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Abstract

We consider Non Autonomous Conformal Iterative Function Systems (NACIFS)
and their limit set. Our main concern is harmonic measure and its dimensions : Haus-
dorff and Packing. We prove that this two dimensions are continuous under perturba-
tions and that they verify Bowen’s and Manning’s type formulas. In order to do so we
prove general results about measures, and more generally about positive functionals,
defined on a symbolic space, developing tools from thermodynamical formalism in a
non-autonomous setting.

1 Introduction and statement of results.

Given a compact set in the plane defined dynamically by iteration of conformal contrac-
tions, this article focuses on the variations of Hausdorff dimension and packing dimension
of the harmonic measure under perturbations of the conformal contractions. In a natu-
ral framework, which is precisely stated below, we demonstrate that these functions are
continuous.

Let K Ă C be a compact set and ω the harmonic measure of ĈzK evaluated at 8. Since
the works of Makarov [Mak85], Jones, and Wolff [JW88], it is known that the Hausdorff
dimension of ω is less than or equal to 1. This result was generalized by Bourgain to Rd in
[Bou87], where he proved the existence of a constant ℓpdq ą 0 such that the dimension of
the harmonic measure of any open set in Rd is less than d ´ ℓpdq. According to Makarov,
Jones, and Wolff we know that ℓp2q “ 1.

If K has Hausdorff dimension in s1, 2s the previous results tells us that harmonic measure
only "sees" a small part of K of dimension less or equal to 1. Let for instance K be the
Mandelbrot set. This is a compact and connected set, so that CzK, is simply connected
and we know by [Mak85] that the support of harmonic measure is a subset of the boundary
of K of Hausdorff dimension equal to 1. On the other side Shishikura proved in [Shi98]
that any intersection of this boundary with an open set has Hausdorff dimension 2.
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When the compact set K is fractal and has Hausdorff dimension less than one it is
still reasonable to believe that in many cases the dimension of harmonic measure remains
stricly less than the Hausdorff dimension of K. This has been proved to be true for several
types of conformal Cantor sets [Car85], [LV95], [UZ00], [Bat96]. More recently Batakis
and Zdunik proved in [BZ15] that this remains true for a class of non autonomous Cantor
sets generated by similitudes. Note that in our knowledge the question whether this is true
for all Conformal cantor sets is still opened. On the other side the first author exhibits in
[Bat96] examples of Cantor sets for which harmonic measure has full dimension, and very
recently David, Jeznach and Julia in [DJJ23] give an example of a Cantor set in the plane
for which Harmonic measure is equivalent with Hausdorff measure.

In this paper, we develop tools to study entropies, Lyapunov exponents, pressures and
dimensions for non-autonomous Cantor sets. Most results are proved in a symbolic space
and for the set of positive functions defined on cylinders, see section 2, even if this is
interesting on his own, our main focus in this article are Hausdorff and Packing dimension
of the harmonic measure, and their continuity properties, for a class of non-autonomous
conformal repellers in the plane.

In order to state our results precisely, we describe now our settings and we introduce
some notations.

Following [RGU12], given a Jordan domain U , a non-autonomous conformal iterated
function system is a sequence Ψ “ pΨnq of finite collections of conformal contractions
Ψn “ tnψi : U Ñ U ; i “ 1, ..., dnu verifying properties (1), (2) and (3) below for some
η ą 0 There exists η ą 0 such that

1. Conformality: There is a fixed neighborhood V Ą p1`ηqU of U such that nψi extends
to a conformal diffeomorphism from V to V , for all 1 ď i ď dn and all n P N .

2. Open set condition and annulus condition:

• nVi X nVj “ ∅ for all 1 ď i “ j ď dn, where nVi “ nψipV q. [OSC]
• Moreover, for any n and any 1 ď i ď dn we have nVi Ă p1 ´ ηqU . [AC]

3. Bounded Contraction: For all n P N, all 1 ď i “ j ď dn and all x P nVi

η ă }nψ
1
ipxq} ă 1 ´ η [BC]

Combining the open set and the bounded contraction conditions we get a uniform
bound on dn:

there exists N s.t. dn ď N for all n P N. (1)

Notation. • For any E Ă V , any n P N and any 1 ď i ď dn let nEi “ nψipEq. The
index on the left stands for the generation of the map while the one on the right
stands for the chosen branch of the map.

• For n P N we denote by Un the collection tnU1, ¨ ¨ ¨ , nUdnu. Let Φn “

dn
ÿ

i“1

nϕi1
nUi

where

nϕi, defined on nUi, is the inverse conformal dilatation of nψi, ie. nϕi : nUi Ñ U and
nϕi ˝ nψi “ idU .

In this way, we have introduced piecewise conformal maps denoted again by Φn defined
on the union of topological discs: Φn :

ď

nUiPUn

nUi Ñ U by the formula

Φnpzq “ nϕipzq for z P nUi.
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Remark 1.1. Note that the condition of bounded contraction is stronger than the one
of [RGU12] (uniform contraction). This is due to the fact that dealing with harmonic
measure implies estimates on capacity and hence on the size of the sub-components. Also
the conformality condition has been strengthened to ensure existence of conformal annuli
with bounded from below moduli. This is crucial in order to be able to use Harnack’s
principle (cf. [Car85]).

Furthermore, without loss of generality we can suppose that U is the unit disk.

We consider the following non-autonomous limit set

Definition 1.2. Given a non-autonomous iterated conformal functions system Ψn on a
Jordan domain U we define the limit set X Ă C by

X “

8
č

n“1

pΦn ˝ Φn´1 ˝ ¨ ¨ ¨ ˝ Φ2 ˝ Φ1q
´1

pUq,

where Φn is the sequence of piecewise conformal dilatations introduced above.

For any n, the map Tn :“ Φn ˝ Φn´1 ˝ ¨ ¨ ¨ ˝ Φ2 ˝ Φ1 is well defined on X and for any

x P X we have Tnpxq P U . Moreover there exists
n

Π
i“1

di conformal inverse branches of Tn
defined on V . Each of this branches sends U onto a conformal disk included in U , each
point in X belongs to one and only one of these conformal disks. Remember that Un is the
collection of connected components of T´1

n pUq.
There is an obvious way to code the situation.

For any integer n, let An :“ t1 ¨ ¨ ¨ dnu and set K :“
`8

Π
k“1

Ak. There is a one-to-one corre-

spondence from K to X. More precisely if a “ panq is an element of K, then the sequence of
subsets of V defined by U0 “ Ū and Un “ nψanpUn´1q is a decreasing sequence of compact
sets with diameters converging to 0, thus converging to a point x, which is obviously an
element of X. Reciprocally, if x P X then for any n we have : Φn ˝ ¨ ¨ ¨ ˝ Φ1pxq P U , and
there exists a “ panq P K such that x P 1Ua1 , Φ1pxq P 2Ua2 , ¨ ¨ ¨ ,Φn ˝ ¨ ¨ ¨ ˝ Φ1pxq P n`1Uan`1 .
If x P X is associated with a P K, then for any n we have x P 1ψa1

˝ ¨ ¨ ¨ ˝ nψan
pUq, which is

the conformal disk mentioned above. In the sequel we will denote Xnpxq :“ a1 ¨ ¨ ¨ an the
set X X 1ψa1

˝ ¨ ¨ ¨ ˝ nψan
pUq, and Ψ´1

a1¨¨¨an :“ 1ψa1
˝ ¨ ¨ ¨ ˝ nψan

.
Recall the definition of Hausdorff Dimension and Packing Dimension of a probability

measure µ:

HDpµq “ inf
tZ:µpZq“1u

HDpZq and PDpµq “ inf
tZ:µpZq“1u

PDpZq,

the infimum and the supremum being taken over all Borel subsets Z of the support of µ.
Let ω be the harmonic measure on ĈzX evaluated at 8. By the celebrated results of N.
Makarov [Mak85] and P. Jones-T. Wolff [JW88] the Hausdorff dimension of ω is not larger
than one. On the other hand, it is clear that the Hausdorff dimension of ω is at most
HDpXq.

For any continuous function defined on U let }f} :“ sup
U

|f |, with | ¨ | : C Ñ R` is

the modulus. Let X and X̃ be two non-autonomous limit sets associated to the conformal
iterated systems Ψ and Ψ̃ respectively. We define

dpΨ, Ψ̃q “ sup
n

max
1ďiďdn

´›

›

›nψi ´ nψ̃i

›

›

›

¯

Using general results on the symbolic space K1, and studied in the second and third
part of this paper, we prove
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Theorem 1.3. Le X and pXkqkPN be non-autonomous limit sets associated with the confor-
mal iterated systems Ψ and pΨkqkPN respectively. Let ω and ωk be the harmonic measures
of their complementaries. Assume that lim

kÑ`8
dpΨ,Ψkq “ 0, then,

lim
kÑ`8

HDpωkq “ HDpωq and lim
kÑ`8

PDpωkq “ PDpωq¨

We also discuss validity of well known formulas to calculate these dimensions. In
particular we show that an adapted form of Manning’s formula applies.

Theorem 1.4. Let ω be the harmonic measure of CzX, where X is the limit set of a
non-autonomous conformal iterated systems Ψ.

We have
HDpωq “ lim inf

n

Hω,n

χω,n
and PDpωq “ lim sup

n

Hω,n

χω,n
,

where Hω,n “ ´
1

n

ÿ

XPUn

ωpXq logωpXq and χω,n “
1

n

ÿ

XPUn

ωpXq log }T 1
npXq}.

Moreover, ω-almost surely

HDpωq “ lim inf
n

hω,npxq

χnpxq
and PDpωq “ lim sup

n

hω,npxq

χnpxq

where for any x P X0, hω,npxq “ ´
1

n
logωpXnpxqq and χnpxq “

1

n
log |T 1

npxq|¨

2 Symbolic point of view

This paragraph deals exclusively with symbolic Cantor sets. More precisely, for any integer

n, let An be a finite alphabet with dn symbols. Set Kn :“

`8
ź

k“n

Ak. We are mainly interested

in K1 that we denote K.
Let T : Kn Ñ Kn`1 be the shift map sending a sequence a “ paiqiě0 to T paq “ paiqiě1.

It should be emphasized that T goes from Kn to Kn`1. This is a bit ambiguous, since the
same letter designates different maps, but it lightens considerably the notations. We let

Dp
n :“

n´1
ź

k“0

dk`p be the degree of Tn on Kp.

Given a sequence of symbols a “ paiqiPN P K, we set

Xnpaq :“ a0 ¨ ¨ ¨ an´1 :“ tb “ pbiq P K | ai “ bi , for 0 ď i ď n´ 1u.

The set Xnpaq is the cylinder (word), of length (size) n, in which a belongs to. Given a
cylinder X we denote by |X| its length and, for any n, by Cn the set of all cylinders of length
n ě 1, in which, for practical reasons, we add ∅ with the convention ∅X “ X∅ “ X, and
|∅| “ 0. Note that Cn is a finite partition of K by D1

n cylinders.
The set K endowed with the product topology is compact. Let d be any metric on

K that generates this topology and such that diamK “ 1. If E Ă K, we denote by
|E|d :“ suptdpx, yq | px, yq P E ˆ Eu its diameter.

Actually, since the planar Cantor sets that we will consider are conformal repellers,
they are well described using the coding and the symbolic point of view. It will then be
natural to choose a metric which ensures that a cylinder in K, and its “image” in the plane,
have approximately the same diameters.

4



2.1 Asymptotic Siblings Invariance

Because of the strong intra-scalar-similarity of the Cantor sets we are dealing with, one
expects that natural geometric measures, or natural geometric objects, defined on them
have nice scaling or invariance properties.

Note that in this section we do not need to assume any assumption on the finite numbers
dn.

In order to define precisely the properties we have in mind we need to introduce some
definitions.

For any integer p ě 1, let Fp be the set of real positive maps defined on the set of
cylinders T ppCq :“

ď

něp

T pCn. For p “ 0 we denote by F “ F0 the set of maps defined on

the set of cylinders C :“
ď

ně0

Cn with values in s0,`8r.

For ν “ ν∅ P F and XY a fixed element of C we note νXpY q :“
νpXY q

νpXq
. Note that νX

is an element of F|X|.
A finite measure ν on Kp that gives positive mass to any open set, is naturally an

element of Fp. Reciprocally we say that ν P Fp is a (finite) measure if it projects as such
on the compact set defined asymptotically by the cylinders, which is if and only if :

@n P N @X P T ppCq
1

νpXq

ÿ

|Y |“n

νpXY q “ 1¨

Definition 2.1.

• Given ν and ν 1 in Fp we naturally define ν ` ν 1, λν for any λ P R, and ν.ν 1.

• For any real function φ and any ν P Fp we note φpνq the map from T pC to R defined
by φpνqpXq “ φpνpXqq. Clearly this only makes sense if φ is well-defined on νpT pCq.

• Given ν and ν 1 in Fp and n ě 1 let : xν, ν1yn :“
ÿ

XPT pCn`p

νpXqν 1pXq¨

• For any ν P Fp, we define its mass on Cn (with n ě p)

mnpνq :“ xν, 1yn¨

Note that ν is a measure if mnpνXq “ 1 for any n and any X P C.

• We say that ν and ν 1 in Fp are equivalent if there exists C ą 1 such that for any X

we have
1

C
ď
νpXq

ν 1pXq
ď C. We then note ν „ ν 1.

In this paper we will mainly consider the following elements ν P Fp :

• νpXq “ µpXq, where µ is a measure on K,

• νpXq “ |X|d,

Here are some elementary properties that will be used later on.
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Properties.
For any s P F, any XY Z P Cn we have

sXpY Zq “ sXpY qsXY pZq and sXY
pZq “ sXY pZq (2)

For any finite measure ν, any cylinder X P C and any integers n and p we have

xνX , log sXyn`p “ xνX , log sXyn `
ÿ

Y PT |X|C|X|`n

νXpY qxνXY , log sXY yp¨ (3)

The following is an application of Jensen inequality.

Proposition 2.2. Let ν and ν 1 be two elements of Fp. For any n we have

xν, log
ν 1

ν
yn ď mnpνq log

mnpν 1q

mnpνq
, (4)

with equality if and only if there exists k such that νpXq “ kν 1pXq for any X P T pCn`p.

We introduce now our main assumption we will refer to as : Asymptotic Sibling Invari-
ance. It is a kind of long range Markov property of a functional that asserts that along
cylinders which share a big common part of history, the relative functional does not depend
on its origin.

Definition 2.3. Let ν be an element of F and pβnq a positive sequence converging to 0.
We say that ν satisfies Asymptotic Siblings Invariance (ASI) with sequence pβnq, if for any
integers n, k and p we have

@pX,X 1q P C2
n @Y P TnCn`k @Z P Tn`kCn`k`p

ˇ

ˇ

ˇ

ˇ

log

ˆ

νXY pZq

νX 1Y pZq

˙ˇ

ˇ

ˇ

ˇ

ď βk (5)

Note that we sometimes use the following version of the inequation :
ˇ

ˇ

ˇ

ˇ

νXY pZq

νX 1Y pZq
´ 1

ˇ

ˇ

ˇ

ˇ

ď βk¨

Notation. To simplify notations with cylinders, we sometimes are a little bit imprecise
and instead of writing XY with X P Cn and Y P TnCn`k, we will write XY with |X| “ n
and |Y | “ k, the context reminding us that Y is not in Ck but in TnCn`k.

Definition 2.4. Given two sequences of positif real numbers pγnq and pβnq, we say that they
are compatible if pγnq is increasing, pβnq converges towards 0 and there exists a sequence of

integers, ppnq, such that pn ď n and
ˆ

1

n
maxpγpn , γnβpnq

˙

converges towards 0. We then

denote cpγn, βnq :“ maxpγpn , γnβpnq.

As an example, one may consider the situation we will have to deal with studying the
harmonic measure. In that case we will have γn “ O pnq, it appears that such a sequence
is compatible with any sequence pβnq converging towards 0. As a matter of fact we have
1

n
maxpγpn , γnβpnq “ maxp

O ppnq

n
,
O pnq

n
βpnq, and any pn “ o pnq, for instance pn “ t

?
nu,

fulfilled the desired growth condition.
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Proposition 2.5. Let pγnq and pβnq be two compatible sequences.
Assume that s and ν are two elements of F, that ν is a finite measure and that they both
satisfied (ASI) with pβnq. Assume moreover that one of this condition is fulfilled :

@XY P C |log sXpY q| ď γ|Y | (5.1)

or
@X P C @n P N spXq ě 1 and xνX , logpsXqyn ď γn¨ (5.2)

Then for any s̃ „ s

– There exists C ą 0 such that :

αnpν, s̃q :“ sup
k

"

max
|X|“k

xνX , log s̃Xyn ´ min
|X|“k

xνX , log s̃Xyn

*

ď Ccpγn, βnq¨

– For any pX,X 1q P C2 we have

lim
nÑ`8

ˆ

1

n
xνX 1 , log s̃X 1yn ´

1

n
xνX , log s̃Xyn

˙

“ 0¨

Proof. The constant C will change from line to line but will stay independent of integers
or cylinders, only depending on ν and s.
For any s̃ „ s we have, for any XY P C : ´2 logC ď log s̃XpY q ´ log sXpY q ď 2 logC.

From where we deduce, because ν is a finite measure

´2 logC ď xνX , log s̃Xyn ´ xνX , log sXyn ď 2 logC¨

This tells us that conclusions of the theorem are true for s̃ as soon as they are true for s,
and in the sequel we focus on s.
Let

– for any X P C, gnpXq :“ xνX , log sXyn, with gn :“ gnp∅q

– αn :“ αnpν, sq “ sup
k

"

max
|X|“k

gnpXq ´ min
|X|“k

gnpXq

*

¨

We first note that (5.1), and the fact that ν is a finite measure, imply that for any
X P C we have

|gnpXq| “ |xνX , log sXyn| ď γn, (6)

inequality which is also true with (5.2) and leads to

αn ď 2γn¨ (7)

Note also that given any X P C, any integers n and p, we have from (3) :

gn`ppXq “ gnpXq `
ÿ

|Y |“n

νXpY qgppXY q¨ (8)

From where we deduce that for any X 1 P C|X| we have

gn`ppXq ´ gn`ppX 1q “ gnpXq ´ gnpX 1q `
ÿ

|Y |“n

pνXpY q ´ νX 1pY qq gppXY q ` (9)

ÿ

|Y |“n

νX 1pY q
`

gppXY q ´ gppX 1Y q
˘
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Let B` be the subset of T |X|C|X|`n for which we have νXpY q ´ νX 1pY q ě 0, and let B´

be its complementary. Then we have
ÿ

|Y |“n

pνXpY q ´ νX 1pY qq gppXY q ď max
|Z|“|X|`n

gppZq
ÿ

Y PB`

pνXpY q ´ νX 1pY qq `

min
|Z|“|X|`n

gppZq
ÿ

Y PB´

pνXpY q ´ νX 1pY qq ¨

Since ν is a finite measure, we have
ÿ

|Y |“n

νXpY q “
ÿ

|Y |“n

νX 1pY q “ 1.

This implies that
ÿ

|Y |“n

pνXpY q ´ νX 1pY qq “ 0.

So that
ÿ

Y PB`

pνXpY q ´ νX 1pY qq “ ´
ÿ

Y PB´

pνXpY q ´ νX 1pY qq, which leads to

ÿ

|Y |“n

pνXpY q ´ νX 1pY qq gppXY q ď
ÿ

Y PB`

pνXpY q ´ νX 1pY qq

ˆ

max
|Z|“|X|`n

gppZq ´ min
|Z|“|X|`n

gppZq

˙

ď αp

ÿ

Y PB`

pνXpY q ´ νX 1pY qq

ď αp

ÿ

Y PB`

νX 1pY q

ˆ

νXpY q

νX 1pY q
´ 1

˙

ď αpβ0
ÿ

Y PB`

νX 1pY q (because of (ASI))

ď αpβ0 (because ν is a finite measure)

We thus have
ÿ

|Y |“n

pνXpY q ´ νX 1pY qq gppXY q ď λαp¨ (10)

From (ASI) we deduce that :

νXY pZq ď
`

1 ` β|Y |

˘

νX 1Y pZq,

and also :
log sXY pZq ď log sX 1Y pZq ` β|Y |¨

This implies :

– if (5.1) is fulfilled, that we have | log sX 1Y pZq| ď γ|Z| so that

νXY pZq log sXY pZq ´ νX 1Y pZq log sX 1Y pZq

“ pνXY pZq ´ νX 1Y pZqq log sXY pZq ` νX 1Y pZq log sXY pZq

sX1Y pZq

ď |νXY pZq ´ νX 1Y pZq|γ|Z| ` νX 1Y pZq

ˇ

ˇ

ˇ
log sXY pZq

sX1Y pZq

ˇ

ˇ

ˇ

and since ν and s fulfill (ASI) we get

ď β|Y |νX 1Y pZqγ|Z| ` νX 1Y pZqβ|Y |

ď β|Y |p1 ` γ|Z|qνX 1Y pZq.

Summing over all cylinders Z of length p, and using once again the fact that ν is a
finite measure, we get

gppXY q ´ gppX 1Y q ď p1 ` γpqβ|Y | ď Cγpβ|Y |¨ (11)
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– if (5.2) is fulfilled, that we have

νXY pZq log sXY pZq ´ νX 1Y pZq log sX 1Y pZq ď β|Y | pνX 1Y pZq log sX 1Y pZq ` CνX 1Y pZqq

Summing over all cylinders Z of length p, and using (6), we also get (11).

Injecting (11) and (10), into (9) leads to :

gn`ppXq ´ gn`ppX 1q ď gnpXq ´ gnpX 1q ` Cγpβn ` λαp¨

From where we get that :
αn`p ď αn ` Cγpβn ` λαp¨

Which might be rewritten, for any p ď n, in the following form

αn ď αp ` Cγn´pβp ` λαn´p ď αp ` Cγnβp ` λαn´p , pγnq being increasing.

Using (7) we get

αn ď 2γp ` Cγnβp ` λαn´p ď Cmaxpγp, γnβpq ` λαn´p¨

Let q and r ď p be the quotient and the remainder of the euclidean division of n by p.
By induction we get

αn ď Cmaxpγp, γnβpq

q´1
ÿ

k“0

λk ` λqαr

ď Cmaxpγp, γnβpq ` 2λqγr
ď Cmaxpγp, γnβpq ` 2λqγp
ď Cmaxpγp, γnβpq¨

Since pγnq and pβnq are compatible, one may take p “ pn to get

αn ď Ccpγn, βnq,

which is the first part of the proposition and tells us that for any X and X 1 in C, with
|X| “ |X 1|, we have

1

n

ˇ

ˇgnpXq ´ gnpX 1q

ˇ

ˇ ď
αn

n
ď C

cpγn, βnq

n
ÑnÑ`8 0¨

We show now that we can get rid of the condition |X| “ |X 1|.
Let X P C, and let a be a cylinder of length 1. Apply (8) with n “ 1 and p “ q

gq`1pXq “ g1pXq `
ÿ

|b|“1

νXpbqgqpXbq “ gqpXaq ` g1pXq `
ÿ

|b|“1

νXpbqpgqpXbq ´ gqpXaqq¨

Apply now (8) with n “ q and p “ 1 :

gq`1pXq “ gqpXq `
ÿ

|Y |“q

νXpY qg1pXY q.

We thus have :

gqpXq ´ gqpXaq “ g1pXq `
ÿ

|b|“1

νXpbqpgqpXbq ´ gqpXaqq ´
ÿ

|Y |“q

νXpY qg1pXY q.
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By hypothesis on ν and s, there exists C ą 0 such that for any cylinder Z P C we have
g1pZq ď C . This leads to

|gqpXq ´ gqpXaq| ď C ` αq,

and this easily leads, for any Y with |Y | “ p, to

|gqpXq ´ gqpXY q| ď pC ` αqqp ď Cαqp¨ (12)

Let X 1 P C|X| and XY P C, we have
ˇ

ˇgqpX 1q ´ gqpXY q
ˇ

ˇ ď
ˇ

ˇgqpX 1q ´ gqpXq
ˇ

ˇ ` |gqpXq ´ gqpXY q| ď αq ` Cpαq ď C 1pαq,

and then
1

q

ˇ

ˇgqpX 1q ´ gqpXY q
ˇ

ˇ ď C 1p
αq

q
¨

Which finishes the proof.

2.2 A continuity result

Let ν and ν 1 be two elements of F, we define

Dpν, ν1q “ sup
pě0

max

"ˇ

ˇ

ˇ

ˇ

log
νXpaq

ν 1
Xpaq

ˇ

ˇ

ˇ

ˇ

, Xa P Cp`1 and |a| “ 1

*

¨

Note that we obviously have Dpν, ν1q “ Dpν 1, νq and Dpν, ν1q “ 0 if and only if ν “ ν 1.
Moreover, it is also clear that we have

Dpν, ν2q ď Dpν, ν1q ` Dpν 1, ν2q¨

So that D could be seen as a metric on F if Dpν, ν1q ă `8 for any ν and ν 1, which is not
the case. Nevertheless if Dpν, νkq converges to 0, when k Ñ `8, this tells us that pνkq is
“converging” to ν.

Let Y “ y1 ¨ ¨ ¨ yn, Y0 “ ∅ and, for any 1 ď k ď p, Yk “ y1 ¨ ¨ ¨ yk. Since

νpY q “

p
ź

k“1

νYi´1pYiq,

we conclude that for any X P C and any Y we have
ˇ

ˇ

ˇ

ˇ

log
νXpY q

ν 1
XpY q

ˇ

ˇ

ˇ

ˇ

ď |Y |Dpν, ν1q,

This also implies, for any XY P Cn`p, with |Y | “ n, that we have
ˇ

ˇνXpY q ´ ν 1
XpY q

ˇ

ˇ ď νXpY q

´

enDpν,ν1q ´ 1
¯

¨

Let gnpXq :“ xνX , log sXyn and g1
npXq :“ xν 1

X , log s
1
Xyn. Assume that ν and ν 1 are both

finite measures, and that sX ě 1, then we have

gnpXq ´ g1
npXq “ x

ˆ

1 ´
ν 1
X

νX

˙

νX , log sXyn ` xν 1
X , log

s1
X

sX
yn,

which leads to
ˇ

ˇgnpXq ´ g1
npXq

ˇ

ˇ ď

´

enDpν,ν1q ´ 1
¯

gnpXq`nDps, s1q ď

´

enDpν,ν1qnDpν, ν1qgnpXq ` nDps, s1q

¯

,

so that
1

n

ˇ

ˇgnpXq ´ g1
npXq

ˇ

ˇ ď enDpν,ν1qDpν, ν1qgnpXq ` Dps, s1q¨ (13)
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Theorem 2.6. Let ν and s be two elements of F, and let pνkq and pskq be two sequences
of elements in F.

For any n P N, set gn “ xν∅, log s∅yn and gk,n “ xνk,∅, log sk,∅yn.
Assume that

– ν and νn are finite measures.

– all those elements of F verify (ASI), with a same sequence pβnq,

– there exists a sequence pγnq, compatible with pβnq, such that for any s1 P ts, snunPN
and any XY P C

ˇ

ˇlog s1
XpY q

ˇ

ˇ ď γ|Y |,

– lim
kÑ`8

Dpν, νkq “ lim
kÑ`8

Dps, skq “ 0.

Then we have
lim

kÑ`8
lim sup

n

ˇ

ˇ

ˇ

gn,k
n

´
gn
n

ˇ

ˇ

ˇ
“ 0,

And in particular we have

lim
kÑ`8

lim inf
n

gn,k
n

“ lim inf
n

1

n
gn and lim

kÑ`8
lim sup

n

gn,k
n

“ lim sup
n

1

n
gn¨

Moreover, the conclusion are still valid for any s̃ and ps̃nq such that s̃ „ s and s̃n „ sn for
any n.

Proof. By hypothesis we are in position to apply proposition 2.5 with ν and s, and νn and
sn and we will use the notation therein.

Let pAnq be a sequence of cylinders, with An P Cn for any n, and let p ď n, with q P N
such that qp ă n ď pq ` 1qp. Using (8) we get

gnp∅q :“ gn “ gpq`r “ gpq `
ÿ

|Y |“pq

νpY qgrpY q,

and also
gpq “ gppq´1q `

ÿ

|Y |“ppq´1q

νpY qgppY q,

so that

gpq “

q´1
ÿ

i“0

ÿ

|Y |“ip

νpY qgppY q¨

From this we deduce that

gn ´

q´1
ÿ

i“1

gppAipq “

q´1
ÿ

i“0

ÿ

|Y |“ip

νpY qpgppY q ´ gppAikqq `
ÿ

|Y |“pq

νpY qgrpY q,

and thus
ˇ

ˇ

ˇ

ˇ

ˇ

gn
n

´
1

n

q´1
ÿ

i“1

gppAipq

ˇ

ˇ

ˇ

ˇ

ˇ

ď
αppν, sq

p
`
γp
n

ď C
cpγp, βpq

p
`
γp
n

¨

11



The same is clearly also true for νk and sk so that we have

ˇ

ˇ

ˇ

gn
n

´
gk,n
n

ˇ

ˇ

ˇ
ď

ˇ

ˇ

ˇ

ˇ

ˇ

gn
n

´
1

n

q´1
ÿ

i“1

gppAipq

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

gk,n
n

´
1

n

q´1
ÿ

i“1

gk,ppAipq

ˇ

ˇ

ˇ

ˇ

ˇ

`
1

n

ˇ

ˇ

ˇ

ˇ

ˇ

q´1
ÿ

i“1

pgppAipq ´ gk,ppAipqq

ˇ

ˇ

ˇ

ˇ

ˇ

ď 2
γp
n

` C
cpγp, βpq

p
`

1

n

ˇ

ˇ

ˇ

ˇ

ˇ

q´1
ÿ

i“1

pgppAipq ´ gk,ppAipqq

ˇ

ˇ

ˇ

ˇ

ˇ

Using (13) and the fact that one may assume that Dpν, νkq ď 1, we get

ˇ

ˇ

ˇ

gn
n

´
gk,n
n

ˇ

ˇ

ˇ
ď 2

γp
n

` C
cpγp, βpq

p
`

1

n

q´1
ÿ

i“1

p
´

epDpν,νkqDpν, νkqgppAipq ` Dps, skq

¯

ď 2
γp
n

` C
cpγp, βpq

p
` epγpDpν, νkq ` Dps, skq

Let ε ą 0.
Fix p big enough to ensure that C

cpγp, βpq

p
ă
ε

3
and let n0 P N such that 2

γp
n0

ă
ε

3
.

Finally let k0 such that for any k ě k0 we have epγpDpν, νkq ` Dps, skq ă
ε

3
.

Then for any k ě k0 and any n ě n0 we have :
ˇ

ˇ

ˇ

gn
n

´
gk,n
n

ˇ

ˇ

ˇ
ă ε, from where the result

follows.

2.3 Almost sure convergence

In that section we work with a probability measure µ. We are interested in almost sure
asymptotic values of sequences of the form : Znpxq :“ log spXnpxqq, where s P F, with
s ě 1, and for any x P K, Xnpxq is the unique element of Cn containing x. We will use the
following strong law of large numbers version, see for instance [HH80] :

Theorem 2.7. Let tYn, n ě 1u be a sequence of random variables in a probability space.
Let tFn, n ě 1u be an increasing sequence of σ-fields with Yn measurable with respect to
Fn, for each n. Assume that pYnq is uniformly bounded. Then almost-surely

lim
nÑ`8

1

n

n
ÿ

i“1

ˆ

Yi ´ E
µ

rYi|Fi´1s

˙

“ 0¨

Theorem 2.8. Let µ be a probability measure and let s P F.
Assume that µ and s fulfilled (ASI) with sequence pβnq, that there exists a sequence

pγnq, compatible with pβnq and such that :

@XY P C |log sXpY q| ď γ|Y |

Then, for any s̃ „ s, there is a set U Ă K of full µ-measure such that for any a P U we
have :

lim
nÑ`8

¨

˝

1

n

ÿ

|Y |“n

µpY q log s̃pY q ´
1

n
log s̃pXnpaqq

˛

‚“ 0¨

Proof. Given n P N, let Zn :“ 1
n log spXnq and, for any p P N˚, Yn,p :“

1

p

`

Znp ´ Zpn´1qp

˘

.

Let also Fn be the σ-algebra generated by cylinders in Cn. The idea, once again taking
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from [Bat06], is to apply theorem 2.7 on pYn,pqn, with respect to pFnpqn, and to prove that
the conditional expectations are asymptotically, on n and p, independent of x P K.

Fix p ą 0 and k ą 0 in N. We have :

E
µ

rYk`1,p|Fkps “
1

p

ÿ

|Y |“p

µpXkpY q

µpXkpq
log

spXkpY q

spXkpq
“

1

p
gppXkpq¨

Recall that by (8), for any integer k, we have

gk`ppXq “ gkpXq `
ÿ

|Y |“k

νXpY qgppXY q¨

For any fixed cylinders Z and Y in Ck we have : |gppXY q ´ gppXZq| ď αp. From where
we deduce that

|gk`ppXq ´ gkpXq ´ gppXZq| “

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

|Y |“k

νXpY q pgppXY q ´ gppXZqq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď αp.

Applying this with XZ “ Xkp :“ XpYpk´1qp, we end up with :
ˇ

ˇgkppXpq ´ gpk´1qppXpq ´ gppXkpq
ˇ

ˇ ď αp.

Summing from 1 to q we get
ˇ

ˇ

ˇ

ˇ

ˇ

gqppXpq ´ g0pXpq ´

q
ÿ

k“1

gppXkpq

ˇ

ˇ

ˇ

ˇ

ˇ

ď qαp¨

This finally leads to
ˇ

ˇ

ˇ

ˇ

ˇ

1

q

q
ÿ

k“1

E
µ

rYk`1,p|Fkps ´
1

qp
gqppXpq

ˇ

ˇ

ˇ

ˇ

ˇ

ď
αp

p
¨ (14)

Let n ą p be two integers, and let q P N be such that : qp ă n ď pq ` 1qp. We have

Zn “ Zpq`1qp ` Zn ´ Zpq`1qp “ p

q
ÿ

k“1

Yk`1,p ` log
spXnq

spXpq`1qpq
,

so that
1

n
Zn “

pq

n

1

q

q
ÿ

k“1

Yk`1,p ´
1

n
log sXnpTnXpq`1qpq,

Using the hypothesis on s we get
ˇ

ˇ

ˇ

ˇ

ˇ

1

n
Zn ´

pq

n

1

q

q
ÿ

k“1

Yk`1,p

ˇ

ˇ

ˇ

ˇ

ˇ

ď C
γp
n

¨ (15)

Let

➀ “
1

n
Zn ´

pq

n

1

q

q
ÿ

k“1

Yk`1,p

➁q “
1

q

q
ÿ

k“1

Yk`1,p ´ E
µ

rYk`1,p|Fkps ,

➂ “ E
µ

rYk`1,p|Fkps ´
1

qp
gqppXpq,

➃ “
1

n
pgqppXpq ´ gnpXpqq ,
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We obviously have
1

n
Zn ´

1

n
gnpXpq “ ➀ `

pq

n
➁q `

pq

n
➂ ` ➃

So that, using (14,15), we get
ˇ

ˇ

ˇ

ˇ

1

n
Zn ´

1

n
gnpXpq

ˇ

ˇ

ˇ

ˇ

ď C
γp
n

` |➁q| `
αp

p
` |➃|

Concerning ➃, we use once again (8) with r “ n´ pq ď p

gnpXpq “ gpqpXpq `
ÿ

|Y |“pq

νXppY qgrpXpY q¨

From where we deduce that

|➃| “
1

n

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

|Y |“pq

νXppY qgrpXpY q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď C
γp
n
,

so that we have
ˇ

ˇ

ˇ

ˇ

1

n
Zn ´

1

n
gnpXpq

ˇ

ˇ

ˇ

ˇ

ď
αp

p
` C

γp
n

` |➁q|¨

Using (12) we get
ˇ

ˇ

ˇ

ˇ

1

n
Zn ´

1

n
gn

ˇ

ˇ

ˇ

ˇ

ď
1

n
|gn ´ gnpXpq| `

αp

p
` C

γp
n

` |➁q|

ď C
αn

n
p`

αp

p
` C

γp
n

` |➁q|

(16)

Note that for any n we have by hypothesis that

|Yk,p| “

ˇ

ˇ

ˇ

ˇ

log
spXkpq

spXpk´1qpq

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ
log sXpk´1qp

pXkpq

ˇ

ˇ

ˇ
ď γp¨

We may thus apply theorem 2.7 with pYn,pqn, to conclude that p being fixed, |➁q| µ-almost
surely converges towards 0 as q Ñ `8, and we can easily conclude that there exists a set
of full measure, denoted U , such that it occurs for any p.

Let x P U and ε ą 0. Choose p big enough to have
αp

p
ă
ε

2
. Remembering that q goes

to `8 with n, let n0 P N such that for any n ě n0 we have

C
αn

n
p` C

γp
n

` |➁q| ă
ε

2
¨

Then by (16) we have
ˇ

ˇ

ˇ

ˇ

1

n
Zn ´

1

n
gn

ˇ

ˇ

ˇ

ˇ

ă ε,

and we can conlcude that the sequence
ˆ

1

n
Znp¨q ´

1

n
gn

˙

µ-almost surely converges towards

0. Which is precisely

lim
nÑ`8

¨

˝

1

n
log spXnp¨qq ´

1

n

ÿ

|Y |“n

µpY q log spY q

˛

‚“ 0¨
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3 Pressures, Entropies, Lyapunov exponents and dimensions

In this section, using results from the previous one, we show how natural generalizations
of notions coming from Thermodynamical Formalism are possible.

3.1 Lyapunov exponents and Entropies

Given a sequence punq of real numbers, we let un be its limsup and un its liminf.

For any positive integer n and any probability measure, µ, on K we define

Hµ,n :“ ´
1

n

ÿ

|X|“n

µpXq logµpXq and Xµ,n :“ ´
1

n

ÿ

|X|“n

µpXq log |X|d,

where the sum is taken over all cylinders X P Cn, with the usual convention 0 lnp0q “ 0.
Let then hµ :“ Hµ,n, hµ :“ Hµ,n, Xµ :“ Xµ,n and Xµ :“ Xµ,n.
Given any a P K and any positive number n, we define

χnpaq :“ ´
1

n
log |Xnpaq|d and hµ,npaq :“ ´

1

n
logµpXnpaqq¨

Let as before note : hµpaq :“ hµ,npaq, hµpaq :“ hµ,npaq, X paq :“ Xnpaq and X paq :“ Xnpaq.
Remember that Fn is the σ-algebra generated by cylinders of length less or equal to n. We
have

Hµ,n “ E
µ

rhµ,n |Fns and Xµ,n “ E
µ

rχn |Fns ¨

Note also that with s : X ÞÑ
1

|X|d
we have :

Hµ,n “
1

n
xν, log

1

ν
yn and Xµ,n “

1

n
xν, log syn¨

Applying proposition 2.2 to that setting, remembering that Dn “ d0 ¨ ¨ ¨ dn´1 is the degre
of Tn, we get

Proposition 3.1. For any n

0 ď Hµ,n ď
1

n
logDn and Hµ,n ´ Xµ,n ď

1

n
logmnp|.|dq¨

Moreover, if Xm and XM in Cn are such that : @X P Cn we have |Xm|d ď |X|d ď |XM |d

then
´
1

n
log |XM |d ď Xµ,n ď ´

1

n
log |Xm|d

Theorem 3.2. Let µ be a probability measure that fulfilled (ASI) with sequence pβnq and
assume that there exists a sequence pγnq, compatible with pβnq, and such that :

@XY P C |logµXpY q| ď γ|Y |

Then there exists a set U of full µ-measure such that for any a P U

lim
nÑ`8

phµ,npaq ´Hµ,nq “ 0¨

and in particular we have µ-almost surely

hµp¨q “ hµ and hµp¨q “ hµ¨
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Assume moreover that s : X ÞÑ
1

|X|d
fulfilled (ASI) and that there exist 0 ă δ ă 1 such

that for any XY P C we have

δ γ|Y | ď
|XY |d

|X|d
ď 1 (17)

then there exists a set of full µ-measure, V, such that for any a P V

lim
nÑ`8

pXnpaq ´ Xµ,nq “ 0,

and in particular we have µ-almost surely

X “ X p¨q ď X p¨q “ X ¨

Proof. The hypothesis allow us to apply theorem 2.8, with νpXq “ µpXq and spXq “
1

µpXq
, to conclude that

lim
nÑ`8

phµ,npaq ´Hµ,nq “ 0¨

Let now s : X ÞÑ
1

|X|d
.

From the assumption δγ|Y | ď
|XY |d

|X|d
ď 1 we deduce that 1 ď sXpY q ď δ´γ|Y | , we easily

conclude that for any XY P C, with |Y | “ n we have

|log sXpY q| ď ´γn log d¨

We may once again apply theorem 2.8 to conclude

3.2 Pressure of a measure and dimensions

In that paragraph we assume uniform bounds for the diameters, which is a very natural
hypothesis in our context : there exists δ Ps0, 1r such that for any n P N, any cylinder XY
with |Y | “ n we have

δn ď
|XY |d

|X|d
ď p1 ´ δqn¨ (18)

In particular we thus have : 0 ă ´ logp1 ´ δq ď X ď X ď ´ log δ

Definition 3.3. For any real number t and any integer n let Pµ,nptq :“ Hµ,n ´ tXµ,n.
We define Pµptq “ Pµ,nptq and Pµptq “ Pµ,nptq.

Proposition 3.4. Assume that |.|d satisifes condition (18) and that µ and |.|d both fulfill
(ASI) with sequence pβnq compatible with pγn “ nq, then the function t ÞÑ Pµptq and
t ÞÑ Pµptq are stricly decreasing and bi-Lipschitz

We have :

1. 0 ď Pµp0q “ hµ ď Pµp0q “ hµ¨

2. @t P R hµ ´ t logp1 ´ δq ď Pµptq ď Pµptq ď hµ ´ t log δ¨

3. Let HDpµq be the Hausdorff dimension of µ, and PDpµq its packing-dimension, then

PµpHDpµqq “ 0 “ PµpPDpµqq¨
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4. For any a in a set of full µ-measure we have :

lim inf
Hµ,n

χµ,n
“ lim inf

hµ,npaq

χnpaq
“ HDpµq and lim sup

Hµ,n

χµ,n
“ lim sup

hµ,npaq

χnpaq
“ PDpµq¨

Proof. From (18) we easily get for any t ă t` h and any n P N:

´h logp1 ´ δq ` Pµ,npt` hq ď Pµ,nptq ď Pµ,npt` hq ´ h log δ¨

From where we deduce, with P standing either for Pµ or Pµ, that we have

0 ă ´h logp1 ´ δq ď P ptq ´ P pt` hq ď ´h log δ¨

Which tells us that Pµ and Pµ are stricly decreasing and bi-Lipschitz.
Points (1) and (2) are obvious from definitions and hypothesis.
We turn to results about dimensions.
Hypothesis on µ and |.|d allow us to apply theorem 2.8 with, for any X P C, νpXq “

µpXq and spXq “
|X|td

µpXq
, as well as theorem 3.2. In particular, µ-almost surely we have

(E) lim
kÑ`8

hµ,nk
p¨q “ h ðñ lim

kÑ`8
Hµ,nk

“ h,

(L) lim
kÑ`8

Xnk
p¨q “ χ ðñ lim

kÑ`8
Xnk

“ χ,

(P) lim
kÑ`8

1

nk
log

|Xnk
p¨q|td

µpXnk
p¨qq

“ p ðñ limkÑ`8 Hµ,nk
´ tXµ,nk

“ p

Since Pµ and Pµ are stricly decreasing, continuous with positive and negative values, there
exists a unique pt, tq P R2, with 0 ď t ď t P R such that : Pµptq “ 0 “ Pµptq.

We focus on the result with liminf.
Take a point a P K such that (E), (L) and (P) are true.
Let pnkq be a sequence of integers such that

lim inf
hµ,npaq

Xnpaq
“ lim

kÑ`8

hµ,nk
paq

Xnk
paq

“ Dpaq¨

Extracting again if necessary one may suppose that

lim
kÑ`8

hµ,nk
paq “ h and lim

kÑ`8
Xµ,nk

paq “ χ¨

By hypothesis on |.|d, we have 0 ă χ ă `8, thus Dpaq “ h
χ and we have

PµpDpaqq ď h´Dpaqχ “ 0¨

From where we deduce that Dpaq ě t.
Assume now that nk is such that

lim
kÑ`8

Hµ,nk
´ tXµ,nk

“ Pµptq¨

Pick a point a for which we can defined h and χ as above. We have
h

χ
ě Dpaq and also

Pµptq “ h´ tχ “ χ

ˆ

h

χ
´ t

˙

ě χpDpaq ´ tq¨
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We deduce that PµpDpaqq ě 0 so that Dpaq ď t¨
This tells us that µ-almost surely D is constant equal to t which, by classical results

on Hausdorff dimension of measure, see for instance [Fal13], allows us to conclude that
µ-almost surely

HDpµq “ Dp¨q “ t¨

3.3 Continuity of dimension

Theorem 3.5. Let µ be a probability measure on K and pµkq be a sequence of probability
measures.

Let d be a metric on K and dk a sequence of metrics. For any X P C we let s̃pXq “ |X|d

and s̃kpXq “ |X|dk.
Assume that

– The metrics |¨|d and |¨|dk, k P N, verify condition (18) with a common constant δ.

– µ, s, and for any k, sk and µk, fulfilled (ASI) with a common sequence pβnq.

– there exists a sequence pγnq, compatible with pβnq, such that for any XY P C and any
k,

log
µpXq

µpXY q
ď γ|Y | and log

µkpXq

µkpXY q
ď γ|Y |¨

– we have lim
kÑ`8

Dpµ, µkq “ lim
kÑ`8

Dps, skq “ 0.

– ptkq is a real sequence converging towards t.

Then
lim

kÑ`8
lim sup

n
ppHµ,n ´ tχµ,nq ´ pHµk,n ´ tkχµk,nqq “ 0¨

In particular
lim

kÑ`8
Pµk

ptkq “ Pµptq and lim
kÑ`8

Pµk
ptkq “ Pµptq,

lim
kÑ`8

kHDpµkq “ HDpµq and lim
kÑ`8

kPDpµkq “ PDpµq1.

Proof. For any X P C let

ppXq “
|X|td

µpXq
“
spXqt

µpXq
and for any k pkpXq “

|X|
tk
dk

µkpXq
“
skpXqtk

µkpXq
¨

Let C “ p1 ` sup
k

t|t|, |tk|uq. For any XY P C, we have

|log pXpY q| ď |t| log sXpY q ` logµXpY q ď Cγ|Y |¨

In the same way we check that |log pkX pY q| ď Cγ|Y |¨ Thus one may take γ1
n “ Cγn.

1We would like to emphasize on the fact that the metrics changing with k, those dimensions are also
changing, since Hausdorff and packing dimensions rely on the metric used.
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We also have for any XY Z P C and any X 1 P C|X|

ˇ

ˇ

ˇ

ˇ

pXY pZq

pX 1Y pZq
´ 1

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

µX 1Y pZq

µXY pZq

ˆ

sXY pZq

sX 1Y pZq

˙t

´ 1

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

˜

ˆ

sXY pZq

sX 1Y pZq

˙t

´ 1

¸

µX 1Y pZq

µXY pZq
`
µX 1Y pZq

µXY pZq
´ 1

ˇ

ˇ

ˇ

ˇ

ˇ

ď p1 ` β0q

ˇ

ˇ

ˇ

ˇ

ˇ

˜

ˆ

sXY pZq

sX 1Y pZq

˙t

´ 1

¸ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

µX 1Y pZq

µXY pZq
´ 1

ˇ

ˇ

ˇ

ˇ

ď 2p1 ` β0q1`|t|β|Y |

ď Cβ|Y |

We may thus take β1
n “ Cβn. It is easy to prove that pγ1

nq and pβ1
nq are compatible. We

also have that Dpp, pkq Ñ 0, so that we can apply theorem 2.6. Using notations therein
we have :

1

n
gn “ Hµ,n ´ tχµ,n “ Pµ,nptq and

1

n
gk,n “ Hµk,n ´ tkχµk,n “ Pµk,nptkq,

and theorem 2.6 asserts that

lim
kÑ`8

lim sup
n

pPµ,nptq ´ Pµk,nptkqq “ 0¨

From this we conclude that

lim
kÑ`8

Pµk
ptkq “ Pµptq and lim

kÑ`8
Pµk

ptkq “ Pµptq¨

With tk “ kHDpµkq, and δ any limit value of ptkq we conclude, using proposition 3.4, that

0 “ lim
kÑ`8

Pµk
pkHDpµkqq “ Pµpδq,

which, by proposition 3.4, tells us that δ “ HDpµq, so that pkHDpµkqq converges towards
HDpµq.

4 Harmonic measure of non-autonomous conformal repellers

We apply in this last section, results of the previous ones to study harmonic measure of
the complementary of non-autonomous conformal repellers.

In the first paragraph we study geometric aspects of a given non-autonomous conformal
iterated function system Ψ, proving that diameter and harmonic measure fulfilled the
desired conditions.

Then we deal with sequence of such iterated function systems proving continuity of
Hausdorff and Packing dimensions of harmonic measures.

Let Ψ “ pΨnq “ tnψi : U “ D Ñ U “ D ; i “ 1, ..., dnu be a non-autonomous
conformal iterated function system satisfying our assumptions with a constant η controlling
contraction and modulus of the annulus, and a fixed neighborhood of D, V . We note X its
limit set. In this last section, we adopt the following notations:

• For any symbolic cylinder X “ a1 ¨ ¨ ¨ an we note ψX the contraction 1ψa1 ˝ ¨ ¨ ¨ ˝ nψan ,
and ϕX “ nφan ˝ ¨ ¨ ¨ ˝ 1φa1 its inverse.
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• If X is a symbolic cylinder, we also denote its geometric realization by X. That is,
X “ ψXpDq X X.

• If E Ă V and X is a cylinder, then EX :“ ψXpEq. In particular, we denote DX “

ΨXpDq and DγX “ ΨXpDγq, where Dγ “ t|z| ď γu.

• Given a Green domain Ω Ă C, a point x P Ω and a Borel set F , we will denote
ωpx, F,Ωq the harmonic measure assigned to the domain Ω of F at x.

• In particular we will note ω :“ ωp8, ¨, ĈzXq, and for any k, ωk :“ ωp8, ¨, ĈzXkq,
where Xk “ T kpXq.

4.1 Controlling diameters of cylinders

As one may expect we will use Kœbe distortion theorem, and more precisely its quantified
versions, to cope with diameters.

Proposition 4.1. For any 0 ă δ ă 1 fixed, there exists C ą 1, such that for any conformal
map, f : D Ñ C, any compact set K Ă t|z| ď 1 ´ δu and any px, yq P K ˆ K

p1 ´ C diampKqq ď
|f 1pxq|

|f 1pyq|
ď p1 ` C diampKqq (19)

and

p1 ´ C diampKqq|f 1pxq| ď
diam fpKq

diamK
ď |f 1pxq|p1 ` C diampKqq (20)

Proof. First note that relation (19) and (20) are relevant only if diampKq is small. Other-
wise it is nothing else than the standard Koebe distortion theorem. And we assume from
now on that diampKq ď δ

2 .

Let x and y be two points in K. We apply corollary 1.5 in [Pom92], with z “
x´ y

1 ´ ȳx
,

we have
|f 1pxq|

|f 1pyq|
ď

ˆ

1 ` |z|

1 ´ |z|

˙3

,

Since K Ă t|z| ď 1 ´ δu we have |z| ď 1
δ |x ´ y| ď 1

δ diamK. We also have |z| ă 1 and we
can deduce that we have :

|f 1pxq|

|f 1pyq|
ď 1 ` C diampKq¨ (21)

By exchanging x and y we also get the opposite inequality.
Let Z “ 1 ´ xȳ. Theorem 1 in [Fan78] asserts that we have

|Z|

1 ´ |x|2

|Z| ´ |x´ y|

|Z| ` |x´ y|
ď

|fpxq ´ fpyq|

|f 1pxq||x´ y|
ď

|Z|

1 ´ |x|2

|Z| ` |x´ y|

|Z| ´ |x´ y|
(22)

Since Z “ 1 ´ |x|2 ´ xp Ęy ´ xq we have

1 ´ |x|2 ´ |x´ y| ď |Z| ď 1 ´ |x|2 ` |x´ y|

Which leads to
1 ´

|x´ y|

1 ´ |x|2
ď

|Z|

1 ´ |x|2
ď 1 `

|x´ y|

1 ´ |x|2
.
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But |x| ď 1 ´ δ, so δ ď 1 ´ |x|2 ď 1, and |x´ y| ď diamK which gives

1 ´
diamK

δ
ď

|Z|

1 ´ |x|2
ď 1 `

diamK
δ

(23)

We have assumed that diamK ď δ
2 thus

|Z| ` |x´ y|

|Z| ´ |x´ y|
“ 1 ` 2

|x´ y|

|Z| ´ |x´ y|
ď 1 ` 2

|x´ y|

1 ´ |x|2 ´ 2|x´ y|
ď 1 `

2

δpδ ´ 1q
diamK,

and we prove the same way that

1 ´
2

δ
diamK ď

|Z| ´ |x´ y|

|Z| ` |x´ y|
¨

Using those two last inequalities and (23) in (22) we end up with
ˆ

1 ´
2

δ
diamK

˙2

ď
|fpxq ´ fpyq|

|f 1pxq||x´ y|
ď

ˆ

1 `
2

δpδ ´ 1q
diamK

˙2

¨

Using (21), with an adjustement of the constant, we may change |f 1pxq| with |f 1pzq|, for
any z P K, so that for any x, y and z in K we have

1 ´ C diamK ď
|fpxq ´ fpyq|

|f 1pzq||x´ y|
ď 1 ` C diamK¨

We easily conclude that for any z P K

p1 ´ C diamKq |f 1pzq| ď
diam fpKq

diamK
ď p1 ` C diamKq |f 1pzq|¨

We use this result to prove that asserts that relevant functionals verify (ASI).
For any X P C let spXq :“ diampXq, where diam is the euclidean diameter of the

geometric cylinder X, and let s̃ :“ |pψXq1p0q|.

Corollary 4.2. There exists C ą 1 and q Ps0, 1rsuch that for any cylinder XY Z P C we
have

1 ´ Cq|Y | ď s̃XY pZq

ˇ

ˇ

ˇ

ˇ

pψY q1p0q

pψY Zq1p0q

ˇ

ˇ

ˇ

ˇ

ď 1 ` Cq|Y |

and (24)

1 ´ Cq|Y | ď sXY pZq

ˇ

ˇ

ˇ

ˇ

diampY q

diampY Zq

ˇ

ˇ

ˇ

ˇ

ď 1 ` Cq|Y |

We have s „ s̃ and they both verify (ASI) with βn “ Cqn.

Proof. If we apply classical Koebe distortion estimates with f “ ψX , K “ Xk and x “ 0
we get

1

C
ď

diampXq

|pψXq1p0q|
ď C¨

Thus s and s̃ are equivalent.
We have

ˇ

ˇ

ˇ

ˇ

pψXY Zq1p0q

pψXY q1p0q

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

pψXq1pψY Zp0qq

pψXq1pψY p0qq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pψY Zq1p0q

pψY q1p0q

ˇ

ˇ

ˇ

ˇ

¨
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Since ψY Zp0q and ψY p0q both lie in Y , by (19) we have

p1 ´ C diampY qq ď

ˇ

ˇ

ˇ

ˇ

pψXq1pψY Zp0qq

pψXq1pψY p0qq

ˇ

ˇ

ˇ

ˇ

ď p1 ` C diampY qq,

from where we deduce, using also the fact that by hypothesis we have diampY q ď Cq|Y |,
that

p1 ´ Cq|Y |q

ˇ

ˇ

ˇ

ˇ

pψY Zq1p0q

pψY q1p0q

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

pψXY Zq1p0q

pψXY q1p0q

ˇ

ˇ

ˇ

ˇ

ď p1 ` Cq|Y |q

ˇ

ˇ

ˇ

ˇ

pψY Zq1p0q

pψY q1p0q

ˇ

ˇ

ˇ

ˇ

¨

This can be rewritten

1 ´ Cq|Y | ď s̃XY pZq

ˇ

ˇ

ˇ

ˇ

pψY q1p0q

pψY Zq1p0q

ˇ

ˇ

ˇ

ˇ

ď 1 ` Cq|Y |¨

The same is also true with X 1 instead of X and this leads to
ˇ

ˇ

ˇ

ˇ

s̃XY pZq

s̃X 1Y pZq
´ 1

ˇ

ˇ

ˇ

ˇ

ď Cq|Y |¨

One can apply relation (20) with f “ ψX , K “ Y Z, and also K “ Y , and x P Y Z, to get

1 ´ C diampY Zq

1 ` C diampY q
ď

diampXY Zq

diampXY q

diampY q

diampY Zq
ď

1 ` C diampY Zq

1 ´ C diampY q
.

We have diampY Zq ă diampY q, and by hypothesis we know that diampY q ď Cq|Y |. Ad-
justing the constant C, we easily conclude that we have

1 ´ Cq|Y | ď
diampXY Zq

diampXY q

diampY q

diampY Zq
ď 1 ` Cq|Y |.

Which is exactly

1 ´ Cq|Y | ď sXY pZq
diampY q

diampY Zq
ď 1 ` Cq|Y |.

As a matter of fact this implies that for any other geometric cylinder X 1 Ă X, with
|X 1| “ |X|, that we have

ˇ

ˇ

ˇ

ˇ

sXY pZq

sX 1Y pZq
´ 1

ˇ

ˇ

ˇ

ˇ

ď Cq|Y |.

4.2 Controlling diameters under perturbation

We say that two NACIFS Ψ and Ψ̃ are compatible if for any n,

• the degree of Φn and the degree of Φ̃n are the same,

• for any i and j, nψipV q X nψ̃jpV q ‰ ∅ if and only if i “ j.

For two compatible NACIFS Ψ and Ψ̃ we define

dpΨ, Ψ̃q “ sup
n

max
1ďiďdn

t}nψi ´ nψ̃i}8u,

with }f}8 “ sup
zPD̄γ

|fpzq|.
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Proposition 4.3. Assume that Ψ and Ψ̃ are two compatible NACIFS and that 0 ă η ă 1

is the constant controling their annulus and their contractions. Let α “
logp1 ´ ηq

logpηp1 ´ ηqq
. For

any symbolic cylinder X let spXq “ |ψ1
Xp0q| and s̃pXq “ |ψ̃1

Xp0q|. There exists C ą 0 such
that

Dps, s̃q ď CdpΨ, Ψ̃qα¨

Proof. Let An “ sup|X|“n}ψX ´ ψ̃X}8. Note that we have A1 “ dpΨ, Ψ̃q.
Let Xa be a cylinder with |X| “ n and |a| “ 1. For any z P Dγ we have

ˇ

ˇ

ˇ
ψXapzq ´ ψ̃Xapzq

ˇ

ˇ

ˇ
ď

ˇ

ˇ

ˇ
ψXpψapzqq ´ ψXpψ̃apzqq

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
ψXpψ̃apzqq ´ ψ̃Xpψ̃apzqq

ˇ

ˇ

ˇ

ď p1 ´ ηqn|ψapzq ´ ψ̃apzq| `An

ď p1 ´ ηqnA1 `An,

from where we deduce that
An ď

1

η
A1 “

1

η
dpΨ, Ψ̃q (25)

Using Cauchy representation theorem, for any cylinder X with |X| “ k we have

ˇ

ˇ

ˇ
ψ1
Xp0q ´ ψ̃1

Xp0q

ˇ

ˇ

ˇ
“

1

2π

ˇ

ˇ

ˇ

ˇ

ˇ

ż

BD

ψXpzq ´ ψ̃Xpzq

z2
dz

ˇ

ˇ

ˇ

ˇ

ˇ

ď Ak.

Since by assumption ηk ď

ˇ

ˇ

ˇ
ψ̃1
Xp0q

ˇ

ˇ

ˇ
, we deduce that

ˇ

ˇ

ˇ

ˇ

ˇ

ψ1
Xp0q

ψ̃1
Xp0q

ˇ

ˇ

ˇ

ˇ

ˇ

ď 1 `
1

ηk`1
dpΨ, Ψ̃q¨ (26)

Inequality which is true for any cylinder X such that |X| ď k, and stays true if we exchange
the rôle played by ψ and ψ̃.

Let now X “ Y Xk be any cylinder of length n, with Xk “ ∅ if n ď k, and |Xk| “ k
otherwise.

By chain rule we have

ψ1
Y Xk

p0q “ ψ1
Y pψXk

p0qqψ1
Xk

p0q¨

So that for any cylinder a of length 1 we have

sXpaq

s̃Xpaq
“

ˇ

ˇ

ˇ

ˇ

ψ1
Y pψXkap0qq

ψ1
Y pψXk

p0qq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ψ̃1
Y pψ̃Xk

p0qq

ψ̃1
Y pψ̃Xkap0qq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ψ1
Xka

p0q

ψ̃1
Xka

p0q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ψ̃1
Xk

p0q

ψ1
Xk

p0q

ˇ

ˇ

ˇ

ˇ

ˇ

From (19) in proposition 4.1 there exists C ą 0 such that

ˇ

ˇ

ˇ

ˇ

ψ1
Y pψXkap0qq

ψ1
Y pψXk

p0qq

ˇ

ˇ

ˇ

ˇ

ď 1 ` CdiamXk and

ˇ

ˇ

ˇ

ˇ

ˇ

ψ̃1
Y pψ̃Xk

p0qq

ψ̃1
Y pψ̃Xkap0qq

ˇ

ˇ

ˇ

ˇ

ˇ

ď 1 ` CdiamX̃k¨

And from (26)
ˇ

ˇ

ˇ

ˇ

ˇ

ψ1
Xka

p0q

ψ̃1
Xka

p0q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ψ̃1
Xk

p0q

ψ1
Xk

p0q

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ˆ

1 `
1

ηk`1
dpΨ, Ψ̃q

˙2

¨
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Using the fact that diamXk and diamX̃k are both smaller than p1´ ηqk, and adjusting the
constant C we end up with

sXpaq

s̃Xpaq
ď 1 ` C

ˆ

p1 ´ ηqk `
1

ηk
dpΨ, Ψ̃q

˙

“ 1 `
C

ηk

´

pηp1 ´ ηqqk ` dpΨ, Ψ̃q

¯

¨ (27)

Let k be the integer part of
logpdpΨ, Ψ̃qq

logpηp1 ´ ηqq
` 1, then k ě

logpdpΨ, Ψ̃qq

logpηp1 ´ ηqq
and pηp1 ´ ηqqk ď

dpΨ, Ψ̃q, so that we have
sXpaq

s̃Xpaq
ď 1 ` 2C

dpΨ, Ψ̃q

ηk
¨

On the other side we have k ď
logpdpΨ, Ψ̃qq

logpηp1 ´ ηqq
` 1 so that

1

ηk
ď

1

η
exp

˜

logpdpΨ, Ψ̃qq

logpηp1 ´ ηqq
log

1

η

¸

“
1

η

ˆ

1

dpΨ, Ψ̃q

˙

log η
logpηp1´ηqq

¨

Which leads, with α “
logp1´ηq

logpηp1´ηqq
, to

sXpaq

s̃Xpaq
ď 1 ` CdpΨ, Ψ̃qα,

and gives
ˇ

ˇ

ˇ

ˇ

log

ˆ

sXpaq

s̃Xpaq

˙
ˇ

ˇ

ˇ

ˇ

ď CdpΨ, Ψ̃qα¨

This being true for any cylinder X we conclude that

Dps, s̃q ď CdpΨ, Ψ̃qα¨

4.3 Controlling harmonic measure

In this section we extend well known properties of harmonic measure of usual IFS to
NACIFS. We have tried to give all the ideas without drowning the reader with the total
amount of technicalities.

Let Ω be a domain in R2 and F Ă BΩ. For x P Ω we denote ωpx, F,Ωq the harmonic
measure of F in Ω evaluated at x. If Ωc is bounded, we denote ωpF,Ωq the harmonic
measure of F in Ω evaluated at infinity.

We will frequently make use of the following (see for instance [Bre69]): If Ω Ă Ω1 are
two domains, F Ă BΩ X BΩ1 and x P Ω, then

ωpx, F,Ωq “ ωpx, F,Ω1q ´

ż

zPBΩXΩ1

ωpz, F,Ω1qωpx, dz,Ωq

For α, β positive real functions we will write α c
„ β if 1

cα ď β ď cα with c ą 0 constant.
Finally, with no loss of generality we will take U “ D the unit disc.

Remember that for any symbolic cylinder X “ a1 ¨ ¨ ¨ an we note ΨX “ 1ψa1 ˝ ¨ ¨ ¨ ˝ nψan ,
and that we also denote X the geometric cylinder X X ΨXpDq.

In the following we will deal with two NACIFS Ψ and Ψ̃ and we will denote X̃ “

X̃ X Ψ̃XpDq the geometric cylinder for Ψ̃.
In order to apply the previous machinery we need to prove the following result
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Theorem 4.4. Let Ψ and Ψ̃ be two NACIFS, X, X̃ the corresponding limit (Cantor) sets
and ω, ω̃ the harmonic measures on these sets.

We have :
lim

dpΨ,Ψ̃qÑ0
Dpω, ω̃q “ 0¨ (28)

The proof follows the ideas of [Bat06] and heavily relies on a repeated use of the
following well known results.

Proposition 4.5. ([MV86],[Car85]) Let Ω be a domain containing 8 and let A1 Ă B1 Ă

A2 Ă B2 Ă ... Ă An Ă Bn Ă Ω be conformal discs such that the annuli BizAi are contained
in Ω, for 1 ď i ď n. If the modules of the annuli are uniformly bounded away from zero
and if 8 P ΩzBn then, for all pairs of positive harmonic functions u, v vanishing on BΩzA1

and for all x P ΩzBn we have
ˇ

ˇ

ˇ

ˇ

upxq

vpxq
:
up8q

vp8q
´ 1

ˇ

ˇ

ˇ

ˇ

ď Kqn (29)

where q ă 1 and K are two constants that depend only on the lower bound of the modules
of the annuli.

Lemma 4.6. Let Ψ be a NACIFS, X the corresponding limit (Cantor) set and ω the
harmonic measures on this sets. There exists c ą 0 depending only on γ ą 1, small enough
so that γD Ă V , such that ωpx,X,DγzXq ě c whenever |x| “ 1.

Proof. The proof implies standard arguments concerning capacity and harmonic measure
on Cantor type sets: we hence leave some details to the reader (see also [Bat96]).

Let µ be the uniform probability measure on X, that is every cylinder of the nth

generation is charged by 1{pd1 ¨ . . . ¨ dnq mass. For x ‰ y in D the Green function satisfies
ln

´

C1
|x´y|

¯

ď Gpx, yq ď ln
´

C2
|x´y|

¯

, where C1, C2 are constants depending on η.
Therefore, for y P X,

8
ÿ

k“1

pd1 ¨ . . . ¨ dkq´1 lnpC1{p1 ´ ηqkq ď Gµpyq ď

8
ÿ

k“1

pd1 ¨ . . . ¨ dkq´1 lnpC2{ηkq,

which implies Gµ c
„ 1 on X. It follows on the maximum principle that Gµ c

„ ωDzXpXq in
D. On the other hand, clearly Gµpxq ě c ą 0 for x P D and hence the result.

The following lemma is a first application of this result. It will subsequently be used
several times to obtain "localization" results for harmonic measure.

Lemma 4.7. Let Ψ be a NACIFS and X its limit Cantor set. Assume that γ ą 1 is small
enough so that Dγ :“ t|z| ă γu Ă V . There exists C ą 0 depending only on γ, so that for
any cylinder X P C, and any x P BDX we have

1 ď
ωpx,X, ĈzXq

ωpx,X,DγXzXq
ď C¨

Proof. Let Γ :“ t|x| “ γu, u : x ÞÑ ωpx,X, ĈzXq, ũ : x ÞÑ ωpx,X,DγXzXq and h “ u ´ ũ.
The function h is harmonic on DγXzX, with h “ 0 on X and h “ u on BDγX so that

hpxq “

ż

BDγX

upzqωpx, dz,DγXzXq¨
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Let xγ P BDX be such that for any x P BDX , upxq ď upxγq, and xm P BDγX be such that
for any x P BDγX we have upxq ď upxmq.

The function x ÞÑ upxq´upxγq is harmonic outside DXYX, non-positive on BDXYXzX,
it is thus negative on CzDX and in particular we have upxmq ă upxγq.

We deduce the following

ũpxγq “ upxγq´

ż

BDγX

upzqωpxγ , dz,DγXzXq ě upxγq p1 ´ ωpxγ , BDγX ,DXzXqq “ upxγqωpxγ , X,DγXzXq¨

By conformal invariance, with n “ |X|, we have

ωpxγ , X,DγXzXq “ ωpΦXpxγq,Xn,DγzXnq,

with by definition |ΦXpxγq| “ 1. Lemma 4.6 leads to ũpxγq ě upxηqc, since Xn is the limit
Cantor set associated to an NACIFS with the same constant than X.

We conclude that we have : 1 ď
upxγq

ũpxγq
ď C¨

By Harnack inequality on BDX we conclude that 1 ď
upxq

ũpxq
ď C is true for any x P BDX ,

with a different C, still uniquely depending on γ.
We also need to establish the following lemma that restrains the number of generations

necessary to establish an estimate on distribution of harmonic measure.

Lemma 4.8. Let Ψ be a NACIFS, X its limit Cantor set and for any ℓ ě 1 let Xℓ “ T ℓpXq.
There exist q ă 1 and K ą 0 depending only on η such that for any XY Z P C with

|X| “ k, |Y | “ n we have
ˇ

ˇ

ˇ

ˇ

log

ˆ

ω pXY Zq

ω pXY q

ωk pY q

ωk pY Zq

˙ˇ

ˇ

ˇ

ˇ

ă Kqn (30)

The proof of this lemma follows the lines of the one in [Bat06], therefore we will only
give the highlights and main ideas of proof to facilitate the reading.

Proof. Let u : x ÞÑ
ωpx,XY Z,ĈzXq

ωpXY Zq
and v : x ÞÑ

ωpx,XY,ĈzXq
ωpXY q

. Note that up8q “ vp8q “ 1.
Assume that Y “ y1 ¨ ¨ ¨ yn and for any ℓ P r1, ns let X0 “ X, Xℓ “ Xy1 ¨ ¨ ¨ yℓ, Aℓ “

DXn´ℓ
and Bℓ “ DγXn´ℓ

.
We have A0 Ă B0 Ă ¨ ¨ ¨ Ă An´1 Ă Bn´1 Ă ĈzX, and each annulus BizAi is conformally

equal to DγzD.
The function u and v are both harmonic in ĈzX, and they vanished on XzXY .
We are thus in position to apply proposition 4.5 to conclude that for any x R XYDγXy1 ,

and in particular for any x P BDX Y BDγX

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

log

¨

˝

ω
´

x,XY Z, ĈzX
¯

ω
´

x,XY, ĈzX
¯

ωpXY q

ωpXY Zq

˛

‚

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

log

ˆ

upxq

vpxq

vp8q

up8q

˙
ˇ

ˇ

ˇ

ˇ

ď Cqn¨ (31)

Let now ũ : x ÞÑ
ωpx,XY Z,DγXzXq

ωpXY Zq
and ṽ : x ÞÑ

ωpx,XY,DγXzXq

ωpXY q
. We have for any x P DγXzX

ũpxq “ upxq ´

ż

BDγX

upzqωpx, dz,DγXzXq,

and also
ṽpxq “ vpxq ´

ż

BDγX

vpzqωpx, dz,DγXzXq.
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We thus have

ũpxq ´ ṽpxq “ upxq ´ vpxq ´

ż

BDγX

pupzq ´ vpzqqωpx, dz,DγXzXq.

Which may be written :

ũpxq

ṽpxq
´ 1 “

vpxq

ṽpxq

˜

ˆ

upxq

vpxq
´ 1

˙

´

ż

BDγX

vpzq

vpxq

ˆ

upzq

vpzq
´ 1

˙

ωpx, dz,DγXzXq

¸

.

Since (31) is true for any x P BDX Y BDγX , and by lemma 4.7, we conclude that there exist
C ą 0 and q ă 1 such that for any x P BDX

ˇ

ˇ

ˇ

ˇ

ũpxq

ṽpxq
´ 1

ˇ

ˇ

ˇ

ˇ

ď Cqn

˜

1 `

ż

BDγX

vpzq

vpxq
ωpx, dz,DγXzXq

¸

“ Cqn
ˆ

1 `
vpxq ´ ṽpxq

vpxq

˙

ď 2Cqn¨

From this we conclude that for any x P BDX we have
ˇ

ˇ

ˇ

ˇ

log

ˆ

ω px,XY Z,DγXzXq

ω px,XY,DγXzXq

ωpXY q

ωpXY Zq

˙ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

log

ˆ

ũpxq

ṽpxq

˙ˇ

ˇ

ˇ

ˇ

ď Cqn¨ (32)

By conformal invariance of harmonic measure, we conclude that for any x P BD
ˇ

ˇ

ˇ

ˇ

log

ˆ

ω px, Y Z,DγzXkq

ω px, Y,DγzXkq

ωpXY q

ωpXY Zq

˙
ˇ

ˇ

ˇ

ˇ

ď Cqn¨

Applying (31) with Xk and ωk, this is possible since the NACIFS giving birth to Xk is
comparable to the one giving birth to X, we get for any x P BD

ˇ

ˇ

ˇ

ˇ

log

ˆ

ω px, Y Z,DγzXkq

ω px, Y,DγzXkq

ωkpY q

ωkpY Zq

˙ˇ

ˇ

ˇ

ˇ

ď Cqn¨ (33)

Combining (31,32,33) we end up with
ˇ

ˇ

ˇ

ˇ

log

ˆ

ωpXY Zq

ωpXY q

ωkpY q

ωkpY Zq

˙
ˇ

ˇ

ˇ

ˇ

ď Cqn¨ (34)

From this result we easily deduce that harmonic measure verifies the two assumptions
needed to apply main results of the previous section : (ASI) and uniform control on the
measure of cylinders.

Corollary 4.9. Let Ψ be a NACIF, X its limit set and ω the harmonic measure on CzX
evaluated at 8. Under our geometric assumptions on the NACIF there exists q Ps0, 1r and
C ą 0 such that for any geometric cylinders XY Z P C and X 1Y Z P C, with |X| “ |X 1|

and |Y | “ n

ˇ

ˇ

ˇ

ˇ

log

ˆ

ωXY pZq

ωX 1Y pZq

˙ˇ

ˇ

ˇ

ˇ

ď Cqn (35)

|log pωXpY qq| ď Cn (36)

Proof. Relation (34) asserts that for any XY Z P C with |X| “ k and |Y | “ n:
ˇ

ˇ

ˇ

ˇ

log

ˆ

ωXY pZq
ωkpY q

ωkpY Zq

˙ˇ

ˇ

ˇ

ˇ

ď Cqn,
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from where we get, for any X 1 P C with |X 1| “ |X|

ˇ

ˇ

ˇ

ˇ

log

ˆ

ωXY pZq

ωX 1Y pZq

˙ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

log

ˆ

ωXY pZq
ωkpY q

ωkpY Zq

˙

´ log

ˆ

ωX 1Y pZq
ωkpY q

ωkpY Zq

˙ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

log

ˆ

ωXY pZq
ωkpY q

ωkpY Zq

˙
ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

log

ˆ

ωX 1Y pZq
ωkpY q

ωkpY Zq

˙
ˇ

ˇ

ˇ

ˇ

ď Cqn

From (34) we deduce that there exists C ą 1 such that

1

C
ωkpZq ď

ωpXZq

ωpXq
ď 1¨

Assume that Z “ z0 ¨ ¨ ¨ zn´1 and for any i P rr0, n´ 1ss let Zi “ z0 ¨ ¨ ¨ zi then we have :

ωkpZq “ ωkpz0q

n´1
ź

i“1

ωkpZiq

ωkpZi´1q
,

since for any i P rr1, n´ 1ss relation (34) tells us that :
1

C
ωk`ipziq ď

ωkpZiq

ωkpZi´1q
ď 1, we

conclude that
1

Cn

n´1
ź

i“1

ωk`ipziq ď
ωpXZq

ωpXq
ď 1¨

From Lemma 4.6 we can deduce that given a NACIF Ψ there exists a constant α ą 0,
depending only the geometric constants that constrain the geometry of the NACIF, such
that for any ℓ ě 0 and any a P Cℓ with |a| “ 1, we have ωℓpaq ě α, we conclude that

´α

C

¯n
ď
ωpXZq

ωpXq
ď 1,

and the result follows.

We turn to a comparison of harmonic measures of the limit sets X and X̃.

Lemma 4.10. Let γ ą 1 such that Dγ Ă V appearing in the definition of the NACIF Ψ.
There exist K ą 0 and α ą 0 such that for any x P DzX :

ωpx,X,DγzXq ě 1 ´K distpx,Xqα¨

Proof. Given any x P DzX let npxq “ maxtk P N | DX P Cn , x P DXu. Note that npxq is
such that, there exists X P Cn with x P DX and x R DXa for any cylinder Xa P Cn`1.

Using open set and bounded contraction hypothesis, we deduce from Kœbe distortion
theorem that there exist three constants K 1 ą 0 and 0 ă β1 ă β such that

1

K 1
distpx,Xqβ ď e´n ď K 1 distpx,Xqβ

1

(37)

It is important to note that K 1, β1 and β only depend on the constant η used to control
the geometry of the NACIF.

Let x P DX , with X “ a1 ¨ ¨ ¨ an and |X| “ npxq :“ n. Let X0 “ X and, for any
1 ď k ď n, Xk “ a1 ¨ ¨ ¨ ak and set uk : y ÞÑ ωpy,Xk,DγXk

zXkq. The function uk is
harmonic on DγXk

zXk, and equal 1 on Xk. Our goal is to prove that

u0pxq “ ωpx,X,DγzXq ě 1 ´K distpx,Xqα¨
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First we note, using Lemma 4.6, conformal invariance and maximum principle that there
exists c ą 0 such that for any x P D

ukpxq ě c. (38)

For any 1 ď k ď n we have

uk´1pxq ´ ukpxq “

ż

BDγXk

uk´1pzqωpx, dz,DγXk
zXkq¨

Because of our geometric assumptions on the NACIF and Harnack inequalities, there exists
a constant λ ą 0 such that for any Y P C, any continuous function h ą 0, defined on DY

and harmonic on DY zY , and any y and y1 in DY zY : λhpyq ď hpy1q.
From this we deduce that

uk´1pxq ´ ukpxq ě λuk´1pxqωpx, BDγXk
, DγXk

zXkq “ λuk´1pxqp1 ´ ukpxqq.

Let vk “ 1 ´ uk, we drop x to lighten notations.
Using (38) we get : λcvk ď λukvk ď vk ´ vk´1 and

cλ ď
vk ´ vk´1

vk
ď

ż vk

vk´1

1

t
dt “ logpvkq ´ logpvk´1q¨

Summing for 1 ď k ď n
cλn ď log vn ´ log v0,

so that
1 ´ u0 “ v0 ď e´cλn.

We use (37) to conclude that : u0pxq “ ωpx,X,DγzXq ě 1 ´

ˆ

1

K 1
distpx,Xqβ

˙cλ

. This is

the desired result with K “
1

K 1cλ
and α “ cλβ.

This corollary happens to be crucial in order to prove continuity of dimensions.

Corollary 4.11. Let ε ą 0, there exists n P N such that for any XY P C with |Y | “ n and
any x P DXY

ωpx,X,CzXq ě 1 ´ ε¨

Proof. Let ε ą 0 and η ą 0 given by Lemma 4.10. Let n big enough so that for any k P N
and any Y P C with |Y | “ n we have diamDγY ă η. Let X P C and x P BDXY , with
|Y | “ n. We have

ωpx,X,CzXq ě ωpx,X,DγXzXq.

By conformal invariance, with k “ |X|, we have

ωpx,X,DγXzXq “ ωkpφXpxq,Xk,DγzXkq¨

Since x P BDXY we have φXpxq P BDY , so that distpφXpxq,Xkq ď diamDγY ă η and
Lemma 4.10 gives : ωkpφXpxq,Xk,DγzXkq ą 1 ´ ε.

We have proved that for any x P BDXY we have

ωpx,X,CzXq ě ωpx,X,DγXY zXq “ ωkpφXpxq,Xk,DγzXkq ě 1 ´ ε¨

This inequality extends to DXY by maximum principle.
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Proof of theorem 4.4. Let ε ą 0 and N1 P N big enough so that CqN1 in Corollary 4.9 is
strictly less than ε.

From Corollary 4.9 we know that : cqN1 ď ωkpZq for any k P N, any Z P T kpCq with
|Z| ď N1. Let ε1 “ cqN1ε. For any k P N, any Z P T kpCq with |Z| ď N1 we have

ε1

ωpXq
ď ε. (39)

Let N2 be given by Corollary 4.11 with ε1 ą 0 so that for any XY P C with |Y | “ N2

and any x P BDXY we have : ωpx,X,CzXq ě 1 ´ ε1.
Let now dpΨ, Ψ̃q be as small as necessary to ensure that for any k P N, any Y P T kpCq

with |Y | ď N1 `N2 we have Ỹ Ă DY . Where Ỹ is the geometric cylinder associated to Ψ̃
with coding Y .

Let Xa P C with |a| “ 1 and |X| “ k. We have

log

ˆ

ωXpaq

ω̃Xpaq

˙

“ log

ˆ

ωkpaq

ω̃kpaq

˙

` log

ˆ

ωXpaq

ω̃Xpaq

ω̃kpaq

ωkpaq

˙

¨

If |X| “ k ą N1 we have by Corollary 4.9

log

ˆ

ωXpaq

ω̃Xpaq

˙

ď log

ˆ

ωkpaq

ω̃kpaq

˙

` ε (40)

We are thus led to prove that log
ˆ

ωXpaq

ω̃Xpaq

˙

is small for any cylinder X with |X| ď N1.

Actually we are going to prove that log

ˆ

ωkpXq

ω̃kpXq

˙

is small for any cylinder X with

|X| ď N1 and any k.
In order to lighten notations, we drop the letter k. Remember that our estimates

about harmonic measure are only depending on the geometric constants in our hypothesis
: Bounded contraction and Annulus condition.

Let |X| “ k ď N1, F “
ď

|Z|“N1`N2

DγZ and Ω “ CzF . Our choices imply that for any

Z with |Z| “ N1 `N2 we have Z̃ Ă DZ so that X̃ Ă F .
The functions u : x ÞÑ ωpx,X,CzXq and v : x ÞÑ ωpx, X̃,CzX̃q are harmonic on Ω.
Let |Z| “ N1 ` N2 with Z Ă X, then from Corollary 4.11 we deduce, for any x P BγZ ,

that upxq ě 1 ´ ε as well as vpxq ě 1 ´ ε1, which implies that : |upxq ´ vpxq| ď ε1 for any
x P BγZ .

Let now Z “ YW , with |Y | “ |X|, |Z| “ N1 ` N2 and Z Ć X. By Corollary 4.11 we
have ωpx, Y,CzXq ą 1 ´ ε1 and also ωpx, Ỹ ,CzX̃q ą 1 ´ ε1 for any x P BDγZ .

Since
1 “

ÿ

|V |“|X|

ωpx, V,CzXq “
ÿ

|V |“|X|

ωpx, Ṽ ,CzX̃q,

we deduce that upxq ď 1 ´ ωpx, Y,CzXq ď ε1 and vpxq ď 1 ´ ωpx, Ỹ ,CzX̃q ď ε1. We thus
have, for any x P BDγZ , |upxq ´ vpxq| ď 2ε1.

The functions u and v are both harmonic on Ω and for any x P BΩ we have |upxq ´

vpxq| ď 2ε1. By maximum principle we have |upxq ´ vpxq| ď 2ε1 for any x P Ω and in
particular for x “ 8, so that |ωpXq ´ ω̃pXq| ď 2ε1.
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We deduce from (39) that for any cylinder X with |X| ď N1 we have :
ˇ

ˇ

ˇ

ˇ

ω̃pXq

ωpXq
´ 1

ˇ

ˇ

ˇ

ˇ

ď 2ε1 1

ωpXq
ď 2ε¨

From where it is easy to deduce that we have for such cylinders :

log

ˆ

ωXpaq

ω̃Xpaq

˙

“ log

ˆ

ωpXaq

ω̃pXaq

˙

` log

ˆ

ω̃pXq

ωpXq

˙

ď 4ε

With inequality (40) we can conclude that for any cylinder X of any length we have

log

ˆ

ωXpaq

ω̃Xpaq

˙

ď 5ε.

Which tells us that Dpω, ω̃q ď 5ε and concludes the proof.

4.4 Back to the complex plane

We are now in position to give a proof of the main results of this paper about harmonic
measure on the plane: Theorems 1.3 and 1.4

Let X be a non-autonomous Cantor set associated with the conformal iterated systems
Ψ and let ω be the harmonic measures of its complementary in C.

We defined on the symbolic space K the metric d. For any a “ panq P K and b “ pbnq P

K let dpa, bq “ |xpaq ´ xpbq|, which is the euclidian distance in C of the points encoded by
a and b. In that way, symbolic cylinders and geometric cylinders have the same diameters.

From the discussions in paragraph 4.1 we easily get :

|XY |d

|X|d
„

|Ψ1
XY p0q|

|Ψ1
Xp0q|

“
|Ψ1

XpΨY p0qq|

|Ψ1
Xp0q|

|Ψ1
Y p0q| „ |Ψ1

Y p0q|¨

Hypothesis Bounded Contraction implies that there exists a constant η Ps0, 1r such that :
p1 ´ ηq|Y | ď |Ψ1

Y p0q| ď η|Y |.
And we can conclude that d satisfies condition (18).
By Corollary 4.2 we also know that spXq :“ |X|d satisfies pASIq with sequence pβn “

Cqnq with 0 ă q ă 1.
Corollary 4.9 expresses the fact that ω also fulfills (ASI) with sequence pβn “ Cqnq,

with 0 ă q ă 1, with an adjustment of the constant q, as well as condition (5.1) with
γn „ Cn.

We are thus in position to apply Theorem 3.4 with µ “ ω to conclude that Theorem
1.4 is true.

Let now pXkqkPN be a sequence of non-autonomous Cantor sets associated with the
conformal iterated systems pΨkqkPN, and Let pωkqkPN be the harmonic measures of their
complementaries. Assume that lim

k
dpΨ,Ψkq “ 0.

We define for any k a metric dk such that geometric cylinders for Ψk and symbolic
cylinders for dk have the same diameter.

We know that dk and ωk fulfill the same properties as d and ω, with the same constants,
because of our hypothesis : Annulus Condition and Bounded Contraction, and the fact that
pΨkq is converging towards Ψ.

Let skpXq “ |X|dk . Since lim
k
dpΨ,Ψkq “ 0, by Proposition 4.3 we know that lim

k
Dps, skq “

0, and by Theorem 4.4 that lim
k

Dpω, ωkq “ 0 we may thus apply Theorem 3.5 to conclude
for the continuity of the dimensions of harmonic measure.
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