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1 INTRODUCTION

Frequency range non-Lipschitz parametric optimization
of a noise absorption

Frédéric Magoulés, Mathieu Menoux, Anna Rozanova-Pierrat”

Abstract

In the framework of the optimal wave energy absorption, we solve theoretically and numerically
a parametric shape optimization problem to find the optimal distribution of absorbing material
in the reflexive one defined by a characteristic function in the Robin-type boundary condition
associated with the Helmholtz equation. Robin boundary condition can be given on a part or
the all boundary of a bounded (e, c0)-domain of R"™. The geometry of the partially absorbing
boundary is fixed, but allowed to be non-Lipschitz, for example, fractal. It is defined as the sup-
port of a d-upper regular measure with d €]n — 2, n[. Using the well-posedness properties of
the model, for any fixed volume fraction of the absorbing material, we establish the existence of
at least one optimal distribution minimizing the acoustical energy on a fixed frequency range
of the relaxation problem. Thanks to the shape derivative of the energy functional, also ex-
isting for non-Lipschitz boundaries, we implement (in the two-dimensional case) the gradient
descent method and find the optimal distribution with 50% of the absorbent material on a fre-
quency range with better performances than the 100% absorbent boundary. The same type of
performance is also obtained by the genetic method.

Keywords: d-upper regular measure; wave propagation; parametric shape optimization; Helmholtz
equation; sound absorption; Robin boundary condition.

1 Introduction

We study the parametric type optimization in the framework of boundary absorption of the total
acoustical energy of the Helmholtz system in the case of a large class of boundaries, possibly ir-
regular, non-rectifiable. The shape of the boundary is fixed, but it can be non-Lipschitz, such as
fractal or multi-fractal. The optimization parameter is the characteristic function x in the Robin
boundary condition, defining the presence or absence of the boundary absorption (see (2) and (3)).
In this context (see Definition 2), we show that the boundary irregularity, once the initial direct
problem is weakly well-posed, does not affect the solution of the control problem and, in particular,
the shape differentiability and continuity of the corresponding energy and of the solution of the
direct problem. We solve it in the general class of domains, which we call here Sobolev admissible
domains, consisting in bounded domains (open and connected sets) {2 C R™, n > 2, which are

(a) (g,00)-domains for a fixed € > 0 (thus, H!-extension domains);

(b) its boundary 02 is the support of finite positive Borel d-upper regular measure for a fixed
real number d €]n — 2, n[, i.e. there exists ¢cq > 0 such that:

suppp = 0, Vx € 9, Vr €]0,1], u(B,(z)) < cqar?, (1)

where B,.(x) is an open ball of R™ centrerd at x of radius > 0.
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By H'-extension domains, we understand the existence of a bounded linear extension operator
Eq : HY(Q) — HYR"), [15,22,28]. The H!'-extension domains are necessarily n-sets [15],
satisfying the measure density condition [15]

Je>0 VreQ AB.(x)NQ)>CANB.(z))=cr",

where ) is the Lebesgue measure. In other words, the extension domains do not have a collapsing
or infinitely fine boundary (such as cusps or fractal trees), so it is not possible to include a nontrivial
open ball.

For the uniform geometrical properties of such domains, valuable for the uniform
boundness of the extension operators and then for the uniform control of the direct problem solu-
tion, we work only with the particular case of H '-extension domains: (&, c0)-domains for a fixed
€ > 0. We refer to [22,30] for the definition of (&, c0)-domain:

Definition 1. Lete > 0. A bounded domain Q@ C R™ is called an (&, 00)-domain if for all x,y €
there is a rectifiable curve v C ) with length £(~y) joining x toy and satisfying

(i) €(y) < 12240 and

(i) d(z,00) > e|z — 2| ;z:;l‘ forz €.

All bounded (&, 00)-domains are H I_extension domains of R, n > 3, and they provide the
optimal class of H!-extension domains [22] in R?, which are also the NTA-domains [26]. Thanks
to [22, Theorem 1], there is an extension operator Eq whose operator norm depends only on n and
€, see also [5,28]. As the definition of a Sobolev admissible domain depends on the domain {2 and the
boundary measure y, we write the pair (€2, i) to denote it. Condition (1) implies that the Hausdorff
dimension of the boundary is non-inferior to d. Thus, for Sobolev admissible domains, it allows
having a boundary of variable dimension, for example, a boundary with a part defined by a d;-
set [23], a part with a Lipschitz boundary, and another part given by a ds-set, withd < d; < dy <n
andn —2<d<n.

The practical interest of the considered optimization problem is the concept of the anechoic
chamber and the absorbing anti-noise walls with a fixed (small) quantity of the absorbing (porous)
material, included in a reflective one, providing better (or at least the same) acoustical energy ab-
sorption performances as in the case of fully absorbing shapes (with the chosen porous material).
It means that for a fixed boundary shape (and the boundary measure ), we search the optimal
distribution of the porous material inclusions (of a total small fixed volume) in the reflective one,
able to minimize the total acoustical energy of the system on the frequency range of interest. For
different applications and different source noises, the frequency range is different. Globally, this
question, “is it possible to have an optimal distribution of a small fixed quantity of porous mate-
rial for at least the same energy absorption performances?’, is a typical engineering problem since
porous media are generally much more expensive and more complicated to produce than reflective
ones. To our knowledge, this question has never been solved previously. However, the theoretical
and numerical parametric shape optimization with different application goals is generally a very
common subject as presented in [2,3,6,16,17,27] and their references. For the geometrical shape
optimization (i.e. for the optimization of the boundary shape itself) for models with Robin-type
conditions, we mainly refer to [10,11,20,21,24].

In this article, we start with the question of the existence of at least one optimal distribution
(see Definition 2) for two typical cases: for a fixed frequency and then for a fixed range of fre-
quencies. To conclude, we apply the usual relaxation method and the continuity energy property.
Our main result is given in Theorem 4. Each time, we refer to the well-posedness of the direct
problem presented in Section 2. We denote by I' the Robin part of the boundary, supposed to be
all times not trivial part of J€2, and by I'p the Dirichlet part. We distinguish two cases: 9 = I’
(or u(T') = u(0N), the typical case of anechoic chambers), and the case when I'p is also a not
trivial (u(I'p) > 0) part of 0. The inclusion I'p with the homogeneous Dirichlet condition pre-
viously was crucial for the use of the Poincaré inequality with a uniform on the shape boundary
constant, only depending on its volume [18,20,24]. Thanks to [21, Theorem 3.1], its generalization



was obtained for the case 02 = I for Sobolev admissible domains. Thus, the results of [21] make
it possible to solve the direct and the parametric shape optimization problem for the Helmholtz
equation, also in the pure Robin boundary case.

In Theorem 4, we prove the existence of an optimal distribution minimizing the energy of the
relaxation problem (posed in the class of the shape admissible domains (18)) globally (see (24)),
on a range of frequencies, and locally (see (23)), for a fixed frequency. In addition, we find the
shape derivative of the energy, understood as usual in the Frechet sense, without any additional
assumption on the regularity of the boundary, described by a d-upper regular measure. The value
of the derivative obviously depends on the chosen boundary measure p (see (25) and (27)).

In Section 4, we finish by giving a numerical example when the answer to the posed previously
engineer question is positive with 50% of reduction of the porous material (see Fig. 8 which shows
the analogous energy performances obtained by two different numerical methods: the gradient
descent method, explained in Subsection 4.1, and the genetic algorithm based on the covariance
matrix adaptation evolution strategy [1]).

The rest of the paper is organized in the following way: in Section 2, we introduce the model,
the main notations and formulate in Theorem 2 the well-posedness result known from [20]; in
Section 3 we introduce the parametric optimization problem and prove the main result stated in
Theorem 4, firstly by proving the existence of optimal shapes in Subsection 3.1 and then by finding
the shape derivatives of the energy functional by the usual Lagrangian method in Section 3.2; in
Section 4 we present the numerical results found for the optimization on a fixed frequency (see
Subsection 4.2) and for the optimization on a fixed frequency range (see Subsection 4.3), starting
by describing the used gradient descent method in Subsection 4.1.

2 Model and its well-posedness properties

We study the same frequency model as in [24]. We assume that {2 C R™ and p is the boundary mea-
sure such that (Q, 1) is a (bounded) Sobolev admissible domain, hence, with a compact boundary
0N To describe the energy absorption of a wave, we model it by the complex-valued Robin-type
boundary condition with a coefficient (), a continuous function of the frequency f (supposed
to be real). In [24] it was mentionned that for the convection 1 (z,t) = e~ *w(x) with k > 0, the
absorbing properties of the porous media are modeled by Im(a) < 0 and the reflective ones by
Re(a) > 0 (for the time-depending model see [7]). Here, we adopt these assumptions and consider
the following mixed boundary-value problem for a fixed (real) wave number k := k(f) = @ with
a constant speed of the wave propagation in the air ¢ > 0:

{ (A +Ek*)u=F onQ; @)
%zOonFNeu; uw=0onTp;; g—z—&—a(k‘)xuznonf,
where Y is the characteristic function of the porous material inclusions on z € I':
(@) = 1, there is a porous material in x 3)
X\E) = 0, no porous material in x.

To avoid degenerate cases, we suppose that each part of I, porous and no porous, has positive
capacity with respect to the space H'(R™) (see for instance [25, Section 7.2]) and has a strictly
positive value of the measure p. Up to a zero u-measure set, the part of I filled with the porous
material can be considered its compact subset. The partition of the boundary 992 = Iy, UT pgr UT
is done with the same strategy as in [24] - the Dirichlet part for the noise source projected on
the boundary, the Neumann part for the only reflexive parts, Robin condition for the part of the
boundary consisting on two media, absorbing and non-absorbing one, - and the same meaning as
in [18]:

,U(FNeu n 1—‘Dir) = I’L(FNe’U, N F) = ,U(FDir N F) =0, (4)

I'pir and I are closed subsets of 2. The assumptions that I'p;,, I and its porous part are closed in
the induced topology on 95 ensure that the linear trace operators T'rr ., : H(Q) — L*(Tpir, 1)



and Trr : H(Q) — L2(T', i) are compact (for their definitions see [18, 20, 21] initially adopted
from [9, Corollaries 7.3 and 7.4] and based on the restriction of quasi-continuous representatives
of H!(R")-elements).

Here, the space L?(T', ;1) means the space of measurable functions on I' such that ||A/| L2(Tu) =

\/ Jp [h|?dp is finite.

The basic properties of the trace operator are presented in [18, Corollary 5.2]. For more prop-
erties, see also the incoming work [12].

Theorem 1. Let (), 1) be a Sobolev admissible domain of R™, n. > 2. Then the image of the trace
operator B(9Q) := Tr(H'(2)) endowed with the norm

17l o) = min{|[v]| g1(q) | A =Trv}, (5)

is a Hilbert space, dense and compact in L*(9S2, ).

We denote by B’(9) the topological dual space of B(9€2) and take in mind the usual Gelfand
triple: B(0Q) C L2?(9Q, ) C B'(09Q). Therefore, the normal derivative on a boundary of a
Sobolev admissible domain (possibly non-Lipschitz or fractal) is understood as the linear continu-
ous functional on the image of the trace, defined by the usual Green formula: for all u € H'()

with Au € L?() and for allv € H(Q)

ou

<8—,Trv>B/,B:/ (Au)vdx—f—/Vu-Vudx. (6)
n Q Q

For the frequency model (2), we introduce the Hilbert space
V(Q) = {u € H(Q)| Trr,,, u=0} (7)

with the norm (equivalent to the canonical norm || - || z1(q) by the Poincaré inequality and the
continuity of the trace operator)

el 0 :/Q|VU|2dw+/FRe(Oé)XIUI2du~ ()

IfT = 09 then V(Q) = H'(Q) and norm (8) is still equivalent to the canonical norm of H'((2)
by [21, Corollary 3.2] with the assumption of the lower and upper boundness of the coefficient
Re(a)x (see also [20, Corollary 5.15]).

Norm (8) is associated with the following inner product:

Vu,v € V(Q)  (u,v)v ),y :/VuVEd:C—&—/Re(a)XTruTrﬁdu. 9)
Q r

The choice of x from (3) comes from the physical meaning of our model. For the well-posedness, we
do not need to assume that x is a characteristic function, but that x € L*°(T', i) is a nonnegative
and bounded Borel function on I" which is positive with a positive minimum on a subset positive
p-measure. For all such x1, x2 € L*(T', p) the norms || - |y (), and || - |y (q),y. are equivalent
on V(). They are also equivalent by [20, Corollary 5.15] to the canonical H*(£)- (thanks to the
compactness of the trace operator) and H}(€2)- norms (as soon as ;(I'p) > 0). By the canonical
H}(Q)-norm we understand (8) with x =0 on T

In this case [18, 24], we search the weak solution v € V() of system (2) in the following
variational sense

Vo € V(Q) /QVUV$dx - kQ/Quadx +£Re(a)xTruTr$du

+i£1m(a)xTruTr$dp:/FnTraduf/QFidx, (10)



for some fixed F' € L*(Q), x € L>(I,p), n € L*(T,p), k > 0 and a € C with Re(a) > 0,
Im(a) < 0(constants onT', depending continuously on k). Here, the notation ¢ means the complex
conjugate of a complex-valued ¢. Equivalently, the variational formulation (10) can be rewritten
as

Vo e V(Q) (u,d)via)x — K (u,¢)r2(q) + i(Im(a)xTru, Tre) p2(r )
= (7]7Tr¢)L2(F,[L) - (Fv ¢)L2(Q) (11)

We have the analogous well-posedness result for (10) to compare to [24, Theorem 2.1]:

Theorem 2. Let Q@ C R™ and u be the boundary measure such that (Q, i) is a Sobolev admissible
domain with a (compact) boundary 0S). Assume 02 = T'p;r U I'ney U I such that it holds (4),
pT) > 0,T C 090 and T'p;r and T' are also compact with the same properties as OS) itself. Let
in addition Re(a) > 0, Im(a) < 0 onT' (v is a continuous function or simply a constant) and
X € L (T, u) be a nonnegative and bounded Borel function on I' which is positive with a positive
minimum on a subset positive j1-measure.

Then for all F € L*(2),n € L?(T', i), and k > 0 (or equivalently, f > 0) there exists a unique
solutionu € V(Q) of the Helmholtz problem (2) in the following sense: for allv € V (Q) it holds (10).

Moreover, the solution of problem (10) u € V (2), continuously depends on the data: there exists a
constant C' > 0, depending only onn, ¢, d, cq, A(2), x, @ and k, such that

llullv ) < C (I1F | o) + Il 22(e ) - (12)

The proof of Theorem 2 is completely analogous to the proof of [24, Theorem 2.1] and [18, The-
orem 7.1] (see Appendix B in [19]) by applying the Fredholm alternative and the uniqueness of the
homogeneous Cauchy problem for —A + k2 (which ensures the injective property). The important
remark is the application of the Poincaré inequality with the uniform constant C'p > 0 depending
only on the fixed parameters n, €, d, ¢4 in the case of I' = 92 following [21, Theorem 3.1.]. In the
case u(I'p) # 0 we apply [14, Theorem 10].

Remark 1. In what follows, we use this established Fredholm property of problem (10), especially for
F = 0. More precisely, thanks to Appendix B in [19] and also to [24, Theorem 2.1], the variational
formulation (10) for F' = 0 can be presented in the following operator form:

((Id = K*T)u, ¢)v (o). = (0, Trd) r2r ), (13)

where Id — kT is bijective operator on V() with Id the identity operator and T a compact op-
erator. The compactness of T' follows from the compactness of the trace operator (see [9], [20, Theo-
rem 5.10], [21, Theorem 2.1]) and the embedding H'(Q) C L*(Q) (the compactness holds for any
bounded extension domain [4, 20, 29]). As it was also mentioned in [7], the wave number k is real
and thus not in the spectrum of —/A associated with the absorption Robin boundary condition with
Im a # 0 on a non-trivial part of the boundary.

3 Parametric optimization problem on the support of a d-
upper regular measure

Once we have the well-posedness of our model, let us formulate the optimization problem. We
fix the volume fraction /3 of the absorbing material of the wall (a number between 0 and 1, in the
assumption that p(T") = 1):

0</deu:ﬁ<y(f‘):/r1du:1. (14)

It is the percentage rate of the absorbent material on I'. The two limit cases 5 = 0 and = 1 are
excluded. Therefore, we define the space of admissible distributions of the porous material x:

Uaa(B) = {x € L=, u)| p-ae.onT x(z) € {0,1}, 0 < B8 = /deu < 1} (15)



The set U,4(8) is thus a subset of L (T, i) consisting of all functions taking only two values 0
or 1 onI" and define a fixed value of 5 in |0, 1. Let I be the frequency interval of interest (for
instance, the audible frequencies). We want to minimize the total acoustical energy of problem (2)
first for a fixed frequency f € I and then for the all frequency interval I. For a fixed frequency
f € I, the acoustical energy is modeled by the following functional J(f,x) : I x Uaq(B) — R:

JUmﬁ:AAJMﬂXWHI+BAJVMﬁXW¢V+CAVﬁwﬁxWWt (16)

with positive constants A > 0, B > 0and C' > 0, A2+ B2 > 0. If A > 0, and B with C are strictly
positive, the expresion of J defines an equivalent norm on H'(2), and hence, on V(). For the
numerical tests in Section 4, we take A = 1 and B = C' = 0. Hence, the right-hand side of (16)
presents the L?-norm of the weak solution of (2). The changes of the distribution y, keeping fixed
all other data and parameters of system (2), imply the changes of the weak solution u, and thus also
vary the value of J. Therefore, in (16) we consider v as a function of x and .J depending on x by u.
In the same way, the dependence of u and J on the frequency value f is also obvious. Therefore,
our final aim is to minimize the “total” energy on U,q(f):

ju%=£ﬂﬁMW7 min__J(x). (17)

XeUad(B)
Thus, we formulate two optimization problems:

Definition 2. (Parametric optimization problems) For a fixed Sobolev admissible domain (0, 1),
fixed B > 0, and the source of the noise (F,n) and the chosen porous material described by a(f), a
known function of the frequency f with Re(a)) > 0, Im(a)) < 0 on T,

1. for a fixed frequecy f > 0, to find Xopt € Uqa(B) for which there exists the (unique) solution
u(f, Xopt) € V() of the Helmholtz problem (2) considered with x = Xopt, such that

J(f, Xopt) = min J(f,x).
(f: Xort) XEUaa(B) ()

2. for a bounded range of frequencies I, to find xopt € Uqsa(B) for which there exists for all
f € I the (unique) solution u(f, Xopt) € V() of the Helmholtz problem (2) considered with
X = Xopt, Such that

J(Xopt) = min Zﬂﬁﬂ#

XEUad(ﬁ)

The main problem is that the set of the admissible shapes U,4(3) is not closed for the weak*
convergence of L (T", 1) [17]: if a sequence of characteristic functions (x,, )nen converges weakly™
in L>°(T", u) to a function h € L*°(T, p), it does not follows that the weak* limit function A is a
characteristic function, i.e. takes only two values 0 and 1.

Thus U,4(B) is not a weak™ compact. Consequently, the parametric shape optimization prob-
lem defined in Definition 2 cannot be generally solved on Uyq(5).

Following the standard relaxation approach [17, p.277], instead of solving the optimization
problem on U,4(f) we will solve it on its (convex) closure (for the ideas of the proof see [17,
Proposition 7.2.14)):

aa(B) ={x € L=, p)| prae.onl' x(z) €1[0,1], 0< / xdp=pB<pl)=1} (18)
r
Let us notice that ||x|| o (r,,) = 1 forall x € Uaq(B), while for all x € Uy;(5) it holds

0<B< Ixlloep < 1. (19)

Therefore, we have, in the same way as in [17, Proposition 7.2.14],



Theorem 3. Let 3 €]0, 1] be fixed. IfU,(B) is given by (18), then U}, () is the weak™ closed convex
hull of Uqq(B) and Uyq(B) is exactly the set of extreme points of the convex set U ,(/5).

We denote by J* : I x U};(8) — R the extended functional (with, as previously for J, positive
constants A > 0, B> 0and C > 0, A2 + B2 > 0 and a fixed frequecy f € I)

Vx € Usa(B) J*(f1x) = A /Q fu(f. x)?dz + B /Q Vu(f.x)Pdz + C / T u(f, )Py, (20)

which in addition satisfies J*(f, x)|v,,(3) = J(f, x). Here, u(f, x) is the weak solution of sys-
tem (2) found for a chosen (f, x). We also denote

Vx € UL(B) J*(x) = / T df, (21)

satisfying J* ) |vaas) = J(x).

To solve the parametric optimization problem on U} ;(3) we need to ensure that the constant
C in estimate (12) does not depend on x, when x € U;(53). If u(T'psr) > 0, then it follows from
the upper uniform boundness of the L> norm of all x on U*,() (see (19)) and the equivalence

of norms with uniform on x constants: for all x € U,() there exist Cy > 0 independent on
x € U},(B) such that

Yo e V() vlla) < vllve)x < Collvllaaq)- (22)

For the proof, it is sufficient to apply the continuity of the trace operator and the Poincaré inequality
(€2 is fixed in our framework), and to obtain

Co =1+ |larllemCUITrllz(v@),L2r,u)Cr(A(Q)),

independent on .

In the case of I' = 02, we need to use [21, Corollary 3.2] with the uniform on x constants
for the norm equivalences on H*(Q) (with || - || g1 (q) in (22) instead of || - |73 (2))- Therefore, we
have to add the assumption that for all x € U};(8), X > Xmin > 0 on supp x for a fixed uniform
constant X,in, > 0. In other words, for the case I' = 09, instead of U,q(3) and U ,(5), we
consider Uy (8, Xmin) and U, (5, Xmin) respectively. In what follows, we will however use only
the notation U,4(8) and U,(), which should be understood with this corrective uniform lower
boundness by Xmin > 0 condition for the pure Robin case I' = 0.

Lemma 1. Let 5 €]0, 1 (for u(T') = 1) be fixed and all assumptions of Theorem 2 hold. Then for all
x € U},(B), there exists a constant C* >0, depending only on o, k and on Cp (the Poincaré uniform
constant depending only on €, n, d, cq and \(Q2)), but not on x, such that estimate (12) holds for the
corresponding weak solution of (2) on the fixed Sobolev admissible domain (2, 11).

Now we state our main result:

Theorem 4. LetT', F,n, f = fo € I, a(fo) be fixed in a way that all assumptions of Theorem 2 are
satisfied on a fixed Sobolev admissible domain (2, 1) of R™ with ;1(I") = 1. Then for a fixed 8 €]0, 1],
there exists (at least one) optimal distribution x°P* € U ,(/3) and the corresponding optimal solution
u( fo, X°Pt) € V(Q) of system (2), such that

J*(fo,x°?") = min J*(fo,x) = inf J(fo,X), 23
(fo, x°7") e s (fo, x) el (fo, x) (23)

and there exists X°P* € U’ ,(3) such that on a fixed bounded plage of frequencies I C R**

J*(¥°PYY = min J* — inf  J(y). 24
(x) o (x) et (x) (24)



In addition, the functional J* is Fréchet differentiable on x € U (). Its directional derivative in
x € Uzry(B) in the direction h € L> (T, ju) with [ hdp = 0 and such that x + h € UZ,(3) is given

by
(D J* (for ) h) = — /F KRe(a( fo)u( fo. x)p(fon X)) dit, (25)

where u( fo, x) is the weak solution of (2) and p(fo, X) is the weak solution of the adjoint problem
(with k = 2210 ).

Vo e V(Q) (p,d)via)x — K (0, d)r2(0) + i(Im(a)xTru, Tre) r2r )
= (QAE(fO7 X) - QBAﬂ(f(% X)a ¢>L2(Q) + (QCE(.]%? X) - 2BX@(.}CO7 X)a ’I‘r(b)LZ(F,,u)' (26)

Finally, the Frechet derivative on x € U () of J* is given by

Dy J*(x) = Dy ( 7. x)df) - [ Do (27)

Remark 2. In the source therm of (26) @ denotes the complex conjugate of u. The regularity Au €
L?(2) holds as in the distributional sense Au = —k?u + F € L*(Q).

3.1 Existence of optimal shapes

To prove Theorem 4, we firstly show the continuity of the energy for a fixed frequency fy € I on
x € U},(B) by the weak™ topology. As the frequency is supposed to be fixed, we can simplify the
notations a little bit by omitting fj. Instead, in what follows, we explicitly write that the energy
depends on the solution of the Helmholtz problem: u(fy, x) and J*(fo, x) are denoted by u(x)
and J*(x, u(x)) respectively.

Lemma 2. Let fy € I be fixed. If (xj)jen C U, (B) such that x; = x in L>(T, 1), then x €
*(8), ulx;) = w(x) in V(Q) and for a constant ¢ = ¢(A, B,C) > 0

[T (g u(xg)) = T O6ut)] < e llubep)lie) = 1uClb@)| = 0 7 — +oo. (28)

Proof. As U} ;(B) is closed for the weak™® convergence, the weak* limit x of a sequence (x;)jen C
»1(8) belongs to U, ().
Let us denote by u; and u the weak solutions of (2) found for x; and X, respectively. Thus, the
difference v; = u; — w is the weak solution of the following system:

(A +k*)v; =00nQ,
%ﬁ’j =0onIyey,
Vi = 0 on FDiT)

dv;
FL +ax;v; =a(x — x;)uonT.

(29)

We apply Theorem 2 for system (29), taking F' = 0 and 1 = () — x;)Tru. It sufficient to notice
that n € L?(T", u), since « is a constant (or a continuous function), y — x; belongs to L>°(T", ),
and, as u € V (), as the weak solution of (2) associated to ;, its trace Tru € L?(T', 11). Therefore,
the result of Theorem 2 holds: for all j € N there exists a unique solution v; € V(2). Moreover,
the sequence (v;);en is bounded in V(12), i.e. there exists a constant ¢ > 0 (independent on j)
such that

VieN |ujllvi), <e (30)

Indeed, by estimate (12) and Lemma 1, there exists a constant ¢ > 0, uniform on j, such that

[villve)x < ellelx — x5) Trull L2
< cllal|peorw lIx = Xjll Lo | Trull 2 o,y (31)



By our assumptions (see the assumptions of Theorem 2) « is continuous on I' and I' is compact,
then [|a| o (p,,) is finite and does not depend on j. As x; X yin L®(T, 11), then the sequence
(X — Xxj)jen is bounded in L°>°(T', 11). In addition || Tru|2(r ) does not depend on j. Therefore,
we conclude that the sequence (v;) ey is bounded in V' (2), and (30) holds.

As V(Q) is a Hilbert space (hence reflexive), there exists a weakly convergent subsequence:

A(vj,)ien C (vj)jenvandv € V() 1 v, = vin V(Q).

Now, we need to show that v = 0. Once again, we use the well-posedness of (10) and its Fredholm
property recalled in Remark 1. By (13), we have for all j € N and all ¢ € V() that

((Id = K*T)vj,, ) v (@), = (alx = x5.)Tru, Trd) 2 ) (32)

The operator Id — k*T is linear, continuous, and bijective on V (£2). By its continuity, for i — +o0,
(Id — k*T)vj, — (Id — k*T)v in V (), and hence, in the limit (32) becomes

(Id = K°T)v, )y (), = 0forall g € V(). (33)

By the injectivity of the operator Id — k2T, relation (33) implies that v = 0.

Let us now prove that v;, — 0in V() (strongly!). We take in (32) ¢ = v;, and notice that by
the compactness of the trace operator Tr : V(Q) — L?(T', u), we have, as v;, — 0 in V(Q), that
Trvj, — 0in L?(T, u). Therefore, we find that

((Id = K*T)vj,,v5) v, = (@0 = X5,) Trw, Trvg, ) pa(ryy — 0 fori — 400, (34)
Consequently, {iji||%/(ﬂ)7va - kz(T’Uji’Uji)v(Q)’in — 0 for i — +o00. By its definition the

operator T' : V(2) — V() is compact (see Remark 1), and hence, Tv;; — 0 in V(2), which
result in (T'v;;, vj;)v(q),y,, — 0fori — +oo. Finally, we obtain that 11‘7<1.||‘2/(Q),va — 0 and

v;; — 01in V(£2), ensuring the strong convergence v;, — 0 in V().

Now, any weakly convergent sequence of solutions of system (29) converges to 0, i.e. 0 is the
unique accumulation (limit) point of the sequence (v;) jen, which implies that the sequence v; — 0
itself in V(). Actually, v; = u; — w and hence u; — w in V() for j — +o0.

Finally, we have obtained that from x; — y in L>(T, u), it follows that y € UZ,(8) and
u(fo,x;5) — u(fo,x) in V(2), from where we directly have (28), i.e. the continuity of J* on
Uz,(B) for all fixed fy € I. O

Therefore, we proceed to the proof of the existence of optimal distributions satisfying (23)
and (24), stated in Theorem 4.

Proof. As U*,(B) is weakly* compact (in L>(T', 1)) and J* and J* are continuous on it (by the
continuity of u(-, x) and the definitions of J* and .J*), then there exist x°?*, x"* € U*,() (and
the corresponding solutions of the Helmholtz system (2)) realizing the minima of J* and J* re-
spectively on U} ,(3). In addition,

min  J*(fo,x) = inf J(Jo,
xeU,(B) (fo X) X€Uada(B) (fo:x)

as U},(B) is the closure of U,q(3) and J* takes the same values as J on Uyq(/5) (see Theorem 3).
In the same way, we conclude for J*. O

To find (25), we apply the usual Lagrangian [2] method breifly presented in Section 3.2. By the
linearity of the integral over f and the Fréchet derivative properties, we obtain directly (27).



3.2 Shape derivative of the energy for a fixed frequency

In this section, the frequency f is supposed to be fixed, and we commit any notations with de-
pendence on it. We adopt the Lagrangian method [2] for the complex value problem: instead, to
consider the variational formulation (10), we first split it into the real and imaginary parts and then
consider their linear combination, using the independence of the real and imaginary parts of the
test functions. We define the notations v = up + tu; with ug and u; for the real and imaginary
parts of u, respectively. We do the same for &« = ar + i and F' = Fgr + iFp, taking x € U} ,(5)
and 1 = 0 (see (10)). For instance, we subtract the imaginary part of (10) from the real one and
obtain its real-valued analog: for all (vg,vr) € V() x V(Q2)

FV(x,ur,ur,vg,vr) :=

/ X[(Tra; Trug + ag Truy) Tror — (ag Trug — oy Trup) Trog] dp
T
+ / [VUJVU] — VurVuog + kQ(uRvR —wuyvr) + fror — fR’UR] dxr = 0.
Q

Here up and uy depend of x.
We now define the Lagrangian of the optimization problem as the sum of the previously calcu-
lated variational formulation and the objective function (20)

Vx € Uy(T, 1), Ywg, wr, qr, g1 € V(Q)

L wrywrqmsar) = A / (wh + w})dz + B / (Vur)? + (Veoy)?)de
Q Q
e / (Trwr)® + (Trwr)2)du + FV (X, wr, wr, drs d1)-
T

Here all arguments of the Lagrangian, X, wg, wy, qr, q; are independent. Then, to be able to
apply the Lagrangian method ensuring

(DT (), ) = %(x, wr () ur(0), pr (0 pr (), h) (35)

in a direction h € L (T, p) for p = pr + ip; € V() the weak solution of the adjoint variational
problem, we need firstly prove the differentiability of v on x:

Lemma 3. Let assumptions of Theorem 4 hold. The mapping x +— u(x) is Fréchet differentiable
on U},(B) and the directional derivative in x € U} ,(5) in the direction h € L>(I', 1), such that
X+ h e U (D), is given by (Dyu(x), h) = 1, wheretp) € V() is the unique weak solution of the
following variational formulation:

Vo e V(Q) (¥, ) v — K (, ®)r2) + i(Im(a)XTrp, Tre) r2(r )
= —(ahTru(X), Tr(b)LQ(F,,u)a (36)

formally associated with the problem

(A+ k) =0inQ,
gf:ﬁi:()onFN7 P =0o0nTp, (37)
n +xa = —ahu(x) onT.

Proof. We follow the ideas of the proof of [2, Lemma 5.15].
Let us fixe x € US;(5). Then let us take h € L>°(T, u) such that x + h € U} ;(5) (for such h a
necessarily condition is [;, hdy = 0). Then for all ¢ € [0, 1]

X(t) == x+thel;;(8) andsatisfies 3 < ||X(t)||Lo(r,u)- (38)

10



By Theorem 2 problem (37) is weakly well-posed: there exists a unique solution ¢ € V()
such that it holds (36). Then we consider 4(t) = u(x(t)), i.e. the weak solution of (10) found for
X := X(t). In addition, there hold @(0) = u(x) and 4(1) = u(x + h). Thus, we find the variational
formulation for ¥ := u(x + h) — u(x) — ¢:

Vo € V(Q) /Q VUVads — k2 /Q Uodz + /F axTrOTrddu
_ / ah (Tru(x + h) — Tru(x)) Teddps,  (39)

which by Theorem 2 is also well-posed in V'(£2) and it holds (12) with /" = 0 and
n = —ah (Tru(x + h) — Tru(x)). Hence, using (12) with a constant C' > 0 independent on x
thanks to Lemma 1, we have the estimate

u(x + k) —u(x) — Yllvayx < Cllah (Tru(x + h) — Tru(x)) |2, <
Cla, | Tr [l zv), L2 Pl Loe o, [lu(x 4 R) = w(X)|lv(@),x-

Thanks to (31) and then once again by Lemma 1, for fixed k, a,  and F' (which norms contribute
to the general constant), we have

[ulx + 1) = uC)llvie)x < C@)l[b]lLoe @ TruO) | L2,
< Cle [T DAL Lo e llellv@)x < Cles [Tl 0l L2, s 1 L2 @) Rl oo (0,0, (40)

where we also used the continuity of the trace operator. Let us notice that estimate (40) implies the
continuity of v on x in the strong topology of L> (T, 1), which naturally follows from the weak*
continuity obtained in the proof of Lemma 2.

Consequently, there exists a constant C' > 0 such that [[u(x-+h)—u(x)—¢|lv @) < C|lh|3 ()
which means that

lo(h)[lve)

u(x + h) = u(x) + ¢ + o(h) with lim =0.

IRl zoe (r,u)—0 Hh||L°°(F,u)

This is exactly the differentiability by Fréchet since the application h +— 1 (see (36) and (13)) is
linear continuous from L (T, u) — V(). O

By the Lagrangian method, the weak solution of the corresponding variational formulations,
(32 (X, ur, ur,qR, q1); or) = 0 for all g € V() and (£ (x, ur, ur,qr, 1), ¢1) = 0 for all
o1 € V(Q), is denoted by p = pr + ip; € V(Q) (see (26)) and is called the solution of the adjoint
problem.

Finally, we calculate by (35) the derivative of .J over x;, evaluated in the direction h € L (T, u),
according to the assumptions of Lemma 3, and obtain (25). This finishes the proof of Theorem 4.

4 Numerical optimization

We consider the approximation of problem (2) by the finite volumes (or the cell-centered finite dif-
ference method with unknowns in the center of the mesh cells with the second order convergence
rate) on a square domain {2 =]0, 1[? represented in Figure 1 along with the chosen boundary con-
ditions. We could model wave propagation in a tunnel or a room with the reflective ground and
cell and a partially absorbent wall opposite the noise source. We set for the wave speed in the air

¢ = 340ms~!. We perturb the system by the non-homogeneous Dirichlet boundary conditions
(z—0.5)2
u|rp,, = g, where g(x) = e V27057 is a centered Gaussian, and take in (2) F' = 7 = 0. For the

volume fraction of the absorbing material on I', we chose = 0.5. We are searching to minimize .J

11



'y 1

I'p Q T

1

\ FN
x

Figure 1: Geometry of the domain €2 for the numerical experiments.

(see (17)) on the audible frequencies I = [20H z, 1000H z] for the case J(f, x) = [, |u(f, x)|*d,
i.e. taking A = 1and B = C = 0 in (16). Then, the associated adjoint system becomes

{ (A + k*)p = —2uon

g—z =0onTxNew; p=0o0onTp;; %—i—a(f)xszonF.

(41)
We use the same coefficient «(f), as it was found in [24, Appendix B] for the ISOREL porous
material (see [24, Fig. 2]). In this section, we denote by A the wavelength of the wave. We penalize
the minimum length of connected parts of I with x = 0, denoted by minlen(x) to be not less than
0.1 for x € [0, 1]. This helps to avoid discretization problems in solving the Helmholtz system (the
direct and the adjoint) and to take correctly into account the changes of Robin absorbing boundary
condition on the homogeneous Neumann one. For the numerical experiments, we define the spatial
step of the mesh discretization h = Az = Ay equal to minminlen(x) a5 5 function of A and
minlen(x). By our numerical tests for a fixed y, this choice of i corresponds to 0.6% relative
L?-error between an exact and the calculated solution for a fixed frequency and to 0.2% for the
integrated on I corresponding energies, [, J(f, x)df.

On Figure 2, we present the solutions of the direct Helmholtz problem at the fixed frequency
f = 200 Hz with different distributions x on I'. We see that the case of the full absorbent I" has
much more red colors corresponding to a higher energy than for two other cases of 50% less porous
material.

0.0 0.0 0.0
02 02 0.2
04 0.4 0.4
06 06 0.6

0.8 0.8 0.8

o JulinQ o lulinQ o lulinQ

Figure 2: Examples of |u;| (j = 0, 1, 2), the solutions of the Helmholtz direct problem for different
distributions of x;, at the fixed frequency 200 Hz. The color scaling is the same for three cases:
strong blue is 0, and strong red is the biggest value. On I', black is the absorbent material, and
white is the reflective one.
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4.1 Optimization algorithm

To calculate the optimal absorbent distribution x, we apply the Barzilai-Borwein gradient method
with modified step size, inspired by Newton’s method [, 13], to the relaxed problem on U,(5)
with x € [0,1] for J* or J*. For the case of the frequency range optimization of J*, we take the
discretization of I with 400 uniformly spaced frequencies f;,7 = 1,...,400. The gradient descent
algorithm computes a series of distributions x1, X2, . . . and stops when they converge. It goes from
X; to X;j4+1 with the following steps (formulated here for J*):

« Simulation:

— for each chosen frequency f;, solve the direct and the adjoint Helmholtz problems (2),

(41) with parameters h, a(f;), k = 27r‘f‘, X; and g;

~ to find J*(fi,x;) for all i and approximate .J*(y;) using the composite trapezoidal
rule;

- compute ij*(Xj) by (27).

« Gradient descent method: apply the Barzilai-Borwein gradient method with
(75> Dy J*(x;)) (by 7; is denoted a step size of the gradient descent algorithm) to obtain the
corrected gradient D, J* () and the new step size ;1.

« Stop test: if ||v; Dy J*(x;)|| < 01 or mLHZJ M| < §; for some fixed

i=j—m ‘ j*(Xi—l)
small strictly positive constants d1, d2 and a natural m, end the algorithm.

« New distribution: x; 41 = P(x; — v;DyJ*(x;)), where P : (I = R) — (I' — [0,1]) is
the projection on U, () with the condition

1
5 /F PO =B, B €lo,1]. (42)

For the projection on U ;(0.5) we use the following sigmoid prOJectlon P:x = ®o(x+4,) with
¢, ensuring (42) with 6 =0.5 () =1),and ®(x) = m
Once the algorithm is stopped, let x,, be the absorbent distribution at the end of the loop. Thus,
n € UZ,(0.5) is the optimal distribution, denoted by x 7", taking the values in [0, 1], which realize
a local (ideally global) minimum of the energy functional J*.
Finally, we project it on U,4(0.5) to obtain a characteristic function:
pre Pr(x") € Uaa(0.5).

Xprogected

We define Py in the same way as previously P, taking this time instead of ® the function

0 ifz <0.5,
‘I’f(x)_{ 1 ifa>0.5.

This projection is equivalent to sorting all the values of x and setting the largest ones to 1 and the
rest to 0 so as to reach the desired volume | x dp.
r

Remark 3. The choice of the sigmoid projection P makes the final projection of the optimal x°F* €
U;d(0.5) on Uyq(0.5), with the only two possible values 0 and 1, less brutal as, for instance, for the
rectified linear projection (see Figure 3), and thus somewhere less destroys the found optimal absorbing
performances of x°Pt.

To start the optimization algorithm, we fix the initial distribution yg, corresponding to the
defined 8 = 0.5, presented as a function of the natural parameter of I on Fig. 4 (on the left).
The corresponding solution (its real and imaginary parts) for f = 500 Hz is given on the right-
hand part of Fig. 4. Therefore, to have a reference point for the energy optimization, we plot on
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Figure 3: Rectified linear projection function on the right and sigmoid projection ® on the left.
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Figure 4: The initial absorbent distribution xo(y), y € [0, 1], on T on the left, and the corresponding
real and imaginary parts of the solution of the Helmholtz problem found for the frequency f =
500 Hz on the right. A black line gives the presence of the porous medium on I'.

Figure 5 the corresponding energy J(xo, f) for the initial distribution (blue line) and compare
it to the energy of the fully absorbent I" (x(z) = 1 for all © € T), presented by the black line.
The main goal is to find a distribution x € U,q(0.5) such that the energy J(x) on the interval
of chosen frequencies would be not worse or even smaller than the energy corresponding to the
fully absorbent I'. First, we consider the optimization for only one fixed frequency and study the

—— initial absorbent distribution
- absorbent everywhere
102 4
i 10! 4
100 4
0 200 400 600 800 1000

frequency (Hz)

Figure 5: Energies on the frequency range for the initial absorbent distribution x( and for the fully
absorbent I'.

dependence of the corresponding energy on I. Secondly, we consider a frequency discretization of
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the interval I and study the minimization of .J and .J*.

4.2 Optimization on a single frequency

We chose three typical frequencies: f = 100 Hz in the low frequencies, f = 500 Hz in the mean
frequencies and f = 1000 Hz as a high frequecy. Each time, the optimization procedure is started
with xo and § = 0.5, as explained previously. Numerical results are presented on Figure 6. We
notice that for the middle 500 Hz and high 1000 Hz frequencies, the optimal shapes x°?' from

*,(0.5) have a very similar form to a characteristic function, but not for the low frequency 100 Hz.
Therefore, by the continuity property of the energy on x, we do not see significant changes in the
values of the energy on I for x°P* and x 2" ‘ obtained for f = 500 Hz or 1000 Hz. However, we

projected
see them in the case of f = 100 Hz. In the mean, by Figure 6, the energy found for the optimized

I -+ initial absorbent distribution
1o 3 —— £=100Hz (projected)
. —= £=100Hz (unprojected)

++ absorbent everywhere
— f=100Hz (projected)
~ = f=100Hz (unprojected)

0.8
07 10t
0.6

0.5

0.4

03 100

0.2

01 — projected
== un-projected
0.0 iy

00 01 02 03 04 05 06 07 08 09 4 200 400 600 800

1000 0 200 400 600 800 1000

tial absorbent distribution

500Hz (projected)

500Hz (unprojected)
1 =

++ absorbent everywhere
—— f=500Hz (projected)
== f=500Hz (unprojected)

1.0

0.9
0.8
0.7 100
0.6
05
0.4
03 10°
0.2

01 —— projected
== un-projected

0.0

00 01 02 03 04 05 06 07 08 09 0 200 400 600 800 1000 0 200 400 600 800 1000

-+ initial absorbent distribution
—— £=1000Hz (projected)
== f=1000Hz (unprojected)

++ absorbent everywhere
—— £=1000Hz (projected)
— = f=1000Hz (unprojected)

10
0.9
0.8
0.7 100
0.6
05
0.4
03 100
0.2

0.1 —— projected
== un-projected

0.0

00 01 02 03 04 05 06 07 08 09 0 200 400 600 800 1000 0 200 400 600 800 1000

Figure 6: Optimization results for three frequencies (from the top line to the bottom line) for 100 Hz,
500 Hz and 1000 Hz respectively. From the left to the right: x°?* € U*,(0.5) (blue dotted line) and
X;I;to jected € Ul 2d(0.5) (black solid line) as the functions of the natural parametrization of I" on the
left; comparison between the energy for the obtained x°P* and X;ﬁi jectea With the initial xo on the
middle, and with the fully absorbing case x19p% on the right. A star indicates the frequency of the

optimization.

opt

x for the frequency f = 1000 Hz with 50% of porous material is not too more significant than the
energy of the fully absorbing case.

However, without a surprise, optimizing one frequency results in the displacement of the peaks
without significantly reducing the total integrated energy. Thus, there is a need to optimize on
several frequencies at once.
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4.3 Optimization on a frequency range

Keeping without changes previously defined numerical parameters, this time we take 400 uni-
formly spaced frequencies on I. Then, we optimize the acoustical energy integrated over I (the
composite trapezoidal rule approximates the integral, see Subsection 4.1).

To see if the implemented gradient descent method gives satisfying performances, we also
implemented a genetic algorithm, based on the covariance matrix adaptation evolution strategy
(CMA-ES) [1], and compared the optimality properties of two obtained distributions of x given on
Figure 7. Figure 8 shows that the energies for the optimal shapes given on Figure 7, obtained by

1.0 4 .- aqeeenan . [ [ - R 1.0 - o - g . o oo ooy - o - - oy . F— e e e —
W T IR IR 17 T
0.8 1 0.8
0.7 4 0.7 4
0.6 0.6
0.5 1 0.5 1
0.4 4 0.4+
0.3 1 0.3
0.2 1 0.2
0.1 0.14
0.0 T T T T T T T 0.0 T T T
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Figure 7: Optimal absorbent distribution X;f f)jec +eq s the function of the natural parametrization
of T, found by gradient descent method on the left and genetic algorithm on the right for the
frequency range optimization with 50% of porous material.

— absorbent everywhere
—e— gradient descent
—=— genetic algorithm

101 4

2
lulz-

100 4

0 200 400 600 800 1000
frequency (Hz)

Figure 8: Energies on the frequency range I for the optimal absorbent distribution are found using
the gradient descent (green line with circles) and using the genetic algorithm (red line with squares)

to compare to the energy corresponding to the fully absorbing boundary I" (black line).

different methods, are almost the same and both better than the case of 100% absorbing boundary.
We give now the values of integrals over I for all energies presented on Fig. 8:
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Distribution Total energy J

Absorbent everywhere 2093
Gradient descent 1475
Genetic algorithm 1440

We found approximately the same total energy J for two distributions presented on Figure 7. In
particular, Figure 8 shows that with 50% of absorbing material, it is possible to create a distribution
of porous material that absorbs more efficiently (= 31% better) the acoustical energy than with
100% of absorbing material.
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