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Insights on Adaptive Robust Filtering for Navigation
under Harsh Time-Varying Environments

Paul Chauchat
Aix-Marseille Univ, CNRS, LIS
Marseille, France

Abstract—Standard filtering techniques operate under the
assumption that the system is perfectly known: system ma-
trices/functions, noise statistics and inputs. But such strong
assumption does not typically hold in real-world applications.
Indeed, when the assumed model does not perfectly align with
the true system dynamics (i.e., model mismatch) the optimality
properties of the Kalman filter and its nonlinear extensions are
compromised, and the filter performance can be significantly
degraded, reason why robust solutions must be accounted for.
This contribution explores how a recently introduced adaptive
robust regression framework can be adapted to the recursive
filtering case, being then able to deal with time-varying outliers
in the observation model. Methodological and practical insights
are given regarding the design and implementation of the method.
An illustrative navigation example is provided to highlight the
filters’ advantages and limits, and support the discussion.

I. INTRODUCTION

It is well known that state estimation is a fundamental task
in several engineering applications [1]-[3], and in particular
for navigation systems [4]. The goal is to infer the dynamic
states of a system from a set of available noisy observa-
tions, thus resorting to a stochastic state-space representation
of the system dynamics. Such problem formulation can be
linear/nonlinear, Gaussian/non-Gaussian, and possibly taking
into account system inputs, but in any case, standard filtering
techniques operate under the assumption that the system is
perfectly known: system matrices/functions, noise statistics
and inputs; an assumption that does not typically hold in real-
world applications, and therefore one must deal with a model
mismatch (i.e., the assumed model does not perfectly align
with the true system dynamics). This applies to both standard
linear Kalman filter (KF) and extended KF (EKF) [3], but also
to sigma-point Gaussian filters [5] and particle filters [6].

A plethora of robust filtering techniques have been devel-
oped in the last decade in order to mitigate the inherent model
mismatch impact on the final filter performance: i) constrained
filtering approaches to cope with process/measurement func-
tions’ parametric mismatch [7], [8], ii) filters directly designed
for a specific non-Gaussian noise distribution [9]-[12], iii)
outlier detection and rejection methods [13], [14], or iv) robust
statistics-based filters [15]-[18], being the class of robust
filters of interest in this contribution.
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The idea behind estimation methods based on robust statis-
tics is to use robust loss functions (RLFs) able to correctly
penalise observation outliers not fitting the nominal noise
statistics. This applies to batch linear/nonlinear least squares
(LS) solutions, but also to KF-like techniques. While in the
former the ¢>-norm minimisation of the residuals is replaced
by an iterative reweighted LS (with appropriate weights), in
the latter the weights are used to modify the measurement
noise covariance or the innovation sequence [15].

There exist several RLFs in the literature (see [19]), the
most common being the monotone Huber and the redescending
bisquare Tukey [15]. The main limitation of these functions
is that their behaviour, or their sensitivity to detect outliers,
is driven by a tuning hyperparameter (i.e., typically set to
achieve a given efficiency under nominal Gaussian conditions).
There has been prior work on self-tuning robust estimators
[20], but as pointed out in [19], this hyperparameter is most
often a priori selected without knowing the actual distribution
of the residuals (and in some cases disregarding a non-zero
mode), reason why adaptive loss functions have been proposed
to avoid such tuning [19], [21], [22]. The limitations of a
fixed hyperparameter were also discussed in [23] for a robust
navigation problem, where the authors propose a supervised
learning approach to infer this parameter depending on the
navigation context. The adaptive loss of [21] was also used in
a filtering framework in some recent works, but without giving
much insights or implementation details [24], [25].

The main contribution of this article is to further explore the
use of a recently introduced adaptive RLF [19] (designed for
batch LS problems) in a filtering context, i.e., how to embed
the adaptive weighting in a KF-like method. In particular, the
article focuses on the impact of the output size, and of the way
the residuals are normalised. For the latter, a specific scheme
is proposed for the recursive estimation framework. Such a
solution would overcome the limitations of standard robust M-
type KFs, and adapt to time-varying scenarios without need
of a supervised learning scheme as in [23].

II. SYSTEM MODEL AND PROBLEM FORMULATION

In general, the state-space model (SSM) representation of
the system dynamics is given by

xy = f_1(xem1) + Vi, (D
ye = hy(x;) + ny, 2
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where x; € R" are the hidden state of the system to be
inferred from the available observations y; € R"v; f;_;(-) and
h,(-) are known functions of the state; both noise sequences
vi—1 and n; are assumed to be independent. While the
process noise is typically assumed to be zero-mean Gaussian
distributed, v;—; ~ N(0,Q;_1), in real-life time-varying
harsh environments the measurement noise distribution may
deviate from Gaussianity. A way to account for measurement
outliers is to consider a parametric non-Gaussian distribution
(e.g., Student-t, Laplace or skew-t [10]), but the resulting
robust filter is then constrained to the imposed noise model and
not flexible to time-varying environments. In addition, given
the random nature of outliers, the underlying non-Gaussian
distribution is usually unknown. Then, one may consider the
typical contamination model arising in robust statistics [15]:
a proportion 1 — 3 of observations under nominal Gaussian
noise, and another proportion 0 < 3 < 1 of observations
contaminated by an unknown arbitrary distribution #,

nie ~ (1= B)N(0,07,) + BH. 3)

Under these conditions, the problem is to recursively approx-
imate the posterior p(x|yi.:), therefore to design a robust
filter able to perform close to optimal under nominal Gaussian
conditions, that does not break down under outliers (i.e.,
optimality vs. robustness trade-off), and providing an adaptive
solution to time-varying environments.

III. STANDARD AND ADAPTIVE ROBUST L0OSS FUNCTIONS

The linear regression problem, y = Hx + n, with x € R"~
a vector of unknown parameters to be estimated, and n noise
of known covariance, is typically solved applying a weighted
LS estimator (minimization of the />-norm of the residuals,
ri(x) =y — H/ x),

Ny 2
A . . ri\X
XLs = argmin ||y — Hx||* = arg mlnz <1()> , @
x x “ a;
=1
with o2 the variance of the noise components n; (i.i.d. along
the set of observations), which is optimal if the Gaussian
assumption holds for n. In the case of measurement outliers,
the regression problem can be generalised as,

X = argminip (TZ(SX)) , 5)

with p(x) a RLF that allows to penalise outliers that deviate
from the nominal (assumed) noise distribution. The regression
problem is then classically solved via an iterated reweighted
LS (IRLS) approach. At each step, the following LS is solved

(6)
Several RLFs exist in the literature, the so-called Huber RLF
presented hereafter being the most widespread.

A. Huber robust loss function

The family of Huber RLFs, and the associated weight
functions, are defined for an arbitrary scalar variable r as

o) = {
wr (7) :min{1,|i|}. (8)

Notice that the Huber RLF is a combination of the py, and py, ,
behaving as a LS for small errors and as a least-absolute value
(¢1) for larger ones. The behaviour of the RLF is controlled by
the parameter ¢, which is typically chosen to achieve a given
efficiency to the normal distribution. The most common value
is ¢ = 1.345, for a 95% normal efficiency [15].

r? if

2c|r| — % if

Ir] <e

[r| >¢ )

B. Adaptive robust loss function

A number of authors proposed various RLFs to replace the
Huber family [15]. Lately, the focus was put on trying to
adapt the parameters of these RLFs given current residuals.
The notion of self-tuning estimators had already been explored
[20]. For the Huber loss function this was for instance done
through machine learning [23]. Recently, more general classes
of RLFs are emerging. For instance, a class of parameterised
loss functions was proposed for machine learning purposes in
[21]. Its main parameter o €] — 00, 2] allows to recover /o,
Cauchy, Geman-McClure and Welsch losses as special cases,
and proposes an infinity of other losses. Its main interest is
that it is possible to adapt « to given data. This RLF was
adapted to the robotics community, focusing on point cloud
registration, and proposing improvements [19], [22]. We recall
hereafter the main concepts of these works: the class of RLF
and associated weights was originally given by [21], [22]

‘Oé—2| r? a/2
o ((Oé2|+1) -1 ) (9)

7’2 a/2-1
w(r,a) = ( + 1> ,

la —2|

ﬁ(?", a) =

(10)

with special cases for a = 2 (standard square loss) and o = 0
(Cauchy loss). Note that these functions are even in r, only
depending on |r|. It was proposed in [19] to add an additional
parameter to the RLF family, setting a threshold below which
residuals remain unweighted. This leads to

(1)
12)

ﬁ(r7av‘€) = ﬁ(max(‘” -5 O)a a) )

w(r,a,e) = w (max(|r| —€,0),a) .

This choice was motivated by the fact that [19] considered
residuals coming from vector norms, hence having non-zero
mean. As will be explained in Section IV-B2, this choice
can also be interesting in the case of residuals linked to 1D
measurements (i.e., as in our illustrative example).

C. Comparison of the RLFs’ parameters

As explained in [21], [22], the parameter o of p decides
how hard the downweighting of the residuals is. This clearly
appears in the top plot of Figure 1.
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Comparison of Huber (c=1.345) and adaptive loss (mode=0)
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Fig. 1. Comparison of the Huber loss pr (¢ = 1.345) and adaptive loss p
functions. Top: € = 0. Bottom: € = 1.

However, we also see that w(r,«) < 1 if r # 0, whatever
the value of . This is why the additional parameter € was
introduced in [19]: It defines an “inlier zone” in which the
residuals are left unweighted, i.e. @(r,a,e) = 1 if |r| < e.
Their motivation was the fact that they considered residuals
defined as vector norms, ie. r;(x) = ||r;(x)|| for some
function r;. Indeed, in this case the residual distribution has
a non-zero mode, therefore most inliers ended up strongly
downweighted. It turns out that this second parameter can
actually make sense even for 1D residuals. Indeed, as clearly
appears in the bottom plot of Figure 1, it mimics parameter c
of the Huber RLF (7), which has exactly the same role. Thus,
for p, € and « define, respectively, which residuals are fully
considered, and how quickly the others get downweighted.

IV. ADAPTIVE ROBUST KF-BASED FILTERS
A. Robust KF-based filters

In this section we recall how robust M-estimation based
KFs are implemented [16]. Only the update step is impacted.
Let X1, Py;—1 be the state prediction and prediction error
covariance, respectively. It is now well-known that the standard
KF update step computation of X, is equivalent to solving
the following LS problem,

2

2
lveme ).
t

)A(tlt = argn)lcin (HXt - )A(tlt,]_H
(13)

Py

Robust KF-based filters consider a modified optimisation,
where some or all of the squared terms are replaced with a RLF
p, as in Sec. III. Herein, outliers are only present in outputs,
and then the considered optimisation problem becomes,

2
Xt|t = argmin (’ Xt — tht_lH
Xt Piio1

+p (Rgl/Q(Yt —hy (Xt)))) ; (14)
with R, 1/2 4 Cholesky decomposition of R;. Solving (14)
is commonly done through an IRLS scheme. At the ¢-th step,

fcg‘ljl) is computed through a modified version of (13):

. (i+1) . ( N 2
Xy, =~ = argmin ’ X¢ — xt|t,1H
Xt Pieo1
2
ﬂ@m@ﬂgg, (15)
with

R = R/*(W;")"'R, ", (16)
W — diag [w (R;l/ 2(ye — ht(fcg“)))} .an

where w(-) is the weight function obtained from the RLF p.
To apply this methodology with the adaptive RLF p, the main
question then becomes: how do we choose € and a?

B. Choice of the RLF parameters

1) State-of-the-art: The RLF p, without mode ¢, has been
applied to both regression [21], [22] and filtering problems.
Since « represents the distribution of the residuals, it needs
to be estimated from them. Usually, the normalised, unitless,
residuals are considered in regression, as for (17). Filtering
methods using p do not give further details.

Let r; be the normalised residuals, then the parameter « is
obtained by maximum likelihood estimation:

(ny log(Z(a)) + iﬁ(f‘fﬂ)) , (18
k=1

where —A is a chosen lower bound, and Z(a) =
[ exp(—p(r,«))dr is the normalisation constant. This ap-
proach is similar to the general one proposed in [20]. Note
that, for a < 0, the integral needs to be truncated since it
diverges [22]. The additional mode parameter € has only been
used in a regression framework [19]. This was introduced to
model a specific class of (inlier) residuals: those coming from
the norm of vectorial errors. Indeed, these residuals follow a
Maxwell-Boltzmann distribution, hence have a non-zero mode.
In [19] authors propose a two-stage estimation process: first,
is estimated independently, and then « is obtained using again
a maximum likelihood approach.

2) On the filtering residuals normalisation and mode: It
turns out that the normalisation procedure used to estimate «
is not as straightforward as the one used for the weighting in
(17). Indeed, consider a linear measurement model hy(x;) =
Hx;. Then, the i-th residual is given by

o =arg min
ac[—A,2]

7‘% =yY; — hiT)A(t‘t,1 = h;r(xt - )A(t\tfl) + nlzf (19)
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Fig. 2. Histograms of normalised residuals, for 10000 random measurements
with Gaussian noise and without outliers, considering measurement covariance
R or innovation covariance S¢.

This highlights two facts:

o First, the residual covariance is not Ry, but the inno-
vation covariance S; = HP,5|,5,1HT + R;. Therefore,
estimating the distribution shape o using R, Y zrt may
lead to overestimating the presence of outliers. This is
illustrated in Figure 2, which compares for inlier residuals
r; both normalisations R, 1/ 2rt and S, L/ 2rt. It appears
that, using the former, a too small & may be chosen.
This may strongly downweight inliers, thus degrading
the estimation. At the extreme, the filter slowly stops
updating, as it sees all measurements as outliers.

¢ The second observation coming from (19) is that, from a
filtering point of view, r; is biased, due to the prediction
error, X; —X;|;—1. This is expected, since it is the purpose
of the filtering update to correct this bias. However,
this also highlights the interest of considering the mode
parameter ¢, and thus the adaptive RLF p, in all cases,
even with a set of 1D measurements.

3) Proposed adaptive robust update step: Taking into ac-
count the findings stated above, we advocate to 1) use residuals
normalised with innovation covariance S; to estimate v, but
2) keep residuals normalised by R; for a consistent update
procedure (15)-(17). Regarding the mode value &, since we
consider 1D measurements, there is no advantage using the
Maxwell-Boltzmann approach of [19], as it would always yield
€ = 0. Trying to estimate this parameter jointly with a using
a maximum likelihood approach did not produce convincing
results, while requiring heavier computations. Therefore, based
on our experiments and considering the relation with the Huber
loss shown in Figure 1, we advocate setting it to ¢ = 1.

We propose the following update procedure to build an
adaptive robust KF based on p:

1) set ¢ = 1 and estimate «* from (18) using r, =

St_l/Q(yt - Htktlt—l),
2) solve (15)-(17), using @ with ¢ = 1, a* and R, "/ *(y; —
%)),
which we call Adaptive M-type KF (AMKF).

V. SIMULATION RESULTS

We illustrate the impact of using the adaptive RLF p in
a KF framework using a simulated linear system, in order
to eliminate other disturbance sources such as nonlineari-
ties. We consider a constant velocity model with linearised
pseudoranges-type measurements,

~ (ps 1 oAtT 0
= (%) x=lp e (W) e

Y = [H%j O] X¢ + N + Oy, (21)

with Hf is a set of random unit vectors; a Gaussian process
noise v ~ AN(0,diag(0.1,0.1,0.01)); a Gaussian nominal
measurement noise n; ~ N(0, 0, I), with o, = 0.3; and o, is
an additional noise accounting for possible outliers. The latter
is present in three given time periods (i.e., the grey zones
in Fig. 3) and affects a random proportion of measurements
ranging from 0 to 90%:

« In the first outlier period, o, ~ N (0,1000,I) is a white
noise with large variance.

« In the second outlier period, o, ~ N (0, 50,I) represents
medium intensity outliers.

e In the third outlier period, o; ~ ST(O,U§,200y,3)
is a skewed t-distribution [9], [10], representing typical
disturbances in navigation systems such as multipath.

The performance of the proposed AMKEF is compared with the
standard KF and the self-tuning MKF (based on [20]). For the
latter, it turns out that the self-tuning MKF and the standard
MKF with fixed ¢ = 1.345 produces similar results. The
position mean square error (MSE), obtained from 50 Monte
Carlo runs, is shown in Fig. 3. Indeed, since the main objective
of the AMKEF is to estimate «, i.e., to fit a distribution, this
requires to have enough data. To highlight what “enough”
means in this example, results in Fig. 3 are given for n, = 10
(top plot) and n,, = 50 (bottom plot). First, one can see that in
the low dimension case n, = 10, the AMKEF fails as it is not
able to correctly estimate «. On the other hand, in the large
dimension case n, = 50, the AMKF outperforms the MKF. In
particular, notice that the AMKF maintains good performance
even in the skewed noise period, where the MKF is not able to
completely mitigate the impact of such outliers. Considering
the third outlier region, the mean MSE for both AMKF and
MKF and different n, is shown in Fig. 4. For n, = 20 both
AMKEF and MKF provide similar performance, but afterwards
(increasing n,) the AMKF takes advantage of the additional
measurements and provides the best performance.

VI. CONCLUSIONS

The development of adaptive RLFs is an active research line
for robust estimation, that is, to design estimation methods
able to deal with observation outliers. In this contribution,
we further explored the use of a new class of RLFs, recently
proposed for regression problems, within a recursive filtering
framework. Such application is not straightforward, in partic-
ular the normalisation stage. We proposed a way to implement
an adaptive robust KF, and investigated the impact of the
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Fig. 3. Position estimation MSE of KF, MKF and AMKF. The zones in
which outliers are present are depicted in grey. Top: For n, = 10. Bottom:
For n, = 50.
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Fig. 4. Mean of the AMKF and MKF position MSE on the third outlier
period for different values of n, = 10, 20, 30,40 and 50.

measurement dimension in the filter performance. The impact
of different types of outliers, and the capacity to mitigate them,
were also illustrated with a numerical example. In conclusion,
the new method is a promising approach for robust filtering.
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