundary control. O

Remark 2. The state-control pair given by Theorem|6is the unique solution of the following extremal problem

Minimize J (y,v) = [[yll72(. + 10172 0,7) (22)
Subject to (y,v) € C(ug,u1;T)
where C(ug,uy;T) := { (y,v) € L*(Qr) x L?(0,T); (y,v) is solution of with y(-,T) = Owy(-,T) =0 in Q}

4.2 Proof of Theorem [2| by a Schauder fixed-point argument
Proof of Theorem[4 Let R > 0. We define the following class

Bll-\lm(O’R) = {Z € LOO(QT) ||Z||L°° (Qr) X R}'

10



It suffices to prove that the non-linear operator K defined by

K : By (0,R) = B (0,R)

£y (23)
where y is the controlled solution of
Oy — Ouay + F(©y = —£(0),  Qr, [0 -0
. ~ —r——<  ifr#£0
y(ov ) = 07 a:ry(]-v ) =, (OvT)v with f(’f’) = r (24)
(v(+0), 0y 0) = (wo,ur), 7o) ifr =0

given by Theorem [6] has a fixed-point for some R large enough. The stability of K is a consequence of the
observability inequality (Obs|). In particular, using (H1)), there exists v > 0 such that

1F ) Lo @r) <+ B+ [|€]l L= (@)

and we deduce, using then ,

H2 oo
||yHL°°(QT) < CeC\/’Y‘i‘Bl (I+I€l e (QT)) <||f(0)HL2(QT) + ||(u07ul)”H(lO)(Q)XLQ(Q))
CvB
<CeVT (14 el mion)  (IFOllzai@r + 1oy u)lmy, @yx2e)) -

From this estimate, we deduce that, if § is small enough, there exists R > 0 such that BH-HOQ (0, R) is stable
under the map K. The proof for the continuity of K in B‘l“loo(()’R) and the fact that K (BH.HOO(O,R))
is a relatively compact subset of B.|_(0,R) is very closed to [BLM23al, Proof of Proposition 2 p.92 and
Proposition 3 p.93]. In particular, the proof is based on the compact embedding (see [Sim87, Corollary 8

p-90])
C°([0,T7; Hy(22)) NC*([0,T]; L*(2)) — L=(Qr).

We conclude the existence of a fixed-point for K by the Schauder theorem. O

Remark 3. Following the blow up argument of [Zua93, Section 4 p.124], we can prove that the exponent 2
in the logarithm in (H1)) is optimal.

Remark 4. A priori, the operator K is not a contraction. In particular, we cannot explicitly construct a
control using the Banach-Picard theorem. We refer to Section [5.3| where divergence of the sequence

Yo € L*(Qr), Yer1 = K(yk), k= 0. (PF1)

s observed numerically.

4.3 Proof of Theorem |3 by a least-squares approach

The motivation of this section is the approximation of exact controls for . Recently, a construction,
based on a least-squares approach, of convergent sequence have been initially proposed in [LMGM21] for the
heat equation and have been then adapting for the wave equation in [MT22] (and also in [BLM23b]) in the
internal control case. In particular, this section aims to show that the observability inequality allows
to extend the result [MT22] Theorem 2 p.8] in our boundary control case.

For any « € [0, 1], we define the space

Woim (F €@ [Mla<toch [Plar= sup LOZSOL
apeRab  |a — bl

The functional framework is as follows:

11



e We consider the Hilbert space H defined by

H = {(y,y) € L*(Qr) x L*(0,T); y € CO([O,T];H(lo)(Q)) NC*([0,T]; L*()) is the weak solution
of (2)) for some B € LQ(QT)}

endowed with the scalar product

((y7 ’U), (ga @))H = (atty - 8959::% attg - 8a:a:g)L2(QT) + (ya g)Lz(QT)

+ (00 a0 + (0001090, (G005 0) )y o

and the norm || - ||% := (-, )nu-

e We introduce A and A the closed subspaces of H defined by

A= {(:%U) e H; (y(~,0),8ty(~,0)) = (u07u1)7 (y('vT)aaty("T)) = (ZO’Zl)}’
Ay = {(y,v) €H; (y(-0),0:y(-,0)) = (0,0), (y(-,T),dy(-,T)) = (0,0)}.

We assume (H2)). In particular, using {) and since H'(Q) < C°%(Q), for any (y,v) € A, y € L>®(Qr) and
thus f(y) € L?>(Qr). We then consider the following non convex (well-defined) extremal problem :

. 1 9
(yni};rElA E(y7 ’U), E(ya 1}) = §Hatty - azzy + f(y)||L2(QT) (25)

Remark that the infimum of F is reached and is equal to 0 since any controlled solution of , with its
asssociated control, is a zero of E. Conversely, any zero of E is a state-control pair of @) We have the
following property for E:

Proposition 2. Let T > 2. For any (y,v) € A, there exists a constant C = C(T,€) > 0 such that
VE(y,v) < Ce“VII'Wl=@n|[E'(y, )] 4, (26)

where A}, is the topological duaEl of Ag.

E' (y,v)-(Y,V)

?endowed with the norm [|E’(y,v)|| 4 = sup
AT e oy TV,
Proof. For details, we refer to [MT22], Proposition 1, (i#i) p.5]. O

We deduce that any critical point (y,v) € A of E is a zero of E. In particular, any minimizing sequence
(yw, vi)ken C A of E such that || f'(yk)|l = (g, is uniformly bounded with respect to k& € N converges to
a global minimum of F, and thus converges to a state-control pair for . Remark that, as in [MT22|
Proposition 1, (i7) p.5], for any (y,v) € A

El(yav) ’ (Y, V) - QE(y,U),
where (Y, V) is the solution of

OuYi — 0paYi + /(Y)Y = Ouyk — Ouayic + [ (i), Qr,

(Y240, 2Y2(,0)) = (0,0), Q,

12



associated with (y,v). Thus, —(Y,V) is a descent direction for E. This leads us to consider the sequence
(yk, V) ken in A defined by
(Y0, v0) € A

(Y1, Vet1) = (Yr, vr) — A6 (Y, Vi) (LS)
A = argminy o & ((yk, k) — A(Yk, Vi)

where (Y, Vi) € Ay is the solution of satisfying the extremal problem .
The main result of this section is a convergence of the least-squares algorithm (LS):

Theorem 7. Assume that f € W, for some a € (0,1], and that f' satisfies (H2) with * small enough. Let
(Yk, vk )ken be the sequence defined by (LS). Then,

o The sequence (E(yk,vk))keN decays to zero as k — oo.
e The sequence (Ak)ken converges to 1 as k — oo.
o The sequence (Yi, vi)ken strongly converges to a state-control pair (§,7) of (k).

Moreover, the convergence of all these sequences is first at least linear and then at least with order 1+« after
a finite number of iterations.
In the case o = 0, the result is still true if we assume moreover that ||f'|| Lo ®) is small enough.

Proof. The calculations differ only slightly from [MT22] Section 3]. In the same way, the key point in the proof
is the uniformly bounded character of the sequence (Hka Loo(QT)) EN" The above property can be proved by
induction using (H2)) (see [BLM23Db| Proof of Theorem 2 p.13]) and allows us to keep a uniform bound of the

sequence of observability constants (C’ec I l(y’“)”LO"(QT))k . appearing in particular in Proposition O
€

Remark 5. We can remove the assumption (H2|), leading to a local controllability result: If

||(u0,u1)||H<10)(Q)XL2(Q) is small enough then the sequence (yx, vk )ren defined by (LS) strongly converges to a

state-control pair for @ For details, we refer to [BLM23b, Proposition 5 p.15].

5 Numerical simulations

5.1 Least-squares algorithm (LS)

In order to consider a control vanishing in time ¢ = 0 and ¢ = T, we introduce a cut-off function n € C}([0,77)
and then we consider the state-control pairs in L*(Q7)x L7 (0, T) where L2 (0,T) := {v; n_lvHLQ(O ) < —i—oo}.
The least-squares algorithm is therefore given in Algorithm

Lemma 3. Let (yo,v0) the unique controlled solution of (]ED with f = 0 minimizing J defined by .
Then, E(yk+1,vk+1) s expressed explicitly in terms of f(yr) and f'(yr:), 0 < k' < k:

2
k k-1 k
E(Yrt1,Vp41) = % (H(l - Ai)) Flwo)+ [ DGy TT =) | +Grlw) (30)
i=0 j= i=j+1 L2(@r)

where
Gr(A) = flyr — AY}) = Fy) + Af ()Y -

Iby the trichotomy method
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Algorithm 1: Least-squares algorithm

Initialization

e Compute (yo,v0) € A solution of

8tty0 - a"cIyO =0, Qr,
yO(Oa ) = 07 81,310(17 ) = o, (Oa T)a (28)
(0(-,0), Deyo(-,0)) = (uo,u1), Q,
(y()('vT)vatyO('vT)) = (an)v Q?
where vy minimizes the functional
Twv) = (913200 + Iz 0m) ) -
e Compute E(yo, o) = 2100 — Duatio + F30)122,
while \/2F(yy,vr) > 1075 do
e Compute the optimal direction (Y;!,V}!) € Ay solution of

attykl - azzYkzl + f/(yk)ykl = attyk: - azzyk + f(yk)7 QTa

Ykl (07 ) = 07 amYkl(]-v ) = Vkla (OvT)a (29)

(Ykl('70)vatyk1('70)) = (050)7 Qa

(Ykl("T)’atYkl('vT)) = (0,0), Q,

where Vk1 minimizes the functional 7.
e Compute the optimal descent stelﬂ
Ak = argminy o 1 B (yr — MY}, v, — AV)})
= argminyg(o 1) [[(1 = A) (Quyr — Ouxtk + f(yr)) + GeN) 720
where Gi(A) = f(ye — AY1) = F(yi) + Af () V..
e Update (Ygt1,Vk+1) = (yk — )\kYklwk — )\kal)
o Compute E(yet1,v+1) = 300kt — Ouatiors + F(urs)2(0p)-

e Dok=Fk+1

end

14



1 Proof. By induction, let us prove that

k k-1 k
OutYrt1 — OualYt1 + f(Yn1) = (H(l - )\z)> f(yo) + ( G I - )\z)) + Gr(Ak)- (31)
i=0 =0 i=j+1

For k£ =0, we have

0wy — Ozatn + f(y1) = O (Yo — AoY0) — Oz (Yo — MoY0) + f (Yo — AoY0)
= Ouyo — Ozatio + f(Y0) — Ao (01 Yo — 022 Yo + f'(30)Y0) + Go(Xo)
= f(yo) — Mo (Do — Ozatio + f(y0)) + Go(No)
= (1= X0)f(y0) + Go(Ao)-

Assume for some k € N. Then,
Outye+1 — Ovahrr + f (Wkt1) = O (Y — MeYi) — O (ke — MeYi) + f (ke — A Yi)
= Ouyk — Ozai + F (k) — M (0 Ye — OnaYie + [ (k) Yi) + Gr(Ai)

= Ouyk — Ozae + F (k) — M (Buey — Ozayi + f(yi)) + Gr(Ak)
= (1= X&) (Ouyrx — Ozayi + f(yr)) + Gr(Ax)

k—1 k—2 k—1
=(1-Xg) ((H(l - Az)) f(yo) + ( Gj(Xj) H (1- )\z)) + Gk—l@\k—l)) + Gr( k)
—0

i=0 j i=j+1
k k—2 k
= <H(1 m) Flyo) + ( &G\ T a m) + (1= M) Gro1(m1) + Grl(Ar)
i=0 j=0 i=j+1
k k—1 k
= <H(1 Ao) Flyo) + ( &G\ I a m) +Gr(An)-
i=0 j=0 i=j+1

> Therefore is true for any n € N. Since E(yg, vr) = ||Onyr — Orayr + f(yk)HiQ(QT) the result follows. O

Remark 6. Lemma@ avoids second differentiation in time and space in the evaluation of E(yx+1,Vk+1), for
all k € N.

+ 5.2 Discretization by a conformal space-time finite elements method

To compute (yo,vo) and (Yx, Vi) for any k € N, we discretize the variational formulation by using a
conformal space-time finite elements method, we refer to [BLM23al, Section 5.1] and [CMI15]. We introduce
a triangulation T}, of Qr such that Q7 = Uger, K. We assume that {T},}nso is a regular family. We
approximate the variable p by the variable pj in the finite-dimensional space

P, = {ph € C (Qr); puyx € PK) for all k € n} Co

where P(K) denotes the reduced Hsieh-Clough-Tocher (HCT) C!-finite element (see [Cia02, p. 340]) and the
controlled solution y are approximated by y; in the finite-dimensional space

Qn = {qh eC’(Qr); an 1k € Q(K) for all k € E} C L*(Qr)

s where Q(K) denotes the space of polynomials of degree one.
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represents the evolution of the error

5.3 Experiments

We use a regular space-time mesh composed of 60000 triangles corresponding to the discretization parameter
h ~ 1.414 x 10~2 and we denote by

k* = rkn>i{)1{\/2E(yk,vk) > 1075} +1

the number of iterations obtained when the least-squares algorithm stops. We set the controllability time
equal to T = 3, the final data to (zg,21) = (0,0) and we define the following non-linear function f

f(r) = cfr1n2(1 +|r)), Vr € R, (32)

for ¢; € R. In particular, f € W, with a = 1 and f’ satisfies (H2)). Note that the unfavorable case in
which the norm of the corresponding uncontrolled solution of (@ grows corresponds to negative values of
the parameter c¢. Finally, we define the following cut-off function

1 1
e 2(t+10-06) o 2(T—t+10-0)

n(t) =

1 1
e T+10-6¢ T+10-6
I. Experiments with the initial state ug(z) = ¢, (cos(rz) — 1), ¢y, € R, and u;(z) =0 in Q.

I-a. We fix (cs,cy,).
sociated with the fixed parameters ¢y = —1 and ¢,, = 20. The convergence of the algorithm is observed
after k* = 13 iterations. Table [1| collects some numerical values with respect to the iterations k. Figure
E(yg,vr) as well as the optimal steps A\p with respect to k. As

We compute the sequence (yx,vi)ren given by the least-squares algorithm as-

expected, the sequence (Ag)gen+ converges to 1 and we observe the change in the convergence speed after a
finite number of iterations: first, the optimal step is close to zero and the error decreases linearly and then,
after 10 iterations, the optimal step reaches 1 while the error decreases quadratically. Finally, the controlled
solution y+ obtained is shown in Figure |2| as well as its associated control vg«.

Tur =vr—1T22(0 )

o —ve—1ll 20,7y

k 2E (yx, vk) Ak ||yk”L2(QT) ||Uk||L2(0,T) Toe—11220p) k1122 0.1
0 | 1.915 x 102 — 1.882 x 10 | 2.873 x 10! — -

1 | 1.798 x 10?2 | 1.067 x 107! | 2.125 x 10! | 2.471 x 10! 4.926 x 1071 1.491

2 1.617 x 10* | 1.068 x 10~* | 2.714 x 10* | 6.360 x 10* 5.618 x 107! 1.932

3 1.474 x 10> | 1.497 x 107! | 3.476 x 10! | 1.219 x 10> 4.566 x 107! 1.004

4 | 1.320x10% | 1.481 x 107t | 4.296 x 10' | 1.755 x 102 3.525 x 107! 4.936 x 107!
5 | 1.195 x 10% | 1.480 x 107! | 5.177 x 10* | 2.173 x 10? 2.806 x 1071 3.208 x 107!
6 | 1.077x10% | 1.658 x 1071 | 6.125 x 10" | 2.573 x 10? 2.357 x 1071 3.005 x 1071
7 | 9.502 x 10" | 2.039 x 107! | 7.161 x 10" | 3.043 x 102 2.082 x 107! 3.048 x 1071
8 | 8.030x 10" | 2.721 x 107! | 8.300 x 10* | 3.659 x 102 1.900 x 1071 3.129 x 1071
9 | 6.191x 10* | 4.013 x 107* | 9.547 x 10* | 4.473 x 10? 1.764 x 1071 3.136 x 107!
10 | 3.638 x 10' | 6.966 x 10~* | 1.087 x 10% | 5.489 x 102 1.614 x 107! 2,977 x 1071
11 4.818 1 1.145 x 10% | 6.001 x 102 6.512 x 1072 1.235 x 107!
12 | 3.146 x 1073 1 1.145 x 10% | 6.003 x 102 1.156 x 1073 2.428 x 1073
13 | 2.409 x 1078 1 1.145 x 10% | 6.003 x 102 2.826 x 1077 6.473 x 1077

Table 1: ¢,, = 20 and ¢y = —1. Some norms with respect to the iterations k.

I-b. We fix ¢,, and we consider several values for ¢;. We fix ¢,, = 20 and we compute (Y, Vg )ken
for several values of cy. Table |2| collects the results. Remark that the algorithm fails to converge when c;
is large which is in agreement with our theoretical result that the constant c; should be small enough. As
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Figure 1: ¢,, = 20 and ¢; = —1. Evolution of \/2E(yx, vx) and A\ with respect to the iterations k.
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Figure 2: ¢,, = 20 and ¢y = —1. Left: Representation of the semi-linear controlled solution y~ in the
space-time domain Q7. Right: Representation of the control vi+ on (0,T).

1 expected, the || - ||z2(g,)-norm of y+ increases (and thus also the || - || z2(,7)-norm of vy+) with the absolute
2 value of ¢y. In particular, due to the non-linearity, for a given |cs|, much more iterations are required in the
s unfavorable case (¢y < 0) than in the favorable case (¢; > 0).

cr 2B (yks,vie) | lyeellez@ry | vk llzzco,m ”yﬁxykfflniilf;;?ﬂ ” k\\uk*flﬂl‘fj’g’m k™
10 5.461 x 107° | 3.635 x 10* | 1.547 x 10° 4.805 x 1077 6.015 x 1077 27
5 1.726 x 107° 2.478 x 10" | 3.449 x 102 9.589 x 1078 1.654 x 1078 9
2 5.754 x 1071° | 2.025 x 10' | 8.554 x 10° 4.392 x 1078 2.470 x 1077 7
1 2512 x 1078 | 2.099 x 10> | 5.895 x 10* 5.857 x 1076 2.399 x 1075 5
—0.5 | 3.656 x107% | 4.195 x 10! | 1.355 x 102 9.689 x 1075 2.928 x 1074 5
-1 2.409 x 1078 1.145 x 10% | 6.003 x 10° 2.826 x 10~7 6.473 x 1077 13
—1.5| 3.314x10°8 3.332 x 102 | 2.541 x 103 4.538 x 1078 1.635 x 1077 40
-2 1.217 x 1072 | 9.982 x 10> | 1.110 x 10* 5.914 x 10710 1.408 x 107° 143

Table 2: ¢,, = 20. Some norms with respect to the parameter cy.
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I-c. We fix ¢y and we consider several values of c¢,,. In this case, we fix ¢y = —1 and we compute
(Yk, vk )ken for several values of ¢,. Table |3 collects the results. We observe that the norm of the control
and the controlled solution increase with |c,,|. Moreover, as expected, the algorithm converges even for large
values of ¢, .

Mg~ _yk*—ll‘[)(Q ) [lvg* *'Uk*—lnLZ(O,T) *
Cug QE(yk*,’Uk*) ”yk* HL2<QT) Hvk*HLZ(O,T) Hyk*,lllm(QT)T Torx 11112 0.1y k
1 7.081 x 107° 1.005 1.326 3.582 x 1072 1.150 x 1072 2
50 | 6.893 x 1071° | 8.640 x 10% | 6.700 x 103 4.838 x 10710 1.670 x 107° 31
100 | 9.124 x 107! | 4.128 x 10® | 4.399 x 10* 2.358 x 10711 4319 x 107! 62
500 | 1.865 x 1078 1.891 x 10° | 2.974 x 10° 8.448 x 10711 1.034 x 10710 444
Table 3: ¢y = —1. Some norms with respect to the parameter c,,.

I-d. Influence of the non-linearity f. In this case, we fix ¢,, = 1. For ¢; € {—1,—2,—4}, Figure
represents, as a function of time, the L?(€)-norm of the uncontrolled solution y*(-,t), the L?(Q2)-norm of
the linear controlled solution yo(-,¢) (used to initialize the algorithm) and the L?(£2)-norm of the controlled
solution yi«(-,t) obtained by the least-squares algorithm. The linear control vy associated to yo and the
control vi+ associated with yi« are also depicted.

e For ¢; = —1. The uncontrolled solution y* oscillates and is bounded. The convergence of the least-
squares algorithm is quadratic and is observed after k* = 2 iterations. The dynamic of the initial
state-control pair (yo,vo) and the final state-control pair (yg»,vp«) are similar: the non-linearity f
therefore has a reduced impact.

e For ¢y = —2. The uncontrolled solution y* oscillates more than the previous case and is still bounded.
The convergence of the least-squares algorithm is again quadratic and is observed after k* = 3 iterations.
The initial and final dynamics are still similar.

e For ¢y = —4. In this case, the uncontrolled solution grows exponentially with respect to the time
variable. The algorithm converges again with k* = 5. The non-linearity f has a strong impact: the
controls vy and v+ no longer match. In particular, the final control vi« acts very strongly at the
beginning to balance the exponential growth of the uncontrolled solution.

As expected, there is a large gap between the initial control vy and the final control vi« as |cf| increases.
II. Comparison with other algorithms.

II-a. Newton algorithm. When Ay = 1 for all £ € N, the least-squares algorithm given by
coincides with the Newton algorithm (N) associated with F : A — L%(Qr), F(y,v) = 0uy — Oway + f(y).
In particular, this explains the super-linear convergence property obtained in Theorem [7] and numerically
illustrated in the first case (see Figure [1)).

We consider ug = 20 (cos(mz) —1) and u; = 0. For several values of the parameter ¢, we compute
(Yrr, Vx ) eny with Ay =1 for all k € N. Tablecollects some norms with respect to k. With this set of data,
we observe that the Newton method converges in fewer iterations than least-squares algorithm (see Table
and Table [2).

Now, we fix the parameter ¢; = —2 and we consider the initial state (ug,u1) = (50 (cos(mz) —1),100 - 1(%;1]).
In particular, we observe that the Newton algorithm (when A\ =1 for all k¥ € N) diverges: the norms of the
solution and control are blowing up as number of iterations are increasing. Remark that the least-squares
algorithm converges in k* = 673 iterations.
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Figure 3: ¢y, = 1. Right: Representation of the [|-||;2)-norm of the uncontrolled solution y*(-,¢), the
linear controlled solution yo(+,¢) used to the initialization and the solution yg« obtained by the least-squares
algorithm with respect to t, for ¢y € {—1, -2, —4}. Left: Representation of the linear control vy associated

with yo and the control vg« associated with yg« with respect to t, for ¢y € {—1, -2, —4}.

II-b. Fixed-point methods. We consider

1
ug(z) = 100(x — 5) 11 ur(z) =100- 11 ).
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cf 2B (yir,ver) | Nk llz@r) | Nloerllzzco,m Hykuykjlflﬂz!f;;?jﬂ) Hvﬁ\lk*viﬁllz(;’T) E*
10 1.209 x 107% | 4.062 x 10! | 1.883 x 10° 3.655 x 107 3.869 x 107 11
5 1.881 x 1071 | 3.447 x 10' | 8.185 x 102 7.377 x 1078 4.675 x 1078 8
2 2.549 x 107® | 2.100 x 10" | 9.062 x 10* 8.275 x 107 3.373 x 1073 6
1 6.094 x 1071° | 2.087 x 10' | 5.947 x 10* 1.891 x 1076 1.130 x 107° 5
—0.5 | 4.455x107% | 4.381 x 10! | 1.418 x 10? 1.281 x 107* 2.377 x 1074 4
-1 4.011 x 10~ 1.118 x 10% | 5.879 x 102 4.144 x 107° 1.074 x 107* 5
—1.5 | 2.321 x107'2 | 3.298 x 10> | 2.590 x 10° 1.967 x 107° 7.702 x 107° 6
—2 | 9.727x 1072 | 9.451 x 10> | 1.083 x 10* 3.816 x 1071° 1.076 x 107° 7

Table 4: ¢y, = 20 and A\, =1 for all k¥ € N. Some norms of the solution y;+ obtained with the least-squares
algorithm as well as the associated control vg» with respect to the parameter cy.

For several values of cf, we compare the least-squares algorithm with two fixed-point methods. The first
one is the fixed-point method associated with the operator K defined bgf in Section This leads to
the algorithm . The second one is associated with the operator K : L>®(Qr) — L*°(Qr) defined by
y= K (&) where y is a controlled solution of

8tty - 81»Ly = _f(g)v Qr,
y(07 ) = 0; 8a:y(17 ) =, (O7T>7 (33)
(y(70)aaty(70)) = (u(]aul)a Qv
given by Theorem [6] This leads to the following algorithm:
Yo € L>(Qr), e = K(y), k>0, (PF2)

Table Table@ and Table collect some norms of the sequence (yg, Uk ) reny computed by the three algorithms
(LS), (PF1) and (PF2) for respectively ¢; = —0.5, ¢; = —1 and ¢; = —2. Figure [4| represents the evolution
of \/ 2E(yg, v) with respect to the iterations k. In particular, (PF1) and (PF2) do not usually converge, but

if they do, convergence is linear.

Tk =ve—1ML2(0,)

lve—vk—1ll 20,1

2E(yk7vk) ||yk||L2(QT) ”vk”LZ(O,T) Hyk‘*lan(QT) ok 111 .2 0.1 k*

[CS) | 2.305 x 1078 | 8.394 x 10' | 3.800 x 102 2.457 x 107 1.446 x 107° 5
(PFI) | 7.941 x 107° | 9.614 x 10" | 4.227 x 102 2.228 x 1078 1.878 x 1078 16
PF2) | 9.938 x 107% | 2.338 x 10 | 1.027 x 10° 2.244 x 107° 3.254 x 107° 79

Table 5: ¢y = —0.5. Some norms obtained by algorithms , and .

2B o) | Ilzzan | Ionlizon | Mariesr | Mhiieen | w

CS) | 1.518 x 1078 | 2.243 x 10% | 1.625 x 10° 1.344 x 10—7 2,183 x 1077 10
(PFI) | 3.917 x 107¢ | 2.623 x 10% | 1.931 x 10® 1.478 x 107° 6.534 x 10710 28
PEF2 — — — — — +o00

Table 6: ¢y = —1. Some norms obtained by algorithms and (PF1).

» 6 Conclusion and perspectives

11

12

Following [Zua93], we give a generalized observability inequality with a constant expressed as an exponential
of the potential. Assuming an optimal growth assumption at infinity on the non-linearity of the type sln®s,
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2E(yx,vk) | llyellez@py | lvkllzzo,m) ”yll\eykyfkl\ljlzi;f)ﬂ ” Il\ckakl_lllLl‘zL(z,(;T) K
[CS) | 2.482 x 107® | 1.408 x 10% | 1.548 x 10* | 3.769 x 10~® 5.090 x 1078 76
(PF1)) - - - - - +00
PF2 - - - - - +00

Table 7: ¢y = —2. Some norms obtained by algorithms (LS]).

10°4 —— (L5)
—— (PF1)

1011 —— (PF2)
1071,
1073_
107>
1077 L

0 20 40 60 80

k

Figure 4: ¢y = —0.5. Evolution of \/2E(yx, vi) for (LS), (PF1) and (PF2) with respect to the iterations k.

this leads to the existence of a control v € L?(0,T') steering the semi-linear system from an initial state
(uo,u1) € Hipy(Q2) x L*(Q) to the target (z0,21) € Hy(2) x L*(Q) within time 7. Under an additional
regularity assumption, we adapt the least-squares approach introduced in [MT22] to boundary case leading
to a convergent algorithm. In particular, the convergence is super-linear after a finite number of iterations.
Numerical experiments are in agreement with the theoretical results. More precisely, the experiments
confirm the change in convergence speed for the least-squares algorithm and suggest that the fixed-point

operator K (defined by (23)) is not contracting in general.
We conclude with some comments:

1. Construction of a contracting operator. Numerical simulations show that the fixed-point algo-
rithm associated with K diverges in general. By introducing a Carleman parameter s > 0
large enough and weight functions p, p;, we can expect a contraction property for the operator
K : L®(Qr) — L>®(Qr) where y := K(€) is the optimal controlled solution of for the cost

T@:0) = 07 Ol e i0py + 5 o7 60l

We refer to [BLM23a] and [CLM24]. This requires a Carleman inequality with a Neumann-type obser-
vation.

2. The multi-dimensional case. The generalization of these results in the multi-dimensional case is
open. First, in dimension d > 1, the regularity of the solutions of depends on the domain  (we refer
to [Lio88, Chapitre ITI, Section 2 p.179-180] or also [LT89bl Theorem 1.1 p.52]). Secondly, to expect a
generalization of all these results, we need an observability inequality which holds in any dimensions.
Our estimate is based on specific argument related to the one dimension and to our knowledge,
there is no estimate like (Obs)) valid in any dimension.

3. Inverse problems. On account of the duality between controllability and observability, it would be
interesting to analyze the potential of the least-squares approach for solving inverse problems.
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