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CONTENTS

0.1 Preface

The origin of these lectures notes comes from a series of courses taught in

the University of Pretoria in Match 2018. There are, now, many books

in mathematical epidemiology [18| 17, 25| 10 64, ©92] to cite a few. These

lectures notes consider only finite dimensional deterministic system, ODE for

short.

In these lectures notes we have addressed some issues which are not commonly

treated elsewhere.

1.

We have given detailed exposition on Lyapunov and LaSalle techniques

with examples from the literature.

The reduction techniques of Vidyasagar are given. They are used
throughout these lectures, simplifying the models by dimension reduc-

tion.

. The exposition on Ry is now classical, but we try to clear the notion

of threshold in relation with Varga’s theorem;

. We think that our exposition on Monotone systems with applications

to large scale epidemiological systems is original. All the results are

proven in details, results which are dispersed in the literature.

. The linear chain trick is exposed and show how to deal with delays only

with ODE

. The problem of parameters, identification and identifiability is intro-

duced with a control theory approach.

I would like to thanks the department of mathematics of UP, the staff and

their students for their warm welcome and to permit this opportunity to give

these lectures.



Chapter 1

Introduction and Important
Concepts

1.1 Mathematical modeling of infectious diseases

Mathematical epidemiology has a long history. In 1760 Daniel Bernoulli
presents a study on smallpox (called “petite vérole”) under the title “Essai
d’une nouvelle analyse de la mortalite caus?e par la petite v?erole & des
avantages de I'inoculation pour la pré?venir.” These study is often quoted as

the first epidemiological model. In introduction of these study Bernoulli says

je souhaite seulement dans une question qui regarde de si pr?s le
bien de 'humanit?, on ne d?cide rien qu’avec toute la connais-

sance de cause qu'un peu d’analyse & de calcul peut fournir

(I only wish in a matter that looks so closely at the good of humanity, we
decide nothing with all the knowledge that a little analysis € calculation can
provide.)

Actually the foundations of mathematical epidemiology were laid not by

mathematicians but by physicians in the beginning if the twentieth century.

9



10 1. INTRODUCTION AND IMPORTANT CONCEPTS

P. D.En’ko’s paper (1889) "on the course of epidemics of some infectious dis-
eases, VRAC 1889” was the first to discuss the elements of a genuine epidemic
model, namely the chain binomial. The foundations of the entire approach
to epidemiology based on compartmental models were laid by public health
physicians such as Sir Ross [78, [79], R.A., W.H. Hamer, A.G. McKendrick
and W.O. Kermack [57] between 1900 and 1935.

A particularly instructive example is the work of Ross on malaria. Sir Ronald
Ross was awarded the second Nobel Prize in Medicine in 1902 for his demon-
stration of the dynamics of the transmission of malaria between mosquitoes
and humans. Ross waged a constant and often acrimonious battle for the

acceptance of what he called his “mosquito theorem” p22 of [77] :

The word theorem is used here in its correct sense as expressing

not a mere speculation, but a body of established fact.

The implication of this theorem is that a reduction of Anopheles population

is a mean to prevent Malaria. The argument against Ross’s ideas were

e it is impossible to totally eradicate the mosquitoes in an area (Ross

admitted this);

e thus there will always be some mosquitoes remaining (Ross admitted
this);

e thus malaria transmission will continue, and vector control is a waste

of time and effort (here Ross disagreed)

The fallacy of such an argument is now well established : you must think

quantitatively ! To quote Ross again [78] :



1.1. MATHEMATICAL MODELING OF INFECTIOUS DISEASES "

The mathematical treatment adopted in section 28 has been met
with some questioning by critics. Some have approved of it, but
others think that it is scarcely feasible owing to the large num-
bers of variables which must be considered. As a matter of fact
all epidemiology concerned as it is with the variation of disease
from time to time or from place to place, must be considered
mathematically, however many variables are implicated, if it is to
be considered scientifically at all. To say that a disease depends
upon certain factors is not to say much, until we can also form an
estimate as to how largely each factor influences the whole result.
And the mathematical method of treatment is really nothing but

the application of careful reasoning to the problems at issue

Ross insists on the qualitative nature of the studies.

It was the challenge of convincing the world that mosquito control was a
practical public health undertaking that stimulated Ronald Ross to develop
his model in 1911.

The mechanism of transmission of infections is now known for most diseases.
Generally, diseases transmitted by viral agents, such as influenza, measles,
rubella (German measles) and chicken pox, confer immunity against reinfec-
tion, while diseases transmitted by bacteria, such as tuberculosis, meningitis
and gonorrhea, confer no immunity against reinfection. Other diseases, such
as malaria,are transmitted not directly from human to human but by vec-
tors, agents (usually insects) that are infected by humans and subsequently
transmit the disease back to humans.

Mathematical epidemiology differs from most sciences as it does not lend itself
to experimental validation of models. Experiments are usually impossible and

would probably be unethical. This gives great importance to mathematical
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models as a possible tool for the comparison of strategies to plan for an
anticipated epidemic or pandemic, and to deal with a disease outbreak in

real time [18].

Are mathematics useful in epidemiology 7 we will quote Ross again.
Ronald Ross is not the first to use mathematics to study some problems in
epidemiology. But it can be said that Ross is the first to systematically use
the mathematical approach . In the introduction of An Application of the
Theory of Probabilities to the Study of a priori Pathometry. Part I Ross

writes

The whole subject (i.e., Epidemiology) is capable of study by
two distinct methods which are used in other branches of science,
which are complementary of each other, and which should con-
verge towards the same results — the a posteriori and the a priori
methods. In the former we commence with observed statistics,
endeavour to fit analytical laws to them, and so work backwards
to the underlying cause (as done in much statistical work of the
day) ; and in the latter we assume a knowledge of the cause, we
construct our differential equations on that supposition, follow up
the logical consequences, and finally test the calculated results by

comparing them with the observed statistics

Ross is the first to use the a priori method and the cited text, dating back

to 1916 ! It is a good introduction to a course on modelling.
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1.2 Deterministic epidemic models : compartmen-
tal approach

Dynamic models of many processes in pharmacokinetics;metabolism, epi-
demiology, ecology, and other areas are derived from mass balance consider-
ations

As a result, these models lead to particular systems of ordinary differential
equations—many of them nonlinear-that are called compartmental systems.

The equations of compartmental systems are subject to such strong struc-
tural constraints that it seems likely that their solutions may also be strongly
constrained.

The conservation law that dominates such systems is the law of conser-
vation of mass : there are also called mass balance systems. A compartment
is an amount of some material that is kinetically homogeneous.

By kinetically homogeneous we mean the material of a compartment is
at all times homogeneous; any material entering it is instantaneously mixed

with the material of the compartment.
e A space or a region limited by barriers
e Or a substance or a physical quantity ,without precise localization

An example is the presence of lead in an living organism :

Lead in an organisme gives rise to a disease : lead poisoning (also call
saturnism)

a part of lead absorbed is excreted, but the remaining accumulate es-
sentially in bones; 80 to 95%. In bones lead has a mean half life of 20-25
years.

Lead also accumulate in liver, kidneys, brain with irreversible and se-

vere effects in the organism. Modeling lead poisoning leads to consider 3
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compartments : blood in which lead is transported, soft tissues and finally

bones.

Plasma, red blood cells

aZl a 031
a, 01 a
. 13
soft tissues
(kidneys, ...)
XZ )(3 Bones
aOZ a@g

Figure 1.1: Flow graph of lead poisoning

1.2.1 Compartmental equations

The box in the following figure represents the i-th compartment of an n

compartment system.



1.2. DETERMINISTIC EPIDEMIC MODELS : COMPARTMENTAL APPROACH

15

I 1 Outside Input

From j

Going to j

Outside output

Foi

Figure 1.2: A comparment

Arrows represents the input and output flows in the compartment.

Qizfi—F0i+Z Fyj — Fy;
J#i
Inputs : the flows into the compartment

I(t) At + (Z FJ> At
J
Outputs : the outflows leaving the compartment

Foi At + (Z F;) At

J#i

Instantaneous mass balance equations

¢i(t) = Ii(t) + (Z Fij) — Fy — (Z Fﬂ>

J#i JFi
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The functions Fj; and I; are flows : quantity of material by unit of time.
The functions I;, Fy,;, Fj; can be functions of ¢, ...,g, and possibly t.
So we can write the functions Fj;(¢, q)
These are nonnegative quantity I; > 0, Fy; > 0, Fj; >0
If there is no material un a compartment, nothing can leave the compartment.

Mathematically

Qi:0:>Fji:0andF0i:O

To summarize we have

Fij >0 Fp; >0 [; >0

Now we will suppose that these functions are C*

Proposition 1.2.1 If f is a function from R™ into R™ of class C*, s.t. f(x*) =
0 there exists A(x) of class C*=1, from R™ in matrices m x n such that for

any v € R™ we have

Proof

we consider C! from R into R™

p(t) = fla" +t(x—27))
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:/0 Df(x*+s(x—a") . (x —2") ds

_ (/01 Df(x*—i—s(x—x*)ds) (z — 2°)
Then A(z) = < /0 Dt s —w*)ds) of class C1.

Consequence for our functions there exists a function f;; such that

Fij = fij g5
C]i:Ii—Fori‘Z Fij — Fij
J#i
¢ =— (fori‘z sz‘) %’+Zfij%‘ + I
J#i J#
We now introduce a matrix A defined by
o A(i,j) = fi
o A(ii)=—foi—Y_ fi
i
e and the vector I = (I, -, I,)"

The equations can now be written in a linearized way

q=Aq+1

Functions f;; are called fractional transfer coefficients. Dimension of these

functions are ¢t~!. Depending generally for ¢ and t.
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The entries of the matrix A have some properties : the off-diagonal entries

are nonnegative.

Definition 1.2.1 (Metzler Matrix ) A matriz A whose off diagonal entries

are nonnegative, i.e. if i # j then a;; > 0 is called a Metzler matriz.

But we have more properties for our matrices A

q=A(t,q)q+1I(t,q)

a diagonal entry is given by A(i,i) = —fo; — Z fji < 0. In other words
J#i
A(i,17) is equal to minus the sum of entries of columnn 7 and subtracting the

term — fo;. Then for the matrix A, each column sum is non positive.
A Metzler matrix, which satisfies that the column sum are nonpositive (this
implies that the diagonal terms are non positive) diagonale) is called a com-

partmental.

1.2.2 Graphic representations

A standard graphical representation of compartmental systems uses nodes for
compartments and directed arcs labeled with fractional transfer coefficients
for transfers between compartments, and for excretions.

Inputs are labeled with the input function. Such representations are called
compartmental system connection diagrams or simply connection diagrams
or flow-graphs. Actually these are digraphs with weight on each arc : these

are also called un Coates graph.

1.2.3 An example : The Kermack?McKendrick Model

We formulate our descriptions as compartmental models, with the popu-

lation under study being divided into compartments and with assumptions
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about the nature and time rate of transfer from one compartment to another.

Diseases that confer immunity have a different compartmental structure
from diseases without immunity

In order to model such an epidemic we divide the population being stud-
ied into three classes labeled S, I, and R. We let S(¢) denote the number
of individuals who are susceptible to the disease, that is, who are not (yet)
infected at time t. I(¢) denotes the number of infected individuals, assumed
infectious and able to spread the disease by contact with susceptibles. R(t)
denotes the number of individuals who have been infected and then removed
from the possibility of being infected again or of spreading infection. Re-
moval is carried out either through isolation from the rest of the population
or through immunization against infection or through recovery from the dis-
ease with full immunity against reinfection or through death caused by the
disease.In formulating models in terms of the derivatives of the sizes of each
compartment we are assuming that the number of members in a compartment
is a differentiable function of time. This may be a reasonable approximation
if there are many members in a compartment, but it is certainly suspect
otherwise. The basic compartmental models to describe the transmission of
communicable diseases are contained in a sequence of three papers by W.O.

Kermack and A.G. McKendrick in 1927, 1932, and 1933

S =—BSI
I =p51—-~1 (1.1)
R =~1

Actually, in the paper of Kermack and McKendrick, S, I and R are area
densities.

We have the following hypothesis

e Constant population.
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e All individuals are equally susceptible

e Infection leads to death or complete recovery with permanent immunity

The flow graph

S R
susceptible removed

Figure 1.3: Flow graph of Kermack-McKendrick model

Explanation : the production of new infective is proportional to the prod-

uct of densities S and I. Intuitively S [ is the probability of encounter.
This is the mass action law, when the variables are densities.

Another way to formulate is : we assume that any individual makes (3
adequate contact by unit of time with others. If N is the total population
and S, I and R prevalence (i.e., % relatively to the population), we have
I N infectious individuals, then the number of encounter of an infective by
unit of time is (f N) I. Among this encounters, only the encounters with a
susceptible, will produce a new infective

Then the number of new infections in unit time per infective is equal to
(BN)IS=8,NSI=3SI

Note : the hypothesis of homogeneity.
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1.2.4 Transfer rates

For the simple Kermack-McKendrick model described in the previous section,
we assumed that the recovery rate, or the rate of transfer from compartment

I to R, is given by v I . This is equivalent to assuming the following:

(H) the fraction of the infectious population that recovers per unit time

1S a constant.

Proportional transfer rates as assumed in (H) are often used for transfers
between compartments in simple compartmental models. However, we need
to understand that this is only one of many assumptions we can make about
population transfers.

In fact, our assumption that recovery rate is in proportion to the size of the
infectious population is by no means universal. In the following, we develop
a better mathematical understanding of the proportional transfer rate, and
consider other possible alternatives. Consider a general compartment C' of

total population size N (t), where individuals leave the compartment at a rate
rN(t) (r > 0). Then the size N(t) satisfies

dN(t
—dt< ) =—rN(), r>0,
and thus N(t) = Nge "', or
N(t) —-rt

No

T

Therefore, e~ gives the fraction of the population that remains in the

T

compartment C. In probability terms, e™"" is the probability of an individual
entering C' at time ¢ = 0 and remaining in C' at time ¢ > 0. Since we are

interested in the population transfer out of C, we consider
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l—e™ t>0
Fiy=4 ~° 7
0, t<0

which gives the fraction of the population that has left C' during the time
period [0,%), or the probability of an individual who has left C' during [0, ¢).
Here we see that F'(t) has the characteristics of a probability distribution.

In fact, let X denote the random variable of the residence time of an
individual in compartment C', the time period from entrance to exit, we see

that

F(t) = Prob[ X <t].
In other words, F'(t) is the probability distribution function of individual
residence time in C, and it satisfies the following properties:
o F(t)>0
o F(t) > 0,ast — —0o0

o F(t) = 1,ast — +00

Now we see that the assumption of proportional exit rate is the same as
the following: (HO) the residence time of an individual in compartment C'
has an exponential distribution. We can also describe the random variable

d
X in terms of probability density function f(t) = 7 F(t), namely:

re"t t>0
£ = =
1) {O, t <0,

with the following properties

o f(t)>0
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. /m Ft)dt =1

—00

. F(t):Prob[th]:/_t f(s)ds.

The expected value, also called the mean value, of X is

E(X):/_mtf(zt)dzﬁ:1

,
o
For transfers from compartment I toR, the residence time is the period

between time of infection and time of recovery, which is the infectious period.

1
Then — is the mean infectious period.
Y
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Chapter 2

Some Classical Examples

2.1 Introduction

Ronald Ross discovers the transmission of Malaria by mosquitoes Anophe-
les. Ross proves this transmission in 1898 and was awarded Nobel prize in
1902. Ross is better known to the medical community as the discoverer of the
mosquito transmission of malaria than as the author of a far-reaching theo-
retical approach to the study of disease in populations. We need little wonder
that towards the end of his life, Ronald Ross, the man who incriminated the

mosquito in the transmission of malaria, would write:

'In my own opinion my principal work has been to establish the

general laws of epidemics’

This section will present the so-called Ross model. This model has been
published in the appendix of in 1911 in Prevention of Malaria [78] and also

in Nature the same year [79]. This model is interesting since

e [t shows how to model, what are the hypotheses taken into account

and the hypotheses neglected.

25



26 2. SOME CLASSICAL EXAMPLES

e this model is really seminal : the so-called famous model of Lotka-

Volterra, also quadratic equations in the plane, is dated of 1925;
e despite its simplicity it captures the dynamics of Malaria;

e this model was used by Ross to found the justification of anti-vectorial

measures.

The rest of the chapter is organized as follows. In accordance with the a
priori method first we will describe the natural history of malaria. In other
words, how does it work? Then we will discuss in detail the construction of
Ross model and continue with his analytic study to state what Ross called
the mosquito theorem (which also shows Ross state of mind). To conclude on
malaria we will present a simple model intra-host, ie a model that describes

the infection in an individual.

2.2 Natural history of Malaria

To be established Malaria needs three ingredients :

e A human host
e a mosquito of Anopheles type

e a hematophagous protozoan.

The causative agent, le Plasmodium was discovered in 1880, in Alg?ria at
Constantine, by a french military doctor Alphonse Laveran. Laveran was
awarded in 1907 by the Nobel prize.

4 parasitic species for man :

e Plasmodium vivaz,
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e Plasmodium falciparum,
e Plasmodium malariae,

e Plasmodium owvale.

All have an asexual cycle in man schizogony and a sexual cycle in
mosquito called sporogony. The most dangerous and frequent in Africa is
P. falciparum. Parasite cycle is divided in 3 parts. Two in man and one in

mosquito. The first part occurs in liver, the second occurs in red blood cells

. . Sporozoite
Cycle des plasmodies humains

Hépatocytes

Il

ooy 5
g p landes

salivaires

Anophéele Homme

NS
@@ Yo
@ Trophozoite

Cycle
érythrocytaire

Macrogamétocyte

Figure 2.1: Le cycle du parasite du paludisme Plasmodium falciparum
(D’apr?s C. Rogier)
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2.2.1 In Liver

Parasite is inoculated in the peripheral blood with the anticoagulant saliva
of moquito. . These parasites are called sporozoites. There are mobile and
are moved by the blood flow to penetrate liver cells. It takes less than 45

minutes

Each sporozoite enters in a hepatocyte (liver cell); and from these moment
unable to move Sporozoite transforms, grews and divides. After a mean
duration between 8 to 15 days the hepatocyte is invaded by several thousands
of nucleus called schizonte. Once matured the schizonte bursts and releases
m?rozoites which pass in blood. The duration of this period is around 15
days

This Liver cycle was only discovered in 1948 seulement with teh works pf

James, Tate, Shortt and Garnham.

2.2.2 In blood

M?rozoites invade Erythrocytes (Red Blood Cell) taking the characteristic
aspect for P. falciparum of a kitten ring. They becomes trophozoites feeding
from hemoglobin. At the end trophozoites becomes pigmented schizontes.,
Once mature the red blood cell burst and releases new merozoites which will

parasite healthy RBC.

Several similar evolutions succeed one another as well. After few weeks
(10-12 days for P. falciparum ) some schizonts will turn into male sexed cells
or females: the gametocytes. We distinguish macrogametocytes (females) et
des microgametocytes (males). This cells stays in the blood being a reservoir

for the mosquito
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P. falciparum

o
marginal form ring form
PO L}
B
yvoung trophozoite trophozoite

mature schizont  female gametocyte

double dotted rings

'. . -‘eg

early schizont

male gametocyte

Figure 2.2: Different form

(Laveran Drawings).

of Plasmodium falciparum in Erythrocyte cycle
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Figure 2.3: Laveran Drawings planche I [62]

sporogony in mosquito

If a female mosquito bites an infected individual it ingests gametocytes in
his gut. The gametes increase in size. In 10 minutes the male and female ga-
metes have left their envelope. The male produced 8 flagellated microgametes
mobile. This event, the formation of vigorous mobile male gametes from a
previously quiet gamete is called exflagellation. This striking phenomenon

has fascinated malariologists since the observation by Laveran himself.
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Fertilization produces a mobile ookinete that will establish itself as oocyst

on the inside of the digestive tract.

Inside the oocyst will form sporocysts that will give several hundred sporo-
zoites. The sporozoites migrate to the salivary glands of the mosquito, where
they develop in vacuoles and can stay up to 59 days. During their develop-
ment, sporozoites can become up to 1000 times more infectious than when

their presence in the oocyst.

2.2.3 The vector

Only the female bite the host, usually after sunset. A blood meal is necessary

before laying eggs singly on liquid surfaces.

Figure 2.4: anopheles

Eggs give larvae (Figure , then nymph and finally the winged insect
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Figure 2.5: larvae ias parallel to surface

The flight of the mosquito does not exceed, in principle, one or two kilo-

meters.

There are more than 300 species of Anopheles, only 60 are human plas-

modium vectors.

2.3 Building the model

With Ross, we will make some simplifying hypotheses. It is assumed that the
human population is constant as well as that of female anopheles. In other
words, mortality is equal to the birth rate. A hypothesis of homogeneity
is admitted: that humans and mosquitoes are equally distributed. In other

words, a mosquito has an equal probability of biting a determined human.

The mosquito population is divided into two fictitious compartments: healthy
mosquitoes, we say susceptible, and infectious mosquitoes. We do the same

for the human population.



2.3. BUILDING THE MODEL 33

Sh Humains
susceptibles
S, A \
. nopheles
susceptibles
femelles

Figure 2.6: Les compartiments

These assumptions are simplifications. On the episode on which we study the
transmission we can admit that the populations are approximately constant.
In any model, there are simplifying hypotheses, e.g. when we write the
equations of the pendulum we neglect the friction and the resistance of the
air.

Si(t) and I;,(t) are the respective populations of humans in the susceptible

and infectious compartment.

We will write the balance of transfers between each compartment. We con-
sider a time interval At, supposedly small. In this interval of time we will
write the movements of populations between each compartment. There are
some hidden hypotheses here: we neglect the incubation time, we also make

the implicit assumption that there is no superinfection.
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2.3.1 Infectious human evolution

W evaluate I, (t + At).

Input These are the new infectious individuals.

e To become infectious you must have been bitten by an infectious

mosquito.
e A mosquito bites ¢ human per unit of time.

e [t is assumed that the probability of becoming infectious after an

infectious bite is b;.

e There are [,(t) infectious mosquitoes, they will induce a I, At

bites.

e In all these bites, only those made on a susceptible human will

produce a new infectious. The proportion is % =4 ;Ilh where H

is the constant human population.

e Therefore the number of new infectious is

H -1

bl CL]U At

Output It’s the infectious ones that heal and regain the susceptible compart-

ment. It is therefore assumed that there is no immunity.

e It is assumed that the average speed for a healing individual is
~vg per unit of time. Mortality is assumed to be py. This is the

number of deaths per person per unit of time.

e Therefore it disappears

(var + pm) In At

infectious either by cure or by death.
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Balance Finally

H— 1

Ih<t + At) = Ih(lf) + blalv At — (’YH +,MH> Ih At

Susceptibles balance Since the human population is constant , S, (t) = H —

I;,(t) we have

H -1,

Sp(t+ A(t) = Sp(t) —bral, At + (va + p) In At

Actually it is sufficient to know I, (¢) to immediately know by difference Sy, (t).

The first relation can also be written

Lt+A) () o H-1L
At

— (yu + pu) I,

When At goes to 0 we obtain the following ODE

d I, (t)
dt

H - I(t)

= I,(t) = by a I,(t) =

— (yu + pm) In(t)

which is written writes more simply, omitting the time ¢ in the functions

Iy, and I,.

: H-1T
I, =bal, h

— (var + pr) In (2.1)

This gives the following graph
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Figure 2.7: Human

2.3.2 Infectious mosquito population

The principle is the same. A new infectious mosquito will appear after the
bite of a susceptible mosquito biting an infectious human. The probability
of becoming infected, for the mosquito biting an infectious host, is by. We
will have a S, bites, where a S, % will give rise to an infectious mosquito. If
we denote by V' the vector population (Anopheles females) S, =V — I,. We
will thus have, by introducing the speed of recovering of the mosquito and
its mortality
I,

I, =bya(V —1) = — (w+u) L, (2.2)

which gives the flow graph
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Figure 2.8: Complete flow graph

We see that in the human susceptible compartment, deaths are pg S, and
births pug H = pg (Sn + I). Newborns are born susceptible. It is also an
implicit assumption and it is actually true. The gain in the compartment of
susceptible is in fact pg I, in other words Sh =1 n. Which is another way

of saying that the H population is constant: H = 0.

2.3.3 Ross model, final form

We have a system of ODE

(2.3)
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In epidemiology, it is often the percentages, in other words the prevalences,
that are measured. As the population is constant we will introduce the

percentage of infectious individuals:

T = Eh for human hosts and  y = VU for mosquitoes

]' .
Since H et V are constant we have & = Eh et y = L. We prepare, a litlle bit

.
(2-3)
. I, I
[h: blaVV (1—Eh> —<")/H —’_,UH)[h
(2.4)
. I, 1
I, = b2aV(1—V)Eh—(7V—|—uv)Ih

dividing the first equation by H and the second by V', by setting m = % we
get
&= mabiy(l—x) = (yg + pu)x
(2.5)
y= bra(l-y)z—(w+um)y
To obtain the final model, two more approximations are made: the rate of
recovering is the inverse of the average duration of the time spent in the

infectious status. In other words, an infectious individual remains infectious

on a mean time

—  time units
~

In particular mortality is negligible in the face of healing time in humans. If
conservatively we take between 2 and 6 months for a recovery

pr ~ 1/(60 x 365) 7! ~4.56 107°

et yv ~ 1/(2x60) 571~ 0.008
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1
BV o ~0.0027

w360
Similarly, the mosquito’s recovering time is assumed to be negligible com-
pared to life expectancy of the mosquito. In all the entomological literature
it is admitted that the mosquito remains infected all his life. We therefore

neglect gy and yy,. Which finally gives

t= mabiy(l—2)—~vx
(2.6)
y= ba(l-—y)z—py
As a result of this model Ross stated what he called his mosquito theorem.

Formulated in a contemporary way, this theorem would be read now

Theorem 2.3.1 (Mosquito theorem, Ross)
For the system (@

2
e Siona ma” by by <1,
Y
the disease free equilibrium (0,0) is globally asymptotically stable on
[0,1] x [0, 1].
m CL2 bl b2

o i —12>1,
v

then there exists a unique equilbrium (z,y) €]0,1[x]0,1[ ]0,1]x]0,1]
which is is globally asymptotically stable on ]0,1[x]0,1] .

2.4 Ross model analysis

We will postpone this analysis, waiting for the tools needed.
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2.5 Malaria intra-host model

Ross model is a model for the spread of a disease. It may be useful to study
the spread of pathogens within an individual. The model we will present was
introduced by Anderson, May and Gupta in 1989.

Let z the concentration in the blood of healthy erythrocytes, y the con-
centration of parasitized erythrocytes and m the concentration of merozoites

circulating freely in the bloodstream.

T=AN—p,x—pPxm
y=pFrm—pyy

M =17 fyY — [y — STm.

In the absence of parasites, the concentration of red blood cells is con-
stant. The number of red blood cells in the blood is normally between 4.5 -
5.5 million / mm3, their lifespan is 120 days, they are produced by the bone
marrow. This explains the choice of # = A — u, x in the absence of parasite.
Now the term [ xm represents the penetration rate of merozoites in ery-
throcytes An infected erythrocyte passes into the infected compartment The
mortality of infected erythrocytes is p,. For P. falciparum the average cycle
time is 48 hours When a red blood cell bursts it releases r merozoites. A
merozoite if it does succeed to enter a RBC will be eliminated in the spleen.
The term S x m which appears in the last equation represents the passage of
the merozoite circulating in the red blood cell. If this term was not present,
the model would allow a single merozoite to infect several RBC!

The term r p,, is the mean number of sporozoites produced by a infected
erythrocyte by unit of time. Since an erythrocyte has a mean life of 1 and

Hy
since when bursting it gives r merozoites, the number by unit of time 18
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r
T T T Hy
Hy
In this model the unknown parameter is 3, for the others we have at least
an approximate knowledge.
This model, without the quadratic term in 7, is baptized as a model of
viral dynamics ( May et al)
In fact this model is also a model of HIV infection. It is proposed by
Perelson in the 1990s. The only difference is that recruitment, instead of
being constant is represented by a logistic function. In this case, the variable

x represents the concentration of CD4 * lymphocyte cells. and we would

have

t=AN+px (1— )—,uxx—ﬁxm.

In this form y is the concentration of infected lymphocytes and m the

max

concentration of free circulating virion.

With this model Perelson has said

While the mathematics involved was trivial, the application of
mathematics in this manner was novel and set off what has been

described as a revolution in thinking about HIV

2.6 SFEIR model

Disease infection begins with the transmission of the pathogen from one host
to another. After pathogens invade the host body, they need to be able to
evade or overcome the host immune response, and be able to multiply or
replicate. When the pathogens accumulate sufficiently large numbers and

reach the targeted organs, they begin to cause sufficient damage to the host
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body so that the host becomes symptomatic, and the host is then capable
to transmit the pathogens to others. The period from time of infection to
time of onset of symptoms is called the incubation period. The period from
time of infection to time of being contagious or infectious is called the latent
period. The period from the beginning to the end of being infectious is called
the infectious period. See the illustration for an example of relations
between these periods. During the latent period, a host may or may not show
symptoms, but the host is not capable of transmitting pathogens to other

hosts.

Beginning Onset of End of
. . . ¢ ! R
Time of infection of infectiousness symptoms infectiousness ceovery
- - - - — - > .- ——————— - — - >
Latent period Infectious period
-+ - - - — - - - - - - — = = >

Incubation period

Figure 2.9: SEIR model

We have the following flow graph
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Figure 2.10: Scheme of infection

(. S I
S= A-psS—Br

E= BIS—(up+a)E

j: CY]—(’)/-I',U])]

\ R= ~I-pugR

In thismodel S, E, I, Rand N = S+ FE+I+R are numbers. It is assumed,
under the hypothesis of homogeneity that any individual makes S adequate
contact by unit of time. Then I infectious will make 3 I adequate contacts.
But in all these contacts, only the contact with susceptible individuals will
give rise to latent (F) individual. The proportion of susceptibles in the whole

population is N Then the new latent will be

S
1=
p N
This law is called true mass action or frequency-dependent transmission.

1
The mean period for latency is —, for recovery —
o
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Chapter 3

Basic Mathematical Tools and
Techniques

3.1 Well-posedness of a model

We consider the Kermack-McKendrick model (|1.1))

S =-B8S81
I =pSIT—~I (3.1)
R =~I

with initial condition (Sy, Iy, Ry). We claim that nonnegative initial condi-
tions leads to nonnegative solutions. In other word, any trajectory beginning
in the nonnegative orthant R? stays in this orthant. In other words the non-
negative orthant is positively invariant for the dynamical system. It is what
we mean by well-posedness. Recall that the variables are either numbers or
densities, then in the nonnegative orthant.

To study the well-posedness of a system we will give a Theorem. This
Theorem seems to be intuitively evident, but it has to be proved ...

This Theorem will allows to study well-posedness for epridemiological or

45
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biological models.

Theorem 3.1.1 (Barrier Theorem )

We consider a differential equation & = X (x), where X is a C! function defined
on an open set U C R", U — R"™.
We consider a C' function H : R — R. We define a closed set

Q={zeR"| H(z) <0}
and its boundary is 0Q = {x € R" | H(x) = 0}.

We assume that in every point of the boundary x € 92 we have VH(x) # 0
and

(X(z) | VH(z)) <0,

then the set §2 is positively invariant.

In other words {z € R" | H(z) < 0 x € Q} is positively invariant.This
result seems to be intuitively evident. This partly true as the proof will show.

Geometrically this says that the vector field, on the boundary ‘points
inside’.

before proving the Theorem we need another result. This result tell how

we can have estimates when we modify (approximate ) a vector field
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Lemma 3.1.1
Let X a Lipschitz vector vector with Lipschitz constant L. We consider

the approzimation X¢ of X, in other words for any x we have

[X5(2) = X(z)|| <€

||| being any norm on R™.

Then for any t where the quantities are defined

Lt_l

L

e

1XF (25) — Xi(zo)|l < [l — woll ™ + &

proof of the Theorem
Actually we will prove the theorem for a Locally Lipschitz vector field.

The case C! is then contained in it. To go out from the set

G={rcR"|H(z) <0 z€Q}
the trajectory, by the intermediate value theorem, must pass through he
boundary G = {zr € Q| H(x) =0 }
We will distinguish two cases.

In the first case

we suppose that in xg, H(z¢) = 0. We have

(X (x0) | VH(x0)) <0

Let ¢ < 0 such that (X(zg) | VH(zo)) < € < 0, with a continuity
argument, there is a ball centered in zy and of radius n > 0, such that for all

y € B(xg,n) we have
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(X(y) | VH(y)) <e <0

We consider the trajectory X;(xg) from xy. For ¢ > 0 small enough
0 <t < a, the trajectory remains in the ball B(zg,n). We have

CH(X,(m0)) = (VH(X,(r0)) | X (Xi(ao))) <= <0

The function H(X;(xg)) is strictly decreasing and so H(X;(xg)) < 0 for
0<t<a.

o

Which proves that X;(zo) € G

Second case

we suppose now that (X (zo) | VH(x)) = 0. We consider the vector field

_ VH(@z)
CIIVH@)

This vector field satisfies for all € > 0, the hypothesis of first case on
QU JG. Let n small enough such that in the closed ball B(xg,n) the vector
field X¢ satisfies the required inequality. We choose ¢ < T sufficiently small
such that X;(z¢) € B(zo,n/2). Since X°¢ is a € approximate field of X, we
apply the lemma (3.1.1]), which gives us the increase

LT_1

157 (o) = Xi(wo)l| < e —

This proves that by choosing € small enough such that ol o n/2 we

will have

Xi (o) € B(xo,n)
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From the previous demonstration X (zg) € (OJ, 50 X¢(zo) is the limit of points
of G which is closed, so in G. The path from z( can not leave G locally. Since
this is true for every xq point of G we have shown the result on 2.

[ |
Proof of the lemma

We use the fondamental identity

Xi(zo) = o —l—/o X (Xs(xg)) ds

then

1 (25) — Xa(zo)|| < 125 — ol + / X (X5 (25)) — X (X (z0)) [1ds
Writting
/0 X (X2(25)) — X((Xu(zo)) [1ds <

/0 X5 (XF(25)) — X((XE(x0)) [lds + / 1X (X (25)) — X (X (o)) [|ds

we get
t
1X7 (25) = Xi(wo) || < llg — ol + et + L/ 1X5(25) — Xs(o) | ds
0
If we set u(t) = || X5 (z5) — Xi(xo)|| we have

u(t) < u(0) +€t+L/0t u(s)ds

The inequality is immediate by Gronwall’s lemma.
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Lemma 3.1.2 (Gronwall 2) Let t u : [0,a] — RT a continuous and nonneg-
ative function. We assume that there exists constants C', ¢ and L such that
for any t € [0, o] we have
t
u(t) <C+et+ L / u(s) ds (3.2)
0

Then we have

Proof .
Let y(t) = L/ u(s)ds et z(t) = e M y(t). From inequality (3.2,
0
y< L(C+et) + Ly

and

s=e My — Ly) < Le M (C + et)

which gives integrating from 0 to ¢

or equivalently

¢
2(t) §/ Le ™(C +es)ds
0

t
y(t) < 6”/ Le ™(C +es)ds
0

taking into account the inequality satisfied by u

¢
u(t) < C+et+ eLt/ Le™5(C +¢es)ds
0

A straighforward computation leads to
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t
eLt/ Le ™ (C+es)ds = —C — et + Ce™ + %(e“ —1)
0

Which is the inequality to prove |

Remark 3.1.1

If the wvector field is not Lipschitzian, the theorem is mo more true. For
example for the equation © = —3|a:]% on R, origine is a barrier however
some solutions can go through. For this vector fiels R+ is not positively

muvariant.

The same applies to the vector field given by the ODE © = —\/2gx, the
origin is a barrier and R_ should be positively invariant. This is not the case

as can be seen on the figure[3.1]
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Figure 3.1: Different solutions of = —/2gx

3.1.1 Examples
3.1.2 Kermack-McKendrick model

S =—BSI
I =BSI—~I
R =1

We prove that the nonnegative orthant is positively invariant. The bound-

ary of R? is given by 3 hyperplane cone : Ry x Ry x {0}, {0} x Ry x R,
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and R, x {0} x R;.

When S = 0 we have S = 0, the vector field is tangent to the RI-
plane hence the conditions of theTheorem are satisfied. Identically if 7 = 0
then [ = 0. When R = 0, R = I > 0, since we are in the nonnegative
orthant. Note that to be in accordance with the notations of the Theorem,

the nonnegative orthant is defined by —5S <0;—-1 <0;—R <0.

3.1.3 Ross model

3.2 Lyapunov techniques

Lyapunov method also called direct method or second method of Lyapunov
has been introduced in 1892 in Lyapunov’s thesis and published in french in
1897.

Probl?me g?n?ral de la stabilit? du mouvement. Annales de la facult?
des sciences de Toulouse 9(2) (1907): 203-474

This method allow to establish stability of the equilibrium of a system,
without integrate this EDO.

This method was forgotten and rediscovered in USSR in the 1944

This method was ignored in the West till 1950. From this date, this
method was the prerogative of the russian mathematician and control engi-
neers. Its importance was rediscovered first in control theory and popularized
by LaSalle and Lefschetz in 1959.

It is now well funded that Lyapunov is a very fundamental method.

3.2.1 Problematics

z € R" (3.3)
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The unique solution for the initial value zy, is denoted by ®;(zg). By

renormalizing f, we can always suppose that the vector field is complete, i.e.,

the function ®;(xg) is defined for any t.

Now we suppose that xg is an equilibrium,

f(zo) =0

We have the following well known property : for any (¢, s) € R?

(I)t ((I)s(x)) = (I)t-‘rs(x)

One parameter group property

We recall properties of equilibria

Definition 3.2.1 (stability) We say that zo, an equilibrium of © = f(x) is
stable (in Lyapunov’s sense) iff for any open set U containing o, it exists

an open set V' of initial values , V- C U such that for any y € V' and for any
t > 0 we have 4(y) € U

Figure 3.2: Stable equilibrium
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Definition 3.2.2 (attractivity) We say that g is attractive in the open set V
iof for anyy eV

lim ®,(y) = xg

t——+00

Figure 3.3: attractive equilibrium

Definition 3.2.3 ( asymptotic stability) We say that xo is asymptotically sta-
ble (locallly ) if xo is stable and if there exists an open set V' of xo in which

To 1S attractive.

Remark 3.2.1 Beware : attractivity does not imply stability. However this is

true for linear systems. © = Ax.
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Figure 3.4: attractivity without stability

3.2.2 Lyapunov functions

Definition 3.2.4 ( Lyapunov fonction ) We call Lyapunov function in xq, an
equilibrium of © = f(x), a function V' such that there is an open set U

containing xo, and such that the following properties are satisfied
o V(z)>0 surU
o V(z)=0 iff v = xo

o On U we have

V(z) = (VV(2) | f(x)) <0
A function satisfying the two first properties in x is said definite positive.

3.2.3 Theorems

Theorem 3.2.1 (Lyapunov first theorem) Ifz is an equilibrium of & = f(x),

if there exists a Lyapunov function in xo for this system then xq is a stable
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equilibrium.

Lyapunov second theorem

If moreover V' is negative definite , i.e. si V(a:) =0 iff x = xg, then xg
1s an asymptotically stable equilibrium

The attraction basin of xq is contained in U where the 3 properties of V

are satisfied.

Theorem 3.2.2 (Lasalle) If V is a Lyapunov function the greatest invariant

set contained in

L={z|V(z)=0}

1s an attractive set. This assertion is called LaSalle’s principle of invariance
and is true even is V' is only nonnegative and non necessarily positive definite.

If L = {xo} then xq is asymptotically stable.

Theorem 3.2.3 (Lasalle) We consider the ODE with an equilibrium z,, de-
fined on a compact positively invariant set €.
If we have a nonnegative function V, such that V< 0 on Q and moreover

the largest invariant set contained in £ = {z € Q | V(z) = 0} is reduced to
{wo}

Then xq is globally asymptotically stable in €2
Note: V' is not a Lyapunov function : not positive definite.

Theorem 3.2.4 (Poincar?-Lyapunov) We consider a C! ODE , & = f(x) and

o and equilibrium.

1. If Df (o) has all its eigenvalues with negative real part, i.e., s(D f(xg)) <
0, then xy est asymptotically (locally ) stable.
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2. if Df(xo) has (at least ) one eigenvalue with a positive real part, i.e.,

s(Df(xg)) > 0, then xo is unstable.

Advantage of Lyapunov over Poincar? : Lyapunov can give a conclusion
when Poincare fails

example :

Yy =y
The positive orthant is est positively invariant. The origin is stable in the

domain R, x R.

Figure 3.5: Saddle-Node

Il is sufficient to choose for Lyapunov function on sur R, x R

1
V(z,y) =fv+§y2
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3.2.4 Examples

Lotka-Volterra model introduced by Pi?lou : n the prey , p the predator

n o=rn (1_E) —anp

p =bnp—pup
This can be also considered as an intra-host model for a disease. n can
represent a concentrationof target cells, e.g. red blood cells and p a parasit
destroying red blood cells. ..

It is easy to determine a coexistence equilibrium

b a bK

This equilibrium has a biological meaning if p* > 0 or % > 1
This coefficient is a basic reproduction ratio : it is the mean number
of predator fathered by one predator introduced in a population of preys
(without predator) during its life :
Prey Population at Equilibrium : K | mean life of a predator %, basic
repruction ration b K i
bK

Proof of the Stability of the coexistence equilibrium when Ry = > 1.

we consider

fn,p)=b(n—n"Inn)+a (p—p*Inp)

and the Lyapunov function RY} x R7

V(n,p) =0 (n—n"Inn)+a (p—p" Inp)— f(n",p")
V :brn(lf%)fa bnp—brn* (17%)+abn*p+abnpfa/,Lpfap* (bn—pu)

Taking into account bn* = u we get
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V=br (1—%) (n—n")—abp” (n—n")

Using again ap* =1 (1 — %) we obtain

' n n’* br 5
= —n* - — J— _ _n* <
V=b(n n)r(l e 1+K) K(n n*)* <0

This proves stability . Now consider the set £ defined by

L=A{(n,p) =0 | n=n"}

To be invariant in this set, n must be constant equal to n* must be

constant, then n = 0. Hence

n=rn" (1—%) —an"p=0

Precisely p = p*. The greatest invariant set £ is {(n*, p*)}.

We conclude by LaSalle ’s invariance principle to the asymptotic stability
on R} x R7.

Stability of the predator free equilibrium when Ry = % <1

Lyapunov function

V(n,p)=b(n— K lnn)+ap

Which gives

V:—E(n—K)Maup(Ro—l)go

3.2.5 How to find a Lyapunov function ?

Bad news
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More an art than a science

Good news :

Some ingenuity, astuteness and tricks are needed

How do you find this dawn Lyapunov function for the Lotka-Volterra
Model ?

Back to classical Lotka-Volterra

n =rn —anp

p =bnp—pup

Dividing the two equations

dn _rn —anp
dp bnp—pup
We can separate the variables
i r
b—=)dn = (— -)d
b= 2ydn = (~a+ Dy dp
Equivalently
b—Lydn— (—a+ydp=0
——)dn —(—a+ - =
n D b

Integrating this relation shows that

f(n,p)=0b (n— % lnn) +a (p— r lnp)
a
is a first integral, i.e., the derivative of f on the trajectories are zero,

or this function is constant on the trajectories of the ODE. Recall : the

. e . M r
coexistence equilibrium is n* = =, p* = —

b a
Interlude : the function s—s* In s, defined on R*\0 has a unique minimum

s*. Hence
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s—s"Ins—s"+s" Ins*
is definite positive for s*

Recall

f(n,p) =105 (n— % lnn> +a (p— 2 lnp)
Tada !!!

f(n,p) = f(n",p")

is a Lyapunov function for (n*, p*)

The function

f(n,p)=b(n—n"Inn)+a (p—p" Inp)

is a Lyapunov function for the classical Lotka-Volterra. For the Pielou

Lotka-Volterra we use the same function, evidently with modified value for
the equilibrium.

If 25 > q
o

If

bE
“w
*

n* = K and p* = 0 which makes disappear the p* Inp term.

3.2.6 Lyapunov and Ross model

Theorem 3.2.5 Let G an open set, containing origin, positively invariant for
the system
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T = A(z).x,
where A(x) is a Metzler matriz depending continuously of .

We suppose there exists ¢ > 0 such that T A(z) < 0 for any x € G,
x # 0.

Then the origin is GAS in G.

Consider on G Lyapunov function.

n

Vir)=> ¢ |zi].

i=1
We define €, = sign(z), i.e. |z;| = e, x;.

The function V is locally Lipschitz : we can defined Dini derivative.

Vo =3 cieg, d
=D et CiCay Doy i Tj
= Z?:l Z?:l CiEg; Aijj Tj
- Z?:l Eu;T5 Y iy CiEa;Ex, Gij
=2 o1 Ea T [Cj Qjj + D izj CiCu;Ca; aij:|

< 2jm En [Cj jj + D izy Ci aij:| =201 |l (" A); <.
Since ¢ A(x) < 0 sur G, function V is definite negative.

= mabiy(l—2)—~vx

gy= ba(l-y)r—pny
Two equilibria : DFE : (0,0) and
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ma’biby _ 4 ma’biby _ q
7= 1y 7= my
m a2 by by + baa m a2 by by + mbia
12200 123 12200 v

This equilibrium has a biological meaning iff

1y
L.
(0,0)

ay(l—z)—~yz
(1

B(l—y)z—py

Two equilibria (DFE) :

a8 _q aB _
7= MY §= 1
aB | ba aB | mbia
By + Z Yy - 'yl
Make sense iff
Ro = a—ﬂ >1
ny
We can write
T — a(l—z)| |z
y Bl—y) —p Y
Which is
X=AX)X
Stability of the DFE
Ro - % S 1
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-y a(l-2)
Az, y) =
B(l-y) —n
We set
c'=[B+n v+a]
— a(l—z)
(641 ~+al] = [vn(Ro-1)—(a+7) By v (Ro—1)—(B+n) ac
B(l-y) —U
We choose

Vie,y) = (X |¢)

where we denote X = (z,y)7.

V=(X|c)=(AX)X | ) = (X [ AX)"¢)

V=yp(+y)(Ro—1)-2af+ap+pBy)ry<0

Conclusion : LaSalle

Stability of the EE

Roza—6>1
wry

We know that an endemic equilibirum (7, ) > 0 exists

We use the variable change T = ¢ — Z €t Ypow =y — ¥
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j:new = (ynew + g) (1 —T— xnew) - (xnew + 1_3)

ynew - 6 (1 - g - ynew) (l‘new + j}) — K (ynew + ?])
To simplify we write again x for x,ey and y for Ynew-

Taking into account

we obtain
t= —(ag+y)z+a(l—x—2)y

y= B(l-y—gr—(Br+uy
—(ag+7) a(l-z-1)

Alx,y) =
B(l-—y—y) —(Bx+p)

a(1—2Z)y—~x =0 inother words — (ay+7)T=—ay

B(1—y)T—py=0 inother words — (BZ+p)y=—-57

B=Py+79) —B=
_ag a_a(w+i.)
T U T ] _ _a B ~ o dn (e << 0
[6 } B—B (y+7) Bz [ By (y+y) BT (x4 )}

On

]jvl_w[x]_g?l_g[

Proof Finished with the preceding theorem.
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3.3 Proofs of the Theorems

LaSalle theorem encompasses second theorem of Lyapunov. We prove Lya-

punov first theorem, and after LaSalle.

Let U be an open set, B(zg,¢) a closed ball, centered in xy contained in
U.

VU

B(0,¢)

Let
§= | miﬁll V(z) >0
r—xo||=¢
and
Ws = {x € B(xg,e) | V(z) < 0}
Ws is an open set, g € W5 # (). Since V is decreasing on trajectories, a

trajectory starting in Ws cannot cross the sphere of radius . Remark : W

is positively invariant.
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To prove LaSalle’s invariance principle we need some concepts.

Definition 3.3.1 (invariant set ) We say that M is positively invariant for
& = f(x), if for any xo € M we have ®¢(xy) € M for anyt >0
negatively invariant is defined similarly. A set is invariant if it is positively

and negatively invariant.

Definition 3.3.2 A point p is called an w-limit point of the Uorbity(xg), if
there exists a strictly increasing sequence of real numbers t1< ...<tp such

that

Jim_ sl =7

Theorem 3.3.1 If the positive orbit v (xq) is bounded then the set of w-limits

points, w(7y) points is a non empty invariant compact, connected set.

We can now prove the LaSalle’s invariance principle
Let U a compact neighborhood containing xq, on which V' is a Lyapunov

function.

m = min V(zx)
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And let

W={zeU]| V(z) <m}

W is an invariant compact set. Any trajectory v (x) for x € W is
bounded. The set of Omega-limit points of v*(z) is an invariant compact

set 2, contained in W.

The set

Q:UQQC

zeW
Is a positively invariant set.

The set €2 is an invariant set, constituted of Omega-limit point, attracting
trajectories of W.

What is the value of V on Q ?

Let we Q, for x € W.

o= i ()

V(w) = lim V(P (2))

k—4o00

V(w) is a a limit value (adherence value) of V(®;(z)). This function
is decreasing, lower bounded (by 0). Hence admits a limit ¢. Therefore

V(w) = ¢, for any point of €2,.

V(w) = % V(@4(w) o
V(w) = %V(@t(w)tzo

By invariance ®;(w) is an Omega-limit point. ®,(w) € Q,. Hence

V(®,(w)) = c¢. Fonction V' is constant on trajectories starting fromw.
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Therefore

V(@) = SV (@@ = 0

The set ) satisfies

QcL={zeW|V=0}
This ends the proof of Theorem ([3.2.2))

Now we have to prove the Theorem , i.e., Lasalle’s Theorem for semi-
definite functions.
From the proof of LaSalle’s invariance principe we know that z is attractive.
The difficult part is to prove the stability in x

We restrain to G which is positively invariant and we consider the dy-

namical system on this compact.
L={zecG|V(z)=0}={x}

Assume x, is not stable. We denote, as usual ¢;() the flow associated to the
ODE. It is complete since all trajectories are bounded.
This means that we can find an ¢ > 0, a sequence of initial states x,, in

G and a sequence of positive time t,,, such that

1
lzn = 2ol < = et [, (wn) — o] =<

We construct these element in the following way : by unstability, we know
1

that there is ball of radius e, such that for any ball B(xg, —), there exists
n

a x, in this ball, such that the trajectory starting from =z, leaves the ball

1
B(xg, —). By the crossing borders theorem, there exists a time ¢, such that
n

‘|¢tn(xn) — 1'0” = €.
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By extracting a subsequence (we are in a compact set) ¢y, (z,), we can assume
that que ¢y, (z,) converge toward a z with ||z — || = .

We claim that the sequence t,, goes to infinity, ¢, — +oo. If it would not
the case, sequence t,, is bounded and we can extract a subsequence ¢,, which

converges, t,, — 1. But in one hand, by hypothesis

Ich—{go ¢tnk (xnk) =z,

and in the other hand by continuity

kh—>Igo Cbtnk (Tn,) = ¢7(70) = 70
Recall that xq is an equilibrium then for any ¢t > 0 ¢;(x¢) = 0.
This is a contradiction since ||z — zy|| = £. Hence we have proved ¢, — 400
when n — oo
Since t,, — 400, for a given t € R, there exists a t,, large enough such that

tn +t > 0. Since V is decreasing on the trajectories (V < 0) we have

V(pt1t, (wn) = V(e(r, (2n)) < V()
going to the limit we obtain
Vi(gi(2) < V(xo) (3.4)

Now for any s > 0, again by the argument of V' decreasing on trajectories

we have
Vi(gs(ei(2)) < V(gu(2)) (3.5)

By attractivity of zg, ¢s(¢(2)) — 2o when s — +o00, passing to the limit ,
the inequality (3.5)) becomes

Vi(xo) < V(di(2)) (3.6)



72 3. BASIC MATHEMATICAL TOOLS AND TECHNIQUES

From ([3.4) and ([3.6) we deduce that for any ¢ € R, V(xo) = V(¢(z)). On
the orbit of z ,

1(2) ={au(2) | t € R}
V est constant.The orbit of z is invariant, hence in M, this a contradiction
with avec M = {xo}.

The equilibrium is stable and attractive G.

3.4 SFEIR example

-
lus Ug u w

1 R

-

S =A—BST—usS
E =8SI—agE —upFE
j :OZEE—,U,[[—’}/[]
R =vyI1-urR

R does not occur in the 3 first equations. Then we can discard the last

(3.7)

equation
3.4.1 DFE
DFE : (%,0,0) = (5*,0,0)

i Bar A Bag o

(ap +pe) (1 +pa) s (s + pe) (1 + )
Endemic equilibrium (S, I, E') where

S’:(QE—FME)(%‘FMI)_S J=—_— %0 FE =

Bag Ry BS ap
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assume (natural hypothesis)

s < min(pp, fir)

If we denote N = S + E + I we have

N=A-psS—ppE—(ur+v)I <A—psN

as a consequence the compact set of Ri defined by

A
S

is a positively compact invariant absorbing set
Absorbing means that any w-limit set is in 2.
Then we will restrict our analysis to this compact set

3.4.2 Stability of the DFE

The DFE is in 2. Consider the Lyapunov function

V(S,E. 1) = (ur+v1) E+BS™T

a simple computation gives

V=[BagS —(ap+us)(n+un) E+ B +71) (S — ST
=(ag+upe)(n+u)[Ro=DIE+B(ur+71) (S =51 <0

Since S < N < S5*on Q and Ry < 1.

What is the largest invariant set in £ = {(S, E,I) € Q| V(S, E,I) = 0}

If Rg < 1, necessarily £ = 0 in £. Invariance implies I = 0 hence S = S5*.
Ro =1 idem

3.4.3 Stability of the EE
Recall Rg > 1.
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V:A—MSS—BSI—A§+MSS+BSI

E _
+ﬂ51—(aE+uE)E—5SIE+(aEJruE)E

+ « I + ap -
(ME+CVE)E_(NI+'YI)MI_(ME‘FCYE)fE‘F(NI—F'YI)HEaTEI
. S _ _

V=A-usS—Ag+us§+ 55
E _
—BSIEJF(OZEJFME)E
+ « I + ag =
— (s 49 P T (g +ap) T B A (ur ) B E T
af I af
But recall
G +a
B8 = (ur +yp) HETOE
ap

another simplification

V:A—MSS—AngusS’

K
—‘fASIF—i-(()éE—i-/,LE)E

I _
—(,UE—i—OcE)}E—i-ﬂSI

we write

|
=
9]
~
N~
|
+
=
@]
~
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Factoring 35 I and ug S we get

Claim : The expressions between brackets are negative definite
We have something like 2 — x — y with zy = 1 and
3—a—b—cwith abc =1
Function In is concave hence

1 1

- Iz +--+Inz,] =ln Ya; -z, < ln[ﬁ (X1 4 - z)]
taking exponential n /x1 - 2, — (x1+ -+ x,) <0
ifxy-- -z, =1 we get

n— (x1+-x,) <0

We have equality iff if all x; =1

; - s S . [
= 22 _2 Tl3—2_222_- hd
1% uss{ < S]Jrﬁs [3

This function is definite negative, this ends the proof.
blacksquare

3.5 Last example

We consider what is known a generalized Lotka-Volterra equations. This a popu-
lation model. The model consist of n equations

n
T; = <’r‘i + Z aij CCj) X; (38)
i=1
It is convenient to vectorialize these equations

& = diag(z) (r + Ax)

Wherer diag(z) is the diagonal matrix whose diagonal terms are the compo-
nents of x.
The term a;; represent the repr?sente the incidence of species j on species 7. Vector
r is the birth-rate. Generaly the a;; are negative, representing the intra-specific
competition, as it appears in Logistic equation (also known as Pearl-Verhulst
ODE).
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We assume that A is a Hurwitz Metzler matrix. This is mutualism. Each species
has a positive incidence on the other species. Furthermore we assumer > 0.
Then we know that there exists £ > 0 such that Az +r = 0. It is sufficient to
apply ([5.2.2). Indeed since —A~! > 0, » > 0 and —A~! invertible we deduce
T=—-A"1r>o0.

We have an equilibrium in the interior of the nonnnegative orthant . Now we can
rewrite (3.8) as

=1

T; = <Z Qi (.rj — i’J)> €;

Since A is Hurwitz, there exists ¢ > 0 such that Ac¢ < 0. We now consider the
Lyapunov function on the orthant

V(z) = max ]
i=1,---.n C;
Let 7 an index where ——— is maximum.
Ci
V =tz 671
Ti
= Exmm — ) ij (x5 — Tj)
Ci
7=1
T _ _
= i lvi = Tl + D enis, aij (1 — 7;)
L J#i
T _ _
< = aiilw — @l + Y ag vy —
Ci —
L J#i
T _ C; _
< = lag o — 2] + Z aij |z — ;]
& — (&
L J#

T
= C—§ |.7}Z—.f‘1| Qi; C; + E . aij Cj
J#i
X
=—V(z) (Ac); <0

G v

Function V is negative definite. this end s the proof of the GAS of the equilibrium..
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3.6 Reduction of systems and Vidyasagar’s Theo-
rem

We consider a triangular system, more precisely this is a system on R™ x R™ which
can be written in the following form

{ x.'l :fl(xl) (39)

io = fo(w1,72)
where fi is an application from R™ into R™ and fo from R™ x R" into R"™™. We will
assume that the conditions for existence and uniqueness are satisfied(for example
f1 and fy of class C1).
The trajectories have the same projection on R™ x {0}, these are the ones of system
il = fl(l‘l) sur R™.
It is clear why they are called triangular. Actually the Jacobian is lower block
triangular. Theses systems are also called hierarchical. We will give a result
obtain by Vidyasagar [97]. We give the autonomous version which is more simple.
However this theorem is also valid, with some extra-hypothesis for non-autonomous
systems.

Theorem 3.6.1 [Vidyasagar/
We consider a Ct system

i1 = fi(z)
{ iy = fo(z1,72) (3-10)

such that the origin of R™ is globally asymptotically stable (GAS) for the isolated

system &1 = fi(x1) on R™ and such that the origin of R™ is GAS pour o =

fQ(O, xz) .

Then the origin is asymptotically stable.

If all the positive trajectories are bounded then the origin is GAS on R™ x R™.

This theorem is very convenient because it allows to “reduce” the system. For
example if the stability of the isolated system is obvious, it remains to study the
reduced system @9 = fo(0, z2).

Remark 3.6.1 If all the positive trajectories are not bounded, only the local asymp-
totic stability can be obtained. The following example in R?, from Seibert and
Suarez [81), is a counter-ezample.

{ To=- (3.11)
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It is clear that 0 is GAS for the first system ¢y = —y. Since we have symmetries,
we consider the system in the nonnegative orthant. Let the functions Hg (z,y) =
zy—k

H, = <VHk

[y (x;x— 1)} > =ay @y’ - 2)

Hyperbolas zy — v/2 = 0 are invariant. These hyperbolas zy — a where a > /2
are boundaries where the vector field points toward the increasing xy. The origin
is not GAS.

Figure 3.6: Local Asymptotic Stability only

Proof
We prove stability. Let
B(0,e) = {(z1,z2) | ||z1]| < &, ||z2]| < e} a neighborhood of the origin.
Since the equilibria of the isolated systems are GAS, since these systems are C! the

converse of Lyapunov Theorems can be applied. Then it exist C! positive definite
functions Vi (z1) and Va(z2) such that

Vi = (VVi(21)|fi(21)) <0
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Vy = (VVa(22)| f2(0,22)) < 0

These functions V; et V5 are negative definite on B(0, &) for & small enough.
Since fi et V; are C! let

L= max Ry P
(z1,22)€B(0,¢) 8561( ! 2)
and
M = max VVa(z2)

(z1,22)€B(0,¢)

Since V3 is a Lyapunov function, we can choose ;1 < § small enough such that

max Va(z2) < min  Va(xa)
[lz2(|<é1 5<llzall<e

‘We have
Va(wz) = (VVa(x2)| fo(21, 22)) = (VVa(22)| f2(0, 22))+(VVa(22)| fa (21, 22) — f2(0, 22))

With the relation

1
folwr,22) — fo(0,22) = /0 gij(m,@)xldt

which gives in B(0,¢)

| f2(x1, 22) — f2(0,22)|| < L||21]]

and

Va(@2) < (VVa(22)[ f2(0, 22)) + L M a1 | (3.12)
Function (VVa(z2)|f2(0,22)) is negative definite, therefore if we define ¢ by

p(c) = min  —(VVa(z2)|f2(0,22))

e<|[lz2||<e

The function ¢, defined in R, is continuously increasing , tends to 0 when ¢ tends
to 0 and satisfies p(c) > 0 pour tout ¢ > 0.

Since ¢ = fi(x1) is AS, we can choose d2 < d; such that, if the initial condition
satisfies ||z1(0)|| < d2, we will have for any ¢t > 0, the inequality ||z1(¢)] < %.
If we have ||z1]] < d2 and ||z2|| > d1, with the inequality (3.12)), we deduce

(VVa(2)|f2(0,22)) + L M ||lz1]| <0 (3.13)
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Let now d3 be such that 0 < d3 < d2 and such that

max Vi(z1) < min  Vi(xq)
llz1]|<ds do<||z1||<e

Let U the open set defined by
U = {(z1,22)| [lz1]] < I3 [|l2]| < d3}

If 21(0) < 03, since V; is decreasing, the preceding inequaltiy shows that [|z1(t)]| <
d2. In other words no trajectory can reach the sphere of radius d9 in R™).
Let now ||z2(0)|| < d3. Since

max Va(ze) < max Va(xze) <  min  Va(zy)
[|22]|<d3 [|2]]<61 5<]lwalI<e

the trajectory starting from (z1(0),z2(0)) as long it verifies ||x2(t)|| < 01

Va(e2(t)) < 1<leali<e Va(@)

We have seen above that we have ||z1(t)|| < d2. This implies, as long as ||za(t)|| >
01, from the inequality , and inequality Vz(xg) <0.
Since V4 is non-increasing on the trajectories in the ring defined by |x1]] < o,
01 < |Jag]| < 5, we conclude that any trajectory cannot reach the sphere of radius
S in R™. We proved |[|z1(t)|| < d2 < € and [|z2(t)|| < §. This ends the stability
proof.
We will show the local attractivity by LaSalle’s invariance principle.
Since the origin is stable, there exists a compact neighborhood of the origin U,
positively invariant. we will restrict ourselves to this neighborhood U.

Let V1 a Lyapunov-LaSalle functionBy hypothesis

Vi = (VVi(z1)|fi(21)) <0

Let E = {(x1,29) € U | Vi(z1) = 0} and the greatest invariant set contained in .
This is clearly ({0} x R™)NU. By hypothesis &2 = f2(0,z2) is GAS on {0} x R™.
We claim that this implies that any negative trajectory from U \ {0} goes out of
U.

Indeed, if it is not the case, we will have a complete trajectory v in U. The set
of a-limit points of  is invariant. By asymptotic stability and invariance, this set
contain the origin. This means that trajectory starts as close as we want of the
origin to going back to this origin. The closure of this trajectory is compact, which
contradicts the stability. This proves our claim.

This means that the the greatest invariant set contained in F is reduced to {0}.
This proves the attractiveness of the origin in U.
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If a trajectory is relatively compact, then the w-limit points are in {0} x R™.
Indeed for ¢, — oo we have z1(¢,) — 0. If all trajectories are relatively compact
the w-limits points are in {0} x R™. By asymptotic stability on {0} x R™ the
origin is an w-limit point. Any trajectory approaches as close as we wont to the
origin. By stability it is trapped in i/ above. The tends to the origin.

[ |
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Chapter 4

The concept of basic reproduction
ratio R

4.1 Introduction

This chapter consists essentially of two parts. A mathematical part, which uses
mathematical theorems and demonstrations. Finally, examples to understand the
notion.

We denote by Rg the basic reproduction rate. This concept is now unanimously
recognized as a key concept in epidemiology. It is defined "heuristically” as the
average number of new cases of infection, caused by an average infected individual
(during the infective period), in a population entirely composed of susceptible.
For about twenty years, Rq is part of the majority of research articles using math-
ematical modeling.

Originally, this concept comes from demography and ecology. This is the average
number of girls (females) born of a female (female) during her life. The use of Ry
is relatively recent in epidemiology.

The first to have introduced this concept in 1886 is undoubtedly Richard B7ckh,
the director of the statistics office of Berlin. Using a life table for women from
1879, it summed the probability of survival products by the birth rate of girls. He
concludes that, on average, 2,172 girls will be born to a woman. He corrects this
figure using the sex ratio and comes up with, what we would call Ry, an estimate
of 1.06.

It is Dublin and Lotka (1925) and Kuczynski (1928), which introduce, in the
demographic context, the notion and calculation of Rg. In a summary in 1939, in
French, of his contribution Lotka writes

33



84 4. THE CONCEPT OF BASIC REPRODUCTION RATIO R

The net reproductivity, Rg, introduced by Boeckh, has more merit,
since it gives a measure essentially independent of the age distribution
of the population.

If F(a) is the probability for a woman to survive at a, if 5(a) is the birth rate of
girls, at age a for a woman then

Ro = /0+O° F(a)B(a)da.

This is the approximation calculation done by B?ckh. This is the mean number of
girls that woman will have during all her life.

One wonders where the 0 index comes from. We can define the order time n for
the function F(a) B(a)

Rn:/o a" F(a)B(a)da

The basic reproduction rate is the 0 moment of order.

The concept of threshold has been used by Ross in his elementary mosquito theo-
rem. Neither Ross nor Kermack and McKendrick have attached a name or symbol
to their threshold concept. From 1911, Ross, Ross and Hudson developed a theory
of epidemics between 1916 and 1917. Ross calls it a priori pathometry or theory
of "happenings”. It should be noted that Lotka was very interested in Ross papers
and solves several of the problems posed by Ross in 1919 in ”a contribution to
quantitative epidemiology”. He also devotes 120 pages "contribution to malaria
epidemiology” to the model of Ross [69]. In his article on the history of R [39],
Heesterbeek regrets that Lotka, who introduced Ry demographer and biomathe-
matician, missed out on this concept in epidemiology.

McKendrick was also a military doctor. He served under Ross in the 1901 Sierra
Leone eradication campaign. It was Ross who encouraged McKendrick to learn
mathematics and apply it to medical problems. In his correspondence with McK-
endrick, Ross makes clear his desire to establish the general law of epidemics. In
1911 he wrote a letter to McKendrick

We shall end by establishing a new science. But first let you and me
unlock the door and then anybody can go in who likes.

The following basic paper is still that of Kermack and McKendrick [57]. They es-
tablish in the continuity of Ross a threshold of critical density N, for the population
in the form

1 o0
— = B, dt
x /0 6. By
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The next step is given by McDonald in 1952. George McDonald is the first professor
of Tropical Medicine and Hygiene and director of the Ross Institute in 1947. He has
had a considerable influence on the use of modeling in malariology. It introduces
the term basic reproduction rate.

In 1975 Dietz and Hethcote rediscover the Rg concept for direct transmission
diseases. Dahlem’s 1982 conference, initiated by May and Anderson, serves to
promote the concept. We must finally wait for Diekmann et al. to give a pre-
cise mathematical definition It is defined an operator, called the "next generation
operator”. The largest eigenvalue defined Rg. This operator is for a generation.
The classical and non-mathematical definition of Ry is, as given in the introduction,
the average number of secondary cases of infectious disease, generated by a typical
individual in a population consisting entirely of susceptible individuals throughout
their entire period of infectivity.

This is a heuristic definition. Diekmann and Heesterbeek gave a mathematical
definition. In these notes we will treat the case of compartmental deterministic
models in finite dimension.

4.2 The structure of compartmental epidemiologi-
cal models

We will make an essential assumption: there is no immigration of infected individ-
uals. Indeed, if this were the case, there would be no balance without disease.

We will consider that the population is divided into n compartments. The number
of individuals in the ¢ compartment is given by x; (or x; can be a prevalence , i.e.
the percentage of individuals contained in the ¢ compartment relative to the total
population, or a density)

It is assumed that the compartments are marked in such a way that the first p
consist of "uninfected” individuals, more specifically non-carriers of the germ (virus,
protozoan, parasite, dots). In fact all those who will not evolve to a compartment
of infectious individuals. In these compartments may have susceptible, vaccinated,
quarantined individuals in such a way that they can transmit neither horizontally
nor vertically.

The essential concept is that these compartments will never be able to give trans-
mitters of their own.

The rest of the compartments are infected. For example infectious, latent, asymp-
tomatic carrier.

we denote by

T = ($17$27' t 7xn)T
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the state of the system

"Healthy"

Figure 4.1: infected and non infected

We can now describe the dynamics of the system
In other words we will rewrite the ODE & = f(z). Let the compartment x;.

Fi(x Vit (x)

Vi (%)

Figure 4.2: Le bilan

We will now describe the dynamics of this infectious disease.
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In other words, we will write the differential equation # = f(xz). Let the compart-
ment x;.

We consider the balance of what comes in and what comes out in each compart-
ment:

1. We denote by F;(z) the speed of appearance of new infected, in the com-
partment ¢. They are new infected, obtained by transmission of any kind.
Horizontal, i.e., from individual to individual or vertical from mother to
child.

2. We denote by Vf (x) is from other compartments by any other cause (moving,
aging, healing etc ...)

3. We denote by V; (x) the speed of what leaves the i compartment. For
example by mortality, change of epidemiological status, movement etc ...

We finally have

i; = Fi(z) + Vi (z) = Vi (2)

]

X, are states without disease, i.e.

Xs={z|zpp1 ==z, =0}
The nature of the epidemiological characteristics implies the following properties
for the introduced functions:
H1l z >0 and F(z) >0, V" (z) >0, V; (z) >0
Indeed this is flows of materials.
H2 If ; = 0 then V, (2) =0
If there is nothing in a compartment, nothing can come out of it, it is the
essential property of a compartmental model.
H3 If i < p then F;(x) =0
Compartments with an index of less than p are "uninfected”. By definition,
it can not appear in these compartments "infected”.
H4 If z € X, then F;(x) = 0 and for i > p we have V;" (z) =0

Recall that we have assumed that there is no immigration of infectives.
Since we are in a state in X, this means that we are in the state with
no infected anywhere. V;"(z) is infectious coing from other compartment.



88 4. THE CONCEPT OF BASIC REPRODUCTION RATIO R

Nothing can move from a uninfected compartment in %, since it is an infected
compartment. And all the infected compartment are empty.

If there are no carriers of germs, in the population, no new "infected” can
appears. This is Lavoisier’s principle. There is no spontaneous generation.

We will consider a point of equilibrium without disease, which is also a point of
equilibrium of the system. For example, in the case of demographic dynamics, this
means that the population is not moving. In fact, every ] is fixed and is zero for
i > p. In other words, a "disease-free” equilibrium, z* € X, is such that f(z*) =0
Such an equilibrium is called a disease-free equilibrium (DFE).

We denote , for any state, by x; = (1, - ,:U,,)T the "non infected” components
X9 = (Tpy1,- -+ ,Tn)7) the "infected” one.

The system & = f(x) can be rewritten

x1 = fi(x1,%2)
. 4.1
{ X = fa(x1,X2) (41)
By definition z* = (x},0) where
fi(x1,0) =0
and for any x; we have
f2 (CL‘l, O) =0

Indeed if (z1,0) is a state without disease state, any new infected can appear.
If we assume that f is C! then there are matrices Aq1(), A12(7), and Aga () such
that

fl(xl,xQ) = An(a:).(xl — XT) + A12($).X2
and
f2(Xl;X2) = AQQ('I)~X2

These two results result from the proposition applied to the functions fi(z1, z2)
and fa(z1,z2). According to this proposition we know that there exists a matrix
Aj(x) of size p x n such that

fi(@) = fi(zy,m0) = A1(2) [xl - ff}

T2

We break A; into a block Aq1 of size p x p and a block Aqg of size p x n —p

Ay =[An A
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This gives the first statement.

The second relationship comes from the proposition applied to the function fo(x),
considered as a function of xo, which vanishes in 0.

The system is rewritten

(4.2)

{ X1 = All(x).(xl — XT) + Alg(x).XQ
5(2 = AQQ(QL‘).XQ

The Jacobian at the point of equilibrium (x7,0) is written

o |A(z¥) Apa(x¥)
Jac(z*) = [ 0 Ag(z%)

noindent We will make an additional assumption We suppose that
H5 The DFE is x* = (x},0). If F(x) is set to zero, the matrix D f(x*) is Hurwitz.

It simply means that when there is no disease, the population admits a locally
asymptotically stable equilibrium, the DFE.

We have J(z*) = DF(z*) + DV (2*) + DV~ (z*) . Moreover, since the F; com-
ponents of the function F are identically zero for i < p we have

Df@ﬂ:ﬁ;g}

and

Dw+—vvmwz[h h}

0o Vv
Theorem 4.2.1 F' > 0 and V is an asymptotically stable Metzler matriz

Proof
We denote by e; the i-th vector of the canonical basis of R™. For ¢ > p and j > p
since F;(z*) =0

*

OF:, . . Fila*+he))
89:]- (JZ ) a h1i>r(r)l+ h

>0

For indices satisfying ¢ > p and j > p and i # j we have V, (z*+he;) = 0. Indeed
x* + hej is a state wher we add to 2, h element from the infected compartments
j, with j # 4. So there is nothing in the compartment ¢ when system is in state
z* + heej, therefore nothing can go out. Hence V;(z* + he;) = Vi (z* + he;). Now
since ¢ > p we have x} =0 ( x* is a DFE)

We deduce
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‘ NI .
oV, ) = lim Vi (z* + hey)
Ox;j h—0+ h

>0

This proves that V' is Metzler. By H5 matrices J3 and V' are asymptotically stable
. Matrix V is an asymptotically stable matrix..

4.2.1 Definition of R,

Definition 4.2.1 (spectral radius) :

We call the spectral radius of a matriz A, the maximum value of the module of the
eigenvalues ¢7 of A.

A) = A
p(A) Agga)l \

Definition 4.2.2 (Rg)
Ro=p(-FV)

First like F > 0 and V is an asymptotically stable Metzler, then —V~! > 0.
This is demonstrated in the theorem This proves that —F V! is a positive
matrix. According to the classic Perron-Frobenius theorem, the spectral radius is
an eigenvalue of this matrix.

This definition is purely mathematical.

Remark 4.2.1 The definition of "next generation matriz” given here differs from a
— sign compared to that of van den Driessche [94]. We use Metzler matrices, which
appear naturally in compartmental systems, whereas in [9])] the M -matrices are
used. Which leads van den Driessche to note V;’ what comes in, V;" what comes
out and to note

&y =Fi— Vi

with V; =V, — Vi~ 1!
This is absolutely unnatural, but it is to bring up the opposites of the stable Metzler
matrices, the M -matrices
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4.2.2 Biological interpretation of R

We will now give the biological interpretation of the definition of Ry.

A small number of infectious individuals are introduced into a susceptible popula-
tion. We are therefore at equilibrium at the DFE.

To determine the fate of a small number of infected individuals, we consider the
dynamics of the system, with reinfection suppressed, since we are interested in the
evolution of the introduced infectious individuals. As we want their immediate
future, we consider the system approached by its linearization at equilibrium. If
one is close to equilibrium the behavior of the system is approximated by the
linearized system.

Since Df = DF + DV — DV~ the system becomes

. _ J3 Jy
=(DVT - DV )z = :
&= (DV V7). [ 0 V] x
If (0,%9) is a small number of infected individuals at time ¢ we have, by integrating
the linear system, to the time e'V.xY infectious people. This represents the state
of the infected in the infected compartments.
In the end we will have obtained

/0 0,V .x9) dt = (0, -V ~1.x9)

This set of infected will generate new cases by transmission. The number of new
cases will be

~FV1x)

We will interpret the components of

—FVv—!

If we consider an infected in the j compartment, then the (i,j) entry of —V !
is the average time that this individual will stay in the ¢ compartment during its
"infective period”. The (k, %) entry of F' is the speed with which an individual in the
i compartment produces new infections in the k£ compartment. Therefore the (k, j)
entry of —FV ™! is the average number of new infections in the k compartment
produced by an infected individual in the j compartment.

If K is the next generation matrix, we have just seen that Kj;; is the average
number of infected individuals of type ¢ produced by an infected individual of type
j. The K matrix is a positive square matrix of the size dimension of the type of
infected.
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The matrix —FV ! is called the "next generation matrix”. Approximately —FV !z,
vectorially expressed, the "number” of new secondary cases. We are led to consider,
at generation n, the quantity (—FV ~1)"xq. In other words M".zq where M is a
positive operator. It is a discreet positive system. The importance of dominant
modes in these positive systems is well known. The term mode is the term of the
engineers or physicists to designate the eigenvalues. Dominant mode is simply the
spectral radius. By the Perron-Frobenius theorem ref Perron, it is a proper value.
Hence the definition of mathcal Ryg. The system is stable and converges to 0 if
mathcal Ry < 1. The system is unstable and the state of the system tends to in-
finity, and is aligned with the eigenvector corresponding to the largest eigenvalue.
This is an intuitive result. But we have a lot more. This is the subject of the next
part.

4.3 Ry is a threshold

For a dynamic system, we call threshold at the point of equilibrium a function
of the parameters of the system 7 such that if 7 < 1 then the system is locally
asymptotically stable and unstable if 7 > 1.

Theorem 4.3.1 The epidemiological system is asymptotically stable to the DFE if
Ro < 1 and unstable if Ro > 1.

Proof

We apply the Poincar?-Lyapunov theorem of linearization Just look at the Jacobian
in x*:

Proof

We apply Poincar?-Lyapunov linearization theorem. It is sufficient to consider the
Jacobian at z* :

Jac(.r ) 0 Agz(x*) 0 F+V

By the hypothesis H5 Aqq(z*) = J3 is Hurwitz. Therefore it is sufficient to prove
that F'+V is Hurwitz. But F'+V is a regular decomposition (see definition
of A22 (1,‘*)

A regular decomposition of a matrix is the decomposition of this matrix in the
sum of a nonnegative matrix ( here F') with a Hurwitz Metzler matrix (here V).
Varga’s theorem (See Theorem m ) gives the equivalence :

s(F +V) < 0is equivalent to p(—FV~!) < 1.

By continuity s(F + V) < 0 is equivalent to p(—FV~!) < 1. This implies
s(F +V) > 0 is equivalent to p(—FV 1) > 1.
Conclusion is obtain by Poincar?-Lyapunov theorem. |

_ [An(z") A12(95*)} _ [J?, Ju ]
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4.3.1 Varga’s Theorem
We will prove a theorem of Varga [95, [96] which is closely related to Ry.

Definition 4.3.1 (regular decomposition)
Let A a Metzler matriz. A regular decomposition of A is any decomposition of A

A=F+V

where F' > 0 and V' is Hurwitz Metzler matriz.

Theorem 4.3.2
For any regular decomposition of a Metzler matriz A, the following assertions are
equivalent

o A is Hurwitz

e p(-FV Y <1

Remark 4.3.1
Any reqular decomposition gives a threshold

Proof

Suppose that A is Hurwitz, then we claim —A~! > 0 (see below)

Matrices V.= A — F and A being invertible (note that a Hurwitz matrix is non-
singular) we have using A — F = (I — FA™') A

—FV = FA-F)'=—FAYI-FAH!

Let G = —F A~!. This is a nonnegative matrix. To obtain its spectral radius,
from Perron-Frobenius, it s sufficient to consider only nonnegative vectors. Let
v > 0 an eigenvector of G associated to the eigenvalue A > 0, such that Gv = Awv.
We have

A
—1+)\v.

—FVito=GUI+G) v

Matrix —F V! is nonnegative. Reciprocally let i > 0 an eigenvalue of —F V!
associated to an eigenvector v > 0 . Then G(I + G)"'v = pv. Since G and
(I+G)~! commute, we deduce Gv = pu (I +G)v or (1—p) Gv = pv. This implies
that Eecessarily u # 1 and v is an eigenvector of G associated to the eigenvector

t .
Ol—ﬂ
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The function from R* into [0, 1, defined by par x 1 j}_ is a bijection from the
T

eigenvalues of G = —F A~! onto the eigenvalues of —F V~!. This a monotonous
function. Therefore @)
- P
—FVv hH=_2"2_ <1

Reciprocally suppose that p(—F V~!) < 1. Then —I — F V! is invertible, and is
a Metzler matrix. Since p(—F V') < 1 we have s(—I — FV~!) < 1. This is a
Hurwitz Metzler. Then the opposite of its inverse is nonnegative therefore

Al =(-1-FV Hlvl>0
This proves that A est Hurwitz. This ends the proof.

Lemma 4.3.1
Let A a Metzler matriz, the following assertions are equivalent

o A is Hurwitz
e —A1>0.

Proof
Assume A is Hurwitz then

Al = /+OO etA dt = [AfletA] +oo
0 0

Let e; the canonical basis of R™

400
(A = (e | er) = /0 (e e; | en)dt >0

We have used that e let invariant the nonnegative orthant ( use barrier
Theorem (3.1.1])

Reciprocally assume —A~! > 0. Let ¢ > 0 then v = —A~'¢ > 0 this gives
Av=—-cx0.
Consider the ODE & = A" 2.

Let now V(z) = (v | z). This is a Lyapunov function on the nonnegative

orthant. For z > 0

V(m):(v]AT:E):<AU|:1:):—(0]:B)SO

and V is definite negative on R?. Hence the ODE is asymptotically stable on
the nonnegative orthant.
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Now let z € R” and o = 2+ — z~. We have e!4 = et 2zt — et 2~ — 0 when
t — 4o00. This proves that A is Hurwitz. (The origin is attractive, and A is linear)
[ |

We have more, by continuity of the functions s and p we obtain

sS(F4+V)<0«=p(—FV 1) <1

By contraposition we obtain

sS(F+V)>0<= p(—FV1)>1.

4.4 Examples

We give examples to illustrate the computation of Rg. We will consider classical
examples.

Ross model

We consider the model with prevalences. in other words z represent the % of
infected humans and y the % of infected mosquitoes.

t= mabiy(l—z)—~x
(4.3)
y= bra(l-y)z—py

With the preceding noations

F_ [mably(l—x)] . [_’yﬂ

bra(l—y)z —py
then
10 mab |
F_[bw 0} V_Luy]
Therefore
0 maby
R T
Y

Then
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R

2 ma261 b2
0 v



Chapter 5

Monotone systems in Epidemiology

5.1 Generalities

5.1.1 Introduction

We write this chapter on monotone system applied to epidemiology for many rea-
sons. The first one is to have a self-contained lectures notes. The second reason is
that this is rarely taught in the academic lectures, moreover there are no elemen-
tary references and results are scattered in the literature.

However it exists two excellent references at research level : [49] [44].

The following notes in this chapter are devoted to monotonous systems, a
concept introduced by M. W. Hirsch in a series of founding articles [43], 45, 146, [47].
These systems appear quite often in biology.

We cannot speak of monotonous systems, without using the Perron-Frobenius
theorem. The Perron-Frobenius theorem manifests a certain ubiquity in applied
mathematics. We will see this further. In this chapter we will give the proofs of
these fundamental theorems. The notion of Ry is based on this theorem.

A Metzler matrix is a matrix whose terms outside the diagonal are nonnegative.
Economists (Arrow 1966) gave this name to this type of matrix because of their
study by L. Metzler. These matrices have many applications in economics but also
in all areas where we mode with compartmental systems. We can also speak of
the ubiquity of Metzler’s matrices. In fact there are two competing schools: Those
who use the matrices of Metzler, still called quasi-positive matrices [84] 86],92], and
those using the opposite matrices, called Z -matrices [14} [94], 96]. The Z-matrices
contain the M-matrices for which there is an abundant literature.

97
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The positive matrices have the characteristic of leaving invariant, as applications,
the nonnegative orthant. In other words, A is positive if, and only if, AR C R’}.
For discrete dynamic systems we will consider x,11 = A x,.

We must be careful not to confuse this notion of positive matrix with the notion
of positive symmetric matrix. Here it will means that the entries of the matrix are
nonnegative.

If we consider differential equations and if one looks for matrices such that the dy-
namic system & = A x leaves invariant the nonnegative orthant we obtain naturally
Metzler matrices. There are a strong similarity between linear discrete systems and
linear differential systems. We will exploit the dynamic properties of these linear
differential systems to make the dictionary work in the other direction. In other
words, A is nonnegative if, and only if, AR} C R.

5.1.2 Generalities and Notations. Cones and Ordered rela-
tion
The ordered space R"

In a standard way if € R™ is a vector, we denote by z; its i-th component.

Definition 5.1.1 We define an order on R™ by x > y if for any index i the inequality
x; > y; 1S satisfied

It is easy to see that this relation is an order relation that makes R™ an ordered
vector space. Note that this is partial order. In an ordered vector space of finite
dimension, the nonnegative elements form a closed convex cone. This role is played,
for the standard order, by the nonnegative orthant.

The following notation are now well recognized.

We write R} the nonnegative orthant. We have the equivalence x > y and x —y €
R™4, especially

x>0 < for any index i we have x; >0

Notation x > 0 means x > 0 and x # 0
We will denote x > 0 if z is in the interior of R’}, in other words

x>0 <= for any index i z; >0

Remark 5.1.1 These notations are now well admitted [T, [49, (86, [14l], but it was
not always the case. For example in some papers x < y will means what we denote
by x < y [43,85]. So when reading or citing the literature pay attention to the
notations used
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Similarly, we extend these notations to matrices by assimilating the vector
space of matrices M (n,n),R) with R™. We write A > B if for every couple of
index (i, j) we have a; ; > b; j and we have the analog for A > B and A > B.

For this order on R™ we define the closed interval

[[a,b]] ={x € R" |a<x<b}=1[a;,b1] X -+ X [an, by]

This notation must not to be confused with the notation for segment

la,b] = {ta+(1—1)b | 0<t <1},
which is used in convexity.
In the same manner is defined the open interval
Jla,b[[={x € R" |a < x < b} =]a,b1[x - X]an, by|

If E and F are subspaces of R™ we define

and

E+F={z+y |xvek yclF}

We will denote (z | y) the euclidean inner product of two vectors. If A is a matrix
AT will denote the transpose. If vectors of R” are identified with column matrices
n x 1, then the inner product is expressed by (z | y) = 27 y
We denote by e; le i-th vector of the canonical basis of R™.

Cones and Order

The nonnegative orthant is R’ is a pointed convex cone (that means that 0 is in
the cone).

Definition 5.1.2 (Cone)
A cone in a real vector space is a set K which satisfies

RIKCK

In other words it is a set invariant by homotheties
A cone is said salient if it does not contain a pair of non zero opposite vectors, or
equivalently does not contains a vectorial line.

K()-K = {0}
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Definition 5.1.3 A closed convex salient cone is a non empty convex set K, satis-
fying

1. K+ KCK
2. Ry KCK
3. KNn—-K = {0}
It is easy to show that such a set is convex.
In the remaining cone will means : closed convex salient cone
An order relation is said to be compatible with the structure of vector space if

forany z z<y=—=zx+2< y+2 (5.1)
forany A >0 2<0= Azx>0

If moreover we have
Tn < Yp = lim x, < lim y,
n—oo n—oo

we will say that the order is compatible with the topology. If these 3 properties
are satisfied then we say that we have a ordered topological vector space.

Proposition 5.1.1

An order is compatible with the vector space if the set of elements > 0 is a close
convezx salient cone. Reciprocally a cone define an order.

A topological vector space is ordered iff the set of elements > 0 is a close convex
salient cone

Orthant and faces

Definition 5.1.4
A subset F' of the orthant is a face of the orthant if F' is a cone and for any x € F
the relation 0 < y < x implies y € F

A face F is said proper if F' # {0} and F # R%.
It is easy to see that faces are

Fi={xeR} | z;=0siieIC[l,---,n]}

Face FT is the convex cone generated by e; for index in 1.
The dimension of a face F' is the dimension of the vector space generated by this
face, in other words the vector space generated by the e; for i € I. As a face is a
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convex cone, the generated vector space is also F' — F'. The faces {0} and R} are
called the trivial faces. The faces of dimension 1 are the half-lines R e;.

If z is an element of the orthant the set R [[0,z]] is the face generated by the
element x.

We have two ways of defining a face. By a system of equations. This is what we
choose here, with the notation Fr. If we denote J = [1,n]\ I, Fr is defined by the
set of equations

x; = 0 fort any j € J.

But if we consider F7 as the convex cone generated by some vectors of the canonical
basis e; for ¢ € I, this correspond to the parametric defintion :

rel] «— -T:Z)\iei AN >0
i€l
The positive orthant is an intersection of half-space hyperplanes. This is called
a polyhedron. The faces are the faces of this polyhedron.

5.2 Monotone application and Monotone vector field

Definition 5.2.1
The application f: R™ — R"™ is said to monotone nondecreasing if for any pair
(z,y) we have

r<y= f(z) < f(y)

Application f is said strongly monotone if

r<y= f(z) < f(y)

If F class C! vector field ( or an ODE) we can associate to the vector field the
local flow ¢¢(xg), i.e., the value of the system

{ o) o

Definition 5.2.2 (Monotone nondecreasing vector field)
A vector fiels is said monotone nondecreasing (monotone for short) if the associated
flow ¢4(.)is monotone nondecreasing i.e.,

at time ¢ is defined en ¢.

r <y = ¢(z) < Pu(y)
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Definition 5.2.3 ( Strongly Monotone nondecreasing vector field)
A wvector fiels is said strongly monotone nondecreasing if the associated flow ¢4(.)is
strongly monotone nondecreasing i.e.,

T <y = () < P:(y)

5.2.1 Monotone linear applications

Nonnegative matrices are characterized by an invariance property.

Proposition 5.2.1
Linear monotone applications correspond to nonnegative matrices.

A matriz is nonnegative, if and only if, it leaves invariant the nonnegative orthant
R™.
_l’_

Indeed, if  — A x is monotone, then for all z < y we have Ax < Ay. Equivalently,
y—ax > 0results in A(y —z) > 0. A leaves invariant the nonnegative orthant. So
for every vector of the canonical basis e;, Ae; > 0 and consequently

A(ei,ej) = (Aej | 61‘> > 0

Conversely if A > 0 then for all z > 0 we have Az > 0.

5.2.2 Metzler Matrices: Dynamical properties

We will show that the Metzler matrices leave "dynamically” invariant the nonneg-
ative orthant and this characterizes them. More precisely we will study the linear
systems © = Axz and search among these systems those which leave positively
invariant the nonnegative orthant.

Theorem 5.2.1
The linear system © = Az has the nonnegative orthant positively invariant iff A is
Metzler

Proof
Sufficient : we prove that e!4 > 0, for any ¢t > 0, if A is Metzler.
We have

ot A — et pt(Atel

For ¢ big enough B = A+ ¢ > 0, then ¢(4t¢! > (. Indeed if B > 0 we have,
from the result with nonnegative matrices :
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Necessarily if et > 0, for any ¢ > 0, we will shiw that A is Metzler.
We have

d tA_ T
A=—(e — lim &
dt ‘tzo =0 ¢
>0
Therfeore for ¢ # j
A, 1o\ _ (e | e tA
<A€] ‘ €Z> — hm <€ e] ’ ez> <e] ’ ez> — hm <6 6.7 ‘ el> 2 O
0 t t—0 t
>0 >0

Proposition 5.2.2 Linear system & = Ax + b leaves positively invariant the non-
negative orthant iff A is Metzler and b > 0

Analogous proof as before.

This result is atrributed to ? Karlin by economy Nobel prize K. Arrow [9] and
Bellman however never published by Karlin.

There is a discret analogue of this result. One wonders what are the matrices
A, such that for the discrete system z,,1 = Ax, leaves positively invariant the
nonnegative orthant. It is clear that if we look for the matrices A which leave
invariant the orthant A R"™ + subsetR™4. It is immediate that these are the non-
negative matrices A > 0

5.2.3 Characterization of Hurwitz Metzler matrices

A book by Berman et Plemmons (1979) gives 50 equivalent condition for a Metzler
matrix to be stable [14].

Actually this is a convenient abuse of language actually we means by stable a
matrix such that £ = Az, asymptotically stable at the origin.

Here we will give some of the most important and prove them. In fact we will
only need property 2, the others are classical and not expensive to demonstrate.
The proofs given by [14] are generally lengthy algebraic proofs. Using the power
of Lyapunov and LaSalle techniques gives easy, elegant and short proof.

We recall some definition for matrices
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Definition 5.2.4
If we denote by spec(A) the set of eigenvalues of A, i.e., the spectrum, we define
the stability modulus, denoted by s(A) the real number

A) =
=y e

The spectral radius p(A) is

A) = A
p(A) Aeg;gggml \

Theorem 5.2.2
If A is Metzler, the the following assertions are equivalent

1. Metzler matriz A is Hurwitz (asymptotically stable, i.e., s(A) < 0)

2. Metzler matriz A is invertible and —A~1 > 0
3. If b is a vector such that b > 0 then there exists x > 0 such that Ax+b=10
4. It exists ¢ > 0 such that Ac <0
5. 1l exists ¢ > 0 such that Ac <0
Proof
(1=2)

Let any norm on R". Since A is AS, we know that [48] ther exists a constant K
such that for any t z¢ and for any ¢t > 0 we have

e 20| < K et

+oo
/ et4 To dt
0

is normally convergent for any xg.

—+o0
We deduce the existence of / et dt
0

Matrix being A Hurwitz we have . 1121 e = 0.Since A is invertible
—+o0

This implies that the integral

-1 oo tA —1 _tA7to©
—A :/0 edt:[Ae]O
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Using component (i, j) of —A™! given by (—A ™1 e; | e;) we get

—+oo
(—Ail)i,j = / <6tA €; | 6i> dt >0
0
Indeed from we have et4 ej >0

(2=3)

La solution de Az + b = 0 est donn?e, si A est inversible, par —A~'b. Comme
b>0et —A~! > 0 et qu’aucune ligne de —A~! ne peut ?tre identiquement nulle
on en d?duit z = —A"1b >0

(3=4)
WE choose b > 0 from 3, thers exists ¢ > 0 such that Ac+ b =0 (we weaken the
assertion ) therfore Ac = —b < 0

(4=75)
It is sufficient to perturb 4. Indeed let ¢ >0 an ¢ =c+ed ;e > 0.
Then Ac; = Ac+e ) ;" Ae;. By a continuity argument we can choose ¢ > 0 small
enough such that Ac; < 0.

5=1)
We consider on the nonnegative orthant the ODE & = AT z. Choosing
V(z) = (c|x)

Since ¢ > 0 lfunction V' is definite positive on R’}.

V ={(c|Az) = (AT¢| z)

This last quantity is zero iff z = 0. This prove the GAS of AT on R by Lyapunov
theorem. Since any initial condition xg can be written zg = x{{ —x, with xf{ and
x, in the nonnegative orthant we deduce that et4x converges to the origin .This
prove that AT hence Ais Hurwitz.

[ |

5.3 Perron-Frobenius Theorems

We will prove Perron’s Theorem.
We state the weak form of Frobenius’ s Theorem
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Theorem 5.3.1
The spectral radius p(A) of a nonnegative matriz A is an eigenvalue of A and there
exists a corresponding nonnegative eigenvector.

In other words
If A>0 3v > 0 such that Av=p(A)v
We get immediately the corollary

Theorem 5.3.2
The stability modulus s(A) of a Metzler matriz A is an eigenvalue of A an there
exists a corresponding nonnegative eigenvector.

In other words
If A is Metzler Jv > 0 such that Av =s(A)v
To prove Perron, we need a fix point theorem, Brouwer’s Theorem

Theorem 5.3.3 ( Brouwer) Any continuous application of a compact convex set
K C R" into K has a fix point.

This theorem is still true when R™ is replaced by a Banach space: Schauder’s
Theorem

It has a generalization to locally convex topological vector spaces vectoriels topologiques
localement convexes : Tychonoff-Kakutani ’s Theorem

Perron-Frobenius Proof
Consider K

K={z>0] [z[h=1 et p(A)z < Ax}

Let v such that Av = Av with |A\| = p(A4). By dividing by the 1-norm, we can
assume ||v||; = 1.

p(A) v = |p(A) v| = [Av] < Alv]

v € K, then K is non empty. Now it is easy to check that K is compact and
convex.

If there exists z € K tel que Ax = 0, we are finished (and p(A) = 0)

Otherwise we define a function on K

1

Ax
Azl

fz) =
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1

Ax
Azl

fz) =

This function is continuous and

_ 1 pA)
Af(x)= Taal, AAz > e Az = p(A) f(x)

In other words f send K in K, then f admit a fix point y € K, by Brouwer ’s
Theorem

1
Ay=y
Ayl

This means that y is an eigenvector of A of eigenvalue ||Ay]|;.
Bur since y € K, we have

lAylliy=Ay>p(A)y

from y > 0, we deduce ||Ayl|[1 > p(A).
therefore p(A) = [|Ay|h [ |

Perron’s Theorem is for nonnegative matrices. Perron-Frobenius ’s Theorem im-
prove Perron’s Theorem conclusion at the price of a supplementary hypothesis.To
state Perron-Frobenius’s Theorem we have to introduce another notion for matrices

5.4 Irreducible Matrices

This term was coined in 1912 by Frobenius.

Definition 5.4.1 A square matriz n x n, forn > 2, denoted A = (ai;) is irreducible
if for any proper subset of the set I of indices {1,--- ,n}, there exists one index
J €1 and one index i ¢ I such that a;; # 0. A matriz 1 x 1 is irreducible if it is
nonzero.

The geometrical interpretation is that A has no invariant subspace V; of form
Vi={x €R"| forany j € I x; =0}. Indeed V; is generated by the set linearly
independent of vectors {e; | j € I}. This subspace will not be invariant if there
exists a vector Ae; for j € I which cannot be expressed as a linear combination of
ejforiel

This means there is no permutation P of coordinates such that in this new coor-
dinates P~' AP is not in block form
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E F
-1 .
pap=[F 1]
where diagonal blocks are at least of dimension 1.

The irreducibility cannot be characterized by a beautiful graph theoretic interpre-

tation

Definition 5.4.2 A digraph (for directed graph) G = (X,U) is a pair of n points
X ={z1, -+ ,zn} with a subset U of X x X

Elements of X are called nodes (also called vertices) of the graph. An element
(x,y) € U is called an edge , x is the origin and y its end. It said that the edge
leads x to y

A graph is a set of nodes with edges connecting some nodes. The edges are oriented

Definition 5.4.3 A path is a sequence of edges (ui,--- ,up) such that each u; has
for end the origin of u;+1. We say that the origin of uy is connected to the end of
Up

A graph is strongly connected if any pair (x,y) of vertices there is path which leads
T toy

Associating a graph to a matrix

Definition 5.4.4 If A = (a;;) is a n x n matriz, we consider the graph with n
vertices X = {1,--- ,n}. An edge leads vertice i to vertice j if aj; # 0. We say
that aj; is the weight of the edge (i,j) .

Conversely to any n graph we can associate a matrix n x n, where a;; = 1 if there
is an edge from i to j and a;; = 0 otherwise.

You will note the inversion of indices, this is to stick to the representation of
compartmental model. In our definition aj; is the flow from i to j. It is clear that
the irreducibility of A is equivalent to the irreducibility of A”.

Remark 5.4.1
The diagonal terms has no role in irreducibility

Theorem 5.4.1 :
A irreducible iff its associated graph G(A) is strongly connected



5.4. IRREDUCIBLE MATRICES 109

Proof
Condition is necessary

Assume A irreducible. Let ¢ a vertice. We define by I the set of vertices,
different of i, accessible by a path from i, i.e. the set of vertices j # i such that
there is path which leads ¢ to j.

The set I is non empty. Indeed let J the complement set of the singleton {i}.
Since A is irreducible there exists k ¢ J and j € J such that aj; # 0. But with the
definition of J this means that there exists j # ¢ such that aj; # 0. There exists a
path from i to j.

We assume, argument by absurdity, that I # {1,--- ,n}. By irreducibility of
A there exists j € I and t k ¢ I such that ay; # 0. Hence we have a path leading
from j to k. Since j € I, j is accessible from i, hence ki is accessible from i. A
contradiction.

Sufficient condition. Assume again by an argument of absurdity that the associated
graph is strongly connected and A reducible. Then there exists a proper subset of
indices I, such that if J is its complement, we have aj; = 0 for any 7 € I and any
j € J. We have simply taken the negation of the property of irreducibility. We
choose and index ¢ € I and an index j € J. This is possible since [ is proper. Now
we know that there is path from i to j. Then there exists indices {k1,--- , kp} such
that the following entries are non zero

Qjkyy Ak kos ™" s akp,i

With hypothesis on I and J we deduce that since ax,; # 0, kp ¢ J, soit k, € I.
But if k;, € I the same argument applied to a,_, k, proves that k,_; € I. A finite
induction argument proves j € I, a contradiction.

Corollary 5.4.1
If a nonnegative matriz A is irreducible, then for any pair of indices (i,j), if i # j
there exists k € N such that

AR(j,i) #0
Conversely if A*(i,7) # 0 there exists a path of length k leading from i to j.

Proof
Consider A2 (i, j)

n

AP(j,4) =Y ajk arg

k=1
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a;i, is non zero if there exists an edge from k to j, entry a; is non zero if there is
an edge from i to k. Since the sum is a sum of nonnegative terms, A2(j,4) will be
non zero if there exists a path of length 2 from ¢ to k.

By AF(j,i) is non zero if there exists a path of length k leading from i to j.
Irreducibility implying strong connectedness, the proof is finished. |

An reducible matrix A can be transformed in block form

A A - Ay
prap— | A2 A
0 0 - Ay

Where diagonal A;; are irreducible matrices and P a permutation matrix.
Apply reduction process by induction

Proposition 5.4.1
a nonnegative matrixz A is irreducible iff A leaves invariant no nontrivial face of
the nonnegative orthant.

left as an exercise.

5.4.1 Irreducible Metzler Matrices

We will characterize by a dynamic property the irreducibility of Metzler matri-
ces. An linear ODE with Metzler matrix let positively invariant the nonnegative
orthant. What is happening at the border, in other words on the faces of the
orthant?

Proposition 5.4.2 :
If A is an irreducible Metzler matriz, no trajectory can remain in a face of the
nonnegative orthant.

More precisely
A is an irreducible Metzler matriz then for any t > 0 we have e > 0.
Particularly if zo > 0 then et zg > 0.

Proof
We will begin to bring back to a nonnegative matrix. For ¢ > 0 large enough
matrix A + ¢ is nonnegative. Since

etA — ¢t et(cI+A)
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and e ¢! > 0, it is sufficient to prove the proposition for ¢ + A > 0. We al-
ready know that diagonal terms does not count in irreducibility. Then A 4 ¢ [ is
irreducible if A is .

We can assume that A > 0. Then we have, by analyticity

tk
(e tejley=> o (A% ej| e)

k>0

This series is a sum of nonnegative terms. The sum will be positive if one term
is positive. Since the matrix is irreducible nonnegative there exists from corollary
(5.4.1) a natural number &k such that

AF(Gi) = (AF el eq) 0

This ends the proof of et4 > 0.
Therefore if z is a vector > 0 then !4z > 0. Any positive trajectory starting
from the orthant is immediately in the interior. This ends the proof.

[ |
This shows that e, corresponding to irreducible Metzler matrices , is a strongly
monotone application.

Proposition 5.4.3
Linear system & = Ax, is strongly monotone, i.e., the linear application e’ is

strongly monotone iff A is an irreducible Metzler matriz.

Proof
Condition is sufficient : this is the preceding proposition.
Condition is necessary. We know that A is necessarily Metzler since ' > 0 > 0.
This is We will give a contrapositive proof. Again writing
oA — st G((sI+A)

we can assume e’/ 4 > 0. Then we assume that A > 0. Assuming A reducible,
it exists a proper face F', invariant by A, i.e.,

AFCF

By induction we observe that A™ leave F' invariant. Since F' is a cone, we have for
any t > 0

12 tn
F+tAF+§A2F+--~+—,A2FcF
. .
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Face F is a closed set, a we just prove that e F C F. A contradiction with
tA
e > 0.

[ |

5.4.2 Perron-Frobenius

We will give another characterization of irreducility for Metzler matrices

Proposition 5.4.4 (Irreducible Metzler Matrices )
The Metzler matriz A is irreducible iff for any vector x > 0 in a face F of R",
where F' is defined by

F={z>0|iel (e|z)=0},

there exists an index i € I such that (e; | Az) > 0.

This means, geometrically, that for any face of the nonnegative orthant, the vector
field associated to A , for any point of F' is never tangent to F'.

Proof

The condition is necessary

Again we can replace A by A+ A1, wher I,, is the identity matrix, for A large
enough. Indeed if there exists ¢ such that (e; | ) = 0 and (e; | Az) > 0 this is
equivalent to (e; | ) = 0 and (e; | (A4 A, )z) > 0. Then we will assume A > 0.
We will give a contrapositive proof.

Assume ¢ that for any i € I (e; | ) = 0 we have (e; | Az) = 0.
Let F, = R [[0,z]] the face generated by par xz. (Exercise show that this is the
smallest face containing x)
Since A > 0 we have A F, = R" [0, Az]. F, is characterized by a set if indices I.
We have F, = {x > 0| (e¢; | ) = 0}. For these indices we have (e; | Ax) = 0.
Therefore A F, C F,. A face is invariant by A, then the matrix is not irreducuble.
Necessary condition.

Again by a contrapositive argument.

If A is reducible, there exists a face, which can be written F,, such that A F,, C
F,. For any index such that (e; | z) = 0 we then have (e; | Ax) = 0.

|

Theorem 5.4.2 (Characterization)
A Metzler matriz is irreducible iff one of the following assertions is satisfied
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1. An eigenvector of A cannot belong to a face of the nonnegative orthant.

2. Matriz A has ezactly one eigenvector v > 0 (up to a positive multiplicative
factor). It is associated to the stability modulus

3. Condition x > 0 with Az < ax implies x > 0.

4. (I+A)"1>0.

Proof of condition (1) and (3)

We prove condition (1). Condition (1) is sufficient by a contrapositive argument.
Assume A leaves invariant a subspace V; generated by a face. We consider the
restriction A|V of application A to V. This is again a Metzler Matrix.Therefore,
Perron’s Theorem can be applied to 7 A|V : there exists an eigenvalue v > 0 of
A|V, therefore of A, in V7, hence v € OR'}.

Condition (1) is necessary. Let v € OR!} an eigenvector of A and a canonical basis
vector e; such that (v]e;) = 0. We j-have e?4 v = e v. Then ¢(t) = (et ve;) = 0.
Function ¢ is differentiable and we have

O (t) = (AetAule;) = (AetPule) =0

Therefore ¢'(0) = (A v| e;) = 0, this proves that A is reducible from proposition
(15.4.4).

we will now prove condition (3). If A is reducible there is an invariant face and
an eigenvector v in this face : this is obtained by applying Frobenius Theorem to
the restriction of A to F. Then there exists v > 0 with Av = Av < s(A)v and
however v does not satisfies v > 0.

Conversely for A + 71 < 0, for any z satisfying the inequality , the face F, =
R4 [[0,z]] generated by x satisfies AF, C F,. Since no face can be positively
invariant by A, we deduce z > 0.

end of proof condition (1) and (3)

To prove condition (2) we need some technical results

Lemma 5.4.1

If the nonnegative matrix A, has two eigenvectors in the interior of the nonnegative
orthant, the associated eigenvalues are equal and there exists an eigenvector on the
boundary of the orthant.

Proof

We need some technical results on a generalization of the infinity norm || ||.



114 5. MONOTONE SYSTEMS IN EPIDEMIOLOGY

Proposition 5.4.5 (Weighted infinity norm) :
To any vector v > 0, we associate the norm defined by
_ £
[[]ly = max —=
7 V;

This is clearly a norm on R". If we denote by |z| the vector whose components
are |x;|, we have

x|l = inf A= inf t
|JJ’ t>0 |z|<tu
v—T >0
The unit ball for || ||, is By = [[-v,v]]. The unit sphere is a polyhedron., with

faces parallel to the faces of the nonnegative orthant.
The vector W belongs to the unit sphere as is v. This implies that for any = > 0
we have

Important remark
T
v— —— € ORY}
]|
It also can be checked by considering the components.

We can now prove the lemma

Let Avy = A\ v1 and Avg = Ay w9 with v; > 0 and vy > 0.
Since A > 0 eigenvalues A\; and A2 are nonnegative.
Assume A9 > A1 > 0. Let

1

[v2]lv,

We have seen in the properties of the weighted norms that v3 € OR’}. Therefore
A’Ug > 0.

U3 = U1 — U2

1
A’Ug = )\11)1 —)\271}2 Z 0.
[[v2]le
If Ay =0, then Ay = 0, we are finished
Otherwise
A 1
Avg =)\ vl——Q vy | >0
At [lvallo,

With the definition of ||va]|.,, necessarily we have Ay > 2. (Compute the coordi-
nates of A vz, look for the index where the maximum is reached, and use Avg >0
This prove A\; = Ay with v3 € IR’} eigenvalue of A.

]
Back to Proof of Theorem (|5.4.2))
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Condition (2) of Theorem is sufficient : assume A is nonnegative irreducible,
it admits an eigenvector in the orthant from Perron’s Theorem and with condition
(1), already proved, of the Theorem, it cannot be in the boundary of the orthant.
It is necessarily unique from the preceding lemma.

Conversely assume A has a exactly one eigenvector v > 0, Av = Av. Since A > 0

we have A > 0. By Perron’s Theorem we have a nonnegative eigenvector x such
T

that Az = p(A) . If we consider v — Tzl € OR", then
Z||v
x x
A <v—> =Av—p(4) —— > 0.
2]l [
. T €T
Let ig such that — = max; — = ||z||,, then
io v
T
Avip = p(A) 7—=< = (A = p(A)) viy,
Tiy
<vi0>

which implies A > p(A) hence A = p(A). This proves that = and v are eigenvectors
for the same eigenvalue p(A). But tz + (1 —t) v are also eigenvectors for p(A) and
for ¢ small enough be in the interior of the nonnegative orthant.

We have two eigenvectors > 0. a contradiction. Necessarily z = v

Condition (4) of Theorem (5.4.2). If A is reducible it exists v > 0, v € IR
such that Av = Av. We have (I + A)"~! = (1 + X\)""!v in the boundary of the
nonnegative orthant. Conversely if A is irreducible, let v > 0 in the boundary
of the orthant. Then (I + A)v ¢ F,. The set (I + A)F), is necessarily in a
face of dimension strictly greater than the dimension of F,,. By a finite induction
(I+A)"1y>0.

Therefore for any vector of the canonical basis e; we have (I + A" 1) e; > 0, which
proves

(I+A"Y > 0.

Theorem [5.4.2] contain the following theorem

Theorem 5.4.3 (Perron-Frobenius)

Let A be an irreducible nonnegative matriz, then the spectral radius is a simple
eigenvalue of A and its associated eigenvector v is positive. This vector is unique
(up to a positive multiplicative factor)

In other words
If A > 0 irreducible then 3v > 0 such that Av = p(A4)v
We get immediately
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Theorem 5.4.4 (Perron-Frobenius)

Let A an irreducible Metzler matriz, then the stability modulus is a simple eigen-
value of A and its associated eigenvector v is positive. Conversely A has exactly
one eigenvector v > 0 (up to a positive multiplicative factor). It is associated to
the stability modulus

If A is an irreducible Metzler matrix then v > 0 such that Av = s(A4)v

5.4.3 Stability modulus and order

The stability modulus is an increasing function on the set of Metzler matrices.
Theorem 5.4.5

1. If theres exists v > 0 such that Av < Sv then s(A) < 5.

2. If moreover A is irreducible then if v > 0 and Av < Bv imply s(A) < B.
Actually we have necessarily v > 0.

3. If it exists v > 0 such that av < Av then a < s(A).

This theorem, for its nonnegative version and spectral radius is proved in [14] in
a algebraic way (th?or?mes 2.1.11, 1.3.34 et 1.3.35). We will give a short proof
using Lyapaunov and LaSalle.

Proof

Let v > 0 such that Av < fv. This is equivalent to (A — 51)v <0.

Considering on the nonnegative orthant the definite positive function V(z) = (c|z)
it appears that system @ = (A — 31,)7 x is stable. The trajectories starting from
a nonnegative point are bounded. taking the proof argument of i.e., the
nonnegative orthant generate R”, it is clear that all trajectories are bounded.
This linear system is not unstable hence its stability modulus in non positive, in
other words

s(A—= 1) =s(A) -5 <0.

If moreover A is irreducible, and v > 0 we consider the same function V. From
property 3, A irreducible and Av < Bv implies v > 0. V is definite positive.
We look for the greatest invariant set F in £ defined by par V =0, i.e.,

L={2>0 [(A=BI)vlr) =0}

Let © € E then any trajectory from x denote ¢¢(x) stays in L. Therefore for
any t > 0
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(A= pB1Iy)v|ge(x)) =0
then
d

(A= BIn)vlz) = (A= BIn)v|z) = (A~ BIn)? v z) =0

By induction we prove that for any k, if x € E, we have ((A — 81,)"v| z) = 0.
This implies by lemma (5.4.2)) that

(exp(t (A — B In)v| z) =0
Since (A—f I,,) is irreducible exp(t (A—f I,) > 0, hence exp(t (A= I,) v > 0,

which in turn implies that = 0. Then the greatest invariant set contained in £
is {0}. By LaSalle ’s invvaraint principle (A — 3, I,, is Hurwitz. Which proves
s(A—-p1,) <0

F is simply Since A — 3 1, is irreducible, no face can be invariant, since v > 0 we
have (A — B 1,)v < 0. This means that V is negative definite. By Lyapunov, the
origin is GAS in the nonnegative orthant.

This proves that the origin is GAS, hence

s(A—pI)=s(A)—p<0.

For the other inequalities if v > 0 arguments are identical. We simply consider
the system & = («a I, — A) z. We prove that this system is stable by an analogous
argument, which proves a < s(A) Hurwitz. When v > 0 There is, here, a difference
since we cannot ascertain that v > 0. We must use LaSalle’s principle. Let
consider the greatest invariant set F contained in £ such that

L={xecR}|((al,—A))v|jz) =0

By a similar argument as before, we obtain if z € E, for any ¢t > 0

(expt (al, — A))vjz) =0

Since (—a I, + A) is Metzler a matrix (note the sign change), expt (—a I, +
A)) > 0, this matrix is invertible, with v > 0 it implies that expt (—a I, +A)) v >
0, hence

(expt(al, —A))v|z) =0

iff z = 0. Then the origin is attractive and because we are with linear systems,
the matrix (a I, — A) is Hurwitz, implying o < s(A)
[ |
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Theorem 5.4.6
Let A and B two Metzler matrices

1. If A < B then s(A) < s(B)

2. If A is irreducible A < B implies s(A) < s(B).

Proof
Let v > 0 such that Av = s(A)v. Then we have Av = s(A)v < Bv. From
Theorem ((5.4.5)3), we deduce s(A) < s(B).

If A is irreducible, there exist v > 0 such that Av = s(A)v. We have A < B, which
implies Av < Bu, let s(A)v < Bu. If A is irreducible A < B, B is irreducible.

We conclude with (5.4.5(4).
]

Corollary 5.4.2
If B is a principal matriz of A then s(B) < s(A)
If a Metzler matrixz is Hurwitz its diagonal is negative.

Proof as an exercise.

5.5 Characterization of Monotone Dynamical Sys-
tems

We will see that actually the Metzler matrices are the infinitesimal version of the
monotone vector fields

Definition 5.5.1 (Kamke-Muller condition)
The vector field F is said of type K if for any i and for any pair (z,y) such that
x <y and x; = y; we have F;(x) < Fi(y).

This definition extends to non-autonomous vector fields F'(¢,z). We consider the
associated flow ¢y, (zo) pour ¢t > tp, associated to non-autonomous ODE.

{ x = F(t,x)
z(ty) = zo

Properties considered in the assertions must be true for any t. We have the fol-
lowing theorem
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Theorem 5.5.1
Let F be a class C vector field on a convex open set Q. We use the order from the
nonnegative orthant. Then the following are equivalent

1. F is monotone
2. F is of type K

3. F is such that, for any x € Q, the Jacobian DF(x), computed at z, is a
Metzler matriz.

A vector field satisfying condition (3) is said to be cooperative. We assume 2
convex, Actually it is sufficient to have a weaker condition. We say that € is order
convex : if for any pair x and y in Q satisfying * < y then tz + (1 —t)y € Q for
any t € [0, 1].

Proof
1=2

Let x <y et x; = y;, by hypothesis, for any ¢t > 0 : ¢;(x) < ¢(y). Let e; the i-th
vector of the canonical basis. We have

(ei | pe(y)) — (ei | Pe(y)) = 0.
Since (e; | ¢o(y)) — (e;i | do(y)) = yi — x; = 0, we deduce

L ller | i) — fex | )], = Filw) — Fi(w) > 0

This proves 1 = 2.
2=3

We have x +te; > x for any ¢ > 0 and the i-components of x + te; and z for
i # j are equal. If F' is of type K, then if i # j, we have Fj(z +te;) — F;(xz) > 0
therefore i # j

lim Fi(x +tej) — Fi(x) _ OF; () >0
t-300 t Oz

Matrix DF(x) is Metzler
3=2

Let x < y, such that x; = y;. Since § is order-convex for s € [0,1] we have
(1 —s)x+ sy € Q. Therefore
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Fiy) - Fila) = [(/0 DF((1=s)a+sy)ds) (4~
[

j#i 70

i

aFi((l—s)l‘—Fsy)ds(yj—xj) <0
a$j

2=1

Let x < y and assume ¢(x) and ¢(y) are defined for ¢ > 0. We wont to get
or(x) < de(y).

Let v > 0. For example v = e1 + - - - e, and consider the ODE
= F(x)+ev

We denote by ¢5( ) the associated flow. We know that for € > 0 small enough,
the flow ¢5(y + ev) will be defined on [0,¢]. Furthermore ¢(y + € v) uniformly
converges on [0,t]. See lemma 3.1, chap 1 [37].

We will show that for € small enough, for any s € [0,¢] we have ¢5(x) < ¢5(y+cv)

We have ¢o(z) < ¢§(y + €v), therefore this inequality is still satisfied, by a con-
tinuity argument, for s small enough. We will use an absurdity argument. If this
were not true, it exists sp > 0 and an index ¢ such that

(i | dso(x)) = (ei | 95, (y +€0)),
with ¢, (x) < @5, (y +€v) and for any s < sg

¢s(x) < o5(y +€v)
Which implies for 0 < s < sg

(ei | gs(w)) < (ei | ¢5(y +ev))

Consequently
d
s (1 500 20) = u(y = Jim S el (054 £0) = ()
= Fi(65,(y + €v)) + e vi = Fi(¢sy ()
<0

We deduce
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Fi(95,(y + e v)) < Fi(¢5,(y +€v)) +evi < Fi(¢so(2))
But in the other hand since F is of type K, with the hypotheses in sy, we have

Fi(¢so(2)) < Fi(5,(y +€v))

A contradiction which proves our claim, namely

¢s(z) < Py +€v),

for any s € [0,¢t]. Since ¢5(y +cv) — ¢(y) when £ — 0, by going to the limit
we get

oi(z) < de(y)
This ends the proof

Remark 5.5.1 Theorem is still true for non-autonomous systems.

Remark 5.5.2 Let F a class C', monotone vector fiels. We denote by < any of the
relations <, < and <. If i x <y then ¢r(z) < ¢e(y).

Proof

If z < y we know that ¢y(x) < ¢(y) by definition. Since ¢ () is a diffeomorphism,
it is bijection therefore x < y implies ¢y(z) # ¢¢(y and consequently ¢y (x) < ¢y (y.
If x < y since we have ¢;() monotone,the interval

[zyl ={z |z <z <y}

is sent in [¢¢(x), ¢ (y)]. Since x < y the set [z, y| has is interior empty and therefore
t [pe(x), P (y)] also, since ¢¢()is a diffeomorphism. we deduce ¢¢(x) < ¢i(y).
|

Corollary 5.5.1
A monotone vector field, with the origin as a fix point leaves the nonnegative or-
thant and its interior positively invariant

Proof
It is sufficient to remark that if x > 0 then ¢¢(x) > ¢(0) = 0.
Int he same manner z > 0 implies ¢.(z) > ¢¢(0) = 0.
|

The following proposition will extend to monotone linear non-autonomous vector

fields.
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Proposition 5.5.1 We consider a non-autonomous linear equation, where for any
t > to matriz A(t) is Metzler.

{ . =Alt)x
ZE(t()) = X0

Then the nonnegative orthant and its interior are positively invariant by the flow
associated to the ODE.

Proof
The matrix A(t) is Metzler, we claim that A(t) x is of type K.
Indeed if z; = y; et x < y then

(eilA(t) (y —2)) =2 0

therefore

(eil A(t) y) = (eil At) )

The vector field (non-autonomous ) is monotone: from the preceding remark if
x > 0 we have agyy, () > ¢14,(0) = 0. This proves the positive invariance of the
nonnegative orthant. Moreover if z > 0 then ¢4, (x) > 0, this proves the positive
invariance of the interior of nonnegative orthant.

Remark 5.5.3 We can now prove directly 3 = 1

5.6 Strongly monotone vector fields

Monotone Linear vector field are associated to Metzler matrices. We will see
that Strongly Monotone Linear vector field are associated to irreducible Metzler
matrices Indeed we see A irreducible Metzleri, iff e/ 4 > 0. If z < y, or equivalently
y —x > 0 with ¢4 > 0 implies ¢4 (y — z) > 0.

5.6.1 Linear vector fields strongly monotone
We prove the result for the linear non-autonomous vector fields.

Theorem 5.6.1
Let R(t,tg) the fundamental solution of the following ODE
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X =AWX
{ X(to) =1

We assume that A(t) is Metzler for any t > to that it exists a tile s € [to,t1] such
that A(s) is irreducible.
Then R(t1,t9) > 0 For any t1 > to.

Proof
By an absurdity argument. Assume it is false for a time t; > tg. Then it ex-
ists > 0 such that R(t,tg)x € OR’}. Since R(ti,s) is invertible and non-
negative for any s < t; and since we have the one parameter group relation we
have R(t1,s) R(s,tg) = R(t1,t9). We see that R(s,ty) cannot be strongly posi-
tive and R(s,tp)z is in the boundary of the nonnegative orthant : The interior
of the orthant is invariant. Since A(s) is irreducible, there exists e; such that
(e;|R(s,tp) x) = 0 and such that (e;|A(s) R(s,to)x) > 0. But since R(t,t9) > 0,
the function ¢(t) = (e;|R(t,to) ) is nonnegative for any t € [to,?1]. By hypothesis
©(s) = 0. It is a minimum. Therefore ¢'(s) = 0, but in the other hand, also by
hypothesis ¢'(s) = (e;|A(s) R(s,to) x) > 0. A contradiction.

|

Corollary 5.6.1
Let the linear equation © = A(t) x. We assume that A(t) is an irreducible Metzler
matriz, the flow is strongly monotone.

Proof
Immediately from the preceding theorem. The solution of
{ x = A(t) Xz
z(to) = o

is given by x(t,to,zo) = R(t,t9) 9. Preceding theorem shows that R(t,tp) > 0.
Therefore if x > y then R(t,t0) x > R(t,t0) y. |
Following Theorem is a sufficient condition for the strong monotonicity

Theorem 5.6.2
Let F a class C' wvector field on open conver set 2. If the Jacobian %—f s an
wrreducible Metzler, the vector field F is strongly monotone.

Proof
We use the relation
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1y
(tto, 31) — (b o, 70) = (/ ;(t,tg,sm%—(l—s)mo)ds) (21 — 0)
0 X0

We denote by aaTz)(tv to, xo) the derivative of the solution of & = F'(x) with respect
to the initial condition.

We know that g—;‘;(t,to,xo) is the fundamental solution of the non-autonomous
ODE

{ X = % (x(t,to,xo)) X
X(to) =1

By hypothesis %—f (x(t,to, o)) is irreducible Metzler, hence from the corollary
the flow, in other words g—ﬁ)(t, to,xo) is strongly monotone. Since x1 > xg
we deduce the strong inequality in the integral and therefore for the integral, , i.e.
x(t,to, x1) > x(t, to, xo)-

|

5.7 A convergence Criteria

We have the following proposition

Proposition 5.7.1 : [Hirsch [{3]]
We consider a monotone wvector field and an initial condition x, such that the
positive trajectory from x is bounded. Assume that there exits T > 0 such that

or(z) >z ou ¢r(z) <z

Then the w-limit set of the trajectory is periodic, with period T .

Proof

Assume ¢p(x) > x. If ¢p(x) = = we are finished. If x is not a fix-point, then
o (x) is different of z, i.e., z < ¢(x). Since the trajectory is relatively compact,
we can extract a convergent subsequence from the sequence ¢, r(z), that we will
denote by ¢p, 7(x), in such a manner that ny is strictly increasing and

lim ¢, r(z) =y

k—o00
This limit is a point of the y omega-limit set w(x) of the trajectory.

Since the vector fiels is monotone, and since by hypothesis ¢ (x) > x, we deduce
by induction, that for any pair of natural number n > p owe have
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bnr(x) > Ppr(T)
Therfeore

D1 T(%) 2 P41y 7(%) = O [y 7(2)] > ¢y ()

going to the limit, from the inequalities we deduce

y = or(y)

The w-limit point y is on a trajectory of period T'. It remains to show that the

trajectory is exactly the omega-limit set .

Let z € w(z) a strictly increasing sequence t, such that lim ¢; (r) = 2. Let for
p—00

any p be the index ny,) of the defining sequence of y such that
N (p) T < ty, < (nk(p) + 1) T

The sequence of real t, — ny,) T is abounded sequence. Then a convergent sub-
sequence can be extracted. To simplify we will denote in an identical way. Then
lim (t, — ny) T) = 7. Which gives

p—o0

¢tp(f”) = ¢nk(p)T [qbtp*nk(pm ()| = ‘btr”k(p)T [qﬁ"k(p)T(w)}

Sequence ny,) 1" being an extracted sequence of ng 1" defining y we deduce, passing
to the limit that

= ¢T(y)

The omega-limit point is therefore on the periodic trajectory from .
We can now state an useful theorem for existence of an equilbrium

Theorem 5.7.1 [Hirsch [45]]
We consider a monotone vector field. Let {¢¢(z) | t > 0} a relatively compact
positive trajectory. If there exists a positive T > 0 such that

or(x) >z ou ¢r(r) <z

then ¢(x) converge to an equilibrium when t tends to infinity.

If the field is strongly monotone, it is sufficient to have x < ¢¢(x) or ¢y(z) < x to
conclude.
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Proof
Assume ¢p(x) > . Other case is similar. Due to this strict inequality and by
continuity of the solution of an ODE, it exists ¢ such that ¢s(x) > =z if s €
T —e,T+e¢l.
From proposition we know that the omega-limit set is periodic trajectory of
period s for any s # 0, s €]T — &,T + ¢[. It is known that the set of period is an
additive sub-semigroup of the semigroup (R, +)

This semigroup is dense (we can have a period as small as we want). This
semigroup is closed ( continuity of the trajectory), hence this R, i.e., 0 is a period.
The omega-limite set is reduced to point. Q.E.D. |

5.8 Looking for invariant sets and equilibria

Proposition 5.8.1
Let F be a class C* monotone vector field. We denote by < any of the following
binary relation <, < and <. If v <y then ¢i(x) < ¢(y).

Proof

If x <y we have ¢y(z) < ¢(y)by definition. Since ¢;() is diffeomorphism, it is
bijection therefore if z < y then ¢(z) # ¢¢(y and consequently ¢;(z) < ¢ (y.

If x < y since ¢¢() is monotone, the interval

[z, yl ={2z |z <2<y}

is send in [¢¢(x), Pe(y)]. Since x < y the set [z,y] has a non empty interior
and therefore [¢:(x), ¢(y)] also, because ¢¢() is a diffeomorphism.. We deduce

dr(z) < de(y).

|
The following lemma has been proved by Selgrade in 1980 [82], this version comes
from [86].

Lemma 5.8.1
Let f a monotone field . Let denotes by < one of the relation <, < or >.
Then the set

Ay = {z € R"|f(2) - 0}

18 positively invariant and the flow is nondecreasing on this set.
The set

A_={z e R"|f(z) <0}

1s positively itnvariant and the flow is nonincreasing on this set.
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Proof
Let ¢¢(x) the flow associated to the vector field.

Let z(t) = f(¢i(x)). We have 2(t) = Df(¢u(x) f(¢e(x)) = Df(2(t)) 2(t). This
proves that f(¢:(z)) is the unique solution of the system

{ T =Df(z)x
2(0) = f(z)

This system is monotone, then let positively invariant the 3 sets R, R” \ {0} and
the interior of RY, i.e., RY .
Then if x € A4, f(x) belongs to one of this three set, say e.g. K. The solution
of the linearized system, starting from f(z) stays in K, hence ¢(f(r) € K . This
proves that A, is positively invariant.
Then ¢¢(x) is nonincreasing if x € A4, at least locally, but this is true necessarily
by positive invariance for all the trajectory.

[ |

Proposition 5.8.2
Consider a monotone system in R™, & = f(x) with f being C*.

Let a < b such that f(a) >0 and f(b) <0, then |a,b] is positively invariant. The
trajectories from a and b are converge to equilbria.

If there is an unique equilibrium p in [a,b] then p is GAS in [a,b]

Proof

Let x € [a,b], since f(a) > 0, by the preceding theorem ¢;(a) is non decreasing,
hence a < ¢y(a) and by monotonicity ¢i(a) < ¢i(z). This gives a < ¢(a) <
¢¢(x). By the same argument with b, this proves that [a, b] is positively invariant.
Now ¢(a) is a nondecreasing function, by lemma (5.8.1]), which is bounded hence
converging to a limit.

If there is an unique equilibrium p then ¢;(a) and ¢.(b) converge to p. Hence

a < ¢ra) < ¢i(x) < di(b) <,

proves the convergence to p. The stability is obtained by considering the order
interval [¢:(a), ¢(b)] which are positively invariant and as small as we want for ¢
large enough.

[ |
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5.9 Sublinearity, positive invariance and equilibria

Definition 5.9.1 (Hirsch-Smith [49])
A map T : R} — R" is sublinear if

0<A<l,z2>0 = AT (zx) <T(\x),

strictly sublinear if

0<A<Lz>0=\T(z) <T(\z),

and strongly sublinear if
0<A<lLz>0=AT(z) < T(\x).
Strong sublinearity is the strong concavity assumption of Krasnosel’skii [58].

Proposition 5.9.1
If the application T is C' then the condition

x>y>0=— DT(x) < DT(y)
implies the strict sublinearity if T(0) > 0.

This is called the strict anti-monotonicity of DT

Proof
Let z > 0 and X € (0,1) let ®(s) =T (Asz) — A (T (sx)).
We have ®(1) — ®(0) = T(Az) — AT(z) — (1 — A\) T'(0) and therefore

TAz) = AT (z)=(1-XN)T(0)+ [/01 (DT (Atz) — DT(tx))dt| (Az) >0

Remark 5.9.1
The condition is sufficient but not necessary. The Ricker function axe P® is
strictly sublinear but its derivative is not anti-monotone.

Proposition 5.9.2 [/9/
The application T : Ry — R™ 1is strongly sublinear provided T is Cl and for any
x>0

T(x) > DT (z).x
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Proof . ) )
Let define ¢(s) = B T(sx) then ¢'(s) = 2 T(sz)+ B DT (sx).x.

1
Since ¢'(s) = —— [T'(sz) — DT(s x) . s x|, then by hypothesis ¢'(s) < 0, therefore
for0 <A <1

1

TAz) = AT(z) =X [p(A) —¢(1)] = =\ /)\ ¢'(s)ds >0

Proposition 5.9.3

Let F be a C* vector field in R™, whose flow ¢ preserves R% for t > 0 monotone
and strictly sublinear in RYy. Then the flow ¢4( ) associated to F is monotone and
strictly sublinear.

Moreover if F is strongly monotone and strictly sublinear, then ¢¢() is strongly
monotone and strongly sublinear.

Proof
The application ¢; is monotone since the vector field is monotone (Theorem (/5.6.2])).
To prove the strict sublineariry we consider, for A € (0,1) and = > 0, the quantity

y(t) = or(Ax) = A ().

We consider the time derivative gy
Yy =F(¢(Ax)) — AF(de())
= F(¢t(Aw)) — F(Ade(x)) + [F(Ade(x)) — A F(e(2))]

= A(t)y + B(t).
With

1
Alt) = /0 DF (s 6y(A2)) + (1 — ) Ady() ds,
and
B(t) = F(An(x)) — AF(¢4(x)

In other words y(t) is the solution of a linear equation with a second term B(t),
and initial condition y(0) = 0. We denote by R(t,tp) the fundamental solution of

X =At)X
{ X(t(]) :In
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Since ¢¢( ) preserves the nonnegative orthant we have ¢;(0) > 0 and since z > 0 by
monotonicity 0 < ¢¢(0) < ¢¢(z) ( proposition (5.8.1))). Hence, since F is strictly
sublinear, B(t) > 0 for any ¢ > 0.

Then by the variation of constant formula we have

y(t) = /O R(t,7) B(r) dr.

Since for any z > 0, DF(z) is Metzler, the same is true for A(t). Hence R(t,t9) >
0 for t > typ and is a nonsingular matrix. By hypothesis B(r) > 0, hence
R(t,7) B(T) > 0, therefore y(t) > 0 for ¢t > 0. Which proves that ¢; is strictly
sublinear.
The second assertion comes from the observation that ¢¢() is strongly monotone
by Theorem and by noticing that since DF((x) is Metzler irreducible, then
R(t,to is positive, which implies that, with B(t) > 0, R(¢,7) B(r) > 0. This
proves the strong sublinearity.

|
The sublinear applications have nice properties. They will be detailed in the next
propositions.

Proposition 5.9.4 (Krasnosel’skii sublinearity trick)

Let F be a C' vector field in R™, whose flow ¢ preserves R fort > 0 and is
strongly monotone strictly sublinear in R'}. Assume that all trajectories are for-
ward complete.

Then F cannot have two distinct positive equilibria in the interior of the nonneg-
atiwe orthant R’}

Proof
Denote by ¢ ) the flow of F'. The fact that ¢( ) is strongly monotone and strongly
sublinear proves the uniqueness of any positive equilibrium p, by Krasnosel’skii
sublinearity trick [42] 58] :
Let p1 and po two different positive equilibrium. There are fix points of ¢;. Let r
be defined by

r=ming ———o) ——— 5,
1P1llp2 " IP2lp:

such that py > rpy and py > rp;. We have r € (0,1) since ||p1p, |[p2]lp. > 1.

Indeed let ig and jop indices realizing the maximum for each of the two weighted
P1,ig P2,50 > Plig P20 _ 1

P2y P1,j0 P20 P1,i0
Actually r is the maximum number such that simultaneously p; > rps and py >

rp1.

norms, then
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By strong sublinearity and monotonicity we have

p1 = ¢t(p1) > e(rp2) > 7 Pe(p2) =7 p2.
Similarly we have ps > rp;. This contradicts the maximality of 7.
[ |
Now we will revisit proposition ([5.8.2)) with the additional hypothesis of sublinear-
ity.

Proposition 5.9.5

Consider a C' vector field F strongly monotone and strictly sublinear in the non-
negative orthant.

We assume that there exists 0 < a < b such that F(a) > 0 and F(b) < 0.

Then the nonnegative orthant is positively invariant and there is an unique positive
equilibrium which is GAS on the interior of the nonnegative orthant.

Proof
We know that [a, b] is positively invariant. But we have, by sublinearity, for 0 <

1
A < 1 the inequalities F(Aa) > AF(a) > 0 and A F <)\ b) < F(b) <0. Hence for

any 1 > e > 0 and £ > 1 the order interval [ea,&b] is positively invariant. This
proves that the interior of the nonnegative orthant is positively invariant and that
all the forward trajectories are bounded, hence F' is a complete vector field.
By proposition ¢¢(a) converge to an equilibrium, which is unique by sub-
linearity. This ends the proof.

|
The following proposition is a result of stability with something less stringent that
sublinearity. It is used in some proof in [44] [70]

Proposition 5.9.6
Consider a C! vector field f strongly monotone
Assume that £ > 0 is an equilibrium such that

forany A>1 f(Az")>0and forany A<1 f(Az*)<O0
Then x* is GAS in R'}.

If f is only monotone if

forany A>1 f(Az")>0and forany A<1 f(Az")<O0

then x* is GAS in the interior of the nonnegative orthant.
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Proof
For any £ < 1 and A > 1 the order interval B¢ \ = [{ 2*, A 2*] is positively invariant
with f monotone.

o If f is strongly monotone, if € B¢y we claim that f(x) points into Bg ).
If  in the boundary of Bg  either { 2™ < x or x < Az™. Since f is strongly
monotone and increasing at £ * (respectively decreasing at A z*), then either
for t > 0 we have {z* < ¢ (§27) < ¢r(w) or Pr(z) < de(Ax™) <A™, ie,

¢t (Bex) C Bea

e If f is monotone, but since f(£z*) > 0 and f(Az*) < 0, we have
Ex* < pr(Ea*) < Pp(x) and ¢p(z) < (A z*) < Az*, again

¢t (Bex) C Bea

This proves that there is no other equilibrium in B¢ . Then by proposition (5.8.2)),
the unique equilibrium z* is GAS in any Be , hence in the interior of the nonnega-
tive orthant for f monotone and the nonnegative orthant for f strongly monotone.

5.10 A Theorem on stability

The following theorem give a simple proof of Theorem 6.1 proved by Hirsch [44]
and also a theorem with the weaker condition given by Smith [85]. The strict
antimonotonicity of the Jacobian of the vector field in [44] is replaced by strict
sublinearity of the vector field. Strict sublinearity implies, as we have seen, strict
antimonotonicity of the Jacobian [58, [59].

Theorem 5.10.1 [Hirsch 1984]

Let F be a C' wvector field in R™, whose flow ¢ preserves R fort > 0 and is
cooperative, irreducible and strictly sublinear in R”} . Assume that all trajectories
in R} are bounded.

o If F(0) = 0, the origin is an equilibrium, then either all trajectories in R’}
tend to the origin, or else there is a unique equilibrium p > 0 which s
globally asymptotically stable on R} \ {0}.

e If F(0) > 0, there is a unique equilibrium p > 0 which is globally asymptot-
ically stable on R} .
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Proof

Consider the case that the trajectory of some x € R’ does not tend to 0. By
hypothesis this trajectory is forward bounded. The omega limit set w(x) of = has
a least upper bound Y in R”} \ {0}, for the ordering on R". Let z be a point of
w(z). Since w(x) is an invariant set, ¢_(z) € w(x) for any ¢ > 0. Since ¢ is
a monotone flow, from ¢_;(z) < Y we deduce z < ¢(Y) for any ¢ > 0. This
proves that ¢;(Y") is an upper bound of w(z), whence ¥ < ¢¢(Y). If YV is an
equilibrium, we have finished, otherwise Y < ¢;(Y’), and by strong monotonicity
of the flow we deduce that, for a 7' > 0, we have ¥ < ¢7(Y). By theorem m
since the system is monotone and the trajectories bounded, ¢;(Y") converges to
an equilibrium p > 0 as t — +o00. Moreover by strong monotonicity since p > 0
implies p = ¢¢(p) > ¢+(0) > 0.

This proves that any trajectory, which does not tend to the origin, converges to a
positive equilibrium, which is unique by sublinearity (proposition (5.9.4))
By sublinearity, for any s € (0,1), F(sp) > s F(p) = 0. Again for any A > 1 we

1
have X f(Ap) > f(p) = 0. We are in the situation of proposition (5.9.6). Hence

p is GAS in the interior of the nonnegative orthant. By strong monotonicity, any
trajectory, starting from a face of the orthant, except at the origin, enters the
positive orthant. Then no trajectory of R’ \ {0} tends to zero, hence tends to p
which is GAS.

[ |

Remark 5.10.1

This theorem can extend to any compact subset K C R} positively invariant.
Strong monotonicity can be only required in the interior of K as long as the bound-
ary of K is not positively invariant.

FExercise : prove it

See example on Schistosomiasis below.

5.11 Another Theorem from Hirsch

Theorem 5.11.1

Assume that X is a strongly ordered separable topological vector space. Assume ¢
strongly monotone in X (or SOP) and that every orbit of ¢ is closure compact. Let
D, q be equilibria with p < q, with no other equilibria in the order interval [p,q].
Then: either every trajectory in [p,q] \ {p} approaches q, or else every trajectory

in [p,q] \ {q} approaches p.

comments:
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This theorem has to be applied on a strongly ordered separable topological vector
space.

We say ¢ is order-compact if ¢(S) has compact closure whenever ¢t > 0 and S
in the domain D(¢:() of ¢¢() is order-bounded.

D(¢y¢) is the domain of ¢; an open subset of X.

The set of equilibria is denoted by FE.

A point z € X is quasiconvergent if w(x) € E; the set of quasiconvergent points is
denoted by Q.

We call x convergent when w(x) is a singleton {p}; in this case ¢;(z) — p € E.
The set of convergent points is denoted by C.

When all orbit closures are compact and E is totally disconnected (e.g., countable),
then @) = C; because in this case every omega limit set, being a connected subset
of E, is a singleton.

We call ¢ strongly order preserving, SOP for short, if it is monotone and whenever
x < y there exists open subsets U and V of x,y respectively, and tg > 0 such that

¢t0 (U) < (z)to (V)
Monotonicity of ¢ then implies that for any t > to ¢¢(U) < ¢(V).

We say that ¢ is eventually strongly monotone if it is monotone and whenever
x < y there exists tg > 0 such that

t>to = ¢r(x) < P(y)

If ¢ is eventually strongly monotone then it is SOP.

5.12 Hirsch’s Theorem modified

In the following we denote by K = R’} ( some other cone to see ...) the nonneg-
ative orthant.

Recall definition (??) : A subset F' of K is called a face if F' is a cone and if for
any € F'

O0<y<zr=—yekrl

Definition 5.12.1
We consider an order interval [p, q] with p < q. We have
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pgl=p+KnNg—K

[p,q] is a convex polytope, i.e, the finite intersection of half-spaces. A hyperplane
H of R™ is supporting [p, q] if one of the two closed halfspaces of H contains [p, q].
A subset F of [p,q| is called a face of [p,q] if it is either 0, [p,q] itself or the
intersection of [p, q] with a supporting hyperplane.

Theorem 5.12.1

We consider a C* monotone system @ = f(z), whose flow ¢ preserve R? fort > 0.
We have two equilibria p < q, with no other equilibrium in [p, q].

We assume that p is asymptotically stable for ¢ and that there exists a positively
invariant face F' of [p,q] containing p which is in the basin of p. We also assume
that some other faces Fi, Fo,--- , Fx are positively invariant, and for any point x
of each F;, the omega-limit set satisfies w(x) N F # (.

We assume that the system is strongly monotone on the complement

[p,a] \ (FUFL U UF).

Then any trajectory of [p,q| \ {q} converges to p. Hence the equilibrium q is un-
stable.

Proof

Consider the totally ordered arc in [p,q|, J ={x =1 —-t)p+tq|0<t <1}. If
point & € I converges to p then by monotonicity [z, p] is in the basin of p. Since p
is asymptotically stable there exists  # p in J converging to p. Let a = sup{zx €
J | © converges to p}. Similarly let b = inf{x € J | x converges to ¢}. The order
interval [[a, b]] is composed of points converging neither to p, neither to g.

The ordered interval [p,al]] is an open subset of [p, ¢, containing p in the basin of
.

We will show that a = b = ¢ which will prove the theorem.

Before this we show that any face F; is in the basin of p. We know that for any
x in Fj, w(z) N F # (. Since any point of F' converges to p, by invariance of the
omega limit set, we have p € w(x), which implies that the trajectory from x enters
[p, a]] proving that x converges to p.

We proceed by contradiction assuming a < b. By definition of a, any point of
[[a, b]] does not converge to p. Let

W = ¢, ([la, b]] U J).

Continuity of ¢ implies that W is a separable metric space positively invariant
under ¢. Moreover W N (FU Fy U---U Fy) = 0, otherwise this will implies that
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a point of [[a, b]] converges to p, a contradiction. It follows that W is an ordered
space, with a strongly monotone semiflow ¢. By Theorem 1.14 of [49], if @ is the
set of quasiconvergent points, ([[a,b]]U J) \ @ is at most countable. Then there is
a point in [[a, b]] U J converging to p or to g. A contradiction, hence a = b.

We will now prove that a = q. We proceed by contradiction, assuming that a < q.
We already know that p < a. The point a cannot converge to p. If not, since the
basin of an asymptotically stable point is open, this will contradict the definition
of a. If a converges to ¢, this will implies that in [p, ¢] the point ¢ is asymptotically
stable, by the preceding argument we obtain again a contradiction. This proves
that a is a nonconvergent point. The set X = ¢, (a) is a positively invariant
compact ordered set with a strongly monotone semiflow ¢ without equilibrium.
By lemma 1.1 of [49], X has a maximal element z. For any ¢ > 0, ¢(z) is an
upper bound of X, hence z = ¢;(z) is an equilibrium, a contradiction. This ends
the proof of the Theorem.

5.13 Example : Gonorrhea

Gonorrhea is a sexually transmitted disease caused by the bacterium Neisseria
gonorrhoeae manifested primarily by urethritis in men, vaginitis, cervicitis and
metritis in women.

Neisseria gonorrhoeae is a strict human parasite, host of the mucous membranes
of the genital tract of man and woman. Transmission is mainly direct (this germ
being fragile) and almost venereal.

This is one of the most common infectious diseases with more than 200 million
annual cases worldwide. It primarily affects the poor.

A person treated may again be contaminated. There ’s no immunization for gon-
orrhea.

The following model is a seminal paper from Lajmanovitch and Yorke [60] in 1976.
In 1984 Hirsch remarks the monotonicity of the system [44] and revisits stability
analysis.

We consider n groups (patches). We begin with a model in one isolated group :
SIS model

{s‘j =A—puS—-BI+yI (5.3)
I =5 T—(y+ml
N is the total population

{N =A—nN (5.4)

I =B5T—(v+ml
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This system is triangular, N* = % and we can apply Vidyasagar’s Theorem 1}
It is sufficient to study the reduced system :

I= B* (N* = D)T — (y+p) I
N
x = ! i=pBx(l—x)—Fzx
Model in n groups : multigroup model. n equations i =1,...,n.
.i’z‘ = (1 — :cz) Zﬁi7j :L’j — O Iy (55)
J

Bi, j x; visiting infectious from patch j coming in patch i

T = [D + B — diag(x) B] x

B = (5i7j)7
D = —diag(w;).
= [D + B — diag(z) B] z

rewritten in Scilab/Matlab notations

= [D + diag(1 — z) B] x
flx) = [D + diag(1 — z) B} 2

Jacf(z) = D + diag(1 — z) B — diag(Bx)

B irreducible, system is strongly monotone and strictly sublinear.
Remark

B+ D stable <= s(B+ D) < 0+= Ro=p(-BD ') > 1

Varga : B 4+ D regular splitting B > 0 D stable Metzler matrix.
Diekmann, van den Driessche-Watmough : —B D~! next generation matrix.
All the condition of Hirsch’s Theorem are satisfied hence

Theorem 5.13.1
If p(~B™Y) < 1 the origin (DFE) is GAS for system .
If p(—B_l) > 1 there exists a unique positive endemic equilibrium, which is GAS

for system on [0,1]\ {0}.
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Remark 5.13.1
What happens when p(—B™1') =1 ¢ It can be shown that the DFE is GAS using
Lyapunov techniques [30)].

5.14 Ross model in a patchy environment

5.14.1 The migration model

This model does not keep track of where an individual usually resides, but just
considers where he is at time ¢. As in the Ross model, the demography is neglected,
i.e., there is no death or birth. The transfer rate from patch i to patch j, for i # j,
is denoted by m;; > 0. The total host population on patch 7 is denoted N;. Hence,

fori=1,---,n, the dynamics is given by
n n
Ni: Z miij—Ni Z mji.
Jj=1j#i =1 j#i

This system can be written

N=MN. (5.6)

Where N is the column vector (Ny, - -+ , N,)”, the superscript 7' denotes transpose,
and the matrix M is defined by M (i, j) = myj, for i # j and

5.14.2 The Ross-Macdonald model on n patches

We use the following notations :

e [}, ; is the infectious host population on patch i.

e p is the number of patches harboring vectors. I,;, V; are respectively the
infectious vector population and the constant vector population on patch 3.
If 4 > p there is no vector on patch i, i.e., V; = 0.

e ¢ is the man biting rate of vectors.

e b is the proportion of infectious bites on hosts that produce a patent infec-
tion.
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e by is the proportion of bites by susceptible vectors on infectious hosts that
produce a patent infection.

e 4 is the per capita rate of vector mortality.

e ~ is the per capita rate of host recovery from infection.

As in the classical Ross-MacDonald model the total population of hosts is constant
when we consider all the patches. On the other hand since there are no migration
of vectors, the population of vectors is constant on each patch.

Remark 5.14.1 For sake of simplicity, we assume that the parameters by, by,
and p are the same for all patches. However, the analysis presented here can be
extended when these parameters differ from patch to patch.

We number the patches in such a way that only the p first patches, 1 < p < n, are
infested by vectors. On the patches ¢ for i > p, we have V; = 0 hence, I,,; = 0.
Since we already know the dynamics of the host population on patches by system
, it is sufficient to model the dynamics of the population of infectious hosts.
Similarly the population of vectors being constant on each patch we only need to
study the dynamics of the population of infectious vectors.

For patches such that ¢ < p, i.e., where vectors are present, we have

: N; — In; =
Ini= braly; % — Y1 + Z mij In,j — I Z myi
! j=1,j7# J=1,j#

I
N _HIv,i .

jvi = bQQ(V; - Iv,i) N,

(5.7)
In the equations for infectious hosts, the term by a I, ; % corresponds to the
infection of susceptible hosts bitten by infectious vectors, Zusing the classical fre-
quency dependent transmission, with a varying host population on patch 7. The
term —v Iy, ; is the recovery term. The other terms account for migration. In

the equations for infectious vectors, by a (V; — I, ;) I]’\}Z corresponds to the infec-
tion of susceptible vectors, when biting an infected host. The last term —pdy
corresponds to mortality.

For ¢ > p, there are no vector on patch ¢ and the equations for infectious hosts
only have recovery and migration terms. The equation governing the evolution of

I, ; is the following
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n n
Ih,i = - Ihﬁ' + Z M5 Ih,j — Ih,i Z mji . (58)
J=1,j#4 J=1j#1

The complete system of 2n + p equations is obtained by incorporating to the

previous system, the n equations N =MN.

We are going to “vectorialize” the model, using the following vectors of R” :
In=na, Do)t In=(Iu1, -+ s Lpp, 0, -+ ,0)T and
V=W,...,V,,0---,0) € R".

We denote 81 = bia and By = bya. If X is a vector, with either X € RP or

X € R?, we denote by diag(X,p,q) the p x ¢ matrix whose diagonal is given by

the components of X and the other terms are zero. The short notation diag(X)

denotes, if X € RP, the p x p diagonal matrix diag(X, p, p).

We use the notation 7 to denote the projection of R™ on RP, p < n;

Ty, wn) (@1, 2p)T

With these notations and conventions, the complete system becomes
N= MN
I, = pidiag(N) " tdiag(N — 1)) I, — v I, + M I, (5.9)

rl, = Bydiag(n N) diag(n(V — L)) 7l — pnl, .

This system evolves on the affine hyperplane of R?"*P, whose equation is >N =
H, where H is the total host population.

Remark 5.14.2 In the case where the parameters B1, B2, v and p are not the same
for all patches, they are replaced in system @ by diagonal nonnegative matrices
and this does not change the fundamental structure of the system.

5.14.3 Properties of the model

The model is such that the entire population H = Ny + --- + N,, is constant.
Let 1 be the vector (1,---,1)T of R™. The vector (H,--- , H) will be denoted H 1.

Proposition 5.14.1 :
The Parallelepiped

P={(N,I,n1,) ER"PI0O<KN<H1; 0<I,<H1;0<I,<V}.

18 positively invariant for system (@)
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Proof
It is sufficient to consider the system on the faces of P and to show that on
each face, the vector fields associated to the system points into the nonnegative

orthant.
If Ij,; = 0 then

. N, n
In;=bral,; ﬁz + Z m;j Iy ; > 0.
b =LA
If I}, ; = H then for all j # i we have I}, ; = 0, since the entire population is H
and

n
jh7i:—’7H—H Z mj; < 0.
Jj=1,j#i
If I,; = 0, then

If I, ; = V; then

Lyi=—pVi <0.

Finally, since M is a Metzler matrix [53], the nonnegative orthant is positively
invariant by the system N = M N.
|

5.14.4 Reduction of the system

We will reduce the stability analysis of , to the study of a smaller and simpler
System.

Let us show that matrix M can be assumed to be irreducible. In other words,
we can assume that the graph of the patches is strongly connected. If M is not
irreducible, then by renumbering the patches, it can be given the following block
triangular structure

M1 O--- 0
Moy Moy O 0

M= , , o
My, My -+ My

where the diagonal blocks are irreducible.
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Let us consider the blocks M;; corresponding to traps, i.e., groups of compartments
for which there are no transfers to the environment. It is easily seen that asymp-
totically, all the material will be transfered into the traps of the system. From this
moment the traps will behave as irreducible groups. For studying the asymptotic
properties of the system, it is therefore sufficient to restrain the study to traps.
This shows that M can be assumed to be irreducible.

Theorem of Vidyasagar will permit us to reduce the stability analysis to a
smaller system

If we prove that the system N = M N has an equilibrium, which is globally
asymptotically stable, then we can apply theorem Recall that the stability
modulus s(M) of a matrix M is the largest real part of the elements of the spectrum
Spec(M) of M.

M) = Re(\).
s(M) = | max = Re(d)

By Perron-Frobenius Theorem if M is an irreducible Metzler matrix, then
there exists a positive eigenvector w > 0 of M such that M w = s(M) w, and any
positive eigenvector is a multiple of w. Moreover the multiplicity of the eigenvalue
s(M) is 1.

The Metzler matrix M satisfies 17 M = 0 or equivalently M” 1 = 0. This implies
that s(M) = 0 and all the other eigenvalues are with negative real part. An
immediate consequence of the relation 17 M = 0 is that any trajectory of the
system N = M N remains in the affine hyperplane orthogonal to vector 1 and
containing the initial condition N(0).

From the preceding remark on irreducible Metzler matrices, there exists w > 0

such that M w = 0. Hereafter we denote by w the unique vector w > 0, defined
by

Mw =0 and Z w; = 1. (5.10)
i=1

Hence Hw = (Hwy,--- , Hw,)T is in the hyperplane orthogonal to 1, and con-
taining N (0). It is the unique equilibrium of the system in this hyperplane. Since
all the nonzero eigenvalues of M have a negative real part, this equilibrium is
globally asymptoticaly stable on the hyperplane.

Hereafter we denote by N = H w this equilibrium. By application of Vidyasagar’s
theorem the stability analysis of is now reduced to the stability analysis of
the system
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I, = pidiag(N) " tdiag(N — Ip,) I, — v I + M I,
(5.11)
nl, = fydiag(m N) tdiag(n (V — L)) 7 I, — p 7 I,

The dimension of this reduced system is n + p.

Since the populations in the patches are constant, we will now rewrite the system
using the prevalence variables z; = I, ;/ Ni, yi = vif V; and the vectorial density
on each patch denoted by m; = V;/ N;. Clearly the vectorial densities on the last
n — p patches are 0. Accordingly the vectors x, y and m are in R™. With these
notations the system can be rewritten as follows

&= prdiag(m)diag(l —z)y —vz+Dx
(5.12)
my= podiag(l—my)mrax—pumry.

1
The matrix D is defined by D(i,j) = ~ M(i,j) N;. In other words

D = diag(N)~! M diag(N).
Since Mw = M N = 0, it follows that

D1 = diag(N)~! M diag(N).1 = 0.

In other words, if we denote by d;; > 0 the (4, j) entry of D for ¢ # j and —d;; <0
the (i,1) entry of D, then

n
—di; + Z dij = 0.
J#i
In this form system ([5.12)) is clearly a generalization on n patches of the classical

Ross-Macdonald model, with Dz as the migration term.
We have the straightforward property

Proposition 5.14.2 :
The unit cube [0, 1]"*P is positively invariant for system (

We will simplify this system one step further. Hereafter X = (z,7y) € R*"™P |
where I, is the n x n identity matrix and we set the block matrices

0o 0 I
B=10 I,, 0],
I, 0 0
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| D=1, 0
A_[ 0 —MIIJ’

| B1 diag(m) 0
A= [ 0 P2 IJ '

B is nonnegative, A is a nonnegative diagonal matrix and A is a stable Metzler
matrix.

Remark 5.14.3 These properties are unchanged if we consider different parameters
B1, B2, v and p in each patch.

We now have

X = Adiag(1 — X)BX + AX = [Adiag(1 — X)B +A] X. (5.13)
We consider the evolution of this system on the unit cube of R"*?,

Proposition 5.14.3 : The system 1§ cooperative and strongly monotone on
the unit cube [0, 1] 1P

Proof
The Jacobian J of the system (5.13)) in R™*? is

J(X) = Adiag(l — X) B+ A — Adiag(B X).

Clearly J is a Metzler matrix, for 0 < X < 1, and the system is cooperative on
the unit cube.

We will first prove that the Jacobian is an irreducible matrix on (0,1)"*?. This
will induce the strong monotonicity on the interior of the unit cube. We need to
examine more closely the Jacobian. Using the notation diag(X,p,q), introduced
in section we can decompose J(X) into n X n, n X p, p x n and p X p blocks
as follows :

D — 1, — p1 diag(m) diag(y) ~ frdiag(m m, n,p) diag(1 — 7 z)
J(x,my) =
Be diag(1 — my,p,n) —p I, — B2 diag(m )

To prove the irreducibility, it is sufficient to check that the directed graph associ-
ated with J is strongly connected. For the sake of intelligibility we also name x;,
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i=1,---,nand y;, j = 1,---,p the vertices of the associated graph. The irre-
ducibility of D and the structure of J imply that the subgraph generated by the
vertices z; is strongly connected. Now, if y < 1, the pxn block 5 diag(1—7y,p,n)
shows that there is a path which, from any vertex y; where j < p, leads to vertex
z;. In the same manner if < 1 there is a path from any vertex x; to the vertex
yj (necessarily j < p). It is now clear that between any couple of vertices there
exists a path. This proves the strong monotonicity on the unit cube except on the
faces, i.e., for x £ 1 and y &« 1. Now if an initial point is on one of these faces,
the trajectory of the system leaves immediately the face. This implies the strong
monotonicity of the flow of the system.

[ |

5.14.5 Main theorem

In this section we will give an analytic expression for Ry and completely answer
to the stability question.

As usual p(M) is the spectral radius of a matrix M. To express the basic reproduc-
tion ratio, we need a notation to extract blocks from matrices. If M is a matrix,
we denote by M(1:p,1: q) the submatrix consisting of p first rows and the ¢ first
columns of M. With this notation

Proposition 5.14.4 :
The origin is the DFE of and

R2 — B1 B2
U

p(~ diag(rm) Z),

where Z = (D —~1)"' (1 :p,1:p), i.e., the submatriz of the p first rows and p
first columns of (D —~ 1)~ 1.

Proof
The Jacobian, computed at the DFE, is J(0) = A B+ A. The part coming from
infection is A B and the part coming from other transfers is A. Hence Ry =
p(—ABA™Y. If I, ,, is the p x n identity matrix, we set

Ja [ 0 p1 diag(m m, n,p)]
/82 Ip,n 0 )

| D—=~1I, 0
v= P
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We have Rg = p(—F V') = p(—=V~1 F). We can compute FV~!. We remark
that the product I, . (D —~I,)~! is the block (p,n) extracted from the matrix
(D - /VIn)_l'
0 &) diag(m m,n,p)
~FV!= a

—B2 (D —~n)~Y1:p,1:n) 0

If A and B are two n X p and p X n matrices, we have the relation

AL, —A

det [—B A,

] = \"Pdet(\? I, — BA) = \?""det(\* I, — AB)

The last relation implying simply that, in the characteristic polynomial of AB,
there are (n—p) roots equal to zero. Then, using again the structure of diag(m, n, p)
and Cayley reduction, we have

(_ B1 B2
L

RE = p diag(mm) [(D —7 1)~ (1:p,1 “’”) |

where (D —~I)71(1:p,1: p) is the block of the p first rows and p first columns
of (D —~I)~%
For the classical Ross-Macdonald model, this formula gives the intended result

2
R% = M. We have now reduced the study of the stability of the complete

system (5.9) to the study the stability of (5.13)).

Remark 5.14.4 The expression of Ry can be rendered more geometrical if we use
the projection w.This is useful if the reordering of coordinates is not done.

RZ =, ( ﬁlfz

Finally, using the definition of D and the fact that diagonal matrices commute, we
have the following expression of Rg for the original system (@)

diag(rm) 7 (D — 1)~} ﬂ'T) .

RE = 'Blﬂﬁz p (— diag(n V) diag(m N) 27 (M —~ 1) 7t diag(m N)). (5.14)

We know from [26], [94] that if Ry < 1 then the DFE is locally asymptotically stable,
and if Rg > 1 then the DFE is unstable. Our main result is a global stability result
of the DFE | which holds for Rg < 1 and a global stability result for Ry > 1.
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Theorem 5.14.1 :

If Rg < 1, then all the trajectories of tend to the disease free equilibrium,
which is globally asymptotically stable on the unit cube. If Rg > 1, then there exists
a unique endemic equilibrium (Z,y) > 0, and all the trajectories of the unit cube,
minus the origin, tend to this equilibrium which is GAS on the unit cube minus
the origin.

Proof
We recall the system ([5.13))

X = Adiag(1 - X)BX + AX = [Adiag(1 - X)B + A] X.

To prove the first assertion we assume Ro = p(—A BA™!) < 1.

The Jacobian at the origin is J = A B + A. Since A is a nonsingular Metzler
matrix and A > 0, this expression is a regular splitting of J. Then we have seen
that we have the equivalence between s(J) < 0 and p(—A BA~!) < 1.

We have seen that the Jacobian at the origin is an irreducible Metzler matrix and
that there exists a positive vector ¢ > 0 such that

c'(AB +A)=s(J)c! <o.

We use on the unit cube the Liapunov proper function

V(X) = {e]X),

where ( | ) denotes the usual inner product. Since ¢ > 0 this function is positive
definite in the nonnegative orthant. We compute the derivative V' of V along the

trajectories of (|5.13))

V ={(c|(Adiag(1—X)B +A)X) < {(c|(AB +A)X)=((AB +A) c|X)

= (s(J) | X) = 5(J) (c|X) <0

This proves the stability of the DFE. We now consider the asymptotic stability.

V(X) = (c|(Adiag(1 — X) B +A)X) = (c|(AB +A)X) — (¢ |Adiag(X) B X).

If Rp < 1, then s(AB + A) < 0 whence

V(X)<(c|(AB +A)X)=s(AB +A)(c|X) < (¢|X) <0.
When Rg =1, we have a(AB + A) =0, and V reduces to
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V(X) = —(c |Adiag(X) B X) < 0.

We consider the set £ = {X € [0,1]""?| V(X) = 0}. Since ¢ > 0 and A diag(X) B X >
0, this set is composed of points for which x; y; = 0, for all the indexes i < p. We
show that the largest invariant set £, contained in £ is reduced to {0}. The proof
hinges on the irreducibility of the system. There exists at least a point in £ such
that x; = 0 or y; = 0 with ¢ < p.

If x; = 0 considering

& =pimi(1 =)y — vy, + (Mx);

:ﬁlmiyi —I—Zmijxj =0.
J#i
This shows that y; = 0, and all the x; for which m;; # 0 i.e., all the z; “con-
nected” to x; are equal to zero. A finite recursion argument, with the irreducibility
hypothesis, concludes that all the z; and the y; are equal to zero. The set L is
reduced to the origin.
If y; = 0 considering

Ui =P (1 —yi) xi — py; = Pax; = 0.

the invariance of £ shows that x; = 0, and we are back to the preceding situation.
In any case L is reduced to the origin. By LaSalle’s invariance principle [61] we
deduce the global asymptotic stability of the DFE.

which proves the asymptotic stability of the DFE.

For the second assertion of the Theorem, when Ry > 1 then the DFE is unstable.
It is straightforward to check that the system is strongly sublinear. Let 0 < A < 1
and

T(X)=Adiag(l-X)BX +AX
Thenif X >0, BX >0

T(AX) = Adiag(1-A X) BAX+AAX > Adiag(1—X) BAX+AXX = AT(X).

This proves the strong sublinearity, hence all the hypothesis of Hirsch’s Theorem
(5.10.1)) are satisfied, therefore there exists an unique positive equilibrium which
is GAS on [0,1]"*?\ {0}.

[ |
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5.15 Wolbachia

Wolbachia is a bacteria which infects arthropod species, including a high propor-
tion of insects ( 60% of species).

The unique biology of Wolbachia has attracted a growing number of researchers.

While Wolbachia is commonly found in many mosquitoes it is absent from the
species that are considered to be of major importance for the transmission of
human pathogens.

The successful introduction of a life-shortening strain of Wolbachia into the dengue
vector Aedes aegypti that decreases adult mean life has recently been reported.

Moreover it is estimated that the population of mosquitoes harboring Wolbachia
is less efficient to transmit dengue, as some results has been obtained.

Then it is considered that using Wolbachia can be a viable option for controlling
the incidence of the dengue.

The bacteria is transmitted only by the eggs laid by female mosquitoes.

Our model take into account cytoplasmic incompatibility, which is outlined in the
following table :

Table 5.1: Cytoplasmic incompatibility

’ Reproduction ‘
d

Infected Infected
Sterile | Uninfected

This phenomenon causes embryos from Wolbachia-uninfected females to die when
they are mated with infected males whereas infected females are not affected in
this manner.

We will give a simple model introduced by Moacyr : L, is the aquatic stage (eggs,
Larvae, puppae) uninfected by Wolbachia, L,, infected, A, and A,, the respectively
adult stages uninfected and infected.

There are a intra-specific competition in the aquatic stages and cytoplasmic in-
compatibility is modeled in equation 2 and 4.



150 5. MONOTONE SYSTEMS IN EPIDEMIOLOGY

(A, = ALy — py Ay

A

Lu :TAum

— A+ v+d(Ly + Ly)] Ly
(5.15)

Aw :ALw—,UﬂiAw

Ly =1Ay—[AN4+v+d(Ly+ Ly)] Ly

This system is defined on the nonnegative orthant, by Lipschitz prolongation. The
nonnegative orthant is clearly positively invariant.

5.15.1 Monotonicity

We consider the Jacobian of this system

i — by A 0 0 7
rA2 r A2
T*m 7)\*l/7de72dLu 7m 7dLu
Jac =
0 0 —Hw A
L 0 —d Ly, r —-A\—v—-2dL,—dL,]

If we consider the permutation matrix

-1 0 00
0 -1 00
P= 0 0 10
0 0 01

The matrix P Jac P is aMetzler matrix. This means that the system is monotone
for the cone K = —RT x —RT x RT x RT,

5.15.2 Strong monotonicity

The system is irreducible. If we draw the graph of the Jacobian we obtain
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L, =0

A, #0
L, =0
Figure 5.1: Graph of Jacobian

The system will be strongly monotone if L,, # 0 and A, # 0.

5.15.3 Equilibria

We have three equilibria.

A DFE

A = (A + V)
d piy

dug

u

This equilibrium exists if the basic offspring number, for uninfected, satisfies

rA
Roffspy = ——— > 1
b NU()‘+V)>

A Wolbachia completely infected equilibrium (WCIE)

rA — pw(A+v))
d Loy

L*:( ATU:)‘(T)\_NW(A—FV))
d i,

w

This equilibrium exists if the basic offspring number, for infected, satisfies

rA
OI1S 71):7 1
Rotipw = 30 w)
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A coexistence equilibrium

. p [ A = (A 4 )] L APA = (A +v)
Ly = 2 2 Ay = 2

dﬂw (:UJu — Hw Mu"‘ﬂw) d:uu
I :(Nw_NU) [r A — pw (A + V)] A :)‘[T/\_Mw()‘"i_y)]

d (2 = pao po + 112,) d i3,

This equilibrium exists if Rofrspw > 1
Since Wolbachia is life shortening we assume that g, > p,,. Hence if Rofsp o >
1 we have three equilibria.

5.15.4 Basic reproduction ratio

We will now consider the basic reproduction ratio for the infection Ry.
The Jacobian at the DFE is

_—. A 0 0

r —2;1"—3+)\+1/ —r —/%%—A%—V
J(A4;,L;,0,0) =

0 0 — Wi A
rA
L 0 O T _;U'T i

This is a block upper triangular matrix. The upper block diagonal is

J1 =
r —%+/\+V

The trace of this matrix is —% F A+ V= iy — ;% < 0, if Rofrsp,u > 1. The
determinant of J; is rA — py (A + v) > 0. This block is Hurwitz. Therefore
hypothesis H5 is satisfied.

We can now look at the Jacobian of the transmission in the infected compartment

00
r=[14)
The Jacobian of the other terms is

-T2 2
Hu
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Hence the next generation matrix is

e[ g]
Hw Hw
and
Ro = Hu <1
Hw

Which proves the asymptotic stability of the DFE.

5.15.5 Stability of the CWIE
Consider the Jacobian at the CWIE

— by A 0 0
0 — 1 0 0
J(0,0, A%, L) =
0 0 — A
U e P e A

This a lower block triangular matrix. The lower diagonal block is

Jy =
r —i’"—j +A4+v
which is clearly Hurwitz if Rogsp, > 1.
The upper diagonal block is

—Hu A
J1 = |: 7“)\:|
0 =

which is Hurwitz without any condition.
The Jacobian J(CWIE) is then Hurwitz, which proves the asymptotic stability of
the CWIE.

5.15.6 Global analysis

We have 3 equilbria, we will use Hirsch’s Theorem ([5.11.1)). We must prove that
the trajectories are forward bounded
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Solutions are forward bounded

we denote X, = (A, Ly,) and X, = (Aw, Ly). The vector field on Ri defined by

(5.15) will be denoted by f(Au, Lu, Aw, Luw) = (fu(Aus Lus Aw, L)y fuolAu, Ly, Aw, L))
on R2, x R%—'
The equilibria will be denoted by

XDFE — (AZ7L25070) XWCIE — (0,0,A;,LZ) Xcoex - (Au7LuaAw>Lwa)
and

Xy = A Ly) Xy = (A, Ly)

Recall that the order is given by the cone K = —R™ x —RT x RT x RT. We denote
by < the classical order given by the nonnegative orthant and by <y the order
associated to K.

We have

XprE <K Xeoex KK XWCIE

Since f(Xprr) = 0 and f(Xwcig) = 0, by proposition (5.8.2) the order interval
(for K-order) [Xprr, Xwcig| is positively invariant.

We can obtain more : if £ > 1 we have f,(§ AX, & L%,0,0) < & fu(AZ, L:,0,0) =0
and f,(0,0,§ A%, ELY) <& f,(0,0, A%, L) = 0. For the K-order

¢ Xpre = (£ A4, L,,,0,0) <k £ Xwce = (0,0,§ Ay, € Ly,) with
f(€Xpre) >k 0 and  f({ Xwcie) <k 0

This proves by proposition (5.8.2) that [ Xprg, { Xwcig] x is positively invariant.
For £ large enough any element of the nonnegative orthant can be included in this
order interval. Therefore any trajectory is bounded.

Stability analysis

We consider the order interval [Xprg, Xcoex| and the 2-face defined by A, =
Ly, = 0. The 2-face is positively invariant and we claim that Xprg is GAS on this
face. It is sufficient to note that this system on the 2-face is strongly monotone,
strictly sublinear and that X is asymptotically stable. By Hirsch theorem
X is GAS. We know that Xprg is asymptotically stable because Ry > 1. Hence all
the hypothesis of Theorem are satisfied. All trajectories in [XprE, Xcoex) i
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converge to Xprg and X eex i unstable. This result is obtained without any
computation.
Actually [£ XprE, Xcoex) i 18 in the basin of attraction of Xcoex. Left as an exercise.

2
ullm

Increasing order for u

Xu,coex

*
*
Xw,coex X'w SXw

E—
Increasing order for w

Figure 5.2: Order interval and equilibria

5.16 Brucellosis

We consider the following model for ovine brucellosis incorporating direct and
indirect transmission from

B. Ainseba, C. Benosman and P. Magal

Journal of Biological Dynamics, vol 4, nj 1, 2010 pp 2-11
This section left as an exercise has for objective to give easily the stability analysis
of the model. Compare with the original paper !
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S =bS-— <m+<b_m)

e N>S+(1—p)bl—a15’f—a250

(b—m)
K

I :pbl—(m+ N>I+a15]+a250

C =kiI(1-C) —ky,C

Brucellosis is due to a virus Brucella. It is transmitted from animals to humans
either by ingestion of contaminated products, such as milk or vegetables cultivated
on soil containing contaminated manure, or directly via the mucosa upon contact
with the infected organisms. This model incorporate vertical transmission and the
contamination of the environment.

AS usual S(t) and I(t) are the susceptible and infected at time ¢t and C(t) is the
fraction of contaminated environment. p is the proportion of newborns that are
infected. The population dynamic is described by a logistic equation with b the
birth rate and m the death rate. It assumed that b > m.

Show that the compact

K={(SI1,C)eR} | 0<S+I<N 0<C<1

is positively invariant.
Hence use Vidyasagar’s Theorem ) to show that the stability of the fol-
lowing system, on the domain [0, K] x [0, 1], is equivalent to the stability of the
3-dimensional system

I =—b(Q—p)I+ay(K-—DNI+ay(K—-1)C

Show that the system is strongly monotone on

Show that the right side of the ODE is strongly sublinear on K.
Show that

al K a9 k‘l K
b(1—p) kob(1-p)
Use Hirsch’s theorem to show that
if Rg < 1 the DFE is GAS on K
If Rp > 1 there exists an unique EE in K which is GAS.
If Rop =1, consider the candidate Lyapunov function V(I,C) = koI + as K C.
Show that the origin is stable.

Ro =
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Use again Hirsch’s Theorem Hirsch’s theorem (|5.10.1f to exclude an endemic EE
and to the stability of the DFE. You can also use LaSalle’s principle.

5.17 Population dynamics of mosquito

The life cycle of a mosquito consists of two main stages: aquatic (egg, larva, pupa)
and adult (with males and females). After emergence from pupa, a female mosquito
needs to mate and get a blood meal before it starts laying eggs. Then every 4 — —5
days it will take a blood meal and lay 100 — —150 eggs at different places (10 ——15
per place). For the mathematical description, our model is inspired by the model
considered in [29, [5].

However we will consider three aquatic stages, where the authors [29, 5] lump
the three stages into a single aquatic stage. The rationale is to prepare for a
subsequent model with infection by Wolbachia. Furthermore, we split the adult
stage into three sub-compartments, males, immature female and mature female
which leads to the following compartments:

e Eggs F;

e Larvae L;
e Pupae P;
o Males M;

e Young immature females Y; We consider a female to be in the Y compart-
ment from its emergence from pupa until her gonotrophic cycle has began,
that is the time of mating and taking the first blood meal, which takes
typically 3 — —4 days.

e Mature females F, i.e., fertilized female. A female needs to mate successfully
only once and rarely remate.

The parameters ug, up, ny, prp and pups are respectively the death rate of eggs,
larvae, pupae, immature female, mature females and males. The parameters ng,nr,
np , B are the respective rate of transfer to the next compartment. The param-
eter v is the sex ratio. In this model, we use a density dependent death rate for
the larvae stage since mosquitoes larvae (anopheles and aedes) are density sen-
sitive, which imply an additional density mortality rate po L . The equation for
L can be considered as a logistic equation. Such an hypothesis is appropriate
since mosquitoes only have access to a finite number of potential breeding sites,
and density-dependent larval survival has been demonstrated at such sites. The
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parameter ¢ is the average amount of eggs laid per fertilized female per unit of
time.

Mating is a complex process that is not fully understood. However, as discussed
in [5] and references therein, the male mosquito can mate practically through all
its life. A female mosquito needs one successful mating to breed lifelong. It is
admitted that mosquitoes locate themselves in space and time to ensure they are
available to mate. Therefore, it is reasonable to assume that in any case the
immature female will mate and afterwards move to compartment F' , or die. Thus
a parameter like 7 +1uy can represents the mean time given by length of the first
gonotrophic cycle of a female, i.e., the interval from immediately after the mating

to the first blood meal.

We assume that all the parameters are constant. In reality, the mosquito popula-
tion varies seasonally. Nevertheless, such a model should be a good approximation
for a definite season.

5.17.1 The model

E Eggs
Mg * Ug
L Larvae
L * 259
P Pupae
(1_V)T]P l
VNp Up
Males M Y Immature Females
' Un p ' Wy
F Mature Females
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E =¢F—(ug+ne)E
L =ngE—(ur+nr+peL)L

P =nyL— (up+np)P

(5.16)
Y =vppP—(B+uwy)Y
F =BY —upF
| M =1 —v)np P — puy M.
If we denote by X a vector of the state space of this systems.
X' = (E,L,P,Y,F,M),
then the systems can be written
X =AX)X,
For (5.16]) the matrix is given by
[~ (1 + 1p) 0 0 0 ¢ 0
nE —(pr+nL+p2 L) 0 0 0 0
0 nL —(pp +np) 0 0 0
A(X) =
0 0 vip —(B+py) 0 0
0 0 0 B — R 0
i 0 0 (I-v)np 0 0 —pn|

The matrix A(X) is a Metzler matrix, this implies that the nonnegative orthant

is positively invariant for ([5.16|).
Actually A(X) depends only of L, so we will denote the matrix A(X) simply by
A(L).
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5.17.2 Analysis of the model

We can define a basic offspring number, using the techniques of Rg, where the
transmission term is given by ¢ F') :

Using (5.16)) shows that

¢ e nr vnp s

pF pE+n0 fp+nn pp+np B+ py

When R oftsp < 1 the only equilibrium is the origin. When Rg osp > 1 a second
positive equilibrium exists X* = (E*, L*, P*,Y*, F*, M*)T.

We can express all the components as positive linear expressions of P*

RO,offsp =

[r =t pr y* =" pr (5.17)
nL B+ py

pre 0 VP pe e = L=0)me p (5.18)
B+py pr UnM

e b voe pe (5.19)

C ug+nE B+ py pr

Finally, replacing in the equation L = 0, we get

pre— M (pr + 1) ( eV oL NP 1)
p2 (P +np) \pr (ue +ne) (pL +nz) (ke +1p)
nL (1L + )
= ————" (Roofisp — 1) > 0. 5.20
Lo (NP + T]P) ( 0,offsp ) ( )
The system is monotone
[—nE — p1E 0 0 0 ¢ 0 ]
NE —NL — M2 — KL 0 0 0 0
_ 0 nL —1Np — lp 0 0 0
Jac = 0 0 vogp  —B—py 0 0
0 0 0 8 —up 0
. 0 0 (1—v)np 0 0 —pm]

Then by proposition (5.8.2) the order interval [0, z*] is positively invariant.
The system is strictly sublinear. Denote by T'(X) = A(X) X, then for 0 < A < 1
and X >0

AT(X)=AAL)L < NAAL)L =T(AX)
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1
Let now A > 1, then by sublinearity 3 T(AX*) < T(X*) = 0. Therefore the order

interval [0, A X*] is positively invariant by proposition ([5.8.2). We conclude that
all the trajectories are forward bounded. Then we can us Vidyasagar’s Theorem
to reduce the system, suppressing the equation for the males.

The Jacobian for the reduced system is now

—NE — E 0 0 0 o
NE —NL — M2 — ML 0 0 0
0 1L —np — Up 0 0
0 0 vip —B—py 0
0 0 0 B —UF

This matrix is clearly irreducible and the system is strongly monotone and strictly
sublinear. We conclude with Hirsch’s Theorem

Theorem 5.17.1

If the basic reproduction ratio R ofsp > 1 then there is an unique positive equilib-
rium X* which is GAS on RS \ {0}.

5.18 A schistosomiasis model

We consider the following model from
Allen, E J and Victory, H D Jr, Modelling and simulation of a schistosomiasis
infection with biological control. Acta Tropica, 2 vol 87, pp 251-267 (2003).

We consider the following system with variables :

e [, infected human by schistosomes

e [, the latent snails

e [, infectious snails releasing cercariae

e [,, infected mammals

e N, the human population

e N, the snail population for transmission for schistosomiasis

e N, a resistant snail population, competitor for the first population

e N,, a mammals population.
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Two subsystem. A demographic model
Ny =A— N,

. N,
Ns =15 N; <1 - FZ )\rsNr‘s>

. N,

Nrs = Trs Nrs (1 - K:Z - )\s Ns)
. N,

Npm = 7m Nn, <1 - KZ)

and a transmission model
I = Bus (Ni — In) Is — W I,

. Ns
E, = (/Bsh Iy, + /Bsm Im) (Ns —Es — Is) - (Ms + a5 + f + Ars Nrs) B

. Ng
Is =as EBs — (,Ufs + ? + >\rs Nrs) Is

r T
Im :Bms (Nm_Im)Is_(/im"i_imNm)Im
L K

It is immediate that the nonnegative orthant is positively invariant. By considering
the population dynamics equations, the compact

A
K= {X € Ri|Nh < EaNs < Ky, Nps < Kips, N, < Km}v

is positively invariant and absorbing. Absorbing means that any trajectory
tends to K when ¢ — 4+o00. Therefore any trajectory is forward bounded.

A

Considering the population dynamics it is clear that N = — and N}, = K,
h

are GAS equilibria. For the equations giving (Ns, V,,) we have a classical Lotka-

Volterra competition model. This is analyzed for example in [48], 9§].

We assume that A\; K; > 1 and \.s K,.s < 1. In this case the positive coexistence
equilibrium exists (N, N;;) and is GAS on the interior of the nonnegative orthant.

We can apply Vidyasagar’s Theorem to obtain a reduced system.
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I = Bns (N} — In)) Iy — i, I
By = (Bon In + Bsim Im) (N — Es — I) — (s + as) By

js =as By — s I

jm = /Bms (N;% - Im) Iy — Ym I,

\

With a variable change, with new variables (I}, ¥s = NJ — Ss, I, I;,), the system

is equivalent to

I = Bus (N} — In) Iy — i, I

25 = *’VSN;(+(ﬁshIh+ﬁsmIm+’Ys) (N:*Es)
(5.21)
I, =aq (ES_IS) — Vs I
L Im :Bms (N;@_Im)Is_VmIm
The jacobian is
[ —Bsn Is — n 0 Bhs (N — 1) 0 ]
Bsh (N,;* _Zs) _(ﬁshIh+6sm Im+75) 0 /Bsm (N§ _Es)
0 —Q _(as +75) 0

L 0 0 /Bms (N;;] - Im) _Bms IS - Tm

The Jacobian is a Metzler matrix. If we look for the graph of this matrix

N*h;tlh | ZSTFN*S
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The system is strongly monotone excepted in some hyperplane defined by 5 =
NZjie., all the snail are infected and/or infectious and by I,, = N/, i.e., all the
mammal are infected. These hyperplanes are not positively invariant and any
trajectory, starting in one of these surfaces, leaves these hyperplanes.

Left as an exercise, we compute Rq for the DFE (0,0, 0,0)

s Ym Bhs Bsh N};k N: + a5 Y Bsm Pus N;—krz N:
Y YmOsYs + ’Yh’ym’)/sz '

It is not difficult to check that the system is strictly sublinear.
We have, denoting by F' the vector field defined by the system (/5.21)

RE =

F(N];kas*’N:’N;z) = (*’YnN];k>*'YsN:7*’Ys N:’*fymN:fL)T <0

Hence by Hirsch’s Theorem if Ry > 1 there exists a unique positive equilibrium
which is GAS on the nonnegative orthant minus the origin. We can also use the
proposition using sublinearity.

5.19 A metapopulation model with a disease

We begin to study the demographic model.

The demographic model is the combination of a demographic process on each
patch with a migration process. We use, for the migration process, the frame-
work developed by Arino and van den Driesschel6l [7]. We consider population
dynamics (deaths or births) within the patches. The population birth rate is anal-
ogous to the function used in [8, [99]. These birth rate encompasses such laws as
Ricker, Beverton-Holt and constant recruitment. Our model can also represent
single-species dynamical system which is composed of several patches connected
by discrete diffusion like in 70, [89].

5.19.1 The demographic model

Recruitment

Following [20], we consider a family of functions B(z). These functions represent
the per capita birth rate.

The dynamics of demography are governed by & = B(z) — ux, where p x is the per
capita death rate. We assume that this family satisfies the following hypotheses.
Each function B is differentiable on R and there exists a continuously differentiable
function B(x) on (0, +00) such that for any = > 0:

e [H1] B(z) = B(z)z
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e [H2] B(xz) >0
e [H3] B/(z) <0
o [H4] p> B(+0)

In [20] a supplementary hypothesis is assumed : [H5] B(0+) > p. This hypothesis
ensures that there is no natural extinction of the population. We will relax this
hypothesis: we will consider the family of functions composed of functions of type
B satisfying the hypothesis [H1] to [H4], to which we also add the zero function.
These assumptions are used to take into account the possibility of the absence
of reproduction in some places and eventually extinction when there is no mobil-
ity. Then the family of functions B is composed of functions such that B(0) = 0,
satisfying hypotheses [H1] to [H4|, together with the constant nonnegative func-
tions. When B(0) = 0, since B is C!, the function B satisfying hypothesis [H1] is
continuous on R, thus B(0) makes sense.

The dynamics, given by @ = B(x) — px, satisfy:
e the half-line R, is positively invariant,
e if B is not the zero function and [H5] is satisfied, then there exists a unique
positive demographic equilibrium z, which is globally asymptotically stable

on B¥ \ {0},

o if [H5] is not satisfied, the origin is globally asymptotically stable.

The considered family includes for instance:

the constant recruitment functions: B(x) = A;

the Ricker type functions [92, 20] B(z) = ae™?%, with a > > 0, 5 > 0;

the Beverton-Holt functions : [92] 20] B(z) = with o > p >0, 8>

0, m > 0;

_a
TESCEE

Deriso-Schnute functions: B(z) = a(1 — y8z)Y7, with a > p > 0, 3 >
0, v>0.
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The migration process

Arino-van den Driessche migration model

We consider n patches. This model does not keep track of where an individual
usually resides, but just considers where he is at time ¢. The transfer rate from
patch i to patch j, for 7 # j, is denoted by mj; > 0. The total host population in
patch ¢ is denoted by ;. The per capita birth rate is given by B;(N;) NV;, the per
capita death rate by u; N;. Hence, for i = 1,--- ,n, the dynamics is given by

n n
Ni = Bl(NZ) Ni — Wy NZ' + Z mij Nj - Ni Z myji.
j=1j#i j=13#i

This system can be written in a condensed form
N = diag(B(N)) —diag() N + M N = diag(B(N)) N —diag() N +M N. (5.22)

Where N is the column vector (Ny,--- ,Nn)T, the superscript T' denoting trans-
pose, the matrix diag(B(/N) denotes the diagonal matrix whose diagonal elements
are given by the vector

B(N) = (Bl(N1)7‘ e 7Bn(Nn))T>

and diag(u) denotes the diagonal matrix whose diagonal elements are given by the

= (g, )"

the matrix M is defined by M (4, j) = m; ; for ¢ # j and

n
M(Z,Z) = — Z mji y
j=1j#i
We also define, for further reference the matrix diag(B(N)).
As we have already seen the matrix M is a Metzler matrix.
Let 1 be the vector of R” : 1 = (1,---,1)7. Each column sum of the matrix M is

zero. This can be written
1" M =o0.

Takeuchi diffusion model
According to [70] we have the model

Ni =Bi(Ni) Ni — i Ni + > myj (Nj — Ny).
=T
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m;; here is a nonnegative diffusion coefficient for the species from j-th patch to
i-th patch. It is supposed in this model that the net exchange from the j-th patch
to the i-th patch is proportional to the difference (IV; — N;) of population densities
in each patch.

In the same vein we define by M (i, j) = m; ; for i # j and

n
M(l,l) = — Z mij y
j=1j#i
again M is Mezler matrix, but with the difference M .1 = 0.
The model is also represented by system ([5.22)).

Stability Analysis

Theorem 5.19.1
On the nonnegative orthant, we consider the system . We further assume

that the matrix M s irreducible.
If either

e B(0) = 0 and there is at least one function B;(x)x which is not zero and
moreover if the stability modulus satisfies s (diag(B(O)) — diag(p) + M) > 0;

e or B(0) > 0.

Then there exists an equilibrium N > 0 which is globally asymptotically stable on
the nonnegative orthant, except the origin.

Else B(0) = 0 and s (diag(B(0)) — diag(p) + M) < 0. Then the origin is globally
asymptotically stable, i.e., the population goes to extinction in all patches.

Proof
We use Hirsch’s Theorem (|5.10.1]).

First of all, the nonnegative orthant is positively invariant thanks to the assump-
tions on the matrix M and the functions B;.

We will show that there exists a positively invariant absorbing compact set for

system ([5.22]):

Let I be the set of index ¢ for which the function B;(x) z is different from the null
function, and let J be the set of the other indexes. One of these set can be empty.

n
Let H be the map defined by H = Z N;. We have

=1

H= Z (Bi(Ni) Ni — p1; Ni) + Z (—n5 N;)

iel jeJ
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For each index i € I, there exists N; > 0 such that Bz(]\?z) < p;. Let us 'deﬁne
N* = max (NV;). Since B; is decreasing, we have B;(N*) < p;. Thus, H < 0
(2

for N > N*1 and H < 0 for N > N*1. This shows that the set [0, N*1] is a
positively invariant absorbing compact set. As a consequence all the trajectories
of system ([5.22) are forward bounded.

We claim that system ([5.22)) is cooperative and strongly monotone.
We set F(N) = diag(B(N)) N —diag(u) N+ M N, i.e., the vector field associated
to system (p.22)). The derivative is given by

DF(N) = diag(B(N)) + diag(B'(N)) diag(N) — diag(p) + M

The matrix M being Metzler it follows immediately that DF'(NN) is Metzler, which
proves that system ([5.6)) is monotone. Moreover since M is irreducible, system ([5.6|)
is strongly monotone.

Using hypothesis [H3] and the fact that there is at least one index i such that
Bi(N) > 0, we have for N > 0,
F(N)— DF(N)N = —diag(B'(N)) diag(N) N > 0.

This proves the strict sublinearity of F' by proposition ([5.9.2)).

If B(0) = 0, then the origin is unstable since we have assumed in this case that
s (diag(B(0)) — diag(p) + M) > 0. Otherwise B(0) > 0 and in this case the origin
is not an equilibrium. Therefore, when the hypothesis (i) (respectively (ii)) of
Theorem is satisfied we have checked that system satisfies all the
conditions of Theorem , and hence, there exists an equilibrium N >> 0,
which is globally asymptotically stable on R’} \ {0}.

To ends the proof of Theorem [5.19.1] it remains to consider the last case:
B(0) = 0 and s(diag(B(O)) — diag(u) + M) <0.

Since the matrix diag(B(0)) — diag(u) + M is an irreducible Metzler matrix, there
exists v > 0 such that

vT (diag(B(0)) — diag(u) + M) = s(diag(B(O)) — diag(y) + M) v (5.23)

We define the Lyapunov function on R by V(N) = vZ' N. The derivative V along
the trajectories of system (|5.6) is

V=vl (diag(B(N)) — diag(u) + M) N.
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Since, by assumptions on the birth rate functions, B is decreasing and thanks to

, we have
V=vT (diag(B(N)) — diag(B(O))) N + s(diag(B(O)) — diag(p) + M) vI'N <o.

We consider the largest invariant set contained in V = 0. This set is contained
in the set {N|N; = 0 i € I}. Recall that I is the set of index ¢ for which the
function B;(x) is different from the null function. If I is empty then F is simply a
linear stable vector field. Otherwise by irreducibility of M, the largest invariant set
contained in V = 0 is reduced to the origin. This proves, by Lasalle’s invariance
principle the global asymptotic stability of the origin.

5.19.2 SIS disease

In this section we will study the stability of a metapopulation SIS model with a
generalized law of contact.

The SIS model

Following [91] we consider the infection law given by C(N) S+, where N is the
size of population, S and I respectively the number of susceptible and infectious
individuals. N =S5+ 1.
. CN
Diekman and Kretzschmar [27] suggest C'(N) = TranN’ Anderson [3] propose
o'
K1 N

1+ ks N+VI+2k N’
We denote by I;, IV; respectively the number of infectious individuals and the total

population in patch ¢. Taking into account the fact that N; = S; + I;, the epidemic
equation in patch ¢ is given by

C(N) = ¢ N*, Hesterbeek and Metz [38] use

IZZCZ(NZ> (Ni_Ii)ﬁ_ﬂiIi+ Z mijlj—Ii Z Mjs -
! J=1j#i j=1 j#i

Using the same convention as in Section [5.19.1| we can write

N = diag(B(N))N — diag(p) N + M N, o)
5.24
I = diag(C(N)) diag(N)~! diag(N — I) I — diag(p) I + M I.
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Where [ is the column vector (I, --- ,I,)? and diag(C(N)) denotes the diagonal
matrix whose diagonal elements are given by the vector

C(N) = (C1(N1), -+, Cu(Na)) .

This system evolves on the closed positively invariant subset of R?” given by R7 x
{I|0<I<N}.

Reduction of the model

System (b.24]) is a triangular system, hence we can apply Vidyasagar’s Theorem
(13.6.1)).

We have seen that when s (diag(B(0)) — diag(p) + M) > 0, all the solutions of
are forward bounded and system has a positive equilibrium, say N > 0,
which is globally asymptotically stable on R’} \ {0}. The solutions of (5.24]) are
forward bounded since they satisfy I(t) < N(¢) for all ¢ > 0. Therefore, thanks to
Vidyasagar’s Theorem , the stability analysis of system is reduced to
the stability analysis of the following system

I = diag(C(N)) diag(N) ! diag(N — I) I — diag(u) I + M I. (5.25)

Computation of R

In this section we will give an analytic expression for the basic reproduction ratio
Ro.

Proposition_5.19.1
The state (N,0) is a disease-free equilibrium (DFE) of and

Ro = p (—(M — diag(p))~" diag(C(N))) .

Proof.

The Jacobian computed at the DFE, is J((N,0)) = F +V where F = diag(C(N))
comes from infection and V' = M — diag(u) is the part coming from other trans-
fer. Since M is an irreducible Metzler matrix, with s(M) = 0, M — diag(u) is a
nonsingular irreducible Metzler matrix. Hence —(M — diag(x))~! > 0 and thus

Ro=p(—F V1) = p(=(M — diag(n))~" diag(C(N))) .
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5.19.3 Existence and stability of equilibria

We can now state the stability result.

Theorem 5.19.2 :
We consider the system

N = diag(B(N)) N — diag(u) N + M N,
I = diag(C(N)) diag(N)~" diag(N — I) I — diag(u) I + M I

defined on Q =R’} x {I|0< I < N}, with s(diag(B(0)) — diag(p) + M) > 0 and
M irreducible.
If Ry < 1, then the disease free equilibrium is globally asymptotically stable (GAS).

If Ry > 1, ther_L there erists a unique endemic equilibrium (N,I) > 0, which is
GAS on Q\ {(N,0)}.

Proof
We consider the vector field X of the reduced system ([5.25)), on the positively
invariant set {0 < I < N}.

X(I) = diag(C(N)) diag(N) ™! diag(N — I) I — diag(u) I + M I.
Since
DX (I) = diag(C(N)) diag(N) "' diag(N — 2I) — diag(u) + M,

and since for I > 0 we have X(I) — DX (I) I = diag(I) I > 0, the vector field is
cooperative, irreducible and strongly sublinear. Hypothesis Rg < 1 implies that
the origin is asymptotically stable. Hence by Theorem the origin is globally
asymptotically stable. Hypothesis Rg > 1 implies that the origin is unstable. This
proves, using again Theorem that there exists a unique equilibrium I > 0
which is globally asymptotically stable.

It remains to consider the case Ryp = 1. This implies s(DX(0)) = 0 and since
DX (0) is an irreducible Metzler matrix there exists a positive vector v such that
v’ [diag(C(N)) — diag(p) + M] =0

- Weuseon {0<1I< N} the Lyapunov function V(I) = vI' I. The derivative
V along the trajectories is
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vV =v" [diag(C(N)) — diag(p) + M — diag(C(N)) diag(N) " diag(I)] I

= —vT diag(C(N)) diag(N) ! diag(I) I

V is definite negative. This proves the global asymptotic stability of the origin.
|

5.20 Notes

To quote H. Thieme

The theory of (quasi-)positive matrices (i.e., Metzler) and of the as-
soctated dynamical system, as rarely as it is taught in standard lin-
ear algebra or ordinary differential equations courses, is a immensely
powerful tool in population models with some kind of structures ... H.
Thieme pp 418 [92]

The Perron-Frobenius theorem appears everywhere in applied mathematics: in
solutions using iterative methods linear systems [96], in finite Markov chain the-
ory [83], input-output analysis in economics, Lotka-Volterra models [90], Google’s
page rank algorithm, in demographics (Leslie Models) and even in the ranking of
American Football teams [56] . ..

It is an important theorem and also a little forgotten in the academic courses.
The theory of monotonic systems, seen from the angle of dynamical systems, was
introduced by Hirsch in a series of papers in the 1980s [43, 45, [46, [47]. In fact they
were called cooperative systems. The two terms still coexist. The book "theory
of the chemostat” [84] gives some applications of monotonous systems. We have
included this theory in this course, because on one hand there are applications in
epidemiology and on the other hand there is no elementary references as remarked
by H. Thieme.



Chapter 6

Models with continuous delays

6.1 Introduction

Dynamic models of many processes in mathematical epidemiology give systems of
ordinary differential equations called compartmental systems. Often, these systems
include time lags; in this context, continuous probability density functions (pdfs)
of lags are far more important than discrete lags.

Consider the already seen example of an intra-host model

T =AN—pxz—fBzxv

y =pBrv—pyv (6.1)
m =rpyy—pem—pFgrv

variables :

e 2 Concentration of target cells, namely CD* T-cells
e y Concentration of cells invade by virions (HIV)

e m Concentration for free circulating virions

This a classical Model : Perelson (1993), Nowak (1996), May-Anderson-Gupta
(1989). In [76] is said fundamental model of immunology.

The binding of a parasite particle to a receptor on a target cell initiates a cascade of
events that can ultimately lead to the target cell becoming productively infected,
i.e. producing new parasite.

However, in reality there is a time delay between initial viral entry into a cell
and subsequent viral production Fixed delays (of which a zero delay is a special
case) are not biologically realistic.

173
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For example conversion of a newly infected cell into a productively infected cell is a
multi-step process that requires viral entry into the host cell, reverse transcription
of viral RNA into DNA, transport of the newly made DNA into the nucleus,
integration of the viral DNA into the chromosome, production of viral RNA and
protein, and the creation of new virus from these newly synthesized RNA molecules
and proteins.

Even in a homogeneous population of target cells, it is unreasonable to expect that
the time to complete all of these processes will be the same for every infected cell.
If we consider biologically realistic differences in cell activation state, metabolism,
position of the cell in the cell cycle, pre-existing stores of nucleotides and other
precursors needed for the production of new virions, along with generic variation
in the viral population, variation in infection delay times becomes a near certainty.
To incorporate a delay, we consider the following modified model

(& =A—pyx—Bav

y =48 /000 g(r)x(t—1)v(t —7)dT — pyy (6.2)

(M =rpyy—pev—Brv

This is an integrodiff 7rential equation. The function ¢(t) is the probability
that a individual infected is infectious ¢ unit of time later. This is a probability
density function (pdf). A pdf g satisfies

° g(t) =0
+oo
./ g(t)dt =1

e F(t)=Prob[ X <t]= / g(s)ds.

—00
A very useful pdf is the Erlang distribution

t
tle o

Ino = m (6.3)

The characteristics are : mean no, deviation no?

, maximum (n — 1)o ; This
function is also defined with the parameter kK = —. The parameter n is called the
o

shape parameter and o the rate parameter.



6.2. SOME HISTORICAL BACKGROUND 175

This gamma distribution can reproduce a variety of biological delay distributions
and is amenable enough to allow for analytical solutions.

It is a ‘tunable’ distribution that can mimic both exponential declines and
more general bell-shaped distributions

This distribution was developed by Agner Krarup Erlang to model the number of
simultaneous phone calls. The Erlang distribution can be used to model the time
to complete n operations in series, where each operation requires an exponential
period of time to complete. In a Poisson process the sum of n inter-arrival times
has an FErlang distribution with parameters n and . We will show that the
Erlang distribution is the distribution of the sum of k independent and identically
distributed random variables each having an exponential distribution..

6.2 Some historical background

When g is a gamma function or a convex combination of gamma distributions the
system can be converted into a system of differential equations. This have
been used in [74]. The process of converting time-delay integro-differential equa-
tions in a set of ODE is coined by MacDonald as the “linear chain trick” [73]. In
other community this is also known as the method of stages [22] [36} [67, [66, 68].
Any distribution can be approximated by a combination of stages in series and in
parallel [52), 22]. Actually it can be proved that given any distribution g with sup-
port on [0, 00), there is a sequence of convex combination of gamma distributions
which converges weakly to this distribution. If g is continuous, weak convergence
implies uniform convergence on compact intervals. Least squares approximation
on a finite interval is used in [54].

In the introduction of his well known monograph on lags [73], MacDonald points
out that early in this century, differential equations with lags had been interpreted
as equations for systems for which there were hidden state variables.

That idea goes back to Picard who introduced the idea of hidden variables to
explain non-conservative systems and then suggested that hereditary effects appear
because too few state variables were taken into account

Vogel developed the idea of hidden variables in considerable detail in his mono-
graph in the context of the reduction of hereditary systems to dynamical systems.
The use of a catenary chain of compartments with one-way flow to generate a dis-
tribution of lags is well known. Gy7ri gives two references in the Russian literature
on this chain method and MacDonald used it extensively in his monograph, calling
it the Olinear chain trickO, and pointing to it as an example of hidden variables.
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6.3 The Linear Chain Trick

Suppose that the material leaving a compartment j has a pdf of delay h;;(7)
before entering the compartment i. At time ¢ a fraction h;;(t — 7) dr will enter
compartment i during the interval [r,¢ + d7| for 7 < t. Then the total material
coming from j at time ¢ is

fij / q; (1) hij(t — 7) dr

—00

To fix the idea consider the following SIR model, where to be infectious has a
delay, modeled by a pdf.

. +oo
$ :A—ﬁs(t)/o FE) It = 7)dr — pS(D)

- +OO
i —BSw) /0 () It = 7)dr — (s +7) I(2)

When the pdf is an Erlang function or a convex linear combination of Erlang
functions this system is equivalent to a system of ODE [21] [31].

Consider the following input-ouput linear system, which a catenary compartmental
System

lo_|_

b
] > 2 > n n n) n

Figure 6.1: Catenary system

The system of ODE is given by
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( i‘l = u-— %azl
s 1
By = (w1 — 1)
s 1
Tn = g(fUn—l - 1'71)
utput =y = h(@) = L an = = (eala)
© g

1
If we denote by e; the canonical basis of R}, let define C' = — el'. B = e and
o
-1 0 0 0]
1 -1 0 0
a-tlo 1 -1 0
o .
| 0 0 1 —1]
Then the linear system is now
 =Ax+ Bu
y =Cx

The output is given, for o = 0, by

t +o0
y(t) = / Celt=9Ap u(s)ds = / Celt=9Ap Y(t—s)u(s)ds
0 0

where Y (t) is the Heaviside function

We recall the convolution of functions :

Definition 6.3.1

If f and g are two locally integrable functions, their convolution, denoted by f x g,
is defined by

fw@=4fWﬂM@%zéf@W—$%
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Then the output y(t) is simply

y(t) = [CeBY ()] x u(?),
and a delay with pdf h(7)

/ 4i(7) hij (t — ) dr = /R 43 (7) hig(t — 7)Y (t = ) dr = [hi; ¥ % 5] (1)

—00
We will now compute Cet4 B for the catenary system. First of all we remark that
1
A= — (=I, + N). The matrix N is a well known nilpotent matrix with 1 on the
o

first sub-diagonal, N? is the matrix with 1 on the p sub-diagonal. Therefore N™~!
is simply the matrix with only 1 in the (n,1) entry and N™ = 0.
The second remark is

1 1
Ce'B = = (ey|et e1) = = et?(n, 1)
o o

Using the fact that N and I,, are commuting

t
L ia s m!
—e(n,l)=e 0

= —Dlon 9

Finally

Y(t) = gn.o () * u(t)
This means that introducing such a catenary chain of compartments between two
compartments generates a continuous distribution of delays with density function

(6:3)-

If one introduces a unit impulse, i.e., a Dirac function ¢, into the first compartment
of the catenary chain at t = 0, the density function for time of exit is exactly the
Erlang function. We will precise this now.

We consider a linear control system

t =Azxz+Bu

y =Cx

Definition 6.3.2 (Impulse response) :
The matrix

h(t) = C e B,
is called the impulse response of the linear system



6.4. GENERALIZED LINEAR CHAIN TRICK 179

Proposition 6.3.1 :
The impulse response is the output of a linear control system for a nul initial
condition, to a Dirac input.

Proof Consider the following sequences of functions

fu)y=n if0<t<l
fn(t) =0 otherwise

These functions are called unit pulse ( [ fn(s)ds =1)
If we use f, as an input we obtain

Therefore

The limit of y, is Ce!4B.
This result is obtained immediately with the language of distributions, since ¢ is
a unit for the convolution.

The limit of f,, in distributions sens is the Dirac function ¢. It can be shown that,
for o fixed, the sequence of Erlang function (6.3]) converges to the Dirac function
when n — +oo.

6.4 Generalized linear chain trick

We will show how to generates a convex combination of Erlang functions.

We consider a dynamic system where a peculiar one dimensional feedback u(x)
has been distinguished. For example the xv term appearing in the second equation
of the system .

i = fla,u(x)) (6.5)

The function f is an application from R™ x R into R. The function u is defined
from R™ to R. The functions f and u are supposed to satisfy conditions which
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ensure that for any initial state x(0) = z the system (/6.5)) has a unique solution.
Usually a system & = f(z,u) is called a controlled system.

- x = f(x,u) D

Figure 6.2: Control system

When the function w depends only of time t it is called a control or an input.
When u depends on z(t) it is called a feedback.

- o x = f(x,u) «

X u(x)

Y

Figure 6.3: Feedback

Let us consider the following controlled linear system ( in control theory’s sense
[87, 171]).

z=Cux (6.6)

{ y=Ay+wB
Where the state is y € R* | A is a k x k real matrix, w is a real function, B a
k x 1 column vector , z € R and C' is a 1 X k row vector. In control theory w is
the input (or control), z is the output (or observation ). We denote by Y'(¢) the
Heaviside function, this function is also known in control theory as the unit step
function. For an initial state y(0) = yo , and for a control signal h(t), the output
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signal of (5.9) is given by ( see for example [63])

t
2(t) =Cetyy+ / Ce*"MAB(r)dr (6.7)

0

t
~Cethyy 4 / Cet="A B (1) Y () dr (6.8)
+o0
=Cety+ / Ce™ Bh(t—7)dr (6.9)
0

= Ceyy+ Ce*BY xh (6.10)

The output is obtained by a convolution integral, where by misuse of language
we have denoted by Ce!4ABY (t) the impulse response, i.e., the function t —
CeABY(t). This function is called the impulse response of the system. The
reason is that this is the response of the system when the input is the Dirac
function considered as a distribution ( L. Schwartz’s generalized functions, [80] ).
The output is obtained by convolution of the impulse response with the input. By
the classical theory of ODE, Ce!4B is then a linear combination of function of
type tF eM, tF eM cos(wt) and t* e sin(wt) for k € N, A € R and w € R.

We assume that the kernel function (or the probability density function) h of a
certain delay can be represented by h(t) = Ce!ABY (). The presence of Y (t) is to
ensure that the time delay is always positive. Moreover since h(t) is a distribution
the matrix A must be a stable matrix. We can assume, without loss of generality
that B and C are nonnegative vectors and that the off-diagonal entries of A are
nonnegative (which implies ' is nonnegative). In other words A is a Metzler
stable matrix [53] [71].

The system , when there is a distributed delay ( associated to the preceding
h ) on the feedback, becomes an integro-differential equation.

i = f(x, /OOO w(z(t — 7)) h(r) dr)

(6.11)
t
—fGa. [ ulalr)) At~ 7)ar
We consider an initial condition
u(z(t) =0(t) for t <0 (6.12)

where 6 is a continuous function defined on ) — oo, 0].
Now we define

0
y(t) = / A Bu(a(r)) dr
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and
0

0
yo =y(0) = / -4 B u(z(r)) dr = / =74 B O(r)dr

—0 —00

We have the relation

¢ t
/ w(z(t — 7)) h(r)dr = / C =4 Bu(a(r)) dr = z(t) = Cy(t)
Then for any initial state z(0) = z¢ and an initial condition u(t) = 6(¢) on R_,
the integro-differential equation (6.11]) is equivalent to

{ &= f(z,Cy)

y=Ay+u(zr)B (6.13)

with initial condition x(0) = z¢ y(0) = yo. More precisely any solution of
becomes a solution of (see [13] for example).

The general linear chain trick can replace system with delays with a pdf which is
linear combination of gamma functions, by a system of ODE. Realization theory
is a part of linear control theory which gives explicit means of constructing such
a matrix A when the distribution is known. The delay is obtained in inserting
between the feedback and the original system a linear system.

- x = f(x,u) <

X u(x) §’=Ay+w b

z=Cy

Figure 6.4: Linear chain trick

6.5 Application

When the distribution ¢ is a convex combination of Erlang distribution

q
g = Z T Gk; 04
=1
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with m; > 0 and > m; = 1, and the corresponding delay is applied to the general
class of within-host parasite models , the system can be replaced by the with
the following flow graph , analogous to figure 9 of [54] represent the block
diagram for the interconnection of the different systems :

output

B x|v

X=0(x)-B x v ] |
V=w-l V-upxv . 034 o
[ ] [ ]
[ ] [ ]
mpyt w l l
ykl,l ykq,q
ockl»f Ykl 00 Yy

Figure 6.5: Block diagram of system (|6.14)

We draw reader’s attention to the fact that this block diagram is not strictly
speaking a compartmental model, since this is not a mass-balance system. From a
pseudo-compartment j is globally leaving a quantity «;y; of material, and entering
Vj—1Yj—1. This vj_1y;—1 quantity entering in the j compartment has not to be
subtracted to the amount of material of the 7 — 1 compartment. The coefficients
7j can be considered as yield coefficients. We only assume that the coefficients are
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positive. The arrows are only to symbolize what material is entering (or leaving).
This picture is more a signal flow graph in control theory’s spirit.
From the flow graph the system of ODE is simply

(&= p(x) - Bav
and for 1 =1,---¢q

Y =T Brv— 1Y
(6.14)
Y20 = V14 Yl — 2,3 Y2.i

Yhii = Vhi1,i Yki 10 — Oy i Yk i

U= Z?:l fyki,i yk‘i,i — Uy U — Uﬂx'l)
The system ([6.14]) can be written in a condensed form.

=) - PBrv
y=Ay+pBrvB (6.15)
vV=Cy—pyv—ufzxv

6.5.1 Notations

To simplify the exposition we need some notations. We will adopt some conve-
nient notations from MATLAB or SCILAB. Matrices will be represented by entries
between brackets, listed by rows, each element is separated by commas and the
semicolon indicates end of the rows.

We denote by ey (n) the k"-vector of the canonical basis of R™. In other words
for example the vector ej(n) is the column vector of length n written with our
notations ej(n) = [1;0;--- ;0]. We will use the notation e.,4(n) for the last vector
of the canonical basis. We use the same convention to define block matrices, for
example M = [E, F'; G, H| is the block matrix

E F
v-lo al

provided the matrices E,F,G and H have compatible dimensions. We denote
by AT the transpose of the matrix A. For a vector z of length n we denote by
diag(z) the n x n diagonal matrix with the elements of z on the diagonal. We
also consider diag(Aj,---, A,) which is a diagonal block matrix, the A; being the
diagonal blocks.
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We can now define A, B and C of (6.15):
The matrix A is a n x n diagonal block matrix with n =
diag(Aq,---,Ay). The k; x k; block A; is

—0 0 0 0 0
Vi @ —O24 0 0 0
Ai _ 0 ’?/277j —Q3; 0 0
0 0 Y24 —Ok 0
L O 0 0 Ye—1i —Okil
The vector B is the column vector of length n
B = [mei(ki1);maer(ka);... ;mger(ky)]

The matrix C is a 1 X n row vector

C = h/kl,l eend(kl)Ta Vko,2 eend(kQ)Ta s a’)/kq,q eend(kq)T]

The block decompositions of A, B and C' are compatible.

6.5.2

We start to analyze the system with minimal hypothesis on ¢ but nevertheless
plausible from the biological point of view. The function ¢(z) describes the pop-
ulation dynamics of target cells in absence of parasites. The target cells have a
finite lifetime. The function ¢ models in some way homeostasis. We assume that
¢ is a C! function. Since homeostasis is maintained we assume the system

Hypotheses

& = ¢(x)
has a globally asymptotically stable equilibrium z* > 0, that is,

(") =0 p(x)>0 for0<z<z*, and ¢(x) <0 forz > x™. (6.16)

6.6 Stability analysis for the one chain system

To simplify we will examine the system given by a single chain of k elements. We
will use the computations of this special case to study the complete system (6.14]).
In the case of a single chain the system is reduced to

& =p(x)—Brv
y=Ay+pzvB
V=Cy—ppyv—ufxv

(6.17)
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with
[—ay 0 0 0 ]
1 —az 0 0
A= 0 Y2 —Q3 0
| 0 0 M—1 —og

C =Y eena(k)T and B = e, (k)

It is clear that the nonnegative orthant is positively invariant by (6.17). The matrix
A is a stable Metzler matrix.

6.6.1 Background

For later references we need the expression of the nonnegative matrix (—A~1) (4
is Metzler stable ). Using the fact that A = —D + N where D is the diagonal
matrix D = diag(ai, -+ ,ag), N is the nilpotent matrix N = A + D. We denote
by I the identity matrix, we have (—A)™! = D=}(I — ND~1)~!. Using the fact
that ND~! is nilpotent we get

(I_ND71>71:I_i_NDfl_i_(NDfl)Q_i__”_i_(NDfl)kfl

Finally
-1 _
o 0 0 0
Y1 1 -
a1 a9 a9 0 0
_A_l — Y12 Y2 1 0
@1 as as a2 asg as
e Vk—1 1
L 1O A —-10L o

The matrix —A~! is a lower triangular matrix, the i-term on the diagonal is given
by L, the entry (i,j) with i > j is

T |
ANy = e 1
( )(@, ) ot o (6.18)

If we use the usual convention that an empty product has value 1, this expression
is also valid for the entries on the diagonal.
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6.6.2 Basic reproduction ratio and Equilibria of the system

As usual the basic reproduction number is the expected number of secondary cases
produced in a completely susceptible population, by a typical infected individual
during its entire period of infectiousness [41], [94] 25 26]. From the structure of the
system the computation of Ry is straightforward. Indeed one parasite during the
mean duration of its life generates a Dirac input % in the second controlled
system ¢y = Ay + w B. Hence this input generates secondary cases given by the
formula

* “+o00 *
B:C/ C’etABdt:LC(—Afl)B
Mo +u B fo +u B
This proves
L 1
Ro=———F>—C(-A"")B 6.19
0= O =AY (6.19)

With our definition we have C(—A~1)B = v ecna(k)T (—A~1)e1 (k) which is simply
the entry of the last row , first column of —A~! multiplied by ~;. Finally
* ...
Ry= DT (6.20)
o +uBx* ar---ap
We also define a threshold 7y by

8 [71"% 714 7
an oy
Mo

We call Ty a threshold since Ty < 1 is equivalent to Rg < 1.

The system has two nonnegative equilibria. The first, called the parasite free
equilibrium, is (z*,0---,0). The second is called the endemic equilibrium and is
denoted by (z,y,v).

We have necessarily § = 82 0(—A~

To = (6.21)

ey and

If v # 0 we deduce

o x
B mely(=A e —u]  To

With this expression we get v = %. Hence, with the hypothesis (6.16)), = and

v are positive iff 7o > 1 or equivalently iff Rg > 1. Now § = ¢(Z)(—A" " )e1. In
other words  is the first column of (—A~1) multiplied by ¢(Z). The first column of
(—A~1) is a positive vector, hence v is in the positive orthant, classically denoted
by v > 0.
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To summarize the endemic equilibrium is in the positive orthant iff Ry > 1 and it
is given by

7= ¢(7) (—4) e (6.22)
7= 2@

R|‘

6.6.3 Stability analysis

We give the main result of the section

Theorem 6.6.1 We consider the system with the hypothesis on ¢
satisfied. The basic reproduction ratio of the system is given by .

1. The system is globally asymptotically stable on Rl_er at the parasite
free equilibrium (PFE) (x*,0,---,0) if and only if Ro < 1.

2. If Rg > 1 then the PFFE is unstable and there exists a unique endemic equi-
librium (EE) in the positive orthant, (Z,y,v) > 0 given by

8. If Ro > 1, denoting o = —max,¢[o .+ (¢'() ), and if

ufo(z) < a (6.23)

then the endemic equilibrium is globally asymptotically stable on the nonneg-
ative orthant, excepted for initial conditions on the x-axis.

Remark 6.6.1 If ¢ increases on some part of its domain, the relation 18
never satisfied. In this happens, it may lead to limit cycle for this model as in [23].

Remark 6.6.2 When u = 0 and p(x) = A — u, x the sufficient condition is auto-
matically satisfied. This is the case of numerous models of the literature. See for
example the general model (1) of [75] or the model in [67].

Proof. We need some dissipativity properties of system . In a first step
we show that there exists in the nonnegative orthant R’fr a forward invariant
compact absorbing neighborhood € of the PFE (z*,0,---,0). An absorbing set
D is a neighborhood of the PFE such that the trajectory of the system starting
from any initial condition enters and remains in D for a sufficiently large time 7.
The entrance time depends on the initial condition. If the initial conditions are
contained in a compact set F' then there exits a uniform 7" for F. A system is point
dissipative if there exists a compact absorbing set. The above definition coincides
with dissipativity given by [19].
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Let € > 0 be a given nonnegative real. With the hypothesis on ¢ there
exists a time 7" such that, for any initial condition in the nonnegative orthant and
for t > T we have z(t) < 2* +¢. Let M, be the maximum of the function p(x) on
R, . Let A a positive real such that oy A > M, +«.

We claim that the set D, defined by

Da:{(a:,y,v)eR’f“z | e <az*+e, z+y1 <A+az*+¢e, andfori=2---k
<ML (A ¥ fe), v < k(A 4 op* 4 ke) }

Yi = “agmag Q- fhy

is a forward invariant compact absorbing set for the system for ¢ > 0, and that
the set Dy (¢ = 0) is a forward invariant compact set.

The set D, is the intersection of halfspaces defined by some hyperplanes. To
prove the positive invariance of a set, it is sufficient to prove that the vector field
associated to the system is tangent or pointing to the set on the boundary of
this set. See Theorem . This is immediate for the faces of the nonnegative
orthant and for the halfspace defined by D.; = {(z,y,v) | < 2* +¢}. From
the properties of ¢ this set is also clearly absorbing. We define D, 2 = {(x,y,v) €
Doy | x+y1 < A+ 2"+ 2e}. We have just to look at the boundary of D 2
contained in D, ;. On this part of the boundary we have y; > A. Then on this
boundary we have @ + 11 < M, — a1 y1 < €. The vector is re-entrant, hence D; >
is positively invariant. The inequality @ + 71 < e proves that D, 2 is absorbing in
D. 1. A finite induction process, with similar arguments, ends the proof for D;.

In a second step we will prove that, if Ry < 1, the PFE is globally asymp-
totically stable on the compact forward invariant set Dy. It is well known that if
Ro > 1 then the PFE is unstable [26, [94] . Thus the condition R < 1 is necessary.

To prove the sufficiency we consider the following Liapunov function on the
positive orthant.

Vere(y,v) =b y+v (6.24)

where the column vector b = [by;be;- - ;b] is the transpose of the last row of
—A~! multiplied by ;. In other words b = vy (—A™7T) ecpa.

We also define for further reference a = by — u. If we use (6.22)) we obtain for
the parameter a the equivalent relation

a:bl—u:gv_:[

ne |
IRRILTI
x

6.25
(6.25
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If we compute the derivative of Vpprg along the trajectories of (6.15) we get

Vere =bT g+

=ypel ((—ATYAy+ el (AT Brves +0
—VeYk +Bxvbl + Ve yp — o v —uf v
=v[(b1 —u)Bz — ] = v[afz — ]
= U[% _:uv]
— gy
=p [%—u} (r—Z)v

If Ry <1, or equivalently 7y < 1, we distinguish two cases :

1. On one hand if (225 — u) < 0 then # < 0 and all the other quantities are

nonnegative in the expression of V. Therefore V < 0.

2. On the other hand if (22 —u) > 0, then from Ty < 1 and since we are in

Do we deduce 0 < z < z* < 7 it follows that VvV <0.

In both cases V < 0. It is easy to see that the maximum invariant set in {(x,y,v) €
Do | V= 0} is reduced to the PFE. Therefore the global asymptotic stability of
the PFE on the compact positively invariant set Dy follows from ([15], Theorem
3.7.11, page 346). Now, We will prove the global asymptotic stability on the
orthant R’i”. It is sufficient to prove that any forward trajectory converges to
the PFE. Since Dy (i.e D, for ¢ = 1) is a forward compact absorbing set any
trajectory enters D;. If a trajectory enters the interior of Dy we have already proved
that it converges toward the PFE. Now assume that a trajectory, in D; stays in
Dy N{z* <z < z*+ 1}. Consider the Liapunov function W (z) = 3(z — 2*)? on
this trajectory. By the hypothesis on ¢ and the hypothesis on the trajectory
we have W = (z —2*)¢(x) — (z —2*) Bz v < 0 on any point of the trajectory in D,
By LaSalle’s principle it follows from W < 0 that the PFE is the largest invariant
set contained in {z € Dy,z* < x < x*+1 | W = 0}. This ends the proof of the
GAS of the PFE.

Now we assume that Ry > 1. The equilibria (Z, g, v) of the system, different
from the PFE, is given by is in the positive orthant since Rg > 1.

We will now prove a sufficient condition for the GAS of the EE. To this end
we define the following Liapunov function on the positive orthant.

k
Veg(z,y,v) =a(x — Zlnzx) + Z bi (yi —yilny;) + (v—10v lnw) (6.26)
i=1

where the column vector b and the coefficient a have been previously defined by
the relation (6.25)). Since Rg > 1 we deduce a > 0, hence the coefficients of Vgg
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are positive. In this case this function has a unique minimum, the EE, in the
positive orthant.

This function has a linear part Lpg(z,y,v) = az+ Zle b; y; + v. This linear
part can be expressed as

Lee(z,y,v) = af‘+bT?J+U =ax + Yk €end (—A_l)y-i-v

If we compute the derivative Lgg of Lpg along the trajectories of 1 , consid-
ering the definition of b and the relation a + v = by, we get

Lep(z,y,v) =ai -+ eend (A7) g+ 0
= a33+’Yk €end (_A_I)Ay+ﬁxveend (_A_I)B+U
:a’j}_Vkeendy‘i‘ﬁxveend(_Ail)el+’[)
=ap(x) —afrv — Y yr + b1 Bxv + Ve yp — v —uf v
:a@(x)_ﬂvv

If we collect in Vgg the terms in v we obtain (aBZ — py)v. From (6.25) the terms
in v cancel . With these simplifications we can now express Vgg

Ver =ap(@)(1-2) = b B = Yy by Bt

k -
_ v ~ ~
+ E bioi Ui — Yy — + u Box + 0.
v

i=1

This can also be written

_ _ k _
. z __Tv _ i—1 Ui
Ve =ap(x) (1 — 7) — b Bruv— = LA sz‘ Yi—1 yz’—lgil Yiy
z rvyr Yi—1 Yi
k
_ _ T _
+Z bzazyz ’kak_**+uﬁxvf+ﬂvv
i=1 z

We now compare some coefficients appearing in this formula. We have p(z) = 5 zv.
Using the fact that ¢ is the first column of —A~! multiplied by o(z), b is the

transpose of the last row multiplied by % of the same matrix and accordingly to
the relation (6.18)), we can now consider b; v;—1%;—1 :

biYi1Gic1 = (AT (K, 0) i1 (7)) (AT (i - 1,1)

o Yk L Moo Yiee 1
=o@) e — i1 — —
le.HWkOCZ--'Oékflak aq QG2 Q1
=——— (%) =b1p(@) =b1 BTV

L
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In the same way

bi ifii = (—ATN) (k1) i o() (~A71)(4,1)
v Y k=1 L oyeeeyier Loy _
=@ ———— i —————— — = ———— () = b1 p(7)

(]
Qv Q1 O Q] QG QG ap - Yk

_ . _ B NS |
and v, Gk = 1k (A1) (k1) o(T) = o(T) 1 Zéli _

According to (6.25]) we also have p,v = afz0 = ap(Z) .
Using all these relations between the coefficients we get for Vg

Vee =ap(x) (1 - §> +

\T _
+up(®)= +ap(z)
vy Yi—1 Yi Yk v T

b1<p(gt~)[k—_ Yi-t Ui Yk U

Adding 2 — % in the expression between brackets and subtracting the same expres-
sion outside the brackets, using u = b; — a we obtain

Verp = a () <1 — ;) +

If we factor, in this expression, == we obtain

. T —
Ve = oo (aTp(x) —azp(T)+brp(@)(r —2))+
_ ~ k - ~
byo(a) [k sz T TV yy_y]
r TvYy Yi—1 Y Yk U

Now we will use the fact that there exists  in the open interval |z, Z[ such that
o(x) = o(Z) + (z — T) ¢'(§). Replacing in the preceding expression gives

y (x_'i')Q — — —
Vip = (-ap(®) + 0z ¢/(€) + b p(r)) +
_ _ k _ _
b |k+2- 2 -Z2U_ N~ YL U Gk T
Al 5 Yi-1 Y Yk U

Finally since a — by = u

—\2
. r—T _
VEE _(xx)(U‘P( )—i—ax(p/(f))—i-
b1 o(Z) koL 2O %Z_lyi_ykv]
r TVl 5 Yi-1Yi Yk V
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The term between brackets in the last expression of V is non positive by the
inequality between the arithmetical mean and the geometrical mean. Therefore a
sufficient condition for V < 0 is

up(Z)+az @' (€) <0

Or equivalently since aZ = %

uBe(z) < —¢'(€) o

Moreover with this condition V is negative excepted at the EE for the system

ET). 1t

Since Vg is a proper function on the positive orthant, this proves the GAS of
the EE on the positive orthant for the system .

The vector field associated with the system is strictly entrant on the faces of
the orthant except on the z-axis where it is tangent. The basin of attraction of the
EE is then the orthant excepted the one-dimensional face contained in the z-axis
of the orthant, which is the stable manifold of the PFE.

Setting o™ = — g[l(.;;tx | ¢'(z), a sufficient condition for the GAS of the EE is

T ,r*
Ro>1 and upfp(z) < pya®

This ends the proof of the theorem.

6.7 Stability for the complete system

The proof use the same line of ideas. This is proven in [50].
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Chapter 7

Identification of parameters.

7.1 Introduction

ODE has been widely used to model epidemics of infectious diseases or the intra-
host dynamics of a parasite. The analysis of such models, their simulation has
attracted a great attention and are the topics of many research papers. This
is the problem of predicting the result of measurement, modelization, simulation
problems. However, less effort has been devoted to the so-called inverse problem.
The inverse problem consists of using the actual results of some measurement to
infer the values of the parameters that characterize the system.

This problem, depending of the scientific community, has also received different
names : data assimilation, estimation of parameters or identification. In this
chapter we will use the concept emanating from control theory of identification of
parameters.

Actually, before parameter estimation algorithms can be used to an ODE model
to estimate the model parameters based measurements, a serious lock must be
overcome : how to verify whether the model parameters are identifiable based on
the measurements of output variables. In other words, with the knowledge of some
measurements, is there a unique set of parameters which gives these measures 7
Does the inverse problem have a unique solution 7

This is the problem of identifiability : whether or not is it possible to distinguish
different sets of parameters from the measurement of the output. Before the in-
troduction of precise definitions we will provide a simple example.

7.1.1 A non identifiable linear system

We consider the following system, whose flow graph is

195
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(11 = —k1$1+k2$2+u(t>

o= kixy — (k24 k3) x2

T3 = k3w

\ Y= T1+22

The only known quantities are the observation y(¢) and the input w(t). Since y
and v are known, ¥y = —k3 x9 + u is also known.
Hence

y=k3k1x1—k3(k2+k3)x2+ﬂ
=k3k1(y—x2)—k3(k2+k3)x2+&
=kiksy+ (k1 + k2 +k3) (§ —u) + 4

By induction

y(t) = y(0) +ty(0)+

t’n
>7 = [ ks g™ D(0) + (r + ko + k) g7 0) 4 (b + ka4 k) w2 (0) + u D (0)]
n>2

This means that for any set of parameters satisfying
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(k1 + ko + k3) = (k1 + ko + k3) and k1 k3 = k1 ks

will gives the same input-output behavior. The system is not identifiable with the
output.

7.1.2 Historical Background

For system of ODE it is Kalman [55] who, for the first time mentioned, in a rather
cryptic way, the notion of identifiability.

The paper of Belmann and Astrém [12] in 1970 gives precise definitions of struc-
tural identifiability for linear control systems. The first systematic treatment in
1987 for nonlinear system is by Tunali and Tarn [93].

Identifiability is simply, as we have try in the preceding example, to express param-
eters as functions of the known quantities of the system, such as input and output.
In this aspect, an algebraic definition, its relationship to observability, and algorith-
mic procedures based on differential algebraic polynomial systems were rigorously
studied in [28] 32, [65].

7.2 Concepts from control theory

In this section we will consider the following system

b= X(z,0,u) = X9 ()
(7.1)
y= hiz)

We assume that the application X : R® x R? x R¥ — R”™ is C* or analytic as
h : R™ — R™. The variable z is the state of the system in the state space R", 0
is a parameter in R?, and u € R¥ is a control. The function h is the observation or
output of the system. For any initial state o we denote by X, ’a(xo) the solution

at time ¢ and by y(zo, u,t) = h(Xt“’e(xo)) the corresponding output.

7.2.1 Observability

Definition 7.2.1 (indistinguishability) Two states 1 and xo are said indistinguish-
able for system iff for any time t > 0 and any input u(t)

y(.%'l, u()? t) = y(l‘g, u()a t)
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Indistinguishability Z is an equivalence relation on R™ .

Two states x1, X2, 1 # zo are said to be distinguishable if there exists an ad-
missible control (or input) v and a time ¢t > 0 such that y(z1,u,t) # y(z2,u,t).
An admissible input which distinguishes every pair of states is called an universal
input.

Roughly speaking, this means that the information provided by the measurable
output is not enough to tell us if the evolution of the system is given by the solution
emanating from the state 1 or by the one emanating from the state xs.

Definition 7.2.2 (Observability)
A system is said observable if any pair of distinct states (x1,x2) are distinguishable.

The system ([7.1)) is observable if Z(x) = 2 on R"”

Consider the following model of a chemostat

input:rate of flow u

—
|
pump Sin |
Biomass D output
pump

Figure 7.1: Chemostat

t= p(s)zr—uzx
$= —kp(s)—u(s— sin)

y=
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where z(t) and s(t) are respectively the concentration in micro-organisms and
substrate, the function p(s) is the absorbing rate of the substrate by the micro-
organisms and k is the yield coefficient. For this system, the input is the flow rate
u and the output is usually the concentration x(t). The substrate is introduced as
U Sin-

There are numerous models for the function u. For example the Haldane function

Mo S

uis) = —5—
Km—i-s—i-,‘%

This function is used to model more realistic cases where an excessive concentration
of substrate can impede the growth of the biomass. The Haldane function is not
injective.

0.32

0.28—

0.24+

0.20—

0.16—

0.12—

0.08—

0.04—

Figure 7.2: Haldane function

Therefore the system is not observable, even if z, u, k and sj, are known.

For analytic systems there is a criteria for observability. For giving this criterium
we recall some definitions. A smooth vector field operates on C*°(R", the set of
functions ® : R — R, by Lie differentiation in the following way

P — X0
with
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X0 (@) = 4 (@(X,(x) y

As usual X;(x) denotes the flow of X initiating from x at time ¢.
The function X.® is called the Lie derivative of ® along the vector field X. We
have the following relation

X0 () = (VO() | X (2))
The Lie derivative of order k is defined by induction

X* o = X.(XF1o)

Definition 7.2.3 (Observation space) The observation space O of system is
the linear subspace over R of functions of C*°(R™), containing the observation
function h and closed under the Lie differentiation by all elements of

X = {f(,0,u)u € R7}.
We have the description of O

O = spang {(X““(’)kl. (X B 10, ug,. . €U Ky € N}

Theorem 7.2.1 For analytic systems the observability is equivalent to the fact that
the observation space separates the points of R™, i.e., if x1 # xo there exists g € O
such that g(x1) # g(x2).

Proof
By analyticity for one constant control «

t" dr w0

y(wo, u,t) = h(X;"(20)) = D — < h(X;" (20))
n>0 t=0
But
d u u u
g @o))| = (Vh(@o)l X" (@) = X*P.h (o)
t=
By induction
ar u,0 . u,0\n
(@) = (X" (o)
t=0
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Then it is necessary and sufficient for two distincts initial states x1 # xo, for
having different outputs, that there exists an index n such that

(X“O)h (1) # (XO)"R (22)

in other words be separated by a function of O
[ |

Notice that observability is a global concept since it might be necessary to
travel a considerable distance or for a long time to distinguish between points
of R™. Therefore we introduce a local concept which is stronger than observ-
ability from [40]. Let U be a subset of R™ and z1,z9 € U. We say z7 is U
-indistinguishable from zo (denoted x; Iy x5 ) if for every control u, whose trajec-
tories Xte’“(xl) and Xf’"(arg) both lie in U, fails to distinguish between x; and z5.
U-indistinguishability is not, in general, an equivalence relation on U because it
fails to be transitive.

However, we can still define ([7.1]) to be locally observable at xg if for every open
neighborhood U of zg, Z7(xo) = {x0} and locally observable if it is so on R™.

On the other hand one can weaken the concept of observability; in practice it may
suffice to be able to distinguish zg from its neighbors. Therefore we define
to be weakly observable at zq if there exists a neighborhood U of zg such that
Z(xo) NU = {xp} and is weakly observable if it is so on R”

Notice once again that it may be necessary to travel considerably far from U
to distinguish points of U, so we make a last definition, is locally weakly
observable at x if there exists an open neighborhood U of x( such that for every
open neighborhood V' of z( contained in U, Zy (z) = {zo} and is locally weakly
observable if it is so in R”. Intuitively, is locally weakly observable if one can
instantaneously distinguish each point from its neighbors.

We have the following relations between these concepts [40] :

Locally Observable ——= Observable

! |

Locally Weakly Observable == Weakly Observable
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7.2.2 Identifiability

Definition 7.2.4

The system is said to be locally identifiable at 0 if there exists a neighborhood
Ny of 0 € RP such that for any 01 # 65 in Ny, there exists an admissible input u
such that for a nonnegative time t we have y(t,01,u) # y(t, 02, u).

If Ng = RP the system is said globally identifiable.

There is also a notion of identifiability almost everywhere. To introduce To intro-
duce such a concept, we need a topology for the input function space. For any
T > 0 and a positive integer n, the space C"[0,T] is the space of all functions on
[0, T'] which have continuous derivatives up to the order n. A topology of the space
is the one associated with following well-defined norm, for f € C"[0,T], we define

IFIF =227y maxieo,ry /O @]

Definition 7.2.5

The system is said to be structurally identifiable if there exists a time T > 0,

a positive integer n, and open and dense subset of R"™, RP and C"[0,T] such that

the system is identifiable at 0 for every xg, 8 and u in these open dense sets.
This characterizes the one-to-one property (almost everywhere) of the map from

the parameters to the system output.

In these definitions, the initial state is unknown. However, sometimes an initial
condition is known (or partially known). Then we can define xg-identifiability
easily, the output is then limited from a common initial state xg.

7.2.3 Observability, identifiability and augmented system

The augmented system is simply the original system in an enlarged state-space
with parameters treated as constant states :

b= X(z,0,u) = X9 (x)
0= 0 (7.2)

y= h(z)
The system is said observable and identifiable iff the enlarged system is
observable.
The algebraic identifiability is about construction of parameters from algebraic
equations of the system input and output. This concept was f defined in [2§] in
the differential algebraic framework. We adapt the definition into the following
one.
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Definition 7.2.6

A system is said to be algebraically identifiable if it is possible to construct the
parameters from solving algebraic equations depending only on the information of
the wnput and output.

We will give a more precise definition by using the formalism of differential algebra.
Differential algebra can be seen as a generalization to differential equations of the
concepts of commutative algebra and algebraic geometry. This theory, founded
by Ritt, is an appropriate framework for the definition of algebraic observability
introduced by Diop and Fliess [28§].

A differential ring R is a commutative ring, with an unity 1 # 0 equipped with

—N . ~ .
one derivation R — R a — a, such that (a +b) = a+ b and (a.b) = a.b+a.b. A
constant of R is an element ¢ such that ¢ =0
Let K and L two differential fields such that K C L. If each element of L satis-
fies an algebraic differential equation with coefficients in K, then L is said to be
differential algebraic extension of K. The differential field generated by K and a
subset S of L is denoted by K(S).
Let k a differential field. Denote byk(u) the differential field generated by k and
a finite set u = (uq,...,uy,) of differential quantities. The set u plays the role of
control variables or input, which may be assumed to be independent. This means
that u is differentially k- algebraically independent.

A dynamic is is a finitely generated differential extension D/k{u)

This means that any element of D, satisfies an algebraic differential equation
with coefficients which are rational functions over k in the components of u and
a finite number of their derivatives. As output variables can be viewed as sensors
on the dynamics, we formally define an output as a finite set y = (y1,...,yp) € D

Definition 7.2.7
A dynamic D/k(u), with output y is said to be algebraically observable iff the
differentail extension D/k(u,y) is algebraic

The intuitive meaning is the following: = the state variable can be expressed
as an algebraic function of the components of {u,y} and a finite number of their
derivatives.

Definition 7.2.8

Parameters m are algebraically identifiable if they are observable with respect to
{u,y}, i.e., if they are algebraic over k(u,y). The parameters are rationally iden-
tifiable if they belongs to k(u,y).
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The intuitive meaning is clear: In the algebraic case, several values of the
parameters are possible as algebraic equations must be solved, whereas in the
rational case one is always insured of a single value. This rational identifiability is
equivalent to the global identifiability of Glad and Ljung [65].

We will now give Theorems for algebraic identifiability [100].

Theorem 7.2.2 ( Xia and Moog, 2003 )

Let K the differential field consisting of meromorphiz function of x, 8, u and finite
derivatives of u and define E = spang{dK}. A vector is in E if it is a finite linear
combination of one forms dx, df, du, ..., duf, ..., with coefficients in K.
Denote Y = U2y span{dy, dy, -+ ,dy*}, U = U3, span{du,di, - - - ,du*} and
X = span{dzx}

The system is algebraically identifiable iff

ecy+u

Recall for a function h we define h = X% h. Similarly for a one form w in E if

w= ke dr +rgdf + > midu’ € E

we define (Leibnitz rule)

O = higdr + fgd) + 0 du’ + iy X () + g du't

7.3 Examples

7.3.1 Identification for an intra-host model of Malaria

We consider the intra-host model of Malaria we have already encountered in these
lectures

T =AN—pxz—Lxm,
gy =Brm—puyy, (7.3)

m =7y Y — fmm— Srm.
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Observability and Identifiability

In case of malaria, only the concentration of infected erythrocytes are measured
[33, 35, B4]. For this system the parameters A, piz, fty, ftm and r are known or at
least widely accepted. However the infection rate is unknown. Then the problem,
when y is measured, is to reconstruct the states x, m and identify the parameter

3.

Proposition 7.3.1
System , with observation h(zx,y,m) =y and parameters A, fig, fly, ftm and
r known, is observable and identifiable.

We assume, in relation to the plausible biological parameters, that we have the
inequalities iy < [y < by and r > 1.

Proof
We define hy = y. Then

y=pBxm—pyy=LBrm— pyh.

We define the known function hy by ho = faxm = hy + fy h1.
We now have

hgz(A—hg)ﬁm—i—(r,uyhl—hg)Bx—(,ux—F,um)hg

Again, setting hz = (A — ha) Sm + (r py b1 — hg) B x, we obtain

iLg:— um(A—h2)+h2} Bm — [Mw(rﬂyhl_hQ)_(r/J’yhl_hQ) B
+ 2 [(A = h2) (rpy by — h2)] B

We define two known functions A = A — hy and B = r uy hy — ho.
Consider the two equations

{A5m+Bﬁm = —A + (ptz + pim) o (7.4)

(bm A—A)Bm+ (ua B— B) Bz =—hs+2ABS

These equations can be considered as a linear system in 5 m, 8 x with constant
terms depending on 5. Let A the determinant of this system

A=-AB+AB+ (g — pm)AB

The function A is analytic. Then either A is zero or its zeroes are isolated. We
claim that A cannot be zero on a trajectory of system ([7.3).
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Moreover A = A — hy cannot be zero an a trajectory. If it is the case then
T = —u, x and x goes to zero, which is impossible for system : x converges
either to the first component of the DFE or the endemic equilibrium, which is,
in any case, non zero. In the same spirit B = r u, h; — ha cannot be zero on a
trajectory, otherwise ¢ = (r — 1) y which is a contradiction with the boundedness
of the trajectories of .

If A =0, dividing by A B we have

"BTaAT (Hm — pa).
Integrating this relation gives

By A

1HI0§:(Hm_Mx)t-

Where Ay and By are the initial value of A and B. Then

@ é — e(#m_ﬂw)t
Ag B
Since py, > ws the right hand side of this relation converges infinity, and the
BO M T

left hand side converges to — —
AO M, TN

or the EE of system ((7.3)). In any case the left hand side does not converge to
infinity, a contradiction.

Now with A # 0 we obtain for Sz and Sm

, where we denote by (Z,ym) either the DFE

bm =M+ NS
(7.5)
Br =P+QPp.
~ where M, N, P and @ are algebraic functions of the known functions hy, ho,
hy,hg, hs.

From this relations we obtain, deriving one more time,

Brin=M+ N 8
Brin = (r py b1 — ho) B — B pup m (7.6)
Brin = (r py b1 — h2) B — pim (M + N )

Hence

M + N B = (rpyhy — hg) B — pm(M + N B)
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(B_N_:umN) ﬁ:M+MmM-

Since M = [— A+ (ptz + ftn) h2] (ptn A — A) + A hs, a similar argument, as the
previous one, shows that M + tm M cannot be zero on a trajectory. Finally we
obtain an expression for § as a rational expression of the derivative of the measured
output y. Note that we derive 4 times, corresponding to 3 states and one unknown
parameter.

We prove the identifiability and observability of our system.
[ |

7.3.2 Identification for the Macdonald’s model of schistoso-
miasis transmission

In this section we consider the very well known model of MacDonald for the trans-
mission of Schistosomiasis [72, [11]
This model can be written as

W =ay—"yw
(7.7)
g =B1-yw—py

The variable w is the average burden in the definitive host (e.g; humans) and
the variable y is the prevalence of infection in snails. We assume that the average
burden w is measured and that the transmission parameters o and 8 are unknown.
v the per capita death rate of parasites and p the per capita death rate of infected
snails are known.

Observability and identifiability

Proposition 7.3.2
System , with w measured, v and p known, is observable and identifiable,

a 1 1
excepted at the equilibria (0,0) and [ — |1 — — | ,1 — —
P ! (©.9) <7 ( Ro) 730)

’with'Ro:% > 1
Y H

Proof
Observation is h(w,y) = w then
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h=ay—~yw (7.8)
=ay—~vh, (7.9

therefore
ay=h+~h (7.10)
ay=af(l—-—y)h—apy (7.11)
=apf(l-—y)h—pu(h+~vh) (7.12)
=h+~h (7.13)

Function h is never identically zero (otherwise we are at the disease free equilib-
rium)

aB(l—y)= h+’yh+:(h+’yh)

Function ¢ is known and is rationally expressed with the derivatives of h. We get

=g (7.14)

—aBy=g (7.15)
—B(h+~h)=g (7.16)

Parameter [ has an rational expression in the derivatives of A, up to order 3.
If h4+~h =0 on a trajectory, we have §y = 0, hence y is constant, which gives w
constant. We are on an equilibria. Since h # 0 we are at the endemic equilibrium.

In this case the system is non identifiable (we only know the product « f3).
Otherwise
g9
= —= - 7.17
& h+~h ( )

Using ((7.14) we obtain

aB(l-y)=aB-B(h+vh)=g
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which gives

W 9t B(tAh)

7.18
3 (7.18)
finally
h+~vh
_hty (7.19)
«@
System (7.7]) is rationally observable and identifiable.
[ |

7.3.3 Identification for Ross’ s model of malaria transmission

‘We consider the classical Ross model of malaria transmission

t= ay(l—2a)—~vyz
(7.20)
y= B -ylz—py

The variable x represents the prevalence of malaria in humans, variable y is the
prevalence of infection in mosquitoes. Parameter ~ is the recovery rate of infected
humans and g is the death rate of mosquitoes. Parameters o and § are composite
parameter. Classically « = mab; where m is the vectorial density, i.e., mean
number of mosquitoes by human, a is the biting rate and b; is the probability that
a bite by an infectious mosquito infects a susceptible human. Similarly 8 = a by
with by is the probability that a bite by a susceptible mosquito of an infected
human gives an infected mosquito.

This is Ross model of 1911 [78, []. If we set « = mab; e "7 with 7 the mosquito
incubation period, we obtain a version of Ross-Macdonald model.

Parameters v and p are known, at least locally, and a and § has to be identified.
Again we assume that x is measured.

Observability and Identifiability

Proposition 7.3.3

Ross model ) with © measured, parameters p and v known is observable and
identifiable, excepted at the equilibria which are the disease free equilibrium (0,0)
and the endemic equilibrium (if Rog > 1)
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Ro—1 Ro—1
Ro—i-%’RO"‘%

with Ry = aB

T

Proof
We set the observation hj(z,y) = z. The function h; is never identically equal to
1, since if y = 1 then y = —pu. We define

o — o _hl+7h1
S A

Deriving hsy gives

ho=ay=apB(l—y)h —phs=aBhi—Bhahi — phs.

The function hy cannot be identically zero unless at the origin.
Then set .
_ha+phe

h
3 I

=af—Bh,

then

hs = —B hs.

Excepted at one of the equilibria, hs cannot be identically zero, therefore

hy
p= Py
Finally
st Bhy b
g

7.4 Identifiability and observers

7.4.1 Definition

When a system is observable initial points are distinguishable. Is it possible to
reconstruct the state of the system from the measurement 7 Observability deems
to be a natural requirement.
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We consider an inout-output system

A

Systeme

Y

Observateur

Y

From control theory, a system which gives an estimation of the state, is called
an observer. To be more precise an observer is a dynamical system, whose input
are the known quantities fo the control system, i.e., v and ¥ :

‘% - g(il) u, u)7
with the property that

lim ||z(t) —z()|| =0

t—+00

The observer is called an asymptotic observer if the error satisfies for constants
K >0a>0and for ant t >0

2(t) — ()] < K ||#(0) — 2(0)]| e~
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7.4.2 An example : within-host model of Malaria

We have already seen this type of model. The observation is the concentration
of infected red blood cells. Actually what is observed are the young parasites in
peripheral blood. This the phenomenon of sequestration : At the half-way point
of parasite development, the infected erythrocyte leaves the circulating blood and
binds to endothelium in the microvasculature.

Then we will distinguish two types of infected RBC

T=AN—pzz— pBxm

U1 = Brm— a1y
(7.21)
Y2 = V1Y1 — Q2 Y2

m=ryy2 — fhmm— frm

We observe y; at discrete times. yo is the population of sequestered infected
erythrocytes. Can we estimate the system state (z,y1,y2,m) ? The answer is yes
: [16].

We rewrite the system in the following form

i=Az+ANer+d(t)E
(7.22)
Yy=Cz

where d(t) E = fxm is considered as an unknown input

—py 0 0 0 ~1 1
10 —ar 0 0 R o B
A=10 —a o | E=|o| 2= o C=[0 1 0 0]
0 0 TY2 —lm -1 0
Let A be

A=(I,—EC)A
Then the pair (4, C) is detectable, i.e.,
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rank[CT, AT CT (AT2CT, (AT} T =4
This implies that there exists a 4 x 1 matrix L such that A — L C is Hurwitz. This
can be verified easily Let L = [l — 1,19,13,14] then

— Uy —O1 — ll 0 0

- 10 —ls 0 0

A-L ¢= 0 Y1 — l3 — Q9 0
0 —a1—Ils 7 —pm

Eigenvalues of this matrix are —pug,, —lo, —as a,d —pp,. It is sufficient to choose
lo > 0 to have A — L C is Hurwitz.
With this condition we claim that

w=(A-LC)w+ [L+(A-LC)E] Y+ Ae

Z=wlt)+EY

To prove this claim we set the error e = Z — z. Some remarks are in order

FECE=Fand Ce; =0

é=%—1%

—w+EY -2

—w+EY—Az—ANey —d(t)E
—w+EY-(I—-LC)Az—EC [Az+Aei+d(t)E] — Ae
:w+E)>—Az—EJ>—A61
w—Az—Aey
M—LCMH{L+@— C)E| Y+Aei —Az—Aey
A LC)w+ [L+(A-LC)E| Y- Az
LC')Z—{—Ly Az

C)2+LCz— Az
LC)(Z—Z)

Since A — L C is Hurwitz this proves the claim. Our observer is asymptotic.
The speed of convergence is given by the stability modulus, namely —pu, if Iy is
chosen large enough.
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This observer is known as an observer with unknown input. The state of the
system is estimated without knowledge of the parameter 3. Asa by-product we
can now estimates this parameter. For this

We have

y1=Bxm— (y1+ )

Constant variation formula for linear system gives

y1(t) = exp (—(71 + p)(t — to)) y1(to) + B t z(s) m(s) exp (—(y1 +p1)(s —t)) ds

We replace the unknown values by their estimations

§1(t) = exp (—(m1 + pa)(t — to)) §1(to) + B /t &(s) m(s) exp (— (11 + pa)(s — t)) ds
therefore

t

exp (71 + 1a)t) §1(t)—exp (1 + 1) to) 91 (t0) = B t 2(s)m(s) exp (—(m1 + p1) s) ds

Discretizing [tinit, tf] in [t;, ti+1] applying preceding relation and choosing tini; such
that the observer gives a good estimation (practically that means waiting a little,
giving time for the observer to converge

exp ((y1 + pa)tiv1) 91(tis1) — exp ((v1 + pa) ti) a(t:)
—/5’/Z+1 v s) exp (—(y1 +p) s) ds

For each i we set

Ui = exp (71 + p1)tis1) 91(tiv1) —exp ((v1 + pa) ta) 91(ts)
and

1+1
Vi = / z s) exp (—(y1 +p1)s) ds
this gives
U=pV
An estimation of 8 is obtained in solving by least square method this linear
system.
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Malariatherapy

During the pre-penicillin era, there was no efficient treatment for syphilis. During
the natural evolution of the disease, patients sometimes developed neurosyphilis
10 to 25 years after the initial infection. The curative effect of fevers has been
reported since Hippocrates’ time. Wagner-Jauregg, the father of malaria therapy,
described in detail experiments with induced fever in patients.

In 1917 the inoculation of malaria parasites, which proved to be very successful in
the case of dementia paralytica (also called general paresis of the insane), caused
by neurosyphilis, at that time a terminal disease. It had been observed that some
who develop high fevers could be cured of syphilis. Thus, from 1917 to the mid
1940s, malaria induced by the least aggressive parasite, Plasmodium vivax, was
used as treatment for tertiary syphilis because it produced prolonged and high
fevers (a form of pyrotherapy). This was considered an acceptable risk because
the malaria could later be treated with quinine, which was available at that time.
This discovery earned to Wagner-Jauregg the Nobel Prize in Medicine in 1927.
The technique was known as malariatherapy; however, it was dangerous, killing
about 15% of patients, so it is no longer in use.

Data were collected by the US Public Health Service between 1940 and 1963, when
malaria therapy was a recommended treatment for neurosyphilis. Infections with
different strains of P. falciparum, P. vivax, P. ovale, and P. malariae were induced
in patients for the treatment of neurosyphilis.

Afroamericans were however found to be refractory, and so they were treated with
different strains of P. falciparum under close medical supervision. They were in-
oculated either with sporozoites (generally through mosquito bite) or with infected
blood. Inoculations were preceded by variable sequences of blood and mosquito
passages of the strain. Microscopic examination of the blood was performed on an
almost daily basis.

Is the malaria therapy model identifiable ?

When the initial condition is partially known the system can be observable and
identifiable [93, [100].

If we consider the case of malariatherapy the initial condition is partially known.
Sporozoites are introduced and measured was performed daily.

A
Hence (z¢g = ;,yQ(O) = 0,m(0) = 0 are known. Only the value of y;1(0) is

unknown.
Now y1(t) is known, hence 31 + a1 y1 = Sz m is also known. Consequently

t
z(t) = e Hot /0 (A — Bxz(s)m(s))ds + e H=tx,
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is also known.Then we know 8 m. Similarly

t t
ya(t) = e ' m / yi(s)ds +e @ yp(0) = ey / yi(s) ds
0 0

is known. Finally

m(t) = e #mt / [r2 Y2 y2(s) — Bx(s) m(s)] ds + e #mtm(0)
0
ot [ i) - fats) m(s) ds,

is known. Since we can know x,y1,y2, m and 8 xm, betais known.
This proves that the system ([7.21]) is observable and identifiable.

7.4.3 Numerical observers

If we prove that the system under consideration is observable and identifiable how
can we reconstruct the states and the unknown parameters. Dynamical observers
can be designed, but it is a difficult task. recently some advances have been
obtained [16} 24, [51), T00]. However we will propose something else.
We will consider observability, since we have seen that the identifiability can be,
with the augmented system, analyzed as an observability problem.

{5 2imy

Measures are discrete, with a time interval of At :
(yoa Yts- - yk)7
with corresponding time
(0, At, -+, kAt)

The principle is very simple : for a initial condition (this is a guess) we compute
the ouptput

(h(xo), h(x(At, zg,u)), -, h(z(k At,zg,u)).

Then is evaluated the difference between what is predicted and what is measured
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k
@({EO) - H%tn Z Hyl - y(l Atv'anu)H%'
i=0
This a function of zp. Using an algorithm of minimization we compute
%o = arg min ®(xp)
o
By a numerical integration we obtain

z(t) = z(t, o, u)

As the number of measurements grows, the size of the optimization increases. To
bound the size of the optimization, the least squares objective can be modified to
employ a fixed-size moving window in which the number of measurements that we
base our estimate on (and hence the size of the optimization) remains constant.
Practically that means that, if our horizon is of length NV, we will estimate x( using
the N first measures. The we will have an estimation &(N At). This estimation
will be the guess for the next time window [(N + 1) At,--- ,2 N At)] giving a new
Z(N At) and an estimation for z(2 N At) ....

The use of a finite horizon and moving windows is motivated by two reasons. The
first one is the limited amount of memory, which limits the size of the optimization
problem. The second one is that generally measures are corrupted by noise. Hence
taking many measures will add many noise to the data used in computation.
What is the size of the window ? This is an engineering problem, but we have some
hints. E. Sontag has proved that For differential equations with » parameters 2 r+1
experiments are enough for identification. Aeyels has shown that in n-dimensions
2n + 1 samples are necessary to observe observability [88| [I, 2]. Then for the
augmented system with n states and p parameters the size of the window should
not be less than 2 (n + p) + 1.

A program
Here a routine, written in Scilab ( like MATLAB but free)

function Xob=numobs3(dyn,output,Tm,N,x0O_est, x0O_reel)
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//(vectorialized)
// The function dyn must be defined
// as the output function

// Tm vector of time measures

// N number of points in window

// x0_guess initial guess

// x0_reel real initial condition

// This program compute real trajectories and
// estimated one

// 'k number of windows
// windows are joining at their extremities
k=floor ((length(Tm)-1)/(N-1))

// initialzsation

//real values

Xreel=ode (x0_reel ,Tm(1) ,Tm,dyn)

//curves

XXreel=ode(x0_reel ,Tm(1),linspace(Tm(1) ,Tm($) ,1000) ,dyn)
// observer on frist window

Xest=ode (x0_est ,Tm (1) ,Tm(1:N) ,dyn)

Mesures=output (Xreel)

// Measures with noise

Mesuresb=Mesures+grand (1,length(Mesures), ’nor’,0,1)
nb_etat=length(x0O_est) // state dimension
x0_guess=x0_est

// intial conditions in memory

//in each window

X=[]

// curves points in memory
XX=1[1

// curves times in memory
TT=[]

//

for i=1:k

z=1+(i-1)*(N-1):1+i*x(N-1) // index window i

T=Tm(z) ;
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mesureF=Mesuresb (z)

x0_opt=optimize (dyn,output ,mesureF ,x0_guess)

Z=ode (x0_opt ,T(1),T,dyn)

sol=ode (x0_opt,T(1),linspace(T(1),T($)),dyn);
TT=[TT,linspace (T(1),T($))]

XX=[XX,so0l]

X=[X,Z(:,1:$-1)]

x0_guess=Z(:,$)

end

if pmodulo(length(Tm),N-1)7=1
T=Tm (1+k*(N-1): §)
mesureFi=Mesuresb (1+k*x(N-1):$)
x0_opt=optimize (dyn,output ,mesureFi,x0_guess)
Z=ode (x0_opt ,T(1),T,dyn)
sol=ode (x0_opt,T(1),linspace(T(1),T($)),dyn);
TT=[TT,linspace (T(1),T($))]
XX=[XX,so0l]
X=[X,Z(:,1:$)]

end

Xob=X;

for j=1:nb_etat
xset ("window", j)
clf
plot(Tm’,[Xreel(j,:);Xob(j,:)]1’,’+’)
plot (TT’ ,XX(j,:)’,’b?)
plot(linspace(Tm(1) ,Tm($) ,1000)° ,XXreel(j,:)’,’g:"’)
end

xset ("window" ,nb_etat+1)
clf
plot(Tm’, [Mesures ;Mesuresb]’,’0’)
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88 endfunction

89

90

91 function xO_opt=optimize (fun,output ,mesureF ,x0_guess,T)
92 m=length (mesureF)

93 x0_opt=1lsqrsolve(xO_guess,crit,m)
94 endfunction

95

96

97 function y=crit(x,m)

98 =z=ode(x,T(1),T,fun);

99 y=output(z)

100 y=y-mesureF

101 y=y(:)

102 endfunction

Example for the Schistosome example
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Figure 7.3: Measures w : blue real measures, green with noise
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