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The principal eigenvalue problem for time-periodic nonlocal
equations with drift

Bertrand Cloez* Adil El Abdounif Pierre Gabriel*

Abstract

In this work, we consider a general time-periodic linear transport equation with integral source term. We
prove the existence of a Floquet principal eigenvalue, namely a real number such that the equation rescaled
by this number admits nonnegative periodic solutions. We also prove the exponential attractiveness of these
solutions. The method relies on general spectral results about positive operators.

MSC2020: 35B10, 35B40, 35Q92, 35R09, 47B65
Key words: integro-partial differential equations, time periodic coefficients, Floquet’s principal eigenvalue, positive
operators

1 Introduction

We consider the following non-autonomous integral partial differential equation

Ou(t, z) + divy (u(t, x)v(t, z)) = /d u(t,y)q(t, y, z)dy + a(t, z)u(t, x) (1)
Rd

where ¢ > 0 and = € R%. The velocity field v : R x R? — R?, the scalar field a : R x R? — R, and the positive
kernel ¢ : R x R? x R — [0, +00) are supposed to be T-periodic in their first variable, for some fixed T > 0.
Such an equation appears in the modelling of selection-mutations phenomena in varying environments. In
this framework, u(t,z) > 0 represents the repartition of the phenotypical traits = in a population at time ¢.
The transport term represents the drift of the environment. It is obtained when considering the population
in the frame which follows the moving environment. The zero order term accounts for the selection process
through a fitness a(t, z) which is basically the balance between birth and death rates of the trait  at time ¢.
The integral term stands for the mutations of the traits, from y to x. A variant consists in modelling the
mutations through a Laplace diffusion operator. We refer for instance to [4, 8, 9, 19] for such models with
diffusion approximation of the mutations in periodic environments.

In the present paper, we are interested in the spectral properties of Equation (1), and more precisely
in the principal eigenvalue problem. The spectral analysis of time-periodic linear evolution equations dates
back to the works of G. Floquet [10]. Here we aim at proving the existence of a Floquet principal eigenvalue,
namely a real value Ar associated to a positive T-periodic family (f;),cp such that

u(t,z) = eAtht(x)

satisfies Equation (1). Our second goal is to investigate the (possibly quantified) exponential stability of
this particular solution.

For periodic parabolic equations, the existence of a principal eigenvalue is proved under general assump-
tions in the book of P. Hess [14], see also [15]. The problem for integral equations attracted attention only
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more recently. Existence results for purely integral equations (i.e. without drift term) in a bounded domain
are obtained in the case of a time periodic zero order term and no time dependence of the integral kernel
in [16, 21, 24, 25]. As far as we know, the case of integral equations with drift was only addressed in [7] in
the one dimensional case d = 1, see also [1, 5, 20| for the singular case of the renewal equation. Here we
propose a general result which is valid in any dimension and under mild assumptions on the coefficients.

We make the following hypotheses:
(Hv) v € LS (R, WL (RY)) and satisfies
v/(1+]z]) e L°(RxRY) and  div,v e LR x RY).
For s,t € R and = € R?%, we denote by X, (x) the solution to the characteristic equation
0 Xt,s(x) = v(t, Xe,s(x)),
{ () =
and we assume that the time spent by these trajectories in balls is uniformly bounded, namely

VR >0, sup [{t>0, [Xio(z)| < R}| < . (2)

z€ERC
(Ha) a € LS. (R x R?) and tends to —oo when || — 400, uniformly in time, in the sense that

lim esssup a(t,z) = —o0. (3)
R—+004cR |z|>R

(Hq) q € Cp(R, L= (R?, L' (R?))), so that in particular

G := sup ess sup/ q(t,y,x)dx < +o0, (4)
t Yy Rd

and it satisfies the non-concentration assumption
Ve >0, In >0, V|E| <n, sup esssup/ q(t,y,x)dz < e, (5)
t y E

and the positivity conditions

Jrg >0, VtER, qt,y,x) >0 forae. (z,y)st. |z —y| <ro, (6)

Jdxg € Rd, r1 € (0,70), go >0, Vt € R, / q(t,y,x)dy > qo for a.e. x € B(xo,70). (7)
B(xo,71)

We will also consider the stronger variant
(Hg+) q € Cp(R, L (R?, L' (R?))) satisfies (5) and the strong positivity condition

Iro,q0 >0, Vt €R, q(t,y,z) > qo for a.e. (z,y) s.t. |z —y| < ro. (8)

Before stating our main theorem, we introduce the dual backward equation of (1), which reads

~Oup(ti) = vlta) - Vaplt.a) + [ ottty +alt.2)e(t.o) o
Theorem 1.1. Suppose that (Hv)-(Ha)-(Hgq) are met. Then there ezists a unique A\r € R and two unique
T-periodic functions t — f; € C(R, L1 (R?)) and t — ¢ € C(R, LT (RY)) such that (¢, fi) = ||pollze =1
for all t € R, the function u(t,z) = e ! fi(x) satisfies (1), and @(t,z) = e *Ft¢y(x) satisfies (9).

Besides, there exist p > 0 and C > 1 such that for any s € R and any us € L*(RY), the solution u(t, x)
of (1) with initial datum u(s,-) = us satisfies

“ —Ap(t—s) u(t,) — (s, us) ftHL,l <Ce—l)(t S)Hu — (s, us szLl Vt > s.

If we replace (Hq) by the stronger condition (Hg+), then the constants p and C can be quantified.



In the case when the coefficients of Equation (1) do not depend on time, i.e. v(t,z) = v(z), a(t,z) = a(x),
q(t,z,y) = q(z,y), we obtain the following corollary.

Corollary 1.2. Suppose that the coefficients are time independent and satisfy (Hv)-(Ha)-(Hgq). Then
there exists a unique (Mo, fo, ¢o) € R x LY (RY) x L (RY) such that (¢o, fo) = ||pollz= = 1, the function
u(t, z) = et fo(z) satisfies (1), and @(t,z) = e ¢ po(z) satisfies (9).

Besides, there exist p > 0 and C > 1 such that for any ug € L'(R?), the solution u(t,z) of (1) with
initial datum u(0,-) = uo satisfies

e u(t, ) — (o, uo) fo| .+ < Ce™"|Juo — (po,uo) fol|,,  VE>s.

If we replace (Hq) by the stronger condition (Hg+), then the constants p and C can be quantified.

Up to our knowledge, the result in Theorem 1.1 is new in the literature, extending the result of 7] to
higher dimensions and more general coefficients. In the case of time independent coefficients, Corollary 1.2
extends [26, Theorem 4.2| to general drift rates, [17, Theorem 4.1] to the whole space in any dimension,
and [6, Theorem 2.1] to higher dimensions.

In [7], the author uses the non-conservative Harris theory by adapting the results of [2, 6] to the periodic
setting. Here we use another approach by first proving the existence of the Floquet principal eigenvalue and
the associated periodic eigenfunctions by means of spectral arguments. To this end, in Section 2 we extend
the methodology of [11] to derive operator theoretic results that are applicable to periodic semiflows. These
results are then applied to the semiflow generated by Equation (1) in Section 3. This spectral approach also
provides the non-constructive exponential asymptotic stability of Floquet’s solutions. We then apply Harris’s
method for quantifying the exponential rate of convergence under the strengthened assumption (Hg+).

2 Some operator theoretic results

In this section, we prove general results about positive operators in LP spaces, that are most probably
extendable to some other Banach lattices. The approach is inspired from the material presented and de-
veloped in [11, 18]. We consider X = LP(E, &, u) the Lebesgue space of functions associated to the Borel
o-algebra &, a positive o-finite measure p and an exponent p € [1,00), or X = L% (E) its weighted variant
with m : E — (0,00) a measurable weight function.

We denote by X the standard positive cone of X made of the almost everywhere nonnegative functions
of X. For such a function f we write f > 0, and we thus have X; = {f € X, f > 0}. For a function f € X
we set f1 = max(f,0) and f- = max(—f,0), so that f = f+ — f—. An operator U : X — X is said to be
positive, and we write U > 0, if
feXs = Uf e X;.

We will sometimes abuse notations by writing U : X1 — X4 to mean that U is a positive operator on X.
For an operator U > 0 we have
UfI < Ulf| (10)

for any f € X, where |f| = f+ + f— is the absolute value of f. We use the notation f > 0 for meaning
that f € X4 \ {0}, and for a function which is strictly positive almost everywhere we write f > 0. We also
introduce the cone X414 = {f € X, f > 0} and we say that an operator U on X is strictly positive if

fex \{0} = UfeXiy.
For such an operator we write U > 0 or, abusing notations, U : X4 \ {0} — X4.

For studying the spectrum of an operator U in X, we need to define the complex space X¢ made of the
complex valued functions such that the modulus |f| belongs to X. For avoiding confusions we will sometimes
write Xg for the real space X. A function f € Xc is uniquely written as f = g + ih with g, h € Xgr, and we

have |f| = \/g? + h? but also

|f| = sup Re(e “f)= sup (gcos6+ hsinb).
0<6<2r 0<6<2r

From this last identity we readily extend, for a positive operator U, the inequality (10) from X = Xg to Xc.



For U : X — X a bounded operator, we denote by
p(U) :={X € C, A —U is bijective}
its resolvent set and by o(U) = C\ p(U) its spectrum. We denote by
op(U) :={A € C, A= U is not injective} C o(U)
the point spectrum of U, namely the set of eigenvalues of U, and by
r(U) :=sup{\ € o(U)} = inf{r > 0, B(0,7) C p(U)}
the spectral radius of U. We recall the spectral radius formula (see [22, Thm. 10.13] for instance)
r(U) = lim [[U"]"", (11)
n—oco
which ensures in particular that r(U*) = r(U), for U* : X’ — X’ the dual operator of U. Indeed,

U= sup [[U¢llx,= —sup  (U'¢ f)= —sup ($Uf)= sup [Ufllx=IUl,
lllx/=1 1711 =Nl xr =1 £ =l ll /=1 171l =1

where (-, -) stands for the standard duality bracket (-,-) x/ x, and the forth equality is a consequence of the
Hahn-Banach theorem. We also recall that an operator U on X is said to be power compact if U* is compact
for some integer /.

In what follows, we consider U : X1 — X a positive bounded operator on X which satisfies 7(U) > 0.

Theorem 2.1. Assume that U admits the splitting

U=W+K with |W| < rU) and K(A— W) ™" power compact for any |A| > |W]|. (12)
Then
i) there exist fo € X4+ \ {0} and ¢po € X', \ {0} such that
Ufo = T'(U)fo and U*()Zso = T'(U)(z)o7 (13)

it) for any K such that |W|| < k < r(U), the set o(U) N B°(0, k) is a finite subset of op(U).

Let us point out that the power compactness assumption of K (X — W)~ in (12) corresponds to the W-
power compactness of K in the terminology introduced by J. Voigt in [27]. The property i) of Theorem 2.1
is then a direct consequence of [27, Corollary 1.4].

Proof of Theorem 2.1 i). The spectral radius formula (11) implies that for any real number A > r(U) the
series Y, <, A7FU* is convergent, which ensures that A — U is invertible with inverse given by

RA) =\-U)"'=x"1 i/\’kUk.

k=0
Since U > 0 and r(U) > 0, this inverse is also a positive operator.

Now we prove the classical result that for any A in p(U), the resolvent set of U, we have

1 1
A=)l = A0 o)

For any A € p(U) and p € C we have
(= U) = [T - = RO (A U).

Since if [ — Al < 1/||R(N)|| the series > (A — )" R(A)"™ converges to [I — (A — p)R(N)] ! we get

[e) oo

(e =U)Y A =w)"RAN)"™ = [I= A= WRAN]A=U) Y (A= )" RN
=[I-(A=WRMW] Y A=w"RN" =1.



This ensures that B(X, 1/||R(A)|]) C p(U) or equivalently d(X,o(U)) > 1/||R(N)]|-

Now let () € B°(0,7(U)) C p(U) be a sequence such that d(pun,o(U)) — 0, and so ||R(un)|| — +o0.
Consider the sequence A\, = |un| > 7(U) which satisfies A, = 7(U). Since |U f| < U|f|, we have that

719

IR (bn) f] = |pin]~ <A, 1§{jA U [ £l = R)IfI-

This ensures that |R(un)]| < [|R(An)|| and consequently ||R(An)|| = 4+o0. This means that there exist two
sequences (fr) and (gn) such that

fn=RAn)gn, |fnll =00 and |lgn| <1.
By splitting g, = g — g, we get

with
lgall <1 and (|R(An)gst || = o0 or [[R(An)gn || = o0).

Changing notations, we thus have the existence of two sequences (f,) and (g,) such that
fn=RAn)gn, fn20, gn=0, [full 00 and |gall <1.

We define h,, := (A, — W) fn, which also satisfies ||hn| — oo since

IBnll 2 1 = W) THITH Ll 2 Qo = WD fall 2 (r(U) = WDl
with r(U) > ||W/||. Using that U = W + K and setting hy, := hy/||ha|| and e, := gn/||hal|, we get that

ho =KAo —W) 'hn+en, |hall=1 and |en| — 0.
Iterating this equality, we also have for any integer ¢ > 1
b = [K(An = W)™ hn + En

with ||&,|| = 0. Choosing ¢ large enough so that [K(r(U) — W)_l]e is compact, we deduce the existence of
ho € X and a subsequence of (ﬁn), not relabeled, such that

K (r(U) = W)™ i = hol| — 0.

0r

Due to the continuity of A — (A — W)~ we also have ||[K(An — W)™"]"hn — ho|| — 0 and consequently

|hn — hol| — 0. In particular ho # 0, since ||ho|| = lim ||| = 1, and
ho = K(r(U) — W)™ " ho.
Setting fo = (r(U) — W)~ 'ho we thus have
Ufo=rU)fo, fo#0 and fo>0,

where the last property comes from the fact that fo = lim f,,/|/hn|| with f, > 0.
Arguing similarly for the dual operator U* we have the existence of (¢, ) and () such that

Setting q;n = ¢n/||pnll and €, = ¥n/||Pn|| we get that
Gn=[Qn =W)T'K ) bn+en, |dull=1 and |en] = 0.

For ¢ such that [K (A, — W)fl]é is compact, its dual [(An — W*)flK*]é is also compact. We deduce the
existence of a subsequence of ((Z)n) which converges to a limit ¢o € X/, satisfying

U'¢o =r(U)¢o and ||¢o|l = 1.



For the next results, we define U := ﬁUy which thus satisfies r(f/') = 1. We also recall the notation
N(A) ={f € X, Af =0} for the null space of a linear operator A.
Theorem 2.2. Assume that U : X4 \ {0} — X1 and that there exist fo € X+ \ {0} and ¢o € X/ \ {0}
satisfying (13), or equivalently such that ﬁfo = fo and ﬁqﬁo = ¢o. Then
i) fo € X4+ and ¢o € X',
i) N(U —I) = Span(fo) and N(U* — I) = Span(¢o),
i11) the peripheral point spectrum of U, namely the set of eigenvalues of U with modulus equal to r(ﬁ) =1,
is a multiplicative subgroup of S' := {2 € C, |z| = 1}.

Proof of Theorem 2.2 1). The strict positivity of fo follows immediately from the strict positivity assumption
made on U. For ¢o, we observe that for any f € X, \ {0}

(o, f) = (U"¢o, f) = (¢0, Uf) >0

since ¢ € X+ \ {0} and ﬁf € X1+ due again to the strict positivity of U. Since f is chosen arbitrarily in
X+ \ {0}, we deduce that ¢o must be in X’ ;. O

Proof of Theorem 2.2 ii). Let f € X \ {0} such that ﬁ'f = f. First we observe that, by positivity of U,

|fl=1UfI <UIfI.
This inequality is actually an equality, otherwise we would have, due to the strict positivity of ¢o,

<¢07 |f‘> < <¢07[7|f|> = <(7*¢07 |f‘> = <¢07 ‘f')

and a contradiction. We thus have Uf = f and U|f| = |f|, from what we deduce that
Ufs = fx

by writing f+ = £ (|f| £ f). The strict positivity of U implies that f+ € L} or f+ =0, and thus f € X,
or fo € X4, since f # 0. Without loss of generality we may assume that f; € X,,, meaning that
f(xz) > 0 for almost everywhere. This necessarily implies that f_(z) = 0 almost everywhere and thus
f = f+ € X4++. We now introduce

g = <¢07f0>f - <¢0’f>f07
which satisfies U g = g and (¢o,g) = 0. This enforces ¢ = 0. Indeed, otherwise, arguing as above we
would obtain that either g € X4 or —g € X4, both contradicting (¢o,g) = 0. We thus have proved that
f € Span(fo) and so N(U — I) = Span(fo). The same arguments ensure that N(U* — I) = Span(¢o). O
Before proving the last point of Theorem 2.2, we introduce some additional notations. For f > 0 we

define
Xy = {gGX, ac >0, |g SCf}
and for g € Xy we set
9], == inf {C >0, |g| < Cf}.
The proof of Theorem 2.2 i) is based on the following result, taken from [11, Lemma 5.3].

Lemma 2.3 ([11]). Let f € X4+ and consider a linear operator Q : Xy — Xy such that Qf = f and
[Qg]; < lgl; for any g € Xy. Then Q > 0.

Proof of Theorem 2.2 iii). Step 1. Consider f € X¢ \ {0} such that Uf = e f for some a € (0,27). First
we remark that

f1=1e 1 = 10f1 < TIfI.
For the same reason as in the proof of point i), this inequality is actually an equality and we have U|f| = | f|.
Since N(U — I) = Span(fo) we deduce that |f| € Xt . Now we define the operator Q by

_f g1
Q9= 1p1° U(m)'



On the one hand, we have

Qlf| = Z=e “Uf = |f| = U|fl.

\fl

On the other hand, we have

ol < ()| <0l voer
which, by positivity of [7, yields

Qgl <[], U1l = lal;Ifl, Vg€ Xy

From Lemma 2.3 apphed to |f| > 0, we deduce that Q > 0 on le\ and then on X = X\f\ As a consequence,
0< Qg =|Qg| < Ug for any g > 0. In other words we have U-— Q > 0, and then U* — Q" > 0. We must
have U* — Q* = 0. Otherwise, there would exist ¢ € X, \ {0} such that (U* — Q*)y € X} \ {0}, and we
find a contradiction by computing

0<((U" =@, If) = (¥, (U - Q)If]) =
We have established that U = Q, and so

rr E _ zaf
U(|f|> re veeXx

Step 2. Consider now a, 8 € (0,27) and f,g € X \ {0} such that Uf =e“f and Ug = ¢”’g and define

h = \f ‘fo Using the step 1 we get

Uh = eiaiﬁ(@> = ieth) LI f9 Uf RICEN
MNT 74l

This proves that e*®e?® e ap(ﬁ), and the proof is complete. O
We now state a theorem which is obtained by combining the results of Theorems 2.1 and 2.2.
Theorem 2.4. Assume that U : X4 \ {0} — X1 and that U admits the splitting (12). Then
i) there exists (fo, o) € X4+ X X | such that U’fo = fo and l7*qz$o = ¢o,
i) N(U —I) = Span(fo) and N(U* — I) = Span(¢o),
113) the peripheral point spectrum of U is reduced to {1},
w) there exists ¢ € (0,1) and C > 1 such that for alln € N and all f € {¢0 = {g € L', (¢o,g) = 0}

10" Fll <CCIF N - (14)

The points i) and ) are direct consequences of Theorems 2.1 and 2.2, and we thus only prove the items
i11) and iv).
Proof of Theorem 2.4 ). From Theorem 2.1 iz) and Theorem 2.2 74i) we know that the peripheral spectrum
of U is a finite subgroup of S'. Suppose by contradiction that it is not reduced to the trivial subgroup {1},
and so that there exists an integer £ > 2 such that e?"/* € op(U). This means that

If =g+iheXc\{0}, Uf=e"""f. (15)

This identity has two incompatible implications.

_ On the one hand, by iteration, we get that ﬁzf = f. Taking the real and imaginary parts, we get that
Ufg = g and Uh = h. Since f # 0, we must have g # 0 or h # 0 (and actually both if £ > 3). Assume
without loss of generality that g # 0. Then the strict positivity assumption on U implies that g > 0.

On the other hand, testing (15) against ¢ gives
(60, f) = (U" o, f) = (¢o, Uf) = €™ (g0, f).

Since ¢*™/* £ 1, we get that (o, f) = 0 and as a consequence (¢o, g) = 0. This is a contradiction with the
facts that g > 0 and ¢o > 0. O



Proof of Theorem 2.4 iv). Since ¢ is an eigenvector of 17*, the subspace {¢o}+ of X is invariant under U.
Denote by U' the restriction of U to this invariant subspace. Since fo > 0 and ¢o > 0, we have that
fo & {#o}* and the point 4i) then implies that N(U* — I) = {0}, which in turns yields that 1 & o(U™).
Using Theorem 2.1 ii) and Theorem 2.4 iii), we infer that #(U*) < 1. The spectral radius formula (11)
applied to U™ then ensures that for any ¢ € (r(U"), 1) there exists C' > 1 such that

|(TH)"| <c¢r,  vneN
This is exactly (14). O

Now we give a corollary of Theorem 2.4 in the L' framework that we will use for proving Theorem 1.1.
Corollary 2.5. Let S : LY — L. be a positive bounded operator and suppose that for some k € N and
Ko >0
1. 3go € LY\ {0} such that Sgo > rogo, or Fo € LT \ {0} such that S*bo > kotbo,
2. S* =W + K with |W|| < k§ and K weakly compact in L*,
3. Vf e LY \ {0}, S¥f(x) > 0 for almost every x € R™.

Then there exists a unique triplet (Ao, fo, ¢o) € R x LL(R?) x LY (R?) such that

Sfo=~Aofo, S"¢o=Nogo, with |¢ollLe = (po, fo) = 1.
Moreover, Ao > 0, fo, ¢o > 0, and there exists ¢ € (0,1) and C' > 1 such that for n € N and all f € L'(R?)

[Ag"S™ f — (b0, F)fol| 2 < CCIIf — (0, £) foll s - (16)

Proof of Corollary 2.5. We first claim that if K is a weakly compact operator in L' and @ is a bounded
operator in L', then KQ is power compact. Indeed we clearly have that KQ is weakly compact and
consequently (KQ)? is strongly compact, invoking for instance [23, Cor. 1 of Th. 9.9 in Chap. II]. This
ensures that for S and k as in Corollary 2.5, the operator U = S* satisfies (12). Secondly, the existence
of ko > 0 and go € LY \ {0} such that Sgo > kogo readily implies, together with the positivity of S, that
r(U) > w§ > 0. Similarly, the existence of ¢ € L3\ {0} such that S*¢o > rotho ensures that »(U) > k& > 0.
In both cases we can thus apply Theorem 2.4 to U = S* in X = L.

We get the existence of a unique (¢o, fo) € LY x LS such that
Ufo=rU)fo, U ¢o=r(U)po, with [¢ollLe = (¢o,fo) = 1.

Applying S to the first equality, we obtain U(Sfo) = SU fo = r(U)S fo. Since N(U — r(U)) = Span(fo), we
deduce the existence of Ag € R such that Sfo = Aofo. Necessarily we have Ag > 0 since S > 0, and then
Ao = (r(U)Y* > ko > 0. We obtain in the same way that S*¢o = Agdo.

Besides, since f — {(¢o, f) fo € {¢o}~ due to the normalization (¢o, fo) = 1, the stability result (14) implies
that

[AG""S*" f = (g0, F) ol o < CC™ I = (b0, S) ol
for all f € L' and n € N. Since S is a bounded operator, we readily deduce the validity of (16) for another
constant C' > 1. O
We finish by giving a Doeblin-Harris type result which is taken from [11, Theorem 6.3] and allows
quantifying the constants C' and ¢ in (14), and consequently in (16), under some additional assumptions.
More precisely, we first assume that U satisfies the Lyapunov condition

IU LI <A+ ©{o, | f1) (17)
for all f € X and some constants v € (0,1) and © > 0. Then we suppose that U satisfies the Harris condition

{ JA>0/(1—7), 3ga € X1 \ {0}, Vf € X,

17l < Algo, f) = Uf > (do. f)ga
Theorem 2.6 ([11]). Suppose that U satisfies (12), (17) and (18). Then the contraction estimate (14) holds
true, and the constants C' and ¢ are obtained constructively in terms of v, 0 and (any positive lower bound
on) the quantity {¢o, ga).

The proof of this result is an adapatation to the non-conservative and general Banach lattices setting of
the proof of the classical Harris ergodic theorem proposed in [3], itself inspired from [13] and [12].

(18)



3 Application to time-periodic nonlocal equations

We aim at applying Corollary 2.5 and then Theorem 2.6 to Equation (1) for proving Theorem 1.1. To this
end, we need first to associate to Equation (1) a semiflow, or propagator. In other words, we want to build
a family (Sts)i>s>0 of linear operators on L'(R?) such that the unique weak solution u(t,z) of (1) which
start from u,s at time s is given by

u(t, ) = Sy sus(z).

The infinitesimal generator of Equation (1) is £; = A + B: with

Aef(@) = = dive(f@V(2) +a(t.)f (@) and Bef@)= [ fwalt.y.)dy
and the backward generator of the dual equation (9) is the sum of the adjoint operators
Ai9(e) = v(1.3) - Vadla) + alt.a)ole) and Biofa) = [ owatt.a.u)dy.
The family (A¢)ter generates an explicit semiflow
Viaf (@) = F(Xa (@) Jap(x)els Ko a0

where X ; is the solution to the characteristic equation

{ e X1,s(x) = v(t, Xo,s()),
Xss(z) =z,
and

t
Ji,s(x) = det (Ve Xe,s(x)) = exp (/ dive v(s', Xu o ()) ds') > 0.

We have the useful property that for any measurable set E C R?,

| Xs,:(E)| :/ dw:/ Js ¢ () dz,
Xs,t(E) E

e*‘t*S\H divg Voo ‘E‘ < |Xé,z(E)| < e|t*S|H divg v]leo |E| (19)

Denoting by Nso the L norm of v/(1 + |x|), which is finite by virtue of (Hv), we have for all z € R? and
t>s

which ensures that

t t
| Xts(z)+1 <|z|+1 +/ |v (u, Xu,s(x))| du < || + 1+ Noo/ 14 | Xu,s(z)| du
and consequently, by using Gronwall’s inequality,
X (@) +1 < (Jo| + 1) ¥,

Recall also that for any t # s the mapping x — X s() is a C'-diffeomorphism of R with inverse thsl = Xs,t.
Applying the above inequality to Xs:(z) we can then deduce that for any s,¢ € R and z € R4

(|l + e =721 =1 < [ Xo (@) < (Ja] + D)=l -1, (20)

The semiflow property of (V4,s) writes
VistaVegtn = Vig g

for t3 > t2 > t1, and is a consequence of the fact that u(¢,x) = Vi,sf(z) is the unique weak-mild solution to
the transport equation
Owu(t, ) + dive (u(t, z)v(t, x)) = a(t, z)u(t, )

with initial condition u(s,x) = f(z). More precisely, (V4,s) is the unique family of operators such that

(6. Visf) = (6. ) + / (A%, Vir o F)ds’



for all t > s, all f € L'(R?) and all ¢ € C1(R?). The dual semiflow writes
V() = 6(Xo())els 0 Xera 00
It verifies (Vi':¢, f) = (¢, V4,5 f), the dual semiflow property
V52 Vea,ss = Vey 530
and ¢(s,z) = V';¢(x) is the solution to the dual backward equation
—0sp(s,x) — v(s,z) - Vaop(s,z) = a(s, z)p(s, ).
with terminal condition ¢(t, z) = ¢(x).

The operator B; is a bounded operator, and L; is thus a bounded perturbation of A; which generates a
positive semiflow (St s) that verifies the Duhamel formulae

t

St,s = ‘/t,s + / St,s’Bs’ Vs’,s d8,7 (21)
t

St,.s = ‘/t,s + / ‘/t,s’Bs’Ss’,s d8/7 (22)

and their dual counterparts

t

Siu=Viek [ ViaBuSi s, (23)
ot

ST, = Vi, + / St BLVE, ds. (24)

From these formula we easily infer, by using Grénwall’s inequality and the Assumptions (Ha) and (4), the
growth estimate X
ISt = [[854]] < elttesssupeat=s), (25)

It is standard result that (V;,s) is a strongly continuous semiflow in L'(R?), and consequently so does (St,s).
The semiflow (St s) yields the unique weak-mild solutions of Equation (1), in the sense that

(6, S0sf) = (6, 1) + / (L5, S o f)ds’ (26)

forall t > s > 0, all f € L'(R?) and all ¢ € CZ(R?). The dual semiflow (S:,) yields the solutions to
Equation (9), and the dual counterpart of (26) reads

(8206, ) = (6, 1) + / (S5 16, Lo f)ds’ (27)

forall t > s > 0, all ¢ € L=®(R?) and all f € C}(R?). The T-periodicity of £; leads to the following
T-periodicity property of the semiflow
St+T,s+T = St,s~

We now define the bounded operator S = S0, and for proving Theorem 1.1, we verify that it satisfies
the conditions in Corollary 2.5, as well as the conditions allowing to apply Theorem 2.6. To do so, we start
with some preliminary results.

3.1 Preliminary lemmas

Lemma 3.1. Under Assumptions (Hv)-(Ha)-(Hq), there exists ko > 0 and go € LY \ {0} such that
Sgo > Kogo-
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Proof. We use the positivity condition (7) and we consider a function go € ct (Rd) such that go > 0 on
B(zo,70) and go = 0 on R%\ B(zo,70). For any 7 € (r1,70) fixed (to be chosen later), = € B(zo,7), and
t > 0, we have

Logo() = — diva(go(@)v(t, 2)) + alt, 2)go(x) + /

— <7max |Vzgo|) esssup |v| | — esssup |a —divy v| | go(x)
B(zo,) (0,T)x B(zq,r) (0,T)x B(zg,r)

) go(y)q(t,y,x)dy

AV

maxg, .y | Vago
> — L" esssup |v|+ esssup |a—dive V| | go(z).
mlnf(zo,r) |gO| (0,T)xB(zg,r) (0, T)x B(zg,r)

For x € A, := B(xo,70) \ B(zo,r) we have

Logo(a) = — diva(fo(@)v(t, 7)) + alt,z)go(z) + /

go(y)q(t,y, x)dy
Rd

> — (sup|Vzgo\> < €ss sup v|> - ( esssup |a —div, v|) go(z) + qo B(inf go.
Ar

(0,T)X B(zq,r0) (0,T)x B(zq,r) x0,71)

Since sup 4 |Vzgo| — 0 when r — ro, we can find r close enough to 79 so that

- (sup IVzgol) esssup  [v| | +¢qo inf go>0
Ap (0,T)x B(zqg,m0) B(zo,71)

and we thus have £:go(z) > —aogo(z) for all z € R? and all ¢ € R with

max§(x0 ,r) |v290 |

ap = esssup |v|+ esssup |a—divy V]|

minﬁ(zo,r) gol (0,T)xB(zq,r) (0,T)x B(zq,r)

Injecting this inequality in (27) with f = go we obtain that for any ¢ > 0

t t
(¢, St,s90) = (5546, 90) > (¢, g0) — Oéo/ (83,46, 90)ds’ = (SZ.¢, 90) > (b, 90) — ag/ (¢, St go)ds’.
The Gronwall inequality applied to the function s +— (@, St,sg0) then gives that

(6, S7.590) > (¢, goye >0 T %)

for all ¢ > 0 and all s € [0,T]. Taking s = 0 we deduce that Sgo > ¢~ *°T g and the proof is complete. [

Lemma 3.2. Assume that (Hv)-(Ha)-(Hgq) are satisfied. Then for any k > 0, there exists an integer k
such that S* can be split as S* = W + K with W such that |W|| < ¥ and K weakly compact.

Proof. We start from the Duhamel formula (22) to write, for any k € N and 6 € (0, k7))

kT

SF = Viro +/

kT—6
VkT,sBsSS,O dS + / VkT,sBsSs,O d5~
kT—6 0

In a first step we prove by using the Dunford-Pettis theorem that the last integral term is a weakly compact
operator in L' for any k € N and § € (0,kT). In a second step, we prove that we can find k large enough to
have ||Vir,0|| < &%, which then allows choosing § small enough so that ||Vir.o + fkkTT_(S Vier,sBsSs,0 ds|| < KE.

11



Step 1. Let us fix any integer k and any § € (0,kT), and set
KT -6
K :/ Vk:T,sBsSs,O ds.
0

We want to prove that K is a weakly compact operator by invoking the Dunford-Pettis theorem. To do so
we consider a sequence (fn)n>o0 such that fr, > 0 and ||fn]|z1 < 1 for any n > 0, and we take e > 0. We
need to prove the existence of 7 > 0 and R > 0 such that for all set £ ¢ R? we have

|E| <n
or £ / Kf, <e.
E ¢ B°(0,R) 2

Let E be a measurable subset of R%. We observe that for any n > 0 and any s € [0, kT — J]
/ Vir,sBsSs 0 fn(x) de = (1g, Vir,«BsSs0fn) = (BiVirle, Ssofn) < |BiVikrlell oo 1Ss0fnllp1-
E
Setting w := max(1,§ + esssupa) > 0 we deduce from (25) that for all n > 0

1
[ K< ST s BViaLele
E w 0<s<kT—46

and we have for all z € R¢

BViarti(e) = ||

kT ’ 7 . —
4(5,2,9)1e (Xero(y)) el o0 KXo s @D’ gy < KT esssupa / a(s, ) dy.
R

—1
Xir,s(B)

From (5) we get the existence of no > 0 such that for any Ey C R?

|Eol <m0 = supesssup/ q(t,z,y)dy < ewe FT(WHesssup@)
t Eo

T

As recalled in (19), we have
|Xoxr(E)| < e*T=o)ldive viieo| gy

so by choosing i = noe *T14ive Vil we obtain that if |E| < 7 then for all n > 0

[EKfn<e.

Now we consider E C R?\ B(0, R). Due to the assumption (Ha), we can define the radial function @ by

(z) = esssup a(t,y) = esssup a(t,y),
tER,|y|>|z| t€[0,T],|y|>|=]

Ql

which verifies
lim @(z) = -0 and a(t,z) <a(z) for ae. (t,z) € R x R%
|z|— o0
In particular, there exists R, > 0 such that

esssup a < 0.
B<¢(0,Ra)

We thus have for any = € R? and s € [0, kT — 4]

* * -kTaSI , 5/
BiVirlp(z) = / a(s, 2, 9) 1 (Xpra(y))els @ X Wiy,

Rd

< / gs,z,y)els” TXer o@D gy
Xs kT (E)

kT — ,
§< sup ess sup efs “(Xs',s@))ds)(j_
sE[O,kT—B]yEXS’kT(E)
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For y € X, xr(E), there is z € B°(0, R) such that y = X, xr(z), and so Xy ;(y) = X pr(z). We deduce
from (20) that

Xy ()] = [Xo por(2)] > [ale Vo790 — 1 > RNk 1.
Choosing R large enough so that ReV><*T —1 > R,, we obtain that

kT —
sup esssup els (X1, 5 (1))ds! < exp (6 ess sup 6).
s€[0,kT—6] y€ X5 k7 (E) Bc¢(0,ReNookT _1)

The right hand side tends to zero when R — +00, because of (3), so we can find choose R large enough so
that supg<s<prys [1B: Vikrlell o < ewe™*T" and consequently, for all n > 0,

/EKfn < e

Step 2. We want to find k large enough and § small enough so that the norm of W, defined by

kT

W = Viro + / Vir,sBsSs,0 ds,
kT —6

satisfies ||W|| < &*. We observe that for all f € L'

* kTE x s
IVerofllor = sup <f7V0,kT¢> < /d ‘f(x)‘efo (Xo.0(=))e dx,

@]l oo <1 R

so that o
|Ver.ol < sup elo” @(Xs,0(@)ds
z€R4

Defining for any R > 0 and any z € R? the set
Ag(z) :={t >0, X:o(z) € B(0,R)},

the condition (2) reads

VR >0, supl|Ag(z)| < occ.
z€R4

We can thus write, for any k € N, € R%, and R > R,, so that ess Suppe(o,r) @ < 0,

kT
a }(30 z))ds = a )(&0 z))d. a')(&o x))d
/0 (Xao(z))ds /[O’kT]mAR(@( <>>s+/ (Xao(x))ds

[0,kTINAS, (x)

< sup |AR(as)|<esssup6) + <esssup6> (k:T— sup|AR(m)\)

z€R4 B(0,R) B<(0,R) zeRd

< <esssupﬁ)kT+ sup |AR(x)|(esssupafesssup&).
B<(0,R) zER B(0,R) B<(0,R)

We suppose without loss of generality that x € (0,1) and we choose R large enough so that

log k

esssupa < —1.

B¢(0,R)
Then we take k large enough to have
kT
sup / a(Xs,0(z))ds < klogr — 1,
zeRd JO
which yields ||Viro| < x*¥e~!. Finally, using that the function s — ||Vir,sBsSs0|| is bounded on [0, k17, we
can find 1 > 0 small enough so that

kT
H / VkT,sBsSs,O ds|| < Klk(]. — 671),
kT —n

and we thus obtain |W| < x*. O
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Lemma 3.3. Assume that (Hv)-(Ha)-(Hgq) are satisfied. Then for all t > s > 0, the operator St is
strongly positive, in the sense that

Ve LL\{0}, Sisf(x)>0 for almost every x € R

Proof. Let f > 0 such that f # 0, so that suppess f # 0, and consider x € suppess f- We first prove that
f > 0 almost everywhere on B(x,ro/2), where ro > 0 is defined in Assumption (6). Let E C B(z,r0/2) such
that St,sf = 0 almost everywhere on E. By positivity, we deduce from the Duhamel formula (22) that

t
/ (/ ‘/Yt,s’Bs’Ss’,sf> dS/ = Oa
s E

by using the Fubini-Tonelli theorem. We easily check that s’ — B, is a strongly continuous family of
operators in L', by using Assumption (4) and the time continuity of g. We deduce that the function
s = [, Vi, BsSe s f is continuous. Since it is non-negative and its integral on [s,#] is null, it must be
identically zero, and in particular we get by considering s’ = t that

/ BtSt,sf:07
E

/ / q(t,y,z)(St,s f)(y) dydz = 0.
E JB(z,m0/2)

Since |z —y| < 7o for any z € E C B(z,70/2) and y € B(x,70/2), we infer from positivity assumption (6)

that
L] snwa=o
E J B(z,r0/2)

This enforces E to be a set of measure zero since & € suppess St,sf implies that fB(z ro/2) Stsf > 0.

and a fortiori

We have proved that S sf > 0 almost everywhere in B(z,r0/2) for any = € R?, or in other words, that
St,sf > 0 almost everywhere in RY. O

Lemmas 3.1, 3.2, and 3.3 allow applying Corollary 2.5 to the operator S and thus proving the non-
constructive part of Theorem 1.1. For quantifying the constants C' and p by invoking Theorem 2.6, we need
some additional estimates that we will prove now.

Lemma 3.4. Assume that (Hv)-(Ha)-(Hg+) are satisfied. Then for anyt > s > 0 and any r, R > 0, there
exists ¢ > 0 such that

S;t1B0,r) = clpo,R) and St,s1B(0,r) = clB(o,R)-

Proof. Let r > 0. Due to (20), we can find €, > 0 such that

t—s|<e = \Xt,s(x)\<|m|+%°, \meB(o,H%O), (28)
where ro is defined in (Hg+). Denoting a, := essinfjo rxB(0,r4+ro) @ and iterating once the Duhamel

formula (23) or (24), we can write by using (Hg+) that for any ¢ > s > 0 such that |t — s| < €, and any
x € B0, 4+ 10/2)

t
SiLn0(@) 2 [ Vi BIVi da. (@) ds

St t /
> / Y B o (X (2) '

St t /

— * ! !

> [ vz [l ) e (X (1) dyds

s R

t ’
ZQO/ et )QTV;S’/ 1B<0,T)(Xt,s/(y))dyds/
s B(x,ro)

t
> €(t_s)aTQO/ / 15(0,m) (Xt,s (y)) dyds’.
s JB(Xy 4 (x),7m0)
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Invoking (28) we obtain
\ t
* — - /
St ilpon(z) > e qO/ / Lp(0,r—ro/8)(y) dy ds’.
s JB(Xg g(®),r0)

Using again (28), we have that X, ;(z) € B(0,r + 2t2) for any s’ € [s,¢] and any @ € B(0,7 +10/2). Fixing
any z, € R? such that |z,| = r + 222, we infer that for all € B(0,7 4 ro/2)

’{y € B(O,r— %0), ly — Xg s(2)] < ro}‘ > b= ‘B(O,r — %0) ﬂB(a:r,ro)‘ > 0.
We have thus proved that for any ¢ > s > 0 such that |t — s| < ¢,
821, > qobr(t — $)e" " L0 1 rg 2)-
Setting 7' = r + %2 and taking t’ € [s, ] such that [t — s| < v we get
Ssi1B(o,r) = Se.vSe 1o, = qobr(t — t/)e(t_t/)ar‘ss,t’1B(O,r+ro/2)

> 2oy (t—t')(¢ — s)el TN .

Iterating this argument, we obtain that for any r, R > 0 and any ¢ > s > 0 such that |t — s| < €, we have
Set1Bo,m > clp(o,r)

for some constant ¢ = c¢(r, R,s,t) > 0. Splitting the time interval [s,t] into small enough sub-intervals
[ti, ti+1], we readily infer that this inequality still holds without the restriction [t — s| < €.

The proof for S,s follows exactly the same arguments and we then skip it. O

Corollary 3.5. Assume that (Hv)-(Ha)-(Hg+) are satisfied. Then for any Ri, R2 > 0, there exists ¢ > 0
such that for all ¢ € LY
5%¢ > (¢, 1p(0,r1)) 1 B(0,Ro)- (29)

Proof. Similarly as in the proof of Lemma 3.4, we can find € > 0 small enough so that
t-sl<e = [Xis(@)|<le|+, VzeBO,m), (30)

where 7¢ is still defined in (Hg+), and then the existence of c¢. > 0 such that for any ¢ € LT and any
x € B(0,10/4)
s+e
Sttt ze [ [ O(X10 () dy ds
s B(X ., ,(z),r0)

s/,s

Using (30) and the fact that « € B(0,70/4) we infer that

s+e
Stet@) ze [ [ oK) dyds.
s B(0,m9/2)
Using again (30) and a change of variable we obtain

S:,s+e¢(x) Z 66/ ()ZS(Z) dz.

B(0,r0/4)

Choosing s = T'/2, we have proved the existence of € € (0,7/2) and & > 0 such that for any ¢ > 0
ST 110> (b 1B0,r0/0)1B(0,r0/4)-
Using Lemma 3.4 we finally get that for any R1, R2 > 0 and any ¢ > 0
S*p = S;%S*%%JFSS*%H’ngS > (o, ST%+€IB(0,7»O/4)>SS% 1B(0,rg/4) = €{®, 1B(0,R1)) 1 B(0,R2)

for some ¢ > 0. O
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Lemma 3.6. Assume that (Hv)-(Ha)-(Hgq) are satisfied. Then for any A > ||[W||, there exists o < 1 and
h € LY\ {0} such that for all ¢ € L>°

W™ =N K"l o < allgll oo + (6, h). (31)

Proof. For ¢ € L™, we have for all ¢ € L™ and all 2 € R?

kT—6 kT—6 KT 4o x s’
Kow) = [ sVt = [ i ([T O (i (1) a5, )y ).
JO JO R
Setting w := max(1,§ + esssupa) > 0 we deduce from (25) that

ewkT
*
K79l e <

kT ’ ’
SUp  esssup (/ ele ol Xor s W ch(XkT,s(y))lq(s,y,m)dy)-
s€[0,kT—38] zcRd Rd

We split the integral on R? as
kTa S/ , s’

[T D (i) a9 )

R
kT ’ ’
- / el X S 5y 1) (Xirs(y)) dyds
B(0,R)
rkT i s/
TN D )6 (X () dys
B<(0,R)

Similarly as in the proof of Lemma 3.2, we can choose R large enough in order to have
—wkT
AT a(s! X0 (w)ds’ we” " ||p]| Lo
els o' q(s,y,2)¢ (Xkr,s(y)) dyds < P
/Bc(o,R) AW =2~

for all s € [0,kT — 6] and all z € R? Let us now fix a representative of ¢ in the quotient space
C(R, L*(R%, L' (R% R)) and define for any s € R, x € R and M > 0 the set

En(s,z) = {y € R q(s,2,y) > M}.

We then have
kT ’ ’
/ ele X N g5y ) (X, (y)) dy
B(0,R)

kT ’ ’
- / el X DA 5y 1) (Xers (y)) dy
J B(0,R)NE;(s,z)

kT ’ ’
* /( YNES, ( >efs AN s g5y, 1) (Xir,s (1)) dy
B(0,R)NES, (t,z

q(s,y,x)dy + M@kTesssupE/d 1B(0,R) (y)¢(XkT,5(y)) dy
R

S ek:TesssupE H¢||Loo /

B(0,R)NEp(s,x)

_ ek:TesssupEHqSHLoo /

R )Q(&y, w)dy-i-MekTesssupa/ Js k7 (2)1B(0,Rr) (Xs,k7(2)) P(2)d2.
. 0,R)NEp;(s,x

Rd
From (20) we have | X, s(2)| < (|2] + 1) eV~ and consequently
1g(0,r) (Xsxr(2)) < 13(0’(R+1)6Nka)(Z)~

From (5) there exist n > 0 such that

vIE J we*(ess sup a+w)kT
<mn, t,x, —V7 5V
[E| <n sup esssup/E q(t, =, y)dy A =0T

Yy

We have from Markov’s inequality

1
E < — dy.
[En (s, )] < M/qu(s,x,y) Y
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We take M large enough in order to have sup esssup|B(0, R) N En(s,z)| < n and we finally obtain
s€E0,kT] =z

* - * * - * 1
[V =N K] e SNV = D) T NIE Sl e < 5 16100 + (@ 1)

where h is defined by

h(z) = [(W" = X) "} | MeFTesomea ( sup Js,mz)) Ly (o.trs yena i (2): (32)
s€[0,kT) ]
Clearly, changing the representative of ¢ does not affect this inequality and the lemma is proved. O

We have now all the ingredients for proving Theorem 1.1

3.2 Proof of Theorem 1.1

We start by verifying the conditions in Corollary 2.5 under Assumptions (Hv)-(Ha)-(Hgq). The condition 1
is exactly Lemma 3.1, applying Lemma 3.2 with x = ko gives the condition 2, and condition 3 is nothing but
Lemma 3.3 with s = 0 and ¢t = k7. We can thus infer from Corollary 2.5 the existence of a unique triplet
(Ao, fo, d0) € R x LY (R?) x LS°(R?) such that

Sfo=Aofo, S"¢o=Aogo, with |@ollre = (¢o,fo)=1.

We set \p = % and, for ¢ € [0, 7],

ft = eikptSt,()f() and (z)t = eikp(Tit)S;T(bo,

so that we have fr = fo and ¢r = ¢o, and we then define f; and ¢, for ¢ € R by T-periodicity. These
families verify the conditions (¢, f;) = ||¢o]| = 1 for all t € R and the fact that ¢t — e f; satisfies (1) and
t > e g, satisfies (9). Besides, the convergence (16) in Corollary 2.5 also reads

le™ 7 So.ur f = {90, £)foll . < CC™ IF = (b0, ) foll s

Using (25) and the semiflow property, we classically extend this inequality to the continuous setting to get
the existence of C' > 0 and p > 0 such that

le"Stef = (@s F)fell o < CeINf — (s, il (33)

for all f € L* (Rd) and all £ > s > 0. We have proved the first part of Theorem 1.1, namely the existence of
the Floquet eigenelements and the non-constructive exponential convergence.

Now we assume that (Hv)-(Ha)-(Hg+) are satisfied and we aim at quantifying the constants C' and p
by applying Theorem 2.6 to S. We start with some quantified estimates on Ar and ¢o. Using (25) and
Lemma 3.1 we have the quantitative estimate

!
% < Ar < §+esssupa.

Applying (29) to ¢ = ¢o we get the lower bound
do = e TS Gy > cem (Atesssupall g 15(0,r1))1B(0,R,) (34)

for some constructive constant ¢ = ¢(R1, R2) > 0. Next, applying (31) to ¢ = ¢o and A = Ao yields, since
(W* = Ao) 'K *¢o = oo,
(do,h) > (1= a)|[¢ollpc =1 — .

Due to the expression of h in (32), we infer that there exists Ry > 0 such that

(¢0,1p(0,R)) >0, VR > Rp. (35)
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Combining (34) and (35), we deduce that for any R > 0 there exists cr > 0 such that
¢o > crlB(o,R)- (36)

We also provide an upper bound on ¢o. From the Duhamel formula (23) applied to ¢o, and using (25), we
have

T — ~ T 8 = ’
bo(z) = e TS 6o () < B(z) = e AFTHT FXeo(@)ds +e(q+esssupa—)\F)TqA/ I8 T(X s g@)ds’ g
0

By invoking the dominated convergence theorem, we see that this function ® tends to 0 as |z| — oo.

Now we prove that S = e TS satisfies the Lyapunov condition (17) by computing for any (¢, z) € R+

Li1(z) = a(t,z) + /Rd q(t,z,y)dy < a(zx) + q.

Since lim|;| o @(z) = —00, we can find R, 6 > 0 such that
% 0
L£i1<—-1— ‘)\F| +9]-B(O,R) < -1- |)\F‘ + aqbo

Injecting this inequality in (26) and using Gronwall’s inequality, we obtain that

ISflls = e TUSFll s < e "Il pa + Odos | £1)

for any f € L' and some constructive © > 0. Now that the Lyapunov condition (17) is proved, we look at
Harris’s condition (18). By duality, the result in Corollary 3.5 is equivalent to the fact that for any f € L}

Sf>c(1p,Ry)s F)1B(0,Ry)- (37)
Consider A > 0 such that A > ©/(1 — e~ 7). For f € L such that ||f||.1 < A{¢o, f) and R > 0 we write
W)= [ oof+ [ oof<nem s+ ( s @)l
B(0,R) B<(0,R) B<(0,R)
S <]-B(0,R)a f> + ( sup @)A((ﬁo,f)
Be(0,R)
Choosing R large enough so that Asupgeg ry ® < 1/2, we obtain
1
<1B(0,R)7 f> 2 §<¢Oa f>
and (37) with R2 = R and R1 = A then gives
~ . 1 _
Sf > (g0, flga  with ga=celpp.a).
Since (36) implies that (¢o, ga) is bounded from below by 3cac|B(0,A)le *#T, Theorem 2.6 applies to S

and guarantees that the constants C' and p in (33) can be quantified. This finishes the proof of Theorem 1.1.
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