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Abstract. This article studies an inverse problem for a transmission wave
equation, a system where the main coefficient has a variable jump across an
internal interface given by the boundary between two subdomains. The main
result obtains Lipschitz stability in recovering a zeroth-order coefficient in the
equation. The proof is based on the Bukhgeim-Klibanov method and uses a new
one-parameter global Carleman inequality, specifically constructed for the case of
a variable main coefficient which is discontinuous across a strictly convex interface.
In particular, our hypothesis allows the main coefficient to vary smoothly within
each subdomain up to the interface, thereby extending the preceding literature
on the subject.
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1. Introduction

We consider an open and bounded set Q C R¢, where d > 2, with a smooth boundary
09, and a time T > 0. We are interested in the wave equation given by

on  (0,7) x 0, (1)

02u — div(a(z)Vu) + p(z)u = f in (0,T) x 9,
u=g
1 in Q,

uw(0,) =u®, 9 (0,) =u

where the potential p belongs to L™ () and the main coefficient a has the particularity
of presenting a jump across an internal interface, in such a way that the system can be
viewed as a transmission wave equation. More precisely, for a bounded set Q; C R?
satisfying Q; € Q and Qs := Q\ Qy, the main coefficient is given by

ai(x), =€ Qq,
az(x), =€ Qq,

(2)

a(x) =



where each a; and as is smooth in € and 9, respectively.

Therefore, the main point of this framework is that the main coefficient a has
a jump discontinuity on I'y := 9€;, which will be called the interface, supposed to
be strictly convex, in the sense that the open set €y is a strictly convex domain.
We denote by u, the dependence of u with respect p. The goal of this article is to
investigate the stability in the following inverse problem:

Given the boundary and source terms g and f and given the initial data
(u®,ul), can we determine the potential p = p(x) from boundary observations
of the flux of the solution u, through the boundary 0€1?

The process of determining p = p(x) from flux measurements in a wave equation
with a constant main coefficient has been extensively studied across the last decades.
However, the same cannot be said for the case of discontinuous variable main
coeflicients, where variable jumps are present. This is precisely the main motivation
behind this article.

Our approach for proving Lipschitz stability in this type of inverse problem
is based on Carleman estimates and the Bukhgeim-Klibanov method, which was
introduced in [9]. This strategy has also been successfully applied to various inverse
problems arising in wave equations that involve identifying sources [20],[19], potentials
(zeroth order terms) [12], main coefficients [7], [I3] [14, Chapter 8] and other essential
parameters within wave equations. The book by Bellassoued and Yamamoto [§]
presents the applications of Carleman estimates for hyperbolic inverse problems in
a systematic and clear manner. Additionally, the book by Klivanov and Timonov
[16] can be helpful for the numerical treatment of related inverse problems. One can
also read [2] for other approaches of the numerical reconstruction associated to wave
equation inverse problems.

1.1. Review of related literature

The study of inverse problems associated with the wave equation with discontinuous
main coefficient is relevant to both real-world phenomena and from a theoretical
perspective. From a mathematical viewpoint, it has attracted a lot of attention, in
particular in control and inverse problems. Exact controllability issues for transmission
waves with piecewise constant velocities were introduced by J. L. Lions in [I8] using
the duality between observability and controllability under typical geometric and
time assumptions. Employing the multiplier method, Lions proved observability
inequalities for the corresponding adjoint problem for inner domains that are star-
shaped, assuming that the inner velocity is greater than the exterior one, i.e., a1 > as.
The exact controllability results given by Lions can be easily adapted for waves with
variable jumps under monotonicity of the traces

ai(z) > az(x), Vzel,,

and for star-shaped inner domains with respect to zg € 1, with a; € WhH>(Q)
as € WH(Qy), and the quite usual multiplier condition. Specifically, for p € (0, 1]
this condition is given by

b
)

Va-(z—z9)<2a(l—p) in O UNs. (3)

It is well known that Carleman estimates for wave equations can provide more
powerful and more robust estimates than the multiplier technique. In this regard,
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in [6], it was obtained new global two-parameter estimates and Lipschitz stability
for potential recovery. More precisely, assuming the inner domain in R? is strictly
convex and the velocity possesses a sign on the jump, a Carleman weight function was
constructed. The spatial part of the function defined in that work is essentially given
by the square of the Minkowski functional of the inner subdomain, a function whose
particular properties allow to obtain a convex function with non-vanishing gradient
and fullfiling the same transmission conditions as the solution of the system. Later,
in [5], within the context of a Schrodinger equation, the construction was extended
to address the case of a transmission system in R d > 2. It is noteworthy that
the assumption of constant coefficients within each subdomain was essential for the
approach presented in [6]. This leaves open the question of whether the results can be
extended to a broader class of discontinuous coefficients or geometries. In this work,
we aim to address the case of variable jumps.

Other works on Carleman estimates for transmission waves include: [4] for non-
convex geometries of Q, [10] proving quantitative unique continuation results (non
Lipschitz-stability) employing a pseudodifferential approach, and [I1] using microlocal
analysis. We mention also [I5] and [23] for similar inverse problems. In [2I], B.
Riahi maintains the geometric and jump assumptions from [6] and the study achieves
Holder stability in determining a discontinuous main coefficient. One of the conditions
requires that a; and as can vary on each subdomain, but they must remain constant
in a neighborhood of the interface I',.

It has been observed that when trying to effectively reconstruct parameters, such
as using the Carleman-based recontruction (Cb-Rec) algorithm presented in [3], it is
advantageous to consider one-parameter Carleman estimates instead of two-parameter
ones, mainly for numerical complexity reasons. Currently there are no references
addressing inverse problems for transmission waves using one-parameter Carleman
estimates. Therefore, this is a clear motivation to explore and establish such a novel
Carleman estimates that can be effectively applied to ensure uniqueness, stability and
reconstruction issues in inverse problems of waves with variable jumps. Theorem [T.4]
presents one first step towards addressing these questions.

Our main objective in order to prove Theorem and to make completely precise
the conditions under which it is valid, is to establish a new one-parameter global
Carleman estimate for waves with variable jumps. Indeed, we aim to achieve this goal
for a specific set of admissible coefficients as described in assumptions — in
Section It is worth noting that this set of admissible coefficients goes beyond
the results previously obtained by [6]. Furthermore, we believe that our findings can
also be applied to the results presented in [2I]. It is important to mention that we
strive to provide a clearer understanding of the specific conditions under which our
inverse problem and such a new Carleman estimate can be constructed for waves with
variable jumps.

The rest of this introduction gives the construction of the main assumptions in
Section [[.2] and the main results of the article in Section [[3

1.2. Basic properties, weight function and admissible set of coefficients

Let us recall that if a = a(z) given in with a; € WHo(Qy), az € WHe(Qy) is
such that

inf >
;relﬂa(x) > g >0,
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for some ap > 0 and if u® € HY(Q), u! € L?(Q), p € L>(Q), g € H(0,T; H(09)),
and f € L'(0,T; L?(Q)), then, under the compatibility condition g(0,-) = u® on 052,
we can prove that problem admits a unique weak solution lying in the class

u € C([0,T); H'(Q)) N CH([0, T]; L* (),

and is such that 9,u(t) € L?(09). This follows from [I7, Theorem 4.1].
Moreover, assuming €2 is smooth, it is usual to consider an equivalent formulation
of in terms of u; = Ug, j = 1,2. The formulation in the corresponding
i

subdomains is given by

02uy — div(ar () Vuy) + p(x)us = fi in (0, T
02uy — div(az(x)Vug) + p(x)us = fo in (0,T) x Qga,
Uy =g on 0,7
u(0) = u(x), Ou(0) = ul(z) in Q,

with the transmission conditions:

u1 = uy and alg—gi—kagg—ﬁ:O on (0,7) xT,. (4)
Here, v1 denotes the unit exterior normal vector to 9 = I',, and since 025 = I", UL,
we can denote vo = —vy. Additionally, v denotes the normal exterior vector to 9f2.
In order to construct the new Carleman estimates of this work, we must introduce
a suitable weight function and a set of assumptions on the main coefficients a; and
as. To begin with, let us take x; € Q1 and consider the translated convex set
Ot := Oy — z7. We introduce the Minkowski functional associated to Qf*, defined
for each = € R? as follows:

posi (z) = inf{h >0: % € Q”fl} . (5)

Notice that Pt has several well-known properties which can be found for example
in [22, Proposition 5.1]. One of these properties is that it remains constant when
restricted to the boundary of Q7*. We can make this property valid at the original £
by composing pger with 2 — 1. Moreover from [6], if £ is strictly convex, then the
square of Minkowski functional is strictly convex outside a ball of radius € > 0 small
enough (to be specified later), that is, denoting D? the Hessian matrix:

Imy >0: D? por (z — xl)r (€,6) >my €%, VE € RN\{0}, Vo € (QUQ2)\ B (z1).
(6)

Additionally, given constants 0 < oy < o we suppose that the main coefficient
a = a(z), as given in equation (2), fulfills the following

- bounds conditions:

oo < inf a(z) < supa(z) < a?, (A1)
zeQ 2€Q

- regularity conditions:

a; € 02(51),
as € Cz(ﬁg)
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It has been noted that for obtaining Carleman estimates when a; and as are constants,
there is a sign restriction on the jump of the main coefficient. This jump condition is
a1 > a2 and the details can be found in reference [6]. In our case, as a; and ay vary
up to the interface, we need to introduce a sign assumption regarding the traces of aq
and as at the interface. The jump assumption we introduce writes as follows. If we
define the ratio

Az) = , wel,, (7)

we assume the following :

- jump condition: there exists a constant v > 1 such that
A in \(z). A3
max A(z) <7 < min A°(z) (A.3)

The assumption arises precisely to obtain that certain integrals at the
interface are positively dominant. More precisely, this assumption will arise for
example for obtaining strictly positive terms of sjw|?, s|0;w|? and s|V,w|?. We refer
to the expressions in and concerning this point.

Furthermore, in connection to assumption , we introduce another assumption
on a; and as that typically arises when deriving global Carleman estimates for waves

2
with a variable main coefficient. Given P (x — x1)} , satisfying @ with my and
given constants p € (0,1] and ~ fom (A.3), we set a

- multiplier condition (with respect to x1 € Q1 and mq > 0):

Va(z) -V |pga (z — xl)r < %a(x)(l —p)m1, x€ (1 UQ2)\ Be(z1).
(A.4)

Remark 1.1 [t is worth noting that, in the case that each one of a; and as is constant
on the interface, we fix v = Z—; and then hypothesis is given by X = v < A2,
it is equivalent to have as < ay. This is the case considered in [6]], where a1 and ag
are constants, and also of [21], where it is supposed that the coefficients are constants
in a neighborhood of the interface. Therefore, assumption provides a sufficient
condition for coefficients a1 and as that vary up to the interface, significantly expanding

the range of coefficients for which Carleman estimates can be obtained.

We define the weight function of our Carleman estimate as
p(t,2) = u" (z) - Bt%,  (t,z) ERxQ, (8)

which is a common approach (usually with % (x) = |z — 21|?). We will explain how
we construct the spatial part ' of our weight using a method similar to the one in
[6], but adapted for variable jumps satisfying . This construction will be detailed
in the following paragraphs.

First, in view of the singularity of the Minkowski functional at x;, where the
function is not regular, we introduce a convenient cut-off function. More precisely, for
1 and e small enough (to be specified later) and such that 0 < &1 < &, we consider a
cut-off function n™* € C*°(£2y) such that

0<n™ <1, zely,
n*(x) =0, x€ B (1),
N (x) =1, x¢€Q\ B:(21).
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Then, using v > 1 given in (A.3]) we finally define the spatial part of the weight
as

2 _
0 () [pgfl (x — xl)} + M, x €y,

p(x) = 2 .
’y|:pﬂfl($_x1>:| + Mo, x €0y \ Q,

9)

for poe1 defined in and constants
My >~—1 and Msy:=M; —~+1. (10)

Remark 1.2 We highlight the dependence on x1 by introducing it as a superscript.
The function p*t, defined in (9), follows a similar approach than [5] and [6]. In these
2

works, Pon (x — xl)} 18 expressed as

|z — a1 |?

[Pﬂfl (z — C151)}2 = Ty(@) — 212’ (11)

where, for each x € R4\ {z1}, y(x) is the unique point such that y(z) € 001 NL(z1, ),
and £ denotes the segment joining x1 and x; also, as a1 and as are constants on I,
the constant v is simply fized as v = Z—;

The next result is established in [6, Lemma 7] and [5, Proposition 8].

Proposition 1.3 If Q; c R? is a C? strictly convex domain, then:

36, >0: 4% (x) >6,>0 Vae (R UD)\ Ba(z), (12)
Imy > 0: D*p"(2)(6,6) > m¢]?, VEe RN\ {0}, Vo e (21UQ)\ B(x1), (13)
Jer>0: |V (z)?2>e2 >0, Voe (QUQ)\ B(x). (14)

It is important to note that the function p®* constructed here satisfies, in addition
to the properties stated in Proposition |1.3] convenient transmission conditions. Those
conditions are local properties near the interface I', and will be discussed in detail in
Proposition [2.1

1.8. Main results

The following theorem gives the main result of this article. It answers both the
uniqueness and the Lipschitz stability of the stated inverse problem.

Theorem 1.4 (Lipschitz Stability) Let Q; C Q be a C? strictly convex domain
and 1,22 € Q1 with x1 # x2. Consider Q' := Q1 — x;, for i = 1,2 and Pari the
Minkowski functional associated to Q¢ defined according , Let 0 < apg < Y,
p € (0,1], m > 0. Assume that the discontinuous main coefficient a = a(z) given by

(12) satisfies the bounds and regularity conditions detailed in (A.1)) and (A.2)). Further,
suppose that A\ defined in satisfies the jump condition (A.3|) and the multiplier

condition (A.4)) with respect to both Pt i =1,2 . Consider u* and p*2 given by
(@ allowing to define

+ . T4 R
[ i={z € 02 : 0™ > 0}, i=1,2. (15)
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Defining L, () = {p e L>(Q): |pllL=() < m}, assume that p € LZ,,(Q) and the
initial datum u® € HY(Q) is such that

W’ (z)| > 6 >0, a.ein Q
and that the solution u, of satisfies the reqularity assumption
u, € HY(0,T; L°°()).

Then there exists Ty > 0 such that for any T > Ty there exists C' > 0 such that, for
any q € LZ,, (), we have

Ip = qll2@) < Cll0u0k(up — ug)llL2(0,7:10)>
where 'y := F:n U F:gc?.

The next result concerns Carleman estimates for the operator L, = (87 —

div(a(z)V) + q), where a = a(z) is given in (2]) and satisfies assumptions (A.1))-(A.4).
We will use the notation v(+7") to denote the evaluation of functions at ¢ = T and
t = —T. The precise statement of the Carleman estimates is the following result.

Theorem 1.5 (Carleman estimates) Assume Q is a C? strictly convex domain.
Let x1 € Q1 and Pt the Minkowski functional associated to Q7' := Oy —x1, satisfying

@withm1>0andany5>0, Let 0 < ag < a®, p € (0,1], m >0 and v > 1.

Assume that a = a(z) satisfies (A.1), (A.2), (A.3) and (A.4). That is a = a(x)

belongs to

a|Qj €C?j=1,2. ap<infpeqa(r) < SUp,cq a(z) < al,

A, = Vaz(z) < ai(z) < vaz(xg), Vo €T,
Va(z) -V {PQfl (z — xl)} < Za(@)(1=p)m1, @€ (0 UQ)\ Be(a1)

and let p™* defined in (9) and T\, defined in ([15)). Consider o(t,z) = u® () — 5t2.
Then, for any q € LZ,,(Q), there exist a parameter 1 > 0, such that V3 € (0, 51)
there exists sg > 0 and C > 0 such that

T
s/ / e*?(|opw]* + a|Vo|? + s?|v|?) dzdt
-1 Jo
T T
< C’/ / e (Lyv)? dzdt + C’s/ / % |0,0|* dodt
—-TJQ -T ijl
+ Cs // e*?(|opw|* + a|Vv|? + s?|v]?) dzdt
{(t,z)e(—T,T)xQ: <0}
T
+ CS/ / e (|0pw|* + a|Vu|? + s?|v]?) dadt
-T 5(11)

+ Cs/ 20 (ET) (10,0(£T) 2 + [Vo(£T) 2 + 82|o(+T)[2) do
Q

+ Cs? // e**?|v]* dodt
{(t,x)e(—T,T)xTy: <0}

+ 052/ e3P ED) |y (£T) 2 do, (16)
r.
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for all s > sq, for allv € L*(=T,T; H}(Q)) satisfying the transmission conditions ()
with Lyv € L*(—=T,T; L*()) and d,v € L*((—T,T) x 09)).

We will apply the above Carleman estimates to obtain Lipschitz stability of our
inverse problem. However, that is not a straightforward process due to some additional
observations on the right-hand side of , In order to deal with this problem, we shall
carefully combine these estimates with the inequalities provided by another weight
function. More precisely, we define a function similar to by

ot x) = p™(z) — pt2, (t,x) ER x Q, (17)

where p*? is associated with some zo € Qy, with zo # z; and is given by (@ and ((10]),
(replacing 1 by 2 in the definition). Beware that Remark [1.2]and Proposition [1.3|are
thus also satisfied by 12, and that is satisfied with a constant my (instead of m;).

Finally, the Carleman estimates with weights ¢ and ¢ hold for g8 € (0,5;) and
B € (0, B2), respectively. Denoting 8y = min{fS1, B2}, and

£ o= max {sup v/ () sup i | (18)

the assumption T' > Ty reads T > L/+/By, where

max {supQ (), supg v/ pr2 (x)}

To : NG . (19)
Remark 1.6 In , estimating the required time for Lipschitz stability is generally
not optimal. We can see that our estimate for Ty depends on L and y. This is an
expected dependence, since L is given by the size of the domain and By depends on
g, which is the lower bound for the wave speed a. However, By also depends on other
constants (see below). Providing a sharp estimate of the minimal time in terms
of size of the domain and the velocity a would be a very interesting issue.

The next parts of the article are structured as follows: In Section [2] we present
the proof of the main tool of this work, Theorem [I.5] The proof consists of four steps,
being the second one a crucial part of this work. There, we use the assumption
to deal with interface integrals that contain traces of the coefficients a1 = a1 (z) and
as = az(x), which vary up to I'x. In the same section, we will prove a Carleman
estimate with initial kinetic energy. Finally, in Section we present the proof
of Lipschitz stability for the potential recovery in transmission waves with variable
jumps, which mainly focuses on two key steps: the construction of a convenient cut-
off function and the application of the Bukhgeim-Klibanov method.

2. Carleman estimates

2.1. A one-parameter global Carleman estimate for discontinuous wave operator

In this section, we aim to prove Theorem[I.5] Our strategy is based on four main steps,
following [4]. Firstly, we conduct computations in a generic domain while considering
all the traces at the boundary resulting from the integration by parts. Secondly, we
adapt the computations to the specific situation of variable jumps and carefully study
the resulting terms at the interface. Thirdly, we establish a weighted norm in the
interior of the domains, adopting the approach from [3]. Finally, we combine the
estimations from the previous steps and absorb negligible terms.
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Step 1 Generic computations We denote the operator Lu = 8?u — div(a(z)Vu) and
we perform the change of variables

w =efu, s>0,
Pw = e*¥L(e”*%w).

We will perform various computations in a generic set Q@ = (=7,7T) x U without
making any assumptions regarding the boundary condition for w on ¥ = (=T, T) x9U.
At the same time, let us assume that a is a smooth wave speed and that p*! in
o(t,r) = p™ (x)— Bt? is also smooth in such a way that all the upcoming computations
make sense. Later on, we will see that it is sufficient to consider p** given by @D, and
that the computations can be carried out even if a is discontinuous. Computing Pw,
we write
Pw = Piw+ P,w+ Rw,

where, for some function o = a(x) to be fixed later,

Pyw = 02w — alAw + s%(|0;p|* — a|V|?)w — 2Va - Va, (20)
Pow = —250;p0yw + 2saV ¢ - Vw + aasw,
Rw = —s5(9%¢ — div(aVe))w — aasw + Va - Vw. (21)

As usual, we have
T T
/ /|P1w|2da:dt—|—/ /|P2w\2da:dt+2(P1w,P2w)L2(Q)
-7 JU -TJU

T
z/ / |Pw — Rw|? dxdt.
- Ju

Let us compute (Pyw, Pyw)rz2(g), and denote by I;; the inner product of the
i-th term of Pyw with the j-th term of Pow. Denoting fo dxdt := ffT Ji; dxdt and

(22)

[fs, dodt = fTT Jor dodt, we obtain, using integration by parts in time, that
T

I =—-2s // 8t<p8tw8t2wdxdt = s// |6tw|20,52<pdxdt — s/ |8tw|28tcpdm
Q Q U

Similarly, integrating by parts in time and using that 0;Vy = 0, we get

-T

Iio=2s // 8t2an<p -Vwdxdt
Q

T

dzx
-T

= —2s // OywaVy - Voyw dxdt + 28/ dywaVy - Vw
Q Q

T
= s// 0,w|?div(aV) dzdt — 5// \8tw\2aa—<p dodt + 25/ OrwaVe - Vw dz
Q > 8u U

-T
Noticing that a = a(z) and o = a(z) do not depend on time, we have

T
Ls= s// aadww dedt = —s // aa|dyw|? dadt + s/ aadyww dx
Q Q U

)

-T
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and in the same way, using integration by parts in space and time, we get
Ipq =2s // aAwdypdyw dxdt
Q

= —2s // Vw - V(adppdrw) dxdt + 2s // 8—wa8t<p8tw dodt
Q by aV
T

:s// a\Vw\Qafcpdmdt—Zs// OrpOrwVa - Vw dzdt — s/ |Vw|?adyp dz
Q Q U

+ 2s // aa—watgoatw dodt.
by} 81/

Integration by parts in space also gives

-T

I = —2s // a?AwVy - Vw dzdt
Q
=2s // Vw - V(a?V - Vw) dzdt — 2s // 8—wa2V<p - Vwdodt
Q > 51/

=2s // a’>D? o(Vw, Vw) dzdt + 25 // Vw - Va?Vy - Vw drdt
Q Q
290 2 2 ow
—s |Vw|*div(a*V) dzdt — 2s a“V - Vw——dodt
Q b)) ov

+s// Vw2222 dodt,
b 8V
and

Iy 3 = —s// aa® Aww drdt = 5// Vw - V(aa?w) dedt — s// aaza—ww dodt
Q Q b)) 81/
= s// aVw - Va*w drdt + s// a*Vw - Vaw drdt
Q Q

+s// aa2|Vw|2dxdt—s// aaza—wwdadt.
Q > ov

Integration by parts in time, allows us to obtain

Ish = —943 // 8t<p8tw(|8t<p|2 — a|V<p|2)w dxdt
Q

T

= / / w20 (Drp|Dup? — a|Vpl2) drdt — s° / w20p[0rp? — a|Vpl?) da
Q U

=T
=5 [[ 10306l - alV ) + 20l 0] dud
Q

T

)

-T

_ / w0100l — alVil?) da
U
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and similarly, integration in space gives
I35 = 25° // aV - Vw(|0yp|? — a|Ve|*)w drdt
Q
——s* [ [ [uPdiv@V(0ul ~ oVl duds
Q
0
43 // o Pa(Bol® — aV[?) 22 dodt
» ov
=5 [[ WP (Ta- Ve(aisl? - alTel?) duds
Q
— 53 // lw|*lalp(|0rp]? — alVp|?)] dedt + 253 // lw|?a?D? p(Vp, V) ddt
Q Q
0
+ s // lw|?a(|0¢p)? — a|V<p|2)—(p dodt.
b 81/
Direct computations give us

ha= [[ aa(0uel? - aiTeP) fu dedt,
Q

and

Iy =4s // OrpOywVa - Vw dxdt.
Q
Finally, note also that
Iyo = —4s // aVa-VwVe - - Vwdrdt = —2s // Vw - Va*Vy - Vw dadt,
Q Q

and

Iy3=—2s // aaVa - Vww dxdt = —s // aVw - Va?w dzdt.
Q Q

Gathering all the computed terms and recalling Q = (=T, T) x U, we write
(Prw, Pyw) 2y = Au + Yu + Bay + Ey(£T), (23)

where Ay is defined as the sum of the so-called dominating interior terms, Bgy is the
sum of all the boundary terms , Yy contains a negligible interior term and Ey (£+T)
in are integrals evaluated in +7'. Taking into account the powers of s we deduce

Ay =s //Q 10,w|? (07 + Va - Vo + alAp — aa) drdt
+ s//Q alVw|*(9}¢ — 2Va - Vo — aAp + aa) dzdt
+ 2s //Q a’D? o(Vw, Vw) dzdt + 25 //Q Orp0rwVa - Vw dzdt (24)
+ 33/ lw|?[(|0s¢]? — a|Ve[*)(3pi — Va - Ve — alp + aa)] drdt

+ 2s* //Qw|2a2D2 ©(V, Vi) drdt + 25° //Q lw|?a|V|?0} ¢ drdt.
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The negligible term is
Yy=s // a?Vw - Vow dxdt, (25)
Q

and the sum of the boundary terms is given by

Bau

= -5 // \@w\zaa—@ dodt + 2s // aa—watgoﬁtw dodt — 2s // a*V - Vwa—w dodt
> 87/ » (91/ » 81/

—I-S// |Vw|2a28—<pdodt—s// aa28—wwdadt
» ov » ov

450 [[ TwPatouel - ovel?) 52 dodt.
b Ov

(26)
Finally, the sum of the terms evaluated at +7" is
Ey(+£T)
T T T
= — s/ |3tw|23tcp dx + 25/ OywaVy - Vw dz + 5/ aadyww dx
U - U 7 U _p (27)

T T

=0 [ [wPop(0uel ~ oVl de
-T U

- S/ |Vw|?adyp dz
U

-T

Step 2 At the interface In this step, we first apply the computations performed in
the previous step to each of the subdomains, considering ; and 25 with the main
coefficients given by a1 = a1(z) and as = as(x) respectively. We then sum up the
resulting terms. At this stage, we consider ¢(t,z) = u® (z) — ft? with u® given by
@. From , we can express the inner product as follows:

(Pl’UJ7 P2w)L2((7T,T)><Q) = AQI + Aﬂz + YQI + YQ2 + 3891 + Baﬂz + Eﬂl (iT)
+ Eo, (+7).

We write the sum of the boundary terms as follows
Baq, + Baq, = Baq + [Br.],

where [Br, ] denotes the six integrals of supported on X, = (=T, T) x (0221 N9N2),
coming from the integration by parts in ; and 5. More precisely, we introduce the
notation

6 6

[Br,] = Z(Bi(QhF*) + Bi(22,T4)) = Z[Ji]~

i=1 i=1

We will bound by below [Br,] using the properties that p®' satisfies at the
interface. First, let us write p®! given in @D in the following way

z1 #9101 (:E), x eﬁlv
poE) =g P
Ho (‘T)a xEQQ\Qla
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where pi' = p®t[g and py' = p®q, . The next result follows as a direct consequence
of [, Proposition 2.1].

Proposition 2.1 IfQ; isa c?3 strictly convex domain and vy is defined in (A.3), then
it holds uy* € C3(Qy), pi* € C3(Qa) and

pit = pst =cte, onTy, (28)
Opy' | Opy'
= F*v 2
5 o O 0, on (29)
Ty 2
Oty > on Ty. (30)

Ovy — diam(Q)’

Remark 2.2 The transmission conditions and are proved in [{J] and [G] in

the case of v = 4, with a1 and as constants at the interface. Here, we emphasize that

CL27

even though a1 and as are not constants on 'y, we have v > 1 as a constant thanks
to (A3),
Precisely, in O \ B-(z1) we have
. 2
i @) = [pap (@ —21)| + My

and
I, = {xeRd: in’l(ﬁr_fL‘l):l}.

This last assertion comes from the definition of the Minkowski functional satisfying
P (x —x1) = 1if and only if z € I',. In addition, in {23 we have
. 2
pzt () = [ngl (x — 331)} + M.
Then, thanks to choosing M; and M, as in we readily obtain which reads
W (@) =14 My = (@), @ el (31)

The transmission conditions and the condition follow by noting that T,

is contained in the level curve Po (x —x1) = 1} and in this case we have

Vpo=1 (v — @ 2l
MZ—W and O

(x) = Q‘VpQTl(x—ml) )

xz ey,
‘VpQTl —1‘1)‘

with

2 [pgfl (z — 901)}2 1
o [dam@)pP

‘Vpﬂfl(x—xl)‘ zel,.

Proposition 2.3 (Interface Integrals) Assume Ql is a C3 strictly convexr domain.

Let 0 < ag < o such that a = a(x) defined in | 2) satisfies (A.1]), (A.2) and (A.3)
Let x1 € Qy, and let ¢(t,x) = p® (x) — Bt with u® satisfying (28)), 1. , and (30)
If

2040

0<P < Giam@P(Q 3’

(32)
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then there exist sg > 0 and C' > 0 such that

6

-Cs® // lw|? dodt — C's*> / lw(+T)[*do Z
{(t,z)e(—T,T)xTy: <0}

(33)

for all s > sg.

Remark 2.4 Actually, it is possible to add, at the left-hand side of , the terms

2
/ / <|8 w|? + s?|w|? + |V w]® + ) dodt,

where V. denotes the tangential first-order operator of w overI'. This follows directly

from the proof of Proposition . See ([38)).

Proof of Proposition (2.3) Let us recall the notation

Az) = Z;Ez; zel,,

and ¥, = (-T,7T) x I..
Recalling also the notation v; = vl , v2 = v|,, and the transmission conditions

for v as in

8’[11 8”[]2
—_— = T r
a0, + as 90 0, on (0,7) x

v =vy, and a;—

we can use the fact that w = e%?v and the transmission conditions and
satisfied by u®* to obtain

81112

vy

= sasw(A —7) Oty , (t,x) e (-T,T) x T..

wy = wy, and ag o,
(34)

_|_
a“2

To illustrate how we deal with each term of [Br, |, we provide details for [J1]. The
remaining terms are treated in a similar way. First, from , we write

[J1] = —s // |8tw1|2a1%dodt — s// \Gtw2|2a2%dodt.
S 61/1 R 3V2

Using and the transmission conditions , we have

[J1] = —s // |(9tw|2 <a1 Ouy -l-aza'u2 ) dodt
141 Ovy

—8// |0pw|? agfy—al) dadt—s// ag\ﬁtw\z 'ul (’y A)dodt.  (35)
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We can obtain, using (29), (34), the decomposition Vw = (V,w 7+ 2%7), and
some straightforward computations, that
0
wi O y2 0 1y doat

[J3 J4 =7 // 31/1 31/1
+ 1 2 2 2 Opi* 1o
s a2| ()\ —y)*dodt + s a3 |V w| (A* =) dodt
s, oy

o] b

Ay(A =) dodt
and

[Je]
3 2Oy’ 2 3 o 2 [ Opy ° 3 2
=5 as|w| 8—\82590| (A=7)dodt + s a3|w| 3 (72 =A%) dodt.
S V1 S 141

These expressions imply

oyt
]+ ]+ 1) = [ aaluP L 0o (3 = ) dods
DN oy
opi
+s3// a§|w2( ad| > (7% =N + (A —7)?) dodt
8w1

3#1 2 2 28#?1 2

6V1
811}1
) 2 2
i //2 42 81/1

ouft
Moreover, using Young’s inequality and noticing that Assumption (A.3)) implies

e
My

aul

2

Ay(A = 7) dodt.

81/1

> mi 1
7> max A(z) 2 min Az) > 1,

we can estimate the last term on the right-hand side of as follows:

awl

—252 // asw——

‘ N ? o,

8’11}1

< 942 2 oJwy

<2 [ adpl |5
§53// a3|wl|? Ouy’ Y2y = \) dadtJrs//

. o
<33// az|w|? 6/& Y (y—1) dodt+s// a3
- . 2 oy 2

Directly from , , (A.3)) and we get that there exists a constant C' > 0
depending in particular on g, minger, A(z), v and diam(Q2) and changing from line

oy |?
61/1
oui' |
81/1

Ay — ) dodt

Ay (y — A)dodt

awl

1 2
AP A2(y — N)dodt

8V1

3w1
6u1

prt e,
8u1 A (v — N)dodt.
(37)
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to line such that

[J1] + [J3] + [Ja] + [Js] >

Cs// <8tw + Vo) + 8w1 )dadt

+s // aj|w]?(y — A) 3V1 [[diaﬁ(Q)P(v(v—AHAJﬂ)—lasjq dodt.

Note also that since |9y¢|? = 43%t?, we can deduce, using , that

{(t,x) €S, ip>0)={(tx) €Dy p™ () > m?}
= {(t,2) € 2. 148 (@) > 0} = {(L0) € 2. 4801+ M) > [0el .

In this last region, using (A.1)), (A.3) and we obtain

a//l/xl 4 |atg0|2
53// azlel*(y =X, [ i Yy =A) + A +7) = | dodt
(Ememapsn )8u1 dam(p 0 TN )

4 . 4B8(1 + My)
=° //{w>o} a2|w| T )\ 8’/1 {[diamm)]? <£I€ufn Me) +W) - Qo } dodt

1 ) B(1+ M)
2 [ 8000 (0 - S
ouit 2 B(1+ M)
> 453 // az|w|® (y — \) =2 [ . -
{(t,z)€S.:9>0} shel”(r=2) vy | [diam(Q)]? ag

Now, recalling the condition on [ that reads 0 < 8 < W, we obtain

after using again and . that
) dodt

_ o8 / / |2 dodt.  (38)
{(t,z)ET.:p<0}

} dodt.

8w1

)+ s] + 4] + ] >Cs// <|8tw|2+52|w|2+|v wl+ |5

Finally, it is not difficult to check that

2]+ sl < 05 [ / ol dodt + C//

Then, there exists so > 0 such that for all s > sq

2
611)1

dodt + Cs? / () 2do.
I,

) dodt

_033// |w|2dodt—032/ lw(+T)2do, (39)
{(t,2) €5, 1p<0} L.

and the proof of Proposition is complete.

6

0
[Br.] = Z ]>Cs // <|8 w)? + s%|w]? + |V,w|* + 811)1

j=1
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Step 8 Interior strictly positive terms Here, we work on the minimization of the
interior integrals Aq, + Aq,. Our approach follows [3]. Taking into account that the
interface is a zero-measure subset of 2, each term gathered in Aq, + Aq, can be seen
as an integral over (=T,T) x = Q. Also, we will refer to any derivative of a as a
function in ©; U Qy, using the notation ||ally1.c = [|allw1.(0,uq,), and the same for
other spaces.

We denote by 4;, j=1,...,7 the seven integrals in . First, let us note that

Ay = // |0sw|* (=28 + Va - V™ + aAp®™ — aa) dadt
Q

and

for all ¢ € R%\ {0}. Notice that the function multiplying |[Vw|? in the above integral
can be bounded by below in (=T,T) x Q \ B:(z1) using and (A.4). Indeed, as

soon as we set a = a(z) by

Az + Az = // alVw|? <2ﬂ —2Va -Vt — aAp™ + aa + 2a
Q

3
a=Ap" —my + %Va VTR (40)

and since p™* and a defined in @ and are regular in each one of the sets
and o, we obtain, using (A.1]) that there exists C' > 0 (changing from line to line)
depending in particular on ||g*||cz2, ||a|lw1. and S > 0 such that

T
As + Az > (=28 4+ agmap) // a|Vw|? dzdt — C’s/ / alVw|* dzdt.  (41)
Q =T Bs(xl)

Bringing the definition of o in A; and as a consequence of using (A.4) and (A.1])
we also obtain that there exists C' > 0 such that

T
AL > (=26 + aomlp)s// |0yw|? dadt — Cs/ / |0yw|? dadt. (42)
Q —T JBe(z1)

Combining and we get

A+ Ay + A3 > (—28+ aomlp)s// (|10sw|* + a|Vw|?) dadt
Q

T (43)
- Cs/ / (|0yw|* + a|Vw|*) dodt.
—T JBe(z1)
Next, we deal with the term Ay given by
Ay =2s // OrpdywVa - Vw dxdt
Q
T T
= 23/ Opp10sw1 Vay - Vwy dxdt + 25/ Orp20ywaVag - Vwsg dadt.
-7 J0 —T JQo



18

Let us notice that, using (A.1) and (A.2), there exists C > 0 depending on 3, T,
llal|wiec and g such that

25 // OypOywVa - Vw dxdt
{$<0}

where {¢ < 0} := {(t,z) € (-T,T) x Q: ©(t,z) < 0}. On the contrary, in the set
{o>0}:={(t,z) e (-T.T) x Q: o(t,z) > 0} ie.,

{ta) e (-1.1) x Q" (@) > 82} = {2V/BVim @) > 1o (t,2)]}

we get, after using Young’s inequality, (A.1), (A.2) and the definition of L in :

<Cs // |0;w|? + a|Vw|? dxdt, (44)
{p<0}

25// OrpOrwVa - Vw dzdt| < 2s // |0vp||Oyw||Val||Vw| dzdt
{¢>0}

{¢>0}
4 L oo 45
SM// |8pw|v/al V| dzdt )
NG {¢>0}
< WM”L&// (10:w]® + a Vw]?) dudt.
Voo {¢>0}
Denoting
L|Vall -
ri=—, 16
N (46)

we obtain, after combination of , and

Ar 4+ As + Az + Ay > (726 + apmip — 2\/070\/Br> 5// (|0sw]? + a|Vw|?) dedt
Q

T
fC's/ / (|8tw|2+a|Vw\2)dxdt—Cs// (10w + a|Vuw|?) dadt.
=T JBe(z1) {p<0}

Assuming that § satisfies

2
<o (52525 )

so that —28 + agmip — 2,/ag/Br > C > 0, then there exists C' > 0 such that

Ayt Ao+ Ag+ Ay > Cs// (10yw]? + a| Vew|?) dadt
Q

T (48)

—cs/ / (|8tw|2+a|Vw|2)dxdt—Cs// (10w]? + a|Vw[2) ddt.
=T J Be(x1) {p<0}
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Let us deal with the integrals A5, Ag and A7;. We write the sum these integrals

in , as follows

As+ Ag+ A7 = s° //Q lw|?c,, dzdt, (49)

where ¢, = ¢, (t, ) is given by

cw = (|00p]* — alVe?) (3070 — Va - Vo — alp + aa) + 2a*D* p(Vp, V)
+ 2a|V<,0|28,52g0.

On one hand, since ¢ and a are regular in each one of the sets Q; and o, it is clear
that there exists C' > 0 such that

sup lew(t, )| < C.
(7T,T) X (Ql UQz)

On the other hand, since ¢(t,z) = p® (z) — ft?, we can minimize ¢, in Q \ Be(x1),

using (13), and (A.4) as follows:
cw = (46%t% — a| V™ 2) (=68 — Va - V™ — aAp™ + aa) + 2a>D? ™ (V™ , V™)

— daB| vy ?
> (46%% — a| V™ |?) <65 + %Va VTR am1> +2a*m |V p®|? — 4aB|V " |?
> —45%¢2 <6B + w + am1> + a|Vp®|? <6,6’ — M + 3am; — 46)
> —43%t? (66 + w + aml) +a|Vpt? (28 + am1 (2 + p)) .
Moreover, using 7 , and we can continue minimizing c¢,, in the
region

{(t,2) € (=T, T) x N\Bc(21) : ¢(t,2) >0}
={(t,2) € (-T,T) x Q\ Be(1) : —45°* > —4Bp" ()}

as follows:

Val|lV pu*t
cw > — A" <6B+|all2u

=283 (a|Vu™|? — p™|Va| Vi) — 248%™ + amy (2 + p)a| V™ > — 48u™)
>2B(anc; — L?||Val| o |V L) — 24B°L? + amq ((2 + p)aoe] — 4BL%) .

+ am1> +a|VE®t|? (28 + am1 (2 + p))

In particular, recalling the notation for r in and if

(24 p)ct

ﬁ<0{0 412 3
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we get

cw >2B(aoct — L?||Val| g || V™ || L) — 24B°L* 4+ agmy ((2 + p)aoct — 48L7)
=2Bayg (¢] — LI|Vp® || ) — 248%L? + afmi (2 + p)ci — 4BagL?my
> = 24B°L* — 2Bayg |} — L|Vu" || peor — 2L%my | + agma(2 4 p)ci. (51)

Now, noticing that corresponds to a second order polinomial in 3, we assert that
there exists a positive constant C' > 0 such that

—248%L* — 2Bayg |} — L|Vu™ || peor — 2L%my| + agma (2 + p)cf > C > 0,
for all g satisfiying
0 < B < agpo, (52)
where

1

1/2
= 5o {|c§ — LYV || poer — 2L%mn |* + 24L%my (2 + p)cﬂ

Po :
—|e = LIVu* || por — 2L%my | . (53)

Therefore, becomes

T
As+ Ag + A7 > Cs® // lw|? dedt — 033/ / lw|? dadt
Q =T E(wl)

- Cs? // |w|? dxdt.  (54)
{p<0}

Step 4 Conclusion On one hand, taking into account that Baq, + Baq, = Baq+[Br. ]
we have, thanks to the Dirichlet homogeneous boundary condition of v = e™*%w,

Vw = 0, wV, on 0f)

and then we obtain
T
Byg > —Cs / / 8, w|* dodt, (55)
-7 F:H

where I‘le is defined in .
On the other hand, let us take (31 such that the conditions , , and
hold, that is,

0 < B < agmin

2 2

n 4L2 » PO

: (T)Q mp r\ @+p)c
[diam(Q)2(1+ 04)" \ V \4 ’

(56)
where pg is defined in . Then, we can combine inequality with estimates ,
and to conclude that for all 8 € (0, 81) there exists sg > 0 and C' > 0 such
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that, for all s > sq:

Agq, + Aq, + Bsqa, + Baq, > Cs // (|0sw]? + a|Vw|* + s*|w|?) dzdt
Q
T T
- Cs/ / (|0:w]? + a|Vw|* + s%|w|?) dedt — Cs/ / |0, w|* dodt
—T J Be(z1) -T szl

—Cs// (|0:w|? + a|Vw|* + s%|w|?) dxdt
{(t,x)e(—T,T)xQ: <0}

- Cs? // |w|? dodt — C’sz/ |w(+T)|*do.
{(t,x)eX: <0} T.

Recalling the definition of Yy in 7 we also need to deal with

(57)

T T
Yo, +Ya, = s/ / a%quwl -Vay dxdt + s/ / a%wQVwQ - Vas dxdt.
T Ql =T QZ

Notice that from we have a = Ap®™ —my + %Va -Vt and

sup_ [Va(z) < G,
z€QUQ,

with C depending in particular on [la;||cz, [|u]"||cs and my. Indeed, using (A.1) and
Young’s inequality we obtain

[Yo, + Yo,| < C// a|Vw|? dzdt + Cs // |w|? dxdt. (58)
Q Q
Similarly, from the definition of Ey(£+T) in we readily get
B, (£T) + Ea (1)| < O [ (BT + [Vu(T)P + (D)) da.
Q
We also have from Rw = —s(9%¢ — div(aVy))w — aasw + Va - Vw given in

Rw|? dedt = —5(0%¢ — div(aVy))w — aasw + Va - Vw ? dadt
Q Q '

< C’s// |w|? dadt + 2// |Va - Vw|® dadt
Q Q
2 o
<Cs // lw|* dzdt + AVale= // a|Vw|? dedt
Q @0 Q

§C’s// \w|2dxdt+0// a|Vw|® dadt.
Q Q

Finally, taking into account and since we have estimated by below the
expression

+ Eq,(£7),
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we can use s to absorb and by the positive dominant terms on the right-hand
side of . More precisely, we obtain the inequality

s//(|6tw|2+a\Vw\2+52\w|2)dxdt+s3 // lw|? dadt+// |Pyw|? dzdt
Q b Q

T
< C’// |Pw|2dxdt+C’s/ / 8, w|* dodt + Cs® // |w|? dodt
Q ~TJT) s, {(t,2)€S: <0}

+Cs// (|8t'w|2+a|Vw|2 —|—s2|w|2) dxdt
{(t,2)e(~T,T)xQ: p<0}

+C’s/(|8tw(iT)|2 + [Vw(£D) > + s} |w(£T)|*) dz + Cs? | |w(£T)|*do
Q .

T
+CS/ / (|0sw]? + a|Vw|* + s%|w|?) dzdt,
=T Bs(xl)

for (s > sg), where Pw = e*¢ L(e™*?w) and L = 97 — div(a(z)V).
Returning to v = e~ *¥w and using

|Lv|* < C|Lyv]* + Cm|v|?,

we can choose s large enough to absorb C'm|v|? by the dominant terms on the left-hand
side of and then we obtain the desired result for L, = 97 — div(a(x)V) + q.

2.2. Carleman estimate with initial kinetic energy

Corollary 2.5 (Carleman with initial kinetic energy) Assuming the same con-
ditions as stated in Theorem|1.5, and with ¢ given by , if

v(0,2) =0, VzeQ,

then there exists sg > 0 such that for all s > s,
J(v) = 51/2/ e29(0)19,0(0)|? da.
Q

can be added to the left-hand side of .

Recalling the notation w = e*?v and using the assumption v(0,z) = 0 in 2, we get
w(0,2) = 0 in Q. This last condition, combined with the cut-off function xy € C*°(R)

such that 0 < y <1 and
(r) = 1, if 7>0,
M=V, it r<-T,
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allows us to write the following equivalences:

s172 [ 25900)19,0(0)|2 dz = 5'/2 w(0)[? dz
/Q 0,0(0)? d /Q|a 0)2d
= 512 / (X(O)10w(0)2 — x(—~T)[Bew(~T)P) da

1/2// = (W (t)) dt da o

1/2/ / )]0 (t)]? + 2x(1)0ywd}w) dad.

Using the definition of Pyw given in (20), we have 0}w = Piw + aAw — s?(|0,p|* —
a|Vp|?)w + 2Va - Vw. Then, using Young’s inequality, becomes

81/2/ e?*%(9)9,0(0) 2 dx < 051/2/ |0yw|? dadt
Q Q

0
+ 51/2/ /QQ)C(t)atw (Prw + aAw — s*(|0wp|* — a|Ve|*)w + 2Va - V) dzdt
-7

< Cs// \@w\dedt—!—C’// |Pywl|? dxdt
Q Q

0
+ 2572 / / x(®)0w(aAw — s2(|0,0|* — a|V*)w + 2Va - Vw) dzdt.
—rJa
(62)

The goal is to estimate the right-hand side of the previous inequality using Carleman
estimates (60]) in the variable w . To achieve this, we need to perform integration by
parts in the last integral. We can break down the sum of this computation into three
terms: 17,715 and T3. Therefore, we can write the final result as

0
2572 [ [ xtidw(adu — (0ol ~ alVieP)uw + 2¥a- Vu) dodt =T + T2 + T,
T JQ
(63)

As is customary, we will begin by computing each term on a generic set U without
boundary conditions. We will then apply these computations to both sets €; and
Q9, combining the common integrals supported on I',. We can use the fact that
w(0,z) = 0 in Q and x(—T) = 0. By integrating by parts, using the transmission
conditions , Young’s inequality, and assumptions - , it is easy to obtain
the next estimate.

Ty+T+T3<Cs // (|oww]? + a|Vw|? + s*|w|?) dzdt + Cs® // |w|? dodt.
Q *

Putting together the previous estimates for 77,75 and T3 in (63, we can write
the inequality as

31/2/ e25¢019,0(0)|? da:
Q

SC’s//(\@w\z+a|Vw|2—|—82|w|2)dxdt+53 // |wl|? dcrdt—|—/ |Pyw|? dadt,
Q S Q
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which using simultaneously and give

1/2/ 29@(0)‘3”)( )|2dx+8/ / 252(10p|* + a| Vol + s2|v]?) dadt

< C’/ / 25 (Lyv) dmdt—i—CS/ / €250, v|° dodt

os [ oo+ a9+ ol
{(t,)e(~T,T)xQ: <0}
T
vos [T ol Dol ) dea
_ 1)
n CS/ nggp(:l:T)(wtv(iT)‘Q + |V’U(iT)|2 + 32|1}(iT)|2) dzx

Q
+Cs? / e**?|v]? dodt + C's* / 252 ED) |y (£T) 2 do.
t,x)e(=T,T)XT: p<0} I.

(64)
3. Lipschitz Stability

In this part of the paper, we present the proof of Theorem The proof strategy
is to carefully follow the well-known approach for proving Lipschitz stability for the
potential recovery, specifically in the scenario of smooth a = a(x) wave speed. We will
need to construct a convenient cut-off function that would enable us to apply estimate
(64). Furthermore, we will require the combination of two weights, each allowing us
to remove localized integrals in B (x1) and Bc(z2).

3.1. Initiating the Bukgheim-Klibanov method

Let u, and u, be the corresponding solutions of associated to potentials p and q.
Then

(07 — div(a(2)V) + q)(up — uq) = (¢ — p)uy, in (0,7) xQ,
Uup —uq =0, on (0,7) x 0,
(up —ug)(0) =0, O(up —uq)(0) =0, in Q.
Next we define y = 0 (u, — u4) and we can notice that y satisfies
(07 — div(a(z)V) + @)y = (¢ — p)ruy, i (0,T) x 9,
y =0, on (0,T) x 909, (65)
y(0) =0 9y(0) = (¢ —p)u’, in Q.
Let us observe that the assumption u, € H'(0,7;L°(f)) implies that (¢ —
p)oru, € L1(0,T;L*(Q)) and (¢ — p)u® € L*(Q). It is a classical result that under

these assumptions and for a = a(x) under the setting of assumptions (A.1))- (A.4]) and
q € L>(9), equation admits a unique weak solution

y € C([0,TT; Hy () N CH([0,T); L*()), (66)
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where the energy B, (t) = [|0y(t)|172(q) + all Vy(8)[|7 () satisfies

Ey(t) < Cll(g = p)u’ 1220y + Cll(a = p)Oeupll71 (0 7,120 (67)

Moreover, we can assert that 9,y belongs to L?(0,T; L?(0€)) and that there exists a
positive constant C' depending in particular on ||y || g1 (0,7;z () such that

2
||aVyHL2(0,T;L2(c’)Q)) <Cllg— PH%2(Q)~

To apply Corollary in this section, we need to extend the functions y and
Oyup to (=T, T) by taking their odd extensions in the ¢-variable. This odd extension
enables us to maintain the regularity in (=7,T). We will use the same notation
for the extended functions. As a result, we obtain:

(02 — div(a(z)V) + q)y = (¢ — p)druy, in (-T,7T) x 9,
y=0, on (=T,T) x 09, (68)
y(0) =0 3:y(0) = (¢ — p)u°, in Q.

The proof of Lipschitz stability can be obtained by estimating the initial velocity
9y(0) = (¢ — p)u’ in using the right-hand side of the same equation. To achieve
this estimation, we can apply Carleman estimates . However, it is important to
ensure that the functions used in the Carleman estimate meet the transmission
conditions . Moreover, these functions should allow us to eliminate additional
observations that are supported on (=7,T) x B.(x1), as well as terms evaluated at
+T and in the regions of (=T, T) x Q and (—T,T) x I'. where {¢ < 0}. Specifically,
we will require:

e The combination of the weight ¢(t,7) = p*'(z) — Bt?> with a second weight
o(t,z) = p*2(z) — Bt? defined in to eliminate the corresponding integrals
supported on (=7, T) x Be(x1) and (=T,T) x B(z2).

e The construction of a cut-off function % and 6 (depending either on ¢ and ¢) to
get rid of pointwise terms evaluated at £7" and integrals supported on {¢ < 0}
and {¢ < 0} respectively.

3.2. Defining a convenient cut-off function

Consider
p(t,x) = p™ (v) = B> and  @(t,x) = p" (z) - Bt?,
with p*t and p®2 previously defined. From we can chose € < min{dy, d2} with J;
and d, satisfying
Mwl(.’]&')251>0 Vx e (Ql UQQ)\BE($i>7 1=1,2.

We can simply choose 8; = 6, = £2/[diam(Q)]? and then take & < £2/ [diam(Q)]” so
that we have

0<e< inf pr(x), k=1,2.
(21UQ2)\Be (zx)

Recalling the notation ¢;(t,z) = p®1g,(z) — Bt* for j = 1,2, we define
0% € C((-=T,T);Q) as follows. First, in (—=7T,T) x € we define
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0, if t,x) < My,
0% (1, ) = opltyr) <My, (69)
1, if pi(t,x) > My +¢
and in (=7,7T) x Qg
0, if t,x) < Ma,
0% (1, ) = ipaltr) < My (70)
L, if po(t,z) > My +7,

for constants M7, My and ~ given in . The key observation is that the variation
from zero to one must be done in (=7, T) x Qq and (=T, T) x Qs satisfying particularly
the trace condition

007 005

o Ovy

Note that for the second weight, ¢(t,z) = u®2(x) — Bt?, we define 6¢ ¢
C>((—-T,T) x Q) in a strictly analogous fashion of and (70).

Figure left) represents the context of the application of 8. The variation of
6 in (=T, T) x Q1 needs to be done between the upper blue line (p; = M;) and the
lower red curved line (p; = M; + €). Similarly, in (=7, T) x Qo, the variation of 6§
must be done between the upper blue line (p3 = Ms) and the lower red curve line
(2 = Mz + 7).

In the 1D case, condition can be achieved by allowing just a “perpendicular
variation” at the points of discontinuity. See in particular [I, Section 3.1] for the
situation of two connected branches in the case of waves on networks. In the setting
of Figure right), it means that the cut-off function’s level sets going from 0 above
the blue line toward 1 below the red line are parallel when crossing I', perpendicularly.

0, on (0,7)xT,. (71)

0 =015

=03

o W
0° 30
n
|
99 =0 ™1 I =045
8 - “f‘;“
f 0.8
%§4 /3\" ) : / e =09
N4 07 =0 05 =0 By -
\'*% | |
2 A
2 % N
4 0° =1
05 =1 05 =1 /

Figure 1. Context of the application of ¥ and the behaviour of ¥ in a
neighborhood of I', satisfying .

3.3. Applying Carleman estimates

Let us take (3 satisfying
L2
7z < B < Po, (72)
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which can be done since the assumption on T. Then, using the function 6%
defined in and and the analogous function ¢ let us set

vt =0%y and o? = 0%,

for y solving (68). Note that as soon as condition (71) is satisfied for 6¥ and 6
respectively and in view of the condition for 3 in (72)), then v! and v? satisfies the
next properties.

e vl and v? satisfies the same transmission conditions as ([4)):

i o3

vi =wv3, and ala—zi—l—aga—zz:O, on (0,7)x7T,,
o} o3

v =03, and ala—zi—f—aga—zz:& on (0,7) xT..

o v}(£T) = v3(£T) = 0 and 9w (£T) = 9v*(£T) =0, in Q.

e vl and its derivatives vanishes both in the region {(t,z) € (=T,T) x Q: ¢ < 0}
and {(t,z) € (=T,T) x s : ¢ < 0}. The same applies to v? in the corresponding
regions {(t,z) € (-T,T) xQ: ¢ <0} and {(t,z) € (-T,T) xT'v: ¢ <0}.

e The equations

(07 — div(a()V) + @' = 0¥(q— p)Oup + Ly, 0y, i (~T,T) x 2,
1=y, on (=T,T)x 0Q,
L) =0, 9w'(0) =6%(0)(q — p)uy(0), in Q,

(73)

(8752 - le(a(l‘)V) + Q)U2 = 9¢(q - p)atup + [LQ’ aﬂya in (_Ta T) X Q7
2=0, on (=T,T) x 09,
2(0) =0, 0:;v%(0) =6%(0)(q — p)uy(0), in Q,

(74)

are satisfied. Here [A, Bly = A(By) — B(Ay) stands for the commutator of two

operators A and B. Additionally a = a(z) also satisfies the multiplier condition
(Ad) and g € L%, ().

Now, we are in the position of applying the inequality to both v! and v? and
to sum up the resulting inequalities. Consequently, we obtain, for all s > sq,
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T
81/2/ e2%(9)19,01(0)? da + s/ / e (|0 |2 + a|Vut|? + s?[v!|?) dadt
)

—|—sl/2/ e?*¢0)|9,02(0))? d:v—l—s/ / 259 (10402 + a| V2| + s2|v?)?) dadt

<C/ / ¥ (L") dmdt—i—C/ / e*9(Lv?)? dudt
+ Cs/ / e25® |6,,vl’2 dodt + Cs/ / e2s¢ ’8,,112}2 dodt
-T szl -T F:xz

T

—|—C’s/ / 22 (|0 |? 4 a| Vo' |? 4 s2|v!|?) dadt
- B (5131
T

JrC’s/ / eZ5(10,0%)? + a|Vo? |2 + s2|v?|?) dzdt.
- s(w2

3.4. Eliminating “blinds spots” integrals

In this step, we aim to eliminate the last two integrals (on B¢ (x1) and B:(x2)) of the
right-hand side of estimate . We will do this in two parts. Firstly, we will compare
v! and its derivatives with v? in the region (=T, 7T) x B.(z1). Simultaneously, we will
also compare v? with v! in the region (—T,T) x B(x2). For this comparison to be
possible, the value of € needs to be small enough.

In the second part, we will use the integrals on the left-hand side of equation
to absorb the integrals on B.(z1) and B.(x3). This absorption will be possible by
choosing an appropriate value of s that is large enough.

Note that using (|11]) we have the estimate

plt.) = 5 (2) = B < [pgs (x — 20)] — B2 + M,

52

g A in (— 7).
= [dist(x1, )] pto+ My, in (=T,T) x Be(z1).  (76)

In addition, if we assume

we also have

|z — 22]?

ly(z) — 22|
5 — B2+ My in (=T, T) x Be(z1). (78)

8(t,2) = [pasa (e —22)] — 62+ My = 8% 4 M,

d2
~ [maxyer, dist(y, z2)]

Notice that the right-hand side of depends on t € (=T,7). We are
particularly interested in the points of ¢t € (=T, T') where

52

B2 M, > M, 79
[dist(zy, )] P b= (79)
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because in the other case, the function v! vanishes according to the definition of §%.

Using in we obtain

2 2
olt,e) 2 [maxyer, Zist(y,s@)]2 - [dist(;1,F*)]2 tM i (T) x Bel),
which for

e d- diam(Q) dist(z1, ') —d, (80)
maxyer, dist(y, z2) \/[dist(asl,F*)}Z + [diam())?

implies

¢(t,x) > My +€ in (=T,T) x Be(z1) (81)
and consequently
[01* = 109y]* < |yI* < [0%y1* = [v*]* in (=T,T) x Be(1). (82)

It is direct to check that the condition implies that V¢ and 0,0? neglects
n (—=T,T) x B:(x1). Then we obtain

(V0?2 = [V6% + 60°Vy|> = |Vy[* in (=T, T) x B(z1)
and
|0:02|% = |0:0%y + 020,y|* = |0wy|* in (=T,T) x Be(x1).
These two last conditions can be used together with to get
Vo' |? = |[V89y 4 69 Vy|?
< ClyP? +C|Vy]> < CP*P+ C|VV** in (=T,T) x Bo(z1)  (83)
and
|0 |2 < Clo? ]2 + Clow?]?  in (=T,T) x Bo(x1). (84)
Combining , and , we observe that following estimate holds

T

s/ / 2 (|0p! |2 + a| Vot |? + s?[v!|?) dadt
—T J B.(x1)

- (85)

SCS/ / 2?1002 + a|VV?|? + s%[v?]?) dadt.
—T JB.(x1)

Performing analogous steps to arrive to , it is straightforward to obtain an
equivalent inequality to in (=T,T) x B.(xs); that is, if

e< d diam(€?) dist(z2, ') = dy, (86)

maxyer, dist(y, z1) \/[dist(xz, ) + [diam())?
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then

T
s/ / e (10,0%|?+a| Vo2 [* + s2|v?|?) dxdt
BE("I’-Q)

-T

T
SCS/ / e®?(|0s0! |2 4 a| Vo' > + s2[v! |?) dadt.
-T BE(IQ)

(87)
Let us fix € > 0 such that , and hold, i.e.,
e <min{d,dy,d>} (88)

and note that in particular that the condition also implies

O(t,7) — plt,0) = p™ (@) —p™ (@) = >0 in (<1.T) x B(ar)  (89)
and

p(t,x) — o(t,x) = p™ (z) — p*2(x) > €>0 in (=T,T) x Be(z2). (90)
Consequently, we observe that

Cses¥ < %628¢, in (=71,7T) x B:(z1) (91)

and
Cse*? < 362590’ in (=T,T) x Be(x2), (92)

for all s > sg.

Plugging and in and respectively we can finally take s
sufficiently large to obtain (thanks to inequality )

s/ / 220 |9,01 (0Y[2 dz + /2 / ¢200)|9,02(0)|? da
Q Q
T T
< C/ /eQS‘/’(Lqul)2 d;vdt—i—C/ /625¢(qu2)2 dxdt (93)
—TJQ —-TJQ

T T
+ C’s/ / e2¢ |8l,1)1|2 dodt + Cs/ / e2s9 |61,v2’2 dodt.
-T F:ggl -7 r:zg

3.5. Applying Bukhgeim-Klibanov method

Once we obtain , the strategy for proving Lipschitz stability in the inverse problem

is rather classic. We will need to pay specific attention to carefully combine the

information from the left-hand side of for getting an estimate of [|p — gl z2(q).
Taking into account the definition of 8% and 6?, it is clear that

090,2) =1, in Q\ B:(x1),
9¢(0,$):17 in Q\ B.(z2).
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Using the assumption [u®(z)| > § > 0 a.e. in €, the left hand side of is minimized
as follows

51/252/ 625@(0)‘(1 7p|2 dz + 51/252/ 628¢(0)|q 7p|2 dx
O\B.(z1) O\ Bc (z2)

(94)
< 031/2/ 25909, (0)|? da + 51/2/ ¢259(9)|9,0%(0)|? da.
Q o

We now deal with the integrals of the right hand side of involving |L,v![?
and |L,v?%|?. From and these terms satisfy

|Lgv'[* < 216%(q — p)drup|* + 2|[Lg, 0°Jy), (95)
2

|Lqv®|? < 2(607(q — p)Byup |* + 2 |[Ly, 07y
It is immediate to note that the commutator [L4,6¥] is confined in regions
depending upon ¢. First, in (—=T,T) x @ and (—7,T) x Qo we see that [Lg,0%]
is confined at the points {M; < p1 < My + &} and {Ms < ¢ < My + v} respectively.

Therefore, substituting into the first integral of the right hand side of and
since ¢(t,z) < ¢(0,z) in (=T, T) x Q we obtain

T T
/ / e (L )? dadt SC’/ / 52O q — p|?|0yu,|* da dt
—_TJQ -TJQ

T
+ Ce? (Mt / / (Iy]* + a1|Vy|* + |0wy|?) dadt
—-T JQ

T
n Cer(Mz'f"Y)/ / (|y|2 + a2|Vil/|2 + |3t3/|2) dadt.
—T JQo
(97)

Let us return to the interval (0, T) in (97).To estimate |y|?, we can use the Poincaré
inequality. Then, we can use the energy estimates in equation for y € H}(Q) in
the last two integrals of the right-hand side of equation . This allows us to conclude
that there exists a positive constant (which change from line to line) depending on
||UP||H1(O’T;LOO(Q))7 T, and m such that

T
/ /eQSW(qul)zdmdt gc/ezs‘P(O)lq—plzdx+0e2s(Ml+5)/ lq —p|* da
-7 Ja Q o

(98)
+ Ce2s(Mat7) / lq — p|* d.
Q2
Moreover, according to the estimates
|z — 21]? g2 . :
@1(0,%)*7+M1272+M1>8+M1 mn Ql\BE(JZl)

- y(x) — a1 ]? [diam ()]
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and
|z — a1 |?

e My >y + My in Qy,
ly(z) — a1

4,02(0, LC) =7

we deduce from that

T
/ / e*? (L ') dadt < C’/ >0 — p|? da
-TJQ O\ B (21)

+ C'/ (eQS(MlJré) + 623“"(0)) lq — p|? da. (99)
Bs(zl)

Similar arguments can be applied to the second integral in the right hand side of
. More precisely, using together with the confinedness property of [L,, #%] in
the corresponding regions and since

2

|z — @|? € . .
00)= 42" > & LM s +M, i 9\ B.(x
0100) = o= T M diam(Q)) ! 1\ Be(2)
and
2
¢2(0,x):7 |l‘ .’132| +M2Z'7+M2 in QQ,

ly(z) — w2|?

we also conclude that there exists a positive constant that may change from line to
line and depending in particular of ||u,l| g1 (0, 7;0(0)), T and m such that

T
/ / > (Lyw*)? dxdt < C e?90)|g — p|? dx
—-TJQ Q\ B (z2)
T C/ (625(M1+§) + e2s¢(0)) lq —p|2 da.
B:(z2)

After returning to the interval (0,7") and using the boundary conditions of v*
and v? in and , the boundary integrals in can be expressed as follows in
terms of the variable y = 0;(up — uq):

T T
s/ / e25¢ |8uv1’2 dodt + s/ / e2s¢ |8,/02|2 dodt
=T F“ml =T F“mQ

T T
< C’s/ / €% 10,0, (u,, — uq)|2 dodt + Cs/ / €?%%10,04(u, — uq)|2 dodt.
0 F:TI 0 F:'Tz

Summarizing, we have that using , , and these last two estimates, the
inequality becomes
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/2 / 2590 | _ pl2dz + 51/2/ 2200 |g _ pl2dy
O\B.(z1) Q\ B (z2)
<C ezs@(o)|q o p|2dx +C 625¢(0)|q _ p|2dx
O\ B. (1) O\ Be (z2)

+C (e2s(M1+é) n ezw(o)) lq —p|2d:c L C

<€23(M1+5) n 623¢(0)) Iq _p|2d$
B (1)

B (x2)

T T
+ C’s/ / e3¢ (0,04 (up — uq)|2 dodt + Cs/ / 5910, 04 (up — uq)|2 dodt.
o Jrh, 0 JIia,
(100)

Next, we notice that taking s sufficiently large, the first two integrals in the right-
hand side of (L00]) can be absorbed by the two integrals in the left-hand side of (100]).
Furthermore, we note that

o0.0) = 2=l s € M+ i Bl(e)
’ ly(z) — z2|2 1_[diam(Q)]2 ! ' =

and from we also see that
v(0,2) < ¢(0,2) in B(x1).
Analogously, we can assert that

Omy = =l s M S M +E i B
i ly(z) — z1|2 1_[diam(Q)]2 ! ' =

and from we obtain
?(0,2) < p(0,2) in Be(xs).

According to the latest estimates and since e satisfies , the third and fourth
integrals on the right-hand side of (100)) satisfy

/ <€28(M1+6") + e2sw(0)) lg—p|?de < C e2S¢>(0)|q —pl*dx
B.(z1) O\ B (22)

and

/ (623(M1+5) + e2s¢(0)) |q _ p‘Z dr < C eZs«p(O)lq _ p|2 dr.
B (z2) Q\Be(z1)

Taking s large enough in the left hand side of (100]) to absorb the integrals in the right
hand side of these last two estimates we finally obtain

$1/2 / 2590 g _ pi2 4y 4 51/2 / ¢2500) g _ pl2 g
O\ Bc(z1) O\B: (z2)

T T
< Cs/ / %% 10,0, (up — uq)\2 dodt + Cs/ / €910, 04 (up — uq)|2 dodt.
o Jrt, o Jrt,
I3 M
(101)
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It follows immediately that for fixed s, we can estimate the exponential on both
sides of (101)). Indeed, using that we can cover Q by Q\ B:(x1) and Q \ B:(z2), we
finally obtain, for I'g = F:zl U I‘:LFIQ, the inequality

T
/ lg —p|*dx < C’/ / 18,01 (up — ug)|” dodt.
Q o Jr,

This ends the proof of Theorem detailing the Lipschitz stability of the inverse
problem considered in this article.
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