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CHARGE TRANSPORT SYSTEMS WITH
FERMI-DIRAC STATISTICS FOR MEMRISTORS

MAXIME HERDA, ANSGAR JUNGEL, AND STEFAN PORTISCH

ABSTRACT. An instationary drift—diffusion system for the electron, hole, and oxygen
vacancy densities, coupled to the Poisson equation for the electric potential, is analyzed in
a bounded domain with mixed Dirichlet—-Neumann boundary conditions. The electron and
hole densities are governed by Fermi—Dirac statistics, while the oxygen vacancy density
is governed by Blakemore statistics. The equations model the charge carrier dynamics
in memristive devices used in semiconductor technology. The global existence of weak
solutions is proved in up to three space dimensions. The proof is based on the free
energy inequality, an iteration argument to improve the integrability of the densities, and
estimations of the Fermi-Dirac integral. Under a physically realistic elliptic regularity
condition, it is proved that the densities are bounded.

1. INTRODUCTION

Memristors are nonlinear resistors with memory able to exhibit a resistive switching be-
havior. In neuromorphic computing, they are used to build artificial neurons and synapses
[18]. Also perovskite solar cells may show a memristive behavior, emulating synaptic- and
neural-like dynamics [26]. In semiconductor technology, often oxide-based memristors are
used. They consist of a thin titanium dioxide layer between two metal electrodes [23].
Charge carriers are the electrons, holes (defect electrons), and oxide vacancies which allow
for a modulation of the layer conductance.

Generally, the relation between the electron density and its chemical potential (quasi-
Fermi potential) is given by Fermi-Dirac statistics. In low-density regimes, this reduces
to Maxwell-Boltzmann statistics, leading to particle fluxes with linear diffusion [21], while
in high-density regimes, Fermi-Dirac statistics reduce to a power-law density—chemical
potential relation, leading to fluxes with degenerate diffusion. A mathematical analysis
of the associated low-density drift—diffusion equations was performed in [19], while high-
density models were studied in [22]. In this paper, we investigate for the first time a
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general drift-diffusion system with Fermi—Dirac statistics for the electrons and holes as
well as physically motivated Blakemore statistics for the oxide vacancies.

1.1. Model equations. The charge transport through the semiconductor device is sup-
posed to be governed by the mass balance equations for the electron density n(z,t), hole
density p(z,t), and density D(x,t) of oxide vacancies, and the gradients of the associated
chemical potentials (quasi-Fermi potentials) ji,, p1,, and pup are the driving forces of the
flow. This leads to the (scaled) equations

on—divJ, =0, J,=nVu,,
Op+divd, =0, J,=—-pV,,
atD—i-diVJD :O, JD = —DV/JJD,
where J,, J,, and Jp are the electron, hole, and oxide vacancy current densities, respec-

tively. Fermi-Dirac statistics is valid for electrons in the conduction band and for holes in
the valance band in the parabolic band approximation [21], Sec. 1.6], giving the relations

n=Fiplpn+V), p=Fiplu-—-V),

where V' denotes the electric potential, and the Fermi-Dirac integral is defined by

2 [ /s
= — —d R.
Fipt) == [ lomds we

In the Maxwell-Boltzmann approximation, the Fermi—Dirac integral can be approximated
by the exponential, Fi2(y) ~ exp(y) for y < —1, leading to the electron flux J, =~
nV(logn—V) = Vn—nVV. However, the use of Fermi-Dirac statistics is more appropriate
in regimes with moderate or high densities. We expect that the oxide vacancies cannot be
accumulated excessively such that it is reasonable to use Blakemore statistics [4],

D=F_1(up —V), where F_1(y)

T l4ev yek.

Although being itself an approximation of Fermi—Dirac statistics, Blackmore statistics have
the advantage of restricting the oxide vacancy density to the interval (0,1). Without loss
of generality, we have set the upper bound equal to one.

Introducing the inverse functions

g(z) = .7:1_/12(2) for z € (0, 00),
h(z) = F{(2) =logz —log(l — z) for z € (0,1),
the transport equations can be written in a drift-diffusion form as
(1) onm —divJ, =0, J,=nVg(n)—nVYV,
(2) Op +divJ, =0, Jp = =(pVyg(p) +pVV),
(3) oD +divJp =0, Jp=—(DVh(D)+DVV) inQ, t>0,
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where Q C R? (d > 1) is a bounded domain. The electric potential is selfconsistently
coupled to the charge densities by the Poisson equation

(4) MNAV =n—p—D+ A(z) in Q,

where A > 0 is the (scaled) Debye length and A(z) is the given dopant acceptor den-
sity. Following [25], we neglect recombination—generation effects. Equations f are
supplemented with the initial and mixed Dirichlet—Neumann boundary conditions

(5) n(0,-) =n', p(0,")=p', D(0,)=D" inQ,

(6) n=n, p=p, V=V onlp, t>0,
(7) Jp-v=J, - v=VV.-v=0 only, t>0,
(8) Jp-v=0 ondQt>0.

Here, I'p is the union of Ohmic contacts and I'y models the insulating boundary parts.
Since the oxide vacancies are supposed not to leave the domain, we impose no-flux boundary
conditions for D on the whole boundary. These boundary conditions are usually used in
the literature [15], 25].

The aim of this paper is to prove (i) the existence of global weak solutions (n,p, D, V)
to (I)—(8) and (ii) the regularity n,p, D € L>(0,T; L*(Q)) for any T' > 0.

1.2. Mathematical difficulties. The misfit of the boundary conditions for (n,p) on the
one hand and for D on the other hand gives the first main mathematical difficulty. A
second difficulty comes from the fact that we consider three species instead of two charge
carriers as done in many papers [10, 14, 20]. Indeed, the two-species case allows one to
exploit a monotonicity property of the drift term such that the quadratic nonlinearity can
be handled [10]. For more than two species, one may use Gagliardo—Nirenberg estimates,
but this is possible in two space dimensions only [I3]. This issue can be overcome by
WLT(Q) estimates with 7 > 1 [19], but leading to very weak solutions and boundedness of

solutions in two space dimensions only. The third difficulty are the nonlinearities from the
Fermi-Dirac statistics, which complicates the estimates. We prove in Appendix [A] that

(9) g'(z) ~ Z‘ll{zgfw(o)} + 2_1/31{Z>]-'1/2(0)} for z > 0,

where A ~ B means that there exist constants C1,Cy > 0 such that C1A < B < (LA.
In particular, the nonlinear diffusion nVg(n) = ng’(n)Vn can be approximated by Vn in
the low-density regime and by (3/5)Vn®/3 in the high-density regime. On the other hand,
the Blakemore statistics gives to the diffusion DVh(D) = —Vlog(1 — D), which exhibits
a singularity at D = 1. The technical issues associated to this singularity are overcome by
using some ideas from [6], developed for a one-species model.

1.3. State of the art and key ideas. There are only a few works dealing with the
drift—diffusion equations for more than two species. General existence results for an n-
species model have been proved in [17] for an abstract drift operator satisfying smoothing
conditions. In [7, 12 13| [14], the existence of global weak solutions was shown in at most
two space dimensions. The three-dimensional case was investigated in [5] using Robin
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boundary conditions for the electric potential. In the work [3], the function nVg(n) =
V(n + nn?) with n > 0 and ¢ > 4 was chosen to regularize the diffusion term, which
allows for an analysis in three space dimensions. The paper [LI] studies the drift-diffusion
equations with Fermi-Dirac statistics but assuming inhomogeneous Neumann boundary
conditions on 9€). A drift—diffusion system with Fermi-Dirac statistics for electrons and
holes and with Blakemore statistics for the ionic vacancy carriers, modeling perovskite
solar cells, was analyzed recently in [2] in two space dimensions. A free energy inequality
for this model in three space dimensions was shown in [I].

Our analysis is based, as in [I, [I1], on estimates derived from the free energy inequality.
The asymptotic behavior of the Fermi-Dirac integral J;/, allows for an argument similar
to [3] but based on physical bounds. Indeed, the behavior (9) shows that the diffusion is
given by

nVg(n) ~n(n' +n*)Vn =V (n + §n5/3>.

The first term corresponds to linear diffusion, while the second term allows for higher
integrability estimates. As a by-product, we are able to weaken the condition ¢ > 4 in [3]
to ¢ > 5/3. (By [22], one may weaken this condition even to ¢ > 6/5.)

To specify the free energy inequality, we introduce the anti-derivatives of g and h,

(10) G(s) = / g(z)dz, H(s) = / h(z)dz,
F1/2(0) F-1(0)
the relative energy density
G(s|5) =G(s) — G(5) —G'(5)(s—3), s,5§>0,

and the free energy

E(n,p,D,V) = / <g(n|n) +G(plp) + H(D) + DV + %2|V(V — V)|2) dz.

Q
A formal computation, made rigorous in Theorem [T} shows that
dE 1
(1) DY)+ 5 [ (1196 = VP + 2l (0(p) + V)P

+ D|V(h(D) + V)*)dz < C(n,p, D, T).

This yields a priori estimates for n, p in L>®(0,T; L>3(2)) and for V in L>°(0,T; H'(12)).
Moreover, defining g by ¢'(n) = /ng’ (n),

IVg(n)l < |Vg(n) — VaVV]+Vn|VV| = /n|V(g(n) — V)| + v/n|VV]
is uniformly bounded in L2(0, T'; L>/#(2)). Unfortunately, this regularity is not sufficient to
define nVg(n) = /nVg(n) since \/n is bounded in L>(0,T; L'*/3(Q)) and 3/10+4/5 > 1.
However, we are able to improve the regularity by an iteration argument to Vg(n) €
L2(0,T; L"(S2)) with r < 8/5 (see Lemma [11)), which is sufficient since 3/10 +5/8 < 1.

The treatment of the diffusion DVh(D) = —V log(1— D) is quite delicate because of the
singularity at D = 1. The idea is to approximate L(D) = —log(1— D) by regular functions
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Ly with k£ € N. The identification of the limit of the sequence Ly(Dy) of approximating
solutions Dy, which converge strongly to some function D is then achieved by a monotonicity
argument (Minty trick); see Lemma . These ideas allow us to prove the existence of global
weak solutions.

The second main result is the boundedness of weak solutions. The difficulty comes from
the estimate of the quadratic drift terms, which can be overcome in the case of two species
by a monotonicity argument. For more than two species, we use the Gagliardo—Nirenberg
inequality to estimate this term, similarly as in [12] for two space dimensions. In three
dimensions, we need as in [22] the elliptic regularity result V€ W' (Q) with r > 3.
This is possible even under mixed boundary conditions if I'p and I'y do not meet in a
“too wild” manner [9, Theorem 4.8]. Then, applying an Alikakos-type iteration argument
similar to [19] 22], we obtain g-uniform estimates in L*°(0,7"; L(f2)) for any ¢ < co. The
boundedness follows after performing the limit ¢ — oc.

1.4. Main results. First, we introduce some notation. We set Qp = Q x (0,7T) for T' > 0,
denote by m(B) the measure of a set B C R? and set for 1 < ¢ < o0,

WH(Q) ={ueW™(Q):u=00onTp}, HHQ)=W5(Q).
The function VI € H5(Q2) + V is the unique solution to
NAVE=n! —p! = D"+ A(2)inQ, VI=Vonlp, VV .-v=0o0nTy.
Constants C' > 0 are generic and may change their value from line to line.

We impose the following assumptions.

(A1) Domain: Q C R? (1 < d < 3) is a bounded domain with Lipschitz boundary,
N=TpUlyN, IpNTy =0, m(p) >0, and I'y is relatively open in 9.

(A2) Data: T'> 0, A >0, A e L>*(Q).

(A3) Boundary data: n, p, V € W1*°(Q) with n, p > 0 in .

(A4) Initial data: nf, pf, D! € L*(Q) satisfy nf, p!, D! > 0in Q, E(n!,p!, D!, V1) < occ.
Furthermore, sup, DT <1 and

1
DL .— — [ Dd 1.
o m(ﬂ)/g v

(A5) Elliptic Regularity: There exists r > 3 such that for some constant C' > 0 and all
f € L3/0+3)(Q) the weak solution V to the Poisson problem

(12) AV=FfinQ, V=Vonlp, VV-v=0onTy,
satisfies the estimate
(13) [V {[wrir@y < Cll ]l L9 @) + C-

Let us discuss the assumptions. We can assume higher space dimensions in most of the
estimates, but we restrict ourselves to d < 3 because of the applications. The boundary
data in Assumption (A3) is assumed to be independent of time to simplify the compu-
tations; time-dependent boundary data are possible, see, e.g., [8, Sec. 2]. Compared to
[2], we do not need pointwise positive lower bounds of the densities and we can allow for
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vacuum as well as saturation of the oxygen vacancy density. We only prevent D} = 1 in
Assumption (A4), which would be physically unrealistic.

The most restrictive condition is Assumption (A5). Indeed, we can only expect the
regularity V' € WL (Q) with » > 2 for the solution V to (12)) with mixed boundary
conditions [I6]. Shamir’s counterexample [24] shows that r < 4 is generally necessary, even
for smooth domains and data. The regularity » > 3 can be achieved under reasonable
conditions on I'p and T'y [9, Theorem 4.8]. These conditions are satisfied if I'p and T'y
intersect with an “angle” not larger than 7 [9, Prop. 3.4]. Assumption (A5) is not needed
for the existence result but for the proof of the boundedness of solutions.

Our first main result is the existence of global weak solutions.

Theorem 1 (Global existence). Let Assumptions (A1)-(A4) hold. Then there ezists a
weak solution (n,p, D, V) to f satisfying n,p > 0, 0 < D <1 a.e. in Qr,

n,p € L=(0,T; L>3(Q)) N L2(0, T; Wh*(Q)), D e L>®(Qy) N L*0,T; H(Q)),
nVg(n),pVg(p) € L*(0,T; L**(Q)), DVh(D) € L*(0,T; L*(2)),
O, Op € L7300, T; W™ “=)(Q))),  8,D € L*(0,T; H\(Q)), V € L™(0,T; H'(Q)),

where a < 8/5 if d =3, a <2 if d =2, and a = 2 if d = 1. The fluzes are understood in
the sense

Jo =nV(g(n) — V) € LX(0,T; L4(Q)),
Jp = —pV(g(p) + pV) € L*(0,T; L**(2)),
Jp = —DV(h(D)+ V) = —Vlog(l — D) + DVV € L*(Qy).

The solution satisfies the free energy inequality

1) Ban D0+ [ [ @V - VIF+ Ve V)P
+ DIV(h(D) + V)[?)dads < C(E', A, T),
where E! .= E(nl,p!, D!, V1),
A= 2V () = V)i + 19 (0) + 7)),
and it holds that C(E*,A,T) =0 if A = 0.

The property A = 0 means that the boundary data is in thermal equilibrium. In this
situation, the free energy is a Lyapunov functional. For the proof of Theorem (1| we first
approximate the problem by truncating the nonlinearities (densities) in the diffusion and
drift terms and prove the existence of approximate solutions by using the Leray—Schauder
fixed-point theorem. The compactness of the fixed-point operator is a consequence of the
approximate free energy inequality. From this inequality, we derive uniform bounds for the
approximate solutions, allowing us to take the re-regularizing limit. As mentioned before,
the main difficulties are the derivation of improved estimates via an iteration argument
and the treatment of the singularity D = 1.
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Our second main result is the boundedness of weak solutions.

Theorem 2 (Boundedness). Let Assumptions (A1)-(A5) hold and assume that n!, p,
DT € L>=(Q). Then the weak solution constructed in Theorem satisfies

n,p, D € L™(Qg), V € L®0,T;W"(Q)) C L=(Qr),
where r > 3 is given in Assumption (A5).

The restriction to three space dimensions comes from regularity . The boundedness
result is not surprising in view of [22, Theorem 2]. Indeed, since ng'(n) ~ 1+ n??, the
diffusion term contains the porous-medium term Vn®?®, and it is proved in [22] that this
nonlinear diffusion leads to an improvement of the integratibility of the densities up to
L>(Q). The idea is first to prove that n,p € L>(0,T; L*(2)). This is used as the starting
point of a recursion showing that n,p € L*>(0,7; L1(£2)) for any g < oo, but with bounds
that may depend on ¢. This allows us to use n? — n%, p? — p? as test functions in the
weak formulations to , , respectively. By an Alikakos iteration, it turns out that
the L>°(0,7; L%(2)) bounds are independent of ¢, and we can pass to the limit ¢ — oo to
conclude. To reduce the technicalities and since the first parts of the proof are technically
similar to [22, Sec. 3], we detail only the last part of the proof (the Alikakos argument).

Remark 3 (Generalization). Our results hold for an arbitrary number of charged particles,
since we use the Poisson equation only through the norm estimates for V' and VV. In
particular, we can consider the transport equations

8tul- = dlv(uZVg(ul) + ziuiVV), 1€ [,

@ui = le(UZVh(UZ) + Z/LLZVV), 1 € Iy,

NAV =— > zu;+ A(z) inQ, >0,
i€lUly

where z; € R are the particle charges, I,y C N are some index sets, and the initial and
boundary conditions are as in @D ]

The paper is organized as follows. Theorem [I] and [2] are proved in Sections [2] and
respectively. Auxiliary inequalities involving Fermi—Dirac integrals are proved in Appendix
[Al We also need a nonlinear version of the Poincaré-Wirtinger inequality, which is shown

in Appendix [B]

2. PROOF OF THEOREM [

We prove the existence of global weak solutions to f. To this end, we truncate
the coefficients in the parabolic equations with parameter & € N, solve the corresponding
approximate problem, derive uniform estimates from an approximate free energy inequality,
and pass to the limit £ — oo.
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2.1. Approximate problem. We introduce for £ € N and z € R the truncations Ty(z) =
max{0, min{k, z}} and

1 for 2 <0, 1 for 2 <0,
Si(2) =< 2¢/'(2) for 0 <2<k, Siz)=1zh(z) for0<z<k/(k+1),
k232183 (2)  for z > k, 1+k forz>k/(k+1).

The functions S} and S? are continuous, bounded, and strictly positive on R noting that
zh'(z) =1/(1 — 2) for z € (0,1). The approximate problem reads as follows:

(15) Oy = div (Sy (ni) Vg — Tio(ny) VVi),

(16) Opr = div (Sy (pk) Vor + T (pe) VVi),

(17) 0Dy, = div (S2(Dy)V Dy + Th ey (Di) VVA),
(18) NAV, =np —pp — Dy + A(x) inQ, t >0,

with the initial and boundary conditions (5)~(8)), where (n,p, D, V) is replaced by (ny, px,
Dy, V). Clearly, if k& — oo, we recover formulation f. The truncation T (1) (Dk)
is chosen since we expect that the limit D of Dy satisfies D < 1 a.e.

We show the existence of solutions to f by using a fixed-point argument. For
this, let (n*,p*, D*) € L?*(Q7)? and o € [0,1]. We apply [27, Theorem 23.A] to infer that
the linearized problem

(19) O = div (S (n*)Vn — oT,(n*)VV),

(20) O = div (Sy(p*)Vp + o T (p*)VV),

(21) 9D = div (S;(D*)VD + 6Ty/+1)(D*)VV),
(22) NAV =n* —p* — D*+0A(r) inQ, t>0,

with the initial and boundary conditions
n(0,-) = on’, p(0,:)=op’, D(0,-)=0cD’ inQ,
n=on, p=op, V=0V onlp, t>0,
Vn-v=Vp-v=VV.-vr=0 only, t>0,
(S(D)VD + 0Tty (D*)VV) -v =0 on 9Q,t > 0,
has a unique solution (n,p, D, V) € L?(0,T; H'(2))* such that n,p, D € H'(0,T; H5(2)").
This defines the fixed-point operator F' : L*(Q)3 x [0,1] — L*(Qr)?, (n*,p*, D*0) —
(n,p, D). Standard arguments show that F' is continuous and satisfies F'(n*, p*, D*;0) =

(0,0,0). To apply the Leray—Schauder fixed-point theorem, we need to find a uniform
bound for all fixed points of F'(-,-,-;0).

Lemma 4. Let (n,p, D) be a fived point of F(-,-,-;0), where o € [0,1]. Then (n,p, D) is
bounded in L>(0,T; L*(2)) N L*(0,T; H(Q)) uniformly in o.
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Proof. Since the proof is similar to that one of [I9, Lemma 2.1], we only sketch it. Let
(n*,p*, D*) = (n,p, D) be a fixed point of F(-,-,-;0). We use the test function V — ¢V in
the weak formulation of and apply the Young and Poincaré inequality to find that

T T
/ / |VV|*dzdt < C + C/ /(n2 + p? + D?)duxdt,
0 Q 0 Q

where C' > 0 is a constant independent of (n,p, D,o). Next, we use the test function
n — on in the weak formulation of and take into account that S}(n) > ¢(k) > 0 and
S%(n) > 1. Then, with the Young inequality,

1 1 !
- /(n(t) — on)?dr — —/(nl — on)?dx +/ / |Vn|?drds
2 Ja 2 Ja 0 Ja

t t
<C+ C(k)/ / |VV|2dzds < C + 0/ /(n2 + p* + D?)dzds.
0 JOQ 0 JOQ

We derive similar estimates when using p —op and D in the weak formulations of and
, respectively. Adding these estimates yields

/Q(n(t)2—|—p(t)2—|—D(t)2)dx+/Ot/Q(Wn|2+|Vp\2—|—|VD|2)dxds

t
§C+C/ /(n2+p2+D2)d:cds.
0 JQ

We deduce from Gronwall’s lemma o-uniform bounds for (n,p, D) in L>(0,T; L*(Q)) N
L*(0,T; HY(Q)). O

The bounds in Lemma[4] imply uniform estimates for (8;n, dyp, 9,D) in L*(0,T; HE(2)').
By the Aubin-Lions lemma, the embedding L?(0,T; H'(2)) N H'(0,T; HL(Q))') — L*(Q7)
is compact. Thus, F : L*(Q7)% x [0,1] — L*(Qr)? is compact. The assumptions of the
Leray—Schauder fixed-point theorem are satisfied, and we conclude the existence of a fixed

point of F(-,-,+;1), i.e. a solution to f and f. We summarize:

Lemma 5 (Existence for the approximate problem). Let Assumptions (A1)-(A4) hold.
Then there ezists a weak solution to (15)—(18|) with initial and boundary conditions f

The solution (ng, px, Di) to — is componentwise nonnegative. Indeed, using the
test function n; = min{0, n;} in the weak formulation of ([15]), we have

1 t t
5/(n,§)(t)2dx +/ / Si(ng)|Vng Pdzds = / / Ty(ng)VVi - Vngdrds = 0,
Q 0o Ja 0 J{ny<0}

since Ty(ny) = 0 for ny < 0, showing that n, () = 0 and consequently ny(t) > 0 for ¢ > 0.
We note that the mass of the oxide vacancies is conserved,

/Dk(t)dx = / D'dx fort >0,
Q Q
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while this is generally not the case for the electron and hole densities because of the
Dirichlet boundary conditions.

2.2. Approximate energy inequality. We derive the discrete analog of the free energy
inequality (L1)). Similarly as in [I9, Sec. 2.3], we define for 0 < § < Fj,2(0) the approxi-
mations

SHz) - * Sy )
G / / S gy Gty = [ o)
k6 F1/2(0) J Fi1/2(0) Tk( +9 kd( V Tk
Si(2) = ’ 52( )
Hys( / / dzdy, hys(s) = & dy.
: Fo) Jr© Tryoeny(2) +0 kal5) o Ty (y) +9

Recalling that S} (2) — 2¢'(2), S2(2) — 2l (z), and Ty(2) — z pointwise as k — oo, the
functions Gy 5 and Hy s approximate the anti-derivatives of g and h, respectively (see ),

(23)

while gi s and hy s approximate

S

g(s) = Vzg'(2)dz

F1/2(0)
- / Vzh!(2)dz = 2tanh ™ (v/s) — 2tanh ™ (1/v/2),
F-1(0)

respectively, since F_1(0) = 1/2. These definitions yield the following chain rules:

Sk nk Vnk, \/Tk nk ng(; nk
Si(Dy)V Dy = \/Tk/(k+1)(Dk) + 0V his(Dy),

and similarly for pp instead of ng. They are the truncated analogs of the chain rules

kg (nk) Vg, = /neVg(ng) and Dph'(ng)V Dy, = \/DkVE(Dk). Choosing § = 0 in ,

we see that the approximate fluxes can be formulated as
St (i) Vg — Te(ni) VVi = /Ti (i) (Vi () — /T (i) VV4),
(25) Sk(Pr) Vi + Ti(ow) VVie = v/ Ti(pe) (Vi (ox) + V/Ti(or) VVi),
S2(Dy)V Dy, + Ti(Dy)VVi = /T (Dy) (Vi (Dy) + /Ti(Di)VVi).

Next, we define for s, 5 > 0 the approximate relative energies
(26)  Grs(s]8) = Grs(s) — Grs(5) — Gis(3)(s = 3),  His(s) = Hyo(s) + sV

and the approximate free energy

A2 _
(27) Exs(n, pr, Di, Vi) = / (gk,d(nkm) + G5 (0 |P) + His(Dr) + ?W(V — V)|2) dz
0

We set
(28) E,gjé = Es(n',p', D', V),
(29) Mgy = 2|[V(G5() = V) 7o) + 21V (Gls() + V)T

(24)
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For the derivation of the approximate free energy inequality, we need the following lemma.

Lemma 6. There exists a constant C > 0 such that for any k,d > 0 satisfying 0 < 0 <
fl/Q(O) < k‘,

Ti(s)*® < C(1 + Grs(s))  for s > 0.

Proof. Let 0 < s < Fy/2(0). Since s < k, we have Tj,(s)%/? = s%/3 < Fy5(0)%% < C. Next,
let Fi/2(0) < s < k. Then Si(s) = sg(s) and, by Lemma

-1 —-1/3
Gosls / / 29 ddy>C’/ / +Z ) dzdy
Fi172(0) JF1/5(0 F172(0) S Fy
> —/ / 2 VBdzdy,
2 F1/2(0) JFy/2(0)

since 6 < Fi/2(0) < 2. An integration of the right-hand side leads to

3C
GM(S) > T(ESS/ ]:/ ( ) S+ fl/g( ) 3) Z CTk(S)S/S —C.

Finally, if s > k, we have Ty(s)?® = k%% < CGys(k) < CGjs(s). This finishes the
proof. O

Lemma 7 (Approximate free energy inequality for Ejs). Let Assumptions (A1)-(A4)
hold and let (ng, px, Dy, Vi) be the weak solution constructed in Lemma E] Then, for all
0<t<T,

50) Butone D0+ [ [ [9ust) — VG55 s
*3 / / Vs (p) + v/ Ti(py) + 0V Vi|dads
0 JQ

1/t ~
*t3 / / |Vhis(Di) + (T (Di) + 8)' 2V Vi dads
o Ja
<C(E} 5, M5, T).
The constant C’(E,ié, Ays,T) > 0 vanishes if A5 =0 and 6 = 0.

Proof. We use the test function G} ;(nk) — G}, 5(n) — Vi + V (see definition (23)) in the
weak formulation of (15)):

(O, Gl s(ng) — Gl 5(R) = Vi + V)

We use the identities

(But Gl ) = Gipg)) = 5 | (Grsin) = Gieg(m) = Gyl — ),
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\/T Vi
V(G;“(;(nk) . Vk) ng’5 nk k nk oV k’

which follow from the chain rules , to obtain
d
(31) % (Gk,g(nk) — kag( ) Gk 5( )(nk — n))d:p - <8tnk, ‘/k - V>
Q

- / ‘Vﬁk’g(nk) — Ti(ny) + 6V V| da
/ W Vi (Vs () = /Ti(ne) + 6VVi)da
# [ VIG) +5(aslne) = /Tl + V1A - V(G
+5/ﬂvvk-w 1 5(7) — V)da
<=5 | 9ustmn) = VI + 59V do + 5 [ 1V (Gislm) — V)P
+5 [ IVVPde 4 19 (Ghsn) = Doy [ (o) + 5,

where we used the inequality 0/(\/Tk(nx) +0) < v/ and Young’s inequality in the last
step. Similarly, the test function G}, ;(px) — G}, 5(p) + Vi — V' in the weak formulation of

leads to

d
dt

) — V)dx

3

(Gk s(pk) — Grs(D) — Grs(P) (o — D)) dz + (Opp, Vie — V')
< ——/ ‘Vg;“; pk —|— \/Tk pk VVk| dr + = / |V —I—V)| dx
+ 5 [ [VViPds £ I9(Gsp) + Ve [ (Tulon) + D

Similarly, with the test function Hj, ;(Dy) + Vi in the weak formulation of (17),

d > /
(2) o / Hios(Di)d + (0,Di, Vi — V) = (9, Dy, Hpo(Di) + Vi)
Q

- [ Ivh 5
Q Q

We add (| and take into account definition of the relative energies and
definition ({ D of Ak FE

(33) (Qk s(ni|) + Grs(pelD) + His(Dy))dx — (8y(ng — pr — Dy), Vi = V')

dt
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1 ~
+ 5/ !ng(nk) — vV Tr(ng) + (5VVk}2da:
Q
1 ~
+ 5/ |ng,5(pk) + Tr(pr) + (5V‘/}€}2d$
Q
1 ~
+ 5 / |th75(Dk) + (Tk/(k+1)(Dk) + 6)1/2VVk|2da:
Q
70 9 )
Q Q
In view of Poisson’s equation , the last term in the first line of (33]) can be written as
—{(Ou(ni, — pp — Di), Vi = V) = =X (0,AV,, V= V) = 5 dt/ IV (Vi, = V) Pda.
Integrating over (0,t) and taking into account

/|VVk|2da:§ 2/ |V(Vk—f/)|2dx+2/ IVV |*dx
Q

as well as definitions (27)) for Ey s and (28) for Ej 5, we arrive at

By 5 (1, pr, Di, Vi) ( / /‘nga ng) vak’ dxds
5 [ 195sto0) + VTG + 59V s
+é/0t/ﬂ ’Vﬁk,é(Dk) + (T (k1) (D) +5)1/2VVk|2d$dS
< Els+ Mo /Ot /Q(Tk(nk) + Ty (pr) + 20)dxds

t t
_ _ o
+ 75/ / IV(Vi — V)|*dads + 75/ / IVV dzds + =|Q| A st.
0 Jo 0 Ja 2 ’
We conclude from Young’s inequality and Lemma [6] that
Tk(nk) S C + Tk(nk)5/3 S O + Cijg(nk),

and consequently, the second term on the right-hand side can be replaced by

t
01/\1«75/ By 5(nk; prs Di, Vie)ds + C(82)(6 + 1) Ay st.
0

Thus, applying Gronwall’s lemma,

B s{rie, peo D Vi) (8 //Wgwnk VTi(ng) + 0V Vi |*dds
+§/ / }ngyé(pk) + v/ Ti(pr) +5VV;€‘ dxds
0 JQ
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I ~
3 / / |Vhis(De) + (T (D) + 8)' 2V Vi dads
0o Jao
< (E,i(; + O(Q)((5 + 1)/\&525) exp(ClAmt).
This proves the lemma. O

2.3. Limit § — 0. We set

Ge(s) = Gro(s),  Gils) = Grols), hu(s) = huols), Hu(s) = Hyols),
Gr(s]5) = Gro(s]5),  Hi(s|3) = Hio(s]3)

and introduce
\? _
Ey(nk, v, Di, Vi) = / (gk(nk‘ﬁ) + Gr(pr|P) + Hie(Vi) + 7|V(Vk - V)|2> dr,
Q
E]g - Ek(nlapla DI? VI): Ak - Ak,O'

Lemma 8 (Approximate free energy inequality for Ey). Under the assumptions of Lemma
[7, it holds for all 0 <t < T that

1 /[t _
0 JQ
I N
T 5/ / |V9k(pk> +V Tk(pk)VVk‘deds
0 JO

1 [t ~
0 JQ

and the constant C(EL, Ay, T) > 0 vanishes if Ay = 0.

Proof. The proof essentially follows from the monotone and dominated convergence the-
orems as in the proof of Lemma 2.3 of [19]. The only difference is the treatment of

the functions g s, Grs, hrs, and Hys. In fact, by the monotone convergence theorem,

fgvk,(g(nk) — ﬁk(nk), G;w;(nk) — Gk(nk), %k’g(Dk) — Ek(Dk), and Hk#;(Dk) — Hk(Dk) a.ce.
in Q7 as 0 — 0. We derive upper bounds for the limit functions. Let s > k. Then, using
Lemma, 20},

30) = [ Atz = [ Vageas s [ peng

k s
< c/ (M6 4 27V dz + Okl/ﬁ/ (1+272)dz < C(k)(s + 1),
0 k

and this inequality also holds for any s > 0. We obtain for s > k/(k + 1):

. B k/(k+1) dz s /k‘—f— 1
hk(S) = /0 m + /k/(k+1)<k + 1) TdZ < C(k)(S + 1),
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and this bound holds in fact for all s > 0. Similar arguments lead to
Grs(s) < C(k)(s>+1), Hys(s) <CO(k)(s*+1) for s> 0.

The approximate free energy inequality implies that ng, px, Dy are bounded in L?*(7)
uniformly in . Hence, we can apply the dominated convergence theorem to find that

gm(nk) — ﬁk(nk), Ekyg(Dk) — ﬁk(Dk) StI‘OIlgly in L2(QT),
Gk 5(nk) — Gk(nk) Hk 5(Dk) — Hk(Dk) StIOHgly in LI(QT)

The sequence (Vgi.s(ng) — /Tr(ng) + 0VVi)s is uniformly bounded in L?(Qy). Therefore,
there exists a subsequence that converges weakly in L*(2r) as 6 — 0. The previous
arguments allow us to identify the weak limit, showing the claim. The other terms in (30))
can be treated in a similar way. The limit 6 — 0 in then proves ([34)). U

2.4. Uniform estimates. We first show some inequalities relating g, Gy, Ty, and g.
Lemma 9. There exists C' > 0 such that for all k > 1 and s > 0,
J'(s) < Gi(s), s < C(Gi(s)+1), Tils)"* < OGuls),

i(s)'7 < O(Gils) +1), Tu(s)™® < C(Guls) +1),

hi(s) > s~ Ri(s)> 1.
Proof. The first inequality follows from GJ(s ) = ¢'(s) for 0 < s < k and GY(s) =
(s/k)Y3g'(s) > ¢'(s) for s > k. Since ¢'(s) ~ st + s~ 1/3 by Lemma.

Gi(s) > C’/s /y (271 4 27V dzdy > C (5" — 1),

Fiya(0) JFy

which proves the second inequality. For the third one, let 0 < s < k. Then, again by
Lemma |20},

Gi(2) = Vzg'(2) 2 C(a72 4 21%) > C2!

We integrate this inequality over z € (0,s) to find that gi(s) = gu(s) — ge(0) > Cs7/6 =
CT(s)7/°. 1If s > k, we compute

/\/T_y—/\/_g dy>C/ yody = CK7/° = CTy,(s)7/°.
k

We turn to the fourth inequality. By Lemma [20] we have for 0 < s < k,

= / V9 (y)dy < C/ (y %+ y/%)dy < C(s7° +1).
0 0

Furthermore, if s > k,

/ V9 (y dy+/ kYSy g (y)dy
< C(EV2 4 K78 4+ CEYS (513 +5) < O(s76 4 1),



16 M. HERDA, A. JUNGEL, AND S. PORTISCH

and the conclusion follows after raising the inequality to the power 10/7 and using the sec-
ond inequality. The fifth inequality follows from the third and fourth ones since Tj(s)*/? <
qu'k(s)loﬁ S O(Gk(S) + 1).

To estimate 2/, we observe that h/(s) = 1/(s(1 —s)) and hence hj(s) = 1/(v/s(1 —s)) >

sV2 for s < k/(k+1) and hl(s) = 1+ k)/k > s+ > s 2 for k/(k+1) < s < 1.
Moreover, in both cases, h'(s) > 1. This proves the inequalities for h}.

O

The previous lemma and the approximate energy inequality lead to the following a
priori estimates.

Lemma 10 (Uniform estimates I). There exists a constant C > 0 such that for all k € N,

T (nk) | Loc 0752573 02)) + 1T (PE) || oo 0,7525/3(02)) < Cs
anHL‘X’(OTLf’/?’(Q + HPkHLoo 0.15L5/3(Q)) = C,
||9k(nk)||Loo(0TL10/7(Q) + Hgk:(pk)”Loo 0.T3L10/7(Q)) = C,

H Vv Tk N VVkHL°<>(0TL5/4(Q + H V Tk Pk VVkHLoo 0,T;L5/4(Q < C,
IV gi(nr) | 2 (0,1;5/4(2)) + ||V9k(pk)||L2(0TL5/4 o) < C,
V1l 20,7505 0)) + IVPEI 2070574 )y < C

IV hio(Di) || 22y + H(Tk/(k+1)(Dk))1/2VVkHLOO(O,T;LQ(Q)) <C,
IV Dyl 200) + IV Dill 20y < C.

Proof. The approximate energy inequality (34) shows that (Gj(nk)) and (Gi(py)) are
bounded in L*(0,7T; L'(12)). By Lemmal9] this yields a uniform bound for Tj(ny,), Ty (px)
and ng, pr in L>(0,T; L73(Q)) and for gp(nk), gr(pr) in L=(0,T; L'°/7(Q)). The energy
estimate implies a uniform bound for VVj, in L*(0,T; LQ(Q)). Consequently, using
Holder’s inequality,

IV T () V Vil oo 0,7 05/1(02)) < IV T () || o 0,710/ (00 [V Vil [ oo (0.7522 0)) < €,

and similarly for w/Tk(pk)VVk. Then we deduce from the L?(Q7) bound for Vg (ng) —
/T(n)VV; that Vgi(ng) is uniformly bounded in L2(0,7T; L4(Q)). It follows from
Lemma [20] that @, (s) = /s¢'(s) > C(sY/0 + s71/2) > C for 0 < s < k and g,(s) =
kY6513 (s) > kY/O(1 4 s72/3) > 1 for s > k. Thus, g, is bounded from below by a positive
constant. Then the bounds for Vg (ng) and Vg (pg) imply the same bounds for Vn, and

We turn to the estimates for Dj. Since Tj41)(Dr) < 1, we infer from the energy
1nequahty (34 that (Tyk41)(Dk)/*VVj) is bounded in L (0, T; L*(€2)) and consequently,
Vhi(Dy) is uniformly bounded in L2(€7). We deduce from 7 (s) > s~%/2 and Rl (s) > 1
for s > 0 (see Lemma [9) that V/Dj, and VD, are uniformly bounded in L?(Qy). O

We can improve the regularity stated in Lemma [10| by using the inequality Tj(s)7/6 <
Cqr(s) and an iteration argument.
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Lemma 11 (Uniform estimates II). Let q,r < oo ifd=1, q,r < oo if d =2, and q¢ < 8,
r < 24/7 if d = 3. There exists a constant C' > 0 such that for all k € N,

v Tk(”k)||L14/3(0,T;Lq(Q)) + [|v/ Tk(”k)||L14/3(o,T;Lq(Q)) <,
v/ Tk(nk)vvkHL14/3(0,T;LT(Q)) + [ v Tk(nk)vvkHL“/B(O,T;LT(Q)) <,

||§k(nk)||L2(o,T;Lr(Q)) + ||§k(pk)||L2(07T;LT(Q)) <C,
Hvﬁk(nk)|’L2(0,T;L2q/<2+q>(n)) + |V (pk)”LQ(O,T;LQ‘I/@H)(Q)) <C,
ank||L2(0,T;L2Q/(2+q)((2)) + ||vpk’||L2(0,T;L2‘1/(2+Q)(Q)) <C

Observe that 2q/(2+q) < 8/5 if d = 3.

Proof. We assume that (1/Tj(ny)) is bounded in L'*/3(0, T'; L% (€2)) and (g (ny)) is bound-
ed in L*(0,T; L™ (R)) for some numbers gy, 7, > 1 with m € N. By Lemma[10] we have
¢ = 10/3 and r; = 10/7. We estimate

(35) v Tkz(nk)vvk||L14/3(0,T;LG(Q)) <|v Tk(nk)||L14/3(0,T;Lqm(g))||VVk||Loo(07T;L2(Q)) <,
where 1/a = 1/g,, + 1/2. This shows that

(36) IVar(ni)ll2o,rce ) < IVGe(ne) — /Ti(nr) VVil 220,720 0))

+ IV T (i) VVi|l 20,752000)) < C.

Then the continuous embedding W4(Q) — L™+ (Q) with 1/r,,41 = 1/a — 1/d =
1/¢m + 1/2 — 1/d implies that gi(ny) is uniformly bounded in L?*(0,7T; L™+ (Q)). We
deduce from +/Ty(s) < Cgr(s)*7 (see Lemma @) that /Ty(ng) is uniformly bounded in
LY¥/3(0,T; L9+1(Q)), where ¢y, 41 = Trmy1/3. This leads to the recursion

1 31 _3(1+1 1)
Gns1 TTme1 T\Gm 2 d)

The sequence (1/g,,) is nonincreasing (if d < 4) and bounded from below. Thus, it possesses
the limit ¢* that satisfies

1 311 1 1 8d
—=—<—+———) and hence ¢"=-———

g T\¢ 2 d 3(d—2)
We can perform this recursion only a finite number of times as otherwise the powers of the
embedding constant may diverge. Thus, ¢ < ¢* = 8 if d = 3 and, since ¢,,11 = 7¢m/3 = ©
as m — 00, ¢ < ¢ if d = 2. Furthermore, 1/r = 1/g+ 1/2 — 1/d, which gives r < 24/7 if
d=3and r < oo ifd=2.

The uniform bound for +/T}(ni)VVj follows from because of 1/a = 1/q¢+1/2 =
(24 q)/(2q). Estimate then implies the bound for Vgg(ng). We have shown in
the proof of Lemma (10| that g is bounded from below by a positive constant such that
C|Vng| < 1g,(ng)Vng| = |[Vgr(nk)|, proving the last uniform bound. Finally, the estimates
for pi. are proved analogously. U

The following bounds are needed for the Aubin—Lions lemma.
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Lemma 12 (Uniform estimates I1I). Under the assumptions of Lemmal[11] there ezists a
constant C' > 0 such that for all k € N,

an||L2(O,T;leQQ/(2+‘1)(Q)) + ||pk”L2(O,T;W172‘1/(2+f1>(9)) <C,

HatnkHL7/5(07T;W11)’2q/(q+4>(Q)’) + HatpkHL7/5(07T;W$2’1/(Q+4)(Q)/) S O?

| Dill 220,701 )y + 110: D || L2 (0,111 02y < C.
Proof. The bound for n; follows from the gradient bounds in Lemma |11} and the bound
for ny, in L°(0,T; L>/3(R)), which is a consequence of the energy inequality and the
inequality s*® < C(Gy(s) + 1) from Lemma @ By the chain rule (for 0 = 0), the

evolution equation for ny reads as

8tnk = div [\/ Tk(nk) (Vﬁk(nk) — \/ Tk(nk)VVk)] .

The term /Ty (ny) is uniformly bounded in L'*/3(0, T'; L%(Q2)), while Vg (nx) —~/Tr(n) VVi
is uniformly bounded in L?(0,T; L?¥/(*9(Q2)). Hence, (d;ny) is bounded in L7/°(0,T;
L%+ (Q)) (we choose ¢ > 4 to guarantee that 2q/(4 + ¢) > 1). The estimates for pj, are
shown in a similar way.

We turn to the bounds for Dy. We know from the energy inequality that (Hg(Dy))
is bounded in L>(0,7T; L'(Q2)) and from Lemma (10| that (VDy) is bounded in L*(Qr).
Proceeding as in the proof of Lemma |§|, we infer that S7/T}/k+1) is bounded from below
by a positive constant. This implies that Hy(Dy) > C' D3, which yields a bound for (Dy)
in L>(0,7; L*(Q2)). This shows that (Dy) is bounded in L*(0,7; H'(2)). Finally, since
(Tk)(k+1)(Dy)) is bounded in L>(€Qr), the sequence

(Vhi,(Dy) + Ty (D) PV V)
is bounded in L?(Qr). Therefore,
0Dy, = div [Tejesn) (De)* (VIk(Dy) + Tejaesn) (D) /*V Vi)
is uniformly bounded in L?*(0,T; H'(Q)’), finishing the proof. O
2.5. Limit k& — oo in the equations for n; and p;. Lemma and the compact
embedding W12¢/+0)(Q) — L7(Q) for r < 24/7 (if d < 3) allow us to apply the Aubin—

Lions lemma to infer the existence of a subsequence that is not relabeled such that, as
k — oo,

(ng, pr) — (n,p) strongly in L*(0,T; L"(Q))?,
Dy, — D strongly in L*(Qg),
(Vng, Vpe) = (Vn, Vp)  weakly in L*(0,T; L?9/C+9(Q)),
(Oni, Oupr) = (9m, p)  weakly in LT/2(0, T; W™ @9 (q))?,
0,Dy, — 0,D weakly in L*(0,T; H'(Q)").
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The L*(0,T; L*/3(€2)) bound for n; from Lemma [10] implies that

T T n5/3 C
||Tk(nk) - nkHLl(QT) = /0 /{nk>k} |k‘ - n“d:ﬁdt S /0 Wd xdt < k‘2/3 — 0.

This shows that /Ty (ng) — /nx, — 0 strongly in L?(Qr) and in particular /Ty (ng) — v/n

strongly in L?(Qr). In fact, in view of the L>(0,T; L%3(Q2)) bound for ny, we even have

strong convergence for /Ty (ng) in L¥(Qr) for any s < 10/3. The L*(Qr) bound for VV;
shows that VV;, — VV weakly in L?(Qr). Hence,

VT(nk)VVi, = /nVV  weakly in L*(Q7).

Thanks to Lemma 11} this convergence also holds in L'*/3(0, T; L7(Q)) with » < 8/5. Then,
since s < 10/3 and ¢ < 8 can be chosen in such a way that 1/s + (2 +q)/(2¢) < 1,

(37) Ti(ni)VVi = V/Ti(ng) - /Ti(n) VVi = nVV  weakly in L' (Qp).

Similarly, we have Ty (py)VVi, — Ti(px)V Vi weakly in L'(Qr).
Next, we prove the weak convergence of (\/Tx(nr)Vgr(ng)).

Lemma 13. [t holds that, up to a subsequence,
V() (Vi () — /Ti(n)VVi) = nVg(n) —nVV  weakly in L'(Qr),
Vi) (Vo) + VTe(pr) VVi) = pVg(p) +pVV  weakly in L' (Qr).
Proof. First, we show that /Ty (ny)g,(ns) converges strongly. To this end, we estimate
(38) H V Te(rk) % (i) — ng’ n)HL2 (0,T:L5(Q))
< H V T () g, (n) — ng'( HL2 O.1:L5@) T 19 () — ng'(n) [ z20,7525())-

The first integrand vanishes on {n; < k}. Therefore, on the set {n; > k}, using Lemma

20,
| Vv Tk(nk)%(”k) - nkgl<nk)‘5 = |(”i/3 - k’2/3) 1/39,( )|5
ny

10/3+e¢
< |neg’ (”k)’ < C‘nk(”k + 1y, 1/3)‘5 <C@+ 10/3) < C(% + ke )

for £ > 0 such that 10/3 + ¢ < r < 24/7, which shows that

- 2 c [T , 2/5
IV T () g1 () — g ()| 20 15y < ﬁ/o (Il ey + NIl ) ™ dt — 0,
since (ny) is bounded in L2(0,T; L"(£2)). We show in Lemma 21| that |(2¢'(2))'| = |¢'(2) +
29" (2)| is bounded for z > 0. Hence,

g ) = ng' @) = | [ 4L )

r

< Clng —n|".
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Then the strong convergence ny, — n in L*(0,T; L"(€2)) implies that

kg’ (n1) — ng'(n)|| 220,717 (2)) — O-
We conclude from that

Tr(ng) 7, (ng) — ng'(n)  strongly in L*(0,T; L"(R2)).
Consequently, the weak convergence Vny, — Vn in L2(0,T; L*/?+9(Q)) gives
VT () V() = VTe(m) g () Vi, = ng'(n)Vn = nVg(n)
weakly in L'(€7). Combining this result with shows that
VTi(n) (Vir(ng) — /Ti(ng) V&) = nVg(n) —nVV  weakly in L(Q7),

which ends the proof. O

We need the convergence of (Vg(ng)) and (Vg(px)) to pass to the limit in the energy
inequality.
Lemma 14. It holds that

(V/me, V/pr) — (VV/n, VD) weakly in L*(0,T; L*7 9 (Q))?,
(Var(ne), Var(pr)) — (vVnVg(n),/pVyg(p)) weakly in L'(Qr)?.

Proof. Tt follows from Lemma 20| that g,(s) = /s¢'(s) > C(s7Y2 4 s'/6) > Cs7Y/2 for
s < k and g, (s) = k~Y/9s1/3¢/(s) > CC(s/k)"/5(s7%/6 + s7Y/2) > Cs71/2 for s > k. Then
the uniform bound for Vg (ng) in Lemma [11] implies directly the bound for V,/ny in
L2(0,T; L*/3+9(Q))), showing the first statement. The limit for V,/pg is shown analo-

gously. Repeating the proof of Lemma (13| with /ny instead of \/Tk(ni), we obtain the
convergence

Virgr(ng) — ng'(n)  strongly in L*(0,T; L"(2)).
We combine this result with the weak convergence of (V,/n) to conclude that

Vai(nk) = 2v/migy (i) V/my, = 2ng' (n)Vy/n = /nVg(n) weakly in L'(Qr),
using that (24 ¢)/(2¢) + 1/r < 1 if we choose ¢ < 8 and r < 24/7 sufficiently large. [

2.6. Limit k£ — oo in the equation for D;. We prove the convergence of the terms in the
equation for Dy,. First, we consider Ty/(+1)(Di)"/*Vhy(Dy) = Tiojet1)(Dr) 2}, (Dy )V Dy
We introduce the functions

L(s) = —log(l —s) for0<s<1,

I ~J—log(1 —s) for 0 <s <k/(k+1),
k(s) = (k+1)s—k+log(k+1) for s>k/(k+1).

They satisfy the property L (Dy) = Ti/(es1)(Di) 2R} (Dy) for all 0 < s < 1. Moreover, L
is nondecreasing, Ly < Ly on [0,1), and Ly converges to L locally uniformly on [0, 1).
The aim is to derive uniform bounds for Lj(Dy) and to identify its weak limit.
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Lemma 15. There exists a constant C > 0 such that
| Lk (D)l 220,101 (0)) < C-

Proof. The gradient bound follow immediately from Lj(s) < Z;c(s) for 0 < s < 1 and
bounded in L?(Qr). By mass conservation and Assumption (A4), we have

1 / 1 / 1 I
Ddx = D'dx = Dg < 1.
Q) Jo " m(£2) Jo .

Thus, the conditions of Lemma in Appendix [B] are satisfied, and we infer from the
gradient bound that Ly(Dy) is bounded in L?*(Q27). Lemma [22/ now finishes the proof. [J

The uniform bound in Lemma [15{implies the existence of a subsequence such that
Li(Dy) — L* weakly in L*(Q7) as k — oo.

The next aim is to identify L* = L(D), where we recall that D is the strong L?(Q7) limit

First, we claim that L(D) € L*(Qr) and D < 1 a.e. in Qr. Indeed, we have D, — D
a.e. in {27 as £ — oo, up to a subsequence. Hence, since L;, is continuous and Ly < Lgyq,
for any k € N,

/ /Lk dwdt / /hm Li(Dy) 2dadt = / /hmmek (Dy) 2dxdt
Q Q
/ /hmmeg (Dy) 2dadt < hmmf/ /Lg (Dy) 2dxdt,
Q

where the last step follows from Fatou’s lemma. The last integral is uniformly bounded.
Therefore, (Li(D)) is bounded in L?(Q7), and again by Fatou’s lemma,

/ / d:pdt < hmlnf/ /Lk d:Bdt < C.

The L?(Q7)-bound for L(D) = —log(1 — D) implies that D < 1 a.e.
To identify L* with L(D), we set

Dy:=@0=n)D+n, Dyy:=0=nDe+n for0<n<L

Because of the strong convergence of Dy, we clearly have Dy, — D, strongly in L*(Qr)
for any fixed 0 < n < 1. The proof of Lemma (15| shows that (Ly(Ds,)) is bounded in
L*(0,T; H'(£2)), and the previous arguments imply that L(D,) € L*(Q2r). Furthermore,
let ¢ : Qp — [0, 1] be a smooth function and set

Dyy:=1=-np)D+np=D+(1—-D)npp, for0<n<l

Since D,y < D,, the monotonicity of L implies that L(D, ) € L*(Qr). With these
preparations, we can prove that L* = L(D).
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Lemma 16. [t holds that L* = L(D) and
Li(Dy) — L(D) weakly in L*(0,T; H'(Q)).

Proof. The proof is based on the monotonicity of L (Minty trick). We pass to the limit
k — oo in

0< / / (L(Dyy) — L(Di))( Dy — Dy)drdt,

leading to

0< %/0 /Q(L(Dn,w) — L*)(Dy,y — D)dxdt :/O /Q(L(me) _ L)(1 = D)odadt.

By dominated convergence, the limit n — 0 gives

(39) 0< / ' / (L(D) — L')(1 — D)ibdadt.

Next, we show the inverse inequality. The monotonicity Ly < L., the weak conver-
gence of (Lix(Dy)), and Fatou’s lemma yield the following inequalities:

/ /1— YLy (D)dzdt = / /1— whm Ly (Dy)dxdt

< / /(1 — D)wligninf Li(Dy)dzdt < hmmf/ / (1 — D)y Ly(Dy)dxdt
0 Q —00

< /OT/QQ — D) L*dadt.

It follows from dominated convergence that

' (1 — Dy L(D)dxdt < ' (1— DypL*dudt,
I [
/oT/Q(L(D> = L*)(1 = D)¢pdadt < 0.

Together with this shows that

/ / — D)dadt = 0.

Since 1) is arbitrary, we find that (L(D) — L*)(1 — D) = 0 a.e. It follows from D < 1 a.e.
that L(D) = L* a.e. Hence, by Lemmal([l5] Ly (Dy) — L(D) weakly in L*(0,T; H'(2)). O

or equivalently,

The previous lemma implies that
(40)  Tijrsn)(Dr)Y*Vhi(Di) = Tijrsry (D)2 hy (D )V Dy = Ly (Dy)V Dy,
= VLy(Dy) = VL(D) = —Vlog(1 — D) = DVh(D) weakly in L*(Qr).
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The next step is the convergence of (T} /(x+1)(Dx)VVi) and the identification of the limit.
Set T1(s) = max{0, min{1, s} }. We deduce from

Tk je+1)(Di) = Ti(D)| = |Thy k1) (Dr) = Tipory (D) + [Ty es1) (D) — T1(D)]
1
< |D D
<|Dy—D|+ —— ]
and the Strong convergence of (Dy) that

The property D < 1 a.e. implies that Tl(D D and thus Ty kH)(Dk) — D strongly
in L?(Qr). We deduce from the convergence of VV, — VV weakly in L?(Q7) that
Tk (k1) (D) VVi, = DVV weakly in L' (Q7). We know from Lemmathat T/ k1) (D) VV4,
= Th/t1)(Di)Y? - Thoyoi1)(Dr)V*V Vi) is uniformly bounded in L*(0,T; L2(2)). This
yields the convergence
Tie)e+1)(Di)VVi, = DVV  weakly in L*(Qr).

It follows from that

T 1) (Dr) Y (Vi (Dy) + Tijrsry (Di)/2VVi) = DVA(D) + DVV

weakly in L?(Q7).

Performing the limit £ — oo in the weak formulation (15)—(18]), using formulation (25)
of the fluxes, leads to the weak formulation of (I)~(). The limit (n,p, V) satisfies the
Dirichlet boundary conditions @ since n, = 7, pp = p, and V;, = V on I'p. Finally,

the limit ny — n weakly in WL7/5(0,T; W 2Q/(q+4)(Q) ) — C°0, T); Wy 2q/(q+4)(Q) ) and

the property ni(-,0) = n! in the sense of VV1 2‘1/('I+4)(S)) show that n satisfies the initial

condition in in a weak sense. Similarly, p and D also satisfy the initial conditions.

2.7. Energy inequality. We identify the weak limit of Vﬁk(Dk), which is needed in the
limit of the energy inequality , leading to ((14)).

Lemma 17. Recall that h(s) = 2tanh™" /s — 2tanh™! \/1/2. It holds that
Vhi(Dy) = Vh(D)  weakly in L*(Qr).

Proof. The function Ek is written explicitly as

; 2tanh™' /s — 2tanh ™' {/1/2 for 0 < s < kip
S) =
«(s) \/’”1((1{:%— 1)s — k) + 2tanh ™" ﬁ for s > k_+1

By Lemma [10] the sequence (Vh;&(Dk)) is bounded in L?*(Q7). Proceeding as in the proof
15, we can show that (hy,(Dy)) is bounded in L2(0, T; H'(£2)). We deduce from

of Lemma

IV hi(Dy)| for Dy, < k/(k+1),

Vhi(Dy, )| <
Vil k’n)|_{\/§|VLk(Dk,n)\ for Dy > k/(k+1)
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a uniform bound for th(Dkn) in LZ(QT) The bound for (hy,(Dy)) implies a bound for

(hi(Dy.)) in L2(Q7), and we have h(D,) € L2(Q7). Finally, the proof of Lemma shows
that

hy(Dy,) = 2tanh™' VD — 2tanh™' \/1/2 weakly in L*(Qr),
Vhie(Dy) — 2V tanh ™ VD weakly in L*(Qr),
ending the proof. O

3. PROOF OF THEOREM

Since the proof is similar to that one of [22, Theorem 2], we present only the key ideas,
proceeding formally. First, we notice that Assumption (A5) with r = 3 4+ & > 3 yields

(41) ||V||L°°(OTW1 r < C”TL —p— D + AHLoo 0TL3r/(r+3)(Q) + O < C

by Lemma (10} since 3r/(r + 3) <5/3 if £ > 0 is sufficiently small. To simplify, we assume
that n = 0. The proof can be extended in a straightforward way to general boundary data
n, but at the price of more elaborate technical estimations (see, e.g., [22, Section 3]). We
wish to use n? for ¢ € N as a test function in the weak formulation of . To justify this
step, we need to show that n € L*>(0,7; L9(2)). This property is proved in [22, Sec. 3]
in a similar context and therefore, we do not present the quite technical proof here. With
this test function, we obtain

1 d
/ nittdx + q/ ng (n)n?'|Vn|*dx = q/ niVV - Vndx.
Q

q+1ﬁ
We deduce from Lemma [20| that ng’(n) > ¢(1 +n%*?) and hence, using Holder’s inequality
for the drift term, integrating over (0,t), and possibly lowering the constant ¢ > 0,

_/ q+1 )qﬂ)dx + _/ / ‘VTL (g+1 /2|2 ‘VTL (3¢+5) /6‘2)(1.1'618

/ (3¢+1) /GVV vn (3g+5) /6dl’

- 3q +5
t

S C/ Hanﬂ)/ﬁHL(6+25)/(1+5)(Q) HVVHL3+E(Q) an(3q+5)/6”L2(Q)d8
0

t
< C/ ||7”L(3Q+1)/6HL(6+25)/(1+5)(Q) "V?’L(Sq+5)/6"L2(Q)dS,
0

where in the last step we have taken into account . We apply the Gagliardo—Nirenberg
inequality with 6 = (15+3¢)/(15+5¢) < 1 (at this point we need the regularity in W' (Q)
with r = 3+ & > 3; ¢ = 0 would not be sufficient) and Young’s inequality:

(3¢+1)/6 11, (3¢+5)/6 1 (3¢+1)/(3¢+5)
kg HL(6+25>/(1+5>(Q) =|In HL(3q+1)(6+2s>/((3q+o>(1+s>>( Q)
(3¢+5)/6
< C + CInBH0)| g iyize/armaren g

< C + O[99, g In@rH2V8| 1,
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We insert this expression into (42)), multiply by ¢ + 1, and use the Young inequality (¢ +
a0 < a? + Cy(q + 1)¥=9p2, with Cy > 0 depending solely on 6:

t
(Ol + [ 17005 gy
0
t
< ||nf||‘itol(m +C(q+ 1)/ (1+ ||Vn(3q+5)/6||1+9 In (3q+5)/6|| )ds
0
< ||nl’||‘1;gol(Q +CT(q¢+1) / Vn 3q+5)/6H2

#0170 [ a9 g s
0

The third term on the right-hand side can be absorbed by the left-hand side. Then, taking

the supremum over (0,7) and observing that ||n(34+%) /GHL @ = lIn]] ?’(ijg//?;( )
1 1 3¢+5)/3
(13) I gy < 01y + Cla 1) + Clg + DO S50

We set gy := g+ 1 and ¢x_1 := (3¢ + 5)/6, which defines the recursion g1 = (3g; + 2)/6
or gy = 2qx_1 — 2/3 with the explicit solution
3q0 -2 2
=t 2“4 - LkeN,
o 3 73
where the initialization gy > 2/3 is arbitrary. Setting
be = [In||7: Loo(0,7; L% () T ||”IH () T L,
an elementary computation shows that . can be written as
by < C*/02 L keN.

This inequality can be solved as in |22 Sec. 3]:

k 2k
||n||L°° OT:La @) < (032/(1 9))(2 +1_f—2) /Qk(||n| (0510 () + “nI“ + 1) /Qk‘

It is shown in [22] Sec. 3] that the exponents on the right-hand side are bounded uniformly
in k. Choosing ¢y < 5/3, it follows from Lemma |10 that N := ||n|| o (0,r;10 () is bounded.
Then the limit & — oo shows that ||n|pe(o.rL=@) < C(n', N).

APPENDIX A. FERMI-DIRAC INTEGRALS

The Fermi-Dirac integral of order j > —1 is defined by

1 gl

Fi(z) = = ds, z€R,
@ P(j+1>/o L4 e

where I'(j + 1) = [7 s’e *ds is the Gamma function. This function has the property

]:]4 = Fj_1 for j > 0. In the following, we write A ~ B if there exist constants Cy,Cy > 0

such that A < ;B < ChA.
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Lemma 18. [t holds for any j > —1 and z € R that

Fi(z) ~ e liezoy + (77 + Dlzsgy
Proof. Let first 2 < 0. Then 7% <1+ ¢e°7* < 2e° 7% and

1 * gl e? 1 < gl
(2) > ds = —, Fi(2) < ds = ¢.
fﬂ(z)—m‘ﬂ)/o 2e" " 2 ;5<z>_m+1)/ oS

This shows that F;(z) ~ e* for z < 0. For z > 0, we write F;(z) = [1 + I, where

I ! / i /
prmng 8,
FTTG D Sy e g+1 1+esz

We infer from s < z and hence e*7% < 1 that

1 z Poan Sit+1
zlz.—/sﬂds: B
2(G+1) Jo 20+ DG +1)  20(G +2)
I L g 0
< — s'ds = ———,
1—F(j+1)/o T(j+2)

To estimate Iy, we assume first that j > 0 and substitute y = s — 2 > 0:
1 o0 ' 1 o0 gyl 1
I, = / (y+2)" dy > / y_dy:_7
F(]+1 1+ev F(]—l—l) 0 2eY 2
I < / / (y + z)
PSTG+1) 1+ev

1 < (2y)
dy + ————— d
F(]—l—l)/ol—i—eyy F(9+1)/ 1+ev™
(22)7 /z Ly 2 / y’ (22)7 ,
—— | e Ydy+ —— dy_——|—23.
L(j+1) Jo L(j+1)J, L'(j+1)

IN

IN

We conclude that

it (227 ‘ it
2 Fi(z) > 4z

T J<Z)_2P(j+2)+2’

Filz) < Tj+2) TG+

proving that F;(z) ~ 2/ + 1 for z > 0 and j > 0.
Finally, let —1 < j < 0. Then, arguing as before, I < z/T1/T'(j + 2),

1 & J 1 o0 gy
JA— / Wrely, o / Ly =1,
rG+1)J, 1+ev Lj+1) ), ev

and hence F;(z) < 27*1/T'(j + 2) + 1. The estimate from below requires a more careful

computation. As the function F; is continuous and strictly increasing, its minimum on
0, 1] equals F;(0). Thus, for z € [0, 1],

Fi(2) > Fi(0) = — /OO Y s L /Oosjd—l
H2HOTTE ) TR e T TG0 S 200 T 2




CHARGE TRANSPORT SYSTEMS FOR MEMRISTORS 27

Let z > 1. We always have I, > 0. The inequality s > 1 > 27! for 1 < s < z implies that
s7 > 1(s? 4+ z7') and hence,

I 1 1 z Sj
=—— i
' F(]+1)(/0 /1>1+e“
1 L 1 21
> Jd (I Y
_2F(j+1)/0 N S+2F(j+1)/1 55" +27)ds
1 z 1 L 1 z
- - ids 4+ —— Ids + —— ~d
4F(j+1)/0 g S+4F(j+1)/0 g S+4P(j+1)/1 v s

2Tt 1 1 1 2t 1
TG AG+) (j+1 H_E) I r2) TG
Combining the estimates for z € [0,1] and z > 1 yields F;(z) > C(2/*! + 1) for all z > 0.
This is the desired lower bound, which concludes the proof. U
Corollary 19. Let j > 0. Then for z € R,
Fi(2) = Fii(z) ~ Fi(2)gazoy + Fi(2)/9 Vg

Proof. If z < 0 then, by Lemma [I8| F;_1(z) ~ ¢* ~ F;(z). Furthermore, by the same
lemma, if z > 0, we have F;_1(2) ~ 27 = (27+1)7/0F) ~ F,(2)7/0+D), O

Lemma 20. Recall that g = .7-"1_/§ It holds for z > 0 that

ds

g(2) ~ 27t 27
Proof. Let z > 0 and y = .7-"1_5(2) Then, by Corollary 7

1 1 1
/
g ya g g ~Y
=5 0~ Fanl) ™ Fopl)ioe + Fial) Pl
1

_ _ -1 —-1/3
= =z 1 +z 1 ,
Zl{ygo} -+ 21/31{y>0} {ySO} {y>0}

which shows that ¢/(z) < C(z7! + 271/3) for z > 0. For the lower bound, we distinguish
the cases 0 < z < Fy/2(0) (or y < 0) and z > Fy/2(0) (or y > 0). The case z < Fi/5(0)
implies that z < 1 (since 1/2 < Fy2(0) < 1). Then the inequality z=' > 2z~/3 yields
2 Mgy > (271 +2713) /2 and ¢'(2) < C(z71 + 271/3).

Let 2 > Fy/5(0). If 2 > 1, we have 273150y > 27 yn0p and ¢'(2) > C(z71 + 271/3).
If F1/2(0) < z < 1, we observe that JFj5(0) < z yields Fy/»(0)27t < 1 < 273, showing
that
Fi/2(0)

2

and again ¢'(z) > C(z~'427%/3). Summarizing these estimates, we conclude the proof. [

2_1/31{y>0} > (2_1 + 2_1/3)1{y>0}

Our final result is used in the proof of Lemma 13|
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Lemma 21. There exists a constant C' > 0 such that for z > 0,

d 1/3

7 (29'(2) < C(ler on + 2 Plizr00)-

Proof. Let z < Fi/2(0) and set y = ]:175(2) < 0. Then

d 1) = Frya(y)Fi o (y)
(44) —(24'(2)) = ¢'(2) + 29" (2) = :
dz Fia(y)?
Let N(y) := {/Q(y)2 — .7-'1/2(y).7:{’/2(y). We compute the derivatives
\/_e s * /st F — 1)ds
1/2 \/— 1+ es— z ) 1/2 1 +€s z) )
yielding
4/ Vstes Vel “Vdsdt B é/"o > \/ste* V(e Y — 1)dsdt
(I+esv)2(1+etv)2 7wy Jo ([14eY)3(1+etv)

Qty—sy 1
__/ / Vister V= e e

(1+ es—v)3(1 + ev)2

/ / Vste*” y((1+es y)2(1+et v)  (1+es y) (1+et mE )dsdt

* 2¢/se*Y 0
= — —d dt
ﬁ]-"m(y)/o L+ e ) s — 12y /0 1+€t V)
2 /°° 2,/5€°Y
0

< = _Zver
< 7T]:1/2(34) T+ e ) S

We estimate the remaining integral:

\/_68 Y 2 /oo \/56873’ /
< e [ VI s = e F ().
\/_ (14 es—v) ds < \/Ee o (Ifesv)? §=¢€ 1/2(3/)

Therefore, using Lemma |18 for y = ]-"1’/12(z) <0,
N(y) < 26" Fipa(y) Fija(y) < Cre™,  Flpp(y)® = Foapa(y)’ > Coe™.
We conclude from for z < F1/2(0) that
d / N(y) C’1
—(29(2) = == < .
7 (29(2)) F P = O

Next, let z > Fi/9(0) (or y > 0). We know from the proof of Lemma [20| that in this case
g'(z) < Cz7Y3. According to (#4), it remains to show that

Fi/2(Y)F )5 (y)
]:{/Q(y)g

2g'(2) = — < Cz '3 for 2 > Fypa(0).
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To this end, we fix some yo > F1/2(0) and choose 0 < ¢ < yo. For y > g, we split the
integral ,7-"{/2 into two parts, —f{’/Q(y) = I3 + I, where

:__/ Ve -, :__/ Vil G 'V

1+ e y) (1+ev)3

The estimate of I3 is stralghtforward'
3 < —e / Vsds = 65_953/2.

We integrate by parts in I, twice and split the resultlng integral into two parts:
2 NZE n /OO s71/2e5y J
—_— s — e — 8
VT (1 +es79)2|, . 2(14esv)?
2 cefY 8_1/2 oo 0o 5—3/2
- ﬁ{ - (1\—/|—_65—y)2 " (2(1 +esv) +/ A1+ es—y)ds>}
£ €
gecY e~1/2 2
JR— \/_ — _l_ — + JR—
VT \(1+e¥)2 0 2(1 4 es7Y) NG

I /y s 3/2 s < 1 /y -3/2 g2 — y1/2
= —as < ———— S S§=—F———""—,
YT L A0+ esy) T T a1t esy) . 2(1 + e=v)

o) -3/2 oS
Is = / S—_ds < l/ s72ds = y 2,
v 4(1 + es7v) 2/,

Summarizing these estimates, we observe that the contributions that are singular for e — 0
cancel, and we end up with

I, =

(]5 + [6)7

where

2 (2 cef Y e~ 1/2 e~1/2 _ 4 —1/2
—Fiply) < —= SeveN? ve et el B g_ +y
V3 (14 ev)2  2(1+esv) 2(1+esv)
_ 2 (2pvp . VEETT | L2 )
VT \3 (14+e79)2  2(1+ev)

Since € > 0 is arbitrary, we can pass to the limit ¢ — 0 to find that for all y > 0,

2 1+42e7Y _
~F 1 /2( ) < 51 1 oY 12
N
We use the previous inequality to estimate the nominator and Corollary [19|to estimate the

denominator in ([44):
29"(2) = -

Fiy2(y) 1) (y) < C]:1/z(y)y_1/2
WP ST A ST

For 0 <y < yo, the expression z¢”(2) is bounded since F7 , and its derivatives are bounded
in [0,y0]. In case y > 1o, we wish to have an upper bound in terms of z. For this, we

for y > yo.
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notice that, by Lemma z = Fiply) < Ci(y¥? +1). It follows from y > yo that
2 < Ci(1+ yo_3/2)y3/2 =: Chy?/? and

2g"(z) < Cy~'2 < OCyP1B,
This concludes the proof. ]

APPENDIX B. A NONLINEAR POINCARE-WIRTINGER-TYPE LEMMA
We show a nonlinear version of the Poincaré-Wirtinger inequality.

Lemma 22. Let Q@ C R? (d > 1) be a bounded domain, let f : [0,b) — [0,00) with
b € RU{+oc}, be a strictly increasing function, let u € L*(Q) satisfy f(u) € HY(Q) and
ug ==m(Q)~! [yudr <b. Then for any u € (ug,b) one has

~

u

Il < 2@ @2 +4Cp (14 = )91 o

ug

where Cp > 0 1s the square of the constant of the Poincaré—Wirtinger inequality.

Notice that the function f may be singular at b. Therefore, we need the condition ug < b
to ensure that the right-hand side is finite. We apply this lemma in the proof of Lemma

[15] with f(u) = —log(1 —u), u € (0, 1).

Proof. The proof is based on the arguments of [0, Lemma 4.1]. We set A := (f(u)— f(u))"
and Ag = m(Q)™" [, Adz. Since f(u)® < 2f(u)* +2[(f(u) — f(W))T]* = 2f(0)* + 242, we
have

(45) /Q Flu)de < 4 /Q (A — Ag)de + 4 /Q A2z + 2m(Q) f(3)2

We set C; := 2m(Q) f(uw)? for the last term. The first term is estimated according to the
Poincaré-Wirtinger inequality as

(46) / (A= Ag)dz < Cpl|[V A2 < ColV £ ()],
Furthermore,

/(A _ Ag)dy — / A2dz + / (A= Ao)dz > m({A = 0}) 42,
Q {A=0} (A>0}

The previous two inequalities yield

2 Cp 2
(47) Ag < m\\vf(u)ﬂp(m-

We need to derive a lower bound for m({A = 0}). To this end, we observe that A > 0
if and only if u > u since f is assumed to be strictly increasing. Then

(m(2) — m({A = 0}))@ = m({A > 0})a = /

{u>u}

udr < / udr = m(Q)ugq.
Q
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It follows that

~

m({A =0}) > m(Q)——2 > o,
and we infer from that
~ Cp
A<t P 2,0
< e IV W
Combining this inequality with and , we obtain the result. O
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