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On Non-uniqueness of Phase Retrieval in Multidimensions

by Roman G. Novikov and Tianli Xu

Abstract: We give a large class of examples of non-uniqueness for the phase retrieval problem in multidimensions.
Our examples include the case of functions with strongly disconnected compact support.
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1. Introduction
The phase retrieval problem consists in finding a function v : R¢ — C from the magnitude |2| of its Fourier
transform

o(p) = Fu(p) =

(2711)‘1 /Rd eP*u(x)dx, p € R, (D

This problem naturally arises in quantum mechanics, optics, and related areas such as electron tomography and
X-ray imaging; see, for example, [1] - [10] and references therein.

In general, many different functions have the same Fourier modulus. These different solutions can be obtained by
multiplying |0| by measurable complex-valued functions with modulus one and taking the inverse Fourier transform;
see, for example, [3].

When v is compactly supported, the degree of ambiguity is reduced. In particular, for d = 1, all solutions with
compact support could be obtained from any one of them by flipping (conjugating) non-real zeros of its Fourier trans-
form extended by analyticity to the complex plane; see [10], [4].

When v is a sum of functions with sufficiently disconnected compact supports, the degree of ambiguity is further
reduced. In particular, for d = 1, this ambiguity is completely described in [3]. Roughly speaking, in this case, the
phase retrieval problem almost always has essentially a unique solution.

In addition, it is also mentioned in the literature that for functions with compact support, the degree of non-
uniqueness of phase retrieval is further reduced in dimension d > 2, in general, and for the case of sufficiently discon-
nected support in particular; see [3].

Moreover, the recent important work [7] suggests an efficient numerical phase retrieval algorithm for functions
with sufficiently disconnected compact support. This algorithm works very well numerically (at least, for d = 2) and
possible non-trivial non-uniqueness is not even discussed in [7].

Recall that the non-uniqueness in phase retrieval for compactly supported v with possible additional assumptions

is non-trivial (and of interest) if it does not reduce to the functions v, ,, and &, , associated to v, where

@y y

Vg (%) = ¢®v(x — y) and Dy y(x) = u(-x+y),aeR, yeRY, 2)

where bar denotes the complex conjugation; see, for example, [2].

Nevertheless, in the present article, we construct a large class of non-trivial examples of non-uniqueness for phase
retrieval in multidimensions. Then we also give, in particular, interesting non-trivial examples of non-uniqueness in
phase retrieval for functions with strongly disconnected compact support in multidimensions. These results are given
as Theorems 1 and 2 in Section 2.

Thus, in order to have complete uniqueness in phase retrieval for functions v even with strongly disconnected com-
pact support, and even modulo associated functions in dimension d > 2, additional a priori information is necessary. In
connection with natural theoretical and numerical results in this direction, see, for example, [1], [5], [8] and references
therein.

A preliminary version of this article corresponds to the preprint [9].



2. The main results

First, we construct a large class of non-trivial examples of non-uniqueness for phase retrieval in dimension d > 2.

Let f;,g; € L*(R), supp f;, supp g; € [—e,€l, € >0, |f;1> =1§*#00on R, j = 1,-, N, where " stands for
the one-dimensional Fourier transform.

Here, f; and g; are constructed as follows, using results of [10] on non-uniqueness in phase retrieval in dimension
d=1.

Let

I; denotes the set of non-real zeros of fj, where each zero is repeated according to its multiplicity. 3)

As in [10], we assume that

-z
&&%—ﬁmm-ﬂﬂmII [, zeC, j=1 N, @)
e 1=
where a;, f; are two real constants and
I;Clj,lj’.¢ﬂ,lj’.;él I’mI’ QII’;EI\I, (3)

where bar denotes the complex conjugation. Note that a; in (4) are arbitrary, whereas | ;| are sufficiently small
(maybe just zeros), so that supp g ¢ [—e, €].

For simplicity, we assume that 1 ,, are finite.

Next, we define f, g as

r=rf fo=] fmymxpeR% (6)

z ?:z

g=F'g, gp=]]8w; p. per? ©)
=1

Jj=

where £}, g; are as in formulas (3) - (5), w; € S7!, and w; # +w, if j # k.
Let
B.={xeR: |x| <r},r>0. 8)

Theorem 1: Let f, g be defined by (6), (7). Then:

(1) supp f, supp g C B,, where r = Neg,

(i) | /1> = 1g]* £ 0 on RY,

(iii) f # g in the sense of distributions on R?, moreover, f and g are not associated functions in the sense of
formulas (2),

(iv) in addition, if N > d and there are d linearly independent w ; in (6), (7), then f, g € L2(Br).

Theorem 1 is of interest for d > 2, whereas it reduces to known results for d = 1.

Theorem 1 is proved in Section 3, using, in particular, some complex analysis in C¢.

Next, we give non-trivial examples of non-uniqueness in phase retrieval for functions with strongly disconnected
compact support in multidimensions.

We consider complex-valued functions v on R¢ of the form

U= Z Uy, SUPp Uy C Dk’ Uy $ O, (9)
k=1
where
D, are open convex bounded domains in RY, dist(D;, Dj) 2 r > Ofori # j. (10)

Here, dist(A, B) denotes the distance between sets A and 3 in R¥.
Let
N, (U) = {x e R? : dist(x,U) < €}, e >0,U C RY; (11)



Uy * uy(x) = /d u (x = yuy(y)dy, x € RY, (12)
R

where u;, u, are test functions on R?.

Theorem 2: Let f, g be two complex-valued functions on R? such that supp f, supp g C B, |72 =181*>% 0onRY,
but f and g are not associated functions in the sense of formulas (2). Let v be as in (9), (10), where r > 26. Let
vp=f %00, =g*v. Then:

(i) vy, v, are of the form (9), (10) with N(Dy) in place of Dy and rs = r — 26 in place of r;

(i) [0 |* = 10,]* £ 0 on RY,

(iii) v # v,, moreover, v and v, are not associated functions in the sense of formulas (2).

Theorem 2 is proved in Section 4.

Note that Theorem 1 gives a large class of possible functions f, g for Theorem 2.

In particular, one can consider Theorem 2 assuming that f, g € L2(B5), v, € LZ(Dk).

In addition, Theorem 2 is of interest even when all v, in (9) are Dirac delta functions, i.e.,

Uk(x) = Ck5(x - yk)’ Yk S Dk’ Ck S C, k= 1, e, N (13)

Theorem 2, for n > 2, gives an interesting class of non-trivial examples of non-uniqueness in phase retrieval for
functions with strongly disconnected compact support in multidimensions, taking also into account Theorem 1.

Theorem 2 is of some interest even when n = 1 in (9).

The non-uniqueness in phase retrieval for functions with strongly disconnected support given by Theorems 1 and
2 is already of interest when N = 1in (6), (7) and v, € L2(Dk).

3. Proof of Theorem 1
Recall that

F N (¢1py) = @m)™ " F ¢ = F'¢p,, (14)
(27)? F(u; * uy) = Fu, Fu,, (15)

where F is defined by (1), ¢y, ¢,, u;, u, are test functions on R?, and * denotes the convolution defined by (12).
Recall also that if supp u; C Uy, supp u, C U, where U7, U, are closed bounded sets in R?, then

suppuy % u, C U + U5, (16)
where
U'1+7f2={x+y1 XEU‘I,yev‘z}. (17)
In addition,
Brl (al) + Brz(aZ) = Br1+r2(al + 02)’ (18)
where
B@)={xeR?: |x—a|<r},aecR r>0. (19)

Item (i) follows from formulas (14), (16), (18) with a; = a, = 0.

Item (ii) follows from definitions (6), (7) and the property that | /;|* = |;|> #0on R, j = 1,-+, N.
The proof of item (iv) is as follows.

Without restriction of generality, we can assume that wy, --- w, are linearly independent.

Let

d d
o) =[]/ @;-p. v =]]&@, p. per? (20)
j=1 j=1
Then using that f;, g; € L?(R) and using the change of variables pj=w;-p,j=1,-,d, weget
¢,y € L*(R). 1)
We also have that

fi(@; - p). &;(w; - p) are analytic and bounded on R, j =1, -, N, (22)



since f;, g; € L*(R) and supp f;, supp g; C [—¢,€].
Definitions of £, g in (6), (7) and formulas (20) - (22) imply that f.,8 € L*(RY). Thus, item (iv) is proved.
To prove item (iii), we first rewrite formulas (2) in the Fourier domain:

0q.,(p) = D(p) explia + iyp). p € R?, (23)
Ba.,(p) = O(p) explia + iyp), p € RY. (24)
We suppose that
I;={Cj,k3k=1,"-,Nj}, (25)
where N; is the cardinality of T ,, .
From (4), (6), (7), we have that
N N N N, (a)
. . D)/ k
&)= F(pexp i Y a;+i Y B, - p) HH =, pec, (26)
j=1 j=1 j=1 k=1 (C() p)/Cj k

We define the following complex hyperplanes in C?:
Z=1{peC : o -p=¢} Grell, (27)

Z,={peC’ : 0 -p=0,} €1 (28)

Thus, we have that

dlmC Zj,k =d1mC Z_},k = d— 1, J = 1,“',N, k= 1,"',Nj. (29)
In addition, using our assumption in (5) that I J’ n I_j’ = J, we get
ZixNZjpy=0,j=1,N, k,k’:l,-u,Nj. (30)
Moreover, due to the condition that @ ; # +w, if j # k, we get
dime (Z, 0 Zp ) =d =2, j# /' k=1,+.N; K =1, N, (31)
Therefore,
N Nj/
z,eJUZwr =1 N, k=1, N, (32)
J'=1k'=1
It then follows from (32) that
@/
IT11 1’—”‘ £ exp(id + ijp), p € C, V& € R, Vj € R, (33)
=l emt L= @D/
since the poles of the left-hand side in (33) on Z; ; are not compensated by zeros in the numerator.
Formulas (26), (33) imply that f, g are not associated functions in the sense of formula (23).
To prove that f, g are not associated in the sense of formula (24), we proceed as follows. We rewrite (26) as
N N N N; 1 — (a)
. - A P/ k
g0 =Foep i Y a,+1 Y 8, p| (F0/f0) [Tl = peR. G4
Jj=1 j=1 Jj=1 k=1 1= (@; P)/Cjk
According to Hadamard’s factorization theorem, we have
£i(2) =exp(y; + n;2)R(2) [[ (1 = 2/0) exp(z/0), z € €, (35)

tel,



where y; and 7; are two complex constants, R;(z) corresponds to the product with respect to the real zeros of f ;
and is real-valued on R; see [10] and references therein.
We get, using formulas (6), (35), that

i ¥ N L= /¢ p
f(p)= f(p)exp zZyj+121j(a)j-p) HH—_,pGR, (36)
j=1 = j=1Cel, 1= (w;-p)/¢
I
pwy=2Imy;, 7 =2|Imp— Y, lm—f (37)
where Im denotes the imaginary part and | - | denotes the magnitude.
We then get, using formulas (34) and (36), that
N N
2(p) = f(Dh(p) exp li D+ p)+i Y+ 1)@, -p)] . pERY, (38)
j=1 Jj=1
l 1= (@; p)/C (1= (@;-p)/E
h(p) = —— - . pERY (39)
,1:[1 gel_{ 1—(w; -p)/Cgle_[I; 1= (w;-p)/¢
Note that 1= ( /¢ 1= ( /¢
EalCMU/CN s Bl GV o)
tel; 1 _(wj “p/¢ CEI,'\]_,' 1 _(wj “p/¢
We then get from (39) and (40) that
al L= (@;-p/¢ 7 1= (@;-p)/C
o) =[1| 11 ! I1 ’ . pER”. (41)

1—(w;-p)/¢ cel’ l—(w;-p)/¢

j=1 Celj\[_j
Using the assumptions IJ’. * Ij, ij N I_]’ =0, IJ’. #* Ij \I_] in (5), in a similar way as for formula (33), we have that
h(p) # exp(ia + ijp), p € C¢, Va € R, Vj € RY. 42)

More precisely: if { = ¢, € ij but¢ & I; \Tj, then the pole of h on Z; ; is not compensated by zeros in the

numerator; if § = ¢; , € I; \I_J but{ & IJ’., then the pole of A on Z; ; is not compensated by zeros in the numerator.
It follows from (38), (41) and (42) that f and g are not associated functions in the sense of formula (24).
This completes the proof of Theorem 1.

4. Proof of Theorem 2

Note that
n n
Ufzf*U=Zf*Uk, ngg*v=2g*uk. 43)
k=1 k=1
Due to formula (15), we have also that
0 =Qm)7fo, 0, =@Qm) g0 (44)
Recall also that
mes ({p € R? : a(p) =0}) =0, (45)

where 7 is the Fourier transform of a non-zero compactly supported function u on R?, and mes denotes the Lebesgue
measure in R9.
Item (ii) follows from (44), (45) and the assumptions that f, g, v are compactly supported, | f|2 = |£|? # 0 on R?



and v 2 0 on RY.

Item (iii) follows from (23), (24), (44), (45) and the assumptions that f, g, v are compactly supported, £, 8 are not
associated functions in the sense of formulas (2) and v # 0 on R¥.

The properties that supp f, supp g C Bg, supp v, C D, and formula (16) imply that

supp f k Uk C N5(Dk), supp g * Uk C Né(Dk) (46)
In addition, since dist(D;, Dj) >r> 26, i # j, we have that
dist(Ns(D;), Ns(D;)) > rs, i # j. 47

Item (i) follows from formulas (43), (46) and (47).
This completes the proof of Theorem 2.
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