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Abstract

We consider a branching random walk on the real line with a stationary and ergodic environment
(&) indexed by time, in which a particle of generation n gives birth to a random number of
particles of the next generation, which move on the real line; the joint distribution of the number
of children and their displacements on the real line depends on the environment &, at time n.
Let Z, be the counting measure at time 7, which counts the number of particles of generation n
situated in a Borel set of the real line. For the case where the corresponding branching process
is supercritical, we establish limit theorems such as large and moderate deviation principles,
central and local limit theorems on the counting measures Z,, convergence of the free energy,
law of large numbers on the leftmost and rightmost positions at time », and the convergence to
infinite divisible laws. The varying environment case is also considered.

Keywords: Branching random walk, random environment, large deviation, moderate deviation,
central limit theorem, local limit theorem, law of large numbers
Mathematics Subject Classification: 60J80, 60K37, 60F10, 60F05

1. Introduction and main results

As a combination of branching processes and random walks, branching random walks have been
largely studied in the literature, see e.g. [48, 12, 13, 17] for early studies (in seventies), [15,
14, 20, 53, 58, 54] for later studies (in nineties), and [2, 3, 22, 66, 39, 46, 29, 8, 23, 45, 52] for
some developments in the last decade. Recently there is an increasing research interest to this
topic. One of the reasons is that the model has many interactions with various applied probability
settings, such as fractals and Mandelbrot’s cascades (cf. e.g. [47, 55, 9, 5, 18, 62]), perpetuities
(see e.g. [66, 19, 44]) and branching Brownian motion (cf. e.g. [49, 21, 10, 59]). For other
related works and many references, see e.g. the recent books [66, 19, 44]. Important results
such as central and local limit theorems and large deviation principles for the counting measure,
asymptotic properties of the fundamental martingale, and law of large numbers for the positions
of the extremal particles, have been established.
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In classical branching random walks, the influence of the environments is not considered.
Due to the introduction of the random environments, interesting new phenomenons and prob-
lems occur, but the study of the model becomes much more delicate. Various models, with
random environments in space or in time, have been studied. For example, Baillon, Clément,
Greven and den Hollander [6], Greven and den Hollander [36] studied a model in which the off-
spring distribution is affected by a location-dependent environment, while the displacement law
is deterministic; Comets and Popov [24, 25] dealt with the case where both the offspring distri-
bution and the displacement law are influenced by the random environment indexed by locations;
Comets and Yoshida [26], Hu and Yoshida [41], Nakashima [63] and Yoshida [73] considered
the case where the offspring distributions depend on a space-time environment.

Here we consider a branching random walk with a random environment in time (BRWRE), in
which a particle of generation n gives birth to new particles of the next generation, which move
on the real line; the joint distribution of the number of children and their displacements from
their parent depends on the environment &, at time n; the environment sequence (£,) indexed
by time is supposed to be stationary and ergodic. This is a natural and important extension
of both the model of a branching process in a random environment introduced by Smith and
Wilkinson [67] and Athreya and Karlin [4], and the classical branching random walk which
corresponds to the constant environment case (that is, the case where all &, are equal to the same
constant). This model was proposed firstly by Biggins and Kyprianou [16] and Kuhlbusch [51]
who considered the fundamental martingale; it was further studied by a number of authors, see
e.g. [33, 34,42, 60, 72, 35, 74].

Our purpose in this paper is to prove, for a BRWRE, asymptotic properties for the counting
measure Z,, which counts the number of particles of generation # situated in a given region. The
study of this measure is important because it describes the configuration of the process at time
n. Fundamental limit theorems, such as large and moderate deviation principles, convergence
theorem on the free energy, and central limit theorems, will be established for the counting mea-
sure Z,. A law of large numbers will also be proved for the positions of leftmost and rightmost
particles. In particular, we will see that the fundamental results of Kaplin and Assmussen [48]
and Biggins [13, 15] on the classical branching random walk remain valid for the random envi-
ronment case, although the model becomes much richer and the approaches become significantly
more delicate due to the existence of the random environment. The case of a branching random
walk in a varying environment and the convergence to infinite divisible laws are also considered.

The results and the methods developed in this paper open ways for the study of related topics,
such as general branching processes and multiplicative cascades in random environments; for
example some of them have already been used by Hong, Hou and Zhang [74] in the study of a
branching system of random walks with a random environment in location. Some of the results
have been announced in the proceeding [57] and the short survey [42] without detailed proofs
(only some key ideas have been mentioned therein); the complete proofs seem necessary and
desired, so that they will be given here. A preliminary version of the present paper was put in
arXiv [43], which has been cited in a number of papers (we found 27 citations in Google).

1.1. Model

Let us describe precisely the model that we consider in this paper. The random environment,
denoted by & = (&,), indexed by the time n € N = {0,1,2,---}, is a stationary and ergodic
sequence. The random variable &, takes values in some measurable space (@, &); it represents
the random environment at time n. Without loss of generality we can suppose that £ is defined
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on the product space (®N, &N 1), with 7 the law of &. Associated to each realization of &,, there
is a probability distribution 77, = n(&,) on N x RN,

Given the environment &, the process starts from an original particle @ of generation 0 which
lies at S¢g = 0 € R at time 0. At time 1, the ancestor () dies and is replaced by N = N(0) particles
i of generation 1 which scatter on R with locations L; = L;(0), 1 < i < N, where the random
vector X(0) = (N, Ly, Ly, - - ) is of distribution r9 = n(&y). In general, each particle u in the nth
generation will be replaced by N(u) new particles ui of generation n+1 at time n + 1; the location
of ui satisfies

Sui=Su+ L(w, 1 <i< N,

where S, is the location of the parent particle u, L;(u#) is the relative displacement of ui to its
parent u, and the random vector X(u) = (N(u), L1(u), Lr(u), - - - ) has distribution n,, = n(¢,,). Note
that the values L;(u) for i > N(u) do not play any role for our model; we introduce them only
for convenience. Conditioned on the environment &, all particles behave independently, meaning
that the random vectors X(u) indexed by all the sequences u are conditionally independent.

Denote by P the quenched law, i.e. the conditional probability given the environment £. The
total probability can be expressed as P(dx, d&) = Pe(dx)7(d€); it is usually called the annealed
law. The expectations with respect to IP; and P will be denoted respectively by E; and IE.

Let U = U,50N*" be the set of all finite sequence u = u; - - - u,, where N* = {1,2,---} and
N0 = {0} by convention. For u € U, we write |u| for the length of u, and u|n for the restriction
to the first n terms of u, with the convention that @] = 0 and 4|0 = (. By definition, under P,
the random vectors X(u), indexed by u € U, are independent of each other, and each X(u) has
distribution n,, = n(&,) if |u| = n.

Let T be the Galton-Watson tree with defining elements {N(u)}: by definition, we have: (i)
0 eT,(@{i)ifu € T, then for eachi € N*, ui € T if and only if 1 < i < N(u); (iii) forall u € U
and i € N*, yi € T implies u € T. Denote by T, = {u € T : |u| = n} the set of particles in the nth
generation. We introduce the counting measure

Zy() = D 85,0).

ueT,

For a measurable subset A of R, Z,(A) denotes the number of particles of generation n located in
A. In this paper we study asymptotic properties of the sequence of measures {Z,} by establishing
limit theorems.

Foru € U, let
N(u)

X0 = > 6rw()
i=1
be the counting measure corresponding to the random vector X(u), whose increasing points are
the displacements L;(u), 1 < i < N(u). For a typical representation, denote

X,() = X(ln)(’)7

where 1, = (1,---,1) € N*" is the sequence of length n whose components are all equal to
1. Thus for each u € N*", the random element X has the same distribution as X,,, given the
environment . Notice that in our model, the total population of generation n, Z,(IRR), forms
a branching process in a random environment (BPRE), for which we refer to [67, 4] where



fundamental results have been established. For simplicity, we introduce the following notation:
n—1
Ny = X,(R), m, = EeN,, Po=1and P, =EZ,(R)= ]_[m,- forn > 1.
i=0
Let ¥ = o(§) and 7, = o(&, X(u); |u| < n) (n > 1) be the o-field containing all the information of
the first n generations. It is well known that the sequence {Z,(R)/P,} is a non-negative martingale

under P for every & with respect to the filtration {#,}; hence it converges almost surely (a.s.) to
arandom variable denoted by W. Throughout this paper we always assume that

N
Elogmg € (0,00) and E—log* N < oo. (1.1)
mg

The first condition means that the BPRE Z,(R) is supercritical; the second implies that the limit
W is non-degenerate. We refer to [4, 70, 71] for more information about a BPRE. To concentrate
on the intrinsic properties, we also assume that

N>1 as. and E|L;| < oo. (1.2)

Together with (1.1), this implies that Z,(R) — co and W > 0 a.s.

1.2. Convergence of the free energy, large deviation principle and law of large numbers

We first establish a large deviation principle on the sequence of measures Z,, by calculating
the limit of the free energy. Let

Z,(1) = f e~ Z,(dx) = Z &S (teR)

ueT,

be the Laplace transform of the measure Z,. It is also called partition function by physicians.

The function 222 ig called free energy. We are interested in the convergence of w, which

will lead to a large deviation principle for Z,(n-). Forn € Nand r € R, let

Nw)
my(1) = B fe”‘Xn(dx) =E; Z e for e N
i=1

be the Laplace transform of the counting measure describing the evolution of the system at time
n. In particular, m, (0) = m,. Put

n—1
Po)=1 and P,(1) = EeZ, (1) = nmi(t) forn > 1
i=0

(so that P,(0) = P, for all n > 0). Observe that

Z(t)  Duet, €
EeZ,() P

W, (1) := n>0,

is a non-negative martingale, hence the limit

W(t) := lim W,(t) (1.3)
4



exists a.s. with E;W(#) < 1. In the deterministic environment case, this martingale has been
studied e.g. by Kahane and Peyriere [47], Biggins [12], Durrett and Liggett [30], Guivarc’h [37],
Lyons [58], Liu [53, 54, 55, 56], Iksanov and Kabluchko [46], and Iksanov [45], in different
contexts.

We assume that
my (1)

mo(?)

Ellog my(f)| < oo and

for all # € R. These moment conditions imply that

my (1)

A(t) = Elog my(r) and ANH=E
my(2)

are well defined as real numbers, so that A(¢) is differentiable everywhere on R, and A’(?) is its
derivative (this can be easily verified by the dominated convergence theorem, using the fact that

the function ¢ — (0 is increasing). Denote by A*(x) = sup,.g{xt—A(#)} the Legendre transform

®
of A. Then o
tN'(t) — A(@) if x=N(r)forsomereR,
+00 if x=A(+00)orx <A (—0).

A(x) = {

Since the function p(t) = tA’(t) — A(t) decreases on (—o0, 0] and increases on [0, o), it attains its
minimum at 0: min, p(¢) = p(0) = —A(0) < 0. We introduce two critical values ¢_ and t.:

t_=inf{freR:p() <0} and ¢, =sup{reR: p() <0}

Notice that —oo <7 < 0 < t; < o0, f_ and ¢, are two solutions of p(¢) = 0 if they are finite.

Theorem 1.1 (Convergence of the free energy). Almost surely, for all t € R,

A®) if te(t,ty),
tIN'(ty) if t=>ty, (1.4)
IN' (1) if t<t..

For the deterministic environment case, see [20, 32]; see also [5] for branching random walks
in R?.

Combining Theorem 1.1 with the Gértner-Ellis theorem [28, p.52, Exercise 2.3.20] leads to
the large deviation principle for Z,(n-) as stated below. Denote by A*(x) the Legendre transform
of A(?). It can be seen that A(r) < A(r), so that A*(x) > A*(x). More precisely,

oo ) N if x e [N(@E), N(E],
Ax) = { too  if x<A(t)orx> A(ty).

Theorem 1.2 (Large deviation principle). Almost surely, the sequence of finite measures A +—
Z,(nA) satisfies a large deviation principle with rate function A*: for measurable set A C R,
< 1 1 -
— inf A*(x) < liminf - log Z,(nA) < limsup — log Z,(nA) < —inf A*(x),
X€EA® n—oo n n—oo N x€A

where A° is the interior of A and A its closure.

Theorem 1.2 yields the following corollary. For deterministic branching random walks, sim-
ilar results can be found in [13, 20].
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Corollary 1.3. Itis a.s. that

lim % log Z,[nx, 00) = —A*(x) > 0 if x € (A(0), A'(t,)),

n—oo

lim l10g Zy(—co,nx] = =A"(x) > 0 if x € (A'(z-), A'(0)).

n—oo
We now present a law of large numbers for locations of the extremal particles. Let

ML =minS, (resp. M~ =max$,)
u€eT, ueT,

be the position of leftmost (resp. rightmost) particles of generation n. The locations of the
extremal particles have been largely studied in the literature, see e.g. [1, 2, 11, 13, 17, 39, 40, 61,
64]. We will use asymptotic properties of ML and MR to prove Theorem 1.1. Meanwhile, with
the help of Theorem 1.1, we can see that ML (resp. MX) satisfies a law of large numbers:

Theorem 1.4 (Law of large numbers for leftmost and rightmost positions). It is a.s. that

ME MR
lim —2 = A'(t)) and lim —2 = A/(t,).

n—oo n n—o n

For deterministic branching random walks, the corresponding results can be found in [13,
20]. For a continuous-time counterpart on branching Brownian motion, see [65]. In the random
environment case (for the model that we consider here), the the second and third order asymptotic
of Mf have recently been explored in [60] (where the previous version [43] of our present work
is cited).

Remark 1.1. In this subsection for simplicity we have assumed that the moment conditions in
(1.2) hold for all # € R. However, if the moment conditions just hold for ¢ in an interval, similar
results can also be proved by a slight modification of the argument, as observed in [74] where
the results and technics of our paper are used for the study of a branching system of a N-valued
random walk with a random environment in location. The difference is in the use of the Gértner-
Ellis theorem: instead of the use of [28, p.52, Exercise 2.3.20], we can then use [28, Theorem
2.3.6(c)] with essentially smooth condition.

1.3. Central and local limit theorems

Our second objective is to show central limit theorems and related results associated to Z,.
For the special branching random walk where the displacements L;(u),i = 1,2, - -, of the chil-
dren ui of the same particle u are i.i.d., and independent of N(u), for each fixed u, Kaplan and
Asmussen [48] proved the following central limit theorem. Assume that m = EN € (1, c0) and
that % has mean 0 and variance 1. If EN(log* N)'*¢ < oo for some € > 0, then a.s.,

m " Z, (=0, Vnx] = ®x)W VxeR, (1.5)

where ®(x) = \/427( f_ Xw e 24t is the distribution function of the standard normal distribution

N(0,1). They also gave a local version of (1.5) under the stronger moment condition that

EN(log N)Y < oo for some y > 3/2. The formula (1.5), which was first conjectured by Har-

ris [38], has been studied by many authors, see e.g. [15, 48, 50, 68]. In particular, Biggins
6



[15] extended the result of Kaplan and Asmussen [48] to a general branching random walk, by
removing the i.i.d. condition on the family {L;(u),i = 1,2,---}, the independence between this
family and N(u), and by relaxing the moment EN(log* N)'*¢ < oo to E(Nlog* N) < c0. Gao et
al. [33] generalized (1.5) to a special BRWRE, assuming that all the components N(«) and L;(u)
of the vector X(u) are conditionally independent given the environment, all the displacements
L;(u) (i = 1) have the same conditional law, and that EN(log N)*** < oo for some € > 0. Here
we will extend the above cited result of Biggins [15] to the random environment case, and the
result of Gao et al. [33] to a general BRWRE without the above mentioned assumptions on the
components of X(u), while relaxing the moment condition EN(log N)*>** < oo to the usual one
E(Nlog"™ N) < co. Notice that, as observed by Biggins [15], for the classical branching random
walk, the case E(N log* N) = oo is not interesting for (1.5), as in this case m™"Z,(R) —» W =0
a.s., so that (1.5) holds evidently.
Essential properties of the BRWRE depend on the quenched intensity measures defined by
V() = EeXo ), n>0.

my,

We will use the following notation about the mean and variance of v,,:

N(u)
1
Uy = fxvn(dx) = —E; Z L;(u), where ue N",
Mn 45

N(u)
1
ol = f (¥ = ) va(dx) = —Fe Y (Li(u) - p)?,  where ue N,
Mo

n—1 n—1 172
l, = Zui and b, = [ 0'12\’ .

i=0 i=0

Throughout we assume that the conditional mean y, and variance o> are well defined in R for

n

almost every environment &. The following theorem is a version of (1.5) for a BRWRE.

Theorem 1.5 (Central limit theorem). Assume ]Ea% € (0, 0). Then a.s.,

Zn(_oo5 bnx + gn]

Z.®) — O(x) Vx € R, (1.6)

where ®(x) = \/4271 f_ xm e 124t is the distribution function of the standard normal distribution.

In the proof, we will see that Theorem 1.5 still holds when (b,, £,,) is replaced by (b’,, £") € R?,

n>-n

provided that ), = b/,(¢) and £, = €,(¢) satisfy b/, ~ b, and = — 0. See Remark 4.2.

n

Remark 1.2. Notice that since 28 — w a.s., we can rewrite (1.6) in the form similar to (1.5):

P
a.s.
Zn(_ooa bnx + gn]

P — Wd(x) Vx eR. 1.7)
Just as in the classical branching random walk, the case E(mﬂo log* N) = oo is not interesting for

(1.7), as in this case Z%R) — W =0 a.s., so that (1.7) holds evidently.
7



Theorem 1.5 is an extension of the results of Kaplan and Asmussen [48, II, Theorem 1]
and Biggins [15] on the classical branching random walk (with constant environment). Under a
moment condition slightly stronger than the usual condition ]Em%(log’r N) < oo, we can obtain
a local limit theorem corresponding to Theorem 1.5, which extends the result of Biggins [15,
Theorem 7] to the random environment case.

Theorem 1.6 (Local limit theorem). Assume that vy is non-lattice a.s. If EO’% € (0,00) and
Emﬁo(logJ' N < oo for some 8 > % then for every h > 0,

Zn(x, x + h) (x—f,,)
sup |b, -h -0 a.s.,
k| Zu(R) by
where p(x) = ﬁe‘xz/ 2 is the density function of the standard normal distribution.

For the classical branching random walk, the corresponding result has been established by
Biggins [15, Theorem 7] under the usual moment condition E(N log* N) < co.

From Theorem 1.6, we immediately obtain the following corollary, which extends the result
of Kaplan and Asmussen [48, Theorem 2] to the random environment case.

Corollary 1.7. Under the conditions of Theorem 1.6, we have, a.s., for all —oo < a < b < oo,

Ziatbubtl) 1,
T L® Var ’

1.4. Moderate deviation principle

Finally, we consider the moderate deviations associated to Z,. Recently, Wang and Huang
[72, Theorem 1.7] established a moderate deviation principle under the assumptions

1
#o=0 as. and esssup—[E; X M4 < co for some & > 0. (1.8)
mqy "ueT
The following theorem completes their result by relaxing the boundedness assumption in (1.8)
to a moment condition. Also, we consider the more general case without the centering condition
o = 0. Let (a,) be a sequence of positive numbers satisfying

lim 2 = oo and lim a—n(log n)* = 0. (1.9

n—oo \/ﬁ n—co n

Theorem 1.8 (Moderate deviation principle). If IEmLO Yuer, €5l < oo for some 6 > 0 and

Elog" Ee[(Xer, IS < oo for some y > 1, then almost surely, the sequence of probabili-
)C2

502 and

ties A — Z,(a,A + £,)/Z,(R) satisfies a moderate deviation principle with rate function

2
speed %” for measurable set A C R,

Z,(a,A + ¢, 1.
< limsupilogu < ———inf x%,

1 Z(a,A+ €,
_ L inf 2 < liminf 2L 1og 224 ) <
20’2 x€EA

202 xeA® n—eo g2 Z,(R) nosco 02 Z,(R)

where 0% = EO’%, A° is the interior of A and A its closure.



When the second condition in (1.9) is replaced by the usual condition that lim,,_, a,/n = 0,
the moderate deviation principle was proved in [72] under the stronger condition (1.8).

The remainder of the paper is organized as follows. In Section 2, after giving a large deviation
principle for the quenched mean E¢Z,, we prove Theorem 1.1 about the convergence of free
energy (which implies Theorem 1.2 and Corollary 1.3 on large deviations) and Theorem 1.4, the
law of large numbers for leftmost and rightmost positions. Sections 3 and 4 are devoted to central
limit theorems: in Section 3, we consider a branching random walk with a varying environment
in time and prove the corresponding central limit theorem and local limit theorem; in Section 4
we return to the random environment case and give the proofs of Theorems 1.5 and 1.6. Finally,
in Section 5, we deal with moderate deviations and prove Theorem 1.8.

2. Proofs of Theorems 1.1 and 1.4

At first, we establish a large deviation principle for the quenched means E.Z,(n-).

Theorem 2.1. For almost every &, the sequence of finite measures A v E:Z,(nA) satisfies a
large deviation principle with rate function A*: for measurable set A C R,

1 1

- il}f A*(x) < liminf — logE;Z,(nA) < limsup — log E;Z,(nA) < —inf A"(x).
X€EA° n—oo n : n—oo N ; X€EA

Proof. We consider the sequence of probability measures E:Z,(n-)/E;Z,(R). Notice that by the

ergodic theorem,

n—1

1 1 1
lim — log f ¢"E:Z,(dx) = lim = log P,(1) = lim — Z logmi(r) = A1) a.s.,
n—oo N n—oo N
i=0

n—oo N
1 1 18
lim —log E:Z,(R) = lim —log P,(0) = lim — Z logm; = A(O) a.s.
n—oo n n—oo N n—oo n pary
Using the Gértner-Ellis theorem [28, p.52, Exercise 2.3.20] to the sequence of probability mea-
sures [K:Z,(n-)/E¢Z,(R), and after scaling, we get the desired result. L]

Now let us give the proofs of Theorems 1.1 and 1.4 which are composed by several lemmas.
Similar arguments have been used in [20, 32] in the constant environment case. Recall that W(¢)
is defined in (1.3), as the a.s. limit of the fundamental martingale W, (). Using a result of Biggins
and Kyprianou [16] on a BRWRE, or that of Kuhlbusch [51] on weighted branching processes in
random environment, we obtain the following lemma.

Lemma 2.1. Ift € (t_,t,) and EW (t)log* W((t) < oo, then W(t) > O a.s.; ift <t_ort > t,,
then W(t) = 0 a.s.

Lemma 2.2. Fort € (t_,t.), we have

lim lloan(t) =A()  as 2.1)

n—oo n

Proof. I EW,(f)log* Wi (¢) < o0, then by Lemma 2.1, W(¢) > 0 a.s. Consequently,

1 - 1 1
—logZ,(t) = —log W,(¢) + —log P,,(t) = A(t) a.s.
n n n

9



Now we consider the general case where EW|(¢) log* W|(f) may be infinite. Let ¢ > 0. We
construct a new BRWRE in which the point process for a particle u is

X(u) = (N“(u), L1(w), Lo(u),---) with N°(u) = N(u) A c,

where and throughout we write a A b = min(a, b).

We shall apply Lemma 2.1 to the new BRWRE. To this end, we will prove that for ¢ > 0
large enough, the new BRWRE satisfies the two conditions of Lemma 2.1.

We first observe that with m§ () = E¢ YY) e’ for ¢ > 0, we have

A0) := Elogm(1) T A(r) asc T oo (2.2)

In fact, on the one hand, by the monotone convergence theorem, mg(r) = E; Zf\; ’]\C i 1 my(r)
as ¢ T oo, which leads to Elog" m{(r) T Elog" mo(r). On the other hand, by (1.2), we have
log™ mg(¢) < |t/E¢|Ly], so that Elog™ m{(#) | Elog™ m(t) by the dominated convergence theorem,
since E|L;| < co. This ends the proof of (2.2).

We next prove that for ¢ > 0 large enough, the new BRWRE satisfies the first condition of
Lemma 2.1. Let ¢t € (¢_,t,). We need to prove that ¢ € (¢°,$) for c large enough. Notice that
t € (t_,t4) is equivalent to tA’(f) — A(t) < 0, and ¢ € (t°,1$) is equivalent to tAL(1) — A.(t) < 0.
We shall show that the latter holds for c large enough. Assume that t > 0. By the definition of
A’(1), there exists a 4 > 0 such that

IA(I +h) — A()
h
Since A. T A as ¢ T co (cf. (2.2)), this implies that for ¢ large enough,
At +h) — A(D)
! I

—A() <0.

- A <0. (2.3)

The convexity of A.(f) shows that
At + h) — A(t)

A < . 2.4)
Combining (2.4) with (2.3) we obtain that for ¢ large enough,
tAL(1) — A1) < 0. (2.5)

If t < 0, we can also obtain (2.5) by a similar argument. So we have proved that ¢ € (r_,¢,)
implies that ¢ € (¢, ¢{) for ¢ large enough.

We now prove that the second condition in Lemma 2.1 is also satisfied for the new BRWRE,
that is, EW{(?) log* W{(#) < oo, when c is large enough. Let Y = W{(¢). We define a random vari-
able X whose distribution is determined by E:g(X) = E:Yg(Y) for all bounded and measurable
function g. For x € R, = [0, 0), let

I(x) = x/e ifx<e,
Y7 logx ifx>e.

It is clear that / is concave and log* x < /(x) < 1 + log™ x for all x € R,,. Thus

cmg(21)
mi(1)? )

E¢Ylog" Y = Eglog* X < Eel(X) < I(EeX) < 1+ log" E;¥* < 1 +log* (
10



Taking the expectation in the above inequality, we get
cmg(21)
g (1)?

1 +logc + Elog* mo(2f) + 2/AE|L| < co.

EWS(t)log" Wi(r) < 1+Elog* (

IN

Therefore for ¢ > 0 large enough, the new BRWRE satisfies the two conditions of Lemma
2.1. So Lemma 2.1 implies that

1. .
lim — log Z5() = Elog m(1) = A1) a.s. (2.6)

n—oo n

Finally, we will deduce (2.1) from (2.6). For the lower bound, since Z,(t) > Z5(1), it follows
that

1 -
liminf —log Z,(¢¥) = A.(t) a.s.
n—oo n
Letting ¢ T oo, we obtain
1 -
liminf —logZ,(¥) > A(t) a.s.

n—oo n

For the upper bound, from the decomposition % log Z,(t) = % log W,,(¢) + %log P, (1), we get

1 ~ 1 1
lim sup — log Z,(¢) < lim sup — log* W,(r) + lim sup —log P,(¢) = A(t) a.s.
n n n

This completes the proof of (2.1). O
Lemma 2.3. [t is a.s. that limsup, ., MR /n < A'(t,).

Proof. For ¢ > A'(t;), we have A*(c) > 0. By Theorem 2.1,
1
lim —logE:Z,[cn, 00) = =A*(c) <0 a.s.
n—oo n

This leads to }}, Ps(Z,[cn, 00) > 1) < oo a.s. It follows by Borel-Cantelli’s lemma that, P¢-a.s.,

Z,[cn, ) = 0 for n large enough, so that M® < cn, which implies that a.s. limsup, Afl'lf <c

Letting ¢ | A’(t,) yields the result. L]

Lemma 2.4. Ift > t,, then a.s.,

Jim 198%n D _ g
n—oo n

Proof. Sincet € R and ¢t > t,, we have f, < co. We first consider the upper bound. Choose
. ~ ~ R
0<ty<ty <t Since S, < MK foru € T,, we have Z,(t) < Z,(to)e""~"Mx, Thus

MR
(t—19)—=.
n

log Z,() < log Z,,(t) +
n n

Letting n — co and using Lemma 2.3, we get that a.s.,

< Alto) + (t — 1)) N (1,).
11

lim sup

n—oo

log Zn(t)
n



Letting #y T ¢, and using A(¢,) — . A’(t;) = 0, we obtain that a.s.,

log Z,(t
n

n—oo

<N ().

We next consider the lower bound. As log Z,(¢) is a convex function of ¢, for fy < f; < t., we
have . . . B
log Z,(1) —log Z,(to) _ logZ,(t1) — log Z,(10)
t—1t - t— 1t ’

Applying Lemma 2.2 to #y and #;, we deduce that a.s.,

log Z, (¢ t—t
liminf 2% D 5 Ay + 220 Ay - A,
n—oo n tl — tO
Letting #; | #p, we get that a.s.
log Z, (¢
iminf 282D 5 Ai) + (¢ = )N (1),
n—oo n

Letting #p T ¢, and using A(z,) — - A’(#;) = 0, we obtain that a.s.,

lim inf > tA'(ty).

log Z,(®)
n—oo n
This completes the proof of Lemma 2.4. O
Lemma 2.5. It is a.s. that liminf, o 22 > A'(z,).

Proof. Notice that S, < MX for u € T,,, we have Z,(r) < Z,(R)e"™:, so that for each 0 < 7 < co,

logZ,(1) _ logZ,(R) My

2.7
n n n
If £, < oo, then by Lemma 2.4, the above inequality gives for 7 > 7., a.s.,
1 R
AN(ty) < ;Elogmo + liminf —2.
n—oo n
Letting ¢ T oo, we obtain the desired result.
If t; = oo, then by Lemma 2.2 and inequality (2.7), we see that for r > 0, a.s.,
A 1 MR
MO L togmg + limint 22
t t n—oo n
Letting 1 oo, we get that liminf, 22 > A’(c0) = A’(1,) a.s.. O

The conclusions for ¢ < 7~ and M% can be obtained in a similar way, or by applying the
obtained results for ¢ > 7, and MR to the opposite branching random walk —S,. Hence Theorem
1.4 holds, and (1.4) holds a.s. for each fixed r € R. So a.s. (1.4) holds for all rational ¢, and
therefore for all real ¢ by the convexity of log Z,(#). This ends the proof of Theorem 1.1.

12



3. Limit theorems for a branching random walk in a varying environment

In this section we consider a branching random walk in varying environment (BRWVE),
and prove that with a suitable norming, the counting measure converges to a non-degenerate
law, when the intensity measures satisfy a suitable norming condition and when some moment
conditions are also satisfied.

3.1. Branching random walk in varying environment

To prove limit theorems for random walks in random environments, we first establish corre-
sponding results for a branching random walk with a varying environment (BRWVE), which is
of independent interest. When the environment ¢ is given, a BRWRE is a BRWVE. Therefore,
we can apply the results for a BRWVE to a BRWRE for a given environment &.

A BRWVE is defined in the same way as a BRWRE when the environment is given. For
completeness let us give its precise definition as below, with an abuse of the notation already in-
troduced (there will be no confusion according to the context). At time 0, there is a unique ances-
tor particle @ of generation 0, which lies at S¢ = 0; at time 1, it will be replaced by N(0) particles
of generation 1, located at L;(0), 1 < i < N; the random vector X(0) = (N(0), L;(0), L>(@),---)
takes values on N x RY. In general, each particle u = u; - - - u, in the nth generation (at time n),
which lies at S, will be replaced at time n + 1 by some new particles ui of generation n + 1 with
locations

Sui=Su+ L, 1 <i< Nu;

the random vectors X(u) = (N(u), L1(«), Lo(u), - - - ), formulated by the number of offspring and
their displacements, indexed by all finite sequences u € U, are independent (which interprets
the hypothesis that all particles behave independently); all X(x) with u € N" have the same
distribution as the random vector X(1,,) = (N(1,), L1(1,,), L»(1,), - - -) with values in N X R X R x

-+-. Recall that 1,, = (1,---, 1) is the sequence of length n whose components are all equal to
1; by convention 1y = 0. By definition, a BRWRE with random environment ¢ is just a class of
BRWVE indexed by &.

As in the random environment case, we also use the following notation. Let

Zn= )6,

ueT,

be the counting measure on R, so that Z,(B) counts the number of particles of generation n

situated in a Borel set B of R. Let
N(1,)

Xy = Z OL,1,)
i=1

be the counting measure whose atoms are the displacements L;(1,,) of the children of 1,. Set

n—1

N,=N(1,)=X,R), m,=EN,  Py=1 and P,=EZ,R)= ]_[m
i=0

Assume that

1 1
0<m, <o (¥n=>=0), liminf-logP,>0 and Iliminf-logm, =0. (3.1)
n—oo n

n—oo n

13



Thus for some ¢ > 1, there exists an integer no which may depend on ¢ such that
pP,>c" for all n > ny. (3.2)

Denote by I' the probability space under which the process is defined. Let F, = {0,I'} and
Fn = oc((N(uw), L1(u), Lo(u),- -+ ); lu| < n) (n > 1) be the o-field containing all the information of
the first n generations. Then the sequence

_Z(R)

W, :
Py

n>0,

forms a non-negative martingale with respect to the filtration {,} and converges a.s. to a random
variable W with values in [0, o0). Let

() = B0

n

be the intensity measure (on R) at time n, and let ¢,, be its characteristic function:

bu(t) = f &y, (dx) = miE f X, (dx), reR.

A

The characteristic function of the random normalized probability measure %

is denoted by

1 . 1 .
WV, = = f e Z,(dx) = = Z S reR.

ueT,

It is not difficult to see that {¢,} and {¥,} have the following relation:

n—1
EY, (1) = ]_[ 65, teR.
i=0

As in Klebaner [50] and Biggins [15], we will use the following normalization condition on
the family of intensity measures {v,,}.

Condition (A). There are constants {b,,c,} with b, — oo and a non-degenerate probability
distribution L such that as n — oo, for all t € R,

n—1
e—it(‘,l I:)I(pl(i) N g(t) — feitXL(dx)~ (33)

Notice that the expression of the left-hand side is the characteristic function of the normalized
probability measure G,, defined by

Gu(B) = Gu(bu(B + ¢,)), where G, = v * -+ % V1,

for any Borel set B of R. Therefore by Levy’s theorem, (3.3) holds if and only if the normalized
sequence {G,} converges weakly to L, which is equivalent to the convergence of G,(b,(x + ¢,))
to L(x) for any continuity point x of the distribution function L(x) := L(—co, x] of L, where
G, (x) = G,((—090, x]) is the distribution function of G,. If additionally b, /b, — 1, then the limit

14



distribution is called in the class L according to Feller [31], also known as a self-decomposable
distribution. If {v,} satisfies the condition of Lindeberg (see (4.13)) or Liapounoft, writing

n—1 n—1
l, = Zui and b, = (Z 0',-2)”2, with u, = fxv,,(dx) and a’i = f|x — P va(dx),
i=0 i=0

we have G, (b,x + {,;,) — O(x) = % f_ xoo e~ 124t for any x € R, so that condition (A) holds with
b, =by,, ¢, ={,/b, and L = N(0, 1). See Section 4 for a discussion on this point.
Throughout we use the following usual notation:

Xp = O(yn)» Xp = O(yn) and x, ~ Yn

to signify that lim,_,c X,/y, = 0, limsup,_,, |xul/lynl < o0 and lim,_,c x,/y, = 1, respectively.
The same notation are used when # is replaced by r € R, = [0, o). We use the symbol C to
denote a positive constant whose value may change from line to line. Denote for n > 1 and

>0, -
n—1
ACEDY f xI*vi(dx).
i=0

The following theorem states that when the intensity measures ]E% satisfy the normalizing
condition (A), then the counting measures Z, with a suitable norming converges, under some
moment conditions.

Theorem 3.1 (Convergence of Z, with a suitable norming). For a BRWVE satisfying (3.1), as-
sume that: (a) for some & > 0,

00

1
Z WENn log+ Nn(IOng 10g+ Nn)1+6 < o905 (34)
n=2 "

(b) for some € > 0 and y; < oo,

vn(e) = o(n™); (3.5)
(c) for some y, > 0,
b,' = o(n™). (3.6)
Then it is a.s. that for all t € R,
t g
() =W ]_0[ #i(;,) > 0. (3.7)

. .. . . . X; . .
{f addlthnglly the charc.lc?erlstlc functions ¢; of the intensity measures EE satisfy the normaliz-
ing condition (A), then it is a.s. that for all t € R,

e‘“%(f) - g(OW, (3.8)

and that for any continuity point x of the distribution function L(x) = L(—o0, x] of L,

P, Z, (=00, by(x + ¢,)] = L(x)W. (3.9)
15



Remark 3.1. The above conclusions were obtained by Biggins [15, Theorems 1 and 2] while
condition (3.4) is replaced by f xlogx F(dx) < oo, where F is the measure on [0, co) whose
distribution function is F(x) := L)‘:'O sup,, P(N,, = k). In the homogeneous case where all the N,
have the same law, F is simply the offspring distribution. But for the general varying environment
case, F' does not have such a simple expression. We will see that conditions (3.4), (3.5) and (3.6)
are well adapted for our purpose in the application to the random environment case, since in this

case these conditions hold for almost every environment under simple moment conditions.

Remark 3.2. From the proof of Theorem 3.1, we will see that the condition (3.4) can be relaxed
to the following two ones:

- 1
Z; WEN’Z 10g+ Nn < 0 (310)
for some 6; > 0, and
= fhl‘lk
2(1— “) < oo @3.11)
n=0 My

for k > 0 large enough, where 7, = EN,I,(N,) with I,(x) = 1x1ogxy<p,,,)- In fact, in the the
proof, we will use (3.10) and (3.11) instead of (3.4) (cf. Lemmas 3.3, 3.4 and 3.5). The condition
(3.4) in Theorem 3.1 is used only to have (3.10) and (3.11). Notice that from Lemma 3.1, we see
that (3.4) implies (3.11). The fact that (3.4) also implies (3.10) can be seen as follows. Using
log" N, < efor N, < e, 1 < log*log" N, for N, > ¢, and n,+él < W for all n > ng with
ng > 1 large enough, we see that for all n > ng

1 . 1
mnnl+61 EN, IOg Ny < nl+o + mnn(logn)“‘s

Theofore (3.4) implies (3.10).

E(N, log® N,)(log" log* N,,)!*°

The following result is a local limit theorem on (Z,). For a general BRWVE, we have found
no such theorems in the literature, except the local limit theorem by Biggins [15] for the homo-
geneous case.

Theorem 3.2 (Local limit theorem). For a BRWVE satisfying (3.1), assume that {¢;} satisfies
condition (A) with b, ~ 6n” for some constants 0 < y < % and 6 > 0, and g (the characteristic
Sfunction of L) integrable on R, and that for some ¢ > 0,

sup sup |i()] =: p, < 1.

i =

Assume also that the distributions of {N,} satisfies (3.5) and that for some 6 > 0 and 3 > v,

(e

1
————EN,(log* N,)' .
Zz m,n(log n)1+o (log™ Ny) ™ < o0

Then for any h > 0,

sup |an;12n(x, x+h)— Whpr(x/b, — C,,)| -0 a.s., (3.12)
xeR

where pr denotes the continuous density function of L (which exists because its characteristic
function g is supposed to be integrable).
16



3.2. Proof of Theorem 3.1

Notice that (3.7) together with condition (A) implies (3.8); by standard results on the conver-
gence of measures, (3.8) holds for all 7 € R if and only if (3.9) holds for any continuity point x
of the distribution function of L. Therefore, to prove Theorem 3.1, we only need to prove that
a.s. (3.7) holds for all + € R. Notice also that the convergence of a sequence of characteristic
functions to a characteristic function for a countable dense set of 7 implies convergence for all ¢
(cf. Klebaner [50, p.368] ). So we only need to prove that a.s. (3.7) holds for each fixed ¢ € R.
Our proof below is inspired by some ideas from [15, 50].

We will use a truncation method. Let « > 0 be a constant. Consider a new BRWVE while the
branching numbers N, are replaced by

N, = N,I,(N,) YueN", n>0,

...} We use the notation Zn,,(,f(n,,(, My ks Vs én,,( etc. for the new BR-
WVE just as we used Z,, X,,, my, vy, ¢, etc. for the original process. Then m,, = EX, =
EN,I,(N,) and

where 1,(x) = 1{xog xy<p,

- . 1 . - 1 .
Gni(t) = fe"xf/n,,((dx) = — fe"xEXn,K(dx) = — ]Efe"xXn(dx) I.(N,), teR.
7!

The proof of (3.7) for a fixed ¢ is composed of several lemmas.

Lemma3.1. Let 8> 0. If ﬁENn(long N,)'"*B(log* log* N,)'* < oo for some § > 0,

n=2 m,n(logn
then for all k > 0, Y020 nP(1 = ity /my) < oo

Proof. LetIj(x) = 1 = 1,(x) = Lxog xy>p,.,,}- Then m, — i1, = EN,I(N,), so that for all a > 0,
S (i
n mn

The second series converges for all a > 0 by (3.1) (see also (3.2)) since

) = ; m_nENnIyCL(Nn)l{N,pa} + Zn: m_n]Eang(Nn)l{ana}-

Ny(log N,)* < a*(log )

EN,IE(N)Liy <o) < EN, 1 a <
W (NN, <a) P {No<a) P

It remains to prove that the first series converges for some a > 0. Notice that
f(0) := (log x)'*(log log x)!'**)

is increasing and positive on (a, +o0) for a > 0 large enough, and f(x(log x)) ~ f(x) as x — oo.
Therefore from (3.2), we have for n large enough,

nﬁ nﬁ an(Nn(logNn)K)
—EN LNy sy < —E"—T—="" "1y,
m TN, >a) m FPoy) {N,>a)
C -
< — — _EN,(log" N,)**(log* log* N,)'*,
< o logmi® (log" N,,) " (log" log™ N,.)

where C > 0 is a constant independent of n. Thus };, ﬁEN,,I;’(N,,)l{NnM} < oo by the condition

my

of the lemma. O
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Lemma 3.2 ([15], Lemma 3 (ii)). For each k > 0, if 3,(1 — i, /m,) < oo, then for each t € R,

n—1

5 ¢ n—1 ¢
E)[ ¢i,l<(b_n) - 1;[ ¢i(b_n) -0, asn — oo, (3.13)

Proof of Theorem 3.1. As explained in the beginning of this section, we only need to prove that
a.s. (3.7) holds for each fixed r € R. By Lemma 3.1 with 8 = 0 and Lemma 3.2, we see that (3.4)
implies (3.13). Therefore for each fixed ¢, (3.7) holds a.s. if it holds a.s. with ¢;, in place of ¢;:
that is, if

n—1
\P,,(bi) -w[] &M(bi) -0  as (3.14)
n i=0 n

In the following we will prove that (3.14) holds under the conditions of Theorem 3.1, when « is
large enough. For simplicity, let

L) = bue)  and  wp= X,

my

where the value of x will be fixed later to be suitably large. Let
1 .
YDy, 1) = — fe‘”‘X(u)(dx) foru e N*' and r € R. (3.15)
mn
Then

‘Pn+l(t) - wn_(n(t)‘{ln(t)
= 5 XSO DLN @) + 5 D (P DLN) - 0nd(0)

uetT, n uetT,
= A0 + B,(D). (3.16)
By iteration, we obtain for O < k <nandt € R,
n—-1 n—1 n-1
Wu(0) = W) [ [wiin + )" Ao+ Bio) | | wigio) (3.17)
i=k i=k Jj=i+l

(by convention the empty product is taken to be 1). Using this decomposition with 7 replaced by
t/b,, we see that the left-hand side of (3.14) can be written as:

n—1 n—

n—1 n—1 1 n-1
G -w]ag = ;Ai<é> [Tes+ 2860 [ e

i=0 Jj=i+1 i=k Jj=i+1
n—1 n—1
t t t
‘I’—||i,-——W||,~—. 3.18
+ k(bn)i:kwg“(bn) i=o§(bn) (3.18)

In the following we take @ > 1, and define
k = J(n) = [n"/*] = the integral part of n'/, (3.19)

so that k* ~ n as n — oo. For this choice of k, we will see in the following three lemmas that

each of the three terms in the right-hand side of (3.18) converges to 0 a.s. when @ > 1 and x > 0

are suitable chosen, which implies that (3.14) holds. So the proof of Theorem 3.1 is finished,

once the following three lemmas are established. O
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Lemma 3.3. For each k > 0, if ¥,,(1 — ity c/my) < o0, then, with k = J(n) = [n'*] and a > 1,

n—1

Z )]_[wjg

Jj=i+l

sup
teR

a.s., as n — oo, (3.20)

Proof. Notice that for all ¢ € R, |A,(t)] < # %, I, DISNL) <+ Ser, Z2IE(N,), so

that "
n—1
=) ﬂ Wit < Z'A <—)| Z o 2 N@EWNG@). (32D
n Jj=i+1 L ueT;
Since
c 1 c _ m[,K
[Z o ET] NI, (N(u))] Z BN (N) = Z( o ) < o0,

we have }; ﬁ Yuet, NI (N(w)) < oo a.s. Together with (3.21), this implies (3.20). ]

Lemma 3.4. If for some 6, > 0,

ZmnléEN log* N, < oo,

n=1

then when k > a + 81, we have for each t € R, with k = J(n) = [n'*) and a > 1,

Cu(0) = ZB( ) 1_[ w,{, a.s. asn — oo. (3.22)

n J=i+l

Proof. We will show that 3% | E|C,(1)* < oo, which implies that *°, |C,(H)]* < oo a.s., so that
(3.22) holds a.s. Notice that T,, and S, with |u| < n are F,, mesurable and that for each u € N*"
(recall (3.15) for the definition of ¥V(u, 1)),

N(u)

EM(u, DL, (NW)IF] = miE D7 1, (N(w)) = "“(ankm = Wala(0).
"=l

Therefore by the definition of B, () (cf. (3.16)), for all 7 € R,
E(B,)|F,) =0 a.s.
It follows that the summands in C,(f) are martingale differences (which are orthogonal in L?), so

that
=) l_[ ,z,] < ZVar(B (—))

Jj=i+1

E|C,(1)]* = Var(C, (1)) = Z Var| B

n

Since the summands of B, () are conditionally independent given ¥, we have for each r € R,

BB, (O 1F,) = Var(B,01F) = 5 3 Var (¥, i, (Vwp) = 250

” ueT,

Var (W0 ()1, (N))
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where ‘I’(l)(t) = m;l f e X, (dx). Taking the expectation, we get for each ¢ € R,

Var(By(1) = 5- L Nar (WO, (N,) < = EN2L(N,). (3.23)

Set J7'(j) = {n : J(n) = j} and let |[J7'(j)| be its cardinality. It is not difficult to see that
')l = o 1) and Z/:l [J7'(j)l = O@*). Recall that C denotes a positive constant whose
value may change from line to line. From the preceding calculation for E|C,(¢)|* and Var(B,(t)),
and the estimation of [J~'(j)|, we get for any t € R,

00 co n—1
;ElCn(t)lz < ;Fk lelz]ENzl(N)
= i Z Z 2IEN21(N)
J=1 neJ-\(j) i= Pim;
< Y (])|Z PN
j=1
= i s (])l 2IENZI(N)
i=1 j=1 Pim;
< C;PM?ENZI(N)

ENZL(N)n,<a)-

CZ

In the last line, the second series converges since }; 5 Yz < oo. For the first series, notice that

LN s +CZ =

f(x) := x(log x)~@*1*9V s increasing and positive on (a +00) for a > 0 large enough, and

F(x(log x)¥) ~ x(log x)<~(@*149) a5 x — o0, so that W;X)K) = O(xlog x) if k > a + ¢;. Hence

when k > @ + d1, by (3.1) we have for i large enough,
i 2 f(PHl)

le
——EN?L(N)Liysa) < EN:
sz i ( ) {N1> ] lel2 f {N(lOgN)K

¢ +
1{N>a < W]ENZIOg Nl‘.

Thus }}; #:,,zEN;Ii(Ni)l{NPa} < oo by the condition of the lemma. O
Lemma 3.5. If },(1 — i1, /my) < o0 and (3.5), (3.6) hold, then for each k > 0 and each a > 1
large enough, we have for each t € R, withk = J(n) = [n"/*] and & > 1,

n—1

n—1
%(i)[:{]wia(b—i)—vv]:)[g(b—l)eo as. asn— oo (3.24)

Proof. Since },(1 — w,) < oo implies that H?;kl w; — 1, the factor H, "¢ wi in (3.24) can be
ignored, namely it suffices to prove that

n—1

n—1
LPk(—) l_[g, - wlla -0 as.  asnow (3.25)
i=0 "
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Notice that

n—1 n—1 n—1 n—1 n—1
\Pkﬂg,-—W]_[g:(wk—Z"(R))]_[ (Z"(R) —W)]_[mwu_[a ]_[4,-].

i=k i=0 =k i=0
Therefore, since W), = %z@ — W a.s., to prove (3.25) it suffices to prove that
t Z (R
P(—)— B 0 as. asko (3.26)
b, Py
and that 1 |
(= I t
];[ GG - ]:0[ GG =0 ask— e, (3.27)

We first prove (3.26). Since |el* — 1| < C|tx|*, we have

0
Py
If 0 < & < 1, by taking the expectation in the above inequality and using the elementary inequal-

ity (x1 + -+ + x)° < xf + -+ + x7 for x; > 0 (which implies that flxlgvo ® e V1 (dx) < v(g))
and conditions (3.5) and (3.6), we obtain

Z:(R
i) - kf(,k )

1
b I‘Zk(dx)sChlgb,fP— f |x[°Zi(dx).
k

Zi(R)

IA

t
E ‘Pk(b—n) -

C|l‘|€b’:sf|x|£l/0 %ok V1 (dx)
CltI*b,fu(e) = |t oKV ~¥72). (3.28)

IA

If & > 1, by a similar argument using the inequality (x; + -+ + x;)° < kg‘l(x‘f + -+ x7) for
x; = 0, we get

t Zi (R
E‘Pk(b—)— ’}Ek) < ClEb ke ur(e) = [t o(kE1HVImaer2), (3.29)

Hence (3.26) holds if we take a large enough such that max(0,& — 1) + y; — aey, < —1.
For (3.27), by combining (3.28) (when € < 1) or (3.29) (when & > 1) with the fact that

n—1 n—1

t t .
l_kl 41 - ]_O] a0 = ]_k[ 4|1 - 1_] G
k-1 ;
< ]_O[ 45— 1
_ 1 Z(R)
= |E (‘Pk(bn) P )‘
t Z(R)
< ‘l‘k(—n) ok
we obtain (3.27) with ¢; in place of £;, which implies (3.27) by Lemma 3.2. L]
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3.3. Proof of Theorem 3.2
We follow the method used in [69] and in [15]. Let

K 1 ( sin(%x)

2
1
= | ) K(x)=-K(Z) for a>0, xeR,
2 3X a a

with the convention that K(0) = 1/(2n). Then

fK(x)dx =1 and fKa(x)dx =1.
R R

The characteristic function of K, is denoted by k,, which vanishes outside (—é, é), so that the
characteristic function of % * K, is integrable, and % * K, has a continuous density function

denoted by DE,") . We will get our result through the asymptotic property of Dfl").

Lemma 3.6 (see for example [27]). If f is a characteristic function such that |f(t)| < p as soon
as b < |t| < 2b, then we have for |t| < b,

N
fOl<1-1A-p )@.

Lemma 3.7. Under the conditions of Theorem 3.2, for k > 0 large enough,

sup Iang")(b,,(x +c)—Wpr(x)) - 0 a.s. as n— oo, (3.30)
xeR

Proof. Let M > 0 be a constant. By the Fourier inversion formula,

27 |bu D (b(x + ) = Wpr(x)| = ‘ f (%(bi)ka(bi)e-“vn - ng) . (331

We split the integral of the right-hand side into |f| < M and |¢f| > M. Using Theorem 3.1 (assertion
(3.8)) and noticing that lim,, ka(bL) = 1, we have, by the dominated convergence theorem,

! ! —itc, _ —itx
L<M(Tn(b_n)k”(b_n)e Wg(t))e dr

So by (3.31), to show (3.30), it suffices to prove that

-0 a.s. as n — oo,

lim sup lim sup

M—oo n—oco

=0 as. (3.32)

! ! —irc, _ —irx
lezM (‘Pn(b_,,)k“(b_)e Wg(t)) e dt

n

Notice that by the dominated convergence theorem and the integrability of g,
f ge™dr -0 as M — co. (3.33)
[tI>M

It remains to estimate

t t :
W, (— )k (—)e ™ dt
j:|>M n(bn)a(bn)
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where U = |t : g—j < |1l < 1}. In the following for simplicity we write ¥, = W,(1), ks = ka(2),
4 = 4(t), A; = A1), B; = Bi(t), and e, = e™?* where ¢ € R is arbitrary. By the decomposition
(3.17), we have for 0 < k < n,

n—

1 n—1 n—1 n—1
A | | witikaen + b ) B | | wiihaen  (3.35)
k i=k

Jj=i+1 i= Jj=i+1

n—1
b, ¥ k.e, = b,V 1—[ wifika€z1 +b,
i=k

i=

Below we take k = J(n) defined by (3.19) as in the proof of Theorem 3.1, and we prove that the
integral over U of each of the three functions in the right-hand side of (3.35) tends to O a.s.
Firstly, we prove that

bnr:z_:f;A,' ﬁ w_,[_,-kuendt

Jj=i+1

-0 a.s. asn — o (3.36)

For n large enough,

b, 2 jI;Al ﬁ O.)J[jkaendl

Jj=i+1

A
RS
™M
—
=
=

n—1

> o 3 NN

i=k © U ueT;

n—1 ‘ay
c Z,:,‘ S 3 NG (N W)

P LeT

IN

Q

=~
53
S

IA

Like in the proof of Lemma 3.3, from Lemma 3.1 we obtain
e Y © ’/hik
_ c — y _ Lk
E[; o ZT: Nw)I! (N(u))] = ;l (1 o ) < o,

if we take a sufficiently close to 1 such that @y < 8. Hence (3.36) is proved.
Secondly, we prove (3.36) with B; in place of A;, that is:

n—1 n—1
C,:=b, Zf B; H w;{ ke dt — 0 a.s. asn — o (3.37)
i=k YU

J=itl

We have already seen in the proof of Lemma 3.4 that E(B;|F;) = 0, so C,, is the sum of martingale
differences. Therefore, for n large enough, using Cauchy-Schwartz’s inequality and (3.23) we
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get

n—1 n—1
EIC,} = VarC,= b,%ZVar( f B [ | wdjkaendt
i=k U jzirl
n—1 n—1 2
= bi ZE fBl 1—[ wjgjkae,,dt
i=k U j=isl
n—1 n—1
< B ]E(f dt) [f 1B: [ | wjgjkapdtJ
i=k v U j=it1
2 n—1
< Zh E|B;[dt
< = Zk fU 1B
n-1 l-2(yy ,
< C EN; L(N;).
Zk] P BN

|

Following the last part of the proof of Lemma 3.4, we obtain that 3> | E|C,|* < oo provided that

k is large enough, which implies (3.37).

Finally, we consider the first term in the right-hand side of (3.35), and prove that there exists

a constant 6; > 0 (not depending on M) such that

n—1

bnfl{l wié’ikaendt

2
<W e dr.
lt|I>M

b [
U

lim sup

n—oo

Clearly,

< dt.

P

Zi(R)
3

n—1
JE
i=k

n—-1
bnf\llk w;likye,dt
Sl
Zi(R)
P

Since i W a.s. as k — oo, it suffices to prove that

n—1
[ Tao
i=k

lim sup b, f
n—oo U i

and that there exists a constant #; > 0 (not depending on M) such that

n—1
limsupbnfnlxﬁ,-(t)ldtgf 7 gy,
U ick |tl=M

n—1
dr < limsup b, f |p:(2)|dt,
Al

n—oo

n—oo

We first prove (3.40). Notice that

n-1 n—1 n—1
bnf [1& drsbnf [1a-T]#
Uli=k Uli=k i=k

By the definitions of ¢,, and £, = ¢,.,, we have

n—1

Ny
mn¢n(t) =E Z eltLi(ln) = rhn,xgn(t) + E Z eltLi(I"),
=1 N, <i<N,
24

dt + b, f \pildt.

(3.38)

(3.39)

(3.40)

(3.41)



Hence |m, ¢, () — i, £ ()| < my, — ity ., Which implies |4, (1) — (0| < 2(1 =i, 1 /m,,), as observed
by Biggins [15] in the proof of Lemma 3 therein. Therefore we have

n-1 n—1 n-1
b [ ([ a-[]efar < o [ 3i-siar
Ulizk i=k Uizk
n—1 ~
< 4, (1—@)
a vy m;

IA

n—1 ~
Cy i+ 1)"V(1 - ﬂ) S0 asn— oo,
i=k i

provided ay < . Hence (3.40) holds. Now we turn to prove (3.41). Split the set U into two
parts: Uy ={t: M/b, <|t|<egland U, ={t: e < |t| < é}. Since for some ¢ > 0, |¢;(1)] < p, < 1
for all |¢| > ¢, by Lemma 3.6, we have for all || < ¢,

2

1-
601 < 1= — 1P <",
L

1-p?
where y; = TR Thus

sup sup [¢,(1)] = max{e "%, p,} =: p| < 1.

i |tze
It follows that

n—1
2
by | | lgi(D)dt < b, (o))" ' = 0asn — oo, (3.42)
Uz iz a

and

n—1
bo [ [ioondr< [ expt-ym= k= 1y
U, i=k ltI=M

It is easy to see that

lim
n—oo b%

n—k—lz elz ify:%,
o if0<y<i.

So there exists a constant §; > 0 such that b;z(n —k — 1)y, > 6 for n large enough. Thus

n—1
lim sup b, f l_l|¢,~(t)|dts f O g (3.43)
n—co U ik =M

From (3.42) and (3.43), we obtain (3.41). Combining (3.39), (3.40) and (3.41), we get (3.38).
From the decomposition (3.35) and the assertions (3.36), (3.37) and (3.38), we see that the
integral /,, )y defined in (3.34) satisfies

limsup I, 3 < f e’ gy,
=M

n—oo

This, together with (3.33), implies (3.32), which ends the proof of the lemma. O
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By the proof of Stone [69, Lemma 1], we have the following result. Since the argument is
very similar, we omit the details.

Lemma 3.8. If (3.30) holds, then for every € > 0, there exist ng > 0 and 6 > 0 such that for
n>npand0 < h<§, a.s.,

h(WpL(x) = ) < Py Zy(ba(x + Cu), ba(x + ¢4 + 1)) < (Wpp(x) + £), Yxe€R.
Now we turn to the proof of Theorem 3.2.

Proof of Theorem 3.2. Fix h > 0. For € > 0, take 0 < &’ < &/h. By Lemmas 3.7 and 3.8, for this
&' > 0, there exist nj, > 0 and ¢’ > 0 such that forn > njand 0 < 1’ < &', as.,

W(Wpr(x)—¢€') < P;IZ,,(bn(x +cp), by(x+c, + h')) <SH(Wpr(x)+&), VYxeR.

Let /' = h/b,. Then there exists 7ip > 0 such that 0 < #’ < § forn > 7ig. So forn > ngy :=
max{n, fip}, we have a.s.,

h(WpL(x) = &) < buPy Zy(ba(x + €), bu(x + ¢) + h) < h(Wpp(x) + &), Vx€R,
which implies that

sup Ib,lP;lZ,,(bn(x +cp), bp(x +¢,) + h) - Whp(x)|<eh<e a.s.,

xeR
so that
sup |an;1Z,,(x, x+h)—Whpr(x/b, — c,)| < € a.s.
xeR
This ends the proof of (3.12). O]

From the proof, we have the following remark which will be used to relax a moment condition
in the random environment case.

Remark 3.3. For a BRWVE satisfying (3.1), the conclusion (3.12) of Theorem 3.2 holds when-
ever the following conditions hold:

1) the convergence result (3.8) holds a.s. for all # € R, where {b,, c¢,} are normalizing con-
stants such that b,, ~ 6n” for some 0 <y < % and 6 > 0, and g is the characteristic function
of a non-degenerate probability distribution L on R, which is integrable on R;

2) there exists a constant 8 > y such that ¥, n?(1 — 7, ,./m,) < oo for « large enough;
3) there exists a constant §; > 0 such that (3.10) holds;

4) there exists a constant 6; > 0 such that (3.41) holds for all M > 0 large enough.
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4. Proofs of Theorems 1.5 and 1.6

Let us return back to a BRWRE and establish central limit theorems for it. As already men-
tioned in Section 3, when the environment ¢ is fixed, a BRWRE is a BRWVE. So the results of
the previous section on a BRWVE can be applied to a BRWRE conditioned on the environment.
We use the notation already introduced in the introduction for a BRWRE, which correspond
the notation used in Section 3 but with the probability and expectation therein replaced by the
quenched probability P, and the quenched expectation [, given the environment £. For exam-

. . EeX,() . .
ple, the intensity measures v, are now defined as v, = ===, whose mean and variance are still
denoted respectively by u, and o2; m, = E¢N, denotes the mean of the offspring distribution
given the environment.

By Theorem 3.1, and Remark 3.2, we can obtain the following theorem about the conver-

gence to infinitely divisible laws for a BRWRE.

Theorem 4.1. Assume that for some € > 0,

v(e) =K flxlgvo(dx) < 00,

and that b, = b, (¢) satisfies
b,' =o(n™) a.s. forsome y >0,
then a.s. forallt € R,
n—1
t 1t
Y, (—) - (— . 4.1
= W];[mbn)w @.1)

If in addition (A) holds with b, = b,(£), ¢, = c,(€) and g = g¢ for almost every environment &,
then it is a.s. that for all t € R,

. t
e_"”"‘l‘n(b—) — g(OW, (4.2)
and for all continuity point x of the distribution function Lg(x) = L¢(—00, x] of L,
P, Z,(=00,by(x + )] = Le(x)W.

Proof of Theorem 4.1. We apply Theorem 3.1 and Remark 3.2 by checking the conditions therein.
We need to prove that (4.1) holds (for all r) IP; a.s. for almost every environment ¢ (which implies
that (4.1) holds IP a.s.). Notice that for a BRWRE, assumption (1.1) implies that

1 1
lim —log P, = Elogmg > 0 and lim —logm, =0 a.s.

n—oo n n—oo n

by the ergodic theorem. Hence the assumption (3.1) is satisfied for almost every environment &.
The condition (3.4) now reads

1
— —  _E¢N,log* N,(log" log* N,)!** <
;mnn(logn)”‘s ehnlog” Nn(log™ log™ Nn) *
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for some 6 > 0. Taking the expectation, we see that this condition holds for almost every
environment & if E% log* N(log* log* N)!*° < oo for some ¢ > 0. To relax this condition to the

usual one Emﬂo log* N < oo, we will use the conditions in Remark 3.2 instead of (3.4): namely,

00

1
Z mEan ]0g+ Nn < 00 a.s. (43)
=1 "
for some 6; > 0, and
- T i
(1 - = )< 0o as. 4.4)
n=0 M

for « > 0 large enough. Taking the expectation at both sides of (4.3), we see that (4.3) holds a.s.
for every 0, > 0 provided that ]Emﬂo log" N < co. From Lemma 4.1 below, we see that this latter
condition also implies that (4.4) holds a.s. for every « > 0.

The condition (3.5) holds a.s. for each y; > 1 because by the ergodic theorem,

lim

U,(&)
n n

=v(e) < > a.s.

We have therefore proved Theorem 4.1, using Theorem 3.1, Remark 3.2 and the lemma below
which will also be used later. O

Lemma 4.1. Let 3 > 0. IfIE%(log+ NP < oo, then for all k > 0, 3, nP(1 — it /my,) < © a.s.

Proof. As the proof of Lemma 3.1, we have Y, (1 — /it /my) = Y., mLIEanIZ(Nn). By (3.2), for
n large enough, EgN, [ (N,) < EeNy 1y, og v, y>cr1)- Notice that

B N
n
E Zn: m_nEanl{Nn(logNn)K>c”“} = Em—o Zn: 71 N og yse)
l + 1+
< CE—(og" N) * < oo.
my
Therefore 3, i#(1 — i, /my) < oo a.s. O

Similarly to the varying environment case, we also have a local limit theorem:

Theorem 4.2. Assume that v, is non-lattice a.s., condition (A) holds for almost every environ-
ment &, with (b,, c,) = (b,(£), c,(£)) satisfying a.s. b, ~ 6n? for some constants 0 < y < % and
0> 0, and g = g¢ a.s. integrable. If v(e) == E f [x|*vo(dx) < oo for some € > 0, and

N
E—(log* N)!'*# < oo
mo

for some B > vy, then a.s. Yh > 0,

sup [b, P, ' Z,(x, x + h) = Whpr(x/b, — ¢,)| — 0, (4.5)
xeR

where py is the continuous density function of Lg (wWhich exists since its characteristic function
8¢ Is integrable).
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Notice that if we use Theorem 3.2 to the random environment case, then we need the (3.2)
which is stronger than the non-lattice condition assumed in Theorem 4.2. For this reason, we
will use Remark 3.3 instead. We first establish the following technical lemma.

Lemma 4.2. Let M > 0 be a constant. Assume that b, ~ n” a.s. for some constants 0 <y < %
If vy is non-lattice a.s.,then there exists a constant 8; > 0 (not depending on M) such that

n—1
lim sup b, f 1_[|¢l~(t)|dt£ f At as., (4.6)
n—oo U i=k ‘

tI>M

where k = J(n) is defined by (3.19) as in the proof of Theorem 3.1 and U = {t : % <1< )

Q=

Proof. Take 0 < 2¢ < é As the last part of the proof of Theorem 3.2, we split U into U; and U,
defined therein, so that

n—1

n—1 n—1
b [ [ wotar=o, [ [T+ o, [ [ ioo
U ick U =k Uz g

Since v; is non-lattice a.s., we have

sup |gi(D)| =: pi(e,a) = pi < 1 a.s. 4.7)

e<lt<a™!

Hence by Lemma 3.6, for |f| < ¢,

L= p? 1= p?
|¢,~<r>|s1—8—f’fzsexp(" e tz)ze_“"z as. (4.8)
& &

where a; = 18—7;)22 > 0 a.s. Using (4.7), we immediately get

n—1

n—1
2
bn f 601 < 26, [pi=>0  aus. 4.9)

since |
logb, + Y= log p;
lim —& Li-i l0gp =Elogpy <0 a.s.
n—oo0 n
Observe that .
n- ; 1 1 _1
lim —Z’_k = gzl > 0 %fy z a.s
n—oo bn (o] if 0 < Y < 3

So taking 0 < 6; < G%an and using (4.8), we get a.s. for n large enough,

n—1 n—1
bnf |¢i(t)|dtsf exp|-b,> ) a;t’ dusf e ar. (4.10)
Uy l,:kl =M Z =M

i=k

Combining (4.9) and (4.10) yields (4.6). O]
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Proof of Theorem 4.2. We apply Remark 3.3 when the environment £ is given. Below we prove
that the four conditions of Remark 3.3 are satisfied for almost every environment &. First, by
Theorem 4.1, we see that a.s. (4.2) holds for every ¢; in other words, (3.8) holds in the random
environment case for almost every environment &. Second, by Lemma 4.1, 3, ##(1 — #i, o /m,,) <
oo a.s. for all k > 0. Third, in the proof of Theorem 4.1 we have already proved that (4.3) (which
corresponds to (3.10) when environment & is given) holds a.s. for every ¢; > 0. Finally, by
Lemma 4.2, there exists a constant §; > 0 such that (4.6) (which corresponds to (3.41) when
random environment £ is given) holds for all M > 0 large enough. Therefore, from Remark 3.3,
we see that (4.5) holds IP; a.s. for almost every environment £. This implies that (4.5) holds P
a.s. The proof of Theorem 4.2 is therefore finished. O

We now establish the convergence to the normal law, and the corresponding local limit the-
orem. To this end, we first prove that in the random environment case, under the usual second
moment condition, the normalizing condition (A) holds a.s. with L = N(0, 1), as shown by the
following central limit theorem for means [E:Z,(-). For the notation used below, we refer to the
definitions introduced before Theorem 1.5 .

Theorem 4.3. IfEoy € (0, ), then a.s. for all x € R,

]Eé:Zn(—OO, bnx + Zn]
E¢Z,(R)

- O(x), 4.11)

where €, = Zf:ol Wi, by = (Z:':ol a2, and O(x) = % f_ xoo e™"12dt is the distribution function
of the standard normal distribution.

Observe that EE& fZZ"(ﬁlg) = v * - *v,_1(-). So (4.11) just means that condition (A) holds for

almost every environment with b,, defined above, ¢, = €,/b, and L = N(0, 1).
We notice that by using Theorem 4.3 and [7, Theorem 3.5], we can prove a weaker version

of Theorem 1.5: if Eo2 € (0, c0) and E(log “-
0
x€eR,

) < oo, then for almost every & we have, for each

Zn(_oov bnx + gn]

7 ® — @(x) in probability under IP.

Actually we have the a.s. convergence, as seen in Theorem 1.5, assuming only EO‘% € (0, 00)
E:N?
mp

(without the additional condition E(log ) < o0).
Remark 4.1. By Slutsky’s lemma, we know that if F,, F are probability distribution functions
on R such that F,(x) — F(x) for any continuity point x of F, and if ¢,, d,, € R are constants such
that ¢, — 1 and d, — 0, then the same conclusion holds for F,(c,x + d,) instead of F,(x): as
n— oo,

F,(chx+d,) = F(x) for all continuity point x of F.

With (4.11), using this for F,(x) = W and F(x) = ®(x), for fixed ¢, and taking ¢, =

b, /b, and d, = (¢, - {,)/b,, we see that (4.11) still holds a.s. for all x € R, when (b, £,) is
replaced by (b, £,) € R?, provided that b, = b/(¢) and €, = €, (¢) satisfy

n>-n

-1,
b, ~b, and "b— - 0. 4.12)
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In particular, since b,, ~ n'/ Z(EO'(Z))I/ 2 a.s., (4.11) still holds a.s. for all x € R, when b,, is replaced
by n'/ 2(I['Eo%)l/ 2. The advantage of the choice of b, and £, is to make that the mean and variance
of F, to be 0 and 1, respectively:

f xdF,(x)=0 and f X2dF,(x) = 1.

Proof of Theorem 4.3. Since E‘Z"(ER?) = vy * -+ % v,_1(+), it suffices to show that {v,,} satisfies a.s.

the Lindeberg condition, that is, a.s. forall e > 0,

n—1
Mm % )y f| L. pilPvi(dx) = 0. (4.13)
By the ergodic theorem,
b2
lim % = lim Za =Ec2>0 as. (4.14)

So for a positive constant a satisfying 0 < a> < Eo%, there exists an integer ny depending on a
and ¢ such that b% > a*n for all n > ny. Fix a constant M > 0 . For n > max{ng, M}, we have
b,% > a*n > a®*M, so that for each & > 0,

n—1 n—1
1 f 1 2
- < = b = P,
b;% % |x—uil>eb, 2” Z |x7;1,-\>sa\/ﬁ

Taking the superior limit in the above inequality, we obtain

A

n—1 n—1
1
lim supﬁ E f |x-ﬂi|2Vi(dx) < a_ hm - E f |x_ﬂi|2v,-(dx)
n—oo |x—pil>ea VM

n—oo Uy "=y Jlx—pil>eb,
1

Y. f b — 1o vo ().
a |x—p0|>aa\/ﬁ

Since ]EO'(Z) < oo, it follows that [E —ptol>ea VT |x — wo>vo(dx) — 0 as M — oo by the dominated
convergence theorem. So we have proved that for each fixed € > 0, (4.13) holds a.s. It follows
that a.s. (4.13) holds for all rational € > 0. By the monotonicity in ¢ of the integral in (4.13) ,
this implies that a.s. (4.13) holds for all £ > 0. So the proof is completed. O

Now we prove Theorems 1.5 and 1.6 about the convergence to the normal law N(0, 1).

Proof of Theorem 1.5. We can assume py = 0 by centering the associated random walk, that is,
by considering L;(u) = L;(u) — p, instead of L;(u), for |u| = n. Then £, = 0.

We will use Theorems 4.1 and 4.3 to prove Theorem 1.5. By (4.14), b, EO'O \/n a.s., which
implies that for any 0 < y < % b,' = o(n™) a.s. Theorem 4.3 shows that {v,} satisfies a.s.
condition (A) with b, defined in Theorem 4.3, ¢, = 0, and L = N(0, 1). So by Theorem 4.1, a.s.
for all x e R,

P, 'Z, (=00, b,x] — D(x)W.
Since Z,(R)/P, — W a.s., this implies that a.s. (1.6) holds (in the centered case where py =
0). O
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Remark 4.2. Like in the case of Theorem 4.3 (see also Remark 4.1), Theorem 1.5 still holds
when (b,, £,) is replaced by (b’,, £.) € R?, provided that b/, = b/ (¢) and €, = £/ (¢) satisfy (4.12).

This can be seen from Remark 4.1 and the proof above.

Proof of Theorem 1.6. As in the proof of Theorem 1.5, we can first center the walk so that u,, = 0.
In this case the condition that v(g) = E f [x®vo(dx) < oo holds with & = 2, thanks to the condition
]Eo-% < oco. Theorem 1.6 is then a direct consequence of Theorem 4.2, noting that the conditions
of Theorem 4.2 are satisfied by the conditions of Theorem 1.6 and the proof of Theorem 1.5. [

5. Proof of Theorem 1.8

The method is a refinement of the proof of [72, Theorem 5.1] where a strong boundedness
condition was used. Consider the probability measures g,(-) = %.

(ay) satisfies (1.9). Let 4, be the log Laplace transform of g,,: for r € R,

Recall that the sequence

n—1

(1) = log f e qu(dx) = Z(logmi(a,_llt)—logmi).

i=0
We first give a convergence result on the log Laplace transform of g, with suitable norming.

Lemma 5.1. Ifyy = 0a.s. and ]Emiozuﬂ-le‘ﬂsu‘ < oo for some 6 > 0, then a.s. forall t € R,

2
I
lim i/l,,(%t) = S0P, (5.1)

n—oo a%

Proof. We first notice that it suffices to prove that (5.1) holds a.s. for each fixed ¢, since this
implies that a.s. (5.1) holds for all rational #, and therefore for all # € R by the convexity of A,
and the continuity of the limit function - $o%*. Fix t € R, and set A,,; = mi(“2tm;' — 1. We
shall show that for each r € R,

sup A, <1 a.s. (5.2)

0<i<n-1

for n large enough. Let

N()
1 1
() — . (5\X|X dx) = —TF SILi(u)l fi e N*".,
o o §fe 2(dx) o §;e or u

By the ergodic theorem, lim,, Zf‘z‘(} QE‘S) /n = ]EQE)‘S) < oo a.s., hence a.s. for any constant C >
IEQE)‘S), there is ng = no(¢) € N large enough such that, for all n > ny,

0<i<n-1

n—1
sup 0 <> 0 <Cn. (5.3)
i=0

Let n, € N be large enough such that 2|¢| < § for all n > n,. Then for all n > n,,

1 1
YoEe [ &

k=0"""

an
—1x

k 1 1
. Xi(dx)SZ%Ef f H|5x|’<x,-(dx)= 0V <00 as.

k=0"""
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Write A, = 202, (a;‘k + ﬁ:’k), where

i 11 a, \f . 11 a, \f
@y = o — (;tx) L2 togmXi(dx) and g = FEE-_,‘ (7”‘) Ljjis 2 10g m Xi(d).

k! m;

k 5
Using the fact that E¢X;(R) = m; and that 7; (‘%le) < e2M for all k, we can see that

" 1 (a, \f1 .
@< () 5B [ 1Y g i)
1 fa,, \F(2 ¢
< F(—|z|) (glogn) (5.4)
and
. 2a, \'1 16
Bl < (ggm) E]Eéfﬁ(zlxl) 152 1og ) Xi(d20)
Zan k 1 s
- (57“') EEffez 14452 1og ) Xi(d)
k
2an 1 o =91k
= (S;“l) EE’ffeél ‘e 5 |1[|x|>%logn}Xi(dx)
2a, \'1 .
< (57'”) E]E_g f Ol log 1112 pog iy Xi(d0)
2 a, kQE(;)
< (E—Itl) . (5.5)
n n
Combining (5.5) and (5.3) yields, for n large enough,
2a, \' 2a, \'
sup LB;’kls(—”—|r|) ' sup QE‘”SC(—“—M). (5.6)
0<i<n-1 én 0<i<n-1 6 n
By (5.4) and (5.6),
we see that a.s. for n large enough,
oo o ) k
sup IAn,iISZ sup Ia?k+ﬁ?k|sCZ(—d,,|t|) < Md,
O<i<n-1 ~ o<i<n-1 \o

where d,, = (a,logn)/n and M > 0 is a constant (depending on ¢ but independent of n). It is
clear that lim, d, = 0, so that (5.2) holds for » sufficiently large. Using (5.2) and the fact that

lim, n*d>/a? = 0, by the same argument as in the last part of the proof of [72, Theorem 5.1], we
can prove that (5.1) holds a.s. for each fixed ¢. This ends the proof of Lemma 5.1. O
Proof of Theorem 1.8. LetT',(f) = log [%] Observe that

n a: n a n a, an n

ST(—=1) = =5 logW,(—1) + = |A.(—1) — —t,| — — log W,(0). (5.7)

a: " n a2 n az n n a2

(O8]
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Set Li(u) = Li(u) — p,y and consider the new BRWRE with L;(u) in place of L;(u). Define 4,(r)
and W, (¢) for the new BRWRE just as we defined A,,(f) and W,,(¢) for the original BRWRE. Then
W, (1) = W, (0). Since E-L 3, p 570l < 0o, by Lemma 5.1, we have a.s. for all € R,

mo

n

2 2
n . - a, 1
lim 2 [/1,1(“—";) - a—tfn] = 1im 23,(%p = 022 (5.8)
n n n 2

n—oo a% n—oo a%
By [72, Theorem 1.6], we see that a.s. W, (f) converges uniformly in a neighbourhood of ¢ = 0.
Thus, letting n — oo in (5.7) yields that a.s. for all # € R,

2
. n_ a
lim =T, (1) = —o?f.
n— az " n 2

Therefore the conclusion of the theorem follows by the Girtner-Ellis theorem. [

Notice that, still by the Gértner-Ellis theorem, formula (5.8) implies a moderate deviation
principle for means.

Theorem 5.1. If ]Emlozudrle‘ﬂs ol < oo for some 6 > 0, then for almost every &, the sequence
of probabilities A — E:Z,(a,A + {,)/E:Z,(R) satisfies a moderate deviation principle with rate

. 2
Junction 5 for measurable set A C R,

1. £ 2 lim inf n | EEZn(anA +€) <1 n 1 Efzn(anA +4n) < 1. £ 2
—— 1n minl — —_— 1m -y e —— ——= 1 .
207t SRS 2 B TR Z®) el @ 8T EeZy®) 207w

where 0% = EO’%, A° is the interior of A and A its closure.
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