N

N

End-to-End and Highly-Efficient Differentiable Simulation
for Robotics
Quentin Le Lidec, Louis Montaut, Yann de Mont-Marin, Fabian Schramm, Justin

Carpentier

» To cite this version:

Quentin Le Lidec, Louis Montaut, Yann de Mont-Marin, Fabian Schramm, Justin Carpentier. End-to-End and
Highly-Efficient Differentiable Simulation for Robotics. 2025. <hal-04694092v2)

HAL Id: hal-04694092
https://hal.science/hal-04694092v2

Preprint submitted on 20 May 2025

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Au‘to':'lizition
HAL Authorization


https://hal.science/hal-04694092v2
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

Highly-Efficient Differentiable Simulation for Robotics

Quentin Le Lidec*, Louis Montaut*, Yann de Mont-Marin*, Fabian Schramm and Justin Carpentier
Inria, Ecole normale supérieure
CNRS, PSL Research University
75005 Paris, France
Email: {quentin.le-lidec, louis.montaut, fabian.schramm, justin.carpentier} @inria.fr, yann.montmarin @ gmail.com

Abstract—Over the past few years, robotics simulators have
significantly improved in computational speed and scalability,
enabling them to generate years of simulated data for complex
robotic systems in a matter of minutes or hours. However, despite
these advancements, the efficient and accurate computation of
simulation derivatives remains an open challenge. Addressing
this challenge could substantially accelerate the convergence of
reinforcement learning and trajectory optimization algorithms,
particularly for contact-rich problems. This paper addresses
this challenge by introducing a unifying framework for robotic
simulation that comprehensively considers all the factors in
simulation, including dynamics, collisions, and friction. It results
in an efficient algorithm that leverages implicit differentiation
to compute the analytical derivatives of the simulation. It
explicitly accounts for the intrinsic non-smoothness of collision
and frictional simulation stages while exploiting the sparsity in
dynamics induced by the multi-body system structure. These
derivatives have been implemented in C++, and the code will
be open-sourced after the review process to facilitate broader
applications in robotics, such as simulation-driven learning or
real-time control. Benchmark results demonstrate state-of-the-
art performance, with timings ranging from Sus for a 7-dof
manipulator to 95us for a 36-dof humanoid—an improvement
of at least two orders of magnitude over alternative methods,
such as automatic differentiation.

I. INTRODUCTION
A. Context

Recent progress in reinforcement learning and trajectory op-
timization methods in robotics extensively relies on simulation.
Additional information, such as the simulator derivatives of
the simulator, might be leveraged to accelerate the conver-
gence speed of these control methods. However, simulating
robotics systems interacting with their environment induces
a sequence of nonsmooth operations. Typically, collision de-
tection involved in simulators is intrinsically nonsmooth (e.g.,
contact points might jump from one vertex to another one
when slightly changing the orientation of the geometries),
and frictional contact dynamics corresponds to nonsmooth
problems (e.g., when a cube switches from a sticking mode
to a sliding mode).

Several approaches have been envisaged to estimate simu-
lator derivatives. Mordatch et al. [34] leverages MuJoCo [42]]
and finite differences to discover new behaviors. However,
computing gradients via finite differences requires as many
calls to forward dynamics as the number of parameters to
differentiate, which becomes quickly prohibitive. Following
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the advent of the differentiable programming paradigm, Dift-
Taichi [25] and NeuralSim [23] propose to exploit Auto-
matic Differentiation to differentiate through simplified contact
models and geometries. In this vein, Brax [17] and MuJoCo
MJX build on JAX [3)] auto-diff and hardware acceleration
capabilities to compute gradients through the computational
graph. Because collision detection and contact forces in-
volve iterative algorithms, the cost of computing gradients
scales with the number of iterations performed during the
evaluation of the forward dynamics. Alternatively, inspired
by differentiable optimization [4], multiple works propose
to apply implicit differentiation to a linear complementarity
problem (LCP) [10} 18} 146] or mixed linear complementarity
problem (MLCP) [38] relaxing the original nonlinear com-
plementarity problem (NCP). Implicit differentiation has been
extended to the NCP case in [24, 29]], but it remains inefficient
as it does not, for instance, exploit the structure induced by
the kinematic chain. Other approaches, such as [47], rely on
compliant contact models and focus on differentiating with
respect to morphological parameters. For a comprehensive
study of different contact models and the impact of relaxing
the original NCP on gradients, we refer the reader to [30, 50].

B. Contributions

In this paper, we present a comprehensive framework for
differentiable simulation that combines differentiable rigid-
body dynamics, differentiable collision detection, and differ-
entiable contact resolution. We notably introduce an implicit
differentiation scheme to compute the gradients of the NCP
associated with the frictional contact problem without any
relaxation and chain it with rigid body dynamics algorithms
to finely exploit the kinematic sparsity of the problem. Our
approach achieves substantial computational speedups, with
gradient computations up to 100 times faster than current
state-of-the-art methods in robotics, while avoiding any phys-
ical relaxation or geometrical approximation on meshes. We
validate the effectiveness of our method by applying it to
complex inverse problems, including the estimation of initial
conditions and inverse dynamics through contact. We also
show that our gradients can be used in a policy learning context
to improve the sample efficiency during training. To support
reproducibility and further research, we will make our code
publicly available after the review process.



C. Paper organization

In Sec. [lIl we provide a background on collision detection,
frictional dynamics, rigid multi-body dynamics, and implicit
differentiation techniques. Sec. [ITI] corresponds to the core
contribution of this paper. We specify the computational graph
of a physics engine and explain how the combination of
gradients of rigid-body dynamics, collision detection, and
contact forces make simulation end-to-end differentiable. Ad-
ditionally, we show how implicit differentiation and rigid body
algorithms can be leveraged to compute the derivatives of
multibody frictional contact problems efficiently, including
collision geometry contributions. In Sec. the efficiency of
our approach is benchmarked on several advanced robotics
systems. We also leverage our differentiable physics engine
to tackle various estimation and control problems and to effi-
ciently learn policies. Sec. |V|discusses this work’s limitations
and how it could set the stage for future developments in
model-based approaches for robotics.

II. BACKGROUND

This section reviews the three fundamental stages of modern
robotic simulators: collision detection, contact modeling and
multibody dynamics. We also review the notion of implicit
differentiation, which is at the core of our approach.

A. Collision detection

The collision detection phase identifies the contact points
between the colliding geometries composing a simulation
scene. Given two shapes and their relative poses, a collision
detection algorithm (e.g., GJK [20] combined with EPA [44])
computes a contact point and a contact normal, corresponding
to the direction separating the two bodies with minimal dis-
placement. We define the contact frame ¢ with its origin at the
contact point, and the Z axis aligned with the contact normal.
Collision detection algorithms often assume the geometries to
be convex but existing algorithms [45] can be employed during
an offline preprocessing phase to decompose the nonconvex
shapes into convex sub-shapes.

Collision detection is inherently nonsmooth for non-strictly
convex geometries [15]]. Concretely, this induces discontinuous
contact points and normals. Thus, differentiating the contact
point, the contact normal, and the contact frame w.r.t. the body
poses is challenging. [43] uses a smooth approximation of the
bodies to calculate the contact frame Jacobians. In contrast,
[33] employs a randomized smoothing approach to compute
the derivatives of contact points and normals.

B. Frictional contact dynamics

Given a contact frame between two bodies, let A de-
note the contact force and o the contact velocity. The
Signorini condition provides a complementarity constraint
0 <Any L oy >0, ensuring the normal force is repulsive,
bodies do not interpenetrate further, and no simultane-
ous separation motion and contact force exist. The maxi-
mum dissipation principle (MDP) combined with the fric-
tional Coulomb law ||[Ar|| < pAy of friction p states that

A7 € argmaxy |y (<uay —y " or maximizes the power dissi-
pated by the contact. These three principles are equivalent to
the following nonlinear complementarity problem (NCP)

KpoAXLlo+T,(o)c IC;, (D
o=G\+yg,

where G is the so-called Delassus matrix [12] that gives the
system inverse inertia projected on the contacts. It is a linear
operator mapping contact forces to contact velocities. g is
the free velocity of the contact. K, is a second-order cone
with aperture angle atan(u), K, = Ky, its dual cone and
I'y(e) = [0,0,ulor|] is the so-called De Saxcé correc-
tion [l [11] enforcing the Signorini condition [1, 30]. Problem
(I) can be solved by interior point methods [24]], projected
Gauss-Seidel [27] or ADMM-based approaches [l 18, 41]].

C. Multibody frictional contact dynamics

We briefly introduce the simulation of rigid bodies in
contact, a core component of physics engines. We refer to [30]]
for a more detailed background. Let g € Q = R"e denotes the
joint position vector with Q the configuration space, i.e., the
space of minimal coordinates. The equations of a constrained
motion writes

M(q)d +b(q,v) — 7 = J. (q,c(q)), 2)

where we denote by v € 7,Q = R™ and T € ’7:1*Q >~ R™
the joint velocity vector and the joint torque vector. v is the
time derivative of v. M(q) is the joint-space inertia matrix,
and b(q,v) includes terms related to the gravity, Coriolis,
and centrifugal effects. J.(q,c(q)) is the contact Jacobian
associated with the contact frame c(q) given by the collision
detection on the system bodies using the configuration g. In
the following, we drop the dependency on the parameters when
it is explicit.

To deal with rigid-body dynamics and impacts, we use
an impulse-based formulation [32] obtained with the Euler
symplectic scheme

vh=v+ At (v + MTIN), 3)

where ¥y = M~ (7 —b) is the free acceleration term and
At is the time step. The acceleration term v + M ~1J X of
correspond to the unconstrained forward dynamic (UFD)
with exterior forces A which can be efficiently computed with
the Articulated Body Algorithm (ABA) [16]. In the remaining
of the paper, we use the shorthand UFD(q,v, 7, A) = 05 +
M~1J]X. Multiplying Eq. by J., we recover the contact
velocity associated to the contact NCP in the case of
multibody dynamics:

JovT=0c=G\+g. 4)

This yields the expression of the Delassus matrix
G=J.M~'J] and the free contact velocity vector
g = Je(v + Atdy). For poly-articulated rigid-body systems,
G depends on ¢, and g depends on g, v, T. In this respect, the
associated NCP is conditioned by g, v, T. Note also that the



TABLE I
DIFFERENTIABLE PHYSICS ENGINES FOR ROBOTICS.

Physics engine \ Contact Model  9(Contacts) d(Collisions)
MuJoCo MJX [42] CCP Auto-diff meshes* + primitives
Nimble [10],[46] LCP Implicit meshes + primitives
Dojo[24] NCP Implicit (not considered)
Ours NCP Implicit meshes + primitives

*Performances are degraded for meshes over 20 vertices

contact Jacobian J. depends on q, first through the kinematic
structure of the system and second through the contact frame

c(q)-

D. Implicit differentiation

As previously mentioned, the physically accurate contact
forces denoted by A* are implicitly defined as the solution of
the NCP (), we write 0 = NCP(A\*; ¢, v, 7). By deriving the
optimality conditions, the implicit function theorem allows the
computation of their gradients and corresponds to the concept
of implicit differentiation [4]. The theorem provides locally
the derivatives of the solution dA* as a linear function of the
other variable derivatives.

This approach has been successfully applied to differentiate
Quadratic Programming (QP) problems in [3|] and generalized
to convex cone programs [2] and LCPs [10]. More generally,
it allows incorporating optimization layers in the differentiable
programming paradigm. In Sec. we extend this approach
to the NCP case and propose a method to compute the
gradients of the contact forces efficiently.

III. EFFICIENT DIFFERENTIABLE SIMULATION

This section details the core contribution of this paper,
namely a comprehensive framework for differentiable simu-
lation that combines differentiable rigid-body dynamics, dif-
ferentiable collision detection, and differentiable contact reso-
lution. We show the link between the derivatives of multibody
dynamics, frictional contact dynamics, and collision detection.
We introduce an efficient algorithmic solution to compute
the derivatives associated with the contact NCP by solving a
reduced system of equations of minimal dimension resulting
from its implicit differentiation.

A. Chaining rigid-body dynamics derivatives and NCP deriva-
tives

From Sec. |lI} the simulation equations can be restated
using unconstrained forward dynamic (UFD) and the solution
to the (NCP) problem (I)) as

0 = NCP(\*;q,v,T) 5)
v = v+ UFD(q,v, 7, \")At. (6)

Next, we consider forward-mode differentiation setting [21],
. . . dvt n
i.e., we aim to compute the Jacobian g where § € R"»
represents any subset of the inputs {g,v,7} or physical
parameters. Our approach can be efficiently adapted to the

reverse mode by applying the computational trick introduced
in [3]. Differentiating (6] leads to

dvt  QUFDdA*

o T ox dd @
dl OUFD dﬁ OUFD dl + OUFD d;r At
de Oq df ov df or df ’

]
40 Ix=ax

dvt

where we identify the term S of derivatives, con-

sidering that A* does not vary. The derivatives 2D

90,7
ag% = M~'(q)J)(q) can be efficiently computed via

rigid-body algorithms [6] and are, for instance, available in
Pinocchio [7]. At this stage, it is worth noting that ng also
depends on the geometry of the contact through the contact
Jacobian J.(g, ¢(q)). The classical ABA rigid body algorithm
gives the derivatives related to the first variable, and we need
to add a term related to the variations of .J. induced by the
variation of the contact point c(q) (see Section and
Appendix [C).

Computing the sensitivity of the contact forces % is also
challenging as A* is obtained implicitly by solving a NCP (TJ
which depends on g, v and 7 through G and g. Notably, the
solutions of the NCP are intrinsically nonsmooth, correspond-
ing to the solution of a differential inclusion problem [1[]. To
understand the nonsmoothness of the NCP solutions, consider
the case of a contact force either (i) saturating the Coulomb
cone or (ii) lying strictly inside the cone. In case (i), the contact
force variations must lie on the tangent plane to the cone
at this force value, while in case (ii), no restriction on the
contact force variations applies. The derivatives do not lie on
the constraint manifolds in these two cases. Next, we detail
how implicit differentiation of (5)) can be leveraged to compute
them precisely at a limited computational cost.

and

B. Implicit differentiation of the NCP

The dynamics induced by the NCP is inherently
nonsmooth as it can switch on three modes. These modes
correspond to the active set of (I) and result in different
gradients for the contact dynamics. Our approach considers
scenarios with multiple contact points and requires the
identification of the mode for each contact. For clarity
purposes, we present the equations for a single contact point
in the case of each of the three modes.



Mode 1 - Breaking contact (brk). This mode corresponds to
the case where the contact is separating (o > 0), which is
induced by the Signorini condition that A* = 0. This mode can
be treated separately from the other two modes, as the contact
force is zero and the contact point velocity is not constrained,
yielding

dA*

dé

Mode 2 - Sticking contact (stk). In this mode, the contact
point is not moving (o = 0), which yields the same equations
as a bilateral constraint of an attached point GA*+ g = 0. Dif-
ferentiating this constraint gives the following linear equations

on dx*
aA* d d
G~ <G>\* n g) . )

=0. (8)

a0
dé dé dé

Mode 3 - Sliding contact (sld). In this regime, the contact
point moves on the contact surface, which implies a null
normal velocity (o = 0) and a non-null tangential velocity
(ler]] > 0). Moreover, from the MDP, tangential contact
forces should lie on the boundary of the cone and in the oppo-

site direction of the tangential velocity (A} =

AN TorT-
dx*

This additionally implies that <5~ should be in the plane
tangent to the friction cone as illustrated in Fig. [T] and allows
reducing the search space to a 2D plane via a simple change
Rde where R = <ﬁ H%H) €
R3%2, Therefore, differentiating these equations yields the
following conditions on the gradients

~dA . (dG dg
Z=_R'P|—X+
G =P (G i)

de do
H(O'T) 02><1 c R3><3’ H(IE) _
O1x2 1

ﬁﬁT) € R22, G = RTPGR + Q with Q =

of variable 92~ e, X

(10)

where: P

(Id

Fig. 1. [Illustration of the sliding mode. A* lives in the boundary of the cone
K, in the direction opposite to o = o7 and the variation d\* lies inside
the tangent plane.

0 0

0 1
derivation.

2x2 _ llerll
eR and o = AN

We refer to|A|for the detailed

C. Efficient computation: exploiting kinematic-induced spar-
sity

First, one should identify the active contact modes to
obtain the equations for all contact points. We denote Ay,
Ak, and Agy as the sets of contact indices corresponding
to the breaking, sticking, and sliding contacts respectively.
The dynamics of the different contacts are coupled through
the Delassus matrix G. Thus, we construct a matrix A €
RB7sth+2n510) X (3n50k+2n51a) where from G we remove the
blocks related to Ay and modify the lines and columns of
G related to Agg by following the pattern of G presented
in . Once this is donei the reduced linear system on X,
the stacking of dA* and dA, is obtained by concatenating the
corresponding right-hand side of (9) and (TI0). We obtain the
linear system corresponding to implicit differentiation

dG dg
AX =—-B | —X\"+
(3> +3):
where B is block diagonal with identity for blocks of Agy
and the basis change RT P for blocks of Agq; the complete
construction is given in the Appendix [B]
Computing the right-hand side of requires evaluating
the derivative of GA* 4+ g with A* taken constant:
dG¢ A dg _ dGA* +g¢g
dé o de A+
By recalling that GA* + g = J.v* (see Eq. is the contact
point velocity, this term exactly corresponds to the derivatives
w.r.t. 6 of the contact point velocity with A* taken constant.
Calculating the derivative, we obtain:

G\, dg _ ot dJvt
dg

@™ " NI
The first term is already computed thanks to the ABA deriva-
tives 6], and the second term %’ , which is the

derivatives of the contact velocity with ;Fv;lssumed to be
constant, can be computed at a reduced cost via the partial
derivatives of the forward kinematics [6] evaluated in g, v™.
This allows us to avoid the expensive computation of dG
as it is a tensor in general, while only its product with )\

is required. It is worth noting at this stage that the term
dJ vt
9

Therefore, computing gradients w.r.t. to the configuration q
requires evaluating an additional term for the variations of
J. induced by the variations of contact points on the local
geometries [33]] and presented in the next subsection.

Finally, to obtain %, we solve the linear system (TI)) using
a QR decomposition of A before projecting back the reduced
variables d\ in R>. At this stage, it is worth noting that these
gradients are computed given the current active set, and thus
they do not capture the information on the contact modes
boundary. Still, this is possible by combining our approach
with smoothing techniques explored in [39, |36l 49].

Y

12)

=J. 13)

v=vt

also depends on the geometry of the contact.
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Fig. 2. The robotics systems used to evaluate our approach range from
simple systems such as MuJoCo’s half-cheetah (Left) to more complex high-
dof robots such as Unitree’s Gol (Center) and H1 (Right)

D. Collision detection contribution

The collision detection phase depends on the body poses
induced by the configuration g. Thus, when 6 depends on
g, one must consider the variation of the contact location
given variations of g. Recent work on differentiable collision
detection [33, 43] allows computing the derivative of the
normal and contact point w.r.t. the poses of the bodies.

By choosing a function that constructs a contact frame c
from a contact point and its normal, we compute the derivative
of this frame w.r.t. the body poses. Chaining this derivative
with the usual kinematics Jacobian, which relates the variation
of g to the variation of body poses, one can obtain g—g. The
frame c intervenes in J. through a change of frame (the
adjoint of the placement). By leveraging spatial algebrall6]
(see Appendix |C| for the details), we calculate 6“’5?‘*
%. We add the first collision term 6J§Tc>‘* g—g in %

aJ. vt de

.. . +
and the second collision term de iy dlev
dc  do 40 |t

account for the variation of J. due to the variation of the
contact points.

The complete details of the terms and simulation derivative

+ . .
dd”—e are reported in Appendix

and

A=A*
to

IV. EXPERIMENTS

In this section, we first demonstrate state-of-the-art compu-
tational timings when computing simulation gradients for var-
ious robotic systems (Fig. [2). Second, we apply our approach
to solve two inverse problems involving contact dynamics:
retrieving an initial condition that leads to a target final
state and finding a torque that yields a null acceleration
on a quadruped. Eventually, we use our approach in first-
order policy learning algorithms in order to efficiently train
control policies on various systems. The experiments as well as
additional experiments presented in Appendix [E| are available
in the video attached.

Implementation details. We have implemented our analytical
derivatives in C++ for efficiency. We leverage open-source
software of the community: Eigen [22] for efficient linear
algebra, Pinocchio [7]] for fast rigid body dynamics and
their derivatives, and HPP-FCL [35]] for high-speed collision
detection. The code associated with this paper will be released
as open-source upon acceptance. All the experiments are
performed on a single core of an Apple M3 CPU.

A. Timings

The computational efficiency of our approach is evaluated
by measuring the average time re(luired to compute the full
Jacobian of the simulator, i.e., dqd?’T’ along a trajectory. We
consider various scenarios ranging from simple systems com-
posed of basic geometry primitives (MuJoCo’s half-cheetah
and humanoid) to more complex and realistic robots with
multiple DoFs and complex geometries (URS, Unitree Gol,
and Boston Dynamics Atlas). Tab. [[] reports the numbers
associated with the different robots considered. To stabilize
the simulation behaviors, we compute contact collision patches
(composed of 4 contact points each), thus substantially increas-
ing the dimensions of the problem to solve.

Tab. demonstrates computational timings for gradient
computation that are of the same order of magnitude as
simulation and significantly faster than central finite differ-
ences. As another point of comparison, Nimble [46] requires
Ims and 16ms on half-cheetah and Atlas, corresponding to
an approximate speedup factor of 100 for our method. In
Tab. we also compare our approach to MuJoCo MJX GPU
simulation pipeline. The numbers for gradients computed on
GPU correspond to the samples generated after one second
when using all the threads of a Nvidia A100. We find our
approach to be competitive even though it operates on a single
CPU core. Importantly, our performance gain is obtained
although we work on the unrelaxed NCP and with full meshes
descriptions (cf. Tab. [). In general, this is not achieved by
current GPU simulation approaches which have to operate on
relaxed physical principles and simplified geometries due to
hardware constraints.

Cost when optimizing for vo Gradient norm when optimizing for vq
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Fig. 3. Estimation of initial conditions. A Gauss-Newton (GN) algorithm

can leverage the efficient implicit differentiation to accurately retrieve the
initial velocity wp and impulse 7p. On the third and fourth figures, the
black curve representing Gradient Descent with finite differences rises due
to the excessively large estimated gradients. When at the boundary of a
contact mode, the norm of the finite differences gradients becomes inversely
proportional to the step size used.



|| Half-cheetah | Humanoid | UR5 | Gol | H1 | Atlas

Number of DoFs 12 27 7 18 25 36
Number of geometries 9 20 9 39 25 89
Number of collision pairs 27 161 26 494 | 255 | 3399
Number of vertices per mesh N/A N/A 200 N/A | 700 N/A
TABLE II

DETAILS OF SCENARIOS FOR COMPUTATIONAL TIMINGS. FOR THE NUMBER OF VERTICES PER MESH, N/A INDICATES A SCENARIO THAT DOES NOT
CONTAIN ANY MESH.

|| Half-cheetah | Humanoid | UR5 | Gol | H1 | Atlas | Framework

Simulation 15.8 + 7.1 42.6 +24.7 12.3 +6.1 62.6 + 18.5 139.3 +125.4 127.3 £32.9 Ours
Implicit gradients 14.74+7.0 47.9 £23.8 4.1+3.8 93.0 £ 32.0 54.3 + 34.5 95.2 £37.6 Apple M3 CPU
Finite differences 1.1e3 £ 0.5€3 5.5e3 £ 3.5e3 0.4e3 £ 0.2e3 6.6e3 £ 1.8e3 17.6e3 £ 14.6e3 26.7e3 £+ 6.€3

Simulation 5.5+ 2.0 40.3 +40.1 12.3+4.0 158+ 7.0 59.3 +31.0 85.1+34.4 MuJoCo
Finite differences 0.34e3 +0.13e3 | 2.9e3 £0.8e3 | 0.39e3 +0.10e3 | 9.9e3 £ 0.16e3 5.9e3 £ 1.4e3 54.3e3 + 1.4e3 Apple M3 CPU

Simulation 1.0+ 0.0 2.34+0.0 N/A N/A N/A N/A MJX
Autodiff gradients 3.7£0.0 103.2 £ 0.3 N/A N/A N/A N/A Nvidia A100 GPU

TABLE III
COMPARATIVE ANALYSIS BETWEEN OURS, MUJOCO, AND MJX FRAMEWORKS. TIMING STATISTICS (MEAN AND STANDARD DEVIATION IN
MICROSECONDS) FOR SIMULATION, GRADIENT, AND FINITE-DIFFERENCES COMPUTATION FOR ONE SIMULATION STEP. FOR MJX, N/A DENOTES
SCENARIOS WHERE GEOMETRIES WERE NOT SUPPORTED.

B. Inverse problems

Estimating initial conditions. As a first application of differ-
entiable simulation, we aim at retrieving the initial condition
(either the initial velocity v or an initial impulse 7g), leading
to a target final state g7 after 1" time steps. Here, we consider
the case of a cube thrown on the floor evolving in a sliding
mode. The problem can be written as:

min - lar(6) ~ a3, (14)
where gr is the final configuration and depends on the initial
velocity and impulse. Our forward-mode differentiation allows
us to efficiently compute the Jacobian of gr w.r.t. 6. We
leverage this feature to implement a Gauss-Newton (GN)
approximation of the Hessian of (I4). Fig. [3| demonstrates the
benefits of using our implicit gradients over finite-differences
in order to reach a precise solution of (I4). Moreover, ex-
ploiting the full Jacobian in a quasi-Newton algorithm also
reduces the number of iterations compared to a vanilla gradient
descent.

Retrieving the initial impulse on the cube 7y is a challenging
nonsmooth and nonconvex optimization problem, which can
explain the plateau reached by our vanilla Gauss-Newton im-
plementation. Working on dedicated nonsmooth optimization
algorithms is a promising research direction that could lead to
higher-quality solutions.

Inverse dynamics through contacts. We evaluate our ap-
proach on an Inverse Dynamics (ID) task involving contacts.
In particular, we aim at finding the torque on actuators T,
leading to a null acceleration for a Unitree Gol quadrupedal
robot in a standing position (g, v). By denoting S the actuation

matrix, the ID problem can be formulated as follows:

(15)

1 2
min 5 [0 (g,0. 8 1) = 0"

where the initial v and target v* velocities are null in
this example. As previously explained, we use the Jacobians
computed by our differentiable simulator with a Gauss-Newton
algorithm. As shown by Fig. 4] the problem is solved with high
accuracy in only a few iterations (approx. 10 to reach an error
of 1e — 5). Just like in the initial conditions estimation setup,
implicit gradients allow us to solve the problem with a higher
precision than finite differences.

C. Applications to Policy Learning

Model-free reinforcement learning relies on zeroth-order
gradient estimation via the policy gradient theorem, often
leading to high variance and slow convergence. In contrast,
first-order gradient-based optimization using analytical gra-
dients from a differentiable simulator enables more efficient
policy updates e.g. SHAC [48]] and AHAC [19]. We integrate
our differentiable simulator with the first-order, on-policy
algorithm SHAC and compare it to the zeroth-order, on-policy
algorithm PPO. We evaluate two illustrative systems: the cart-
pole swing-up and the MuJoCo hopper. The performances are
reported in Fig. [5] While these systems are relatively small,
they are not trivial due to their non-smooth dynamics. The
cartpole involves joint limits, and the hopper combines joint
constraints with ground contact interactions, making these
tasks representative of the complexities encountered in real-
world scenarios. Commonly used robotics benchmarks in RL
are from Gymnasium and rely on the MuJoCo simulator [42],
which relaxes contact constraints using compliance [30]. First-
order RL benchmarks with SHAC or AHAC work with even
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can be efficiently performed via a Gauss-Newton algorithm by leveraging the
derivatives of our differentiable simulator.
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Fig. 5. SHAC vs. PPO on cartpole swing up (upper) and hopper (lower).
SHAC algorithm leverages differentiable simulation to achieve improved
sample efficiency.

more relaxed dynamics by using the dflex simulator. The
later models all constraints with a spring-damper approxi-
mation which results in smoother dynamics. In contrast, our
simulation approach allows modeling non-compliant contacts
and joint limits without any such relaxations [8]. In turn,
the absence of relaxation directly affects the smoothness and
continuity of the gradients, often making it challenging to
leverage them for gradient based optimization. Certain reward
terms in Gymnasium environments are non-smooth and require
smoothing, as proposed in [48]], to allow informative gradient

computation (see section [F in the Appendix).

The experiments show that using our differentiable simula-
tor with SHAC leads to greater sample efficiency compared
to PPO. However, the training process is noticeably noisier.
This may arise from the stiffness of our simulator, which
models non-smooth constraints directly rather than using the
commonly employed relaxations or spring-damper systems.
Although differentiable simulation reduces gradient variance,
the resulting gradients can become highly unstable in stiff
scenarios. Mitigating this instability is a challenging problem
[19] and may require effective gradient smoothing strategies.
Potential approaches include adaptive scheduling of a com-
pliance term for the constraints or leveraging solver methods
that inherently apply smoothing, such as interior point solvers
[37, 24], to enhance stability without sacrificing efficiency.

V. LIMITATIONS

This paper introduces an end-to-end differentiable physics
pipeline for robotics based on the implicit differentiation of
the non-relaxed NCP for contacts. By avoiding any relaxation,
we prevent the appearance of nonphysical simulation arti-
facts. Moreover, exploiting the sparsity induced by the robot
kinematic chains and leveraging the derivatives of rigid body
algorithms allows us to achieve state-of-the-art timings, with
a speed-up of at least 100 compared to alternative solutions
of the state of the art. In an MPC context where the dynamics
and its derivatives are evaluated at a high frequency, the
gains in physical realism and efficiency could determine the
controller’s overall performance.

Yet, as the NCP induces inherently non-smooth dynamics,
exploiting its gradients requires dedicated algorithms when ad-
dressing downstream optimization tasks. Our experiments with
first-order reinforcement learning highlight this challenge: di-
rectly using the simulator’s raw analytical gradients with NCP-
modeled constraints results in efficient but sometimes less
stable convergence. Some previous works [40, 31, [36]] leverage
randomized smoothing techniques that provide smooth gradi-
ent estimates from simulation and gradient samples. Alterna-
tive solutions relax the physics, either explicitly [42, 34, 28]]
or implicitly, by leveraging interior-points (IP) methods [24].

Until now, none of the previous first-order RL works
48, [19]] showed a sim-to-real transfer on real robotic hardware.
This might be due to the significant difference between the
smoothed simulators and reality. Therefore, working with the
challenging-to-use but more accurate non-smooth gradients
from more accurate simulators might pave the way to a sim-
to-real transfer.

Similarly to existing robotic simulators (e.g., MuJoCo, Bul-
let, DART), this paper models contact interactions as vanilla
3D contact points, while richer but more complex contact
models exist. One promising research direction could consider
extending this work towards deformable contact interactions
to enhance simulator realism, such as in [[14].

VI. CONCLUSION

In future work, we plan to combine our qualitative gradient
approach with smoothing techniques to ease the integration



within recent control frameworks to tackle more complex
robotics tasks. Specifically, this paper introduces an efficient
method for computing physics gradients, which are used in
first-order policy learning algorithms such as SHAC [48] or
AHAC[19]. The next step is extending our SHAC experiments
to more complex real-world robotics systems. It is also worth
noticing that our approach is not limited to rigid-body robots,
but could also be leveraged for soft dynamics in general to
design and control soft robots [13]] and could be adapted to
use implicit integrator as in [9]. The proposed differentiable
simulation of an unrelaxed physics model is a crucial step
toward reducing the Sim2Real gap [26], and future work
may adapt learning algorithms to effectively achieve this
goal. Finally, we hope this work will serve as a catalyzer
in the robotics and learning communities and motivate the
development of new reinforcement learning and trajectory
optimization methods leveraging simulation gradients in order
to accelerate the discovery of complex robot movements in
contact.
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APPENDIX A
SLIDING MODE

In this section, we detail the equations (Eq. [I0] of the paper) of the sensitivity analysis of the contact force in the case of
a sliding mode (|lor|| > 0). In sliding mode, both the contact forces and the contact point velocity are on the border of their
cone. Thus, from the NCP we have:

[Ar]| = pAn (16a)
on =0 (16b)
A (o +T,(0) =0 (16¢)
o=G\+g, (16d)
which is equivalent to:

Ar = —pdy 2L (17a)

oz
or =GrA+gr (17b)
GNA+gn =0. (17¢)

By differentiating, we get the following system on the derivatives:

1

Kd\ = —EHdO'T (18a)
dor = Gpd\ + (dGT)\ + dgT) (18b)
GNd)\:—(dGNA-i-dgN), (180)

where K = (Idy  pur) € R?*® and H = (Id — upug) € R?*? with up = Hgil\ and o = |L‘;TN“. We rewrite as

1 1
(QHGT+K> d\ = —EH(dGT)\—&—dgT) (19a)
Gnd\ = —(dGN)\—I—dgN). (19b)
Stacking the two equations yields:

(PG + K)dX = —P(dGX + dg), (20)

ol 02 g gng = (K ) e s,
01><2 1 O1><3

Because A is constrained to stay on the boundary of the cone, its variations dA live in the tangent 2D plane whose basis
is R= (ﬁ e, X ”;’—;H) € R3%2, Applying the change of variable d\ = RdA and multiplying the previous system [20| by

RT allows getting a linear system of reduced dimension:

where we introduce P = (

GdX = —R" P (dGA +dy), 1)

0 0

0 1) € R?*2, Hence the final expression when taking derivative

where G = RTPGR+ Q € R2%2 with Q = RTKR = (

w.r.t 6 in the optimal force \*

~dh L /dG ., dg
G@_—R P(do)\ +d6)' (22)
APPENDIX B

IMPLICIT NCP GRADIENT SYSTEM

In this section, we detail the final system solved to compute the gradients of the NCP (equation (10) of the paper). Following
the paper notations, we denote Ay, Agx, and Agg as the sets of contact indices corresponding to the breaking, sticking, and
sliding contacts respectively and ny, ngk, and ngg their cardinals and n = i + ngk + nsig the total number of contacts. For
the implicit gradients system, we removed the d\ variables associated with contacts in A4y, and sorted the remaining ones by



putting first the components associated with the contacts in A4 before the reduced ones dX of Agq. Then the total variation
of Ais dX = CX € R3" with

d®
X = d)‘(.nak) R?mstk-‘r?nszd 23
= dj\(l) c (23)
dX\(ns10)
O3nbrk73nslk O3”brk72ns]d
Id3nuk,3nsxk Ognslk12nsld
= RM € R37%(3naen+2ns1a) (24)
Ognsldy'?’”slk
R(7sid)

Note that in the sticking case, the right-hand side is dGA + dg and the left-hand side is Gd\ and for the sliding mode, the
right-hand side is multiplied by R P and the right-hand side is composed by R" P and R plus an additional term due to Q.
So if we introduce B and A as

IdSnstk,antk ‘ 03ns‘k;3’ﬂ51d
ROT pM
b= . c RBnstk+2n51a)x3n (25)

0277«s|d73nbrk 02n\1d73nstk

03”5‘1{ 13Nk

R(nsld)TP(nsld)

O3nslka3nslk ‘ 03nbrk;2nsld

A= BGC + Q . € RBnstr+2n514) X (3ns0k+2n510) (26)
02n>1d73nbrk .
Q

where G is the complete Delassus matrix that induces coupling between the different contacts. We recover the linear system
of the implicit gradient

AX = —B(dGX + dg), 27
and, finally, the derivative w.r.t 6 of the force taken in the optimal force A\* as
dxe 1 dG ., dg

T —-CA™'B (dGA + (19) . (28)

Details on implementation. In practice, the matrix B and C' are not computed, but we directly work on G and (dGX + dg)
by discarding the right lines and modifying groups of columns and lines to exploit the sparsity of B and C. We compute the
matrix A and its inverse using a QR decomposition.

APPENDIX C

COLLISION DETECTION CONTRIBUTION

+ Ty * . .
Here, we present the terms 8J52’ de and B'Iéc)‘ g—g from Section [[II-D} Given a contact frame c between body 1 and body

do
2, the contact Jacobian is

Jo = BCX1J1 — “XoJa), (29)

Id; 033
033 033
of the bodies 1 and 2. In practice, the contact placement c is calculated relative the world frame using HPP-FCL. The contact
placement is given in function of the placement of two bodies placement relative to the world: °M;(q) and °M;(q). We can
write:

where E = is an operator that allows the extraction of the linear part, and .J;, Jo are the kinematic Jacobian

"Me.(q) ="CD("Mi(q), " M2(q)), (30)

where °CD is an acronym for collision detection. We are interested in the derivatives of J.v when J; and J, are considered
constant because their derivation is already considered in the other terms. For clarity of the presentation, we present the



calculation for ©X; Jyv as the derivation for J.v follows naturally. In term of Lie groups, °X; = Ad, M (q)0 M (q) where Ad
denotes the adjoint operator on SE(3) to explicitly show the dependency in the variables. With the rules of spatial algebra, we
have for a vector x of the lie algebra, and placement M, M’ in SE(3)

d(Adp ) = —adad,, « Ady dM (31a)
d(M™'M") = — Adpp-1pp dM +dM, (31b)
with ad the small adjoint on the Lie algebra. By the chain rule we obtain
d(Adp-1pp @) = adaa,,_,,, « dM — Adp-1pp ad, dM'. (32)
Applied to M =M. (q) and M’ = °M;(q) we obtain
d(°X1(q)J1v) = adex, 7,0 dA° M, — X1 ad s, d° M (33)
= (° X, J1v) x d°M, — °X;(Jyv x d°M)). (34)

Where in the second form we use the generalized cross product from the notation of Featherstone [[L6]. The calculus is similar
for Jo. Now differentiating the collision detection, we have
d°M,. 9°CD dq + 9°CD dq
dé 80M 0N, "*de’
which can be computed using the randomized smoothed derivatives presented in Differentiable collision detection: a randomized
smoothing approach [16] in the main paper. For self explanation of the paper, we provide the final formula:

(35)

dJ.vt de K(J - 9°CD 9°CD

c c dg
9% @ = F XW — ( X1J1U+)><) Ji + ((JCUJ’_)X@O% +( X2J2'U+)><> JQ] @

To compute the 8‘]80)‘ gg we use the previous term and the duality stating that for any A and v we have (J X\, v) = (X, J.v).

Taking derivatives we have

(5(J;r)\)dq,1;> = <A78(va)dQ>
= (A, Lv)
= (LA, v), (36)

and because it is true for any v we have 9(J.) A)dg = LT X. We calculate L using the anti-commutativity of ad:

0°CD 0°CD
3(va)dq =F [(adjcv 807]\41 — CXl adJ1v> Jl + (a‘dJC’U m + CXQ adJ2v> J2:| dq
Lv=-F l:(ad 20D ;1 4q J.— X, adJldq Jl) (ad o0cp 4o J.+“Xo adjqu JQ):| 37
a0 M, 001\12

Taking the transpose and introducing the operator P is the variable commutation of ad . Precisely for all z in the Lie algebra
and y in the dual Lie algebra: ad;r y = P, x we obtain:

LA = KJT ad Loy g —J{ ad] 4 CXI) <JT ad hoe Jadq +J5 ad g cx;)} EX

a0, 90 My
0°CD 9°CD
A(JT X)dq KJT Prx 55 M1J — J PexTpa J1> + (Jj Ppa 807MQJQ +J5 Pexpa Jz)] dq. (38)

And finally, we obtain the second term

DI] A" de
dc db

9°CD d°CD d
= KJI Poyrpa —J) Poar é)OMl) Jy— (J; P.yrpa- +J. Poas M) J} d‘;

Details on implementation. Here, the terms are calculated for one contact. For multiple contacts, 2Z< ;’ de s the concatenation

do
of the terms for individual contacts and J@c)\ de i the sum of the terms from each contacts. Note that for elements of dual

de
0 fx

fx  mx
the two terms can be computed efficiently by exploiting the sparsity induced by the kinematic structure.

spatial algebra y = [f, m] we have the closed form P, = ) Note also that similarly to the kinematic Jacobians,



APPENDIX D
COMPLETE SIMULATION GRADIENTS EXPRESSION

Combining the terms from the collision detection, the term from the velocity forward kinematic, and the main calculation
presented in Section [[TI} the complete expression of the simulation step derivative is

dvt  dovt dvt dJvt oJ.vt de
Lo ~AtMTYToAT B (g, c v %
do dé |,_,. t Jo © (JC df |,_,. dg |,_.+ Oc d0>7
with
+ T \*
dL :d—v—i—At 3UFDd_q+5UFDd_'U+8UFDd_T _10J, A % ’ (39)
dg |,_,. do Oq do ov do or do Oc db
+ +
dJ.v _ OFKV(q,v™,¢) d_q’ 40
dg |,_+ dq do

where FKV(q, v, ¢) is the forward kinematic velocity that gives the velocity of the origin of the frame ¢ when the system is
d 9Jevt de OJIA" de

<5 are as presented

in configuration q with joint velocity v*. A, B, C' are as presented in Appendix B and “557— 98, <= 42

in Appendix C.
Details on implementation. The partial derivatives

Baqlfgl’)_’_, 35% and the term M ~(q)J. (g) can be efficiently computed via

rigid-body algorithm as implemented in Pinocchio. The terms &{;—;’Jrg—g, anc)‘* g—;, A, B and C can be computed efficiently
jointly with the ABA derivatives during forward and backward search of the kinematic tree to exploit its sparsity.
Baumgarte stabilization is often used in practice to prevent penetration errors from growing. The correction is integrated by
adding terms to the expression of g

@(q) o(q)

ngc”f+E—KP[E

] — KgJw 1)

where K, and K, are the gains of the corrector. In the case of sticking or sliding contacts we have (GA + g)n = 0 and
expanding the expression of g yields
®(q)

At
Therefore, using a Baumgarte correction affects the derivative of the simulation. In particular, the derivatives of the proportional
term involve ® and thus should be handled when computing the derivatives of the collision detection. Differentiating the
derivative term KyJ.v is done similarly to the J.vT term i.e. via the Forward Kinematics derivatives. In more details, the
term in parentheses of (39) becomes

dG+dg_ dovt
do ' do ¢ do

(Jev )y = Ka(Jov)ny — (1 — K)) (42)

dJ,vt
A=A* d9

dJ.vt de  (1-K,)d®(q) dv dJ.v
X L) K - K
i O dO At df tlegp ~ T g s

APPENDIX E
ADDITIONAL EXPERIMENTAL SUPPORT

(43)

This section provides several additional experiments using our differentiable simulator to solve contact inverse dynamics
problems on underactuated robotics systems. The considered problems, depicted in Fig. [6] are the following:

o A Unitree Gol is stabilized in a standing position with a 10kg mass put on its back;

Fig. 6. The differentiable simulator is used to find a control torque stabilizing various robotics systems: a Unitree Gol in a standing position with a 10kg
mass on its back (Left) or in a “hand-stand” pose (Center) and a humanoid Unitree HI in a “push-up” pose (Right).



o A Unitree Gol is stabilized in a “hand-stand” pose;
o A Unitree H1 humanoid is stabilized in a “push-up” pose.

In every case, the robots are stabilized by optimizing the torque on the actuators. We refer to the video attached to this paper
for more visualization of the experiments.

APPENDIX F
POLICY TRAINING DETAILS

CartPole Swing Up task involves stabilizing an underactuated pendulum in an upright position starting from the pendulum
hanging downwards. The system comprises a 5-dimensional observation space (cart position x nad velocity z, pole angle
[sin(6), cos()] and angular velocity 6) and a 1-dimensional action space controlling the cart’s prismatic joint torque. The cart
joint is constrained to [—2m, 2m]. and the reward function is defined, similar to [48], as:

R=—6%—-0.1> — 0.052% — 0.014> (44)

Episodes run for 240 time steps without early termination, with randomly sampled initial states.
Hopper environment evaluates locomotion control of a single-legged robot evolving in a plane. The state space consists of 11
dimensions: base height, rotation, linear velocity (2D) angular velocity; joint angles (3D) and velocities (3D). The action space
is 3-dimensional, controlling joint torques for the thigh, leg and foot. The smooth reward function proposed by [48] combines
multiple objectives:

R= Rvelocity + Rheight + Rposlure —-0.1 Ha||2 (45)

where Ryelocity = Vg, and:
—200A%, if Ap <0
Bheighe =

Ay, if A, >0’ (46)
Ay, = clip(h +0.3,—1,0.3)
0 2
Rposture =1- (300) 47

Episodes terminate after 1000 time steps or if the robot height falls below —0.45m.
PPO hyperparameters common to both environments include: v = 0.99 and A = 0.95 for Generalized Advantage Estimation

TABLE IV
PPO HYPERPARAMETERS

Environment || Horizon Length | Parallel Envs. | Minibatch Size
CartPole || 240 | 128 \ 3840
Hopper || 32 | 256 | 1024

(GAE) calculation, a learning rate of 3e —4 for both actor and critic using 10 mini batch epochs. Environment-specific settings
are provided in Table [TV}

SHAC hyperparameters are consistent across both environments: 16 environments in parallel with a short horizon of 20,
v = 0.99 and A = 0.95 for GAE calculation, policy and critic learning rates 3e — 4, 16 training iterations for critic with 4
minibatches and target value network o = 99.
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