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Abstract

We present a new method to calculate analytically the roots of the general complex polynomial of degree four. This
method is based on the approach of appropriate changes of variable involving arbitrary parameters. The advantage of this
method is to calculate the roots of the quartic polynomial as closed formula using the standard convention of the square
and cubic roots. In contrast, the reference methods for this problem, as Ferrari, Descartes, Lagrange and Euler, give the
roots of the quartic polynomial as expressions required a root of a cubic eqution, called resolvent cubic of the fourth degree
equation, given in terms of cubic roots with case distinctions which require a convention of roots depending on coefficients.

keyword: quartic polynomial roots, appropriated change of variable, analytical closed formula.

1 Introduction
The problem of solution formulas of polynomial equations is fundamental in algebra [1, 2]. It is useful, by example, for
the eigenvalues perturbation [3] and the solution of a system of nonlinear equations [4]. Moreover, it has many physical
applications, as the study of the singularities of the surfaces of refractive indices in crystal optics [5] and the diagonal
eigenvalues perturbation [6], or the resonance oscillation and transition to chaos in a complex oscillator [7]. Another
example is Alhazen’s problem in optics which leads to a quartic equation: given a light source and a spherical mirror, find
the point on the mirror where the light will be reflected to the eye of an observer [8]. In Timoshenko-Rayleigh theory of
beam bending, the eigenvalues of a 4×4 matrix are the roots of a quartic polynomial which is the characteristic polynomial
of the matrix [9].

For a quartic equation, the formulas of Ferrari and Lagrange are given by expressions in terms of a root of a cubic
equation. So, without a closed formula of this cubic equation, the expressions of Ferrari and Lagrange themselves are not
a closed formulas. The classical result to solve the cubic equations was the formulas of Cardan-Tartaglia and Lagrange
which are subject to different interpretations depending on the choices for the values of the square and cubic roots of the
formulas [10, 11]. The correct interpretation is generally derived from conditions between the roots and the coefficients
of the cubic polynomial. It was a fundamental question to be able to define closed formula that yields correct solutions
for all cubic equations. Ting Zhao’s thesis and related work recently brought an important advance on the formulas of
Lagrange-Tartaglia with closed solution formulas for cubic and quartic equations with real coefficients. The results were
obtained by introducing a new convention for the argument of the cubic root of a complex number [12]. This open problem
since 1545 [1], the date when Cardan had published his method in his work Ars Magna, was recently resolved in 2024
by [13]. Defined by the standard convention of the square and cubic roots, [13] introduced a closed formula for the cubic
equations. For quartic equations, we present in this paper a closed formula that is valid with complex coefficients. This
more general result is uniquely defined by the standard convention of the square and cubic roots.

To illustrate the problem, we introduce the formula of Ferrari and afterward we give two examples. Indeed, Ferrari
calculate the four solutions of the equation

(F) : y4 + py2 + qy + r = 0

if q ̸= 0 as

y1 = 1
2

(
−
√

2λ0 − p +
√

−2λ0 − p + 2q√
2λ0 − p

)
,

y2 = 1
2

(
−
√

2λ0 − p −
√

−2λ0 − p + 2q√
2λ0 − p

)
,

y3 = 1
2

(√
2λ0 − p +

√
−2λ0 − p + 2q√

2λ0 − p

)
,

y4 = 1
2

(√
2λ0 − p −

√
−2λ0 − p + 2q√

2λ0 − p

)
,

where λ0 is a root of the cubic equation

8λ3 − 4pλ2 − 8rλ + 4pr − q2 = 0.
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Lagrange (1795-1796), Descartes (1596-1650) and Euler (1707-1783) have proposed another equivalent methods, to solve
(F) whose tricks resemble that of Ferrari (1522-1565), using a root of a cubic eqution, called resolvent cubic of the fourth
degree equation [11, 14, 15, 16].
So, without the closed expression of λ0 and the resolvent cubics of the fourth degree equation, we can not use any formulas
from those of Ferrari, Descartes and Euler. Indeed, to get explicitly the root of a cubic equation, we need to use the
formula of [13] which is for now the only closed formula for the general cubic equations.

Therefore, a natural question is how we can calculate the roots of (F) using uniquely closed formulas?
The response to this question is the objective of this paper.

We present a closed analytical formula for the roots of the general complex quartic polynomial. Our method is based
on the approach of changes of variable involving arbitrary parameters, which rests on two principal ideas to diagonalize
the particular 4 × 4 complex matrix such that its characteristic polynomial will coincide with the quartic polynomial.
In fact, to calculate the roots of the general complex quartic polynomial, we construct this particular matrix and we
calculate its spectrum. Consequently, the eigenvalues of this particular matrix become identical to the roots of this cubic
polynomial.
Firstly, we introduce one change of variable involving arbitrary parameters. So, the characteristic equation of this matrix
can be replaced by another non-polynomial equation in terms of the first new variable.
Secondly, we introduce another change of variable involving another arbitrary parameters. The second variable replaces
the first and the second arbitrary parameter can be chosen as required to make the form of the new equation as a second
degree polynomial of the unknown second variable.
Therefore, we can solve easily this new polynomial equation and consequently deduce the solution of the original equation,
which is the roots of the quartic polynomial.

The rest of the paper is structured as follows. In section 2, we derive the approach of appropriate changes of variable
involving arbitrary parameters. Consequently, in section 3, we apply it on the general complex quartic polynomial.

2 Approach of appropriate changes of variable involving arbitrary
parameters
Let the general complex quartic polynomial P (Z):

P (Z) := Z4 + bZZ3 + cZZ2 + dZZ + eZ = 0; bZ , cZ , dZ , eZ ∈ C.

Indeed, P (Z) is the characteristic polynomial of the 4 × 4 complex matrix A

A :=

−bZ 1 0 cZ/eZ

0 0 1 0
−dZ 0 0 1
−eZ 0 0 0

 .

then, the spectrum of A is identical to the set of the roots of this polynomial P (Z).
In this section, we aim to calculate the spectrum of A with the approach of appropriate changes of variable involving

arbitrary parameters. We detail it by the following four steps. The first step consists of performing a change of variable
for the eigenvalues of A so that we get a non-polynomial equation. In the second step, we will deal with this equation
in order to simplify it by some algebraic manipulations which leads to a non-polynomial equation. The third step will
introduce a second change of variable in order to replace the non-polynomial equation by another polynomial equation.
Finally, in the fourth step, we will solve the latter polynomial equation to deduce the roots of the quartic polynomial.

We start the first step by introducing the following definition which will be useful in the sequel:
Definition 2.1. We associate to A the following expressions in terms of its components and arbitrary parameters c̃1, c̃2,
c̃3 and c̃4:

A = 8c̃4
4

B = 4c̃3
4 (bZ + 4c̃3 + 2c̃1c̃4)

C = −4c̃3
4 (bZ + 4c̃3 + c̃1c̃4)

D = c̃2
4
[
(6c̃3 + 3c̃1c̃4) bZ + 2cZ + c̃2

1c̃2
4 + 12c̃1c̃3c̃4 + 12c̃2

3 + 8c̃2c̃2
4
]

E = −c̃2
4
[
(6c̃3 + c̃1c̃4) bZ + 2cZ + 4

(
3c̃2

3 + c̃1c̃3c̃4 + c̃2c̃2
4
)]

F = c̃4
[
3
(
c̃2

3 + c̃1c̃3c̃4 + c̃2c̃2
4
)

bZ + (2c̃3 + c̃1c̃4) cZ + dZ + 2
(
2c̃3

3 + 3c̃1c̃2
3c̃4 + 6c̃2c̃3c̃2

4 + c̃1c̃2c̃3
4
)]

G = −c̃4
[(

3c̃2
3 + c̃2c̃2

4
)

bZ + 2cZ c̃3 + dZ + 4c̃3
(
c̃2

3 + c̃2c̃2
4
)]

H = c̃3
(
c̃2

3 + 3c̃2c̃2
4
)

bZ +
(
c̃2

3 + c̃2c̃2
4
)

cZ + dZ c̃3 + eZ + c̃2
2c̃4

4 + 6c̃2c̃2
3c̃2

4 + c̃4
3.

Now, we introduce the first change of variable involving arbitrary parameters so that the roots of P (Z) can be rewritten
in terms of this new variable b̃ such that b̃ satisfies a non-polynomial equation like the following proposition:
Proposition 2.2. A root of the general complex quartic polynomial P (Z) can be written in terms of an unknown b̃ and
arbitrary parameters c̃1, c̃2, c̃3 and c̃4 as follows:

k := c̃3 + c̃4

(
b̃ −
√

△b̃

)
, (1)

where △b̃ is defined by

△b̃ := b̃2 + c̃1b̃ + c̃2 (2)
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and b̃ is governed by the following non-polynomial equation:

Ab̃4 − Ab̃3√△b̃ + Bb̃3 + Cb̃2√△b̃ + Db̃2 + Eb̃
√

△b̃ + F b̃ + G
√

△b̃ + H = 0, (3)

here, c̃1, c̃2, c̃3 and c̃4 can be chosen arbitrarily provided that c̃1 and c̃2 are not null simultaneously and c̃2
1 − 4c̃2 ̸= 0. The

coefficients of Eq. (3) are given by definition 2.1.
Proof:

Since P (Z) is the characteristic polynomial of the matrix A, then a root of P (Z) is an eigenvalue of matrix A.
Consequently, it is enough to prove that k is an eigenvalue of A if Eq. (3) is verified.
Firstly, we decompose the matrix A as the sum of two matrixes B and C as follows:

A :=

−bZ 1 0 cZ/eZ

0 0 1 0
−dZ 0 0 1
−eZ 0 0 0

 =

0 0 0 0
0 m 1 0
0 0 0 0
0 0 0 0


︸ ︷︷ ︸

B

+

−bZ 1 0 cZ/eZ

0 −m 0 0
−dZ 0 0 1
−eZ 0 0 0


︸ ︷︷ ︸

C

.

The matrix C has

X (X + m)
(
X2 + bZX + cZ

)
= 0

as characteristic polynomial. Consequently, C has 0, −m and kC as eigenvalues according to the eigenvectors

v0 :=

0
0
1
0

 , vm :=

 1
bZ − m − cZ/m

−(eZ − dZm)/m2

eZ/m

 and vkC =

 1
0

−(eZ + dZkC)/k2
C

−eZ/kC


respectively where:

kC :=
√

b2
Z − 4cZ − bZ

2 .

The advantage of this decomposition of A is to construct, according to a suitable choice of m, an eigenvector of A in terms
of these of C which will be elaborated in the sequel.
Secondly, we search an eigenvector for A of the form

vk := v0 + vmvm + vkC vkC ; vm, vkC ∈ C.

Indeed, we take

vm := kkCm2

eZ (k + m) (kC + m)

vkC := −kk2
Cm

eZk2
C − eZkkC − eZkm + eZkCm

,

here m is given as

m := −
k2 + cZ + bZkC +

√
(k2 + cZ + bZkC)2 − 4 (k − kC) (cZk + k2kC + bZkkC)

2 (k − kC) ,

where m is a root of the following equation:

em := (k − kC) m2 +
(
k2 + cZ + bZkC

)
m + cZk + k2kC + bZkkC = 0.

Then, the matrix A get k as eigenvalue according to the eigenvector vk if k verify P (k) = 0; because:

Avk − kvk = 1
eZ (k + m) (kC + m) (k − kC)

 −kkCmem

−kCm
[
(kC + m) P (k) − k2em

]
0
0

 =

0
0
0
0

⇔ Avk = kvk

so, it is enough to check that the equation P (k) = 0 is equivalent to Eq. (3).
Thirdly, to end the proof, we justify the above conditions on c̃1 and c̃2 by simple reason that: otherwise, k no longer
depends on b̃ and consequently Eq. (3) will govern another unknown among c̃3 or c̃4. □

In the second step, we aim to simplify Eq. (3) of the unknown b̃, where c̃1, c̃2, c̃3 and c̃4 can be chosen as required. So,
we derive from Eq. (3) two equations of b̃ given by the following two propositions:
Proposition 2.3. For fixed c̃1, c̃2, c̃3 and c̃4, b̃ satisfies the following equation:

d1b̃3 − d1b̃2△b̃ + d2b̃2 + d3b̃△b̃ + d4b̃ + d5△b̃ + d6 = 0, (4)

where the coefficients of Eq. (4) are given by:

d1 = 2D + 2E + c̃1B + 2c̃1C − 2c̃2A

d2 = 2F + 2G + c̃1D + 2c̃1E + 2c̃2C

d3 = 2F + 2G + c̃1E

d4 = 2H + c̃1F + 2c̃1G + 2c̃2E

d5 = 2H + c̃1G

d6 = c̃1H + 2c̃2G
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Proof:
Eq. (4) is deduced by multiplying Eq. (3) by c̃1 + 2

(
b̃ +
√

△b̃

)
where △b̃ is given by Eq. (2). □

Proposition 2.4. For fixed c̃1, c̃2, c̃3 and c̃4, b̃ satisfies the following equation:

f1b̃2 + f2b̃△b̃ + f3b̃ + f4△b̃ + f5 = 0, (5)

where the coefficients of Eq. (5) are given by:

f1 = −8c̃2
1c̃2c̃4

4 + Dc̃2
1 + 4d3c̃1 + 32c̃2

2c̃4
4 − 4Dc̃2 + 4d5

f2 = Ec̃2
1 + 4d4 − 4c̃2E

f3 = F c̃2
1 + 4d5c̃1 + 4c̃2d3 − 4c̃2F

f4 = Gc̃2
1 + 4d6 − 4c̃2G

f5 = Hc̃2
1 + 4c̃2d5 − 4c̃2H

Proof:
Similarly to the proof of proposition 2.3, on one hand we multiply Eq. (3) by d1 and on the other hand we multiply Eq. (4)
by A

√
△b̃. Consequently, we add the obtained equations to deduce Eq. (5). □

Due to a classic change of variable, it is enough to calculate the roots of the quartic polynomial P0 (z):

P0 (z) := z4 + cz2 + dz + e = 0; c, d, e ∈ C.

indeed

P (Z) :=Z4 + bZZ3 + cZZ2 + dZZ + eZ

=
(

Z + bZ

4

)4
+
(

cZ − 3
8 b2

Z

)(
Z + bZ

4

)2
+
(

b3
Z

8 − cZbZ

2 + dZ

)(
Z + bZ

4

)
− 3

256 b4
Z + cZb2

Z

16 − dZbZ

4 + eZ

=z4 + cz2 + dz + e; for:



z := Z + bZ

4
c := cZ − 3

8 b2
Z

d := b3
Z

8 − cZbZ

2 + dZ

e := − 3
256 b4

Z + cZb2
Z

16 − dZbZ

4 + eZ

(6)

so, the general case of P (Z) comes down to the particular case P0 (z) according to the change of variable given by Eq. (6).
In the sequel, we aim to calculate the roots of P0 (z).

In the third step, we introduce the second change of variable

l := −o2b̃ − o1
√

△b̃ (7)

in order to deduce from the intractable equations of b̃ another polynomial equation of the new variable l, where o1 and o2
are arbitrary parameters that can be chosen as required:
Proposition 2.5. Let o1, o2 ∈ C. Then l satisfies the following equation:

Alc̃
4
4l4 + Blc̃

3
4l3 + Clc̃

2
4l2 + Dlc̃4l + El = 0 (8)

where the coefficients of Eq. (8) are given by:

Al := 4c̃2
134c − 8c̃134d + 16e + c̃4

134

Bl := −2g1o1 − 2g2o2

Cl := g3o2
1 − g4o2o1 + g5o22

Dl := g6o3
1 − g7o2o2

1 + g8o2
2o1 + g9o3

2

El := g10o4
1 − g11o2o3

1 + g12o2
2o2

1 + g13o3
2o1 + g14o4

2

here the coefficients of Bl are

g1 :=c̃134
(
c̃2

1c̃2
4 − 8c̃1c̃3c̃4 + 8c̃2

3 + 4c̃2c̃2
4
)

c −
(
3c̃2

1c̃2
4 − 16c̃1c̃3c̃4 + 16c̃2

3 + 4c̃2c̃2
4
)

d + 8c̃134e + 2c̃3
134c̃1234

g2 :=c̃134
(
c̃2

1c̃2
4 − 8c̃2

3 + 4c̃2c̃2
4
)

c −
(
3c̃2

1c̃2
4 − 16c̃2

3 + 4c̃2c̃2
4
)

d + 8 (2c̃3 + c̃1c̃4) e − 2c̃3
134c̃234

the coefficients of Cl are

g3 :=c̃2
134c2 +

(
4e − 2c̃134d + c̃4

1c̃4
4 − 10c̃3

1c̃3c̃3
4 + 2c̃2

1c̃2c̃4
4 + 38c̃2

1c̃2
3c̃2

4 − 16c̃1c̃2c̃3c̃3
4 − 56c̃1c̃3

3c̃4 + 4c̃2
2c̃4

4 + 16c̃2c̃2
3c̃2

4 + 28c̃4
3
)

c

− 3c̃3
134d + 2

(
5c̃2

1c̃2
4 − 12c̃1c̃3c̃4 + 12c̃2

3 − 8c̃2c̃2
4
)

e + 6c̃2
134c̃2

1234

g4 :=2c̃2
134c2 +

[
8e − 4c̃134d + 2

(
c̃3

1c̃3c̃3
4 − 4c̃2

1c̃2c̃4
4 + 6c̃2

1c̃2
3c̃2

4 + 12c̃1c̃2c̃3c̃3
4 − 32c̃1c̃3

3c̃4 − 4c̃2
2c̃4

4 + 28c̃4
3
)]

c

+ 3
(
c̃3

1c̃3
4 − 4c̃2

1c̃3c̃2
4 − 8c̃1c̃2

3c̃4 + 4c̃2c̃1c̃3
4 + 16c̃3

3
)

d − 12c̃134 (2c̃3 + c̃1c̃4) e + 12c̃2
134c̃234c̃1234

g5 :=c̃2
134c2 +

[
4e − 2c̃134d + 2

(
3c̃2

1c̃2c̃4
4 − c̃2

1c̃2
3c̃2

4 − 4c̃1c̃2c̃3c̃3
4 − 4c̃1c̃3

3c̃4 + 2c̃2
2c̃4

4 − 8c̃2c̃2
3c̃2

4 + 14c̃4
3
)]

c

− 6
(
c̃2

1c̃3c̃2
4 − 2c̃1c̃2

3c̃4 + 2c̃2c̃1c̃3
4 − 4c̃3

3
)

d + 2
(
c̃2

1c̃2
4 + 12c̃1c̃3c̃4 + 12c̃2

3 + 8c̃2c̃2
4
)

e + 6c̃2
134c̃2

234

4



the coefficients of Dl are

g6 := − 2c̃134c̃1234c2 +
(
c̃2

1c̃2
4 − 6c̃1c̃3c̃4 + 6c̃2

3 + 2c̃2c̃2
4
)

dc − 2c̃134ec − 2c̃134c̃1234
(
c̃2

1c̃2
4 − 3c̃1c̃3c̃4 + 3c̃2

3 − c̃2c̃2
4
)

c

− c̃134d2 +
(
2e + c̃4

1c̃4
4 − 8c̃3

1c̃3c̃3
4 + 18c̃2

1c̃2
3c̃2

4 + 12c̃1c̃2c̃3c̃3
4 − 20c̃1c̃3

3c̃4 − 6c̃2
2c̃4

4 − 12c̃2c̃2
3c̃2

4 + 10c̃4
3
)

d

− 4c̃134
(
c̃2

1c̃2
4 − c̃1c̃3c̃4 + c̃2

3 − 3c̃2c̃2
4
)

e − 4c̃134c̃3
1234

g7 :=
(
4c̃2

1c̃3c̃2
4 − 14c̃1c̃2

3c̃4 − 2c̃2c̃1c̃3
4 + 12c̃3

3 + 4c̃2c̃3c̃2
4
)

c2 + 2
(
c̃2

1c̃2
4 − 7c̃1c̃3c̃4 + 9c̃2

3 + c̃2c̃2
4
)

dc + 2 (6c̃3 − c̃1c̃4) ec

+ 2
(
c̃3

1c̃2c̃5
4 − 2c̃3

1c̃2
3c̃3

4 − 6c̃2
1c̃2c̃3c̃4

4 + 16c̃2
1c̃3

3c̃2
4 + c̃1c̃2

2c̃5
4 + 2c̃1c̃2c̃2

3c̃3
4 − 31c̃1c̃4

3c̃4 + 2c̃2
2c̃3c̃4

4 + 4c̃2c̃3
3c̃2

4 + 18c̃5
3
)

c

− 3c̃134d2 − 6
(
c̃2

1c̃2c̃4
4 − 2c̃2

1c̃2
3c̃2

4 − 2c̃1c̃2c̃3c̃3
4 + 6c̃1c̃3

3c̃4 − c̃2
2c̃4

4 + 2c̃2c̃2
3c̃2

4 − 5c̃4
3 − e

)
d

+ 4
(
c̃3

1c̃3
4 − 3c̃1c̃2

3c̃4 − c̃2c̃1c̃3
4 + 6c̃3

3 − 6c̃2c̃3c̃2
4
)

e − 12c̃134c̃234c̃2
1234

g8 := − 2c̃134
(
3c̃2

3 − c̃1c̃3c̃4 − c̃2c̃2
4
)

c2 +
(
c̃2

1c̃2
4 − 10c̃1c̃3c̃4 + 18c̃2

3 − 2c̃2c̃2
4
)

dc + 2 (6c̃3 + c̃1c̃4) ec − 12c̃134c̃2
234c̃1234

+ 2
(
2c̃2

1c̃2c̃3c̃4
4 + 2c̃2

1c̃3
3c̃2

4 − 5c̃1c̃2
2c̃5

4 + 6c̃1c̃2c̃2
3c̃3

4 − 17c̃1c̃4
3c̃4 + 2c̃2

2c̃3c̃4
4 − 4c̃2c̃3

3c̃2
4 + 18c̃5

3
)

c − 3c̃134d2

+ 6
(
c̃2

1c̃2c̃4
4 − c̃2

1c̃2
3c̃2

4 − 2c̃1c̃2c̃3c̃3
4 − 2c̃1c̃3

3c̃4 + c̃2
2c̃4

4 + 2c̃2c̃2
3c̃2

4 + 5c̃4
3 + e

)
d − 12c̃134

(
c̃2

3 + c̃1c̃3c̃4 + c̃2c̃2
4
)

e

g9 :=2c̃134c̃234c2 −
[(

6c̃2
3 − 2c̃1c̃3c̃4 − 2c̃2c̃2

4
)

d + 2 (2c̃3 + c̃1c̃4) e + 2c̃234
(
6c̃3

3 − c̃1c̃2
3c̃4 + 2c̃2c̃3c̃2

4 − 3c̃1c̃2c̃3
4
)]

c + c̃134d2

+ 2
(
3c̃2

2c̃4
4 − 6c̃2c̃2

3c̃2
4 + 6c̃1c̃2c̃3c̃3

4 − 5c̃4
3 − 2c̃1c̃3

3c̃4 − e
)

d − 4
(
2c̃3

3 + 3c̃1c̃2
3c̃4 + 6c̃2c̃3c̃2

4 + c̃1c̃2c̃3
4
)

e + 4c̃134c̃3
234

the coefficients of El are

g10 :=c̃2
1234c2 − c̃134c̃1234dc +

(
c̃2

1c̃2
4 − 2c̃1c̃3c̃4 + 2c̃2

3 − 2c̃2c̃2
4
)

ec +
(
c̃2

1c̃2
4 − 2c̃1c̃3c̃4 + 2c̃2

3 − 2c̃2c̃2
4
)

c̃2
1234c + c̃1234d2

+
[
(2c̃3 − c̃1c̃4) e − c̃134c̃1234

(
c̃2

1c̃2
4 − c̃1c̃3c̃4 + c̃2

3 − 3c̃2c̃2
4
)]

d + e2

+
(
c̃4

1c̃4
4 − 4c̃3

1c̃3c̃3
4 − 4c̃2

1c̃2c̃4
4 + 6c̃2

1c̃2
3c̃2

4 + 12c̃1c̃2c̃3c̃3
4 − 4c̃1c̃3

3c̃4 + 2c̃2
2c̃4

4 − 12c̃2c̃2
3c̃2

4 + 2c̃4
3
)

e + c̃4
1234

g11 := − 2c̃3c̃134c̃1234c2 +
(
2c̃2

1c̃3c̃2
4 − 9c̃1c̃2

3c̃4 − c̃2c̃1c̃3
4 + 8c̃3

3 + 4c̃2c̃3c̃2
4
)

dc + 2
(
c̃2

1c̃2
4 − 3c̃1c̃3c̃4 + 4c̃2

3 − 2c̃2c̃2
4
)

ec

− 2c̃1234
(
c̃2

1c̃2c̃4
4 − 2c̃2

1c̃2
3c̃2

4 − c̃1c̃2c̃3c̃3
4 + 5c̃1c̃3

3c̃4 − 2c̃2
2c̃4

4 + 2c̃2c̃2
3c̃2

4 − 4c̃4
3
)

c +
(
4c̃2

3 − 3c̃1c̃3c̃4 + 2c̃2c̃2
4
)

d2

+
[
(8c̃3 − 3c̃1c̃4) e + c̃3

1c̃2c̃5
4 − 4c̃3

1c̃2
3c̃3

4 + 12c̃2
1c̃3

3c̃2
4 − 3c̃1c̃2

2c̃5
4 + 6c̃1c̃2c̃2

3c̃3
4 − 15c̃1c̃4

3c̃4 − 8c̃2c̃3
3c̃2

4 + 8c̃5
3
]

d

+ 4e2 − 4c̃3c̃134
(
c̃2

1c̃2
4 − c̃1c̃3c̃4 + c̃2

3 − 3c̃2c̃2
4
)

e + 4c̃234c̃3
1234

g12 :=
(
c̃2

1c̃2
3c̃2

4 + 2c̃1c̃2c̃3c̃3
4 − 6c̃1c̃3

3c̃4 − 2c̃2
2c̃4

4 + 6c̃4
3
)

c2 +
(
c̃2

1c̃3c̃2
4 − 9c̃1c̃2

3c̃4 + c̃2c̃1c̃3
4 + 12c̃3

3
)

dc

+
(
c̃2

1c̃2
4 − 6c̃1c̃3c̃4 + 12c̃2

3
)

ec +
(
c̃2

1c̃2
2c̃6

4 − 4c̃2
1c̃2c̃2

3c̃4
4 + 7c̃2

1c̃4
3c̃2

4 − 2c̃1c̃2
2c̃3c̃5

4 + 4c̃1c̃2c̃3
3c̃3

4 − 18c̃1c̃5
3c̃4 + 4c̃2

2c̃2
3c̃4

4 + 12c̃6
3
)

c

− 3c̃3c̃134d2 +
[
3 (4c̃3 − c̃1c̃4) e + 3

(
2c̃2

1c̃3
3c̃2

4 − c̃1c̃2
2c̃5

4 − 2c̃1c̃2c̃2
3c̃3

4 − 5c̃1c̃4
3c̃4 + 4c̃2

2c̃3c̃4
4 + 4c̃5

3
)]

d + 6e2

+ 2
(
2c̃2

1c̃2c̃4
4 + 3c̃2

1c̃2
3c̃2

4 − 6c̃1c̃2c̃3c̃3
4 − 6c̃1c̃3

3c̃4 − 2c̃2
2c̃4

4 + 6c̃4
3
)

e + 6c̃2
234c̃2

1234

g13 :=2c̃3c̃134c̃234c2 −
(
8c̃3

3 − 3c̃1c̃2
3c̃4 − 4c̃2c̃3c̃2

4 + c̃1c̃2c̃3
4
)

dc − 2
(
4c̃2

3 − c̃1c̃3c̃4 + 2c̃2c̃2
4
)

ec

− 2c̃234
(
2c̃2

2c̃4
4 + 2c̃2c̃2

3c̃2
4 − c̃1c̃2c̃3c̃3

4 + 4c̃4
3 − 3c̃1c̃3

3c̃4
)

c −
(
4c̃2

3 − c̃1c̃3c̃4 − 2c̃2c̃2
4
)

d2

+
[
(c̃1c̃4 − 8c̃3) e − 3c̃1c̃2

2c̃5
4 − 8c̃2c̃3

3c̃2
4 + 6c̃1c̃2c̃2

3c̃3
4 − 8c̃5

3 + 5c̃1c̃4
3c̃4
]

d + 4c̃3c̃134
(
c̃2

3 + 3c̃2c̃2
4
)

e − 4e2 − 4c̃3
234c̃1234

g14 :=c̃2
234c2 +

[
2c̃3c̃234d + 2

(
c̃2

3 + c̃2c̃2
4
)

e + 2
(
c̃2

3 + c̃2c̃2
4
)

c̃2
234
]

c + c̃234d2 − 2c̃3
(
3c̃2

2c̃4
4 − 2c̃2c̃2

3c̃2
4 − c̃4

3 − e
)

d

+ e2 + 2
(
c̃2

2c̃4
4 + 6c̃2c̃2

3c̃2
4 + c̃4

3
)

e + c̃4
234

where:

c̃134 := c̃1c̃4 − 2c̃3

c̃234 := c̃2
3 − c̃2c̃2

4

c̃1234 := c̃2
3 − c̃1c̃3c̃4 + c̃2c̃2

4.

Proof:
The first part of the proof consists in getting expressions for b̃ and

√
△b̃ just in terms of l, o1 and o2. Indeed, Eq. (7) is

equivalent to the following equation (9) which implies two other equations:

o2b̃ + o1
√

△b̃ + l = 0 ⇒ (9)

o1b̃2 + o2b̃
√

△b̃ + o1c̃1b̃ + l
√

△b̃ + c̃2o1 = 0 ⇒ (10)(
o2

2 − o2
1
)

b̃
√

△b̃ + o1 (c̃1o2 − l) b̃ + lo2
√

△b̃ + c̃2o1o2 = 0 (11)

where Eq. (10) is equivalent to
√

△b̃×Eq. (9) and Eq. (11) is equivalent to o2×Eq. (10)−o1b̃×Eq. (9).
Then,

(
o2

2 − o2
1
)
(o1×Eq. (5)−f1×Eq. (10))− (f2o1 − f1o2) ×Eq. (11) implies the following equation (12) in terms of b̃ and√

△b̃:

e1b̃ + e2
√

△b̃ + e3 = 0, (12)

where the coefficients of Eq. (12) are given by:

e1 := f3o2
2 − f3o2

1 − f1lo2 + f2lo1 + c̃1f1o2
1 − c̃1f2o1o2

e2 := −f4o2
1 + f1lo1 + f4o2

2 − f2lo2

e3 := f5o2
2 − f5o2

1 + c̃2f1o2
1 − c̃2f2o1o2

5



So, Eq. (9) and Eq. (12) end the first part of the proof:

b̃ = −r1l2 + r2l + r3

e4l + e5√
△b̃ = s1l2 + s2l + s3

e4l + e5

(13)

where

e4 := f2o2
1 − 2f1o1o2 + f2o2

2

e5 := f3o1o2
2 − f4o3

2 − f3o3
1 + f4o2

1o2 + c̃1f1o3
1 − c̃1f2o2

1o2

r1 := f2o2 − f1o1

r2 := f4
(
o2

1 − o2
2
)

r3 := o1
(
f5o2

2 − f5o2
1 + c̃2f1o2

1 − c̃2f2o1o2
)

s1 := f1o2 − f2o1

s2 := f3o2
1 − f3o2

2 − c̃1f1o2
1 + c̃1f2o1o2

s3 := o2
(
f5o2

2 − f5o2
1 + c̃2f1o2

1 − c̃2f2o1o2
)

.

The second part of the proof consists of using the previous expressions of b̃ and
√

△b̃ in order to deduce Eq. (8). Indeed,
by inserting Eq. (13) in Eq. (11), we replace b̃ and

√
△b̃ by their expressions to get an equation in terms of l:(

o2
2 − o2

1
)

b̃︸︷︷︸
−r1l2 + r2l + r3

e4l + e5

√
△b̃︸ ︷︷ ︸

s1l2 + s2l + s3

e4l + e5

+o1 (c̃1o2 − l) b̃︸︷︷︸
−r1l2 + r2l + r3

e4l + e5

+lo2
√

△b̃ + c̃2o1o2 = 0

so, Eq. (8) is equivalent to this previous equation multiplying by (e4l + e5)2
[
o1o2

(
o2

1 − o2
2
) (

c̃2
1 − 4c̃2

)2
]−1

. □

In the fourth step, we can determine the set of solutions of l. Indeed, since o1 and o2 are arbitrary parameters, then
we can choose them as required to solve equation (8) of the unknown l:
Lemma 2.6. If o1 satisfies the following polynomial equation of degree three:

h4o3
1 + h5o2o2

1 + h6o2
2o1 + h7o3

2 = 0, (14)

then the set of solutions of l is given by

l = 1
4Alc̃4

(
m2

√
−Fl + m1

√
△

2 − Bl

)
; m1, m2 ∈ {−1, 1} (15)

where:

△ := F 2
l − 4Hl (16)

Proof:
Equation (8) can be rewritten, by multiplying it by 256A3

l , as follows

(4Alc̃4l + Bl)4 + Fl (4Alc̃4l + Bl)2 + Gl (4Alc̃4l + Bl) + Hl = 0 (17)

where

Fl := 2
(
8AlCl − 3B2

l

)
= 8

(
h1o2

1 − 2h2o2o1 + h3o2
2
)

Gl := 2
(
32A2

l Dl − 2B3
l

)
− 2BlFl = 64

(
h4o3

1 + h5o2o2
1 + h6o2

2o1 + h7o3
2
)

Hl := 256A3
l El − B4

l − B2
l Fl − BlGl = 16

(
h8o4

1 + 4h9o2o3
1 + 2h10o2

2o2
1 + 4h11o3

2o1 + h12o4
2
)

here the coefficients of Fl are

h1 = 2Alg3 − 3g2
1

h2 = Alg4 + 3g2g1

h3 = 2Alg5 − 3g2
2

the coefficients of Gl are

h4 = A2
l g6 + Alg3g1 − g3

1

h5 = −A2
l g7 − Alg4g1 + Alg3g2 − 3g2g2

1

h6 = A2
l g8 − Alg4g2 + Alg5g1 − 3g1g2

2

h7 = A2
l g9 + Alg5g2 − g3

2
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the coefficients of Hl are

h8 = 16A3
l g10 + 8A2

l g6g1 + 4Alg3g2
1 − 3g4

1

h9 = −4A3
l g11 − 2A2

l g7g1 + 2A2
l g6g2 − Alg4g2

1 + 2Alg3g2g1 − 3g2g3
1

h10 = 8A3
l g12 − 4A2

l g7g2 + 4A2
l g8g1 + 2Alg3g2

2 − 4Alg4g2g1 + 2Alg5g2
1 − 9g2

2g2
1

h11 = 4A3
l g13 + 2A2

l g8g2 + 2A2
l g9g1 − Alg4g2

2 + 2Alg5g1g2 − 3g1g3
2

h12 = 16A3
l g14 + 8A2

l g9g2 + 4Alg5g2
2 − 3g4

2

Therefore, if o1 satisfies Eq. (14), then Gl = 0 and consequently Eq. (17) becomes a polynomial equation of degree two in
terms of the unknown (4Alc̃4l + Bl)2. So, Eq. (15) is easily deduced. □

Lemma 2.6 gives the expressions for the set of solutions of l. Then, the expressions of b̃ and
√

△b̃ given by Eq. (13), which
depends only on the arbitrary parameters {c̃1, c̃2, c̃3, c̃4, o2} and the unknowns o1 and l, lead to the roots of the polynomial
P0 (z):
Corollary 2.7. If o1 satisfies Eq. (14) and the set of solutions of l is given by Eq. (15), then the roots of the polynomial
P0 (z) are of the form:

k = c̃3 − c̃4
(r1 + s1) l2 + (r2 + s2) l + r3 + s3

e4l + e5
. (18)

provided that c̃1 and c̃2 are not null simultaneously and c̃2
1 − 4c̃2 ̸= 0.

Proof:
Proposition 2.2 requires the above conditions on c̃1 and c̃2. So, by inserting Eq. (13) in Eq. (1) in order to substitute b̃

and
√

△b̃ by their expressions, we get the roots of the polynomial P0 (z) as the following form:

k = c̃3 + c̃4 b̃︸︷︷︸
−r1l2 + r2l + r3

e4l + e5

−c̃4
√

△b̃︸ ︷︷ ︸
s1l2 + s2l + s3

e4l + e5

this expression of k implies the equation 18. □

Finally, using the approch of appropriate changes of variable involving arbitrary parameters presented in this section,
we get its aim to calculate the roots of P0 (z) which lead to the roots of P (Z) according to the change of variable given
by Eq. (6). In the following section, we will explain the formula of the roots.

3 Application on the quartic polynomial
To get the root of P (z) the general complex polynomial of degree four in C [z], we need firstly the expression of o1 which
should satisfy Eq. (14). But, the equation 14 is a cubic polynomial equation of degree three. So, to solve it, we use the
formula of [13]. So, we introduce firstly this formula:
Theorem 3.1. The roots of the general cubic polynomial equation

C (z) := az3 + bz2 + cz + d = 0; a, b, c, d ∈ C

are given by

zµ = 1
a

(
µα1R1 + µ2α2R2 − b

3

)
; µ ∈

{
−1,

1 − i
√

3
2 ,

1 + i
√

3
2

}
(19)

where the two cubic roots

R1 = 3

√
i
√

3
9
√

−4c3
C − 27d2

C + dC

R2 = 3

√
i
√

3
9
√

−4c3
C − 27d2

C − dC

are given in terms of

cC = ac − 1
3 b2

dC = 2
27 b3 − 1

3acb + a2d

and the coefficients of the two cubic roots

α1 =
3√4
2 exp

{
i
[
arg
(

A1
3
√

δC

)
− arg

(
−
(
c4

C − 12cCd2
C
)

R1
)]}

α2 =
3√4
2 exp

{
i
[
arg
(

A2
3
√

δ2
C

)
− arg

((
c4

C − 12cCd2
C
)2 R2

)]}
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are given in terms of

A1 = 2
(

− i
√

3
9 15dCcC + cC

√
−4c3

C − 27d2
C

)
A2 = 27d3

C − 21c3
CdC − i

√
3
(
c3

C + 3d2
C
)√

−4c3
C − 27d2

C

δC =
(
2c3

CdC + d3
C
)√

−4c3
C − 27d2

C + i
√

3
9
(
2c6

C + 72c3
Cd2

C − 27d4
C
)

here, i is the complex number: i2 = −1. Notice that α3
1 = α3

2 = 1/2 and µ3 = −1.
Moreover, the roots of the cubic polynomial C0 (z)

C0 (z) := z3 + cCz + dC = 0

are

azµ + b

3 = µα1R1 + µ2α2R2; µ ∈
{

−1,
1 − i

√
3

2 ,
1 + i

√
3

2

}
.

Proof:
The classical change of variable for the cubic polynomial equation implies that

C (z) := a
(

z + b

3a

)3
+ cC

a

(
z + b

3a

)
+ dC

a2 = 0 ⇔ C0 (Z) := Z3 + cC

a2 Z + dC

a3 = 0;

where: Z := z + b

3a
.

Then, to end the proof, we apply the formula of [13] on C0 (Z) using the following property in equation (20)

exp
{

i
[
arg
(

b

d

)
− arg

(
c

d

)]}
= exp {i [arg (b) − arg (c)]} ; ∀b, c ∈ C; ∀d ∈ C∗ (20)

to get α1 and α2. □

We aim to calculate analytically the roots of P0 by applying the results of section 2. So, we introduce the following
definitions which will be useful to find the explicit expressions for the roots of P0:
Indeed, since the roots of P0 are given by Eq. (18) in terms of o1 and l, then we introduce for each one a set of expressions
corresponding to it:
Definition 3.2. We associate to P0 the following expressions in terms of its coefficients:
expressions corresponding to o1:

αo = 4ce2 − 4ce + d2 − 8e2 + 8e3

βo = −
(
12ce + 4ce2 − 3d2 + 8e2 + 24e3)

co = 4c2e2 + 12c2e − 3cd2 + 64ce2 − 18d2e + 48e3 + 16e2

do = 16e2 (e − 9) c3 + 12e
[
3d2 − 8e (5e + 3)

]
c2 + 12e (3e + 5)

(
3d2 − 16e2) c − 27d2 [d2 − 8e2 (e + 1)

]
− 128e3 (9e − 1)

Do = 16c4e − 4c3d2 − 128c2e2 + 144cd2e − 27d4 + 256e3

expressions corresponding to l:

λ1 = 16c2e4 − 32c2e3 + 16c2e2 − 16cd2e + 3d4 − 48d2e3 + 16d2e2 − 64e5 + 128e4 − 64e3

λ2 = −22 (16c2e4 − 16c2e2 + 16cd2e − 3d4 − 24d2e3 − 8d2e2 − 64e5 + 64e3)
λ3 = 2

(
48c2e4 + 32c2e3 + 48c2e2 − 48cd2e + 9d4 − 192e5 − 128e4 − 192e3)

λ4 = −22 (16c2e4 − 16c2e2 + 16cd2e − 3d4 + 24d2e3 + 8d2e2 − 64e5 + 64e3)
λ5 = 16c2e4 − 32c2e3 + 16c2e2 − 16cd2e + 3d4 + 48d2e3 − 16d2e2 − 64e5 + 128e4 − 64e3

λ6 = 8ce + 8ce2 − 3d2 − 32e2

λ7 = 3d2 + 8ce2 − 8ce

λ8 = 8ce + 8ce2 − 3d2 + 32e2

Definition 3.3. We associate to P0 the following expressions in terms of these given by definition 3.2:
expressions corresponding to o1:

A1 = 5
33

√
3idoco − αoco

√
Do

A2 = 1
32

(
d3

o

3 + 7c3
odo

)
+

√
3iαo

(
c3

o − d2
o

32

)
√

Do

δo = αo

(
d3

o

33 − 2c3
odo

)
√

Do +
√

3i

9

(
2c6

o − 23

3 c3
od2

o − d4
o

33

)
α1 =

3√4
2 exp

{
i

[
arg
(

2A1
3
√

δo

)
− arg

(
−
(

c4
o + 22

32 cod2
o

)
R1

32

)]}
α2 =

3√4
2 exp

{
i

[
arg(A2

3
√

δ2
o) − arg

((
c4

o + 22

32 cod2
o

)2
R2

32

)]}
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expressions corresponding to l:

δl = λ1△4
o + 3αoλ2△3

o + 32α2
oλ3△2

o + 33α3
oλ4△o + 34α4

oλ5

dl = λ6△2
o − 6λ7αo△o + 32α2

oλ8

Now, we present the principal result of the paper which is the formula of the roots of P. On the hand, this formula
is closed, contrary to the formulas of Ferrari, Descartes and Euler which required a root of a cubic polynomial, whose
the classical methods to calculate it as Cardan-Tartaglia and Lagrange do not give a closed formula [13]. On the other
hand, this formula is in fact a Lagrange-type [11], where the square and cubic roots are given by the standard convention,
contrary to the formulas of Cardan-Tartaglia and Lagrange which require a specific convention depending on coefficients.
Indeed, the difference between this and the previous works is manifested in the two terms α1 and α2 of △o given by
definition 3.3 which were missed in the formulas of Cardan-Tartaglia and Lagrange required by the methods of Ferrari,
Descartes and Euler methods:
Theorem 3.4. Let the two cubic roots R1 and R2:

R1 = 3
√

3
√

3i
√

Doαo + do

R2 = 3
√

3
√

3i
√

Doαo − do.

The set of solutions of P0

P0 (z) := z4 + cz2 + dz + e = 0; c, d, e ∈ C

is given in terms of △o and △l

△o = 4e (−α1R1 + α2R2) − βo

△l = m2

√
m12

√
δl − dl − d (△o + 3αo)

as follows:

zm1,m2 =
(3αo − △o) △2

l + 4d
(
9α2

o − △2
o

)
△l + 16e (3αo + △o)

[
(e − c + 1) △2

o − 6 (e − 1) αo△o + 9 (c + e + 1) α2
o

]
4 [(e − 1) △2

o − 6 (e + 1) αo△o + 9 (e − 1) α2
o] △l + 16ed (3αo + △o) (3αo − △o)2 ;

where: m1, m2 ∈ {−1, 1} (21)

using the expressions of definitions 3.2 and 3.3.
Proof:

The result of corollary 2.7 is valid for any choice of arbitrary parameters {c̃1, c̃2, c̃3, c̃4, o2} provided that c̃1 and c̃2 are not
null simultaneously and c̃2

1 − 4c̃2 ̸= 0. So, by taking c̃1 = 0, c̃2 = 1, c̃3 = 3, c̃4 = 1 and o2 = 1, these conditions are verified.
Consequently, we applay this corollary with this choice.
In the sequel, the proof rests on two principal setps. In the first step, we calculate o1 explicitly using theorem 3.1. In the
second step, we calculate l explicitly using lemma 2.6. Indeed:
In the first step, with the choice of the arbitrary parameters, the explicit form of Eq. (14) becomes equivalent to:

αoo3
1 + βoo2

1 + γoo1 + ζo = 0; where:
{

γo = −
(
12ce + 4ce2 − 3d2 − 8e2 − 24e3)

ζo = 4ce2 − 4ce + d2 + 8e2 − 8e3

So, by applying Eq. (19) for the unknown o1 and the coefficients αo, βo, γo and ζo, we get:

cC = −24

3 e2co

dC = 26

33 e3do

−4c3
C − 27d2

C = 212e6Doα2
o


⇒

 R1 = 4
3eR1

R2 = 4
3eR2

and

A1 = 211

3 e5A1

A2 = 218

33 e9A2

δC =
(

28

32 e4
)3

δo

c4
C − 12cCd2

C = 216

34 e8
(

c4
o + 22

32 cod2
o

)
which implies, using the property of Eq. (20), that

α1 = α1

α2 = α2

}
⇒ o1 = △o

3αo
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In the second step, with the choice of the arbitrary parameters, the explicit forms of 16 and Fl become equivalent
respectively to:

△ = 216Dl; where: Dl = λ1o4
1 + λ2o3

1 + λ3o2
1 + λ4o1 + λ5

Fl = 27 (λ6o2
1 − 2λ7o1 + λ8

)
the, the equation (15) implies that

l =
m2
√

m12
√

Dl − (λ6o2
1 − 2λ7o1 + λ8) − d (o1 + 1)

23e
.

Finally, to end the proof, we multiply bothe the numerator and the denominator in Eq. (18) by eαo to get Eq. (21). □

Now, we apply theorem 3.4 to deduce the roots P (Z):
Theorem 3.5. The set of solutions of the general complex quartic polynomial P

P (Z) := Z4 + bZZ3 + cZZ2 + dZZ + eZ

is given by

Zm1,m2 = zm1,m2 − bZ

4 ; where: m1, m2 ∈ {−1, 1} .

here: 
c := cZ − 3

8 b2
Z

d := b3
Z

8 − cZbZ

2 + dZ

e := − 3
256 b4

Z + cZb2
Z

16 − dZbZ

4 + eZ .

Proof:
The proof is an immediate consequence of the change of variable given by Eq. (6). □
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[12] Ting Zhao, Dongming Wang, and Hoon Hong. Solution formulas for cubic equations without or with constraints.

Journal of Symbolic Computation, 46, 2011.
[13] Ibrahim Baydoun. Analytical formula for the roots of the general complex cubic polynomial. International Journal

of Applied and Computational Mathematics, 10(55), 2024.
[14] Leonhard Euler. De formis radicum aequationum cuiusque ordinis coniectatio. 6. Commentarii Academiae Scientiarum

Petropolitanae, 1738.
[15] René DESCARTES. LA GÉOMÉTRIE. Paris, Librairie Scientifique A. Hermann, 1886.
[16] W. S. Anglin and J. Lambek. The Cubic and Quartic Equations, In: The Heritage of Thales, pages 133–137. Springer

New York, 1995.

10


	Introduction
	Approach of appropriate changes of variable involving arbitrary parameters
	Application on the quartic polynomial

