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MAGNETIC DIRAC OPERATOR IN STRIPS
SUBMITTED TO STRONG MAGNETIC FIELDS

LOIC LE TREUST, NICOLAS RAYMOND, AND JULIEN ROYER

ABSTRACT. We consider the magnetic Dirac operator on a curved strip whose
boundary carries the infinite mass boundary condition. When the magnetic
field is large, we provide the reader with accurate estimates of the essential and
discrete spectra. In particular, we give sufficient conditions ensuring that the
discrete spectrum is non-empty.

1. MOTIVATIONS AND MAIN RESULTS

1.1. The magnetic Dirac operator on a strip. We perform the spectral anal-
ysis of magnetic Dirac operators on bidimensional strips.

The strips under consideration in this article are built from a smooth curve
without self-intersections v : R — R? (with |/| = 1) and from the application

©: Q> (s,t) = y(s) +tn(s), (1.1)

where n = ~'* is chosen so that (y',n) forms a direct orthonormal basis and

Qg = R x (=4,9) is a straight strip of width ¢ > 0 so small that © is injective.
The curvature x of ~ is characterized by

7"(s) = k(s)n(s)

for all s € R. To simplify the analysis, we only consider the case when the curvature
has compact support. Then, the strip is 2 = ©(£), which, for § small enough, is
a smooth curved strip about the base curve 7 (see Figure 1).

In order to define the Dirac operator with constant magnetic field B = 1, we
need an associated vector potential A : Q@ — R? (that is a function such that
01 As — 0, A; = 1). Note that any two associated vector potentials yield unitarily
equivalent operators, given that €2 is simply connected. In such a geometric con-
text, there is a rather natural choice. Consider the bounded function ¢y on €2
given by

t* — 52
do(s,t) = 5
which satisfies curlAy = 1, with Ag = V¢y = (—t,0). The following proposition
has been established in [4, Proposition 1.2].
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FIGURE 1. Typical Waveguide Profile

Proposition 1.1. Let ¢y = o0 ©~' € € (Q). There exists a unique ¢ € €=(Q)
such that A¢ = 1, ¢jpq = 0, and ¢ — ¢y € S (Q). Moreover, there exists cg > 0
such that Ong = co on 02, N being the outward pointing normal to the boundary.

Thanks to the function ¢ given in Proposition 1.1, we get the existence of a
smooth and bounded vector potential A = V¢ on the curved strip €.
For h > 0, we consider the magnetic Dirac operators

B (0 dpa) 0 —2ih0, — A1 + 1A
gh—“'(p_A)—@;A 0 )‘(—zma;—Al—@AQ 0 )
where p = —ihV, 0, = @, 0z = %, and the Pauli matrices are given by

(01 (0 =i (1 0
17 10) 27\i o) 7?70 1)
and
B B 0 —ih0s — hoy + t
9hvo_("(p_AO)_(—z’haswzatﬂ 0 ) ’

with respective domains
Dom(%,) = {1 € H'(Q,C?) : —ios(oc - N)yp =), on 00},
Dom(Zy,) = {1 € H*(Q), C?) : —io3(c - N)p =1, on 9},
where N is the outward pointing normal to the boundary 92 (N = +n). The

boundary conditions are the so-called infinite mass boundary conditions. By means
of the analysis in [1], we can prove that &, and %), are self-adjoint.
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Remark 1.2. Note that the boundary condition can also be written as 1, = diny,
where n = ny + ing, (n1, ng) being the coordinates of n.

1.2. Main results. The aim of the article is to study the spectra of the operators
Do and Z, in the limit h — 0 (which is equivalent to the large magnetic field limit,
with a magnetic field of strength A7!). Our first result describes their essential
spectra by providing the reader with asymptotic estimates of the negative and
positive thresholds of the essential spectrum.

Theorem 1.3. For all h > 0,

Spess<@h) = Sp(@hﬁ) = Spess(@hﬁ) :
Moreover, for all h > 0, there exist XX (h) > 0 such that:

sp(Zn0) = R\ (=Ag(h), Al (h)) |

and we have
h
M (h) = 2\/j€62/h(1 +0(1)) and M (h)= ao\/ﬁ(l +0(1)),
T

for some ag € (0,1/2).

As expected, the essential spectra of 7, and %, coincide, since 2 looks like €2
at infinity. The constant ag is the one appearing in |3, Theorem 1.15]: it represents
the spectral gap of the Dirac operator with magnetic field equal to 1 when h =1
on a half-plane.

Remark 1.4. Note that one could relax our assumption that the curvature has
compact support by assuming that x goes to 0 at infinity sufficiently fast.

Let us now discuss the existence of the discrete spectrum for &,. To ensure its
existence, we will work under the following assumption.

Assumption 1.5. The function ¢ has a unique minimum attained at (€ §2),
which is non-degenerate. Moreover, we have ¢uin = ming ¢ < ming ¢o = — and

2
lim inf\a:l—)oo ¢($) > Oumin-
e

It is known from [4, Proposition 1.3] that Assumption 1.5 is satisfied when the
strip is straight away from a compact set, thin enough, and when the square of the
curvature x of its base curve v has a unique maximum, which is non-degenerate.

In order to formulate our main theorem, one will need the Segal-Bargmann space

B(C) = {u € O(C) : Ny(u) < +00},

where

1/2
Ny(u) = ( ] lu (1 + iy2)|2 e—HesS;cmm¢(y:y)dy) ‘
R
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One will also need the Hardy space J#2(2) on €2, which is essentially made of
holomorphic functions on Q having a trace on 99 that is L*(0f2). The Hardy
space is equipped with || - ||z290). More details about the Hardy space and its
norm are given in Appendix A, see also the discussion in Section 1.3. The distances
associated with the above norms are denoted by dist» and dist .

For k € N* we set (we will write 2y, instead of z,;, when 2 is considered as a
subset of C)

X ={ue ,%”Q(Q) Vied{0,... . k—2}, u(j)(zmin) =0, u(k’l)(zmin) =1},
Yy = {u € C[X],degu =k — 1,u*"D(0) = 1}.

Then we set d¥, = dist s2(0) (0, X) and dh, = distzc)(0, Yy).
Here comes our main theorem.

Theorem 1.6. Suppose that Assumption 1.5 holds.
(i) Let k > 1. Consider

(i)

)\eﬁ(h> _ inf sup h”””%ﬁ
F WC2(Q) yew\ {0} |e=¢/hul2’
dim W=k

Then, we have

N
)\Zﬁ(h) _ hl—k62¢min/h (CCZZ_]E:) (1 + 0h—>0<1))-
Consider N € N. There exists hg > 0 such that for all h € (0, hy) the operator
Dy, has at least N positive discrete eigenvalues (counted with multiplicities).
Denoting the first N eigenvalues by (N (h))keq1,..ny, we have for all k €
{1,...,N}
Ai(h) ~ A (R).

h—0

Remark 1.7.

(i)

Theorem 1.6 establishes the non-emptyness of the discrete spectrum when
h is small enough. A similar question has recently been considered for the
Dirichlet-Pauli operator in [4] with some of the ideas from [2]: it solved
an open problem by P. Duclos and P. Exner (see [8] and the non-exhaustive
literature [6, 14, 10, 9] about waveguides, sometimes with magnetic fields). In
the present article, we also provide the reader with the one-term asymptotics
of the smallest positive eigenvalues and not only upper bounds.

Theorem 1.6 is an extension of [3, Theorem 1.12] to unbounded and non-
convex domains. We underline that some of the geometric quantities are
related to the Hardy space on the curved strip ##%(Q) and that the polyno-
mials do not belong to this space, contrary to the case when {2 is bounded.
This is the reason why the constants attached to the Hardy space are writ-
ten in a way slightly different from [3, Theorem 1.12]. This absence of the
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polynomials in the Hardy space has important consequences on the proof,
see Section 1.3 below.

(iii) The case of magnetic Dirac operators on annuli has been considered in [11,
12).

(iv) Having Remark 1.4 in mind and if one only assumes that x goes to 0 at
infinity (without being 0), we can consider the case when + is analytic. In
this case, similarly to |3, Theorem 1.22|, we may prove that the smallest (in
absolute value) negative eigenvalue (whose positive part is denoted by A\ (h))
exists as soon as h is small enough. Moreover, for some ¢y > 0, we have

K(s)
),

)\;(h) = ao\/ﬁ + h%CO)\l (D? — T) + O(h

N

where the groundstate energy satisfies A\; (Dg — %) < 0.

Remark 1.8. There are explicit expressions for the constants (d%); and (d%,);.
(i) The sequence of Ng-orthogonal monic polynomials (P,;,)m,>0 with

m—1
P,: z|—>zm+Zcm7nz",m€N,cm,n€C,

n=0

obtained after a Gram-Schmidt process over the family (2*);-, satisfies for
m >0, (A3t = Ng(P,)/m!,

. 2™ ifa="0,
m ‘b;—bam/zHem<z ‘%D ifa#b,

and |
2mm) b)™
Ny(P,)? = it b
(ab)m+§
where a/2,0/2 are the eigenvalues of Hess, ¢ and He,, are the Hermite
polynomials

2/ dm 2/ Lm/%
H 2 —1)me? 2 —2°/2 _
em: 2z (—1)™e Tm® ZEO

<_1)lm' Zm72l
2 (m — 20)!

Therefore, we have

k-1
()7 = Na(Pea [k = 1) = "0l

2k=1(k — 1)!(det Hess, . ¢)~ 2
The isotropic case a = b is straightforward : (P,)n=0 = (2")ns0. The
anisotropic case is a consequence of [16] with A = min (%, g) and a change
of scale 7 = |=2| z (see also [5]). For a general presentation on orthogonal
polynomials, see [7, Section 2.3.4].

k=1,
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(ii) For k > 1,
ko ||u||%2(9) 2 U(j)(zmin) :O,Vj € {Oaak_Q}a
s = ey o € ) i T '
On the unit disk D, the sequence (z571),>; realizes the minima and their
values are ( (,;/_2?),) . Notice then that the sequence (Az’“_l) >, lealizes the
minima on ) where A is the isometric isomorphism defined by

A D) — HQ)
u — [zr—>\/<p’(z)uogp(z)},

¢ being a biholomorphism from the unit disk D to € such that ¢(0) = zyin.
Therefore, we have

te = 2O

(iii) We have for k > 1,

di\? 24/ (0)[* 1 (det Hess,,, ¢)" 2
d, (k — D)!B(2min)*1 '

1.3. Organization and strategy. Section 2 is devoted to the proof of Theorem
1.3. In Section 2.1, we show that &, and 7}, ; have the same essential spectrum, see
Proposition 2.2. To do so, we prove that &, is unitarily equivalent to an operator
on the straight strip €2y and we use the Weyl criterion. In Section 2.2, we study the
spectrum of 7, ; be means of the Fourier transform in the longitudinal variable. We
get a family of one dimensional Dirac operators (Z¢)ecr (which have compact
resolvent). For each ¢, the spectrum of 2, ¢ is made of positive eigenvalues
(1 (€, h))n>1 and of negative eigenvalues (—pu,, (£, h))n>1, which are even function
of ¢ (see Lemma 2.5). Then, we focus on a description of ui (&, h), which is
characterized in Proposition 2.4. This characterization implies an estimate of
infeer p1f (€, h), see Proposition 2.7, and of the threshold A\ (k) = infecr pi (€, h),
see Corollary 2.8. Section 2.4 is devoted to the estimate of infecg 117 (€, h) = Ao (h).
In Section 3, we prove Theorem 1.6. Sections 3.1 (upper bound) and 3.2 (lower
bound) establish Point (i). We emphasize that the polynomials do not belong to
the Hardy space on 2 and that Taylor expansions near x,;, have to be replaced
by a suitable "Taylor expansion" in the Hardy space Tayl 2. More precisely,
one has to approximate functions by functions in the Hardy space having the same
Taylor expansion at xi,, see Notation 3.6 and Lemma 3.7. Up to this key idea
(which actually allows to deal with general unbounded domains), the proof follows
then the same steps as in [3, Section 3|. Section 3.3 is devoted to the proof of Point
(ii). We start by introducing some p(h) in (3.15). These numbers will turn to be
exactly the A\ (h). To check that, one first must check that they do not belong to
the essential spectrum when h is small enough, see Proposition 3.11. The analysis




7

of the Fredholmness is the key to deal with the fact that &, does not have compact
resolvent. A crucial point that allows the connection between the pu(h) and the
A{(h) is Proposition 3.14 (iv), see Section 3.3.3.

2. ESTIMATE OF THE ESSENTIAL SPECTRUM

2.1. The operators %), and %, share the same essential spectrum. For
(s,t) € Qo we set
m(s,t) =1 —tk(s).
Then we consider on L?(2y; C) the operator @, defined by
t2 t?
@h = % (m_l (hDs —f- t— 7/43) —I— (hDS + t— 7,%) m_l) —I— O'Q(th) y
on the domain

Dom(D;,) = {¢© € H'(Q; C?) : va(s, ) = F1(s,£6),Vs € R},

The following lemma follows from standard arguments (see for instance [13,
Theorem 2.1]).

Lemma 2.1. The operator 9y, is unitarily equivalent to Dy,.

Proof. Let us describe the action of %, in the tubular coordinates (s,t) given by
= 0O(s,t) = y(s)+tn(s). Sincen = '+ and 7" = xkn we can write Jac O(s, )1 =
(m~'+/(s) ,n(s)), and by the chain rule,

0*V,(0") ' =+'m™d, + no;.

Let us also consider the new vector potential

A= scets.nace) = (ST

which satisfies curl A = 1 — t(s). We obtain
0" Z,(0) ! = ©*(a-(p—A))(0") ' = m (0+7)(—ihd,— A,)+(0n)(—ihd,— Ay).

This is an equality between unbounded operators on the weighted space L?(€g, mdsdt).
After conjugaison by m'/?, we obtain that 2, is unitarily equivalent to the follow-
ing operator on L?()y, mdsdt).

m~ (o - ) (—=im"?hd;m = — A,) + (o - n)(—im"*hdym =V — A,)

ithr' , ~ 1h
! /{)‘F(Un)(—lhat—At—%)

=m (o -7)(—ihds — A, —

2m
Let us recall that the Dirac equation is covariant. In particular, if v/(s) = €%, then

61030/20_ . 7/671039/2 =0, 61039/20_ ne-
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and
h/ﬁ)O’g

2 b

€'739/2(—ihd,)e 302 = (—ihd,) —

—i030/2 Jeads to
~ hik!
m o (—ihds — Ag — Z2 "

so that a conjugaison by the rotor e

) + 0'2(—Zh8t — gt)

m
which can be rewritten in an explicitly symmetric form as
O' ~ ~ ~
> (mﬂ(—mas — A,) + (—ihd, — As)m’1> + oo(—ihd, — Ay).
Note also that by the covariance of the Dirac operator, this operator is equipped
with the infinite mass boundary condition on €. Indeed, we have

—io360/2 _

7392 (—ig30 -m)e —i0309 = 01

and a(s, +0) = F¢1(s,+0). Finally, we have

t’k ~
curl (_t—ST) =1—tk=m=curld,

and that {2y is simply connected. Hence, there exists a change of gauge so that 7,
is unitarily equivalent to

2 2
% (m_l (—ih@s +1t— tg) + (—ih@s +t— %) m_1> + o9(—ihdy) .

O
Proposition 2.2. We have
SPess(Zh) = SPess(Zh.0) -
Proof. Thanks to Lemma 2.1, we may focus on ©;,. We have
Dy =Dno+ B,
where ©p,0 = Dy = 01(hDs+1t) + 09D, and Py, = V), +% (WrhDs + hDsWy,) with
Vi, =04 ((m_1 — 1)t — ;2—72) , Wh=o(m™—1).

Since k is compactly supported, so are V}, and Wj. Let us explain why (9, +
i)™t — (Dpo+1)" is compact. In virtue of the Weyl criterion, this will imply that
SPess (Dh) = SPegs(Dn,0) and thus the conclusion.

We use the resolvent formula to get

(Dn+1)7 = Dno+1) 7" = (Do +9) " (Do — Dp)(Dn +1) 7"
= —(Dpo+ )7 Pa(Dn +9) 7

Since Dy, and Dy, ¢ are self-adjoint, hDg(Dy+i)~! and hDs (D}, 0+4) " are bounded
from L?(Q, C?) to L*(Qp, C?). Their adjoints (Dy, +i)'hD, and (Do i) hD;
can be extended to become bounded operators from L?(Qg,C?) to L?(, C?).
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Moreover, by Rellich-Kondrachov theorem, (D, +4)~" and (D}, 0+i) " are compact
from L?(Q,C?) to L% (Q0,C?). Since, V}, and W), are bounded and compactly

loc
supported, we get that Wh(ghﬂ:i)_l, Vh(@hﬂ:i)_l, Wh(@h,():]:’i)_l, Vh(gh,oii)_l
as well as their adjoints are compact operators from L?(Qg, C?) to L*(Q, C?).
Therefore, we obtain that

(Do +9) "hDWR(D), +8) " = [(Dpo +4) 'hDy] [Wi(Dy +14)7'] |
(Do +9) " WyhDy(D), +8) " = [(Dpo + 1) "Wy [RDs(Df, +14) 7]
(@h,o + i)‘IVh(BDh + i)_l = [(@h,o + i)_l] [Vh(gh + i)_l} ,

are compact from L?(Qy, C?) to L*(Qq, C?). Therefore, (D), +1)~' — (Dpo +14)7"
is compact and the Weyl criterion gives the equality of the essential spectra. [

=
-

2.2. A fibered family of Dirac operators. By using the semiclassical Fourier
transform, we see that

D
Dno = / Do ede, (2.1)
with

0 — ho, +t
Dhnpe = (E+1)o1 + 02Dy = <f+h@t+t § Ot—l— ) 7

with domain

Dom(Zh0.) = {¢ = (Y1, ¥2) € H'(1,C%),1)1(&£0) = Fea(&0)} .

Let us describe some properties of the operators (Z,¢)e. The associated dis-
persion curves are illustrated in Figure 2.

Proposition 2.3. Let h > 0. The following holds.

(i) For & € R, the operator Dy ¢ is neither bounded from below nor from above,
it 1s self-adjoint, inversible and has compact resolvent. Its eigenvalues are
simple and denoted by

(ii) For k € N\ {0}, the map € ~ ;- (&, h) is analytic and even.

The main tool in this study is the non-linear min-max characterization obtained
in [3| adapted to our setting.

Proposition 2.4. We have
sie oy hlYIE VRGP (R, + t+ Y
Hy (57 h) - mn 2 :
veH (D\{0} 2]l
Moreover, (€, h) is the smallest positive solution X of

¥\ & R) =0,
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0 /'\\
—\/Fao - 7 O /.v(\
/ / N
~0.5 - 1/ - /- \
L. -
-6+ aO\/F 6— aO\/F
Spec(Ph, o)

FI1GURE 2. Dispersion curves for h = 0.05

where ((X, €, h) is the lowest eigenvalue of the self-adjoint operator ffah whose
associated quadratic form is

Dy () = (R0, + €+ OOV + Al[Wll5, = M[el*, Vo e HI(I).
In addition, we have for A > 0,
2.2.1. Proof of the symmetry of the dispersion curves. To prove that the dispersion
curves are even, note that €y is left stable by the point symmetry around O.

The covariance of the Dirac operator is expressed on the fibered operators in the
following lemma (io3 being the rotor associated with the symmetry).

Lemma 2.5. Considering the unitary transformation S : ¢ — iog(—-), we have,
for all ¢ € R, SDom (P 0e) = Dom(Zh0¢) and

S*.@hp’gs == .@h’oyfg.

In particular, we have



11

Remark 2.6. Note that the charge conjugation for the bidimentionnal Dirac op-
erator is C': 1) — o11). For the fibered ones, it reduces to a multiplication by o,
and to a change of sign for £. This leaves the domain Dom(%),o¢) stable. The
operator Zpo¢ is transformed into — ((§ — ¢)o1 + 02D;) (the magnetic field has
opposite sign).

2.2.2. Some elements of the Proof of Points (i) and (ii) of Proposition 2.3. The
proof follows classical steps as presented in |3, Proposition 4.2|. Let us recall why

Do, 1s inversible. Since the spectrum is discrete, it is sufficient to consider the
equation Z,0¢1) = 0. Let ¢ € ker(Zp0¢). We have

(E—hO + )by =0, (E4+hd,+t)Y1 =0.
Then,
(€ = hOy + t)be, 1) =0,
and, by integration by parts,
(€ = hd, + ), 1) = —h(a(6)11(0) — Ya(—=0)(=0)) = 0,
so that, using the boundary condition, ©1(+d) = ¥o(£d) = 0. Thus, ¥,

vanish at the boundary and solve first order linear ordinary differential equations,
therefore ¢ = 0.

2.3. Study of (¢, h). The following proposition presents some properties of the
first positive dispersion curve.

Proposition 2.7. (a) For all £, we have uf (&,h) < vi(€,h), with
2 2
h(e= G 4 -8

fi; o—(E+8)2/ht

Vl(f, h,) =
(b) infec 11(6,h) = 14(0,h) = 24/ 2 (1 + 00(1).

(c) For all |€] > 4,
h

+
pi (& h) 2 €l =0 — ——.

HEW =07

(d) For all & such that pf (&, h) < Vhe /" we have
pi (&) = vi(&,h) (1+ ono(1))
with op—o(1) uniform in €.
Proposition 2.7 gathers the ingredient to characterize the positive part of the

spectrum of 7, o as stated in Theorem 1.3.

Corollary 2.8. We have
sp(Zho) N [0, +00[= [Ny (h), +ool,

ess

with A5, (h) = infeer i (€, h) = 24/ 2e%/M(1 + 0,10(1)).

€ss
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Proof. We have
{1 (&, 1), € € R} C sp(Zno) N[0, o0,
and
By Point (c) of Proposition 2.7, we get that
{1l (€, 1), & € R} = [A(h), +oo[.

By Points (a) and (b) of Proposition 2.7, we also have that

h s
V) < i 0.5) < 2/ e 1 1 0,1,

Now, let (&,) such that for all h, A\ (h) = uf (&n, h)(1+ on0(1)). Points (b) and
(d) ensure then that

Adss(h) = pi (Ery h)(1 + 0nso(1)) = v1(Eny h) (1 + 0ps0(1)) = v4(0, h) (1 + 0no(1))

and the conclusion follows. O

2.3.1. Proof of Point (a) and (b) of Proposition 2.7. By considering the function
ue(t) =e” e , Proposition 2.4 implies Point (a). To prove (b), remark that

25/h | ,—265/h
(€ h) = he P/n T ° 7
fis o—26t/hp—t2/h ¢

and

2e0"/ 265 /h 265 /h * h_—t2/h
Oer1(§,h) = 2[(65/ — e %/ )/ de 2t/ he=t/h
5

(fii 6—2§t/h€—t2/hdt> -

)
+(€2§5/h+€—2§6/h)/ te—2§t/h€—t2/hdt '
-5

The quantity between the brackets equals
5 b
/ (t+ 5) (0=0)&/ho=t*/hqt 4 / (t — 5)67(5+t)5/he*t2/hdt,
_5 -4

and also (by using ¢ — —t in the second integral)
5 5
/ (t 4 8)e® D/ he=t*/hqt — / (t + §)e~ O/ hgy

0 —6

)
) / (t + ) sinh((0 — £)é/h)e= /Mt

-6
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Thus,

46—62/h 5 ”
O (€, h) = —— 2/ (t + 6) sinh((§ — t)¢/h)e/hdt
<f—5 6*2£t/h67t2/hdt> -5

which is positive when ¢ > 0. Therefore, the function £ — v1(€,h) is even,
increasing on R, and Point (b) follows.

2.3.2. Proof of Point (c) of Proposition 2.7. We consider the case £ > 6. Let us
use Proposition 2.4 and consider £ (\, &, h) with A = ¢ — ¢ > 0. We have

25 ¢ (V) = |hO|* + [[(€ + )0 |I* + 2hRe (B, (€ + 1)) + A3 — N*[[]*
and, by integration by parts,

23 en () = 11000 |” + (€ + )0l” = hllv]®
+ &+ O)[D(O)* — A€ — O)(=d)* + Ar|lwll5, — A [w]*.

Since € > & we have ||(§ + t)Y||* = N?||¢||*. We deduce that

25 en(¥) = —hllv|?,
so that

((€=0,6h) > —h.
If 07 (E—6,&,h) = 0, then uf (§,h) > £—§ (see Proposition 2.4). If £ (£—6§,&,h) <
0, we get |1 (€ —0,&, h)| < h so that

(€= 0)lp (6, h) — (= 0)| < h.

When ¢ < —§ we proceed similarly.

2.3.3. Proof of Point (d) of Proposition 2.7. Let us turn to lower bounds for
wi (-, h). By Point (a) and (b), there is hy > 0 such that for h € (0, hy),

== {€2 0060 < \/ﬁe_%} £9. (2.2)

Notation 2.9. We consider on L*(I) the operator

dpe=—ho, + &+t
with domain

Dom(dye) = HA(T).
Its adjoint is

dpe =ho; + &+t

with domain

Dom(d;, ) = H'(I).
We denote by Il¢ the orthogonal projection on Ker(d;, ;), which is spanned by
{ s o—(E+D%/2h
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Notation 2.10. Let £ € R. By Proposition 2.4, we consider ¢ € H'(I) such that
[¢¢]| = 1 and

h 1
i (6, R) = SelBs + 5 12Nl + A1(hd, + ¢+ el

Lemma 2.11. There exist hg > 0 and C' > 0 such that, for all h € (0, ho) and
5 € Eh;

e = et |1y < Ch™2e™"/2.
Proof. For all £ € =, we have

5.6 = Tevll = | el < i (6,1 < Vhe

Since dj,¢ has closed range, we have ¢¢ — Ilctbe € Ker(dj )= = Ran(dp¢). Let
we € H*(I) N Hy(I) such that dj ¢pe = e — Tehe. We consider the operator

Life = diedne = —D°07 + (E+1)° + h,

with domain H*(I) N Hy(I). We have || £ ¢l < hie~'. Note that, since @
satisfies the Dirichlet boundary condition, we have

1Lt pell” = 1h*0F e |I” + 11(€ + ) @ell” + I hspell* + 2% (| Drpe |I* + 2RI(€ + t) eI

+ 2Re (—h*0fpe, (£ +1)%p¢)
Moreover,
2Re (—h*07 ¢, (€ +t)*pe) = 2h°Re (Oype, O; [(€ + ) ¢])
and
2h°Re (Oupe, Q[(€ +1)°pe]) = 207|| (€ + 1)Dupel|® + 4h°Re (Dipe, (€ + t)pe)
= 20%(|(& + ) Dupe|* — 207l ¢ -

Therefore,

[Zreell” = 112070 |I” + 11(& + ) *ell* + B2 [l e 1” + 27| Bupe|* + 20| (§ + ) e ||
+ 202 (|(& + £)Dupe|” — 21l ¢ 1 -

Thus,

Ll = 11207 e 1? + 1(€ + )2 @el* + 12[lpe|* + 207 [ (€ + 1) Duspe

+ 2h||(hOy + € + t)el . (2.3)
and in particular
B8R0 + B2 lleell? < (26 )2

Since pe € H*(I) N H(I), we get

_3 _282
1@l Fragry < Ch™%e™ 0
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Then, we have
1dneeellmrry = 1(=h0: + & + ) el
< C(MOwpelln + (1€ + ) el ar)
< C (lleellmay + 108 + el + 16 + )0 l)
< Ch 3¢/,
where we used (2.3) and the Cauchy-Schwarz inequality. O
Now we can prove Point (d). We have

pa (8, h) = hllvell3; -

By Lemma 2.11 and a usual trace theorem, considering A small enough and £ € =y,
we get

v — Tewe || + [ — Hetbellor < Ch™2e~ /",

I Mevbe 13,
[ TTet)e ||?

| TTee]| 3,
[ TLene]|

SO

Ivell3; = (14 on0(1)) -

Finally,
=1 (57 h)a
and the conclusion follows.

2.4. Study of p; (&, h). In this section, we continue the proof of Theorem 1.3 by
establishing the estimate of A\__(h).

Proposition 2.12. We have
(a) There exists C' > 0 such that for all |£] > 0,

py (& h) = 1€l =6
(b) There exists C > 0 such that for all £,

py (€, h) = agVh — Ch*?

with C' independent of &, h.
(c) We have

- C
ISRk

7 (6 — Vhag, h) < agVh + O(h).

This proposition 2.12 allows us to study the negative part of the spectrum of
D as stated in Theorem 1.3.

Corollary 2.13. We have
Sp(‘@h,o)m] - o0, O] ( o0, )\ess(h)] )
with Aoy (h) = infecg pi7 (&, h) = Vhag + O(h*/?).
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2.4.1. Proof of Point (a) of Proposition 2.12. As in Section 2.3.2, we consider the
case £ > 0 and take A = & — 6. We have, for all v € H(I),
25 ¢ (W) = 1hOI1* + [[(€ + )0 ||* + hllo|?
— h(E+ OO + h(€ = O)|tb(=0)[* + Anl|W][5; — X*[[¢]*.
Since £ > §, we have for t € (—4,9), (§ +1)? > (£ —0)? = A\2. Moreover,
~T(E+0) [P +h(E =) (=0) [+ An[[¢]15; = —2h8]1p(6)[* + 2h(€ — 8) [ (=0)*,
so that
25w () Z [ROI° + RI[Y|* — 23w ()]
By Sobolev embedding, we recall that there exists C' > 0 such that, for all € > 0,
[l () < €llO|* + Ce o]
Thus, with € = h(26)~!, we deduce that
D p (1) = —4CE Y2 .
Therefore, by the min-max theorem,

By Proposition 2.4, if £7 (A, &, h) > 0, then py (§,h) =2 A =E—9. If 47 (N & h) <0,
then |7 (X, &, h)| < 4C6%. Thus,

pr(§h) > & —0—4C*(E—d)".

2.4.2. Proof of Point (b) of Proposition 2.12. Let us denote foru € {v € H'(R),tv(t) €
L*(R)},

Q}?g,R(“) = (-0 + &+ t)“”%?(R) + )‘|U(O)|2 - )‘QHUH%?(R) )
and u € {ve H'(Ry),tv(t) € L*(Ry)},
Dy e, (W) = [[(=0 + &+ )ull o, ) + Au(0)]* = N[|ullf2, ) -
Let (x1, X2, x3) be a partition of the unity of [—4, ] such that supp(x1) C [0, —d/3],
supp(x2) C [—26/3,26/3], supp(xs) C [6/3,],
Xi+x3+x3=1 and [9xa|* + |0xel” + |0]* < C.
From the localization formula, we have
3

1(=hdy + &+ 00l =D (I(=hdh + €+ ) )P = [1h(Ox;)0 1)

J=1

3
> —CP?|[0)* + ) I(=hds + €+ ) 0G)IP,

J=1
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so that

3
Dy en®) = —CRWI°+ D 25 (xith).
j=1

We denote v1: 5 € Ry = (x19)(sVh — 6), v2: 5 € R — (x2¥)(svVh) and vs: s €
R, — (x31)(6 — sv/h) so that

_13/2 o)—
QA&h(Xﬂ@ h c@}s;ﬂh(“l%

QA,{,h(Xﬂ/}) = h3/2£24 3 R(Uz),

ﬂ

VRV
Drenlxs) =WP25 s (v).
VE T VR
Now, fix A = agv/h. By [3, Propositions 4.12, 4.15], the map & + inf,. ol Zao, £R+( v)
is non-negative and has a unique non-degenerate minimum at £ = —ag, which is

zero. By [3, Theorem 4.3], the map & — inf, 4 WQ;O@R(U) is constant equal to

2
) l]1*.

2) —Ch*.  (24)

2 — a2. Therefore, there exists ¢y > 0 such that

3
" 25 ¢ (x) > ey min (1,

J=1

) 2 5
f—h—i—ao —i—l—ao

Vh

Y

We obtain then that

Kl_(\/ﬁao,f,h) > 132, min (1,'%—1—@0 6\‘/1’_5

By Proposition 2.4, if ¢7 (v/hag, £, h) > 0, then u7 (€, k) > Vhao. If €7 (Vhao, €, h) <
0, then vhag — py (€,h) > 0 and

Vhao(Vhag — py (€, h)) < |6 (Vhao, &, h)| < Ch?,

2

9

SO
7 (6, h) = Vhao — Ch*2.

Note that (2.4) suggests that the minima of & — 7 (&, h) occur near € = 6 —v/hag
and € = —6 + Vhag (see Figure 2). However, we leave the investigation of a more
precise determination of the minima’s location as an open question.

2.4.3. Proof of Point (c) of Proposition 2.12. Let us focus on upper bounds on p; .
Following the notations of [3, Section 4.4], we denote by w4, 4, the normalized

Its energy is 0. Let v:t € (—6,0) — Uy —aq (%)

Since uq,,—q, belongs to the Schwartz class, the rescaling performed in the previous
section ensures that

ground state of 2

ag,—ao,R4*

— h3/29@f

agp,—ao,R4

Q:/Hao,&—\/ﬁao,h( ) (u‘ZO’*%) + ﬁ(hoo> = ﬁ<hoo> 9
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so that

(\/_a0,5 \/_CLOv ) (hoo)
By Proposition 2.4, if ¢7 (vVhag,§ — v'hag, h) = 0, then uy (8§ — v'hao, h) > V'hag
and

\/ﬁao <,u1_(5 - \/ECL(), h) - \/ECLO> NS (\/_CL(), o — \/_CL(), ) (hoo)

so that

_((5 \/_CL(), ) \/_Go—i‘ﬁ(hoo).
If ¢ (\/_ao,(5 Vhag, h h) <0, then py (6 — Vhag, h h) < < Vhag.

3. ESTIMATES OF THE DISCRETE SPECTRUM

3.1. Upper bound of Point (i) of Theorem 1.6. Let k& € N* be fixed in this
section.

Notation 3.1.

a) We denote by {vg,...,v5_1} C #*(Q) a k-dimensional family of Hardy func-
tions satisfying for j,1 € {0,...,k — 1}, vl(j)(zmin) = 0;;, 0;; being the Kro-
necker delta. We assume moreover that vj,_; is the unique minimizer of d%, =
dist y2(0) (0, X)) where X}, is defined before Theorem 1.6.

b) The familly (P,) ey is the Ng-orthogonal family obtained after a Gram-Schmidt

process on (1,Z,...,2" ...) and normalized by Pé")(O) =by,=1in P,(Z) =
S

¢) Forn € {0, -,k =1}, we define w, = Y7, by jh 7 v,

d) Tayl(w) is the polynomial part of the Taylor expansion of degree k — 1 of the
function w at zyi, :

S
—_

105
Tayl(w)(z) = Y )

!
Lemma 3.2. We have for n € {0,...k — 1},

Tayl(wn) (2min + VA2 ) = B3 Po(2).
Proof. Let I,n € {0,...k — 1}, we have

l Zrnln bn h zmln bn h 5[ - bnlh
Z J Z J J

- Zmin)l .

I
o

and
k—1 z)

Tayl(w,) (i + Viz) = o Cmin) (Vh z) — hEP,(2).

=0
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Lemma 3.3. Let ¢y, ...,cp_1 € C and w = EZ;B cpW,. We have

2

k—1
Homtminlhdz > (14 0(1)h Y (W2 [*N 5 (P)?

j=0

E CpWn

Proof. Let n € (1/3,1/2). By Taylor’s formula, there exists C' > 0 such that for
x € D(Zyin, h")

1
¢( ) ¢m1n HeSSm1n¢( — Tmin, L — xmin) + h3770

and with = = Zp + Vv,

/|w|2€_2(¢_¢min)/hdx 2/ |/u)|2 ¢ ¢mm)/hdx

Q B(mmin:hn)

2 6—20h3n_1/ |w|26—Hessmin¢($_fﬂmin7x_xmin)/hdx
B(2min,h")

2 (1 +0<1))/ |,w|26*H655m1n¢($*1min,l“*ﬂfmin)/hdx
B(@min,h")

> (1+ 0(1))h/ W (Zmin + Vhy) |2 Hessmind W) gy

B(0,hn—1/2)
By Lemma 3.2, we have for y € D(0, h"~1/2),
[ (in + Vhy) = B2 Pi(y)| < C(Vhy))",
Thus we have
W(&amin + Vhy) = Tayl(w)(@min + Vhy) + Ry (y)

with

k—1
|Bre(®)] < ClyvVh[* Y eyl
5=0



20 L. LE TREUST, N. RAYMOND, AND J. ROYER

By Young’s inequality, we have for ¢ = h'/4 > 0, & = (&;); = (h/2¢;);,

h/ |0 (2min + V) [2eHessmind(v2) 4y

D(0,hn=1/2)

> (1- E)h/ I Tayl(w) (2mim + v hy)|2e essmnd ) qy,
D(0,h1—1/2)

_ 5_1h/ |Rh,c(y)|26—Hessmm¢(y7y)dy
D(0,hn—1/2)

k—

>(1-an [ |3 By 0y — Ol
D(0,hn—1/2)

7=0

> (1+ 0(1))hNa (Z @-Pj<y>> +o(m)el}

By the orthogonality of the (P;) family, we get

k—1 2 k-1
Ng E :CjPJ’ § :|C]| Ng (P,
Jj=0
and the equivalence of the norms in finite dimensions ensures

h/ | (Zain 4+ Vhy)|2e HeSmndWY qy > (1 + o hz 161> N (P
D(0,hn=1/2)

Lemma 3.4. Let ¢y, ...,cp1 € C. We have
k-1
Vh[wl @) < VR(L+0(1)) Y lellv;llreo)
7=0

Proof. Let w = Zfb;[l) cnwy,. By the triangle inequality and the definition of (wy,),
we have

k—1 k—1
Vhlwll ey < VB lejllwsll ) < VRL+0(1) Y lejll|vill 2@
=0 =0

Lemma 3.5. We have,

2

F=1 1 sl s 5
o h(z-_ sl (14 o (%) |
ceCk\{0} h Z |hj/20j|2Ngg (Pj)2 dgg
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Proof. Considering ¢ = (0,...,0,1) we obtain
2
k-1
h (S5 lellsloree) | B By
sup >

ceono) h 3o (W2 PNy (P T Nog (Pia)?
Conversely, for ¢ = (¢, ..., cx—1) € C\ {0} we have

k—1 k=2
2 =0 lGlllvillrz)  ler—illlvn-illrze) + 30520 leilllvjll w2
P k—1 |7 ;
\/ijé |hi/2¢;|? Ny (P;)? \/Zj:é [h3/2¢;|2N g (Py)?
— k—2
2 +h Sup k—2 2
Ng (Pk—l) ceCk—1 \/Zj:O ]chNgg (Pj)

Note now that ||vg_1]|x2) = d%, and Ny (Py_1) = d%. The result follows. d

The upper bound in Point (i) of Theorem 1.6 follow from Lemmas 3.3, 3.4 and
3.5.

3.2. Lower bound of Point (i) of Theorem 1.6.

3.2.1. Preliminaries. The proof of the lower bound closely follows that presented
in [3, Section 3.1.2]. A notable difference is that polynomials do not belong to the
Hardy space #?(€2). This is addressed through the introduction of the Hardy-
Taylor expansion described below. Let k € N* be fixed in this section.

Notation 3.6.
a) For [ € {0,...,k — 1}, we define
Xk,l = {U S %2<Q) : VJ S {0, e ,k’ — 1}, u(j)(me) = jl}'
Then we denote by v; € X, C #7%(Q) the unique minimizer of dist y2(0) (0, Xp ).
Note that X, ;1 = X}, as defined in Point (i) of Theorem 1.6, ensuring that the
notation for vy, is consistent with that introduced in Notation 3.1.
b) We denote by Tayl ;o) (w) the Hardy - Taylor expansion of degree k — 1 of the
function w € F#%(Q) at 2y :
k—1
Tayl 2 (o) (w) = Zw(l)(zmin)vz c Q).
1=0
c) We denote by #;,(h) C 22(2) a subspace such that dim #(h) = k and

h‘h””?;ﬂ(g)

Teanas < ML+ o(). (3.1

sup

wej,(h)\{0}

Let us clarify the relationship between the Taylor expansion and the Hardy-

Taylor expansion as defined in Notations 3.1 and 3.6 and prove a notable property
of Tayl%;z Q)
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Lemma 3.7. The following assertions hold:
(i) The operator
Tayli;fQ(Q): %Q(Q) — %Q(Q)
is the H%(S))-orthogonal projection onto the orthogonal of
Xpy1 = {u € 2%Q) :Vj € {0,... .k}, u? (zpm) = 0}.
(ii) For any w € #%(Q), the following identity holds:
Tayl (w — Tayl () (w)) = 0.
Proof. Let us begin with Point (ii):

Pl O (2min)
w Zmln

Tayl (Tayl 2y (w)) (2) = > 0" (zim) Tayl(v))(z) = — (e Zmin)'

1=0
= Tayl(w)(z) .
We now prove Point (i).NNote that, by the Cauchy formula estimation from Point
(iii) of Proposition A.12, X1 and (Xj;)o<i<k—1 are (non empty) closed subspaces
so that the orthogonal projection is indeed well-defined. Let 0 < [ < k — 1 and
u € Xpy1, then w4 v; € Xj ;. Since vy is the orthogonal projection of 0 onto Xj,

we get

E
—_

N
Il
=)

0= <Uz, (U + Ul) - Ul>3202(Q) = <vl, U>%2(Q) )

and v; € (Xkﬂ)l. This proves that

span(vo, . . ., vk—1) C (Xep1)*
Assume now that u € (Xp41)* N (span(vo, . . . ,0k—1))". Then, u — Tayl 2o (u) €
§~§k+1 so that
0= (u,u — Tayl (W) r2(0) = ||U||/f2
We proved that N
span(vo, . . ., Ug_1) = (Xpy1)™. (3.2)
Finally, note that

v if v € span(vg, ..., vk 1),

< 3.3
0 ifve Xk-Jrl . ( )

Tayl 2 (o) (v) = {

We conclude from (3.2) and (3.3) that Tayl ;= q) is the orthogonal projection onto

(Xj41)* and Point (i) follows.
Remark that by the Cauchy formula estimation from Point (iii) of Proposition
A.12, we recover the boundedness of Tayl ;2 g :

k—1
I TayLyeoy (W) r2) < Y [0 Gzain) lorll 2y < Cllwll ez -
1=0
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The next two lemmas provide a priori bounds on the functions in #;(h).

Lemma 3.8. There exist constants C and hy > 0 such that for any v € #i(h)
and h in the range (0, hg), the following inequality holds:

||U||2 < C’h_k€2¢mm/h/ 6_2¢/h|v|2 d:Lr
Q

Proof. From the continuous embedding 5#7%(Q) < L*(Q) of Point (ii) of Proposi-
tion A.12 and the upper bound of Point (i) of Theorem 1.6, there exist ¢, C, hy > 0
such that, for all h € (0, ko) and all v € #(h),

chllv]]* < hlloll5p ) < (1 + 0(1))Aiﬁ(h)/962¢/h|v|2dx

éC’hl_kew"‘m/h/6_2¢/h|v|2dx.

Q
([l
The following lemma comes from |3, Lemma 3.9].
Lemma 3.9. Let o € (1/3,1/2). Then,
lim sup fD(mmzmha) ei2¢/h|v(l’) |2 de =
h=0yewi (n)\{0} Joe 2/ u(@)|? dx
Proof. Assume that o € (%, %) For all x € D(xpn, h*), we find that
1
H(1) = Prin + §Hessmmmgz5(x — Tnin, T — Tnin) + O ().
According to the maximum principle,
2a
oD aye P z) = e 9(x) 2 dmin + =5~ minsp(Hess,,,) + o).
Then for any v € #4(h) we have by Lemma 3.8
fQ\D(xmin,ha) e 20/h |y (2)|? dx 0|2 2min/ 22" minsp(Hessa, i, ) +0 (1)
Jo €72/ o(x)|? dx h C—Y|v||2hke—2bmin/h ’

and the conclusion follows. O
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3.2.2. Proof of the lower bound. We are now well-positioned to analyze the lower
bound.

Let a € (1/3,1/2) and v € #j(h). With Lemma 3.9,

e o2y (1 -+ 0(1)) € AR e Mooty B

(3.4)

In the following, we divide the proof into several parts. First, we replace v with
its Taylor expansion of order k — 1 at x,;, in the right-hand side (RHS) of (3.4).
Second, we substitute the Hardy-Taylor expansion into the left-hand side (LHS)
of the same equation.

i. By the Cauchy formula estimation from Point (iii) of Proposition A.12, there
exist constants C' > 0 and hy > 0 such that for all A € (0, hy), for every
v € H?(Q), for all zg € D(zpim, h), and for each n € {0,...,k},

[0 (20)| < Cllvllr2ey (3.5)
Let us define, for all v € J#2(Q),
Np(v) := e~ 20 esSemin S@—min e —Tmin) | 5o
By the Taylor formula, we can express
v = Tayl(v) + R(v),

where Tayl(v) is the (k — 1)-th degree polynomial Taylor approximation of v
at Zmin, as defined in Notation 3.1. Additionally, for all zy € D(zuyin, h*),

|R(v)(20)| < Clz0 — zmin]k sup |’U(k)| .
D(Zminvha)

With (3.5) and after rescaling, the Taylor remainder satisfies
k41
Ni(R(v)) < Ch 7 ||v] se2(q)- (3.6)
Thus, by the triangle inequality,

k+1

[Nn(v) = Na(Tayl(v))| < Ch=>"[[v]e(q) (3.7)
Therefore, with (3.4), we obtain
. k
(1+ o(1))e? "V h[v]| sz < /AT () Na(Tal(v)) + C /AT (WR 2 [[0] 2y,
and so, according to the upper bound in Point (i) of Theorem 1.6,
(L -+ o(1)e "V hl[v]l sy < /AT () Ni(Tayl(v)) < /A (h)Na(Tayl(v)),
(3.8)
where .
Nh( ) _ ||€ 2hHesszmm‘b(l’_wmimx_mmin)wHL2(R2)_

By (3.7) and Lemma 3.7, we also have
k+1
[Nw(Taylyrz ) (v)) = Na(Tayl(0))] < Ch= [[o] 2oy



ii.

iii.

0% (zmin ) | = 0" (zmin)vr—1 L2 @) < [[ull o) + [ Tayl o) (v)]

< (Oh—’“fh—% + (L+o(1))emn/tp712 Asz(h)) Na(Tayl(v))

25

so, according to the upper bound in Point (i) of Theorem 1.6, and (3.8),

(14 0(1))e? " V|v]| 2y < A/ AT (h) Ni(Tayl 20 (v)) (3.9)
/\Zﬁ<h)Nh(Tayljf2(Q) (v)).

Inequalities (3.8) and (3.9) show that Tayl and Tayl 2, are injective on
Wi (h) and
dimTayl#}(h) = dimTayl 2o #i(h) = k. (3.10)

By Lemma 3.7 and (3.8), we obtain

HUH?%’?(Q) = || Tayl 2 (o (v )||yf2 + |lv — Tayléf?(ﬂ)(v)“?%”?(ﬂ)

3.11
< (14 0(1))e 20min/hp= 1)\Zﬁ(h)Nh(Tay1(v))2. (3.1
Inequality (3.11) ensures that
||w||2jf2(§2) —2¢min/hp,—1 yeff
sup ——————— < (1 +0(1))e *omn/Ph=2 X\ (h) . (3.12)

wETayl o) ¥ (h)\{0} Ny (Tayl(w))?

We define u = Tayl 2y (v) — V¥ (zmin)vg—1. By the triangle inequality, we
have

k—2
[ull e Z‘v (zmin)[[|vnll2(@) < 7izh |U (2min)[[|vn]|2(0)

n=0

k—1
k=2 k—2 1 .~

<h 7 h> me M vnll 2 < Ch™ 2 h™2 Ny (Tayl(v)),

n=0
(3.13)

where we used the rescaling property

k-1 k—1
Nh (Z cn(z — zmin)”> = h%Nl (Z cnh%(z — Zmin)"> , (3.14)
n=0

n=0

and the equivalence of the norms in finite dimension: 3C' > 0,Vd € C*:

k—1 k—1 k—1
— % dn n
C ! ‘dTLH‘/UTLHJfQ(Q) g Nl _<Z - Zmin) g C ’dn‘HUn“JfQ(Q)
n!
n=0 ) n=0

n=0

Using again the triangle inequality with inequalities (3.12), (3.13) and the
upper bound of Point (i) of Theorem 1.6,

#2(Q)



26 L. LE TREUST, N. RAYMOND, AND J. ROYER

Remark now that a rescaling ensures that

P* ) (Znin) | 1
sup S = nRgE
peCii X0} Ni(p) h*2d,

By (3.10), Tayl#i(h) = Ci_1[X], and

d~,
LR+ 0(1)) < e Bt O ()
B

The lower bound follows.

The proof gives some controls on the functions.

Lemma 3.10. Let v = vy, be a function that realizes the maximum (3.1). There
exists C' > 0 such that for all h € (0, hy),

hllv — Tayl y2q)(v)| ?%Q(Q) + 2)v* D (2in)vr1 — Tayl 20y (v)] ,2%2(9)

<o (M)lle™ " v Z2(y

Proof. The first inequality comes from the fact that Tayl,» ) is an orthogonal
projection (Lemma 3.7) and that v realizes the maximum. The last inequality is
a reformulation of (3.13). O

3.3. Characterization of the positive eigenvalues and consequences. The
main two results in this section are Propositions 3.11 & 3.12. Combining these
two propositions with Point (i) of Theorem 1.6, we get Point (ii) of Theorem 1.6.

3.3.1. Statement of the characterization. Consider the non-decreasing sequence of
numbers

hluli3o + v/hllullq + lldxull*llu]

k(h) = inf sup , 3.15
lh) = B e 20l 1)

where ha () == HY(Q) + J£2(Q) with J2(Q) = e */"#%(Q). Due to Lemma
A.13, we also have

B — i hlull3g + /P2 llullbg + lldxull?[lull?
pr(h) = inf - sup 5 :
WCHL(9) uew\ {0} 2||ull

Proposition 3.11. Let k > 1. Then, we have
(k) = (1 + o(1))XT(h) (3.16)
Moreover, for h small enough, Py, — pg(h) is a Fredholm operator with index 0.

Proof. The second part of the statement follows from (3.16), Theorem 1.3 & Point
(i) of Theorem 1.6. Note that 0 < px(h) < AST(h). The proof of (3.16) is quite
similar to that of |3, Section 3|. O
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Let us now state the proposition that connects the low-lying positive discrete
spectrum of &, to the pg(h), when h is small.

Proposition 3.12. Let k > 1. There exists hg > 0 such that, for all h € (0, hg),
the k-th positive eigenvalue of Py, exists and satisfies
)\;(h) = ux(h).

3.3.2. Characterization of the pui(h) and relation to 2. Let A > 0. For all u €
ha(Q), we consider

gr(u) = [|dxull® + hA[[ull 5o — A[|ull*.
Lemma 3.13. The quadratic form qy is closed on its domain Hha(£2).

Proof. The proof is similar to the case when Q is bounded, see [3, Lemma 2.4 &
Proposition 2.5 (i)], since the arguments do not use the boundedness. O

We denote by %, the self-adjoint operator associated with ¢,. We denote by
(k.(X))k>1 the non-decreasing sequence of the Rayleigh quotients of ¢,.
Let us explain the relations between %, and &, — \.

Proposition 3.14. For all u € Dom .2, we let

Ia(u) = (u, N Mdxu).
Then, we have the following

(i) The application Zx sends Dom .2 into Dom %, and, for all u € Dom %,
we have

(Dn — A) Aa(u) = (Lau,0).
(ii) The application 7y induces an isomorphism from ker £ to ker(Z, — A).
(ili) The application #\ has closed range in Dom Z,.

(iv) If Dy — X is Fredholm with index 0, then so is £\. In particular, if A\ €
SPais(Zh), then 0 € spyi(<A)-

Proof. Take u € Dom %, C Dom q,. Then, for all v € Dom %,
</,\(u), (@h - )\)U> = <’LL, —)\Ul + dA1)2> + <)\_1d2u, _)\UQ + d1>§1)1>
= /\_IQA(Ua vl) )

where we used an integration by parts and the boundary condition satisfied by v.
Since u € Dom %), we get that

a(u,v1) = (L, vy) .

This shows that _#,(u) € Dom Z; = Dom %, and Point (i) follows.
Thanks to (i), we have only to check that _#, : ker £ — ker(Z,—\) is surjective
(since it is clearly injective). Take v € ker(Z), — A). We have davy = Av; and
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dav1 = Avy. Let us check that vy € ker Z). For all w € ha(Q2) we have
Q)\(Ula 'LU) = <dzvla dzw> + h)\<'01, w)aQ - A2<v1a w>
= Mg, dxw) + hA (v, w)aq — A (v, w) =0,
where we used an integration by parts and the boundary condition. This proves
Point (ii).

Point (iii) follows from the fact that the graph norm of 2}, is the H'-norm. In
particular, _#, is a continuous isomorphism between Banach spaces, from Dom .2
onto its closed range. Thus, #) is a Fredholm operator with index 0. The identity
of (i) implies (iv) since A € spyi(Zh) is equivalent to say that A is in the spectrum
and such that &, — A is Fredholm with index 0 and since the product of Fredholm

operator of index 0 is still a Fredholm operator with index 0.
O

Lemma 3.15. For h small enough, we have pui(h) > 0. Moreover, for all A €
(0, 1(h)), we have £1(\) > 0.

Proof. The first part of the statement follows from Proposition 3.11 and Theorem
1.6 (i). Then, we take A € (0, u1(h)). For all u € ha(Q2), we have

_ hllulliq + Vh2[lulliq + Idaull?][u?
2||ul®

We have, for all u € ha(€2) such that ||u]] =1,

() = =(A = p(w)) (A = p—(u)) ,

with p_(u) < 0. We have py(u) — A = pi(h) — A > 0. The conclusion follows.
0

py(u) : >y (h) > 0.

The following lemma essentially comes from [3| and makes the bridge between
the py(h) and the spectrum of &, through £

Lemma 3.16. Let k > 1. The equation i(\) = 0 admits ug(h) as unique positive
solution.

Proof. The proof of the existence and uniqueness is the same as in [3, Lemma
2.10], where it is only used that A is bounded (as the case here). Let us check that
pr(h) solves the equation. Take ¢ > 0 and consider W C ha(2) with dim W = k
such that

max  py(u) < pup(h) + €.

weW\ {0}
In particular, for all u € W, we have p, (u) < ug(h) + €. Then, we have
Gur(h) (u)
1 h)) < max ———-—2 = ma h) — p_(u u) — h
() < e PO e (ua(8) = -0 ) )

< — .
Se. erglvagfo}(uk(h) p-(u))
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Taking the limit € — 0, we get ¢ (. (h)) < 0. Conversely, for all W C ha(2) such
that dim W = k, we have

pu(h) < nax p+(u).

Thus, there exists ux € W\ {0} such that

e(h) < py(u)

and then
e quk(m(zu) > qﬂk(m(ztk) 0.
wew\{o}  [luf [k ]|
Taking the infimum, we get ¢4 (ur(h)) = 0. O

3.3.3. Proof of Proposition 3.12. For all k > 1 and for h small enough &), — u(h)
is Fredholm with index 0. From Proposition 3.14, we get that £, () is Fredholm
with index 0 and with a non-empty kernel (of finite dimension) since ¢ (ux(h)) = 0.
We get that pg(h) € spgis(Zh). This shows that, for all k > 1,

N(R) < puslh). (3.17)

Let us explain this. Assume that py(h) = ... = g, (h) < pig,+1(h). This implies
that £1(p1(h)) = €k, (1 (h)) = 0 and £k, 41(p1(h)) > 0 so that, by the min-max
theorem, dimker.Z,, »y = ki and then dimker(%), — p1(h)) = ki. This shows
(3.17) for k =1,..., k. By induction and similar considerations, we get (3.17).

Conversely, we notice that f/\mh) is Fredholm with index 0, with non-empty
kernel so that, for some p, £,(Af(h)) = 0. Thus, for some p, A\ (h) = p,(h).
Moreover, assume that A} (h) has multiplicity m;. Thus, we have dim ker Lt =
my. Therefore there exists p € N such that £,,1(A\](h)) = ... = lpm, (AT (R)) =0
and G\ (1)) < 0 < byymyss (A (1)- Tn particular, iy (h) = .. pipsom, () =
AT (h). This shows that ug(h) < Af(h) for kK = 1,...,m;. By induction, we can
check that this inequality is true for k£ > 1.
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APPENDIX A. HARDY SPACE ON THE STRIP

A.1. Hardy space on the straight strip. Let us consider the strip S5 = R x
(—0,0) and consider the following set of holomorphic functions

H(85) = 0(85) N L*((=0,0)y, L*(Ry))

={ue 0(Ss): M(u) :== sup ||u(-+1y)|lr2w) < +o0}.
y€(=4,9)

Let us gather the well-known properties of the Hardy space #2(Ss) (see, for
instance, [15, Chapter 19| dealing with the half-space).
Proposition A.1. The following holds.

(i) The space 7#*(Ss) is a Banach space.
(ii) [Paley-Wiener| For all u € ?(Ss), the map

(—0,0) >y > u(- +1iy) € L*(R)

is continuous and can be extended by continuity to [—d,6]. This defines a
trace operator at the boundary :

T:ue #%8Ss) — T(u) € L*(0S5) .

(iii) The norms u = || Tu|| 258, = \/Hu( — z'é)HQLQ(R) + [Ju(- + i§)||%2(R) and u

M (u) are equivalent. Moreover, 7°(Ss) endowed with ||T-| 12(as,) is a Hilbert
space and T becomes an isometry.

(iv) We have the continuous embedding F*(Ss) C L*(Ss), with |ullr2s,) <
VO ||Tul|r2as,), for all u € H%(S;).

(v) Foru € #7*(Ss), 20 € S5 and k € N, we have

2k _2k+1
]u(k)(zo)|<mdlst(zo,355) > || Tull 2oy -

Proof. L>((—6,9),, L*(R,)) is a Banach space that is continuously embedded in
L{.(S5). Therefore, the distribution theory ensures that #2(S;s) is a closed subset
and Point (i) follows. To show Point (ii), consider u € J#2(S;5) and y € (—4,0).
We can consider the partial Fourier transform Zu(- + iy) € L*(R) and check by
Cauchy formula that

Flu(- +)](€) = e Fu(-)](€).
From the Parseval formula, it follows that, for all y € (=4, 9),

P ONORAE = -+ i)lfgey < M.

Thanks to the Fatou lemma (by sending y — +§), we see that

/R cosh(20€)|F [u(-)](€)2de < M(w)?,
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and in particular that

M(w? < [ P E)PAE < 2M (WP

R
By using the dominate convergence theorem, it shows that (—d,6) 3 y — u(-+iy) €
L?*(R) is continuous. This application has also limits in +4d. These limits are
F e F[u(-)]). Point (iii) follows from Point (ii). Let us turn to Point (iv).
Let u € 7#%(Ss), we have

sy = [ 10+ ity = [ 1707 (S ag
Ullz2(s5) = L u Yl2w)dY = . 25
tanh(z)

< 0[|Tull3s, < 0| Tull3s,

Loo
Let us now show Point (v). Let u € 5#2%(S;) and zy = x¢ + iyo € S5. We have

(=) u™ (20) = (=) Oulz0) = F (€"F (ul- + iyo))) (x0)
=771 (e [u()]) (o),

so that the Cauchy-Schwarz inequality ensures

1 _
|u(k)(zo)| < \/_2_7r||€ke yo&g[u(,)]”Ll(R)

1 (5
< = leltem O gy e 2 )] 12t
1 —
< 2Rl H|§|ke |§|||L2(R)||TUHL2(8S<;)-

V2r (0 — [yol) =

0

Lemma A.2. The space H'(Ss) N 7#*(Ss) is dense in H*(Ss). More precisely,
for all u € S2(Ss), there exists (uc)eso C H'(Ss) N H*(S5) such that

i, |70, = ) 05y = 0.
Proof. Let u € #7(S;5) and € > 0. We let
ue(x) =u((1—e)x).

The function u, belongs to @(Ss1-¢). In particular, u. € €>(Ss). We also see
that u. € %(Ss). In fact, u. € H'(Ss). To see this, we notice that

F(uc(- +iy)) = e ¥ F (u) = (1 — €)' F(u)((1 - €)7'€).
We have

/ea|§||9(ue(~ Fig))Pde = (1 — e)7) [ eoléle=200-0¢| g2 [y] 2d¢
R

<(1—e)! e(a—%e)lf\e?é\ﬂ|g;[u”2d€‘

—



32 L. LE TREUST, N. RAYMOND, AND J. ROYER

We recall that
[ o282 u()(€) P < MCu)
R
Thus, by taking o = de, we get

/Realé\gz(ue(- Fig)2de < 201 — ) M (u)?.

Integrating then with respect to y, we infer that 0"u, € L?*(S;) for all n > 1. By
using the Cauchy-Riemann relation d,u. + i0,u. = 0, we get that u, € H'(Sjs).
Let us now consider the approximation. We have

I = ) sy = [ (€5 + 621 (= )P,
which goes to 0 as € goes to 0 by the dominate convergence theorem. 0

A.2. Biholomorphism. We would like to define the Hardy space #%(Qs). Of
course, by the Riemann mapping theorem, we can transform {25 into Ss or even
into the unit disk by means of a biholomorphism. As we can guess, the problem of
defining the Hardy space is the behavior of the biholomorphism near the boundary.
The purpose of this section is to construct a biholomorphism whose derivatives are
well-controlled up to the boundary.

Proposition A.3. There exist 69, C > 0 and for all § € (0,0), a biholomorphism
f: Qs — Ss such that

1£(s.t) = (s +it) |15 < CO.
The following propositions will allow the construction of the imaginary part of
f

Proposition A.4. There exists a unique function 3: Q5 — R such that 5(s,t)—t €
H}(Ss) and satisfying
AB =0, 6|F? =40.

In fact, B(s,t) —t € 7(S5) and in particular 3 € €>(Qs).

Proof. Define t: 25 — R the transverse coordinate to 7. Note that At € €>°(£y)
since £ € €>°(R). We are led to solve in Hj(£s) the Poisson problem Au = —At.
The unique solution is then = u + t. For more details, one refers to [4]. 0

Following the same analysis as in [4, Section 3.2|, we can prove that, when § is
small enough, [ is approximated by ¢.

Proposition A.5. There ezist 6y, C > 0 such that, for all § € (0, dp),
||B(Sa t) - t||<gl(§) < 05 .

In particular, V3 is uniformly non-zero on €.
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We recall Poincaré’s Lemma.

Lemma A.6. Let mg € ¥(R). For all v € Qs, we let
_>
o) = [ (Vo).

Yzg,z

where Yz, 2 15 a path of class €' connecting zo to x.
Then, the function o is well defined (it does not depend on the choice of path)
and it is a smooth function on $)s that satisfies

Va = (VB)*.
We let f = a+ . Then, by construction, we see that f is holomorphic on €.
Proposition A.7. There ezist 6y, C > 0 such that, for all § € (0, dp),
1 (s:8) = (s + it) lepr (35, < €.
It remains to show that f is a biholomorphism.

Lemma A.8. We have
f(Q(s) C Sg.

Proof. By Proposition A.5, 8 is bounded. Let (s,,t,), a maximizing sequence
for . Either there is a bounded subsequence, then the limit is attained at the
boundary due to the maximum principle or there is a subsequence such that |s,,| —
+oo and ¢, — te € [0, d]. Proposition A.5 ensures that t,, = sup 8 € [0, ] so
that sup # = §. The same holds for the infimum. O

Lemma A.9. We have f(Qs5) = S;s.

Proof. Since f is not constant, f({2s) is an open set (by the open mapping the-
orem), which is also connected. Let us show that is it closed in Ss. Consider a
sequence x, € s such that lim, . f(z,) = ¢ € Ss. If (z,) is not bounded,
we may assume that s, — +oo and thus (f(z,)) is not bounded. Thus, (x,) is
bounded and we may assume that z, — z. € 5. We have ¢ = f(zs) since f
is continuous. We cannot have z,, € 0€)s since ¢ € Ss. Therefore z,, € 5. By

connectedness, we get the result. O
Lemma A.10. There exists g > 0 such that for all § € (0,00), f is injective.

Proof. Assume by contradiction that there is a sequence (6,,) — 0 such that fs,
is not injective. There exist (z)), (z2) C s, such that x} # 22 and f5,(z;,) =

n n

fs, (z2). By the Taylor formula and Proposition A.7,

1
0= o 02) = auh) = [ s, 0+ 2 = 52)) - 0 =y~ 0~
0

where y/ = T'"}(zJ). This implies for n large enough, that y2 = y! which is a

contradiction. O
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A.3. Hardy space on a curved strip. Assume that there exists f: Q — S;s
with f/,(f~1) € L*°(2). We are now in good position to define 5#2(12).

Definition A.11. We denote
Q) ={u€ OK),uofecH*S;5}.
Proposition A.12. The following holds.
(i) The trace operator 7 : v € 2(Q) — [T(vof~Y)]|of € L*(09Q) is well-defined

and moreover, J*(Q) endowed with ||.T - ||(200) is a Hilbert space and T
becomes an isometry.

(i) We have the continuous embedding () C L*(Q), and for allv € 7%(Qs),

V]l 2@y < AN =l T v r2c0e) -
(iii) For k €N, 29 € Q, v € #*(Q), we have

2k) | f 21
10 ®) (2] < \/( ) 1112 dist(z9,0Q)~ B | T v 200 -

PR () [

Proof. The proposition follows from Proposition A.1. Let us develop some points.
Let v € 52(Q) and define u = (f~)'vo f~! € H#%(Ss). By Point (iv) of Propo-
sition A.1, we have

0]l z20) = lullz2ss) < VOl Tullr2ass) < VOI(F 2 ]| v 2200 -

Point (i) follows.
Let 29,21 € Q, 20 = f(20), 21 = f(z1), 7: [0,1] — S5 a smooth path such that
7¥(0) = Zp, (1) = z; and v = f~! 0 5. We have

disto (0, 21) < / Iy ()ldt = / (Y o AT Ol < () [l / 158 dt

Now, taking the infimum over all path in Ss between %, and Z;, we get
diStQ(Zo, 21) < || (f_l),HLoodiStS§ (20, 21) s

so that
disto (20, 0Q) < ||(f 71| z=dists, (20, Ss)
and Point (iii) follows. O

We end this section by stating a useful density lemma, which follows from
Lemma A.2.

Lemma A.13. The space H'(Q) N 7#*(Q) is dense in H*(Q). More precisely,
for all u € H°2(Q), there exists (u,) C H(Q) N A#%(Q) such that
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