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Abstract

Having in mind the issue of control of insects vectors or insects pests, we consider in
this paper a metapopulation model with patches linearly interconnected, and explore
the global effects of the (on purpose) increase of mortality in some of them. Based on
previous results by Y. Takeuchi et al., we show that under appropriate conditions, the
sign of the stability modulus of the Jacobian of the system at the origin determines
the asymptotic behaviour of the solutions. If it is non-positive, then the population
becomes extinct in every patch. Conversely, if it is positive, then there exists a unique
nonnegative equilibrium, which is positive and globally asymptotically stable.

In the latter case, given a subset of ‘controlled’ patches where human intervention
is allowed, through mass-trapping for instance, we study whether the introduction of
additional linear mortality in some of them can result in population elimination in every
patch. We characterize this possibility by an algebraic property on the Jacobian at the
origin of a so-called residual system. We then assess the minimal globally asymptotically
stable equilibrium that may be attained in this way, and when elimination is possible,
we study the optimization problem consisting in achieving this task while minimizing
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a certain cost function, chosen as a nondecreasing and convex function of the mortality
rates added in the controlled patches. We show that such minimization problem admits
a global minimizer, which is unique in the relevant cases. An interior point algorithm
is proposed to compute the numerical solution.

Keywords: Pest; Vector; Metapopulation; Control strategy; Monotone system; Interior-
point algorithm; Oriental fruit fly
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1 Introduction

Food and health securities have become of main importance in many countries all around
the world. Among the significant threats to these securities are aphids and whiteflies, which
are major plant disease vectors, responsible for transmitting over 500 virus species [19].
Additionally, pests like fruit flies cause substantial damages on vegetable crops and orchards.
For instance, Bactrocera dorsalis, commonly known as the oriental fruit fly, is a significant
pest that primarily inhabits tropical and subtropical regions [3] and is considered one of the
world’s most invasive species [10]. The females deposit their eggs beneath the fruit’s surface,
leading to bacterial and fungal proliferation, ultimately rendering the fruit unmarketable.
In African countries where Bactrocera dorsalis is present, high losses have been recorded on
mango crops. For example, in Mozambique, the percentage of damaged mango fruits ranged
from 21% to 78% between September 2014 and August 2015 [12]. Similarly, human disease
vectors, like mosquitoes, are a growing concern, challenging not only Southern countries. As
an example, the invasion of mosquito Aedes albopictus (the ‘tiger mosquito’) puts in risk the
human populations of Northern countries, as it is a vector for several diseases (Dengue, Zika,
Chikungunya) to which they are fully susceptible [24].

Effective pest and vector management is essential to minimize as much as possible their
impact. A large variety of techniques are employed in the field. Among these, mass trapping
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is widely used, and some methods are specifically designed to target and increase mortality.
For instance, gravid traps utilize water infused with decomposing organic material to attract
gravid females in search of egg-laying sites, thereafter either retaining or eliminating them
[15, 26], B7], and attractive toxic sugar baits also play a significant role [5, [38]. In fruit flies
management, Methyl Eugenol, when used together with an insecticide, is frequently used
against Bactrocera dorsalis to attract and kill male flies [45]. Other mass trapping methods
aim to reduce fecundity. For example, ovitraps, particularly used for Aedes mosquitoes,
are tailored to intercept eggs laid by ovipositing females [30]. As other biological control
techniques, the sterile insect technique (SIT) or the incompatible insect technique (IIT) are
very promising strategies consisting in massive releases of sterile or incompatible males. After
mating with these males, the wild females do not produce viable eggs, thereby contributing
to reducing the size of the population [I4]. This method has already been implemented
successfully in the field [51], and a feasibility project called AttracTIS that combines SIT
and other control tools against Bactrocera dorsalis, is ongoing in Réunion Island.

These issues deserve deep studies, for which mathematical modelling can be of great help.
Mathematical models not only help aggregate and formalize knowledge, but make it possible
to identify the processes and parameters important to be studied. These approaches are
particularly valuable as an alternative to extensive and potentially impractical simultaneous
field studies that are often long, tedious, and costly, or impossible to conduct simultaneously.

In this paper, we delve into modeling mass trapping methods that affect mortality rates.
We take into account the spatial aspects, which influence significantly the efficacy of this
strategy, since in practice, the surfaces on which mass trapping is applied are limited and
heterogeneous. Our focus lies within a metapopulation framework, which consists of a group
of populations of the same species occupying distinct homogeneous patches of suitable habi-
tat within a larger landscape. This concept was introduced by Richard Levins in 1969 to
describe a model of population dynamics of insect pests in agricultural fields [35]. It has
been used mainly by ecologists to show that the connectivity between zones in heterogeneous
landscapes promotes species conservation [25]. Subsequently, these metapopulation models
were extended to epidemiological issues and other biological processes involving interactions
among dispersed populations [I], 27]. Despite biologists’ significant interest in metapopula-
tion, such models have been primarily underused in pest management, focusing more on the
study of population persistence. For example in [2], the authors proved the existence of a
threshold number of source patches necessary to ensure this property.

With the aim of designing efficient control strategies, we consider in the present work the
opposite question, exploring the conditions necessary for population elimination. We consider
that the control action is limited to a specific number of plots. This limitation might stem
e.g.from environmental constraints (gullies, marshes...) that prevent control implementation,
reluctance of plot owners to allow any form of intervention, or certain fallow lands remaining
untreated. We aim to explore the influence of an untreated land on its neighbours, as well as
the impact of treated areas on their surroundings. Specifically, we seek to recognize whether
the incapacity to operate in a specific region may detrimentally affect the overall efficacy of
the strategy.



The paper is organized as follows. In Section 2] we present a model describing the natural
evolution of a population in a patchy environment. We recall and refine Takeuchi’s results
for such model [36] 47], which state that the elimination or persistence of the population
is determined by the sign of the stability modulus of the Jacobian matrix at the origin of
the system. In Section [3] we study the feasibility of population elimination by introducing
additional mortality terms in a subset of controllable patches. We assess in Section 4] the
minimal attainable equilibrium value. When elimination is feasible, we study in Section
the optimization problem consisting in achieving this task while minimizing a certain cost
function, chosen as a non-decreasing and convex function of the mortality rates added in the
controlled patches. We then present an algorithm that computes the numerical solution. In
Section [0, we apply the algorithm for a population of Bactrocera dorsalis to examine how
the model parameters, especially diffusion coefficients, affect the optimal control strategy.
For reader’s convenience, the proofs of the results are put in Appendix.

General notations and notions

Let us introduce some general notations and definitions that will be used in this paper.
First, the inequalities between vectors are considered in their usual coordinate-wise sense,
that is, for any © = (21, ...,z,) and y = (y1, ..., Yn),

e r <y <= v, <y,i1=1,...,n,

o r <y = <y FY,

o I KLYy &= x; <yY;, 1=1,...,n.
These definitions are extended to matrices.

Definition 1.1. The cardinal of any non-empty subset C of {1,...,n} is denoted nc. For
any = (1, ...,x,), the point of R" composed of the ne components of x with index in C is
denoted x|c :
Tle = (i) ;ec -
Similarly, for any non-empty subsets C,D of {1,...,n} and any matric A € M,(R), we
define the matrix
Alep = (Aij)iec,jeD'
Definition 1.2. We denote
R, =R, U{+o0}

the extended positive real number line.

Definition 1.3. [32, p. 31] A square matriz A € M,, (R) is said reducible if there exists a
permutation matriz P such that PT AP is block triangular. Otherwise, A is called irreducible.

Definition 1.4 (Metzler matrix). A square matrizc A € M,, (R) is said to be a Metzler
matrix if all its non-diagonal entries are non-negative.



Metzler matrices are also called essentially non-negative matrices [13]. Many of their
properties are derived by extending properties of non-negative matrices [0].

Definition 1.5. The stability modulus of a square matriz A € M, (R) is defined as
s(A) := {max{Re(\)} : X is an eigenvalue of A}.
By convention, when A is a matriz of dimension zero, we put s(A) = —oo.

See e.g. [32, p. 32| for more details. The value s(A) is also called the spectral abscissa [2].
Finally, when A is Metzler and irreducible, s(A) is also referred to as the Perron value or
Perron root of A, denoted r(A) (see for example [13]).

Definition 1.6. Let a > 0. The solutions of a dynamical system are said to converge towards
the origin at an exponential rate o if e*x(t) converges to the origin along every trajectory.

Definition 1.7. Let o € Ry The origin of a dynamical system is said a-globally asymptot-
ically stable (a-GAS) if the following conditions are fulfilled.

(i) The origin of the system is globally asymptotically stable;

(i) For any 0 < o < «, the solutions of the system converge towards the origin at an
exponential rate o/ .

As a consequence of this definition, the origin is said 0-GAS iff it is GAS.

2 Mathematical model and preliminary results

We consider the following population model, composed of n patches linearly intercon-
nected and occupied by a single species:

=1 j=1
J#i J#i

For every i = 1,...,n, x;(t) is a scalar representing the number of individuals in the i-th patch
at the time ¢, ; is the derivative of x; with respect to time, and g; is the specific growth rate
of the population in the i-th patch. D;; is a non-negative diffusion coefficient describing the
flow of individuals from the patch j to the patch i (i # j).

We note x = (1, ..., x,) and we define F(z) as the right hand side of the model (I]), i.e.

F(z) = (Fi(z), ..., Fo(z),  Fi(z) = z9:(x;) + Z Dijr; — Y Dj. (2)
o yo



Let us introduce the matrix D = (d;;) where

D if j # i
dij = =S Dy ifi=j. (3)
=

D is called the connectivity matriz of the system , which writes in vector form
& = (D + diag(g:(z;))) x.

Notice that the system is cooperative, and some proofs of the results presented in this
paper rely on the theory of monotone cooperative systems. For more details about theoretical
properties of such class of models, the reader may refer to [46].

Throughout this article, for any ¢+ = 1,...,n, g; is assumed continuous and locally Lips-
chitz. We introduce the following hypotheses.

(H1). For anyi=1,...,n, ¢:(0) > 0.
(H2). For anyi=1,...,n, g; is decreasing on R, .

(H3). For anyi=1,...n, lim g;(x;) <0.

T;—+00
(H4). For any i =1, ...,n, the matriz D is irreducible.

D being irreducible means that the underlying directed graph is strongly connected [6,
Theorem 2.7|, that is, there always exists a path between two patches. Moreover, it is worth
noticing that D is a Metzler matrix.

Assumptions [(H1)| [(H2)| and [(H3)| describe the local behaviour of the population.
In absence of migration coupling the patches, [(H1)| means that when there are very few
individuals in the patch, the population in this patch increases. Assumptions[(H2)|and [(H3)|
express competition effects between individuals from the same patch. The more individuals,
the less increase of the population. The latter is indeed bounded, since it decreases when
it goes beyond a certain value (the unique zero of g;), called the carrying capacity of the
environment. Typical functions satisfying [(H1)(H2)| and [(H3)| are the well-known logistic
function g;(z;) = r;(1 — f(—), where K; > 0 is the carrying capacity and r; > 0 denotes the
intrinsic growth rate; or g;(z;) = b;e % —m;, where b; > 0 and m; > 0 represent respectively
the birth rate at low population level and the death rate, such that b; —m; > 0, and [3; takes
into account the indirect/direct competition between individuals [§]. For this second model,
the carrying capacity is equal to —ﬂii log Tg—

Model has already been the subject of research work, see |16l 17, [I8]. In [I7], the
function x; — x;9;(x;) is a logistic function, and a coefficient (3 is set as a factor of the
sums in model . The author shows that in case of perfect mixing, i.e. when the migration
rate § tends to infinity, the total population follows a logistic law, with a carrying capacity
generally different from the sum of the n carrying capacities of each patch.
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In absence of dispersal, model simplifies into the uncoupled system

& = x;g:(x;), z;(0) > 0, i=1,..,n. (4)

It is easy to prove the following result.

Theorem 2.1. Assume [(H2)| and [(H3)| hold.

(i) If g:(0) < —a for some a > 0, then the origin is a-GAS on R for the system .
(i) If g;(0) > 0, then (4)) admits a positive equilibrium point which is GAS on RY..

In this section, we extend this result to model with migration , drawing inspiration
from the work of Takeuchi in [47] and Lu and Takeuchi in [36], where is studied the similar
system

T = 29i(2i) + ZDij(ﬂij — ), z;(0) = 0, i=1,..,n. (5)

=1

i
In model , the net exchange from the j-th patch to the i-th patch is proportional to the
difference x; — x; of population densities in patches ¢ and j. The authors showed that the
asymptotic behaviour of the solutions of system is determined by the sign of the stability

modulus of the Jacobian matrix of the right hand side of the system at the origin.

We now show in Theorem that this result also applies to the model . Let us define

A:= D +diag(g;(0)), (6)

which is the Jacobian matrix at the origin of the right hand side of the system . The fol-
lowing result classifies the asymptotic behaviour of the solutions of the system , according
to the value of the stability modulus s(A).

Theorem 2.2. Assume Hypothesis |(H2)| holds.
(i) If s(A) < —a for some o > 0, then the origin is a-GAS on R, for the system (1.

(ii) If s(A) > 0 and Assumptions|[(H3)| and [(H4)| also hold, then the system admits a
unique non-negative and non-zero equilibrium. Furthermore, the latter is positive and

GAS on R} \ {0,}.

In particular, Theorem 2.2 gives a simple necessary and sufficient condition for population
elimination, namely s(A) < 0.



3 General properties of a controlled model

3.1 Controlled model and assumptions

The aim of this section is to determine whether the population can be eliminated at a
prescribed exponential convergence rate by introduction of linear, diagonal, control terms,
and otherwise, to assess the minimal globally asymptotically stable equilibrium that may be
attained.

We consider that in the field, the action is limited to a specific number of plots, stem-
ming e.g. from environmental constraints that prevent control implementation or from the
reluctance of plot owners to allow any form of intervention. We also assume that the control
is realized by introduction of supplementary mortality terms that may be arbitrarily large
in some patches, but bounded in others due to practical limitations on achievable mortality
rates.

For some p € R, consider the controlled system

j=1 j=1
J#i J#i

The system is identical to system , except that the functions g; have been replaced by
gi; — pi, where p; is the additional mortality term induced by the control. Notice that these
new functions verify Hypotheses [(H2)| and |(H3)| when the functions g; do. Moreover, the
connectivity matrix of the system is equal to D, and is thus irreducible when is
verified.

We now introduce a boundedness assumption on the vector p in (7).

Definition 3.1. Let p € ﬁi Define the sets Cg,Cy as follows:
Cri={ie{l,..,n} : 0<p; <+oo}, Cr={ief{l,...,n} : p,=+oc} (8a)
and
C:=CrUCy. (8b)

The sets C, Cr and Cy are called respectively the set of controllable patches, the set of
finitely controllable patches and the set of infinitely controllable patches. The complemen-
tary set C = {i € {1,...,n} : 5, = 0} of C is called the set of uncontrollable patches.

Definition 3.2. For any p € @i, we call p-admissible any p € RY} satisfying p < p.

Notice that any p-admissible p satisfies p; = 0, for every i € C.
For any p-admissible p € R}, denote A(p) the Jacobian matrix of system at the
origin:
A(p) := A — diag(p). (9)
In particular, A(0,) = A, and s(A(0,,)) is simply written s(A).
Theorem applies to the system , allowing to introduce the following definition.
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Definition 3.3. Assume [(H2)|, [(H3)| and [(H4)| hold. For any p-admissible p, let x*(p) be
the (positive) globally asymptotically stable equilibrium of on R\ {0,} if s(A(p)) > 0;
and z*(p) = 0,, 1f s(A(p)) <O0.

A key point is that, whatever the value of s(A(p)), z*(p) is always the equilibrium point
that attracts every non-zero trajectory.

3.2 Study of the control effects

In this section, we study some properties of the control (Theorem and Theorem .
Demonstrations are provided in Appendix [B]

Theorem 3.1. Assume holds. The function which associates to any p-admissible p
the value S(A(p)) 1s twice differentiable and decreasing, that is, for any p-admissible p and
P €RY,

p<p = s(A(p)) < s(Alp)).

Moreover, it is convex, and strictly convex if C C {1,...n}.

As long as x*(p) > 0, i.e. as long as s(A(p)) > 0, the following theorem ensures that the
higher the additional mortality terms, the larger the population reduction.

Theorem 3.2. Assume [(H2)|, [(H3)| and [(H4)| hold. The function which associates to any
p-admissible p such that s(A(p)) > 0 the value x*(p) is strictly decreasing in the following
sense: for any p-admissible p, p' such that *(p') > 0,

p<p = 2(p) <z*(p)

Recall that z*(p) is the equilibrium of the system attracting every nonzero trajectory
(see Definition [3.3)).

Theorem implies that introducing mortality in any non-void subset C C {1,...,n}
induces population reduction in every patch of the network. In particular, introducing a
control in a single patch reduces the positive equilibrium across all patches.

3.3 Limit behaviour for large control

A natural issue is now to assess whether, for given p € Ei and a > 0, the origin may be
rendered a-GAS for some p-admissible controls. As having s(A(p)) < —a for some a > 0
ensures a-global asymptotic stability of the origin for system @ (see Theorem , and
since the stability modulus decreases with the control (Theorem , our analysis focuses
on evaluating the stability modulus of A(p) for large p-admissible p.

By slight abuse of notation, one denotes Alz- z-(p) = A(p)|z; ;- A key technical result is
now stated. Its proof in Appendix is based on singular perturbation theory [34].
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Lemma 3.3. For A(p) defined in (9), one has
inf{s(A(p)) : p p-admissible} = lim s(A(p)) = s(Alz = (P)), (10)

p—p
where Cy is defined in . Moreover, the infimum is a minimum if and only if C; = (.

Building on this lemma, one derives the following theorem. A proof is provided in Ap-
pendix [C.2]
Theorem 3.4. Assume |((H2)| (H3)| and [((H4)| hold.

o [fC; is not empty, then the following statements are true.

(i) If s(Alg;z;(p)) < 0, then there exists p' p-admissible such that, for any p p-
admissible satisfying p > p', x*(p) = 0,. Moreover, the origin of @ 1s then
a-GAS for a = —s(A(p)).

(ii) If s(Alg; 2, (p)) > 0, then x*(p) > 0,, for any p-admissible p.
o [fC; is empty, then the following holds.

(ii1) If s(Alg;e:(p)) < 0, then there exists p' p-admissible such that, for any p p-
admissible satisfying p > p', x*(p) = 0,. Moreover, the origin of @ 15 then
a-GAS for a = —s(A(p)).

() If s(A(p)) > 0, then x*(p) > 0, for any p-admissible p.

Notice that elimination feasibility does not solely depend on the exchanges between the
patches that are either uncontrollable or finitely controllable: the leaks from these patches
towards infinitely controllable patches must also be considered, as they appear in the diagonal
terms of the matrix Al z-(p). As seen below in Section , this matrix is the Jacobian matrix

in zero of the residual system on the set of patches belonging to C; (defined in )
Theorem states in particular that, if every patch is infinitely controllable (that is
Cr = C), then it is always possible to eliminate the population at any desired exponential
convergence rate. As a matter of fact, in this case, C; = 0, so that s(Alz & (p)) = —oc.
Using conditions sufficient to have s(Alzz(p)) < 0 or s(Algz(p)) > 0 yields the
following result, for which a proof is given in Appendix [C.3]

Corollary 3.5. Assume|(H2)|, ((H3)| and |(H4)| hold, and let C; C {1,...,n}. Then, the two

ollowing statements are true.
g
(i) If g:(0) —p; — >° Dj; < 0 for every i € Cy, then there exists p' p-admissible such that,
Je€Cr
for any p p-admissible satisfying p > p', x*(p) = 0,. Moreover, the origin of is
then a-GAS for o := —s(A(p)).

(ii) If gi(0) — p;, — > Dji > 0 for every i € C;, then x*(p) > 0,, for any p-admissible p.
J€Cr
Remark 3.1. When [(H2)|, [(H3)| or [(H4)| do not hold, then, adapting ideas from [36, [{7],
one may show that s (D + diag(sup,, g gi(;)) — diag(p;)) < 0 is a sufficient condition for
the origin of to be a-GAS with a := —s (D + diag(sup,, > gi(z;)) — diag(p;))-
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4 Minimal reachable equilibrium

In this section, we study the minimal globally asymptotically stable equilibrium z*(p)
that may be attained for p-admissible p. It is particularly relevant when z*(p) is positive for
any p-admissible p.

As will be seen shortly, this minimal value depends crucially upon the connectivity ma-
trixﬂ Dz & on the network of patches that are either uncontrollable or finitely controllable.

Actually, the minimal value is related to the evolution of the residual system on Ricf defined
below in . This system is obtained by removing all infinitely controllable patches, and its
Jacobian matrix at the origin, called the residual Jacobian matrixz at the origin, is precisely
equal to Alz 7 (p).

When the underlying graph, called residual graph, is irreducible, the same analysis than
before holds. On the contrary, when it is reducible, the situation is a little more complex
and one has to consider its strongly connected components. These two cases are treated
separately in the sequel, respectively in Theorems [.1] and [4.2]

4.1 Irreducible residual graph

When D‘GE is irreducible, one has the following Theorem. A proof, as well as a proof
of Theorem [1.2] is provided in Appendix [D]

Theorem 4.1. Assume (HS) and (H4) hold and Dlg, & is irreducible. Then the
value x> = inf{x*(p) : p p-admissible} fulfils

x> = limx*(p).
lim " (p)
In particular,
xOO|C1 = OncI7

and x|, is equal to the equilibrium attracting every non-zero trajectory of the so-called
residual system on Cj, defined as

jii = T; <gz(«rz) — ﬁz — Z Dﬂ> + Z DUIJ' — Z Djil’z', 1 € CT[ (11)
J€C jeCr jeCr
J#i JF
Consequently,

o if s(Alz; 7 (p) <0, then
e = Ong s

o if s(Alg;z;(p)) > 0, then %[5 is equal to the unique positive equilibrium of the system
W)

I This notation conforms to the convention defined in Definition

12



Proof. See Appendix ]

The value of £ in the infinitely controllable patches is null, as infinite mortality terms in-
troduced in these patches lead to the elimination of the population. The population dynamics
within the network is then studied in the patches that are either untreated or finitely con-
trollable, considering that there is no migration from the infinitely controllable patches, due
to the elimination of the population in these patches. The migration towards the infinitely
controllable patches, as well as the maximum control allowed in Cg, produce additional
mortality terms in the untreated patches and in the finitely controllable patches.

Recall that when C; is not empty and s(Alz z(p)) > 0, Theorem [3.4]states that z*(p) >
0, for any p p-admissible. Consequently, in this case, the infimum x> is not a minimum.
When C; is empty, p only takes finite values, and the infimum is a minimum, and the residual
system is exactly the system for p = p.

An example of irreducible residual graph is shown in Fig. [T A case is treated numerically
in Section

Residual graph

/\
\/\

&

Fig.1: Determination of the minimal reachable equilibrium in the case of ir-
reducible residual graph. The infinitely controllable patches C;, in which the minimal
reachable equilibrium is null, are depicted in red. The blue patches are untreated, i.e. be-
long to C, and the yellow patches correspond to the finitely controllable patches Cp. The
red crosses indicate the interruption of migration from the infinitely treated patches to the
remaining ones due to population elimination in the former. In the residual graph, the mi-
gration towards the infinitely controllable patches are represented by the red arrows. The
dashed arrows indicate additional mortality terms corresponding to the maximum control
allowed in Cg.
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4.2 Reducible residual graph

We will now consider the case where D|s- - is reducible. As in the proof of Theorem
in Appendix [D] determining the minimal globally asymptotically stable equilibrium of sys-
tem attainable for some p-admissible p involves examining the long-term dynamics of
the solutions to the residual system . However, due to the reducibility of D|C?E7 one
cannot apply Theorem to for determining the asymptotic behavior of its solutions.
Additional work is needed, which uses directed graph theory as central tool [4].

Introducing I'z, defined as the subgraph whose vertices are the patches belonging to Cy,
we revert to the irreducible case by decomposing I'z- into its strongly connected components,
which are irreducible subgraphs. Assume I'z- admits N strongly connected components,
where 1 < N < ne;- The case N = 1 corresponds to the situation where D|GE is irreducible,
and N = ng- corresponds to the case where I'z- is composed of ng- strongly connected
subgraphs, each composed of a single patch. It is a classical result that one may arrange
the strongly connected components in an acyclic order, that is, into a sequence Gy, ...,Gn,
so that there is no arc (no direct path) from G; to G; unless possibly if j < [4, p. 17].

Let us now introduce adequate notations and definitions from graph theory.

Definition 4.1. For any subgraph or set of subgraphs G of I'z:, the set and the number of
its vertices are respectively denoted Vg and ny;.

Definition 4.2. For any strongly connected component G of 'z, the set of its in-neighbouring
(resp. out-neighbouring ) subgraphs, denoted G~ (resp. GT ), is the set of strongly connected
components from which there ezists a direct path leading to G (resp. that are reachable from
G via a direct path), that is:

HecG <= thereemiststi € Vg and j € Vyy such that D;; > 0.

(resp. H € GY <= there exists j € Vg and i € Vi such that D;; > 0.)

The in-degree (resp. out-degree) of G is the number of vertices in G~ (resp. GT ).

Let us introduce the concept of upstream (resp. downstream) subgraphs. These notions
are commonly discussed in literature related to graph theory, algorithms, and network anal-
ysis, though it might not always be labeled explicitly as ‘upstream’ (resp. ‘downstream’)
subgraph. Instead, related concepts such as ‘reachability’ and ‘subgraph extraction’ are often
used |11, 23, [41), [43].

Definition 4.3. For any strongly connected subgraph G of I's—, define the set of its upstream
(resp. downstream ) subgraphs, denoted G*7 (resp. G¥“"), as the set of strongly connected
subgraphs from which there exists a path leading to G (resp. that are reachable from G via a

path).

With these considerations, one may now introduce the following theorem, which extends
Theorem to the case of reducible residual graphs.

14



Theorem 4.2. Assume [(H2)|, [(H3)| and [(H4)| hold. Then, the value

o

% = 1inf{z*(p) : p p-admissible}

fulfills
x> = lim 2" (p).

p—p
In particular,
z%°|e, =0
and x°|¢, is equal to the equilibrium attracting every positive trajectory of the residual system
).
Moreover, for any strongly connected component G of I, the following system admits
an equilibrium attracting every non-zero trajectory :

nepo

;= x; | gi(xy) Z Dj; —|—ZDU$] ZszZ—f—ZDUJ, ieVg, (12)

]ECIUV JEVS JEVG JEV,_
J#i J#L
and x|y, s equal to this equilibrium. In particular, if there exists j € Vg- such that
Y. Dix >0, |y, is positive and GAS on Rivg for the system (12)).

JEV,—
Consequently,

o if s(Alv;v;(P) <0 and if one of the following conditions is fulfilled

1. G is of in-degree zero;

2. x°°|vg7 = Onvg_ ,
then,

¥y, = OnVQQ
o otherwise, >y, > Onvg and x>y, is equal to the unique positive equilibrium of system

(12).
Proof. See Appendix [D] ]

Notice that the first element of the list of the strongly connected components arranged in
an acyclic order is always of in-degree zero. The equilibrium values on the strongly connected
components of I'z- are determined inductively, following an acyclic order. In particuler, if
s(Alvgvg(p)) > 0 and if one of the conditions 1. or 2. given above is fulfilled, then x*|y, is
equal to the unique positive equilibrium of the following system on Vj:

€Ty = Ty gz xz

Pi Z Dj; | + Z Djjxj — Z Djix;, i€ Vg.
JGC[UVng JEVS JEVS
J#i J#i
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Moreover, if 2%y, > Onvg for some strongly connected component G, then, for any strongly
connected component H € G4 the system ((12)) on V3 admits a unique equilibrium, which
is positive, and x|y, is then equal to this equilibrium.

An example of reducible residual graph is illustrated in Fig. 2| and a numerical case is
discussed below in Section [6l

Remark 4.1. Theorem[{.1] is a corollary of Theorem[4.5. Indeed, the latter theorem can be
applied to the particular case where D|C7§ is arreducible. In such case, Tz 1s composed of a
single strongly connected component, which is Tz itself.
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Reducible residual graph

5(Alvg, v, () >0 5(Alvg, v, (P)) <0

0 .
o

\
:too|vg1
/ 5(Alvg,,ve, () >0 s(Alvg, v, () <0
.’1,‘°°|Vg2 > Onv§2

) —
wDQ'VgQ > Onvg2 T |Vg2 = Onvg2

oo 00 —
z |V§1>>0"Vg1 z |V§1 _O"Vgl

Ga

a"'C)O|V1;2

: 5(Avg o, () > 0 5(Alvg, v, (7)) <0
Gs / \ 2l > Onvg, #Iv6, 3 On,
0—0

o0 {o o} p—
z%|vg, > 0"‘,93 z%|vg, = Onvg3

Fig. 2: Determination of the minimal reachable equilibrium in the case of re-
ducible residual graph. In the underlying graph (left figure), the yellow patches are the
patches of Cr and the blue patches are untreated, i.e. belong to C. The red patches are the
infinitely controllable patches C;, in which the minimal reachable equilibrium is null. The
red crosses represent the interruption of migration from the infinitely treated patches to the
remaining ones, due to population elimination in the former. In the the residual system, the
migration towards the infinitely controllable patches is represented by the red arrows. The
additional mortality terms corresponding to the maximum control allowed in Cp are repre-
sented by the dashed arrows. The residual graph is composed of three strongly connected
components, G;, G and Gs in acyclic order. There is one component of in-degree zero (G)
and Vg = {Vg,, Vg, }. Moreover, G; = Gi, G5 = Go = Gi and G = G3. The right figure
depicts the various scenarios possible for the equilibrium value on the residual graph

5 A cost-effective approach for achievable elimination sce-
narios

In this section, we assume that Hypotheses [(H2)] and hold, and that the

population can be driven to elimination by strong enough action on a subset C of patches
(in other terms, some of the conditions for elimination feasibility given in Theorem are
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fulfilled). We now build a cost-efficient strategy to achieve a-global asymptotic stability of
the origin for given «, while minimizing a certain control cost. Here, this cost is taken as
a weighted sum of the additional mortality terms p; introduced in the controllable patches,
but any convex function of the latter would be convenient.

5.1 Minimization problem and properties

Let us first define the vector m > 0,, where for every ¢ € C, m; > 0 is the relative
intervention priceﬂ in patch i. For any a such that 0 < a < —s(Alg z(p)), let us introduce
the following problem:

minimize  f(p)
subject to p p-admissible (13)

where
f(p):=7"p,  hlp) = s(A(p))-

The function f(p) represents the total cost corresponding to the p-admissible control p. The
constraint h(p) < —a ensures a-global asymptotic stability of the origin (see Theorem [2.2)).

Note that if a > —s(Alzz(p)), then the Problem has no solution, since as a
consequence of Theorem [3.1]and Lemma 3.3} there is no p-admissible p satisfying h(p) < —a.
The same holds if a = —s(Alg, & (p)), except when C; = §), in which case the minimization
problem has a unique global minimizer, equal to p.

Additionally, it is worth observing that is a problem in R’¢, since by definition of a
p-admissible vector, p; = 0 for all i € C.

The solvability of problem is adressed in the next result.

Theorem 5.1. Assume s(Algz;z(p)) < 0 and let a satisfy 0 < o < —s(Alg z(p)). Then
Problem admits local minimizers. The latter are also global and their set is convex.
Moreover, if C C {1,...,n}, the minimizer is unique. Last,

o if s(A) > —«, then any minimizer p* satisfies p* > 0, and s(A(p*)) = —a;
o if s(A) < —a, the minimizer is unique and equal to 0,,.

Proof. See Appendix O

5.2 Interior-point algorithm

We propose now an algorithm that solves numerically the Problem . It pertains to
the class of interior point methods [9, Chapter 11|, whose convergence properties have been
the subject of many works [50]. The basic idea is to solve the minimization problem by ap-
plying Newton’s method to a sequence of unconstrained penalized problems with decreasing
penalization.

2In other words, the price vector fulfils: m|c > 0,,,.
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Consider the following barrier problem:

minimize  fy,(p)

subject to p; =0, 7 € C, (14)

where

Fforlp) =tf(p)+(p),  Blp) :=—log (=h(p) — ) =Y log(p;) — Y _ log(p; — pi)-

ieC 1eCp

The function ¢ is a logarithmic barrier function. Its domain is the set of points that satisfy
strictly the inequality constraints of (13). The solution of Problem consists in solving a
sequence of penalized unconstrained problems of the form , obtained while increasing the
parameter t at each step, and starting each Newton minimization at the numerical solution of
the problem for the previous value of . One must ensure that each solution of the Newton’s
method for each updated value of t satisfies strictly the inequality constraints of Problem
, so that the function ¢ remains well defined. Note that given the constraints imposed
on « in Problem , it is always possible to find a p that satisfies strictly these inequalities.
Moreover, if C C {1, ...,n}, then the function f,; is strictly convex since h is strictly convex
(see Theorem , which implies that for each ¢ > 0, the problem admits a unique
minimizer.

In order to use Newton’s method for the barrier problem , one integrates the equality
constraints p; = 0 for any ¢ € C by reducing the number of effective decision variables.
To do so, we identify any p-admissible vector p € R’} with its components in C, that is,
p := (pi)iec. Similarly, we represent 7 € R using its components in C. Consequently, the
functions h = s(A(+)), f, ¢ and fs; are now defined in R’}°.

The proposed interior-point algorithm is given in pseudo-code in Algorithm [I}

Algorithm 1 Interior-point method

Require: t = t5 > 0, > 0,7 > 0, p > 1 and p® > 0,, such that h(p") < —a and
pOICF < ﬁ‘cF'
while % > ¢ do
while |7 f,4(#7)]| > 1 do
p=p"—d(p°) (V2 fs(p") " V fsu(0°)
P’ = p
end while
t < pt
end while

The expressions V f,:(p°) and V2 f, ;(p°) denote respectively the gradient and the Hessian
matrices of the function f4;. The parameter ¢ is the desired level of accuracy for the
approximation of the Problem (13), 7 is the level of accuracy of the solution of the
barrier problem on each updated value ¢, and p is the factor by which is increased the
parameter ¢ at each step.
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At the initial step, p° is chosen strictly feasible, in the sense that it satisfies strictly the
inequality constraints of Problem . Then for each p° computed at a step of the Newton’s
method, the scalar d(p°) € (0, 1] is chosen in order to ensure that the next iteration p is also
strictly feasible. Of course, one may take d(p°) = 1 as long as p° — (V2f¢¢(p0))_1 V fo:(p%)
satisfies the inequality constraints.

In order to implement this algorithm, it is necessary to compute the gradient and the
Hessian of the function f,,. For this, one takes advantage of the concept of group inverse of
a matrix. The reader is referred to [33] for a thorough presentation of this notion.

Definition 5.1. Assume that B € M,,(C) is a complex singular matriz, and that its eigen-
value 0 is semisimple, that is, its algebraic and geometric multiplicities coincide. Then, the
group inverse of B, denoted B¥ is the unique matriz X € M., (C) such that

(i) BXB=B: (i) XBX =X;  (iii) BX = XB.

The following technical result shows how to compute the gradient and the Hessian of the
function fs:. Recall that any p-admissible p as well as the vector 7 now belong to R’¢.

Lemma 5.2. Assume with no loss of generality that the control is introduced in the first ne
patches, and among them, the infinite controllable patches are the first ne, patches. Moreover,
for any p € R', let Q(p) := h(p)I, — A(p), and denote Q¥ (p) its group inverse. Then,

Vi) =t L Shp) - L4 (o ! )T
s =T — T~ p)— — ne,» — | 9
P hip) +a o\ Bley — ple

where the gradient Vh(p) is given by:

Vhip) = = (e~ ding ((QPIQ*(P) s QI D) ) Ve (19

where 1, is the vector of R" whose components are all equal to 1. Moreover,

2 _ 1 T _ 1
V2 foi(p) = —(h(p>+a)2Vh(p)Vh(p) o) o

1
+diag | 0, ,—_>,
g( " (pler — Plen)?

where the Hessian matriz V2h(p) € M,,.(R) is such that, for any i,j =1,...,nc,
(V2h(p),; = (In = Q0)Q*(p)),; (Q%(p)) ;; + (In — Q(P)Q* (p)) , (Q%(p)),, - (16)

In Lemma , we denote by 1, —L_ etc. the vectors whose components are the
p’ Plep—pley

scalar numbers --, i € C, =1, i € Cp, etc.
Pi Pi—Pi

1
V2h(p) + diag <E)

To compute the group inverse Q¥ (p) of the matrix Q(p) = s(A(p))I, — A(p), one uses the
formula provided in 33, Remark 2.5.3]. This formula is stated therein for matrices written
in the form r(A)I — A, for A a non-negative irreducible matrix and r(A) its Perron value.
One shows easily that it remains valid for an irreducible Metzler matrix A.
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Remark 5.1. In the more general case where |(H2)|, |((H3)| or|(H4)| do not hold, one may
solve Problem (13) with h(p) = s(A,), A, = D + diag (sup,.»00i(z;)) and 0 < a <
—8(Arlz z;(p)). Theorem still applies, and the interior-point algorithm in Algorithm
may be used, with gradient and Hessian as in Lemma with now Q(p) defined as

s (A, — diag(p)) I — (A, — diag(p).

Moreover, notice that one does not set o« = 0, because h(A,) = 0 may not guarantee global
asymptotic stability of the origin (see Theorem in Appendix .

6 Application to Bactrocera dorsalis

In this section, we present several numerical simulations to illustrate our results for a
population of Bactrocera dorsalis evolving across interconnected orchards. This habitat
can be represented by a graph, where each patch corresponds to a different orchard. This
graph is directed because the propensity to go from an orchard to the other is not necessarily
symmetric. The aim is to explore the impact of the different parameters — network structure,
diffusion coefficients, intrinsic growth rates, intervention prices and parameter o — on the
selection of the most efficient controllable patches and the corresponding optimal control
strategy. As indicated in the introduction, we focus on control tools that increase the natural
mortality rate, i.e. the use of sticky/deadly traps that attract and kill the fruit flies. We
implicitly assume that the control death rate is proportional to the amount of traps that
have been set-up in each orchard.

We assume that the network is composed of n patches and we are limited to acting on
a maximum of ne < n patches. We modify Algorithm [I] so that it solves the minimization
Problem , for each ’feasible’ combination C of ne patches. This results in a ranked list,
arranged in ascending order of cost, of the appropriate combinations of ne patches along
with the corresponding optimal control strategy. Our aim is to study the impact of the
parameters of the model on the selection of the most efficient controllable patches. To better
highlight this aspect, we suppose that one can add arbitrarily large mortality terms, that is,
C; = C for any combination C of {1,...,n}.

For the intrinsic growth rate values, we rely on the data presented in |29, Table 2|, [42]
Table 3| and [52, Table 3|, and consider a combination of numerical values, since orchards
are not necessarily mono-specific but a combination of several host fruits. Thus the intrinsic
growth rates range, on average, from 0.079 to 0.18. Concerning the carrying capacity of
an orchard for Bactorcera Dorsalis, it is difficult to find data in literature. In [48], the
male population was estimated between 3,300 and 18,000 per hectare. Therefore, we will
set the carrying capacity for each patch between 6,000 and 20, 000, depending on the size
of the patch. Recall that the carrying capacity has no impact on the solution of Problem
. When the problem is solvable, this quantity only affects the speed at which population
converges towards the origin. When it is not solvable, it only affects the value of the minimal
reachable positive equilibrium point.
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We first consider in Section a model with three patches, and explore the impact of the
modification of several parameters. We then consider in Section [6.2|a more complex network
with seven patches, in an attempt to illustrate the influence of the network configuration.

6.1 Three-patch model

We start with a graph containing three patches, each one connected to the others, thus
forming a complete directed graph. We explore the effects of changing intrinsic growth rates
and prices in Section [6.1.1] of modifying the prescribed convergence rate in Section [6.1.2]
and of altering the diffusion coefficients in Section [6.1.3]

6.1.1 Intrinsic growth rate and prices effects

In order to examine the effects of the growth rate values and the prices, we first suppose
that the diffusion is the same between every pair of patches. This implies in particular that
the network is a symmetric directed graph, that is for any ¢ # j, D;; = Dj;. As far as we
know, there is no data available in literature for migration parameters, but it is likely that
‘mark-release-recapture’ experiments could provide such estimates |31, 44].

For migration terms such that
D1y = Doy = D13 = D31 = Doz = D3z = 0.2, (17)

the algorithm outputs, depending on the number ne of controllable patches, are given in
Table (1] for uniform prices across all patches and different intrinsic growth rates. Obviously,
the more the controllable patches, the less the optimal cost associated to the optimal com-
bination of patches. Moreover, when the intrinsic growth rate is the same in every patch,
and given the rotation invariance of the graph along with identical prices across all patches,
the optimal control for each patch is the same. One also notices that for different intrinsic
growth rates in the patches and when ne = 1 and ne = 2, the optimal combinations com-
prise patches with highest growth rates, while the less efficient combination involves those
with the lowest growth rates. Additionally, for each combination, the optimal strategy is to
introduce a higher control in the patch with the higher intrinsic growth rate.

Moreover, we observe that when ne = n = 3, the optimal control allocated in each patch is
equal to the intrinsic growth rate in the patch. Notice that we ran numerical simulations with
various symmetrical graphs, and always obtained experimentally that, when C = {1,...,n},
then the optimal control in each patch is equal to the intrinsic growth rate.

When the intervention price in the third patch is 7 times more expensive than the others
(Table [2)), the optimal combination of patches for nc = 2 is {1,2}. For the combinations
{1,3} and {2, 3}, almost all the control is allocated respectively to the patch 1 and the patch
2. When n¢e = 3, all the control is allocated exclusively to patches 1 and 2.
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number ne of controllable patches

1 2 3
Patch Control Cost Patches Control Cost Patches Control Cost
Intrinsic growth rates in patches
{1,2!3}

(0.14, 0.14, 0.14) 1 1.07  1.07 {1,2} (0.25,0.25)  0.50 {1,2,3} (0.14,0.14,0.14) 0.42
2 1.07  1.07 {1,3} (0.25,0.25)  0.50
107 1.07 {23} (0.250.25) 050

(0.16, 0.14, 0.16) 1 1.37  1.37 {1,3y  (0.27,0.27) 0.54 {1,2,3} (0.16, 0.14, 0.16) 0.46
3 137 137 {12} (0.293,0.273) 0.57
2 1.74  1.74 {2,3}  (0.273,0.293) 0.57

(0.12, 0.14, 0.16) 3091 001 {23} (0.226,0246) 047 {123} (0.12,0.14, 0.16) 0.42
2 1.09  1.09 {1,3y  (0.23,0.27) 0.50
1 133 1.33 {1,2} (0.253, 0.273) 0.53

Table 1: Optimal combination of patches and the corresponding optimal control and cost

for diffusion coefficients in , a=0and 7" = (1,1,1)

number ne of controllable patches

1 2 3

Patch Control Cost Patches Control Cost Patches Control Cost
Intrinsic growth rates in patches

{1,2,3}
(0.14, 0.14, 0.14) 1 107 107 {12} (025025) 050 {123} (0.250250) 0.50
107 1.07 {13} (0.83003) 1.02
3107 751 {23} (0.83,0.03) 1.02
(0.16, 0.14, 0.16) 1 137 137 {12} (0.293,0273) 057 {123} (0.293,0.273,0) 057
2 174 174 {13} (0.85,0.05) 118
3137 957 (23} (0.87,007) 133
(0.12, 0.14, 0.16) 2 109 1.09 {12} (0.253,0273) 053 {123} (0.25,027,0) 0.53
1 133 133 {23} (0.79,0.03) 1.02
3 091 634 {13} (081,005 1.14

Table 2: Optimal combination of patches and the corresponding optimal control and cost
for diffusion coefficients in , a=0and 7" = (1,1,7)
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6.1.2 Exponential convergence rate

In the previous examples, the constraint & = 0 only required the elimination of the
population. By setting a@ > 0, we ensure that the elimination occurs at a positive exponential
convergence rate, at least equal to a—e, for any € > 0. A larger « leads to faster convergence
towards zero at the expense of a higher optimal cost. This is illustrated in Fig. |3 for the
growth functions

T T3

X2
=0.14(1 — =0.14(1 — =0.14(1 — 18
gl(‘%‘l) ( 77 000)7 g2($2> ( 9700())7 93('1:3) ( 127000) ( a)
and the initial condition
x1(0) = 8,586.2, x5(0) =9,032.5, z3(0) =9,501.7. (18b)

The latter has been chosen equal to the positive equilibrium point of the uncontrolled system
, determined numerically for growth functions and diffusion coefficients . For
all subsequent numerical simulations throughout the paper, the initial population values are
selected to match the positive equilibrium of the respective uncontrolled system.

I
—— Optimal cost
Time (days) for the total population to fall below 1% of its initial value

2500 A
2000 A
1500 +
1000 +

500
0 J

0 0.1 02  —-s(Alcc)=0.26
a

Fig. 3: Optimal cost for the Problem (13) and time for the population to fall below
1% of its initial value, depending on «, for n = 3, C = {1, 2}, diffusion coefficients in
(17)), growth functions in and initial values in (I8b). As o approaches —s(Alz¢), the
optimal cost tends to infinity and the population drops rapidly below 1% of its initial value.

As « approaches —s(A[zz), the control introduced in the patches within C tends towards
infinity, leading to an immediate elimination of the population in those patches. However,
in the uncontrolled patches C, the asymptotic behaviour of the population approaches the
asymptotic behaviour of the residual system on C. Consequently, no matter how large the
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control in C, the origin in the patches in C is at best —5(Alzz)-GAS. This behavior is
illustrated in Fig. {f for a value of a near —s(Alzz)-

—— Patch 1
R Patch 2
8000 A —— Patch 3
1%}
©
3
'S 6000 A
2
£
G
5 4000 1
Qo
IS
z
2000 A

0 50 100 150 200 250 300 350 400
Time (days)
Fig. 4: Population trajectories for optimal control (pi,ps) = (800.2,800.2) intro-

duced at Time = 50 in C = {1,2} associated with a = —s(Azz) —0.0001 = 0.26. The
growth functions are defined in ([18a)), initial conditions in (18bf)and diffusion coefficients in

@.

6.1.3 Diffusion effects

Optimal solutions for some diffusion coefficients values are presented in Table [3] When
the first orchard is further apart and more difficult to reach, so that for example D3 =
D5, = 0.001 EL then it is not possible to eliminate the population controlling only patch
1. As a matter of fact, it is useless to put a control in this patch, even when ne > 2. An
interpretation is that when the population in patch 1 is reduced to an extremely low level
by introducing a sufficient control in this patch, the population dynamics in patches 2 and
3 becomes nearly independent of patch 1, since the migration from and towards this patch
is negligible. In these conditions, the control introduced in the patch 1 will have negligible
effect on patches 2 and 3. The system for patches 2 and 3 then approaches the following:

T3
12,000

X2

b= 0.14(1 —
2 ( 9. 000

).TQ + O5$3 - 0.5272, 153 = 014(1 -

)Ig + 05LL’2 - 051’3

The stability modulus s(A) of this system is equal to 0.14 > 0, which implies that the
population persists. It is then more efficient to act directly on the patches 2 and 3. Moreover,
the optimal cost when ne = 2 (resp. ne = 2), equal to 0.28, is 44% (resp. 33%) lower
compared to the case where all diffusion parameters are equal to 0.2 (see Table . In

3We avoid setting D13 = D15 = 0 to maintain the graph’s irreducibility.
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practice, this suggests that integrating mass trapping with measures to prevent migration
towards some specific orchards as part of an integrated pest management strategy, would
beneficially reduce the overall costs by increasing pest mortality.

number ne of controllable patches
1 2 3

Patch Control Cost Patches Control Cost Patches Control Cost

Diffusion parameters
Doy = Doy = D3y = D3 =02, 2 0.61 0.61 {2,3}  (0.14,0.14) 028 {1,2,3} (0,0.14,0.14) 0.28
D13 = D15 = 0.001 3 0.61 0.61 {1,2} (0,0.61) 0.61
{1,3} (0,0.61) 0.61

Dy3 = Dyg = Doy = 0.08 {1,2} (0.299, 0.259) 0.558 {1,2,3} (0.178, 0.138, 0.060) 0.377
D32 = Dgl = 0027 Dlg = 012

Table 3: Optimal combination of patches and the corresponding optimal control and total
cost for « = 0 and 7" = (1,1, 1), and intrinsic growth rates (r1,79,73) = (0.14,0.14,0.14).

For the second set of diffusion parameters, one sees from Table [3| that the population
cannot be eliminated if nc = 1. When ng = 2, only one specific combination, patches
1 and 2, guarantees elimination. Therefore, if the control is not allowed in the patch 1
or 2, the control fails. For instance when a control is introduced in patches 2 and 3, the
equilibrium point in patch 1 will not fall below a certain threshold despite considerable
efforts, as illustrated in Fig. [f for initial conditions

21(0) = 9446.4, 1,(0) = 8548.4, a5(0) = 4762.7. (19)

This is a consequence of Theorem . Indeed, in this scenario, C = {1}, so the residual
system is @1 = 21 (91(71) — Da1 — D31), with s(Azz) = ¢1(0) — D2y — D3y = 0.14 — 0.08 —
0.02 > 0, which proves the existence of a positive equilibrium threshold x{° in patch 1. The
quantity z3° is equal to the positive equilibrium of the latter system, i.e. 23° = 2,000 when
g1(z1) = 0.14(1 — =5). Moreover, introducing control in all patches results in an optimal
cost that is 32% lower than when it is introduced only in patches 1 and 2. This highlights
the fact that some patches may play a critical role, the impossibility to control them directly

resulting in substantial cost increases or even control failure.
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Fig. 5: Population trajectories for optimal control (pi,p;) = (0.399,0.259) intro-
duced at Time = 50 in patches {1,2} (left), and for large control (p,,ps3) =
(1000,1000) in patches {2,3} (right), with a = 0, growth functions in (18a)), initial
conditions in and second set of diffusion coefficients in Table [} The equilibrium for the
right figure is equal to (2000.56,0.16,0.04).

6.2 Seven-patch model and the impact of the network configuration

Consider now a higher dimension example, involving seven patches. In this section, our
aim is to observe the impact of the network spatial structure. To achieve this, we enforce
uniform pricing ang growth rates across all patches, and only require elimination (o = 0).
Additionally, we ensure that the diffusion coefficients between patches that are connected
are all equal to 0.2. The parameter values are summarized as follows:

7T=(1,1,1,1,1,1,1), ¢(0)=014, i=1,.,7, a=0, D;=02ifD; >0 (20)

As a comparison, when C = {1, ..., 7} and the directed graph is symmetric, then the best
strategy consists in introducing mortality rates equal to the intrinsic growth rates in all seven
patches, resulting in an optimal cost of 7 x 0.14 = 0.98.

We examine in the following three different examples of networks with seven patches
(some of these networks being possibly identical, up to vertex permutation). We assume the
intervention is limited to three patches (for example because of limited number of traps or
because only three orchards owners agree to set-up traps in their fields). Notice that there
are 35 possible ways of selecting three patches out of seven.

Example 1

Let us begin with the example illustrated in Fig. [6] where lines connecting two patches
illustrate bidirectional and symmetric migration.
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Fig. 6: A network configuration with seven patches

The algorithm outputs that out of the 35 possible combinations of three patches, 32 can
lead to elimination. The optimal combination is patches {2,3,7} as illustrated in Fig. ,
with optimal control (0.416,0.416,0.416), and optimal cost 1.25. The optimal control is the
same in each patch 2, 3 and 7 because we may permute them without changing the structure
of the graph, albeit with different numbering.

For the second best combination of three patches, there are three possible configura-
tions, namely {1,4,7},{2,4,6} and {3,4,5}. This lack of uniqueness also arises because
permutations are possible among patches 1, 5, 6, and also among patches 2, 3, 7, with-
out altering the graph structure (albeit with different numbering). For the same reason,
(p1, pi, P%) = (%, p3, P5) = (p%, P4, p3). Additionally, the algorithm indicates that the opti-
mal cost for the second-best combination is 1.53, which is 23% higher than the optimal cost
for the best combination of patches.

(]

SeEneRee

Fig. 7: Optimal combination (green) and second-best combinations (orange) of three patches
for parameters in (20)).



Example 2

Let us now assume that there is no diffusion between patch 4 and patch 7 (due to land-
scape configuration, for instance). This tends to lower the number of possible combinations
capable of achieving elimination, and the number of possible combinations indeed drops from
32 to 24. Notably, the optimal combination remains unchanged, as illustrated in Fig. [§ but
it comes with an optimal cost of 1.28, which is 3% higher than for Example 1. Moreover,
the second-best configuration is now unique.

Fig. 8: Optimal combination (green) and second-best combination (orange) of three patches
for parameters in . Unlike in Fig. , there is no diffusion between patches 4 and 7.

Assume now that there is no diffusion from patch 5 to patch 7 and from patch 7 to patch
6, as illustrated in Fig. [0} The algorithm indicates that there are 23 possible combinations
of patches that can lead to elimination with appropriate control. The best combination is
{2,3,5} with an optimal total cost of 1.11. Notably, the algorithm determines that it is
impossible to eliminate the population when C = {1,3,4}.

Let us assess the minimal attainable positive equilibrium point for such C. The residual
graph is reducible, and composed of three strongly connected components, noted in acyclic
order Gi,G, and Gs, where G; is the graph composed of the unique patch 6, G, the graph
composed of the patch 7, and G3 the graph composed of the patches 2 and 5 and the diffusion
between them, as illustrated in Fig. . We apply Theorem . One has A|Vglyg1 =
96(0) — D3g — D7g = —0.26 < 0, which implies z3° = m°‘°|vg1 = 0. Similarly, A|Vg2,Vg2 =

97(0) = D57 = —0.06 < 0, leading to #3° = 2™y, = 0. Next, we examine Aly, v,
which is given by Alv,, v, = Dss g5(0)—Dys) — \ 02 —0.06)

Therefore, s(Alv,, vg,) = 0.03 > 0, which implies (25°, 25°) = 2°|y;, > 0. Moreover, still
by Theorem , one has that (23, z2°) is the unique positive equilibrium of the system

Ty = Ty (92(552) — Dy — D42) + Dasxs — Dy, Ts5 = 33595(1’5) + Dsaxo — Doss.

By applying Newton-Raphson method, ones finds numerically that (z5°, 2°) = (469.52,1097.04)
for the growth functions

gi(z) = 0.14(1 — f{—) i=1,..,7 (21a)

)
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and carrying capacities

K, =7,000, Ky=29,000, Ks3=12,000, K, = 16,000,

(21b)
Ks = 6,000, Kg=13,000, K;=19,000.

An illustration when large mortality terms are introduced in the patches {1, 3,4} is provided
in Fig. for the initial condition

21(0) = 8,697.3, 2(0) = 10,0024.5, x3(0) = 8,846.3, 24(0) = 10, 678.5,

22
25(0) = 11,496.7, 4(0) = 5,535.6, x7(0) = 8, 844.8. (22)

Fig. 9: Network configuration with seven patches. The arrows indicate unidirectional mi-
gration.
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(a) Residual graph when C = Cy = (b) Population trajectory when C = {1,3,4}
(1,3,4) and (p1, ps, pa) = (1000, 1000, 1000).

Fig. 10: Residual graph (a) and population trajectories when large linear mor-
tality terms are introduced at Time = 50 in patches 1,3 and 4 (b) for parameters
in (20)), and (21D). The positive equilibrium point for (b) is equal to (0.094, 469.97,
0.0000376, 0.094, 1097.89, 0.00002.89, 0.0000964).

Example 3

Let us now revert to the initial configuration of Example 1, and assume there is no
migration between patches 2 and 5, 3 and 4, and 6 and 7, to create a chain structure. This
type of structure occurs, for example, when the orchards are positioned side by side. In such
cases, it is likely that insects will migrate from one orchard to another sequentially, without
skipping any.

The algorithm outputs that 8 combinations of three patches can lead to the population
elimination. The optimal combination is depicted in Fig. [II} and the associated optimal
total cost increases to 1.78, which is 39% higher than the optimal cost in Example 2 (1.28).
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Fig. 11: Optimal combination (green) and second-best combinations (orange) of three
patches for parameters in (20). Unlike in Fig. m, there is no diffusion between patches 2
and 5, 6 and 7, and 3 and 4.

7 Conclusion

Having in mind the issue of control of insects vectors or insects pests, we considered in
this paper a metapopulation model with patches linearly interconnected, and explored the
global effects of (on purpose) increase of the mortality in some of these patches. The patches
are classified in three categories, depending on whether the local value of the mortality rate
may be increased or not (controllable or uncontrollable patches); and in the former case,
whether the additional mortality rate may be chosen arbitrarily large, or equal at most to a
given quantity (infinitely controllable or finitely controllable patches). Typically this setting
is supposed to replicate mass trapping campaigns aimed at eliminating the population in an
heterogeneous environment where the control application is submitted locally to restrictions.

With the help of results by Y. Takeuchi et al., we showed that the sign of the stability
modulus of the Jacobian at the origin determines the asymptotic behaviour of such model. If
it is non-positive, then the population becomes extinct in every patch; while if it is positive,
then there exists a unique non-negative and non-zero equilibrium, which is positive and
globally asymptotically stable.

Based on this preliminary result, the possibility of eliminating the population at a given
exponential convergence rate by adequate choice of the mortality rates was investigated. It
turns out that elimination feasibility depends upon the value of the stability modulus of the
Jacobian matrix at the origin of some residual system, obtained by removing the infinitely
controllable patches and by adjusting the mortality rates in the finitely controllable patches

32



at their maximum value allowed. When the stability modulus of the residual system is
positive, then the best that can be done is to lower the positive equilibrium to some minimum
value. When it is negative, elimination is possible, and we showed how the choice of the
mortality rates in the controllable patches may be done in order to achieve elimination while
minimizing some control cost.

We then applied these results numerically, using life cycle characteristics of Bactrocera
dorsalis. We investigated scenarios with different intrinsic growth rates and migration pa-
rameters, and highlighted the corresponding effects on the optimal elimination strategies.
Our findings underscore the importance of tailoring elimination strategies to seasonal vari-
ations, which influence intrinsic growth rates and diffusion coefficients. For example, one
could consider the effect of the temperature on the intrinsic growth rate, as done in [20),
Table 5].

We also studied the effects induced by modification of the network connectivity. We
showed by examples that some patches play a critical role, and that the impossibility to
control them directly may lead to significant cost increase, or even control failure. This points
out the importance of considering early engagement, thorough explanation, and detailed
information dissemination to landowners who are hesitant about intervention. We believe
that mathematical modelling and simulations can be of great help to design, size and schedule
control strategies, but also to convince reluctant people.

Finally, our work stresses the crucial need of estimation methods for the migration rates
in the field in order to develop effective control strategies. Techniques such as Mark-Release-
Recapture [44], BI] can be employed to measure the flux between the target areas. While
such experiments are lengthy, challenging, and not always successful, they are essential for
minimizing the risk of control failure.

This paper may serve as basement for further investigations on vector/pest control tools.
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Appendix — Demonstrations

A Fundamental stability result (Thm. [2.2

First, let us define the following matrix.
A, := D+ diag(r;), (A.23)

where for every 1 =1, ..., n,
ri == sup gi(z;).
x; >0
In particular, when holds , A, = A, and s(A4,) is simply written s(A).
To prove Theorem [2.2] let us introduce the following result which summarizes the asymp-
totic behaviour of the model (), depending on Assumptions [(H2)| [(H3)] and [(H4)]

Theorem A.1l.

(i) If s(A,) < —a for some o > 0, then the origin is a-GAS on RY for system .
Moreover, if (H2)| holds, then this statement is still true for o =0

(ii) Assume |[(H4)| holds. If s(A) > 0, then any solution x of the model initiated in a
point xo > 0, satisfies
liminf z(t) > 0,.

t—+o00
Furthermore, if [(H3)| also holds, then the model admits at least one non-negative
and non-zero equilibrium x*, which is necessarily positive.

Finally, if in addition to[(H3)| and [(H4)|, [(H2)| also holds, then x* is unique and GAS
on R\ {0,} for the system (|1

Proof. The proofs of points (i) for the global asymptotic stability of the origin and (7i) may
be obtained by adapting those provided by Takeuchi for the model in [36, 47|, under the
assumption that [(H1)| [((H2)] [(H3)] and [(H4)| hold. (In Takeuchi’s work, these assumptions
are merged.)

Let us now prove the a-global asymptotic stability of the origin in point (i) for some
o > 0. Assume s(4,) < —a < 0. By definition of A, in (A.23), F(z) < A,z. As the linear
system & = A,z is cooperative [46], it follows that for any initial condition zq > 0,, the
solution z(t) of the system is upper-bounded by the solution of the linear system, that
is,

0, <z(t) < et

On the other hand, there exists a block diagonal matrix J, where each block is a Jordan
matrix, and an invertible matrix P such that A, = PJP~!. Therefore,

lz(®)]] < lle?zo]| = [|Pe” P o]l < Clle”™]. (A.24)
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If A, is diagonalizable, then J is the diagonal matrix with the eigenvalues Ay, ..., \,, of A,
on its diagonal. Therefore, e/t = diag(eM?, ..., e*?), so that ||e’?]| < e~ It follows

lz(@®)]] < Ce™".

Therefore, for any o/ < a, one has e®*||z(t)|| < Cel® = — 0 as t — +o0.

If A, is not diagonalizable, for every eigenvalue X\ of A, let J, = Al + N be a Jordan
block of size k, where N is a matrix of all zeros except identities on the first superdiagonal.
Since J is a diagonal block matrix, it is enough to bound each block. For a Jordan block Jg,
N"™ =0 for any n > k, which implies

k_n kL n
Jet _ (M+N)t _ X Nt _ Xt N (et N
et =e =ee " =ce Zn't—e Z t

n=0 ’ n=0

nefst

n!

Therefore, for any € > 0, |[e’#!|| < C.e(=**9)*. One deduces from (A.24) that for any ¢ > 0,
there exists C. > 0 such that ||z(t)]| < C.e(=*9)*. Moreover, for any o/ < a, there exists ¢
satisfying 0 < ¢ < a — . It follows e®*||x(t)|| < C.el® =2+t — 0 as t — +oo. O

When assumption [(H2)] holds, Theorem [2.2] derives from Theorem [A.1]

B Control effects properties (Thm. (3.1], [3.2

This section is dedicated to the proofs of Theorem [3.1) and Theorem

B.1 Proof of Theorem [3.1]

Let C C {1,...,n}. The function : p € R} — s(A(p)) being twice differentiable is a
consequence of [13] Lemma 3.1 and Theorem 3.2| extended to irreducible Metzler matrices.
Moreover, for any p < p/, one has A(p') < A(p). This implies that s(A(p')) < s(A(p)) (see
[40, Lemma 1.2|, also extended to irreducible Metzler matrices).

The convexity of the function p € R} —— s(A(p)) is a consequence of Theorem 4.1 in
[21], which addresses the (strict) convexity properties of (irreducible) non-negative matrices.
Once again, this property can be easily extended to (irreducible) Metzler matrices. When
C C {1,...,n}, for any p-admissible p and p’ € R’ it is obvious that p— p’ cannot be a scalar
multiple of the unit vector, and it also follows from [2I, Theorem 4.1] that the function :
P S(A(p)) is strictly convex.

B.2 Proof of Theorem [3.2
To prove Theorem [3.2] let us first prove the following result.

Proposition B.1. Let A € M,,(R) be an irreducible Metzler matriz. Then,

s(A) <0 = A non singular and A~ < 0.
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Proof. We will show the following, statement: for any irreducible matrix A such that —A is
Metzler, s(A) > 0 implies A non singular and A= > 0,,,,.

As a matter of fact, if —A is a Metzler matrix, then s(A) > 0 iff A non singular and
A7 > 0,xp (see [28, Theorem 2.5.3]). We make this statement more precise when A is also
irreducible.

One has A = ol — P for some irreducible P > 0,5, and o > 0. Without loss of generality,
let us suppose that « = 1. Then, A = I — P, and since s(A) > 0, s(P) < 1. Thanks to the
Perron-Frobenius theorem, s(P) = p(P), where p(P) denotes the spectral radius of P. It
follows p(P) < 1. The Neumann series [+ P+ P?+... then converges towards (I—P)~' = A~%.
Moreover, since P > 0,,,, and is irreducible, one has I+ P+ P?4... > 0,,,, as a consequence
of [6, Theorem 2.1]. Therefore, A=t > 0,15 O

We can now prove Theorem [3.2] For any i,j = 1,...,n, note E; € M,(R) the matrix
whose (7, 7)-th entry is 1 and whose remaining entries are 0. Since z*(p) is an equilibrium
point of system , for any p p-admissible, one has

(D + diag(gi(x(p))) - diag<p>) v () = 0. (B.25)

Let us define
B(p) := D + diag(gi(z;(p))) — diag(p),

which is an irreducible Metzler matrix. Since we assume z*(p) > 0, it follows from Perron-
Frobenius theorem and (B.25)) that 2*(p) is a Perron vector of B(p). In particular, s(B(p)) =
0.

On the other hand {p € R" : 2*(p) > 0,,} = {p € R" : s(A(p)) > 0} is an open set, by
continuity of the function s o A. By differentiating (B.25]) for any p > 0,, and rearranging
sides, one has for any j € C,

[diag (ag—p(jp)gi(ﬂff(p))) - Ejj} z*(p) = =B(p) 8?:0(;)'
e diag <a§—p(jp)g;(x;‘(p))) 7*(p) = diag (w (p)gi(x; (p))) a@;ﬂ?)a
i follows |:B(p) + diag (xz‘(p)gz{(mf(P)))} 89(;20) = Ej;z*(p). (B.26)

One has that B(p)+diag (x;k (p)gi(z} (p))) is an irreducible Metzler matrix. Since g}(x(p)) <
0 a.e. du to|(H2)[and z}(p) > 0,

Bly) + aseg (1 (Dal(ai(e) ) < B(s) ae
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It follows by [40, Lemma 1.2] extended to irreducible Metzler matrices that

(B + asag(a2(aei(0)) ) < s(B) =0 ac

Ones deduces from Proposition [B.1|that B(p) + diag (xj (p)g. (mj‘(p))) is non singular and

(B(p) + diag (x?(p)gé(xi(p))) ) R <L Opsn A€ (B.27)

-1
By multiplying both sides of (B.26]) by <B(,0) + diag <x;* (p)gi(z} (p)))) , it follows

8z* (p _ ) ) S
ap( ) (B(p) +d1ag(wi (p)gi(; (p)))) Ej;x*(p). (B.28)
j
Since z*(p) > 0,, and thanks to (B.27)), it follows from ([B.28))
Ou (p> < 0, a.e.
Ip;

This achieves the proof of Theorem [3.2

C Limit behaviour for large control (Lemma 3.3, Thm.
3.4, Coro. |3.5

C.1 Proof of Lemma 3.3

As s(A(p)) is strictly decreasing with respect to p (see Theorem [3.1)), it follows
inf{s(A(p)); p p-admissible} = lim s(A(p)).
p—p

In particular, the infimum is a minimum if and only if p does not take infinite values, i.e. if
and only if C; = 0.
Denoting the vectors p,. and 1¢, as follows:

_ L P; if i € Cp L 1 ifieCy
(Per); = { 0 ifieCp ’ (ep)i = { 0 ifieC’ (C.29)

one has
lim s(A(p)) = lim s(A(Me¢, +7c,.)).

p—p A—+00
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C.1.1 Casel: (C,=C={1,..,n}

Let us first suppose that C; = C = {1,...,n}. In particular, p., = 0,, which implies
lim, 5 s(A(p)) = limy,+o s(A(A1,)). On the other hand, A(A1,) = D + diag(g;(0)) —
Adiag(1l,). Denoting by o(A(A1,)) the spectrum of A(A1,), one has thanks to the Gersh-
gorin circle theorem [22, [49]

70 € UB((A0L), 3005, (C.30)
= 1

where B denotes closed ball. For any i =1, ...,n,

(AL + 3 D = g:(0) = A 55 —oo
=1
i#i
It follows from ((C.30)) that
lim s(A(M,)) = —c0 = s(Alz z(P))-

A—+00

The last equality is a consequence of the convention adopted in Definition for C; = 0.

C.1.2 Case2:C;C{l,..,n}

Without loss of generality, let us suppose that the first ne, patches are infinitely con-
trollable. In any case, it can be achieved by a permutation of components. With such a
convention on the ordering of the components, one has

A|C17C1 - AI”CI A|C17a )
Al e, Az ()

where Inc, denotes the n¢, x ne, identity matrix. Moreover, one has

Ae ) =

lim s
A—+o00

Ale,c; — Mo Ale, > —
1,Cr I ner = s(Al= = X C.31
< Al e, Alg; e (p) (Alerz:(7) .

Equality (C.31)) is a direct application of the following lemma.

Lemma C.1. Let n > 2 and m € N such that n —m > 1. Let A;; € M., (R), Ap €
me(nfm) (R)} A21 S M(nfm)xm(R) and AQZ S Mn—m (R) Then;

: Ay — 1L, Ap\
Ji%is( Ay Ay) = S)
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Proof. Drawing inspiration from singular perturbation theory (|34, pp. 49-55]), we find a

A — %Im Arz
Aoy Aga

matrix fl(g), whose eigenvalues are thus the combined eigenvalues of the diagonal blocks.
For some (n —m) x m matrix L(e) to be chosen afterwards, let us denote

Pi= (SIIZ?) J,Em)

Straightforward computations show that

change of basis transforming A(e) := ( ) into an upper triangular block

A(e) = PA(e)P ' = (AU — 21y — eAL(e) Arz >

R(L(g),e) — L(e)  eL(e)A1x+ Ag

where R(L,¢) := Ay — Aol + LAy — LA, L. We will now show that, for sufficiently
small €* > 0, there exists, for any ¢ in [0, "], a fixed-point L(e) € Mp—m)xm(R) of R(L,¢),
that is a solution to the equation R(L,e) — L = 0. For ¢ = 0, the unique solution of this
equation is L(0) = Ay;.

Let ¢ > ||Ag||. For any L in the compact ball B(0(,—m)xm;c), one has

IR(Z, )| < [[Azall + (1w ]l + [[AzelDec + [| Arafle*c®.

Take €* > 0 such that || Agy ||+ (||A11]| + || A2e||)e*c+ || Arz||e*?c* < c. Then, for any € € [0, &*],

the continuous map L +— R(L,¢) maps B(0p—m)xm, ¢) into itself. Thus, due to Brouwer’s

fixed-point theorem, for any e € [0,e*], R(L, ) possesses a fixed-point in B(0gn—m)xm. €)-
Therefore, for any e € (0, *],

s(A(e)) = s(PT'A(e)P)
= s(A())
= max {S(All — %]m — €L(€)A12), S(AQQ + EL(E)AlQ)}

— max {s (A — eL(€)Ap) — é s(Ag + eL(e)Alg)} .

As the matrix L(e) pertain to the bounded set B(0(;,—m)xm,c), one deduces in conclusion

. . 1
Eli}l’([)le S(A(g)) = Imax {Ell}%lJr (S(A11> — g) s S(AQQ)} = S(AQQ).
This achieves the proof of Lemma and consequently of Lemma [3.3] n

C.2 Proof of Theorem [3.4
Assume first that C; is not empty. If s(A|z-z(p)) < 0, then thanks to , there exists,

)

i (P))
by continuity, p’ p-admissible such that s(A(p")) < 0. Let p p-admissible satisfying p > p'.
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By Theorem [3.], there exists a := —s(A(p)) > —s(A(p')). One deduces from Theorem
that the origin is a-GAS on R, for the system (7] . which proves the point (i) of Theorem
when C; # 0. If now s(Ale & ( )) > 0, then inf{s(A(p)); p p-admissible} > 0. As C; is not
empty, the infimum is not a minimum, due to Lemma [3.3] and the point (4i) of Theorem
when C; # ) also follows from Theorem [2.2]

If now C; is empty, then the infimum in is a minimum, and Alz z(p) = A(p).
Therefore, the origin of (7)) is GAS for p—adm1881ble p if and only if s(A(p)) > 0.

C.3 Proof of Corollary
Let us first recall that

Az e (P) = (Dij);cp e + diag (6:(0) — pii € Cr) .

(i) Let us suppose that g;(0)—p,— Ec: Dj; < 0for every i € Cr. We show that s(Ag. o (p)) < 0.
JeCr

The Gershgorin circle theorem [22, 49| states that

0-<A’E,CI C UB( A‘C} C[ E :D]'L)
1€C J‘igl
jFi

Furthermore, for any i € C_I,

(Aler e (@ )) =gi(0) =7 — ZDjia

so that

(A|CI CI + Z Dj’L = gz(o) — P — Z Djl' < 0.
j€Cr JeCr
P
Therefore, the Gershgorin circles of Az & stay strictly at the left of the complex axis. This
implies that s(Alz z,(p)) < 0. The conclusion then follows from Theorem |3.4 .

(ii) Let us suppose that g;(0) —p;, — >, Dj; > 0 for every i € C;. We will show that
JE€Cr

s(Az; & (p)) > 0. Let us suppose without loss of generality that the patches in C; are the

first ng- patches. One has,

1T A‘c,c,( ) = (91(0>_p1_ZDj17 7gnc /)nc ZDJ"C

JECT JECT

> mln{gz — P — Z Dji}]-TE-

1€Cy jecy
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Since miniea{gi(()) D= > Djl-} > 0 and since 1"3 > O”G’ we can apply [39, Lemma 8|,
JECr
which can be easily extended to Metzler matrices. Therefore,

$(AZ (7)) 2 min{g:(0) =7, — > Dji} >0.

Cr J€C;

As s(Alg; g (p)) = s(AZ o (p)), it follows s(Ag ;) > 0. The conclusion then follows from
Theorem [3.4] 7

D Minimal globally asymptotically stable equilibrium (Thm.

and Thm. 4.2

First note that if s(Alzz(p)) < 0, or s(Alzz(p)) < 0 and C; = (), it directly follows
from Theorem 3.4 that

o0

x> = min{z"(p) : p p-admissible} = 0,,.

More generally, as x*(p) is a non-decreasing function of p and using similar arguments as
for the proof of Lemma in Appendix [C.I} one has:

2™ = lima*(p) = lim 2*(Alc, + pe,.),

p—p A—+00
for pe,. and 1¢, respectively defined in ((C.29).
For any A > 0, 2*(A1¢ + p¢,.) belongs to the set
E:={xeR} 2 <z"0,)}. (D.32)

Note that this set is independent of A and is compact.
On the other hand, for any A > 0, 2*(\¢, 4 p¢, ) is the largest non-negative solution of
the following system

(

—z; + 5 | wigi(w;) + Zn: Dijr; — i Djiz; | =0 i €€y
A
z;i (9i(xi) — p;) + E Dijaj — Z Djix; =0 i €Cr.
| 77 &

Due to the fact that 2*(A1¢ + pc,.) belongs to the bounded set £, the limit equations when
A — 400 are given by

x; =0 1 € Cy
Z; <gz($z) —Di— Dji) + > Djx;— Y, Djz; =0 i€ C;. (D.33)
JECK j€Cr jeCr
i i
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Notice that any solution x of this system satisfies

Z"cl = Onc, (D34)

and x|a is an equilibrium point of the residual system ([11).

D.1 Irreducible residual system

We now assume that Dlg 7 is irreducible, so that we can apply Theorem to the
system (11)). Since Alg & (p) is the Jacobian in zero of the system (L)), it follows that

o If s(Alzz(p)) <0, then the origin of the system is GAS on R',°.

o If s(Alz 7z (p))) > 0, then the system admits a positive equilibrium point, which
is globally asymptotically stable on R'¢ \ {05, }-

In any case, the globally asymptotically stable equilibrium point belongs to the set E defined
in (D.32)) and is the largest solution of the system ([D.33)). Moreover, since F is compact, the
equilibrium z*(Al¢, +p¢,.) has at least a limit point in £ when X goes to infinity. Therefore,

o If s(Alz;z(p)) <0, then

1%fg; = lim 2"(Ae, +Pe)le = Ongy-

o If S(A‘a7a(ﬁ)) > O, then
2¥e; =\ lim 2" (Ale, +Pc, )le;
is equal to the positive equilibrium of the residual system ([11]).
Moreover, in both cases, it follows from (D.34])

IOO‘CI = )\EIEOO I*()\]'CI +ECF>|C1 = Oncj‘

This ends the proof of Theorem [.1]

D.2 Reducible residual system

To prove Theorem [4.2] we have to study the equilibrium points of the residual system
on Cr, which may not be irreducible. For reasons that will be explained later, in Section
this requires to analyze an auxiliary model to the model , with a constant inflow.
This model is studied in Section [D.2.1] where the existence of a positive GAS equilibrium
is established (Theorem . To prove this result, we first demonstrate the existence of a
positive GAS equilibrium for the one-patch model (Lemma in Section . We then
derive a persistence result for the multi-patch model (Lemma in Section , which
allows to prove Theorem in Section [D.2.1.3] The proof of Theorem [4.2] which relies on
Theorem [D.1] is then given in Section [D.2.2]

46



D.2.1 Auxiliary model with constant inflow

Let us study the following auxiliary model, which corresponds to the model with the
addition of a non-negative constant vector C' = (Cy, ..., Cy,).

=1 =1
i i

Let us define F¢(x) as the right hand side of the model (D.35), that is,

FOz) = (F{'(2), ., B (@), FT(2) = migi(wi) + Y Dijzy — Y Dy + G
=1 =1
i#i i
Notice that F°(z) = F(z) + C, where F, defined in (), is the vector form of the right-hand
side of the system . When C' = 0,,, the system (|D.35)) is identical to the system . When

C > 0,, the aim of this subsection is to prove the following theorem.

Theorem D.1. Assume |(H2)|, [(H3)| and |[(H4)| hold. If C' > 0,,, then the system (D.35))

admits a unique equilibrium point x*, which is positive and GAS on R’..

To prove this theorem, one first studies the one-patch model.

D.2.1.1 One-patch model

The one-patch model writes
i‘l = 1‘191(1’1) + Cl, l‘l(O) > 0. (D36)

When € > 0, the following lemma gives the asymptotic behaviour of the solutions of the

model (D.36)).
Lemma D.2. Assume Cy > 0. Then any solution x; of (D.36) initiated in x1(0) > 0

satisfies
liminf 2, (¢) > 0. (D.37)
t—+o00

If in addition|(H3)| holds, then the system (D.36)) admits a positive equilibrium point. More-
over, if (H2)| also holds, then this equilibrium point is GAS on R.

Proof. Since C > 0, one has F;(0) = C} > 0. By continuity of F}, the exists @ > 0 such
that

F(a) >0 for any a € [0,a).
Moreover, for any a € [0,a), the set {z1 > a} is positively invariant.

Let 21(0) > 0. There exists a € (0,a) such that z1(0) > a. Since {z1 > a} is positively
invariant, it follows x;(¢) > a for any ¢ > 0. This implies (D.37).
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If £1(0) = 0, then since F(x1(0)) = F(0) > 0, there exists n such that for any ¢t € [0,7),
x1(t) > 0. As above, one shows that (D.37) is veritifed.

Let us now assume that holds. The function x; — z1¢1(x;) is null when x; = 0,
and converges towards —oo as 7 — 400. Therefore, by continuity, there exists z7 > 0
satisfying xjg1(x}) = —C1 < 0. This proves the existence of a positive equilibrium point for
the system (D.36). Moreover, since z} > 0, we have in particular that g;(z}) < 0. Let us
assume that holds and let ; > x7. Then,

o) = xzgi(z) + G
< mgi(z]) + Cy since g is decreasing
< zjgi1(2}) + Cy since z1 > 27 > 0 and ¢;(27) <0
= 0.
Therefore,
F(x,) <0, for any z; > 7. (D.38)

Following the same methodology for x; < zj, one finds
F(xy) >0, for any z; < x. (D.39)

One easily deduces from (D.38) and (D.39) that z7 is globally asymptotically stable on
R.. u

D.2.1.2 Multi-patch model

Drawing inspiration from [36], 47|, one now studies the general case where n > 2.

Lemma D.3. [f holds, then all the solutions of are uniformly bounded.
If[(H4)| holds and C > 0,, then any solution = of initiated in a point x(0) > 0,
satisfies
liminf z(¢) > 0,,. (D.40)

t—4o00

If|((H3)| and |(H4)| both hold, and if lim,, o gi(x:) < ¢:(0) for every i = 1,...,n, then
the system (D.35|) admits a positive equilibrium point.

Proof.
(i) Boundedness
Assume [(H3)| holds and let us compute the sum of the ;.

Z T = szgz(l'z) + Z Ci.
=1 =1 i—1

Thanks to [(H3), lim g;(z;) <0, so that x;g;(z;) + C; < 0 for x; large enough. Therefore,

x;—+00

> i; < 0 for sufficiently large x;, i = 1, ..., n.
i=1
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(ii) Persistence
Assume [(H4)| holds and let z(0) > 0,.
Step 1: Let us prove that for every : = 1, ..., n such that C; > 0, ltierinf x;(t) > 0 for any
— 400

x;(0) > 0. Let i € {1,...,n} such that C; > 0, then

t; = x;9:i(x +ZD”.7:J ZDﬂxl +C; > i | gi(x)) ZDJZ + C;.

Jj=1 Jj=1
J#i J#i J#z

Let us define the system

;= x; | gi(x;) ZDJZ + C;. (D.41)

J#Z
Let x; and Z; be respectively the solutions of system ([D.35]) and (D.41)) initiated in z;(0) > 0.
By comparison,
x;(t) > z;(t) for any t >0,
Therefore,
liminf x;(¢) > liminf Z;(¢) > 0,

t—-+o0 t—+o00

the last inequality being a consequence of Lemma [D.2]
Step 2: Let us prove that if there exists ¢ and j in {1, ..., n} such that i # j, ltierinf x(t) >
—+400

0 and D;; > 0, then lierinf x;(t) > 0.
Since lim inf ;(t) > 0, there exists € > 0 and 7' > 0 such that

t—-o00
zj(t) > ¢ foranyt >T.

Then, for any t > T,

€Ty = ngz(xz> + Z Dikxk - Z Dkzxz + Cz

z;9i(xi) + Dijry — Z Dyz; + C;
k=1
ki
2igi(w:) + Diyje = > Dy + C
=

v

v

= z; | gi(x;) ZD]“ + Dj;e + Cj,
i
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with D;;e + C; > 0. The proof of the persistence in the i-th patch is then the same as in
Step 1.
Step 3: Let us prove that ltierinfm(t) > 0,,. Since C' > 0,,, there exists i € {1,...,n} such
— 400

that C; > 0. Moreover, for any k € {1,...,n} such that k # i, there exists by irreducibility
of D a path between patches k and i, that is, there exists m € {2,...,n} and ay, ..., a,,—1 all
different such that
Dy, ---DagayDayi > 0.

It follows by induction and from step 1 and step 2 that holds for any z(0) > 0,,.
(iii) Positive equilibrium point

Let us now assume that [(H3)| and [(H4)| both hold, and that lim,, . gi(7;) < g;(0) for
every i = 1,...,n. Since A is irreducible thanks to , one may apply the Perron-Frobenius
theorem [6]. It states that there exists a vector v > 0,, such that

Av = s(A)v. (D.42)

On the other hand, with some computations, we find that for any scalar a > 0,
FF (av) = avi(gs(av;) — g:(0)) + a(Av), + C;. (D.43)

Let us first assume s(A) > 0. Thanks to (D.42) and since v > 0,, we have Av > 0,.
For every i = 1, ..., n, one has thanks to (D.43) that

OFC (av)

= (Av), .
aa (U)Z>O

a=0
and

F}Ci(av)\azo = CZ 2 0.
Therefore, there exists a scalar a > 0 such that

F%(av) > 0, for any 0 < a < a.

Let z be the solution of the system (D.35)) initiated in av for 0 < a < a. Since F(av) > 0,
and since the system (D.35)) is cooperative, z is increasing. As it is bounded thanks to
Lemma 7 it converges towards a positive equilibrium. Therefore, if s(A) > 0, there exists
a positive equilibrium point.

Let us now assume s(A) < 0. Thanks to (D.42]) and since v > 0,,, one has Av < 0,,. Since
limg, 100 gi(7i) < gi(0), it follows as a consequence of that, for every i =1, ..., n,

FF (av) < 0 for a large enough. (D.44)
Therefore, there exists a scalar @ > 0 such that
FYav) < 0, for any a > @.

Let x be the solution of the system initiated in av for a > @. Since F%(av) < 0,,
x is decreasing along this trajectory. By boundedness and since holds, it converges
towards a positive equilibrium point. This proves the existence of a positive equilibrium
point if s(A) > 0 and achieves the proof of Lemma O
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D.2.1.3 Proof of Theorem [D.1]

If holds, it implies that lim,, o gi(x;) < ¢;(0) for every i = 1,...,n. If
and also hold, it follows from Lemma that the system admits a positive
equilibrium point.

Let x* be a positive equilibriumﬁ. With some computations, one finds the identity

Ffi(az) = ax;(gi(az) — gi(:)) + aF " (2) + (1 — a)C,
valid for any x € R’} and any scalar a > 0. In particular, for any scalar a > 0,
Ff(ax®) = ax; (giaz]) = gi(x))) + (1 = a)Ci.

Since g; is decreasing and C; > 0, this leads to

F(az*) > 0 forany 0 < a < 1
Ef (az*) < 0 for any a > 1.

By [36, Lemma 2|, z* is then globally asymptotically stable on R’ \ {0,}. Moreover, since
F(0,) = C > 0,, the solution of initiated in the origin is increasing. By boundedness
of the solutions, it converges towards the unique equilibrium point z*. It implies that z* is
GAS on R

D.2.2 Proof of Theorem [4.2]
First, as in the proof of Theorem [4.1] in Appendix one has

e, = Onc,

and QCOO’E is equal to the equilibrium point that attracts every positive trajectory of the
residual system ([11]).

T; = x; (gz(xz) — ﬁz — Z Dﬂ> + Z D,;jl’j — Z Djixh 1 € C_[

el JECT jeCr

J#i J#i
To prove the existence of this equilibrium point, one splits I'z- into strongly connected
components and order them such that they follow an acyclic ordering. Therefore, for any
strongly connected subgraph G and any of its upstream subgraphs G~, one has Dj; = 0 for
every j € Vg- and i € V. Similarly, for any subgraph G* in its downstream subgraphs, one

has D;; = 0 for every j € Vg+ and i € V5. It follows that

T; = X gz(xl) —0; — Z Dji + Z Dija:j - Z Dﬂ-xi + Z Dij:L’j, 1€ Vg.
JECIUV g+ JEVg JEVg JE€Vg-
J# JF

4Notice that by (D.40)), any equilibrium of system ([D.35) is necessarily positive when [(H4)| holds.
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To find the value of x*|y,, we replace x; by z3° for every j € Vg-. This results in the
following system:

;= ax; | gi(xy) — p; — Z Dj; | + Z D;jx; — Z Djx; + Z Dz, i€ Vg,
JECIUV 4 jevg jevg JEV—
J# J#i

(D.45)
The Jacobian of this system evaluated in zero, is equal to Aly, v, (p). Moreover, since its
connectivity matrix is irreducible, we can apply Theorem[2.2)and Theorem[D.I] In particular,
since x>y, is the equilibrium attracting every positive trajectory of , one has either

>y, = Ony,, OF >y, > Ony -
Assume first that either Vg- is of in-degree zero, or 2}y, =0,

system (D.45)) is equal to

» . In such a case, the
o

j;i =x; gz($z) — ﬁz — Z Dji + Z Dijﬂfj — Z Djixi7 (NS Vg. (D46>
JECIUV g+ i€Vg i€Vg
J# JF

System (D.46) is in the form of system (1], and applying Theorem yields:

o if s(Al|y; v, (p)) > 0, then the system (D.46|) admits a positive equilibrium point, which
is GAS on RTQ \ {Ony, }- Then 2>y, is equal to this positive equilibrium point.

o if s(Aly,,v,(p)) <0, then the origin of (D.46]) is GAS on RZVQ, yielding z>°[y, = 0

nvg .
Assume now that Vg- # () and {BOO|VQ7 > 0,, . In such case, there exists at least one
o

strongly connected component H in G~ such that x°°|VH_ > Onvﬂ- Therefore, there exists
t € Vg such that

JEV,_

Then, by applying Theorem , the system (D.45|) admits a unique equilibrium, which is
positive and GAS on ]RZVQ, and 2|y, > Ony,, 18 equal to this equilibrium.

E Properties of the minimization problem (Thm.[5.1|and
Lemma [5.2

E.1 Proof of Theorem [5.1]

The set of the p-admissible vectors p is convex, as well as the function f(p). Furthermore,
Theorem states that p —— h(p) is convex. It follows that Problem is a convex
problem.
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Now assume s(Alzz(p)) < 0 and let a satisfy 0 < o < —s(Alzz(p)). The set of
the controls p satisfying the constraints of Problem is a closed set, and is non empty
by assumption on a and s(Alg z(p)). Indeed, by Lemma inf{h(p); p p-admissible} =
s(Alz;z(p)) < —a, so that by continuity of the function h, there exists a p-admissible
control p satisfying h(p) < —a. Since f(p) — +o0 as ||p|| = +o0, the Problem admits
at least one local minimizer p* (see [7]), which is necessarily global by convexity. The set of
minimizers is convex, by convexity of the problem.

Let p* be a minimizer of Problem (13). If s(A) = s(A(0,)) > —a, then p* > 0, since p*
is non-negative. Moreover, assume by contradiction that h(p*) < —«. By continuity of h,
there exists € € (0, 1) such that h ((1 —€)p*) < —a. Then, (1 —¢)p* satisfies the constraints
of Problem (13). As p* > 0,, it follows f(p*) > 0. Therefore, f((1 —¢)p*) = (1 — &) f(p*) <
f(p*). This contradicts the fact that p* is a global minimizer of Problem ([L3)). Therefore,
h(p*) = a.

If s(A) < —a, then 0, is the unique minimizer. Indeed, assume there exists another
minimizer p** > 0,. In such case, one has f(p**) > 0, = f(0,,), which is in contradiction
with the fact that p** is a global minimizer.

Assume now that C C {1,...,n} and let us show the uniqueness of the minimizer. Denote
f(p*) == f*. When s(A) < —a, one has p* = 0, and it is the unique minimizer, as
seen above. Now assume that s(A) > —a. Since p* > 0, it follows that f* > 0. Let us
suppose by contradiction that Problem admits another global minimizer p** # p*. Since
C # {1,....,n}, h(p) is strictly convex by Theorem [3.1 Then,

P+ Lo 1w
Z Z < —q.
h( 5 )<2h(p)+2h(p)_ a

Consequently, by continuity of r, there exists a scalar ¢ € (0,1) such that
>k + kok
h ((1 - 5)%) < —a,

with (1 —¢)2 *+2p ~ satisfying the constraints of Problem (I3). By linearity of f and since

fp*) = f(p™) = >0,

-2y — - <

It is in contradiction with p* being a global minimizer of Problem . This achieves the
proof of Theorem

E.2 Proof of Lemma [5.2

Let us compute the gradient (with respect to the variable p) of the function fy; = tf +¢.
Recall that we assume with no loss of generality that the control is introduced in the first ne
patches, and among them, the infinite controllable patches are the first n¢, patches. In any
case, this may be achieved by a permutation of components. Moreover, we identify in this
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section any p-admissible p as well as the vector m with their components in C. Consequently;,
these vectors belong to R}, and the functions h = s(A(-)), f, ¢ and f,, are now defined in
R%e.

By composition,

V) = g T~ 5t (o)
P T o T T\ Bl = ple )

Since V f(p) = m, one deduces that

Vfsilp) =t ! Vh(p) 1+<0 1 )T
+(p)=tr — ———Vh(p) — - ey = | .
ot h(p) + a p U Dley = plew

Moreover, with some computations, one finds that for any i = 1, ..., ne,

(Ohip), = -2,

where w is the derivative of s(A(p)) with respect to the (,4)-th component of A(p).

Let Q(p) = h(p)I — A(p) and note Q¥ (p) its group inverse. Equation is then deduced
from the following identity, extracted from [13, Lemma 3.1|:

s (A(p))

5 = I=QQ* (),

Let us now compute the Hessian matrix of the function fs;. By composition,

2 _ 1 T 1 2 ia i
Vig(p) = —(h(pHa)th(p)Vh(p) —h(pHaV hip) +d g(p2>

1
+ diag |0, —_)
g( 0 (pley. — Plen)?

Since V2f(p) = Opgxne, the conclusion follows for V2f4,(x). Let us now compute V2h(p).
For any 7,5 =1, ..., nc,

(V00), = 5 (A0

Thanks to [13, Theorem 3.2|, Equality then follows. This achieves the proof of Lemma/5.2]
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