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ABSTRACT 

 

This paper focusses on discussing which part of inertial stresses should be regarded as primary or 

secondary. To do so, a classification is established based on the study of non-linear oscillator. The case 

of zero and non-zero-permanent force are explored to simulate the pressure effect. Two types of 

dynamic signals are considered as samples of a wide-band and a narrow-band stochastic process to 

simulate ground level motions and floor input motions respectively. The results of the classification 

highlight the importance the parameter φ parameter, the ratio between the natural frequency of the 

oscillator and the central frequency of the input motion, in the calculation of the primary part of the 

inertial forces. Based on the defined classification, a reduced spectrum method, initially proposed by 

Labbé and Nugyen [Modified Response Spectrum Accounting for Seismic Load Categorization as 

Primary or Secondary in Multi-Modal Piping Systems, ASME 2021, PVP] is tested numerically on a 

piping system. Non-linear calculations are compared to the results of the linear reduced spectrum 

analysis. Von-mises stresses at the most damaged elbow flank and opening/closing displacement of the 

same elbow are compared. Comparable results are obtained in term of stresses. 

 
INTRODUCTION 

 

In the current post Fukushima international context, seismic levels are often reassessed, sometimes by 

a factor two or more. In these conditions, the design justification of pressurized piping systems can be 

tricky. The purpose of this paper is to address the issue of piping system design margins, in the wake 

of research perspectives on the subject, identified by the OECD (2018). 

 

In standards (ASME, RCCM), seismically induced inertial stresses are almost always regarded 

as primary stresses and are evaluated through linear spectral analysis. Based on the analysis of seismic 

responses of a series of elastic-plastic oscillators, this paper focusses on discussing which part of inertial 

stresses should be regarded as primary. Two types of input motions are considered: samples of a wide-

band stochastic process to simulate ground level seismic motions, and samples of narrow-band 

stochastic process to simulate floor input motions. In addition, oscillators with an applied non-zero 

static force are considered, to simulate the pressure effect. 

 

Previous research was carried out by Labbé (2020), addressing the case of wide-band input with 

no pressure. A major output was the crucial role played by the φ parameter (ratio between the natural 

frequency of the oscillator and the central frequency of the input motion) in margin assessment. A 

development of the method was presented by Labbé and Nguyen (2021), who introduced the concept 

of reduced spectrum.  

 

CONSIDERED INPUT MOTIONS 

Ground motion samples are defined by their power spectral density (PSD), which consists in a filtered 

one-sided truncated white noise, 𝑆0, defined on the [0 Hz, 50 Hz] frequency interval. As proposed by 

Nguyen (2017), this white noise is filtered by a Kanai-Taijimi (Tajimi, 1960) filter, a Clough and 
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Penzien (1975) filter to reduce the low frequency content of the motion, and a low-pass filter to control 

the high frequency content. The resulting PSD is displayed in Equation (1), with subscripts 𝐾𝑇, 𝐶𝑃, 

and 𝐿𝑃 refereeing respectively to the Kanai-Tajimi, the Clough and Penzien and the low-pass filter 

transfer functions parameters: 

𝑆(𝜔) =  
1 + 4𝜉𝐾𝑇

2 Ω𝐾𝑇
2

(1 − Ω𝐾𝑇
2 )2 + 4𝜉𝐾𝑇

2 Ω𝐾𝑇
2  

𝛺𝐶𝑃
2

(1 − 𝛺𝐶𝑃
2 ) + 2𝑖𝜉𝐶𝑃Ω𝐶𝑃

 
1 𝜔𝐿𝑃

2⁄

(𝛺𝐿𝑃
2 − 1) + 2𝑖𝜉𝐿𝑃Ω𝐿𝑃

  𝑆0 
(1) 

with Ω𝐾𝑇 =
𝜔

𝜔𝐾𝑇
 ; 𝛺𝐶𝑃 =  

𝜔

𝜔𝐶𝑃
 ; Ω𝐿𝑃 =  

𝜔

𝜔𝐿𝑃
 ; 𝜔 = 2𝜋𝑓 

 
The signal generation procedure is described in Labbé (2021). Each sample 𝛾𝑖(𝑡) last 20 

seconds and the strong phase of each signal is controlled by a time-envelope curve 𝐸(𝑡) of 𝛼-type 

(Jennings, et al., 1968) whose expression is: 

 

𝐸(𝑡) =  𝛼1𝑡(𝛼2−1) exp(−𝛼3𝑡) (2) 

 

Regarding the narrow-band input samples, they are obtained as top floor responses of a five-

storey building, subjected at the base to the above ground motion samples. In the model, the five storeys 

have the same stiffness and the five floors the same mass. It is assumed that the response is only 

controlled by the first mode (which carries 88% of the total mass), whose eigen frequency is 𝑓1 =
3.2 𝐻𝑧, and damping to critical value 𝜉1 = 0.05. 

 

One thousand samples of wide-band samples are generated, and one thousand narrow-band 

samples derived. Their non-dimensional mean PSD and mean response spectra are presented in Figure 1 

and Figure 2. The response spectrum peak frequency is 2.7 Hz for the wide-band and 3.2 Hz for the 

narrow-band process. We present the non-dimensional spectra because, in a next step, every sample is 

calibrated at different levels, as presented further. 

 

Table 1: Input motions parameters 

 
 

Processing PSDs enables to calculate the central frequency, 𝑓𝑐, and bandwidth, 𝛿1, of each 

series of samples, according to classical random vibration theory formulas reported in Equations (3) 

and (4), where 𝑚𝑖 the spectral moment of order 𝑖 of 𝑆(𝜔).  

 

According to classical random vibration theory formulas reported in Equations (3) and (4), 

where 𝑚𝑖 the spectral moment of order 𝑖 of 𝑆(𝜔), processing PSDs enables to calculate the central 

frequency, 𝑓𝑐, and bandwidth, 𝛿1, of each series of samples, (Values presented in Table 2.) 

- Parameter Value Unit

Frequency range - 0.05 - 50 [Hz]

2.5 [Hz]

0.5 [-]

0.125 [Hz]

1 [-]

10 [Hz]

1 [-]

1.33 [-]

2.5 [-]

0.5 [-]

Number of story 5 [-]

0.05 [-]

3.2 [Hz]

Kanai-Tajimi filter

Clough and Penzien 

filter

Low-pass filter

Time envelope curve

Structure to obtain 

narrow band signals

𝑓𝐾𝑇

𝜉𝐾𝑇

𝑓𝐶𝑃

𝜉𝐶𝑃

𝑓𝐿𝑃

𝜉𝐿𝑃

𝛼1

𝛼2

𝛼3

𝜉1

𝑓1
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𝑓𝑐 =
1

2𝜋
√

𝑚2

𝑚0
  (3) 

 

𝛿1 = √1 −
𝑚1

2

𝑚0𝑚2
 (4) 

 

Table 2: Input motions statistics 

 
 

 

 

 
Figure 1: Mean PSD of: a) Wide band signals, b) Narrow band signals  

 

 

 
Figure 2: Mean pseudo acceleration response spectrum of: a) Wide band signals, b) Narrow band 

signals 

 
  

Parameter Unit Wide band signal Narrow band signal

Cenral frequency [Hz] 3.17 3.35

Peak frequency [Hz] 2.20 3.2

Bandwidth δ1 [-] 0.59 0.19
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THE ELASTIC-PLASTIC OSCILLATOR 

 
Considering an elastic-plastic oscillator, its response is the sum of an elastic part, 𝑋𝑒, and a plastic part 

𝑋𝑝  such that 𝑋𝑡𝑜𝑡 = 𝑋𝑒 + 𝑋𝑝 . The equation of motion reads as per Equation (5), where 𝜉0  is the 

viscous damping ratio to critical, 𝜔0 the circular frequency, 𝐹 the spring “force”, and 𝛾 the input 

motion, which can be a sample of a wide band, or a narrow band signal as defined previously. Then, 𝐹 

is given by Equation (6). 

 

𝑋̈𝑡𝑜𝑡 + 2𝜉0𝜔0𝑋̇𝑡𝑜𝑡 + 𝐹(𝑋𝑡𝑜𝑡) =  −𝛾(𝑡) (5) 

 

𝐹(𝑋𝑡𝑜𝑡) =  𝜔0
2(𝑋𝑡𝑜𝑡 − 𝑋𝑝) (6) 

 
A single constitutive relationship is considered in this paper, the Linear Kinematic Hardening 

(LKH) or Prager model (1955). This time-independent dissipative relationship is reasonably 

representative of steel structures behavior., the studied plastic law is described below, with the 

definition of the Von-Mises yield criteria 𝐹𝑦 and the flow rule 𝑋̇𝑝 in the case of one-dimensional 

plasticity. 

 
𝐹𝑦 =  |𝐹 − 𝑞| − 𝐹0 (7) 

 

𝑋̇𝑝 = Λ 𝑠𝑖𝑔𝑛(𝐹 − 𝑞) (8) 

 

𝑞̇ = 𝛼𝑘0𝑋𝑝̇ (9) 

 
The complementarity conditions, Λ ≥ 0, 𝐹𝑦 ≤ 0, Λ𝐹𝑦 = 0, apply for this model. 

 

In the above, 𝐹0  is the yield force, Λ  the plastic multiplier, 𝑞  the elasticity domain 

translation, 𝑘0 is the initial oscillator stiffness. 

 

A series of oscillators are retained, on which a parametric study of their elastic-plastic 

responses is conducted. Their features are as follows: 

- The major feature is the elastic frequency, 𝑓0. For every input motion a set of six 𝑓0 values 

are selected, such that the non-dimensional frequency, 𝜑 = 𝑓0 𝑓𝑐⁄  ( 𝑓𝑐  is the central 

frequency of the considered input motion.), takes values 𝜑 = {0.1, 0.2, 0.5, 1.0, 2.0, 5.0}, 

ranging the studied oscillators relative stiffness from flexible to stiff.  

- Two 𝛼 values are considered, 𝛼 = 0.1 and 𝛼 = 0.2. 

- A common 5% 𝜉0 value is chosen for all oscillators. 

-  

 

STRESS CATEGORIZATION 

 

The principle of stress categorization is presented in Labbé (2018) and Labbé and Nugyen (2021). We 

consider a simple oscillator of yield strength 𝐹0 and yield displacement 𝐷0, ultimate strength 𝐹𝑢 and 

ultimate displacement 𝐷𝑢. We introduce the non-dimensional parameters 𝜂𝑢 and 𝜇𝑢 representing the 

hardening and ductility capacity: 

 

𝜂𝑢 =
𝐹𝑢

𝐹0
 (10) 

 

𝜇𝑢 =
𝐷𝑢

𝐷0
 (11) 
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Let’s consider now a seismic input motion Γ(𝑡). We define Γ0(𝑡) as the calibrated Γ(𝑡) 

seismic input motion that brings the oscillator at the yield limit (max (|𝐹(𝑡)|) = 𝐹0 ; max (|𝐷(𝑡)|) =
𝐷0). Then we designate Γ𝑢(𝑡) the same input motion, such calibrated that it brings the oscillator to its 

ultimate capacity. We introduce 𝜆𝑢 = Γ𝑢(𝑡) Γ0(𝑡) ⁄ . It is clear that: 

 

• If 𝜆𝑢 = 𝜂𝑢, the seismic motion can be considered as force-controlled load, and concurrently, 

seismically induced inertial stresses should be regarded as purely primary; 

• If 𝜆𝑢 = 𝜇𝑢 , the seismic motion can be considered as displacement-controlled load, and 

concurrently, seismically induced inertial stresses should be regarded as purely secondary. 

 

Realistically, a seismic input motion should not be regarded as purely primary or purely 

secondary. In Labbé (2018), the parameter 𝜏𝑃 was introduced such that the primary part 𝜎𝑃 of the 

seismically induced stress 𝜎, obtained as an output of conventional elastic analysis, is expressed as per 

Equation (13), where 𝜏𝑃 is given by Equation (14). At this stage, it is convenient to introduce the 

parameter 𝑚, defined by Equation (15), which can be interpreted as a secondarity index. 

 

𝜎𝑃 = 𝜏𝑃𝜎 (12) 

 

𝜏𝑃 =
𝜂𝑢

𝜆𝑢

(13) 

 

𝜏𝑃 = (
𝜂𝑢

𝜇𝑢
)

𝑚

 (14) 

 

To determine the value of 𝑚, a numerical statistic study is carried out on the above introduced 

series of elastic-plastic oscillators. One thousand samples of a wide input motion and one thousand 

samples of a narrow input motion are considered. For every oscillator, eleven 𝜆𝑢  values are 

considered, corresponding to increasing levels of input motion. In addition, three 𝐹𝑃  values are 

considered, corresponding to zero, one-third, and to two-thirds of the yield strength. The numerical 

study is summed up in figure 3. In total, 792 000 results are obtained, for which the secondarity index 

is calculated according to Equation (15).  

 

 
Figure 3: Numerical experimental scheme 

1000 samples of 1000 samples of 
Filtered

For each value of , 11 values 

of considered  
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The mean value of the secondarity index is calculated for each value of 𝜑. To practical use, 

as it has been done in Labbé and Nguyen (2021), the parameter 𝜓 = 𝑓0 𝑓𝑝⁄  is introduced, which is the 

ratio of the oscillator natural frequency 𝑓0 over the response spectra peak frequency 𝑓𝑝. Since the 

seismic input motion is often viewed in terms of response spectrum, the seismic motion central 

frequency 𝑓𝑐 could be harder to identify in engineering practice compared to the response spectrum 

peak frequency 𝑓𝑝. The mean values of 𝑚 are plotted versus 𝜓 for each type of input motion, each 

value of 𝛼 and each value of 𝐹𝑃, in figure 4 and 5. 

 
Figure 4: mean values of the secondarity index 𝑚 in the case of wide band input motions  

 

 
Figure 5: mean values of the secondarity index 𝑚 in the case of narrow band input motions 

 
 

 The results show the dependence of the secondarity index 𝑚  on the non-dimensional 

frequency 𝜓 as already highlighted by Nguyen (2017) and Labbé and Nguyen (2021). In addition, as 

already reported by Labbé (1994), a peak can be observed for 𝜓 = 1 in case of narrow band, whereas 

there is no peak in case of wide band input motions. Regarding 𝐹𝑃, it tends to translate the curves 

upward in case of wide band input, and, on the opposite, to reduce the peak in case of narrow band input 

motion. The 𝛼 value has some influence, although not crucial. 

 

 Regarding the results in the case of wide band input motions with a zero permanent force, an 

engineering method based on modal spectral analysis was proposed by Labbé and Nguyen (2021) to 

assess the inertial primary stresses of monomodal and multimodal piping systems. They proposed a 

general evolution for 𝑚(𝜓) represented in figure 6. The evolution of 𝑚(𝜓) leads to the evolution of 

𝜏𝑃(𝜓) for a fixed 𝜂𝑢 𝜇𝑢⁄  value according to equation 15. The primary part 𝜎𝑃,𝑖 of the inertial stress 
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𝜎𝑖 obtained by the contribution of the mode 𝑖 of frequency 𝑓𝑖 is calculated according to equation 15 

by calculating 𝜏𝑃,𝑖 as follows:  

 

𝜏𝑃,𝑖 = 𝜏𝑃(𝜓𝑖) = 𝜏𝑃 (
𝑓𝑖

𝑓𝑝
) (15) 

 

 
Figure 6: General evolution of 𝑚(𝜓) 

Alternatively, 𝜏𝑃,𝑖 can be regarded as a coefficient applied on the input response spectrum. 

The following rule was proposed by Labbé and Nguyen (2021): 

 

− 𝑖𝑓 𝑓 ≤ 𝑓𝑝             {
𝑖𝑓 (𝜂𝑢 𝜇𝑢⁄ )𝑚 ≥ 𝑆𝑍𝑃𝐴 𝑆𝑝⁄ : 𝑆′(𝑓) = 𝜏𝑃 (

𝑓

𝑓𝑝
) 𝑆(𝑓)

𝑒𝑙𝑠𝑒                                         𝑆′(𝑓) = 𝑆𝑍𝑃𝐴               

        

 

− 𝑖𝑓 𝑓𝑝 < 𝑓 < 𝑓𝑍𝑃𝐴 𝑙𝑖𝑛𝑒𝑎𝑟 log − log  𝑠𝑐𝑎𝑙𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑆′(𝑓𝑝)  𝑎𝑛𝑑 𝑆′(𝑓𝑍𝑃𝐴)  

− 𝑖𝑓 𝑓 ≥ 𝑓𝑍𝑃𝐴                   𝑆′(𝑓) = 𝑆𝑍𝑃𝐴  

 
 

In the above, 𝑆(𝑓) is the input response spectrum, 𝑆′(𝑓) the reduced response spectrum, 

𝑆𝑝 and 𝑆𝑍𝑃𝐴 respectively the peak value and zero period acceleration of 𝑆(𝑓). The frequency 𝑓𝑍𝑃𝐴 

is the minimum value of 𝑓 such that 𝑆(𝑓) = 𝑆𝑍𝑃𝐴. A prudent approach was made to avoid that 𝑆′(𝑓𝑝) 

be lower that 𝑆𝑍𝑃𝐴. 

 

 Let’s admit for the rest of the study that the macroscopic behavior of a pressurized piping 

system can be idealized as a 𝛼 = 0.20 LKH oscillator submitted to a permanent load equal to 𝐹𝑃 =
2

3
𝐹0. In this situation, we define 𝑚20(𝜓) as the specific secondarity index of this oscillator/elbow. The 

evolution of 𝑚20(𝜓) is the result of the numerical study previously made on oscillator, it has been 

plotted in figure 4 and 5. Then, we define as NRRS the non-reduced response spectrum classic method 

to determine 𝜎 . We define as LNRRS the Labbé and Nugyen (2021) reduced response spectrum 

method defined above, that uses the general 𝑚(𝜓) evolution defined in figure 6.  We denote as 

KHRRS the kinematic hardening reduced response spectrum method which considers the experimental 

evolution 𝑚20(𝜓)  defined previously to calculate the reduced spectrum, such that 𝜏𝑃,𝑖 =

𝜏𝑃,𝑖(𝑚20(𝜓𝑖)). This method follows the same algorithm than the one proposed by Labbé and Nguyen 

(2021) for the LNRRS method. But, one difference is made between the LNRRS and the KHRRS 

algorithm: no limit is considered on the value of 𝑆′(𝑓𝑝) for the KHRRS method (𝑆′(𝑓𝑝) < 𝑆𝑍𝑃𝐴 is 

allowed). This limit was imposed by Labbé and Nguyen (2021) for safety purposes, they also discussed 

the eventuality of removing this condition. This is tested in this paper. Some results of these three 

methods are presented in the next section. 
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THE BARC PIPING SYSTEM 

 

The steel pressurized piping system example studied in this section is taken from Ravikiran et al. (2015). 

It is chosen because its geometry and material properties are representatives of an industrial piping 

system. This is a monomodal piping system. The pipes outer diameter is 168mm and the thickness is 

7mm, the elbow radius of curvature is 228m. The pressure is equal to 6 MPa. The finite element model, 

composed of around 10000 shell elements, is represented in figure 7. The materials behavior is defined 

in Ravikiran et al. (2015), Chaboche (1991) non-linear kinematic hardening is used to describe the 

plastic behavior. To evaluate the above LNRRS and KHRRS methods, non-linear transient analyses 

and linear spectral analyses are performed on this system. The considered input motions are samples of 

wide band and narrow band motions defined in the first section. 

 

 
Figure 7: Finite element model of the BARC (Ravikiran et al., 2015) piping system 

 
 The volumic mass of steel is adjusted to induce the first mode frequency equal to 𝑓1 =
3.20 𝐻𝑧 such that 𝑓0 𝑓𝑐⁄ ≈ 1.0 for the wide band and narrow band input motions defined in the first 

section. It induces values of 𝜓𝑊 = 3.2 2.7⁄ = 1.19 and 𝜓𝑁 = 1.0 in the case of wide band and 

narrow band input motions respectively. The first mode of the structure is the one that open/close the 

studied elbows circled in figure 7. One sample of the wide band input motion and one sample of the 

narrow band input motions are considered for the loadings. They are applied in the Z direction. Four 

values of 𝜆𝑢 are considered for each type of signal. These values are 𝜆𝑢 = [1, 5, 10, 20]. The value 

𝜆𝑢 = 1 , like Γ0(𝑡) defined previously, represents the case of the input motion that bring the studied 

elbow at the yield limit. The response spectra for 𝜆𝑢 = 10 are shown for both types of input motions 

in figure 8. The results of the non-linear transient calculations are listed in table 3. The results are the 

von-mises stress and the circumferential strain located at the outer skin of the studied elbow flank. The 

Z displacement of opening/closure is also reported. 

 

 

 
Figure 8: 3% response spectrum for 𝜆𝑢 = 20 – Left: wide band signal – Right: narrow band signal 

Anchorages

250kg masses

Measure of z 

displacement

Measure of stress and strain at

outer skin of the elbow flank

Studied 

elbows
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Table 3: Results of non-linear calculations 

 
 

 

Based on the non-linear calculations, the reduced spectrum approach is tested. The reduced 

spectra are presented in figure 8. The results are presented int table 4 and 5. The mentioned ratio is the 

ratio of the linear/equivalent linear response over the nonlinear response. As expected, the classical 

NRRS approach overpredict the primary stresses. The LNRRS results are overall in good accordance 

with the non-linear ones. The results for 𝜆𝑢 = 20 are less accurate because of the condition imposing 

𝑆′(𝑓𝑝) = 𝑆𝑍𝑃𝐴. On the contrary, the KHRRS approach, that has not this condition imposed, give very 

good results compared to the non-linear ones. The narrow-band input motion with 𝜆𝑢 = 20 was not 

as well predicted as the others cases. Displacements are underpredicted by the method, as expected by 

the choice of an equivalent linear study that aims to predict the correct state of stress and which is based 

on a scalar reduction of the loadings. 

 

 

Table 4: Reduced spectrum approach results for wide band input motions 

 
 

 

Table 5: Reduced spectrum approach for narrow band input motions 

 
 

 

 

 

 

 

 

Type of signal

Amplification 𝜆=1 𝜆=5 𝜆=10 𝜆=20 𝜆=1 𝜆=5 𝜆=10 𝜆=20

Von-Mises Stress at elbow 

flank (MPa)
235 306 345 436 235 300 325 346

Circumferential stain at 

elbow flank (%)
0.1 0.45 0.94 2.7 0.1 0.43 0.74 1.27

Elbow opening/closure 

(mm)
2.4 7.8 12.5 32 2.4 7.7 11 15

Wide Band Narrow Band

Type of signal

Amplification

Method NRRS LNRRS KHRRS NRRS LNRRS KHRRS NRRS LNRRS KHRRS

Von-Mises Stress at elbow 

flank ratio
2.00 1.14 1.06 3.54 1.45 1.04 5.59 1.80 1.06

Elbow opening/closure 

ratio
0.90 0.53 0.45 0.98 0.43 0.31 0.75 0.25 0.15

Wide Band Input Motions

𝜆=5

0.41

𝜆=10

0.28

𝜆=20

0.14𝜂𝑢 𝜇𝑢⁄

Type of signal

Amplification

Method NRRS LNRRS KHRRS NRRS LNRRS KHRRS NRRS LNRRS KHRRS

Von-Mises Stress at elbow 

flank ratio
2.14 1.09 0.90 3.94 1.42 1.02 7.35 2.06 1.26

Elbow opening/closure 

ratio
0.91 0.47 0.36 1.19 0.45 0.31 1.68 0.50 0.31

𝜆=20

0.40 0.30 0.24

Narrow Band Input Motions

𝜆=5 𝜆=10

𝜂𝑢 𝜇𝑢⁄
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CONCLUSION 

 

A categorization of stresses has been presented based on the study of elasto-plastic oscillators. A method 

to determine the primary part of inertial stresses is proposed, it is dependent on the ratio 𝜑 of the 

natural frequency of the oscillator over the central frequency of the input motion. It is also dependant 

on the input motion bandwidth and the value of the permanent force. 

 

The proposed reduced spectrum approach based on the presented stress categorization has 

been tested on the Ravikiran et al. (2015) piping system. Results of stresses were in good accordance 

with the ones obtained by a non-linear transient analysis. The studied piping system is monomodal. The 

authors recognize the importance to test this method on multimodal piping systems in future work as 

the approach was originally thought by Labbé and Nguyen (2021) to be used for these situations.  
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