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Weighted Leave-One-Out Cross Validation®

Luc Pronzato! Maria-Joao Rendas’

September 5, 2024

Abstract

We present a weighted version of Leave-One-Out (LOO) cross-validation for estimating
the Integrated Squared Error (ISE) when approximating an unknown function by a predictor
that depends linearly on evaluations of the function over a finite collection of sites. The
method relies on the construction of the best linear estimator of the squared prediction error
at an arbitrary unsampled site based on squared LOO residuals, assuming that the function
is a realization of a Gaussian Process (GP). A theoretical analysis of performance of the
ISE estimator is presented, and robustness with respect to the choice of the GP kernel is
investigated first analytically, then through numerical examples. Overall, the estimation
of ISE is significantly more precise than with classical, unweighted, LOO cross validation.
Application to model selection is briefly considered through examples.

Keywords Leave-one-out cross validation, integrated squared prediction error, computer
experiments, space-filling design
MSCcodes 65D05, 62G99, 62-08

1 Introduction

The paper addresses the characterization of the performance of data-driven model learning.
We consider the fairly general setting where a learning dataset collecting the evaluations of an
unknown function f at a given set of sites X,, = {x1,...,X,} is used to predict the value of f at
generic points x in some set 2. When function evaluations are computationally expensive (for
example when they involve complex computer simulations) their number is necessarily limited
and the selection of appropriate sites x; is crucial, a problem addressed by the experimental
design literature. Regardless of the sites chosen and the prediction method used, it is important
to assess the quality of the predictions produced by the learned model. The most common
measure of performance is the Integrated Squared (prediction) Error (ISE) for a given measure
of interest u over 2, and this is the criterion considered in this paper.

Gaussian Process (GP) models are commonly used in computer experiments to formalize
prior knowledge about the behavior of the unknown f, as they provide access to the full Bayesian
machinery: considering f as a realization of a GP, it is possible to encode prior knowledge on
f, such as its regularity over 2, and function evaluations f(x;), considered as observations
y; = Y, on a sample path of the GP, can be used to update knowledge about f in a Bayesian
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way. Although in computer experiments GP models are traditionally used to predict values of
f, in this work we use them to infer the performance of a given predictor, by exploiting the
property that fourth-order moments of Gaussian variables are directly available. The predictor
whose performance is inferred may be itself the Best Linear Unbiased Predictor (BLUP) derived
from a GP model, but this is not mandatory and our approach applies to any predictor linear in
the observations y; whose weights may depend arbitrarily on x. Linearity in the observations is
essential in order to preserve the Gaussianity of prediction errors, but this covers a wide range of
prediction methods (extension to non-linear predictors is theoretically possible, through Taylor
series expansion and the calculation of higher-order moments of Gaussian variables, but seems
tedious and rather unpractical). Also, the paper focuses on the case of noise-free observations, i.e.
situations where we directly observe the response of a deterministic simulator, but the presence
of observational noise can be taken into account by introducing a nugget effect into the GP
model, and the modifications this implies are briefly indicated in Section 4.7 (some simulation
results for noisy observations are presented in Section D.2).

A classical approach to evaluate the performance of a prediction method without using
observations other than those used to learn the prediction model itself is Cross Validation (CV),
and in particular Leave-One-Out Cross Validation (LOOCYV). In LOOCYV, the value of f at each
site x; is predicted by the same method but removing x; from the learning dataset; the difference
with the observed value y; determines a residual error £_;, and the empirical average of the 52_i
is used to quantify the overall quality of the prediction method. A large number of papers have
addressed cross validation, in particular questioning in what sense it can be considered as an
estimate of a statistic of the prediction error, see e.g. [4]. In general, the performance analysis
considers that LOOCYV provides an estimate of the expected squared prediction error, assuming
that the learning dataset is an independent and identically distributed (i.i.d.) sample from the
joint distribution of the model covariates and outputs. Additionally, it usually assumes that
the available observations are noisy versions of the model output, an assumption that we relax
here. We will show that, as it can be anticipated, for a well spread design X,, LOOCYV tends
to strongly overestimate the actual conditional ISE, given the learning dataset. The estimator
we propose, by using the geometry of the design on which the model has been learned to weight
the LOO residuals, is able to overcome this drawback. As an unsought feature, our method
is able to cope with the problem of covariate shift, of current interest amongst the community
of machine learning [23, 24] and to which CV is known to be highly sensitive. Covariate shift
occurs when the design in the learning dataset is not a sample from the target distribution under
which we want to assess the prediction error: the weights of the corrected LOOCV estimator
that we propose depend on the design used to learn the model studied, and thus automatically
adjust to covariate shift.

The main objective of the paper is to propose an estimate of the ISE that overcomes some of
the limitations of the LOOCV methodology by relying on a GP model, not necessarily stationary,
for the fitted function f (the possible extension to mixtures of GP models is briefly considered in
Section F in the supplement). This allows us to estimate the expected squared prediction error,
conditioned on the learning dataset, the expectation being now taken with respect to f. Our
method builds on [18] and relies on the construction of the best linear estimate of the squared
prediction error at any x € 2 based on the set of squared LOO residuals €2 ;. Integration
with respect to x (a simple summation when the measure p is discrete) then provides the ISE
estimate. The numerical experiments presented show that our method significantly improves
the accuracy of performance evaluation compared to the straightforward application of LOOCYV.



As the resulting performance measure depends on the assumed GP model, the paper and its
supplement include extensive numerical analyses that confirm robustness with respect to its
choice.

2 Notation, motivation and paper organization

2.1 Notation

Consider an n-point design X,, = {x1,...,x,} without repetitions, i.e., x; # x; for all i # j,
and let y, = [y1,...,yn]", where y; = f(x;) is the observation at site x;!. We denote by
Fy, the learning dataset: %, = {(x;,y;) 1} — a sub-index n will indicate dependency of the
corresponding quantity on %, (sometimes, only on the design X,,).

Let n,(x) be the (arbitrary) predictor of f(x) at an unsampled site x, learned using .%,,
whose performance we want to assess, and denote by

en(X) = f(%) = na(x)

its prediction error at x. Our goal is to estimate, using only the dataset .%,, the ISE for some
given positive measure of importance u over 2

ISE(n.) = [ <360 utax). (2.1)

Without any loss of generality, we assume that X,, € Z ™. All predictors 7, considered
in the paper are linear, being defined by a weight function w(-,-) : (x,X,,) € 2" x 2" —
w(x,X,) € R, such that the prediction of f(x) based on y, is 7,(x) = w' (x,X,,)yn, for any
n € IN and any X,,. In the following, we use the simpler notation w,(x) = w(x,X,) — note
that 7, does not necessarily interpolate the data, i.e., we may have 7, (x;) # y;; the prediction
error is therefore not necessarily null at the x;. We always assume that w,,(+) is bounded on 2"

The estimator of ISE(n,,) proposed in this paper, ISE pLr(nn), assumes that f is a realization
of a GP Yx ~ GP(0,02K), indexed by x in 2. Here K is a Strictly Positive Definite (SPD)
kernel and Yy ~ GP(0,02K) means that E{Yyx} = 0 and E{Yy Yy} = 02K (x,x’) for all x and x’
in 2. Throughout the paper, k,(x) is the vector with components K(x,x;),i=1,...,n, and
K, is the n x n matrix with {K,};; = K(xi,%;), 4,5 = 1,...,n. We will denote M,, = K,
(and to simplify notation the subindex n will be dropped, i.e., M = M,,).

The assumption of a GP model for f is important for at least three reasons: (i) it is
extremely convenient for evaluating the performance of an arbitrary ISE estimator for a given
linear predictor 7,; (i) it is essential for the derivation of the ISE estimator we propose; (i) it
is commonly used to define a predictor 7,. We thus need to carefully distinguish between three
possibly different GP models in the developments presented below.

We will denote by GP(0,02K) the (“true”) data generating model. In a real situation, the
data f(x;) are not samples from GP(0, 02K ), but this assumption allows explicit computation of
the bias and Mean Squared Error (MSE) of the different ISE estimators considered. When we
will need to distinguish it from GP(0,0%K), the GP model assumed for the construction of our
estimator I§E3Lp(nn) will be denoted by GP(0,02K(®). Indeed, there is no reason to assume
that GP(0,02K) = GP(0, azK(e)), and we will investigate the impact of the possible modeling

!By default all vectors are column vectors.



mismatch GP(0,02K) # GP(0,02K(®). Finally, the predictor 7, for which we want to estimate
the ISE may itself rely on a certain GP model, which we shall denote by GP(0, agK (p)), where
K@) differs in general from K and K(¢). When necessary, a superscript (¢) or ) will explicitly
indicate the underlying model to which we refer. An essential feature of our method is that it
relies solely on predictions (it does not require estimation of the scaling parameter ¢2), so the
choice of kernel is not very critical: indeed, predictions based on GP models are known to be
robust to the choice of kernel K, which is not the case for the prediction of their accuracy; see,
e.g., [21, Sect. 3.5]; one may also refer to [1, 14, 16] for results on the estimation of o2 in a GP
model and consequences on model calibration.

That we always suppose a GP with zero mean may appear as a severe restriction, as the
hypothesis according to which f is a realization of a centred GP is often difficult to maintain
in practice. However, the presence of a linear trend 7'h(x), with h(-) = [h1(-),...,h,()]" a
vector of p functions on 27, has no effect on our ISE estimator when the predictor satisfies
[hi(x1),. .., hi(xp)]Wn(x) = hi(x) for alli = 1,...,p, all n and all x and X7, ...,x,. This is the
case in particular for universal kriging (and when the trend is a constant mean, i.e., h(x) =1
for all x, the condition ) ;" ; w;(x) = 1 for all n and all x is satisfied by the ordinary kriging
predictor). See Section E in the supplement for details, including a simple and convenient
modification of the estimator for the case when the weights w,,(x) do not satisfy the condition
above.

The kernels used in the examples presented in the paper are all isotropic (i.e., K(x,x’)
only depends on |x — x'||). However, this is not mandatory and any kernel K(®) can be used
to construct ISE prpr(nn). This means that, independently of the particular predictor whose
performance is to be assessed, we may choose the kernel we think is the most appropriate as a
GP model for f: K(®) can be non isotropic, non stationary, and one may even consider a mixture
of GP models (see Section F in the supplement), which offers considerable flexibility.

2.2 Motivation

To motivate our work and precise the basic notions that we shall use, in this introductory section
we consider the case when GP(0, 02K () = GP(O,O’%K(IJ)) =GP(0,02K) and 1, = 1, the Best
Linear Unbiased Predictor (BLUP) of f given .%,; that is, n, is the simple kriging interpolator
(the posterior expectation under the GP model):

(%) = E{Yx| Zn} = ky (0K, 'y (2.2)

The posterior variance of Yy is independent of the observations y,,: var{ Yx| .%,} = E{[Yx —
0t (%)% Fn} = E{[Ya—n(x)]?| X, }, and direct calculation gives var{ Yyx| Z,} = o p%?(x), where

pi2(x) = K(x,%) — k| (0K, 'k (x) (2.3)

is the (simple) kriging variance. As the learning design X, is fixed, all expectations are condi-
tioned on X,, but in the following we shall simply write E{-} = E{:|X,,}. The assumption that
nn =1, for a given GP model will be flagged with an asterisk.

For a given (positive) measure of importance p on 2, the Integrated Squared Error ISE(n,,)
defined in (2.1) is a natural criterion for measuring the overall predictive quality of 7, over 2 .
Since Yy, and thus &,(x), is unknown for x ¢ X,,, ISE(#,) is not computable. However, under



the GP assumption for Yy its expected value (the Integrated Mean Squared Error) is given by

IMSE() = [ B0 7 () = o [ o12(0) ). (2.4)
As the process variance o only appears as a multiplicative factor in (2.4), the design X,, that
minimizes IMSE(n}) is independent of o?; see e.g. [20] for an early reference and [9, 10] for
methods that avoid repeated computations of integrals when constructing an IMSE-optimal
design. Note that unlike the method proposed in this paper, which further exploits knowledge
of Z,, direct use of (2.4) to quantify the predictive quality of the model learned over a design
X,, requires knowledge of o2, the process variance?.

Several methods have been proposed to assess the performance of predictors using the learn-
ing dataset .%,,, amongst which cross validation and in particular the LOOCYV criterion [22]:

ISELOO (nn) = ZE—“ (2.5)

where £_; = y; — n,\;(x;), with Nn\: the predictor constructed without the i-th design point x;.

As explained in Section 3.1, the actual performance of I/S\ELOO(nn) as an estimator of I1SE(n,)
strongly depends on the design used to construct M. The ISE estimator that we propose
optimally weights the squared LOO residuals €2 ; by constructing the Best Linear Predictor
(BLP) of €2(x) at an unsampled site x (it minimizes a squared loss and is linear in the &%),
and thereby ensures robust performance with respect to the design configuration. Central to
the method is the fact that all moments required to calculate this BLP are directly available,
thanks to the Gaussian assumption.

2.3 Paper organization

In Section 3.1, we derive the bias, variance and MSE of ISE estimators that are linear in the
squared LOO residuals 52—1‘7 under the GP model assumption and for a general linear predictor
Mn. Results for I/S\ELoo(nn) follow as a particular case. The special case where 7, = 7, the
BLUP for the assumed GP model, is considered in Section 3.2. In Section 4.1, we derive our
estimator ISEp/, p(nn), the integral of the BLP 52( ) of the squared prediction error £2(x) based
on the squared LOO residuals 52_i. Its mean and MSE are given in Section 4.2 under the assump-
tion that K(¢) = K (i.e., in absence of modeling error). In Section 4.3 we assume that 7, = 7},
the BLUP for GP(0,0%K), and in Section 4.4 we consider the performance of I/S\EBLp(nn) for
a general linear predictor 7, in presence of model misspecification (K € £ K ). Two limiting
behaviors for K(©) are briefly investigated in Section 4.5: the independent limit where the corre-
lation between Yy and Yy is negligible when x # x’; the flat limit where conversely Yx and Yix/
remain strongly correlated when ||x’ — x|| is large. The BLP £2(x) of Section 4.1 is biased, and
therefore ISE pLp(ny) is biased too; a bias-corrected version (in absence of model misspecifica-
tion) is presented in Section 4.6. Modifications implied by the presence of observation noise are
briefly discussed in Section 4.7. A numerical investigation of the performance of the estimators

?Numerical investigations show that methods that rely on the estimation of o2, e.g. by Maximum Likelihood
or LOOCV, and estimate ISE(n,) by IMSE(n,) perform worse than the one proposed in the paper; see Section 6
for a brief discussion.



|§\ELOO(TZn) and I§\EBLP(77n) is carried out in Section 5 where several numerical examples are
presented. First, in Section 5.1 we illustrate the influence of the design X, on both estimators
for a univariate function f. Then, in Section 5.2 we study the robustness of ISEgyp(n,) with re-
spect to the assumed kernel K¢, considering kernels with different correlation lengths; different
predictors 7, are also considered: a non-interpolating polynomial (Section 5.2.1) and the BLUP
for a GP model GP(O,O’IQ,K (P)) (Section 5.2.2). Additional material is provided in Section B of
the supplement and involves kernels K (€) with different regularities. While in Sections 5.1 and
5.2 Yy ~ GP(0,0%K), in Sections 5.3 and 5.4 we consider test-cases from the literature, with
J depending on 2 and 4 variables, respectively. Other numerical results are presented in the
supplement: average performance characteristics of ISEgp(n,) and ISELoo (1) for GP realiza-
tions with n € {10d,20d,50d,100d,200d} and d € {4,6,8} in Section C; empirical performance
for random functions that are not GP realizations in Section D, including the introduction of
observation noise in Section D.2. Section 6 concludes and draws some perspectives for this work.

That we propose to estimate the ISE (2.1) by another integral may seem numerically cum-
bersome. However, the integrated function is known explicitly, and the integral can be approx-
imated by Quasi-Monte Carlo with small computational cost — an indication of computational
times for a Matlab implementation is provided in Sections 5.3, 5.4 and D.1 in the supplement.
In fact, the method proposed does not address the integration problem itself, but rather the
estimation £2(x), in the mean square sense, of the squared prediction error £2(x) at any x.
Note, however, that we cannot predict precisely the value of £2(x) at every x (and an example
presented in Section D.3 shows that the approach is ur/l\reliable for estimating a tail characteristic
such as a quantile or a conditional value-at-risk of £2(X) with X ~ p, for one realization of
Yx ~ GP(0,0% K), as the estimated value s%(X ) and €2 (X) have different distributions). Esti-
mation of ISE(n,) by the integral of &T/%(X) can be justified by ergodicity arguments when K is
stationary, K(x,x’) — 0 as ||x — x'|| = oo, and the support of u is large enough.

3 LOOCYV for linear predictors under the GP assumption

For linear predictors, of the form 7(x) = w, (x)y,, the vector of LOO residuals e00 =
(e_1,...,6_p)" is also linear in y,, and can be written as

eroo =R, yn, (3.1)

where R,, = I,, — Wn\, with I,, the n-dimensional identity matrix and Wn\ an n X n matrix
whose diagonal is identically null (as e—; = y; — 7,\;(x;) and 7,,;(x;) does not depend on y;).
We assume that R,, has full rank.

The assumption that f is a realization of a GP Yy ~ GP(0,02K) allows us to derive the
expressions of the first two moments of an arbitrary linear combination 'yTe%%O of the squared
LOO residuals 5%%0 =(e2,,...,¢2,)", v € R (Here and in the following we denote by A®?
the Hadamard square of matrix A: {A®%};; = A?j.) As the LOOCV criterion Ié\ELOO(nn)
corresponds to v = 1, /n with 1,, the n-dimensional vector with all components equal to 1, see

(2.5), we directly obtain the bias and MSE of I/S\ELOO(%).



Table 1: Moments of quantities of interest.

b ot 2.7 | oen(x) e2(x) ISE(1,,)
a E{ab}/c* * * % % "
o2 * 1 ul 0 P (%) JIn
€700 * u, | Su 0 cn(X) by,
oen(x) * 0 0 P2 (x,x) 0 0
en(¥) * pn(X) | cn (X)) 0 Pn(X) 1 (x') + 2 pp (%, X')
ISE(7,,) % Jn b 0 JZ2+2V,

3.1 Consequences of the GP assumption and notation

Under the GP assumption Yy ~ GP(0,02K), the prediction error ,(x) = Yx — n,(x) has zero
mean, E{e,(x)} = 0, and we denote

pin(x) = E{en(x)/0?} = K(x,%) — 2w, (x)kn(x) + W, (x)KnWi(x) . (3-2)
The vector of LOO residuals €700 is also Gaussian and, for all x € 2",
E{eroo} =0,  Eferooeloo} = "Ry K,R,,  Eferooen(x)} = o> R, t,(x),
where
tn (%) = E{ynen(x)}/0° = kn(x) — Knwa(x). (3.3)
Using the formula for the expectation of the product of squared Gaussian variables a and b,
E{a®V*} = E{a*}E{b*} + 2 [E{ab}]?,

we get E{e2(x)e2(x)} = o [p2(x)p2(x) + 2 pjp(x,X')], where p2(x) is given by (3.2) and
P2 (x,x') = % E{en(x)en(x)} = K(x,%) — w, (x)kn(x) — W, (X)) kn(x) + W, (%) KW, (x).

In the same manner, we obtain for the (normalized) first two moments of €555,

u, = E{e$2,}/o? = diag{(R,IKan)}, (3.4)
Sn = E{e720e720 1ot = E{efio/o?}E{elR, /02}+2<E{€LOOEIOO/02}>®2
= wu,u, +2(R)K,R,)??, (3.5)
together with
cn(x) = E{2 (030} /0! = E{e2(x)/0?}E{€530/0} +2 (E{e(x)eroo/0?})
= pa()u, + 2[R, 6,(x)]%. (3.6)



With these definitions (summarized in Table 1), we can compute the bias, variance and MSE

of any linear combination Ig\E(nn) =~Tefl, v € R™

Bias{ISE(.)} = E{ISE(a) — ISE() } = 0%y u, — E{ISE(a)} | (3.7)

var(iSE(n,)} = E{ISE ()} — [E{BEM)}]" = oy (S) —wpu] )y
=20y TR K, R,)%%y, (3.8)

MSE(ISE(,)} = E { (1SEGm.) - ISE(nn>)2}

= oy 'S,y —20%y b, +var {ISE(n,)} + [E{ISE(n,)}]* , (3.9)
with

E{ISE(n,)} = IMSE(n,) =0%J,, (3.10)
var {ISE(n,)} = 20V, (3.11)

where we have introduced
b, = /gf Cn(x) p(dx), (3.12)
Teo= [ G utax). (3.13)
v, = /f (¢, X u(dx) () (3.14)

We thus obtain for the LOOCYV estimator (2.5) (for which v = 1,,/n)

- 2

Bias{ISELo0(1m)} = %Qun—lmsann), (3.15)
— 1'S,1, 1!'b,

MSE{ISELo0(n.)} = 0—4{ ”n2 -2 "n +J2 42V, . (3.16)

3.2 BLUP for the assumed GP model

We consider here the special case where 7, is the BLUP 7 for the GP from which f is drawn,
ie., GP(O,UZQ)K(p)) = GP(0,02K), a situation where simpler expressions can be found since
wi(x) = K, 'k, (x), see (2.2). Indeed, it implies t,,(-) = 0, see (3.3), and p2(x) defined by (3.2)
equals p?(x) given by (2.3).

Since the LOO residual e_; is computed using the BLUP 7 that leaves out (x;,;), i.e.,

5—1':%—772\@'(3(1‘), i:la"'ana

where nfl\i(x) = kz\i(x)K;\liyn\i (with obvious notation), straightforward use of the block-
matrix inversion formula gives

R, = MDna



where M = K,,;! and D,, = diag{1/M;;,i = 1,...,n}, with

Mis = | K (i) = e () Kl () | = 1/00,(x0)

the i-th diagonal element of M; see [7] (one may also refer to [11] for the extension to multiple-
fold CV). Note that in this case R,, always has full rank.

To highlight the difference with previous section, we insert an asterisk in superscript for c,,
u,, and S,, and write

ch(x) = uppr’(x),
S* = uwul +2DY?MO2DO? (3.17)
with
w, = (1/Mig,...,1/Myn) " (3.18)

The LOOCYV criterion is then equal to

—~ o1 1
ISELoo(n;) = e = =~ ¥a TMD2My,,, (3.19)
=1

and its expectation for a given design X,, is

2

E {FSE Loo(ni;)} = Z trace (MD2MK,) Z M;;D,.2
o? 02 1 o? . 2
= ;traee = Z M, n an\i (xi) -
i=1 i=1

To shed some light on the issues involved in using (2.5) as a measure of prediction accuracy,
let us consider two extreme situations: (i) X,, is such that each design point has another one
in its vicinity; (#) X,, is such that all design points are far enough from each other to have a
negligible correlation between Yy, and Yy, for i # j. In the first case, since when x; is dropped

there is another design point in its neighborhood, we have u, ~ 0, and thus IgTiLoo(nn) is
overoptimistic, with a negative bias close to —IMSE(7,,), see (3.15). The behavior in case (i)
depends on 7,, but for any reasonable predictor such that on average the accuracy of 7,(x)
improves when x is closer to a design point x; (and thus the correlation between Yy and Y,
increases), on average €2 ; will be larger than €2 (x): ISE 00 (ny) will thus tend to be pessimistic,
with a positive bias. One may refer to Section 5.1 for an illustrative example.

The actual performance of ISE;oo(n,) therefore strongly depends on the design configura-
tion: its attractive features pointed out in the literature are in fact valid on average, for designs

X, with x; i . Note that when the x; are designed to ensure precise prediction of f over
Z, they are usually space-filling and thus far from resembling an i.i.d. sample, see, e.g., [17].
This situation approaches case (ii) and we will see in Sections 5.2 to 5.4 that indeed ISE £00(1n)
tends to overestimate ISE(7y,).



4 Best linear estimation of the ISE based on squared LOO resid-
uals

The LOOCYV estimator (2.5) has two antagonist distinctive features: (7) it is free of any modeling
assumption, and can thus be used to infer the predictive quality of any predictor n,; (i) it is
agnostic to the geometry of the design X,,, and is thus unable to capture its impact on the
expected errors in regression problems, being thus highly sensitive to the covariate shift problem
[23]. On the one hand, the estimator we propose in this paper loses the universality of feature (%)
as it is strongly grounded on the GP assumption for f and is derived for linear predictors only.
On the other hand, its parameters are tuned to the design geometry, so that the impact of this
geometry on the estimated error is correctly accounted for. A key advantage over LOOCYV is
thus that we can choose the design X,, by focusing solely on the accuracy of n,, without worrying
about the possible impact of the choice of X,, on the precision of the estimate of ISE(n,,).

Our estimator, I/S\EBLp(nn), relies on the assumption that Yy ~ GP(O,O‘EK(C)) for some
some SPD kernel K(¢). In Sections 4.1 to 4.3 we assume that GP(0,02K(©) = GP(0,0?K) and
drop the superscript (¢, but in Section 4.4 we investigate the performance (bias and MSE) of
ISEpL p(n,) in the case where the data generating model GP(0,02K) differs from the assumed
model GP(0, 02K (e)); see also Sections B and C of the supplement.

4.1 Best linear estimation of &2 (x)

We consider estimation of the squared prediction error £2(x) of a linear predictor 7, at a generic
point x € 2, based on the n observed squared LOO residuals ELOOv assuming that Yy ~
GP(0,02K). The linear estimator that minimizes E{[2(x) — ,@TELOO] } with respect to B3 € R"”
is

2pp(x) =B (x)ef3o,  with  B(x) =S, en(x), (4.1)

where S,, = E{€LOOELOO }/ot and ¢, (x) = E{e2(x)e3,} /0! are respectively given by (3.5)
and (3.6). The assumption that R,, has full rank implies that S,, is invertible.

One may notice that when w,(x;) = e;, the i-th canonical basis vector, for all i = 1,...,n
(which is the case for example when 7,, is a kriging predictor for a kernel K(P)), then p2(x;) =0
and t,(x;) = 0 for all i, see (3.2) and (3.3), and therefore ¢, (x;) = 0, see (3.6), implying that
5/% prp(xi) =0 for all <. This is however not necessarily the case for an arbitrary predictor 7,,.

The estimate of ISE(7,) proposed in this paper is

~

= T T
ISEgLp(n,) = /&V e2 o, p(x) p(dx) =55, Syt /3{ cn(x) p(dx) = €555 S, bn, (4.2)

with b,, given by (3.12). When pu is approximated by a discrete measure on N points x(®),
i =1,...,N, the complexity of the evaluation of |§\EBLP(7]n) is of the order O(Nn?) (O(n?)
for the evaluation of each {-Z/%BLP(X(i))). As the minimization of MSE{I/S\E(nn)} with respect to
v in (3.9) yields prp = S, by = [, B( A x) p(dx), Ingng(nn) is the best estimator of ISE(ny,)
that is linear in the ¢2,. Note that there is no guarantee that 5nBLP( ) = B( x)et5, be

Jr o~
positive. We keep this EnBLP<X) in our analysis, but use €2 g; p(x) = max{e2 5, p(x),0} in
the numerical implementation that generated the examples provided in Section 5 and in the
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5+
supplement: €2 p; p(x) minimizes E{[e2(x) — Be72]?} with respect to 3 € R™ under the

constraint ﬁTE%%O 0.

4.2 Mean and MSE of the best linear ISE estimator (no modeling error)

The assumption Yy ~ GP(0,02K) allows us to compute the statistical moments of ISE BLP(Mn),
in particular its bias and MSE. Substituting v = '7BLP = S, 'b, in (3.7) and (3.9) we get
E{ISEBLp(nn)} = 0%b,) S 'u,, and thus the bias of ISEBLp(nn) is

Bias{ISEzLp(n:)} = ob) S u, — 02, .
Its mean squared error is
MSE{ISEzLp(n.)} = o*(J2+2V,)—o'b, S by, (4.3)

where u,, Sp, by, Jn and V, are respectively given by (3.4), (3.5), (3.12), (3.13) and (3.14).
Notice that MSE{ISEBLp(nn)} < o*(J2+2V,) = E{ISE?*(n,)}, the MSE of the trivial estimator
ISE(nn) = 0 — which is not necessarily the case for MSE{ISELOO(%)} see (3.16). Direct
comparison with (3.16) gives

MSE{ISE00(nn)} — MSE{ISEsLp(1n)} = 0* (1n/n — S5'b,) ' S, (1u/n— S5 'by) > 0

and Section 5 will highlight the superiority of ISE pLp(ny) over ISE roo(ny) in various situations
involving model misspecification; see also Sections B to D in the supplement.

4.3 BLUP for the assumed GP model

As in Section 3.2, assume now that 7, = 7 given by (2.2) (with again Yyx ~ GP(0,0%K)). With
the notation of Section 3.2 we get by, = [, ¢k (x) p(dx) = Jiuk with J; = [, pi%(x) p(dx),
and our linear estimator has the simple form

or * T ~x Tax—1 o
ISEBLP(nn) :E%(%O YBLP = ‘] E%éO S u,, (44)

where S} and u}, are given by (3.17) and (3.18). Simple algebraic manipulations yield

—~ 2J*
Bias{ISEpLp(n})} = o2J: (u;fs;ﬂ;lu;; _ 1) . %n
{ISEBLP(10)} wQ

where Q,, = 2(D,,MD,,)®% showing that ISE prLp(n) is negatively biased. As the numerical
results presented in Section 5 show, this is the case in most situations of interest, and we present
a bias-corrected version in Section 4.6. We also get from (4.3):

MSE{ISEpLp(m)} = var{ISEGy)} + IMSEX() (1 - w8} " us;)
1
1+u T Quluy

= var{ISE()} + IMSE?(n})

11



4.4 Best linear ISE estimation with model misspecification

In this section, we return to the general framework of Section 4.1, where 1, (x) = w ' (x, X, )y, is
a given arbitrary linear predictor, but we estimate ISE(7,,) assuming the misspecified model Yx ~
GP(0,02K(®)) when in fact Yy ~ GP(0,02K), K # K©). We thus add the superscript (¢) to the

—1 o~ —1
notation of Section 4.1. We have now gy p = ng) bgf) and ISEgrp(n,) = ECL%OTS(e) bff).
Substituting ¥z p for v in (3.7) and (3.9) we obtain

E(SEpLr(m)} = o®ulSE b, (4.5)
MSE{ISEsrp(mm)} = o [bﬁLe)ngf)‘lsnsge)‘lbg@ _2p@ 8O p, 4 g2 42 an4,6)

where u,,, S;,, by, J, and V,, are defined in Section 3.1 (with the superscript (¢) when the kernel
K(©) is substituted for K).

As one may expect, MSE{IgTE pLp(ny)} is minimum when using the oracle ISE estimator
(oracle)

based on the true model GP(0,0%K). Indeed, denoting ISE BLp (7n) the estimator that uses K
instead of K(¢), by direct calculation with (4.6) we get

(oracle)

MSE{BEBLP("M)]’ MSE{ISEBLP (1)}
T _
_ (s£f> ‘bl - bn) S, (Sg@ hle) - s,;lbn) >0.  (4.7)

4.5 Independent and flat limits

Here we assume that K (¢ is translation invariant, with K (¢)(x,x') = Ky(x,x') = ¥[9(x—x')], for
some function ¥ defined on R such that ¥(04) = 1 and ¥(z) tending to zero when ||z| — +oc.
In particular, Ky may be isotropic, with Ky(x,x’) = ¢(0]|x —x’||) and 0 acting like the inverse of
a correlation length, with ¢(0) = 1 and ¢(r) — 0 as r — 4o00. All kernels used in the examples
of Section 5 have this property. We assume that u(X,,) = 0. We call independent limit the case
0 — +oo and flat limit the case § — 0. There is no limiting behaviors to consider for ISE £00o(Mn)
as it does not use K¢, and we thus only consider the case of ISE BLp(n,) defined by (4.2).
Independent limit For a fixed design X,,, as § — +oo direct calculation gives Kgf)
ul? - ugf)(oo) = diag { (R, R,)}, and we get

— I,

JO L @) =1+ / W ()12 (),
Z

0—4o00

b = bl (o0) = I (00) uff) (o0) + 2diag { (R T(W)Rx) |

0—4o00

8¢ = 8{(c0) = ul (c0)ul(c0) " +2 (R, )2,

0—+o00
with I(w) = [, wy(x)w, (x) u(dx). Therefore,

—~ -1
ISEpLP(1a) , > vaSY) " (c0)b(00) and E{ISEprp(m)} Ieka TS COR R COP

+o0 "

and, similarly, the independent limit for I\/ISE{Ig\E sLp(nn)} is obtained by substituting ng)(oo)
and b,(f)(oo) for S and b\ in (4.6).
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Flat limit We let now 6 tend to zero in K (x,x’) = ¥[f(x — x’)]. When we take K = K(®),
i.e., when the data are also generated by GP(0,02K (%), a careful analysis (which is beyond the
scope of this paper) based on [2, 3] shows the existence of a flat limit for the weights Y5, p =

o~ 9 &

JES* 7l of the estimator ISEgrp(n?). Then, since E{v,,} = ¢?u’, and {u*}; = p;\iz(xi), see
Section 3.2, for a fixed o2, E{ISEzLp(n})} =, 0 (and similarly MSE{ISEgLp(n})} 0.

As explained below, the situation is different in the (more meaningflil\) situation where K
K®© K is fixed and # — 0 in K(©). Studying the precise behavior of ISEgrp(n,) when 6 — 0
would require developments beyond the scope of this paper; we nevertheless list some basic facts

that explain certain features observed in the examples in Section 5.
As 6 — 0, we have KY — 1,1} and kgf)(x) — 1, for all x. Therefore, (3.2) gives

2
pﬁf) (x) — [1 —w,)(x)1,]? and thus I J,(Ze)(O) = [,-1 = w, (x)1,]? u(dx), and (3.3)
0—0 0—0

yields tgf)(x) = [1—w, (x)1,]1,. We also have
N

u(® = diag {(RZ K,(f)Rn)} — u®9(0) = (RT1,)°2,
0—0
so that (3.6) gives ¥ (x) e 3[1—w, (x)1,)? u” (0) for any x € 27, and therefore
—

b — bl (0) =37 0)ul®(0).

" ogs0

As RZKS)Rn = R!1,1)R,, sl o Sl (0) = 3uld (0)[u,(f)(0)]T, a rank-one matrix. The
— —

singularity of ng) (0) prevents the existence of a flat-limit for ISE BLp(n,) when 6 tends to zero,
explaining why we encounter numerical difficulties for evaluating ISEgrp(7,) for (very) small 6.

When the predictor 7, is such that w, (:)1,, = 1 for any n and any X,,, we have Jée)(()) =0

and thus b (0) = 0,, and moreover the matrix R,, in (3.1) satisfies R,]1,, = 0,, and thus
uq(f) (0) = 0,,. Therefore, Sq(f) and bff) respectively tend to the null matrix and null vector when
Osrp — 0, and we may expect the numerical difficulties to be less pronounced for predictors
with this property; see the numerical example in Section 5.2.2 for an illustration.

4.6 Best linear unbiased estimation of the ISE

Assuming that Yy ~ GP(0,0%K), we can easily correct the bias of the linear estimator of €2 (x)
derived in Section 4.1: we minimize E{[¢2(x) — ﬁTE%(Q)O]Q} with respect to 3 € R"™ under the
constraint B'E{e75,} = E{e2(x)}. Since E{e2(x)} = 02p2(x) and E{e}p,} = o?u,, see (3.2)
and (3.4), the constraint is 8" u, = p2(x), which does not depend on ¢. The optimal solution
to this convex minimization problem is

,/B\U(X) =81 cn(x) + p2(x) —u,} S, ten(x)

u,| . 4.8
u,TLS,;lun " (48)

The unbiased version of the linear estimate of ISE(7,) is then I/S\EBLUp(nn) = '/)\’;LUPE%éoa
with Y1 0p = [, Bu(x) u(dx) = Sy by + (Jn — u, S, 'by)S; tus/(u,) S, uy) (which we also
directly obtain by minimization of MSE{ISE(n,,)} in (3.9) under the constraint v"u,, = J,, see
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(3.7) and (3.10)). Its bias, variance and MSE are respectively given by (3.7), (3.8) and (3.9)
with 4 p substituted for 4. Note that ISE pLup(ny) is unbiased only in absence of model
misspecification. Cases where 1, = 1’ and where a misspecified kernel K(©) # K is assumed can
be considered similarly to Sections 4.3 and 4.4. A numerical illustration of the performance of
ISEgrup(n,) is given in Sections 5.2.2 (see Figure 5) and C, D in the supplement, indicating a
moderate improvement over ISE prLr(ny) (in particular because bias cancellation is only effective
in the absence of modeling error).

4.7 Introduction of a nugget effect for noisy observations

Statistical modeling of physical systems usually relies on observations corrupted by noise. Sup-
pose that we observe y(x;) = f(x;) + (; at the n design points x;, where the measurement
errors (; are i.i.d. random variables. Assuming that these errors are normal, the develop-
ments above for the construction of the ISE estimate ISEprp(n,) remain valid provided we
use now a GP model with nugget effect: we assume that Yy ~ GP(0,02K/) with K/ defined
by K| (x,x') = K(x,x) + rdxx, where 0xx» = 1 when x = x’ and is zero otherwise. The
implementation of the method requires knowledge of the nugget effect r. Estimating r from
the data %, is a possible option (see, e.g., [13, Sect. 4]) that we do not pursue here: it raises
several issues, notably of robustness (note that both o2 and r need to be estimated), which
are worth investigating further. However, the numerical results presented in Section D.2 in the
supplement indicate that the performance of ISEgrp(n,) remains noticeably superior to that of
LOOCYV even when r is severely misspecified.

5 Numerical experiments

5.1 Influence of the design X,

This simple example illustrates the discussion at the end of Section 3.1. Here, the function f
depends on a single variable x € 2~ = [0, 1] and is a realization of a GP: Y, ~ GP(0,0%K) with
o=1and K(x,2") = Kg/3,(%,X') = ¥3/29,(|x — 2'[), where 935 y corresponds to the isotropic
Matérn 3/2 kernel,

V320(r) = (14 vV307) exp(—v307). (5.1)

The predictor 7, is the BLUP for the model GP(O,O’%K(I))), with K®)(z,2') = Ks/90,(%, %) =
V52,0, (|7 — 2'[) corresponding to the isotropic Matérn 5/2 kernel

Usjae(r) = |1+V507r+(5/3)0%12 | exp(—V507). (5.2)

We take 6y = 5 and 6, = 2 (the predictor thus assumes extra regularity and smoothness). We
compare the estimators ISE roo(ny) and ISE prLp(ny) for a particular realization of Y, and for
a family of n-point designs X,,(¢), with n = 10, ranging from designs composed of 5 pairs of
neighboring points to designs well spread over 2": X,,(d) = {0,0.2,0.4,0.6,0.8}U{J,0.240,0.4+
6,0.646,0.840}, 0 € [0.005,0.1] (so that 0 = min;x; [z; — ;]). The estimator ISEpLp (1) uses
the true model GP(0, 0%K).

The left panel of Figure 1 shows the realization of Y, defining f(z) (red solid line) and two
predictions 7, (z) corresponding to X,,(0.015) (triangles and dotted line in blue) and X,,(0.1)
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(circles and dotted line in green); the design points {0,0.2,0.4,0.6,0.8} (present in X,,(0.015)
and X,,(0.1)) are indicated by red stars. The right panel shows the evolution of the ratios
I/S\ELOO(nn)/ISE(nn) (black dotted line with o) and I/S\EBLp(nn)/ISE(nn) (magenta dotted line
with +), in log scale, as functions of J, for the particular realization of the left panel. The solid
line curves, black with v and magenta with x, are respectively for E{Ig\E £00 (M) }/IMSE(n,,) and
E{ISEgLP(1n)}/IMSE(1n).

When 0 is small, prediction at a removed point z; is accurate due to the presence of another
design point nearby, and the LOO error e_; is significantly smaller than a typical error ¢, (z) for
x € 2. As a consequence, ISEz.00 (nn) strongly underestimates ISE(n,,). Conversely, for designs
corresponding to large §, removing one x; leaves a big hole in X,;, and prediction at this z; is
inaccurate: £_; is thus significantly larger than a typical e,(x) and ISELoo(n,) overestimates
ISE(7,,). On the opposite, ISEpL, p(nn) gives an acceptable estimation of ISE(7,,) for all values of
0 considered.

0 0.1 0.2 03 04 05 06 0.7 0.8 09 1 “0 001 002 003 004 ng 006 007 008 009 01

Figure 1: Left: f(z) (—) and n,(z) for the designs X,,(0.015) (--- with x and V) and X,,(0.1) (
with x and o). Right: logy[ISELoo(n.)/ISE(n,)] (- - - with o) and logyo[ISEgre () /ISE(n,)] (- - -

with +); loglo[E{l/S\ELOO(nn)}/II\/ISE(nn)} (— with v) and loglo[E{I/S\EBLp(nn)}/IMSE(nn)} (— with x)
as functions of §.

Figure 2 is for the design X,,(0.1) = {0,0.1,0.2,...,0.9} (the best among all X,,(J) in terms

of IMSE(n,,)) and shows (in log scale) ISELoo(mn), |§\EBLP(’I’]n) and ISE(n,,) for the realization on
the left panel of Figure 1, together with their expected values, when 6,, the range parameter in

the kernel K3/5 ¢ of the predictor, varies in [1, 10]. Estimation of ISE(n,) by ISEpL p(nn) is much
more accurate than with ISE roo(ny) for all predictors considered. Note that the small negative
bias of ISE pLp(ny) is not very sensitive to the smoothness of 7, for this example. Also note that
IgTELOO(nn) and I§E3Lp(nn) are both minimum for ¢, = 10 whereas ISE(n,), the true ISE, is

minimum for 6, = 1 (however, E{ISE(n,)}, E{I/S\ELOO(nn)} and E{l/S\EBLp(’I’]n)} are respectively
minimum for 6, ~ 6.6, 6.7 and 5.9).

5.2 Robustness to the choice of K(©

Here we consider numerical examples of construction of ISE BLp(n,) involving different predictors
N, different data generating models GP(0,02K) and different assumed models GP(0, 02K (®)
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Figure 2: loglo[lg\ELoo(7771)]7 loglo[lg\EBLp(nn)} and log,[ISE(n,)] for the particular realization on the

o~

left panel of Figure 1, and log,[E{ISELoo (7n)}], loglo[E{IgTEBLp(nn)}] and log,o[E{ISE(7,)}], as func-
tions of 6, € [1,10].

with K # K, and compare the performances of ISE prp(nn) and ISE roo(nn). We always use
isotropic kernels. In particular, K(©)(x,x’) = ¥(®) (@g1p|x — x||) and we study the influence of
the choice of the range parameter 0grp, the inverse of a correlation length. Th/e\notation OpLp
is to highlight the fact that fppp only influences the estimation of ISE(n,,) by ISEgrp ().

We take 2 = [0, 1]? and X,, (n = 100) is the 10 x 10 regular grid with coordinates (i —1)/9,
i=1,...,10; p is the empirical measure on the first 2'° points of the low-discrepancy Sobol’
sequence in 2" (which means that we consider a Quasi-Monte Carlo approximation of the ISE
for the uniform measure on 27). We generate n observations y,, for the design X,, and the
model GP(0,02K), with 02 = 1 (its value is irrelevant as it simple acts as a scaling factor) and
K(x,x') = K33 9,(%, %) = 13/ g, ([[x —X'||), the Matérn 3/2 kernel given by (5.1), where we set
0o = 10. With 6y fixed, the expected ISE for this model, E{ISE(n,)} = IMSE(7,,), only depends
on X, see (3.10).

In the first example below, 7,, corresponds to a polynomial model that is not an interpolator.

5.2.1 Prediction with a non-interpolating polynomial model

The predictor 7, is obtained by polynomial model fitting: we (wrongly) assume that the data
yn are given by

yi=¢' (xi)a+ 6,

where the error vector & = (d1,...,0,)" is normally distributed .#°(0,+%I,) and where each
component ¢;(x) of ¢(x) = [¢1(X), ..., dm(x)] " is a multivariate polynomial in the d components
of x; see Section A in the supplement. The predictor is 7,(x) = (,‘Z)T(x)a, with & the posterior
mean of the model parameters and ¢(x) a vector of polynomial functions of x. As this model
(wrongly) assumes the presence of i.i.d. observation errors with positive variance +2, 7, is not
an interpolator.

We take 72 = 0.1; ¢(x) has dimension m = n/2 = 50 and each of its components has the
form ¢y, (z1)pe, (2), where ¢;(-) denotes the Legendre polynomial of degree i, orthonormal for
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the uniform measure on [0, 1]. The indices ¢; and ¢5 take the values

I 0= s0b = 00110212032130423140532415062534160735264170845362
b’ ~ | 01012021302314032415034251605243617053624718054637

and the polynomial model is thus of total degree 9. We set a vague prior on the parameters c,
assuming that a ~ A (0,,, A) with A = diag{A1,..., Ay} where Ay = A\ Mgy, £ = 1,...,50,
with /1, /5 as indicated above and A, = 103 x 27%, k& > 0 (the prior on « is therefore not very
informative).

We construct |§\EBLP(T]n) using the model GP(0, 02K (), where K(¢) = K3/2 0510 (K(©) thus
coincides with K for fgpp = 6y = 10). For each value of g p we calculate E{IéTE prLp(n,)} and
MSE{I/S\EBLP(nn)}, respectively given by (4.5) and (4.6).

The procedure is repeated M = 100 times, with a different vector y,[i] and thus a different
predictor n,[i] each time, and we compute the empirical means E{ ISE(n,,)} and E{ ISEpL p(nn)}
of the ISE(n,[i]) and |§\EBLP(7]n[i]), respectively, ¢ = 1,..., M, together with the empirical
standard deviations. We also compute M\STE{Ig\E sLr(nn)}, given by the empirical mean of the
squared errors [ISE(n,[i]) — ISEpL p(a[i])]?, and use their empirical standard deviation to build
confidence intervals. e B o

The left panel of Figure 3 shows E{ISE(n,)}, E{ISEpLP(1n)}, E{ISE(nn)} and E{ISEgrp(nn)}
as functions of fgrp; the confidence bands on E{ISE(nn)} and E{ISEBLp(nn)} (two standard
deviations) are colored. The right panel shows I\/ISE{ISEBLp(nn)} and MSE{ISEBLp(nn)} as
functions of fgrp, and the confidence band on MSE{ISEBLP(nn)} (two standard deviations,
truncated to positive values) is colored. Notice the good agreement between empirical and
exact values for the mean and MSE of ISE BLp(nn). Although not clearly visible on the plot,
MSE{I/S\EBLp(nn)} is minimum for fprp = 0y = 10, in agreement with (4.7).

On the same data set, the estimator ISE roo(ny) has an empirical mean and standard devia-
tion of approximately 3.6 and 2.5, respectively; its (exact) expected value is about 3.373. These
values are well outside the range shown on Figure 3-left. Conversely, Ig\EB p(n,) has a small
negative bias for pgrp around 6y or smaller, and its positive bias becomes significant only when
OpLp is much larger than 90/.\ .

Figure 3 shows that E{ISEgrp(n,)} and MSE{ISEg;p(n,)} are increasing functions of dppp
for Oprp large enough; the independent limits (fgLp — +00), obtained from the calculations of
Section 4.5, are given in Table 2 and are in good agreement with the values obtained numerically
for large Oprp (Oprp > 100, say). These values indicate that ISEgrp(n,) gives a much more
precise estimation of ISE(7,,) than I/S\ELOO(nn) for all fgrp > 1073, Note that E{ISE?(,)} (first
column of Table 2) is the MSE of the trivial estimator IgTE(nn) = 0 and is much smaller than
MSE{I/S\ELOO(nn)} (second column).

As the prior on the model parameters is rather vague, the construction almost coincides
with Least-Squares regression. Since the linear model contains an intercept (¢1(x) = 1 for
all x), the prediction w,(x)"1, associated with y, = 1, is almost one for all x: we have
|Wn(x)T1, — 1] < 5-107% over 2. Hence, in agreement with the flat-limit discussion in
Section 4.5, small values of fgrp do not cause severe numerical difficulties, and in Figure 3 we
could use values as small as fpr,p = 1072. When the prior on « is more informativ/e,\ the range
for Oprp should be restricted to larger values: for example, when A, = 50 x 27%, E{ISEgrp ()}
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Figure 3: Estimation of ISE(n,,) by |/S\EBLP(’I’}7L) when 7, is a (non-interpolating) polynomial of total
degree 9 with 100 design points forming a regular grid in [0, 1]%; Yy ~ GP(0, K3/2,10), K©) = K32, 1.,
OsLp € [0.001,30].

Table 2: E{ISE(n,)} and E{ISE*(n,)} (first column); E{Ig\ELOO(nn)} and MSE{Ig\ELOO(nn)} (second

column); independent limits (6pLp — oo) for E{l/S\EBLP(T]n)} and MSE{ISEgLp(n,)} (third column).
The independent limits are identical for all choices of K(¢) considered in the examples of Sections 5.2.2
and B in the supplement.

ISE(n,) | ISELoo(nn) | ISEsrp(nn) (OBLP — 00)
Ex. of Section 5.2.1 E 0.418 3.373 0.672
MSE 0.181 12.785 0.082
Ex. of Sections 5.2.2 and B | E 0.187 0.731 0.478
MSE 0.035 0.338 0.103

and MSE{I/S\E pLp(nn)} behave qualitatively like in Figure 3 when fppp = 0.015, but numerical
instability appears for smaller p1p.

5.2.2 Linear prediction with a GP model

The predictor 7, is now the BLUP for the GP model GP(0, UIQ)K(Z’)), Nn(Xx) = k%p)T(X)K%P)*lym
where K®)(x,x') = Ks5/20,(x,%") = 590, (x — X'[|), see (5.2), with 6, = 5; X,,, 2" and
are like in Section 5.2.1 and the data are still generated with GP(0,02K) where 02 = 1 and
K = K359, with 0y = 10, see (5.1).

We construct |§\EBLP(T]n) for the model GP(0, agK(e)), using K(©) = K3/9,65,» With OpLp #
0, i.e., K(© and K have the same regularity but different correlation lengths. Figure 4 presents
the same information as Figure 3 in this setting. Comparison of the two figures shows that
predictions by the BLUP for the model GP(0, af,K (p)) are significantly more precise than with the
polynomial model of Section 5.2.1. Here, E{ISE(n,,)} and E{ISE(n,,)} are practically confounded
on the left panel; on the right panel, I\/ISE{I/S\EBLp(nn)} is again minimum for fgrp = 6y = 10.
In view of the values of E{Ig\ELoo(nn)} and MSE{I§\ELOO(nn)} indicated in Table 2, |§\EBLP(?7n)
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performs significantly better than ISE roo(ny) for the whole range of values of fprp considered.
Note that the plots are for grp > 0.05 and the numerical difficulties caused by the singularity
of the flat limit ng)(O) of the matrix ng) are already apparent for fprp close to 0.05; see
Section 4.5.
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Figure 4: Estimation of ISE(n,,) by IETEBLP(nn) when 7, is the BLUP (simple-kriging predictor) for the
model GP(0, K55 5) on [0, 1)% Yy ~ GP(0, K3/2,10), K = K32 0500, OBLP € [0.05,20] (X, is a regular
grid of 100 design points).

Figure 5 presents the same information as Figure 4 for the unbiased estimator ISE Brup(nn)
of Section 4.6. The left panel shows that I§TEBLUp(nn) is indeed unbiased when the model is
correct (i.e., for fpp = 10), but remains biased otherwise (and is more biased than ISE BLp(Mm)
for large Oprp). Its MSE (right panel) is significantly larger (respectively, slightly smaller) than
that of ISE pLp(n,) for large (respectively, small) Oprp.
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Figure 5: Same as Figure 4 but for the unbiased estimator IETEBLUP(nn) of Section 4.6.

The behavior of I§\E3Lp(nn) is slightly different for small Ogrp when 7, is the ordinary-
kriging predictor 7, for the model GP(0, 02K (P)). Here, the vector of weights W, (x) minimizes

19



p2(x) given by (3.2) for K = K® under the constraint W, (x)1,, = 1, and is thus solution of

( KP 1, ) < (%) ) _ ( K () )

17 0 An B 1 ’

where )\, is the Lagrange coefficient for the constraint. Denoting by K, the (n+1)x (n+1) matrix
on the left-hand side and M = K; 1, using block-matrix inversion we get _; = Mm;nyn / M“ for
i=1,...,n,and R,, = M D,, in (3.1), with D,, = diag{1/M,;, i = 1,...,n}. As W, (x)1,, = 1,
R'1, = 0, and ng) and b,(f) (x) respectively tend to the null matrix and null vector when
Osrp — 0. In agreement with the flat-limit discussion in Section 4.5, when Ogpp is small we

observe a more stable behavior for ISE BLp(n,) on Figure 6 for the ordinary kriging predictor 7,
than on Figure 4 for the BLUP n,,.

04- __E I‘SEi‘ ' ' ' ' ' 1 0.025 T +M\S/E @BLP
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Figure 6: Same as Figure 4 but for the ordinary-kriging predictor 7,, for the model GP(0, K5/25).

In Section B of the supplement, we consider the situation where K(¢) and K have different
regularities. We still use K = K351 and 7, is the simple-kriging predictor for the model
GP(0, K5/2,5), but the construction of Ig\Eng(nn) relies on K (%) (x,x’) = 4(® (||x—x'||), where we
consider different 4(©): V12,0500 (1) = exp(=0BLP T), V52,65, (1) given by (5.2), Yim ggp (1) =
(14603, pr?) 7 and Yoo g, p (1) = exp(—03; p %), corresponding respectively to the Matérn 1,2,
Matérn 5/2, inverse multiquadric and Gaussian kernel. Our conclusion is that the choice of K (€)
is not crucial, provided it is regular enough (possibly more regular than K) and fgrp is not
excessively small.

5.3 An environmental model

This example uses the model of [5] that describes the pollutant spill caused by a chemical
accident. We use the implementation given at https://www.sfu.ca/~ssurjano/environ.html,
with parameters set at the values M = 10, D = 0.07, L = 1.505 and 7 = 30.1525, as on the
figure shown there. The space-time design variables are taken in 2~ = [0, 3] x [1,60], which
we renormalize to [0, 1]2. The function varies approximately between 0 and 70 over 2", with a
rather sharp peak at the center of 2.
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As the function is fixed, we use random designs to provide a statistical comparison between
methods operating in various conditions. We generate random n-point designs in [0, 1), with n =
200, using the relaxed greedy-packing algorithm of [19]. The construction uses x; = (1/2,1/2)7
and then xg11 = agx; + (1 — ag)x* for k > 1, where x* € Argmaxye g mingex, [[x — x|,
x; € {x¢ € X}, : ||x* — x¢|| = ming,ex, [[x* — x;[|}, and the a;, are independently uniformly
distributed in [0,a], 0 < a < 1. To make the method implementable, we select x* within a
finite subset 2y of 21 2y corresponds to the first N = 2'2 Sobol’ points in [0,1]2. The
same points are used to approximate integrals; i.e., p is the uniform measure on 2. From
[19, Th. 3.6], the packing (respectively, covering) efficiencies of such X,, with respect to optimal
packing (respectively, covering) designs in 2 equal at least (1 —a)/2 for any n < N. We take
a = 0.2, which yields efficiencies at least 40%.

The predictor for which we estimate the ISE is intentionally not well adapted to this situation:
7, is the BLUP for the model GP(0, agK(p)) with K®) = K329, see (5.1), i.e., ny is the simple-
kriging predictor for that model. (The ordinary-kriging predictor would be would be a better
choice, as the mean of f over 2y is about 9.5.) The estimator |§\EBLP(’I’]n) uses the kernel
K©(x,x') = V52,050 (X — X'||), see (5.2), and different values of fprp are considered.

We first set 0, =1 in K (?) | which provides smooth predictions 7, for designs X,, well spread
over 2 . The left panel of Figure 7 is for a single (typical) design X,, and shows ISE BLp (M) /wn, as
a function of prp, with w, the empirical variance of the f(x;), x; € X,,. Values of ISE(n,,)/wy,
and I/S\ELoo(nn) Jwn (not depending on fprp) are also shown: I/S\ELoo(nn) provides a severe
overestimation of ISE(n,); I/S\EBLp(nn) is significantly more accurate for the range considered
for Ogr,p. The vertical line indicates the value @\Loo, the LOOCYV estimator of 8 that minimizes
ISELoo(715), with 7% the BLUP for the model GP(0,02K5/54); see (3.19).

Here, (1/n) 3" yi ~ 9.59 suggesting the use of a GP model with nonzero mean for the

construction of I/S\EBLp(nn). However, the weights wy,(x) of the predictor 7, satisfy f g1 —

w,! (x)1,]? p(dx) ~ 2-107%, and due to the robustness of I/S\EBLp(r]n) to the presence of a

n
non-zero constant trend when w, (x)1,, ~ 1 for all x (see Section E.2 in the supplement), the
correction of Section E is not required.

On the right panel of Figure 7, to confirm that the results above are not due to a particularly
favorable choice of X,, we consider 100 random designs (all with packing and covering efficiencies
at least 40%). We have seen in Section 5.2 that the estimator I§\E pLp(ny) is not very sensitive
to the choice of K(®), suggesting that the precise data fitting of a GP model GP(0,0‘SK(e))
is not needed: we use only the isotropic kernel K(®)(x,x/) = V52,050 (IIX — X[]), although
other, non-isotropic, kernels may be more suitable; fprp is chosen by LOOCYV estimation rather
than maximum likelihood due the superior robustness of LOOCV to model misspecification,
see, e.g., [1], and we take Oprp = min{max{&oo, 5},50} (note that §LOO is different for each
X,) to compute I§\EBLp(nn). The maximum of [,-[1 — w, (x)1,]? u(dx) over the 100 designs
considered is less than 6 - 10~% and we ignore again the presence of a nonzero mean. The figure
presents boxplots of the normalized ISE(7,,) (/d\ivided by the variance w, of the observations f(x;),

x; € X,,) and of the normalized estimates ISELpo(n,) and I/S\EBLp(nn). Note the much better

performance of IngLoo(nn) (although significantly worse than that of ISE BLp(ny)) compared
to the example of Section 5.2.1. The computational time® for the construction of 7,(x) for a

3Computations are in Matlab, on a PC with a clock speed of 2.5 GHz and 32 GB RAM.
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given X,, and all x € 2 is about 0.04 s and the calculation of ISE pLp(ny) takes about 0.09 s
(average values over 100 repetitions).
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Figure 7: Environmental model: 7, is the BLUP for the model GP(0,0% K3/5,) and K (x,x/) =
b5 /2,050 (X = X'|). Left: 1SE(1n)/wn, 1SEL00 (M) /wn and ISEpLp(n,)/w, as functions of fpre, with
wy, the empirical variance of the f(x;), for one random design having packing and covering efficiencies at
least 40%; the value 9Loo that minimizes ISELOO(nn) with 7,, the BLUP for the model GP(0, 02K5/2 9)
is indicated by a vertical line. Right: boxplots of ISE(n,,)/wn, ISELOO(nn)/wn and ISEBLp(nn)/wn, or
100 random designs having packing and covering efficiencies at least 40% (0pLp = gLOO in ISE BLP(Nm))-

We use now a predictor with 6, = 1.5546/[2 PR(X,,)], with PR(X;,) = (1/2) miny,xx, [|x; —
x| the packing radius of X, (so that 13/5¢ [2 PR(Xp)] =~ 0.25, corresponding to a model
with rather weak correlation); the shorter correlation length induces a slightly inflated value of
ISE(7,,) compared to previous case with 6, = 1. Figure 8 is the counterpart of Figure 7 for this
new situation. On the left panel, the design is the same as in the left panel of Figure 7, we
have 6, ~ 32.8, [,-[1 —w, (x)1,]? p(dx) ~ 0.09 and the performance of ISEgp(1,) deteriorates
compared with Figure 7 when the nonzero mean is ignored (red curve with diamonds). For all
values of fgrp considered, ISE prLp(nn) becomes significantly closer to ISE(7,,) when the trend is
taken into account via the approach in Section E of the supplement (magenta curve with circles):
we assume the model GP(7,0% K55, ), estimate ISEg(),) for centered data as indicated in
(E.2), and then add I(7™); see Section E.2. The vertical lines indicate the values of fL00 for
the two models GP(0, 02K5/2 g) and GP(r, 02K5/2 9), i.e., with and without zero mean: in the
former case, 8,00 minimizes ISELOO(nn) with 7, the BLUP (the simple kriging predictor) for
the model GP(0, 02 K5 /2,6); in the second case 0100 minimizes ISE 00 (M) with 7, the ordinary
kriging predictor for the model GP (7,02 K5 /2,9) — see Section 5.2.2 for the expression of the
LOO residuals £_; in this model.

For the right panel of Figure 8 we use the same 100 random designs as on the right panel
of Figure 7 (which gives 6, = 1.5546/[2 PR(X,,)] € (31,35) for the predictor n,). As before,
we use fgLp = min{max{é\Loo, 5},50} to compute |§\EBLP(’I’]n), where §LOO minimizes either
ISE roo(nk) or ISE 0o (1) depending whether we assume a GP with zero mean or not.

Here 0.068 < [,-[1 — w,} (x)1,]? u(dx) < 0.112, which is not negligible contrary to previous
case with 6, = 1. When the trend is ignored (third boxplot), ISEpL p(nn) performs already much
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Figure 8: Same as in Figure 7, but n, is the BLUP for the model GP(O,O’IQ) K3)94,) with 0, =

1.5546/[2 PR(X,,)]. Two versions of Ig\EBLp(nn) are considered: one that ignores the nonzero trend,
the other that uses the method in Section E of the supplement. On the left panel, the vertical lines
indicate the values of 0100 for the models GP(0, K5,2¢9) (O- - -0) and GP(7, K5/29) (o- - -0).

better than ISE roo(nn) (second boxplot); performance is further improved when we apply the
correction proposed in Section E of the supplement to account for the nonzero mean of Yy, see
the fourth boxplot. As the left panel of Figure 8 suggests, better performance could be obtained
by choosing a smaller 0gr,p. However, optimization with respect to fgpp is not feasible in a real
practical situation as ISE(7,,) is unknown.

We conclude this section by a quick consideration of the problem of model selection. We first
highlight that a precise estimator of ISE(7,,) is not an indispensable tool for selecting a predictor
from a given class. Indeed, numerical experiments indicate that although Ié\ELoo(nn) is often
a poor estimate of ISE(n,,), showing an important positive bias, the predictor that minimizes
this estimate has often a small ISE: it is the stability of the precision of the ISE estimate when
nn, varies in the class considered that is important, not the absolute precision itself. Hence,
although the better performance of ISEgp(n,) as an estimator of ISE(n,) is an invitation to
use ISE pLp(nn) for model selection, the gain may be marginal.

As an illustration, Figure 9 shows, for the same design X,, as on the left panels of Figures 7
and 8, the evolution of ISE(n,,)/wn, I/S\ELOO(nn)/wn and I/S.\EBLp(nn)/wn as functions of ¢, when
7 is the BLUP for the model GP(O,J‘?J K3/20,) (wn is the variance of the f(x;) for x; € X,

and ISE pLp(nn) uses the correction of Section E of the supplement, with fprp = é\LOO for the
model GP(7,0?K5/59)). The estimation of ISE(,,) by I§\E3Lp(nn) is much more precise than by
ISELoo (n,,) for all values of 6, considered, but the optimal (minimizing) 6, for ISE roo(ny) and
Ig\EB rp(nn) are rather close, with only a slight advantage to the latter (the optimal 6, being
closer to the value minimizing the true ISE, ISE(n,,)).

This is confirmed by the results obtained for 100 random designs. We select 1, [0,], the BLUP
for the model GP(0, o K3/279p), among the 46 predictors associated with 6, = 5,6,...,50, by

minimization of Ig\ELOO(nn[Hp]) or IﬁBLp(nn[Qp]). The first row of Table 3 gives, for both
estimators, and also for the selection based on the oracle ISE(7,[6,]), the empirical mean of
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Figure 9: ISE(n,)/wn, IﬁLOO(nn)/wn and IETEBLP(nn)/wn, for same design as on the left panels of
Figs. 7 and 8, as functions of 6, € [5,50] (in ISEpLp ("), OBLP = 000 for the model GP(7, K5/20)).

ISE(1y, [01(,“]) Jwn, over the 100 designs, with Hz(f) the value associated with the smallest estimated
ISE for the i-th design. To appreciate the significance of the numerical values in the table, we also
computed the true ISE for the trivial predictor given by 77, = y,! 1,,/n, i.e., the empirical mean of
the observations, and we indicate in the table (last column) the value (1/100) 3% ISE(7,) /wn.
The estimator ISE BLp(ny) uses the trend-correction approach of Section E in the supplement
for the model GP(r, o2 K5/9,65,) and OpLp = 000 for this model.

We can see that I§\E3Lp(77n) performs slightly better than |§\EL00(77n) — but I§\ELoo(nn)
performs surprisingly well if we consider its strong overestimation of the true ISE (it turns out
that both estimators very rarely select the same model as the oracle that uses ISE(7,[6,]); see
also Figure 1 of Section 5.1 for another illustration).

Table 3: (1/100) 1% ISE(1,[65”]) /wn.

ISE estimator oracle ISE(n,) | ISELoo(nm) | ISEgLp(nm) | ISE(7n)
Ex. of Section 5.3 | 0.197 0.238 0.224 0.775
Ex. of Section 5.4 | 4.13 -1073 4.47 1073 | 4.23 -1073 | 0.537

5.4 The piston model

The example concerns a simplified version of a 7-dimensional piston model that describes the
motion of a piston within a cylinder, see https://www.sfu.ca/~ssurjano/piston.html, with
the seven design variables 1 = M € [30,60], xzo = S € [0.005,0.020], z3 = Vp € [0.002,0.010],
x4 = k € [1000, 5000}, x5 = Py € [90000,110000], z¢ = T, € [290,296] and z7 = Tj € [340, 360].
As the screening analysis in [15] indicates that only the first four variables have a significant

24



influence on the model response, we consider a 4-dimensional reduced version of the model,
where the input variables x; for ¢ = 5,6, 7 are set to the mid-point of the above intervals. The
variables x = (1,...,24) are renormalized in 2~ = [0, 1]*, we replace 2 by the finite set 2y
given by the first N = 26 Sobol’ points in 2~ and take u equal to the empirical measure on
Zn. We then generate random n-point designs in 2~ (with n = 50), using the same greedy-
packing algorithm as in Section 5.3, all having packing and covering efficiencies at least 40%.
The predictor 7, is again the BLUP for the model GP(0, 012, K3/24,); as the function f is fairly
smooth, we take 0, = 1.

The left panel of Figure 10 presents ISE pLp(ny) as functions of dppp, together with ISE(1,)
and ISE 00 (M), for a single design X,,. For the red curve with diamonds, the model assumed
is GP(0,02K(®) with K(©) = Ky, .. We have [,[l — w,} (x)1,]? p(dx) ~ 0.11 - 1073. For
large values of fgrp performance slightly improves when we use the model GP(r, 02 Kj /2.081p)
with the correction of Section E in the supplement (magenta curve with circles), but the reverse
is true for small fgi,p, in particular for Ogrp = 6A?LOO.

This is confirmed by the right panel of Figure 10, which displays boxplots obtained for
100 random designs. We have 0.07 - 1072 < [,-[1 — w, (x)1,]? u(dx) < 0.14 - 1073, and the

—~~

trend-correction of Section E is not quite necessary: on the opposite, ISEgrp(n,) shows a signif-
icantly stronger variability for the model GP(7, 02 K5 /2,051p) Which accounts for the presence of

a nonzero mean than for the model GP(0, o Ks/2,6500) (IgTEBLp(nn) uses OgLp = 5Loo for the

model considered). Nevertheless, both estimators perform much better than ISE oo (). Note
the negligible variability of ISE(,) across designs due to the strong regularity of f.

For a given X,,, the computational time of the construction of n,(x) for all x € 2 is about
0.18 s and the calculation of I/S\EBLp(r]n) takes about 0.35 s (average values over 100 repetitions).
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Figure 10: Same as in Figure 8 for the piston model, with 7, the BLUP for GP(0, o> K3/5,1). On the

left panel, the values of 0100 for the models GP(0, K5/2,9) (0---0) and GP(7, K5/3,9) (o- - -0), indicated
by vertical lines, are practically confounded.

The performance of IgTELOO(nn) and Ig\Eng(nn) (based on the model GP(0, K, for

5/2,§LOO ))
model selection is summarized in the second row of Table 3. As in Section 5.3, we select 7,,[6,] in
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a finite family: 7,,[0,] is the BLUP for the model GP(0, o2 Ks3)9,) with 6, € {0.01,0.02,...,0.5}

(50 elements). As for the example of Section 5.3, the predictors selected with ISE prp(nn) have,
on average, a slightly smaller ISE than those selected with ISEzoo(ny,)-

6 Conclusions and further developments

The paper proposes a method that set weights on LOO squared residuals when estimating the
ISE of a linear predictor 7,. The resulting ISE estimator ISEg;p(n,) is more precise than
usual (unweighted) LOOCYV, sometimes considerably so. The dependence of the weights on
the sampling design gives the estimator a certain robustness to the design configuration, unlike
LOOCYV. On the downside, the method is not as universal as LOOCV: it is limited to ISE
estimation for linear predictors and relies on a GP model (or a mixture of GP models) for the
function that the predictor approximates. The numerical examples presented indicate reasonable
robustness with respect to the choice of the kernel K(© of the assumed GP model.

Here we have only considered LOO residuals, but the results in [11] open the way to extension
to multiple-fold CV. There, the i-th LOO residual _; is replaced by a vector of residuals €y,
at the design points X, = {x;, j € I;} with I; C {1,...,n}, for which only the other points
in X, \ Xy, are used for prediction. The weighted ISE estimator ISE BL p(nn) for such multiple-
fold CV Would rely on the construction of the best linear estimator of £2(x) based on squared
residuals €92 for all I; considered. Under a GP model assumption, the & 1, are Gaussian, and
the expressmns given in [11] can be used to calculate the expectations needed to compute
ISE BLp(nn), following the same lines as in Section 4.1. When the sets I; form a partition of
{1,...,n}, the concatenation of the e;, forms a vector of length n, which entails not major
changes compared with the developments in Section 4; however, when the concatenation forms
a vector of length m > n, the associated matrix S,, is singular and some adaptation becomes
necessary.

One may note that when Yy ~ GP(0,0%K), E{ISE(n,)} = 0%J,, see (3.10). This observation
prompts us to estimate ISE(7,) by 72.J,, with % an estimator of the process variance ¢2. In
particular, assuming that the data are generated with the model GP(0, 02K (e)), we may use the

-1
maximum-likelihood estimator 2,; = (1/n)y, K'Y ¥n, or the LOO estimator,
VOO
M} "M: 1
GLoo = ZMe) 2=y (Z @ > n= -y, MODEIM )y,
i=1 i

where M and D,, are defined in Section 3.2; see, e.g., [6, 1, 14]. Moreover, since E{ISE(n})} =
o2 J when Yy ~ GP(0,0%K), exploitation of the expression (4.4) for I/S\EBLp(n;;) suggests that
we could also estimate o by the best linear estimator based on squared LOO residuals, 3]29 Lp=
Ig\EBLp(nZ)/JY(Le)* (or the unbiased version 6%, p = IﬁBLUp(n;)/JT(Le)*). For lack of space, we
have not reported here the numerical results obtained with the ISE estimators 3]2\4 .JIn, G%OOJn
and 8]23 1. pJn, nor have we presented a comparative study of the performances of 3]2\/[ I 3%00
and 0%, p as estimators of 0? (one may refer to [1] for a comparison between 53,; and %)
and we content ourselves with delivering the raw conclusion of our observations: 8129 1 p is often
a valid alternative to 3]2\4 7, and 8%00 (in the same way as ISE prLp(ny) is a valid alternative to
ISE £oo(nn)), but the associated ISE estimators are generally not competitive compared with
ISE pLr(nn), even if they sometimes perform significantly better than ISE £00(1n)-
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Finally, we have presented some preliminary, but promising, results concerning the applica-
tion of our ISE estimator ISEprp(7n,) to model selection, in particular to the selection of a GP
model when 7, is the BLUP for GP(0, agK(p)). In that case, if we take K and K(®) in the same
family, the method can be iterated, following the same fixed-point principle as for iteratively
reweighted least-squares (see, e.g., [12]): the first kernel K; can be initialized through selection
by LOOCYV; then, at each iteration j > 1, model selection by minimization of the estimator
ISEgrp(nn [K(p)]) constructed with K€ = K, yields the kernel K ; to be used to calculate
ISE BLp (MK (p)]) at next iteration. We do not expand on this iterative approach here, although
it would be worth exploring further.

The limitations of the method are those inherent in the use of GP models for function
approximation. In situations where the predictor 7, under consideration performs well enough,
finding an appropriate GP model for f seems to be a feasible task, making ISEgyp(7,) a useful
tool for estimating ISE(7,). However, there are situations where 7, performs poorly and where
it is difficult to find a suitable GP model for f; in particular, the design X,, may be too
sparse to detect the variability of f (which can happen especially when d is large). If 7, is
very inaccurate but has sufficient variability, it is possible that the LOO residuals are large
enough for the inaccuracy to be detected by the high value of ISErpo(n,) (and possibly of
ISE sLr(nn)). However, if n,, is much smoother than f, it may produce very small LOO residuals
and IgTELOO(nn) may then severely underestimate ISE(7,) — and ISE prp(ny) will not do any
better, the principle of LOOCYV itself being ineffective. A simple illustrative example (with
d = 1) is presented in Section G of the supplement. In this case, only the use of an independent
test set can help reveal the poor performance of 7, (and, as proposed in [8, 18], ISE estimation
can rely on the BLP of the squared errors £2(x) based on the squared test residuals). The
Matlab code of a function that calculates ISE £00o(1n), ISE srLp(ny) and ISE prup(ny) for a linear
predictor 7, is given in Section H of the supplement.
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Appendix: supplementary material

A A polynomial regression model
The model assumes that the data y,, are given
yi = (xi)o+ 0,

where the error vector § = (dy,...,d,)" is normally distributed .4"(0,,) and where each
component ¢;(x) of ¢(x) = [¢1(x), ..., dm(x)]" is a multivariate polynomial in the d components
of x. We set a normal prior on «, and assume that a ~ A (0,,, A) with A = diag{A1,...,An}.
The posterior mean of o under these assumptions is & = (® Q1@+ A1)~ 1®'Q 1y, where
® is the n x m matrix with i-th row equal to ¢ ' (x;), i = 1,...,n. The prediction at any given
x is then

mx)=9¢ x)a=9¢ (x)(@'Q,'@+A H'e'Qy,.
Straightforward matrix manipulation shows that
mm(x) =@ (x)AST (@AD" +Q,) ly,.

Take 2, = 421, with I,, the n-dimensional identity matrix. Then, denoting K%’ ) — pADT +

~1
7?1, and kP (x) = PAP(x), we get np(x) = [k,(lp) (x)]TK%p) yn; that is, n, is the BLUP for a
GP model with a kernel with nugget effect, defined by K®)(x,x') = K¢(x,x’) + v%0xx/, where
dxx = 1 when x = x’ and is zero otherwise and

KO(x,x) =) " Adpy(x)pu(x') (A1)
/=1

Unless 72 = 0 (and m > n), the predictor 7, is not an interpolator. The position of i in
{1,...,n} is irrelevant to compute the LOO error e_; = y; —1,\;(X;), and one may thus consider

-1
the case i = n. The i-th row of K& = (Kﬁ +921,) ! then equals

[+ 720) 1) = (_BRel Gttty )

1-

A, A;
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with A; = K@) (x;,%x;) — [kilp\)l.(xi)]T(Ki\i + ’yQIn_l)*lkin\)i(xi). We can then identify the i-th

row r; of the matrix R, for the construction of e_; in (3.1):

e =Yi — (%) = vi— [kg’\)z‘(xi)]T(Kz\i +7°T1) " Y
Yn

{E) v
T Pyl T

1

In the example of Section 5.2.1, the polynomial model is constructed by tensorization of
univariate polynomials. The index ¢ of a component ¢y(x) of ¢(x) is in fact a multiindex
L={l1,..., 45}, with ¢y(x) = Hle o, (z) for x = (21, ... ,:Ed)T. The degree of the py increases
with k; a scalar )\ is attached to each of them, and Ay = H?:l Ag; with A; decreasing with £ in
order to give more importance to lower degree polynomials. Only the terms corresponding to the
m largest Ay is kept to form the kernel (A.1). The construction used below relies on Legendre
polynomials, orthonormal for the uniform measure on [0,1]: @o(z) = 1, ¢1(z) = V3(2z — 1),
o = V5(622 — 62 + 1), p3(z) = V7(202® — 3022 + 122 — 1)... As ¢, has degree k, setting
A\ = t7F for some ¢ > 1 gives Ay =t~ St and thus implies that the terms selected in (A.1)
are among those with lowest total degree. One may refer to [2] for implementation details.

B Robustness of Ig\EBLp(nn) to the choice of K(9: K and K
have different regularities

This is a continuation of Section 5.2.2. We still use K = K35 19 and 7, is the simple-kriging
predictor for the model GP(0, K55 5), but the construction of I§TEBLP(77H) relies on K¢ (x,x') =
O (||x — xX'||), where we consider different 1():

V12650 (1) = exp(—bpLp7),

Usaopn (1) = [14 V50510 7+ (5/3) Oip 2] exp(—V5Onip 7). (B.1)
UM 1 (7) (1+0gp )", (B.2)
Voo0pe (1) = eXp(—Q]QSLP 7“2) )

corresponding respectively to the Matérn 1/2, Matérn 5/2, inverse multiquadric and Gaussian
kernel. .

Figure 11 shows how ISEpy p(7,,) behaves when 0ppp varies in the four kernels K (©) considered
(the behavior for the Matérn 3/2 kernel K3/ g, . has already been illustrated in Figure 4).
Unsurprisingly, the more regular K (€) ig, the stronger is the numerical instability for small 01,p.
The independent limits (for fgLp — +o0) are nevertheless practically identical for the four
choices of K(¢) (see Table 2). The choice of K (¢) does not appear to be essential, provided it is
regular enough (possibly more regular than K) and 0ppp is not excessively small. For each kernel
considered, there is a reasonably large range of values of fprp such that ISE BLp(n,) provides an
accurate estimate of ISE(7,,) (compare with the values of E{I/S\ELOO(nn)} and I\/ISE{I/S\ELOO (mn)}
given in Table 2), the most stable performance being achieved for K &) = K. /2,010

30



o 00 —
o E{ISE LP} g © MSE%SEBLP}
ol - F ISE? ............... - —«var {ISE
.................. — E{ISE?
D, S .
o 004
024 0.03
022
02|
o 0 2 4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 14 16 18 20
OBLP OLp
0. 0.0; —
o MSEI{SISEBLP}
02 006 —#—var E
— E{ISE2
0.18| 0.05)
0.16| 0.04
0.14) 0.03
012 002
N " M
o
[ 2 4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 14 16 18 20
OBLP OpLp
045 —— 007 —
o F{ISE LP} o MSEI{SISEBLP}
04 -+ F ISE? 006 —#—var E
— E{ISE?
0.35)
0.05)
oaf
004
0.25)
003
02
0.02
015
01 0.01
o [ 2 4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 I:H 16 18 2
9BLP 9BLP
04 = 007 —
o E{ISEprp} ° MSEffSISEBLp}
038 -« FE ISE? | oo —var{ISE
— E{ISE?
03] 0.05
025
02
0.15|
01
° 0 2 4 6 8 1‘2 |‘4 |l6 |l5 20 2 4 6 8 12 14 16 18 20

10 10
0BLP 9BLP

Figure 11: Performance of |/S\EBLP(77n) when 7, is the simple-kriging predictor for the model
GP(0, K5/2,5) on [0, 1% Yy ~ GP(0, K3/2,10), (X is a regular grid of 100 design points). From top
to bottom: (¢ = Y1/2,0510> V572,050 YIM0Le a0d Yoo g . Empirical values for 100 repetitions are in
dotted lines.
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C Average performance of I§\ELOO(nn), IgTEBLp(nn) and I/S\EBLUp(nn)
for GP realizations with d € {4,6, 8}

In this section we present the values of E{ISE(nn)} E{ISE(nn)} and MSE{ISE(nn)} for three dif-
ferent ISE estimators, |§\ELOO(77n) (2.5), ISEBLp(nn) (4.2) and its unbiased version ISEBLUp(nn)
of Section 4.6, when f is the realization of a GP. The design space .2~ is the hypercube [0,1]¢,
with d € {4,6,8}, and we consider designs X,, given by the first n points of a scrambled Sobol’
sequence in £, with n € {10d,20d,50d,100d,200d}. The measure p is uniform on set 2y
given by the first N = 213+14/2) Sobol’ points in 2.

We suppose that the data are generated with the model GP(0,02K) where 0?2 = 1 and
K(x,x') = t3/95(]lx — X[]), see (5.1). The predictor 7, is the BLUP #5;; for the kernel

K®(x,x') = V52,0, (% — X'[|), see (B.1) and I/S\EBLp(nn) and I/S\EBLUp(nn) assume the model
GP (0,02, K¥) with K (x,x') = ¢imggp (X — X[|), see (B.2). As we do not simulate data
(we calculate exact average performance), we cannot estimate 6, and #grp from y,. We thus
adapt their choice to the design, following the suggestion in [3]: 6, (respectively, fprp) is such
that 15/9,0,(Dn) = 0.25 (respectively, Yim g p (Dn) = 0.25), with D;, = D, [k] the largest of the
distances from the N point in £ to their k-th nearest neighbor in X,,. It ensures that for
every point x in 2y there exist at least k points x; in X, such that 55 (|lx —x;[|) > 0.25 (re-
spectively, ¥im g5, 0 (|[X — x]|) > 0.25). This implies that we assume more regularity for smaller
designs: it is indeed illusory to pretend to model a highly variable function if X,, is very sparse
(see Section G for an illustration). The choice of k is not critical and we use k = 5.

The left-hand side of Figure 12 shows that ISE BLup(n,) is slightly closer than ISE BLr (M)
to E{ISE(n,)} for n = 10d and n = 20d, but the difference is not visible for larger n. On
the right-hand side the plots of MSE{Ig\EBLp(nn)} and MSE{I§\EBLUP(17,L)} are practically
confounded. (As the calculation of var{ISE(n,)} requires the computation of double inte-
gral (a double sum in this example), see (3.11) and (3.14), we omit the term var{ISE(n,)}
is the calculation of I\/ISE{Ig\E(nn)}, see (3.9): our plots of MSE{IgTE(nn)} thus present in fact
MSE{IgTE(nn)} — var{ISE(n,)}.) This suggests that there is little point in using I§TEBLUp(nn)
rather than the simpler estimator I/S\EBLp(nn). I/S\ELOO (1) overestimates ISE(7,) is all the cases
considered.

To show the importance of an appropriate choice for the kernel K¢, we keep the same K and
K ) as before (with 6, thus adapted to the design via the rule V52,0, (Dn[5]) = 0.25) but use a
fixed Ogr,p 1ndependently of X,,. We ﬁrst set Oprp = 1 (top row of Flgure 13): the model used is
not flexible enough and ISE sLp(n,) and ISE prLup(n,) severely overestimate ISE(n,,) (I§\E £0o (M)
is the same as in the top row of Figure 12). When Oprp = 20 (second row of Figure 13),
performance deteriorates compared to Figure 13-top but is similar to that of I§\ELoo(nn). A
further increase in Ogrp leads to the ir/lgependent limit behavior studied in Section 4.5, here
with slightly poorer performance than ISEfoo(n,). A rather general observation is that a value
ISE prLp(ny) larger than ISE roo(ny) indicates a bad choice of K (o),
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Figure 12: Performance of I/S\ELOO(nn), I/S\EBLp(nn) and IﬁBLUp(nn) when Yy ~ GP(0, K3/22); 1 is

the BLUP for K (x,x') = V52,0, (X —X'[]); I/S\EBLp(nn) and I/STEBLUp(nn) use the kernel K (¢)(x,x) =
YiM og.p (|[X — X|). From top to bottom: d = 4,6, 8.

D Behavior for random functions that are not GP realizations

The computation of ISE(n,,) requires the evaluation of f on a large set of points 2y (we have
used N = 210 Sobol’ points in Sections 5.2 and B), which is restrictive if we want to generate f
as the realization of a GP (we need to manipulate N x N matrices). In this section we follow
a different route and (i) simulate a GP on a set Z,, of small size m, then (ii) construct f,, as
the BLUP, for another GP model, on the design Z,,. The evaluation of f,, on Zx then only
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Figure 13: Same as Figure 12 but with fgp = 1 (top row) and fprp = 20 (second row): |§\EBLP(’I]n) >
ISELoo(n,) is a sign of a poor choice of Oprp.
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involves matrices of size m x N. As Figure 14 illustrates in the case d = 1, the complexity of
the functions f,;, can be controlled by the value of m.

“o 0.1 02 03 04 05 06 0.7 08 0.9 1 0 0.1 02 03 04 05 06 07 08 09 1

Figure 14: One realization of a random function f,, (—) given by the BLUP for a GP simulation at the
design points Z,, (o); prediction 1, of f,, (---) based on evaluations of f,, at the design points X,, ().
Left: m =n = 10; right: n = 10, m = 20 (X,, is identical on both sides).

D.1 Simulations with various d and n

The design space is always the hypercube 2~ = [0,1]% and the design X,, is given by the first
n points of a scrambled Sobol” sequence in 2. As in Section C, the measure y is uniform on
set 2 given by the first N = 213+14/2] Sohol’ points in 2". The design Z,, corresponds to the
first m points of another scrambled Sobol’ sequence in 2" (Z,, is changed for each simulation
of a random function). Data simulation on Z,, is with the model GP(0, 0?K) where 02 = 1 and
K(x,x") = 932 50(|[x — X'[]), see (5.1); fi is the BLUP for K(x,x") = 15/5 go(||x — x'||) based
on the data generated on Z,,. As in Section C, the predictor 7, whose ISE we want to estimate
is the BLUP for K®)(x,x') = ¢5/5.9, ([x —x'||), see (B.1), ISEpp(1,) and ISEpup (1) assume
the model GP (0,02, K(©) with K(©)(x,x') = {im g (/X — X'||), see (B.2). The value of 6° is
chosen as in Section C and satisfies 139 go(Dyn[k]) = 0.25 (with k = 5); 6, and OpLp are given

by the LOO estimates §LOO for the corresponding models: ¢, minimizes ISE roo(nk) for the
BLUP 7} associated with the model GP(O,02K5/279) and Oprp does the same for the model
GP(0,0%K, im,0). Figure 14 gives an illustration for d = 1 and shows a realization of f,,, with the
predictor i, for n = 10 with m = 10 (left) and m = 20 (right).

Figure 15 presents boxplots of ISE(n,,), I§\ELoo(nn), I§TEBLP(77n) and Ig\EBLUp(nn) for differ-
ent d and (small) designs of size n = 10d (see [1]), obtained from 100 realizations of random
fm generated as indicated above, with m = n. Therefore, m = 10d, and the construction
used makes f,, easier to approximate as d increases, hence the observation of decreasing values
of ISE(n,) with d. For all values of d considered, estimation of ISE(7,,) is more precise with
I/S\EBLp(nn) and I/S\EBLUp(nn) (both behave similarly) than with I/S\ELOO(nn), but this superi-

P

ority tends to vanish as d increases. The complexity of the evaluation of ISEgzp(n,) is of the
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order O(Nn?), see Section 4.1, and it grows similarly for |§\EBLUP(T]n). For d = 4, n = 200
and N = 2%, the average computational time* for the joint evaluations of ISEgrp(n,) and
ISEgLup(n,) is about 0.7 s (for 100 repetitions, with standard deviation ~ 0.017).
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Figure 15: Boxplots of ISE(n,,), I§TELOO(7]H), I/S\EBLp(nn) and I/S\EBLUp(nn) for random functions f,,
(100 realizations) and Sobol’ designs X,, with m = n = 10d. From top to bottom and left to right:
d=2,4,6,8.

We take now m = 5n, making the functions f,, much more complex than above where we
had m = n. Let us consider the case d = 4 (with still n = 10d). The same predictor n,, (i.e., the
BLUP for Ks/op, with 0, = é\LOO) now performs very poorly: compare the boxplots of ISE(n,,)
on the left panel of Figure 16 and on the top-right panel of Figure 15. In fact, n,, performs even
worse than the simple empirical mean (i.e., 77, = 1; yn/n), whose performance is shown on the
right panel of Figure 16. The three ISE estimators I/S\ELoo(nn), I/S\EBLp(nn) and I/S\EBLUp(nn)
are capable to uncover this poor performance of 7n,.

4Computations are in Matlab, on a PC with a clock speed of 2.5 GHz and 32 GB RAM.
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Figure 16: Same as Figure 15-top-right but for random functions f,, with m = 200 and a Sobol’ design
X,, with n = 40 in [0, 1]*. Left: 7, is the BLUP for K53, with 6, estimated by LOOCV; right: n,, is
the empirical mean 7, = 1,) y,/n.

On the contrary, if we keep m = 10d and increase n, ISE(n,) decreases and is difficult to
estimate accurately (in terms of relative precision). Figure 17 is for d = 4, m = 40 and n = 400.
On the left panel, OprLp = 000 (which gives Oprp € (1.55,2.25) with an average value ~ 1.94
for the 100 realizations); on the right panel, fprp is chosen with the rule of Section C, i.e.,
M ogp (Dn[5]) = 0.25 (which gives fprp ~ 3.8). We can notice slightly better performance
for ISE prr(n,) and ISE prup(n,) on the right-hand panel, but the main observation concerns
the low sensitivity to the choice of K(¢) and the relevance of the rule of Section C (for which,
moreover, no numerical optimization with respect to fprp is required).

x10° x10°

ISE_LOO
ISE_BLP
ISE_BLUP
ISE_LOO
ISE_BLP
ISE_BLUP

ISE
ISE

Figure 17: Same as Figure 15-top-right (random functions f,, with m = 40) but with X,, a Sobol’ design
with n = 400 points in [0, 1]4. Left: Ogrp = 000 (and OpLp € (155, 225)), right: Ogrp ~ 3.8 satisfies
VM 010 (Dn[5]) = 0.25. ISE(n,,) and ISELoo (1) are the same on both panels.
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D.2 Noisy observations

We consider the same experimental framework as in Section D.1 when d = 4, with m = n =
10d = 40, but the observations y,, are now given by y(x;) = fm(x:) + ¢, ¢ = 1,...,n, where
the measurement errors ¢; are i.i.d. .#(0,7%). Following Section 4.7, for the construction of

I/S\EBLp(nn) (and I/S\EBLUp(nn)) we assume that the data obey the model Yy ~ GP(0, O'QK;ES),

where K;(e)(x,x’) = KO(x,%X) + 7xx = UiMopp (X — X||) + 7 g with dx 0 = 1 when
x = x' and is zero otherwise. We do not attempt to estimate r(¢) from the data, but rather
investigate the dependence of performance on the choice of r(¢). The construction of f,, is
based on GP’s with variance 02 = 1 (see Section D.1), and we have set a fairly high noise level
v = 0.25. The predictor 7, is now the BLUP for the kernel K®)(x,x’) = V52,6, (X — X|]) +
7% 6x x5 Op (respectively, Oprp) is obtained by minimization of ISE roo(nt), with n the BLUP
for GP(0, K?)) (respectively, for GP(0, K,:(e))).

Figure 18 shows boxplots of ISE(n,,), Ig\ELOO(nn); I/S\EBLp(nn) and I§\EBLUP(77”) for 100
random functions f,, and noise realizations, for four different r(¢): 7(¢) =42 = 0.0625 (top left),
which can be considered as a natural choice in the present context; a severely underestimated
value r(¢) = ~2/10 (top right); and two overestimated values, r(¢) = 52 and r(®) = 10~? (second
row). Unsurprisingly, the best performance is obtained for € close to 72, but using a (much)
smaller value has little effect; performance deteriorates when 7€) becomes much larger than 2,
but remains acceptable (and superior to that of ISELoo(n,))-

D.3 Unreliable estimation of quantiles and conditional values-at-risk

The method proposed in the paper provides an estimate 53( ) of €2(x) at any x, and in all
the examples presented, ISE(7,,) has been estimated by the empirical mean (1/N) ZZ 1 52( @)
calculated for N points x(*) distributed with . One may thus think of using the N estimates
£2(x™) to compute an empirical quantile (or value-at-risk) Q. and conditional value at risk
CVaR, (see, e.g. [4] and the references therein) at a given level a. However, the errors £2(x)
as well as the estimates 5/%()() are correlated®, and the distributions of £2(x) and EA%(X) may
significantly differ. The following example provides an illustration.

The framework is as in Section D.1 for d = 4, with m =n = 10d = 40 and N = 2. The
left panel of Figure 19 presents a scatter plot of (5n srp(xX1), 2 (x®)) for one random f,,, with
a red solid line Showmg the first diagonal. There are more small Squared errors ¢ (x( )) than
small squared errors €2 5, »(x(), but some 2 (x() are much larger than 2 ; »(x(®). The right
panel shows, for the same simulation, the empirical c.d.f. Fr of the 2'° true squared prediction
errors € (X(Z)) (red solid line) and the empirical c.d.f. Fgpp and Fpryp of the BLP and BLUP
estimates anBLP(X(i)) and f;‘/%BLUP(X(i)) of Sections 4.1 and 4.6, respectively in blue solid line
and green dashed line. The behavior observed is typical: Fppp(t) and Fpryp(t) are very close;
Fr(t) is larger than Fprp(t) and Fpryp(t) for small ¢ but is smaller for large ¢ as sA,%BLP(X)
and &:%BLUP(X) tend to smooth &2 (x).

"With the notation of Section 3.1, under the assumption Yx ~ GP(0, 0% K), cov{e2(x),e2(x')} = 20* pi (x, %)
and cov{e? (x), sn( N} =20" ﬁT( )(RTK R..)®2B(x') with B(x) given by (4.1) for €2 5, p(x) (Section 4.1) and
by (4.8) for the unbiased version snBLUP( ) (Section 4.6).
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Figure 18: Same as Figure 15-top-right (random functions f,, with d = 4 and m = n = 40) but with
noisy observations with standard deviation v = 0.25. First row: 7(¢) = ~2 (left) and 7(¢) = 0.1~? (right);

second row: 7(® = 542 (left) and 7(®) = 10~2 (right). ISE(y,) and ISELoo(n,) are the same on all
panels.

Figure 20 shows boxplots of @, (left) CVaR, (right) for the true squared prediction errors
e2(x®) and the BLP and BLUP estimates EA%BLP(X(")) and %BLUP(X(i)) for a = 0.95 (top
row) and o = 0.5 (bottom row), for 100 random functions f,,. In agreement with Figure 19-
right, we observe that @, is strongly underestimated (respectively, overestimated) for o = 0.95
(respectively, o = 0.5). The presence of squared errors £2(x() much larger than 5/7\21 srp(x®)
explains that CVaR, is underestimated for both values of a (however, performance improves

when a decreases, as CVaR,, — ISE(7,) when a — 0). The information that the €2 5, »(x()) and

5/7\21 BLU P(X(i)) provide on the tail distribution of the squared prediction errors €2 (x) is therefore

very unreliable. We have observed similar disappointing behavior with other examples.
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Figure 19: Left: scatter plot of (%BLP(X(”),E%(X(”)) for one random f,,. Right: empirical c.d.f.
of the true squared errors €2 (x(?)) (—) and of their BLP and BLUP estimates €2 5, »(x(?) (—) and
€2 prop(x®) (1), for the same random f,y,.

E GP with parameterized mean

The developments of Section 4 assumed that f is the realization of GP with zero mean. Here we
show how to estimate the ISE of a given linear predictor 7,,(-) = w,! (-)y, when this assumption
is relaxed.

E.1 Universal kriging model

Consider the framework of universal kriging, and assume that f is the realization of a GP
Yx ~ GP(1Th(x),0%K), with h(x) = [h1(x),...,hy(x)]" a vector of p known functions on 2~
and T a vector of unknown parameters. We then have

SE() = [ o= wl Gy )
= [ [2et 7000~ Wl )20 + B (),
Z

where Zy = Yy — 7 h(x) ~ GP(0,02K), H,, is the n x p matrix with i-th row equal to h' (x;),
and z, =y, — H,,7. This gives

ISE(n,) = ISEo(nn) + I(7) +21,(7), (E.1)

where

SEa(n) = [ (7= w (m ) ). (E:2)
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Figure 20: Boxplots of the quantiles Q, (left) conditional value-at-risk CVaR, (right) for the 2 (x(®)
and their estimates 2 (x(?) (the €2 (x() and 2 (x(*)) are the same as in the top-right panel of Figure 15);
top row: a = 0.95; bottom row: a = 0.5.

In (E.1), ISEg(ny,) is the ISE for the centered GP model Zyx ~ GP(0, 02 K ), which can be estimated
with the method presented in Section 4, I(7) is a constant and I,,(7) has zero mean.
A simple approach to estimate ISE(7,), assuming a kernel K () is therefore as follows.

(i) Estimate the parametric trend, using for example the BLUE for 7 given by

1

= (M K© H,)'HK® 'y, . (E.3)

(ii) Remove H,,7" from the observations y, and estimate ISEy(7,) (E.2) for these centered
observations z, under the assumption Zy ~ GP(0, 52K (9);

(iii) Add I(T") to the estimated ISE.

This approach neglects the error due to the estimation of 7, which is acceptable when p < n;
other approaches, more accurate, could certainly be developed, at the expense of increased
complexity. A direct application of the approach of Section 4.1 through the calculation of
E{e%(x)e%,} and E{e%i(x)z-:%j} for the model Yy ~ GP(7"h(x),0%K) would also be possible.
However, these expressions depend explicitly on 7 and o2, whereas the estimation of ISEg(7,,)
by (4.2) does not require the construction of an estimator of 2.
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E.2 Ordinary kriging model

The model Yy ~ GP(7,02K) with 7 € R and h(x) = 1 (ordinary kriging) is frequently used. In
this case we get 7" = (1) K, 'y,) /(11 K 11,) and I(7) =72 [,-[1 — w,} (x)1,]? p(dx).

If n,, is such that w, (x)1, = 1 for all x, then any translation of the observations leaves the
ISE invariant (since the prediction 7, itself is invariant) and the LOO residuals e_; are invariant
too. We have ISE(n,) = [,[Zx — W, (x)2,]? p(dx) and I/S\EBLp(nn) can be calculated for a
centered GP(0,02K(®)) without centering the observations. The case of the ordinary kriging
predictor is a typical example. More generally, denote by E;{-} and MSE,{-} the expectation
and MSE under the model GP(7,02K). Direct calculation shows that, when |§\EBLP(7’]7—L) is
calculated for GP(0, 02K () (i.e., assuming that 7 = 0), we have

E{ISEsLp(nn)} = Eo{ISEpLp(ma)} + 72 (1) R,.)92S, by,

where E(){'g\EBLP(?]n)} is given by (4.5), R, is the matrix in (3.1) and S,, and b,, are respectively
given by (3.5) and (3.12). We obtain similarly

MSET{I/S\EBLP(T/n>} = MSEO{I/S\EBLP(nn)} + 7_2 Cn,

where MSE0{|§\EBLp(nn)} is given by (4.6) and Cy, tends to zero when [,-[1 —w,} (x)1,]? pu(dx)

n
and ||R,) 1,,]| tend to zero. This indicates that the performance of ISEpL p(nn) constructed under
the assumption 7 = 0 is preserved when 7 is small or when the predictor 7, is such that, for all n
and X,,, w, (x)1,, ~ 1 for all x; see Section 5.3 for an example. Similar developments show that
ISEp. p(nn) calculated for GP(0, 02K (¢)) behaves similarly when the true data generating model
is GP(7"h(x), %K) or GP(0,02K) provided that the predictor 7, satisfies H, w,(x) ~ h(x)
for all x. The correction of Section E.1 can be applied otherwise.

F Mixtures of GP models

In the construction of ISE pLp(nn), instead of assuming that f is the realization of a unique GP,
Yx ~ GP(0, agK(e)), we may consider a mixture of GP; that is, consider a family {K;}i—1,_ 7
of T different kernels (stationary or not, with different regularities...) and assume that Yx|s ~
GP(0,02Kj), with Prob{s = t} = v;. (The infinite mixture model could be considered as well
but is computationally more difficult to handle.) All expectations under this finite mixture
model can be decomposed as

T
E{X} =) nE{X[Vx ~ GP(0,07K;)}.
t=1
This gives for instance E{e?(x)} = o2 Zthl l/tp%,t(x) where p%i(x) is given by (3.2) with K =
K;, and with obvious notation E{erooelop} = o*RY (23:1 l/th) R,, E{erooen(x)} =

02R£ Zle vty (%), etc. Developments similar to those of Section 4 then yield the expressions

of I/S\EBLp(nn) and I/S\EBLUp(nn). The weights v = (vq,...,v7p)" can be adjusted to the data
¥n, as in Bayesian Model Averaging (BMA), see [3] (with a proposition concerning the choice
of prior weights in Section 5 of the same paper).
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Since a mixture n,(-) = Zthl v nt(+) of kriging predictors obtained by BMA with fized
weights (i.e., not depending on y,) remains linear in y,, ISE estimation by I/S\EBLP(-) can
also be applied to such mixture models. When the weights satisfy v 17 = 1, then, with the
notation of Section 3, the i-th LOO error becomes e_; = Zthl v [yl — nn\i7t(xi)] = Zle Vi€t
and the squared LOO errors E%(Q)O are quadratic in v. Denoting Erpo the T' X n matrix with
{Eroo}t; = €—it, any ISE estimator of the form Iﬁ(nn[u]) = ’yTs(L%O (thus in particular

I/S\EBLp(nn [v]) and I/SEBLUp(nn[V])) can be written as

—~

ISE(n,) = v ' ELooTE] ooV

where I' = diag{vy;, ¢ = 1,...,n}. Minimization of |§TE(T]n[I/]) with respect to v under the
constraint v 17 = 1 yields the optimal predictor n,[v*] (in the sense of ISE(-)) with

. _ (ELooTE[pp) 17
17.(ELooTE] o) '1r

It is tempting to iterate the process, as suggested in Section 6 of the paper for model selec-
tion: indeed, the optimal weights v* could be used to define a mixture of GP models for the
construction of ISE(n,[v]), whose optimization would lead to an updated optimal v*.

G A 1-d example of poor performance due to a bad design

This simple example illustrates a limitation of the method described in the last paragraph of
the conclusion section: due to design sparsity, when the predictor is much smoother than I,
the LOO squared residuals ezi can be very small and ISE;p0(n,,) and ISEgp(7,) may severely
underestimate ISE(7,), so that the inaccuracy of 7, can remain undetected. The problem of
too sparse a design relative to the variability of f is more serious in high dimensions, but this
one-dimensional case already gives a picture of the possible situation.

Here f(z) = S0 ¥3/2.00(|z — z|) with {21, ..., 25} = {0,0.2,0.4,0.6,0.8,1} and 135 4 given
by (5.1); X,, corresponds to the first n points of a scrambled Sobol’ sequence in [0,1]. The
predictor n,, and ISE prp(+) are constructed as in Section D.1, i.e., respectively with the kernels
K (x,x') = V572, ([Ix — x'[|) and K©)(x,x") = timopp (X — x'||) given by (B.1) and (B.2);
Op and OpLp satisfy 15,29, (Dn[5]) = 0.25 and Yim g5, (Dn[5]) = 0.25, see Section C. Figure 21
shows f(x) and n,(x), z € [0,1], for n =5 (left) and n = 15 (right).

In the first case, with n =5 (D,[5] = 0.9750, 6, ~ 1.63 and fprp ~ 1.78), 1, is very smooth,
max; e2; ~ 0.0771, ISELoo(n) ~ 0.029 and ISEpLp(n,) ~ 3.26 10~4, whereas ISE(n,) ~ 0.125.
At the same time, the predictor 7, given by the empirical mean, 7, = 1,y,/n, has larger
estimated ISE: ISE £00 () ~ 0.095 and ISE BLp(Tn) ~ 0.061. The inaccuracy of n, thus remains
undetected (the true ISE is ISE(7;,) ~ 0.0731, showing that 7, is indeed worse than 7,,). It would
be easily revealed by additional evaluations of f on a set of test points z; (unless by bad luck
the z; are such that 7, (z) ~ f(z)).

The situation improves with the use of a richer design. When n = 15, (with D,,[5] = 0.267,
0, ~ 5.97 and fprp ~ 6.49), 1, is much closer to f although max; EQ_i ~ (.305 is much larger

than before. We have now I/S\ELoo(nn) ~ 0.1073, I/S\EBLp(nn) ~ 0.0053 and ISE(n,,) ~ 0.0097;
ISEprp(n,) thus underestimates ISE(n,) by a factor of 2, but ISELoo(7,) overestimates it by a
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factor of 10. For the empirical mean 7, = 1, y,,/n, we obtain ISE oo (Tn) =~ 0.0758, suggesting a
better prediction of f by 7, than by 7, whereas ISEgrp(7,) ~ 0.0610 > ISEg1p(n,) =~ 0.0053,
indicating that 7, is a better predictor than 7, (and indeed, ISE(7,) ~ 0.0625 > ISE(n,) ~
0.0097).

Figure 21: f and its interpolator 7, for n =5 (left) and n = 15 (right).

H Matlab code for calculating I§TEBLp(nn) and I§\EBLUP(77”)

function [ ise_BLP,ise_BLP_unbiased,ise_LOOCV,BLUE ] = ...

ISE_WLOO_BLP( yn,Xn,Rn,Xtest,Mu,WnN,Kn_BLP,knx_BLP,nugget,constant_term )
% function [ ise_BLP,ise_BLP_unbiased,ise_LOOCV,BLUE ] = ...
% ISE_WLOO_BLP( yn,Xn,Rn,Xtest,Mu,WnN,Kn_BLP,knx_BLP,nugget,constant_term )

% Xn = d*n matrix of design points
% yn = n (column) vector of observations
% Rn = n*n matrix such that LOO errors = Rn’*yn for the predictor evaluated

% Xtest = d*N matrix of test points (the ISE is estimated by the empirical
% mean on Xtest)

% Mu = 1*N row vector of weights (with sum = 1) defining the measure on Xtest
% WnN = n*N matrix, whose ith column is the vector of weights at the ith

%  test point for the predictor evaluated (predictions over Xtest are

% given by yn’*WnN)

% Kn_BLP = n*n kernel matrix, with the kernel used for ise_BLP estimation
% knx_BLP = n*N kernel matrix for the n design points and N test points

% nugget = nugget parameter (presence of an additive noise with variance

% nugget*s2, with s2 the GP variance)

% ise_BLP = ISE estimated by construction of the BLP

% ise_BLP_unbiased = unbiased version of the above

% ise_LOOCV = classical LOOCV estimate (sum of squares of LOO errors)/n

% if constant_term == 1, the construction assumes that there is a constant
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% term in the model and estimates it to correct the ISE estimation
% BLUE = estimator of the constant term in the location model

[*,n]=size(Xn);
BLUE=NaN;
LOO_errors=Rn’*yn;
LOO_errors_squared=L00_errors."2;
ise_LOOCV=mean(LOO_errors_squared); % standard LOO ISE estimator
% squared error for the predictor and assumed model (as if no trend)
rhon2_12=1+nugget-2*sum(WnN.*xknx_BLP,1)+sum(WnN.* (Kn_BLP*WnN) , 1) ;
tn_12=knx_BLP-Kn_BLP*WnN;
un=ones(n,1); Knmlun=Kn_BLP\un;
if constant_term ==
% include a constant term in the model for the BLP estimator
constant=yn’*Knmlun/(un’*Knmiun); % = BLUE of the constant
BLUE=constant;
% remove the constant, shift the observations, and proceed as for a
% model with zero mean, add a suitable constant to the estimated ISE
yn=yn-constant*un;
LOO_errors=Rn’*yn;
LOO_errors_squared=L00_errors."2;
ISE_add_constant=constant ~2*mean((un’*WnN-1)."2);
end
Qdum=Rn’*Kn_BLP*Rn;
um=diag (Qdum) ;
cm=um*rhon2_12+2*(Rn’*tn_12).72;
Sm=um*um’+2*xQdum. ~2;
% weights for the BLP
wL00=(Sm\cm) ;
% weights for the BLUP
wLOO_unbiased=Sm\ (cm+um* (rhon2_12-um’*wL00) / (um’* (Sm\um) ) ) ;
error2_WLOOCV=L00_errors_squared’*wL00; error2_WLOOCV=max(error2_WLOOCV,O0);
error2_WLOOCV_unbiased=L00_errors_squared’*wL0O0_unbiased;
error2_WLOOCV_unbiased=max(error2_WLOOCV_unbiased,0);
ise_BLP=sum(Mu.*error2_WLOOCV) ;
ise_BLP_unbiased=sum(Mu.*error2_WLOOCV_unbiased) ;
if constant_term==1
ise_BLP=ise_BLP+ISE_add_constant;
ise_BLP_unbiased=ise_BLP_unbiased+ISE_add_constant;
end
end
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