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Output-feedback consensus-formation control of
nonholonomic vehicles with input constraints

and time-varying delays
Angel I. Paredes Emmanuel Nuño A. Lorı́a

Abstract— We provide a solution to the consensus-
based formation control problem of multi-agent nonholo-
nomic vehicles, under the assumption that the magnitudes
of control inputs must satisfy certain pre-imposed bounds,
to avoid saturation of the actuators. Also, we assume
that the communications are affected by time-varying time-
delays and the vehicles lack velocity measurements. The
desired control objective is that all the vehicles converge
to a given desired formation and that they reach consensus
on the localization of the center of such formation and on
their orientations. The control architecture exploits several
features. From a control viewpoint, the systems’ dynamics
are split into their angular- and linear-motion parts, so
each of these is driven by a separate distributed dynamic
output-feedback controller, passively interconnected to the
plant via a virtual spring. From a network-topology view-
point the overall networked system contains two layers of
interconnections with undirected graphs. Finally, from an
analytical viewpoint, each vehicle-controller closed-loop-
system may be regarded as a cascade with a δ-persistently
exciting interconnection, which ensures the achievement of
the control goal, in spite of the nonholonomic constraints.

I. INTRODUCTION

The achievement of consensus for networked systems de-
pends on the network’s topology, the systems’ dynamics, and
the strength and nature of the interconnections [1], so our
ability to analyze and control networked systems inextricably
relies on more or less conservative assumptions related to
one or another of these aspects. For instance, from a graph-
theory point of view, the analysis of networks with directed
graphs or time-varying topologies are particularly challenging
[2], [3], so they may be considered on the assumption that
the systems’ dynamics is described by simple integrators [4],
[5]. On the other hand, in many engineering applications
networked systems are interconnected over channels with
sufficient bandwidth to support bidirectional interconnections,
but the use of technology may entail other complications. For
instance, the communications may be intermittent [5], prone
to loss of connectivity [6], or affected by delays [7].
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Yet, many control approaches that apply to networks with
complex interconnections, but that are tailored for linear
systems or simple integrators, do not extend to the case
of muti-agent nonlinear systems, let alone of robots with
nonholonomic constraints, as we study here. In their most
general form, the dynamic models of nonholonomic systems
are of order two: one equation models the vehicle’s kinematics
and another its velocity dynamics. The first one essentially
captures the nonholonomic constraints which, as is well-
known, prevent the use of static smooth controllers both in
stabilization and tracking control tasks [8]. The second one
is of the Euler-Lagrange type [9], [10], [11]. However, in
a large number of works on control of multi-agent vehicles
the dynamics equation is neglected—see e.g., [12], in which
the otherwise difficult problem of consensus over a directed
ring is considered. In this paper, we adopt a full dynamic
model, including the Lagrangian dynamics, but we consider
differential-drive robots, whose inertia matrix is constant [13].

For such systems the problem of all systems’ states acquir-
ing a consensual value generally translates into making all the
vehicles converge to positions defining a formation around a
non-predefined rendezvous point [14] and, in some cases, also
adopting a common orientation [15]. The former is referred to
as partial consensus- and the latter as full consensus-formation.
On the other hand, if, as in classical consensus problems,
the rendezvous consensus posture depends on the systems’
initial conditions, the systems’ dynamics, and the network’s
topology, but is not pre-imposed as a reference, the type of
consensus is commonly referred to as leaderless—see e.g.,
[12]. In the case that the robots follow a predefined trajectory,
described by a (or several leaders) the problem is referred to
as leader-follower formation [16], [17], [18]. Both problems
are fundamentally different, but equally significant as together
they may form part of a more complex-maneuver mission [19].

Now, beyond the aspects that concern the network’s
interconnections and the systems’ models, other aspects of
practical nature must also be considered. These pertain to
the fact that control engineering solutions to technological
problems rely, by definition, on sensors that collect measures
to provide feedback, as well as on actuators, which are
physical systems too. This assertion is not a common place,
but the recognition that some sensors are often faulty (e.g.,
tachometers, which are often contaminated by noise), while
actuators have limitations.
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Therefore, it is also important to design controllers that, on
one hand, rely only on position and orientation measurements
[20], [21] and, on the other, that respect torque limitations
imposed by the physics of the actuators [22], [23]. The
latter, in particular, is an aspect that is disregarded when
using kinematics-only-based dynamical models. To protect the
actuators, saturation of the latter must be always avoided, but
the extension of well-established controllers to comply with
input constraints is very intricate [24], [25]. In general, simply
introducing saturation functions in the control law, or replacing
u with satpuq for that matter, is most commonly insufficient
to achieve the control goal.

Thus, even though the consensus of nonholonomic mobile
robots has been intensively studied via output-feedback control
[20], [21], considering input saturation [22], [23], or in the
presence of communication delays [9], [10], [23], to the best of
our knowledge the problem has not been addressed considering
all three aspects simultaneously. This is the case, e.g., in [26],
but not for nonholonomic vehicles. On the other hand, in [27]
and [28] different output-feedback consensus-formation con-
trollers are proposed for nonholonomic vehicles with delayed
communications, but in the unrealistic case that the actuators
do not saturate. Finally, consensus controllers satisfying pre-
imposed bounds on the control inputs are proposed in [29],
but these rely on full-state feedback and on the assumption
that the interconnections are not affected by delays.

In this paper we design output-feedback dynamic controllers
that are reminiscent of mass-spring-damper systems that are
interconnected to the vehicles through virtual springs—cf.
[27]. Through the spring interconnection, the controllers steer
the second-order plant’s positions and also injects damping
into the plant. From a networked-systems viewpoint, it is
important to stress that it is the controllers, and not the plants
themselves, which are interconnected over a network. From a
dynamical-systems viewpoint, the controllers are smooth and
time-varying; they rely on persistency of excitation, which is
a necessary condition to stabilize nonholonomic systems to
an equilibrium point [8] and, more precisely, on a property,
called δ-persistency of excitation, which is necessary for the
attractivity of the origin in generic smooth nonlinear time-
varying systems [30]. In addition, our controllers satisfy pre-
imposed bounds, so actuator saturation is avoided. To the best
of the authors’ knowledge, this work provides the first solution
to the full consensus-formation problem of nonholonomic ve-
hicles without making use of velocity measurements, for which
their interconnections are affected by time-varying delays, and
avoiding actuator saturation.

The remainder of the paper is organized as follows. In
Section II we describe the model and the problem statement;
the control approach and the main statement are presented in
Section III, while the proofs are given in Section IV. Some
numerical simulations are provided in Section V and we wrap
up the paper with concluding remarks in Section VI.

II. PROBLEM FORMULATION

We consider the consensus-formation control problem for a
group of N robots with position and orientation coordinates
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(a)

(b)

Fig. 1. Illustration of the control goal: for a group of scattered vehicles
(a) to reach a consensus-based formation around an a priori unknown
rendezvous set-point and acquire a common orientation (b).

zi :“ rxi, yis
J P R2 and θi P R, respectively, and i ď N ,

with a dynamic model given by

9xi “ Gpxiqvi, Gpxiq :“

»

–

cospθiq 0
sinpθiq 0

0 1

fi

fl (1a)

Mi 9vi ` Fivi “ Biτ i, (1b)

where Mi :“ diagpmi, Iiq, Fi :“ diagpfvi, fωiq, Ii is the
robot’s inertia, mi denotes its mass, and fvi and fωi denote
friction coefficients, so all these quantities are positive. Finally,
the input matrix

Bi “
1

ri

„

1 1
2Ri ´2Ri,



. (2)

In the previous expression ri is the wheel radius, and Ri is
the wheel axle length—see top of Figure 1 above.

Remark 1: The system’s dynamics has a simple Lagrangian
form, with constant inertia matrix, because it is assumed that
the center of mass is located on the axis connecting the centers
of the wheels, which is characteristic of differential-wheel
robots [13].

The consensus-formation control problem that we address
involves making the vehicles acquire a desired formation
pattern relatively to a non pre-imposed rendezvous point
that corresponds to the center of a formation pattern from
a an initially scattered configuration—see Figure 1 for an
illustration. In the latter, δi P R2 denotes a given constant
vector determining the position of the ith vehicle relatively
to the non predefined center z̄c and z̄i :“ zi ´ δi denotes
the vehicle’s relative position error. That is, the vehicles are
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said to achieve the formation consensus goal if zi Ñ zc and
θi Ñ θc for all i ď N or, more precisely, if

lim
tÑ8

viptq “ 0, lim
tÑ8

z̄iptq “ zc, (3)

lim
tÑ8

ωiptq “ 0, lim
tÑ8

θiptq “ θc @ i ď N, (4)

hold for all initial conditions. In the previous expressions, vi
and ωi correspond to the linear-motion and angular velocities
respectively and define vi :“ rvi ωis

J in (1b).
Then, for further development, we rewrite the kinematics

model (1a) as

9̄zi “ ϕpθiqvi; ϕpθiq :“ rcospθiq sinpθiqs
J (5)

9θi “ ωi. (6)

On the other hand, for a differential-wheel drive vehicle the
input torque in (1b) is given τ i “ B´1

i ui, where the input
matrix B is defined in (2) and ui :“ ruvi uωis

J is now
considered as the control input. Hence, for the sequel, we split
the dynamics equation (1b) into

9vi “
1

mi
puvi ´ fviviq (7a)

9ωi “
1

Ii
puωi ´ fωiωiq . (7b)

Now, as it is explained in the Introduction, the consensus-
formation problem for nonholonomic vehicles has been exten-
sively studied in the literature, in many forms, with different
motivations, and under a variety of conditions, but to the best
of the authors’ knowledge, not under the following hypotheses,
on the systems’ individual dynamics and on the network,
simultaneously.
Assumption 1 (on the agents): For each vehicle,
(a) the Cartesian positions pxi, yiq and the orientation θi are

available from measurements, but not the velocities vi;
(b) the wheel applied torques τ i :“ rτli τris

J must satisfy
pre-defined given bounds |τli| ď τ̄li and |τri| ď τ̄ri for
the left and right wheel respectively;

Assumption 2 (on the network):
(a) Each agent, labeled i ď N , receives information from

a group of “neighbors” labeled j P Ni, where Ni Ă Z
is the set of indexes corresponding to robots transmitting
information to the ith robot, but the information is received
with a time-delay denoted Tjiptq that is assumed to be
bounded by a known upper-bound T ji ě 0 and has
bounded time-derivatives.

(b) The interconnections are static and are modeled by an
undirected, connected graph.

III. PHYSICS-BASED CONSENSUS-FORMATION
CONTROLLER

The output-feedback controller design is inspired by the
vehicle’s physics—cf. [27]. On one hand, we design, a con-
troller for the angular-motion dynamics and, on the other, one
for the linear-motion dynamics. In both cases, the controllers
are distributed and dynamic; they are conceived as network-
interconnected second-order mechanical systems designed to
achieve consensus among themselves. Then, by virtue of their
interconnection to the actual vehicles’ dynamics, they steer the
latter to consensus formation—see Figure 2.

αip ¨ q

i th linear-motion closed-loop system

i th angular-motion

px, yq-motion
Plant

px, yq-
controller

θ-motion
Plant

θ-contr.

closed-loop system
θj

yj

xj

Fig. 2. Schematic representation of the controlled-systems architec-
ture. From a control viewpoint, the systems’ dynamics are split into
angular- and linear-motion plants (represented by ellipses). To each of
these, a distributed dynamic controller (represented by a cube) is hinged
via a virtual spring. From a topological viewpoint the overall networked
system contains two layers of interconnections: one containing a net-
work of linear-motion controllers and another of angular-motion ones.
Finally, from an analytical viewpoint, each system may be regarded as a
cascade with a δ-PE interconnection αi—look at the left of the image.

A. Angular-motion consensus-formation control

Consider the controlled second-order dynamical system

:ϑωi ` dωi 9ϑωi ` pωiẽωi “ νωi
(8)

where 9ϑωi, ϑωi P R are the (virtual) angular velocity and
orientation, respectively,

ẽωi :“
ÿ

jPNi

aij

”

ϑωi ´ ϑωjpt´ Tjiptqq
ı

(9)

νωi is an external input, Tjiptq is a time-varying transmission
delay from agent j to agent i, aij “ aji P t0, 1u, and
pωi, dωi ą 0 are the proportional and the damping injection
gains, respectively. This equation represents the dynamics of
a second-order system interconnected with Ni :“ cardtNiu

neighbors over a network with bidirectional interconnections
and over which it received the delayed (virtual) position
ϑωjpt´ Tjiptqq from each qualifying neighbor. As the linear-
motion dynamics (1b), the system (8) has simple Lagrangian
dynamics (with unitary inertia), so, after [31, Proposition 1]
the consensus manifold tpeωi, 9ϑωiq “ p0, 0q; i ď Nu, where

eωi :“
ÿ

jPNi

aij
“

ϑωi ´ ϑωj
‰

, (10)

is uniformly globally asymptotically stable if the damping
injection gain is such that

dωi ą
1

2
pωi

ÿ

iPNi

aij

˜

εi `
T̄ 2
ji

εj

¸

, (11)
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for some εi ą 0 and all i P N . Furthermore, also after [31,
Proposition 1], the system is input-output stable with input1

νω and output peω, 9ϑωq. This is significant because it implies,
directly, that eωiptq and 9ϑωiptq are bounded for all t if so is
νωi
ptq. We use this property to establish the main result.

Now let the input νωi :“ ´uωi and let uωi, which was
introduced in (7b), be set to

uωi “ ´kωi tanhpθi ´ ϑωiq, kωi ą 0. (12)

Then, the closed-loop system corresponding to the angular-
motion dynamics results in

9θi “ ωi (13a)

9ωi “ ´
1

Ii

“

kωi tanhpθi ´ ϑωiq ` fωiωi
‰

(13b)

:ϑωi “ ´dωi 9ϑωi ´ pωiẽωi ` kωi tanhpθi ´ ϑωiq. (13c)

After [26, Proposition 1], the limits in (4) hold for the
trajectories of the networked systems (13).

The rationale behind the control strategy is that, on one
hand, the virtual mechanical systems (13b) are interconnected
among themselves in a manner that they reach consensus and,
on the other, each system is interconnected to the angular
motion dynamics via the nonlinear virtual-spring mechanical-
force term tanhpθi´ϑωiq, so ultimately, all the systems reach
angular-position consensus. The same rationale is applied next
to the linear-motion dynamics, with certain modifications to
accommodate for the nonholonomic constraints.

B. Linear-motion consensus-formation control

Consider now the linear-motion dynamics (5)-(7a). As
for the angular-motion dynamics, the controllers for (5)-(7a)
are designed as networked dynamical systems conceived to
achieve consensus among themselves and are individually
interconnected to the linear-motion dynamics of each vehicle.
More precisely, the controllers are given by the set of equations

:ϑvi “ ´dvi 9ϑvi ´ pviẽvi ` kviϕpθiq
Jtanhpz̄i ´ ϑviq (14)

uvi “ ´kviϕpθiq
Jtanhpz̄i ´ ϑviq, (15)

where

tanhpϑvi ´ z̄iq :“ rtanh pϑxi ´ x̄iq tanh pϑyi ´ ȳiqs
J

and
ẽvi :“

ÿ

jPNi

aij

”

ϑvi ´ ϑvjpt´ Tjiptqq
ı

. (16)

In closed loop with (5)-(7a), we obtain the closed-loop sys-
tem’s equations

Σvi :“

$

’

’

&

’

’

%

9̄zi “ϕpθiqvi

9vi “´
1

mi

“

fvivi ` kviϕpθiq
Jtanhpz̄i ´ ϑviq

‰

:ϑvi “´ dvi 9ϑvi ´ kvitanhpϑvi ´ z̄iq ´ pviẽvi.
(17)

1Notation: νω :“ rνω1 ¨ ¨ ¨ νωN s
J, similarly for eω and 9ϑω . In [31,

Proposition 1] it is stated that the system is input-to-state stable, with input
νω and state peω , 9ϑωq, which results in an abuse of terminology.

Now, as we explained earlier, the trajectories of the net-
worked systems (13) are guaranteed to achieve consensus
if the systems are interconnected over an undirected graph
containing a spanning tree (Assumption 2b). Therefore, it is
guaranteed that θiptq Ñ θc as t Ñ 8. On the other hand,
in view of the nonholonomic constraints, we see that, for any
fixed θi “ θc the set of equations (17) admit many equilibria,
other than the desired one tpz̄i, vi,ϑvi, 9ϑviq “ pzc, 0, zc, 0qu
for all i, j ď N . To see this, we first observe that

ϑvi´ϑvjpt´Tjiptqq “ ϑvi´ϑvj`

ż t

t´Tjiptq

9ϑvjpσqdσ, (18)

and then we set vi “ 0, 9ϑvi “ 0 for all i ď N . It follows that,
for any fixed θc, on tθi “ θcu, the equilibria of Σvi are the
solutions of

ϕpθcq
Jtanhpz̄i ´ ϑviq “ 0, (19a)

kvitanhpϑvi ´ z̄iq ` pvievi “ 0, (19b)

where
evi :“

ÿ

jPNi

aij
“

ϑvi ´ ϑvj
‰

. (20)

Now, introducing the annihilator of ϕ, i.e., ϕpθqK :“
r´ sinpθq cospθqsJ, which satisfies ϕpθqKJϕpθq “ 0, for
any θ P R, we see that the set of Equations in (19) admit
solutions pz̄i,ϑviq ” pz̄˚i ,ϑ

˚
viq such that tanhpz̄˚i ´ϑ

˚
viq “

ciϕpθcq
K “ pkvi{pviqe

˚
vi, with ci P Rzt0u, e˚vi ‰ 0, and

z̄˚i ‰ ϑ
˚
vi. To ensure that the equilibria are bound to the points

in the consensus manifold, the equation

ϕpθiq
KJtanhpz̄i ´ ϑviq “ 0 (21)

must be satisfied in addition to (19), regardless of the value of
θi. Indeed, because ϕpθiq is orthogonal to ϕpθiqK and tanhp¨q
is odd, strictly increasing and tanhpsq “ 0 if and only if
s “ 0, the only set of points that satisfy simultaneously (19a)
and (21), independently of θi, is bound to points for which
necessarily z̄i “ ϑvi. Thus, to remove the unwanted equilibria,
we redesign the angular-motion controller’s dynamics (13b) by
adding a term that vanishes only if (21) holds. Let

αipt, θi,ϑvi, z̄q :“ kαiψiptqϕpθiq
KJtanhpϑvi ´ z̄iq, (22)

where kαi ą 0, and let the following hold.
Assumption 3: For each i ď N , ψi in (22) is bounded,
differentiable, there exists ψ̄i ą 0 such that

maxtsup
tě0

|ψiptq|, sup
tě0

| 9ψiptq|u ď ψ̄i,

as well as µi and Ti ą 0 such that
ż t`T

t

9ψipsq
2ds ě µ, @ t ě 0. (23)

Then, reconsider the controller’s dynamics and let it be
redefined as

:ϑωi “´ dωi 9ϑωi ´ pωiẽωi ` kωi tanhpθi ´ ϑωiq

` kαiψiptqϕpθiq
KJtanhpϑvi ´ z̄iq. (24)

The last term on the right-hand side of (24), i.e.,, αi, is
uniformly δ-Persistently exciting with respect to the function
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hpθi, z̄i,ϑviq :“ ϕpθiq
KJtanhpϑvi ´ z̄iq—cf. [30]. That is,

roughly speaking, αi has the property that it is persistently
exciting as long as ϕpθiqKJtanhpϑvi ´ z̄iq ‰ 0. Therefore,
it prevents the systems’ trajectories to converge and remain
close to the set of solutions to (19), unless they converge and
remain close to the consensus manifold. To better see this,
let us assume that, at some instant t, the systems’ trajectories
came to satisfy pz̄iptq, θiptq,ϑviptqq “ pz̄˚i , θc,ϑ

˚
viq, which

are solution to (19a). Therefore, from (21), we would have
ϕpθiptqq

KJtanhpz̄iptq ´ ϑviptqq ‰ 0, which in turn implies,
via the systems’ equations (13a), (13b), and (24), that ωiptq,
ϑωiptq, and 9ϑωiptq ‰ 0. Therefore θiptq ‰ const., which
is a contradiction. This stabilization mechanism is at the
basis of the so-called δ-persistently-exciting controllers for
nonholonomic systems—see [29] and references therein—and
leads to our main result, which is stated next.

Proposition 1: Consider the system (1) in closed loop with
the controller defined by (14), (15), (12), and (24). Then, the
following hold.

(i) Let kvi and kωi, be positive constants such that, for any
given saturation levels τ̄li and τ̄ri and each wheel axle
length Ri,

4Ri
ri

mintτ̄li, τ̄riu ą 2
?

2Rikvi ` kωi. (25)

Then, the left and right torques satisfy |τli| ă τ̄li and
|τri| ă τ̄ri, so the actuators do not saturate.

(ii) If in addition, Assumptions 1–2 hold and, for any i ď N ,

dvi ą
1

2
pvi

ÿ

iPNi

aij

˜

βi `
T̄ 2
ji

βj

¸

, (26)

dωi ą
1

2
pωi

ÿ

iPNi

aij

˜

εi `
T̄ 2
ji

εj

¸

, (27)

for all j P Ni, εi ą 0, and βi ą 0 arbitrarily chosen, the
desired control objectives (3) and (4) hold for any initial
conditions.

Remark 2: Note that the choice of the controller gains kvi
and kωi is arbitrary; as any positive values are fit to guarantee
the convergence of the trajectories to the consensus manifold.
However, they may lead to actuator saturation, which is
why condition (25) relies on the knowledge of the actuators
maximum torque. On the other hand, if the delays are large
and the proportional gains are increased, so must the required
damping gains. This is observed in conditions (26) and (27).
This is required to compensate for the undesired destabilizing
effects induced by the delays in the communications.

Remark 3: We focus on the so-called leaderless consensus-
based formation problem, under which the consensus ren-
dezvous point is not specified. However, the solution to
the leader-follower consensus-formation problem is straight-
forward. In the leader-follower scenario, all the robots are
required to achieve a desired formation at a desired center zd
with a desired orientation θd, with these reference values being
known only by a nonempty set of followers. In such a case,
the result follows by simply modifying the error equations ẽvi

and ẽωi as

ẽvi :“
ÿ

jPNi

aij

´

ϑvi ´ ϑvjpt´ Tjiptqq
¯

` bipϑvi ´ zdq,

and

ẽωi :“
ÿ

jPN
aij pϑωi ´ ϑωjpt´ Tjiptqqq ` bipϑωi ´ θdq,

respectively, where bi ą 0 if the ith-vehicle knows the desired
center and the desired orientation, and it is bi “ 0, otherwise.

IV. PROOF OF PROPOSITION 1
The closed-loop system is given by the equations (17),

(13a), (13b), and (24), which constitute a dynamical system
in feedback form. However, loosely speaking, the proof relies
on a cascades argument. In order to consider these systems
in cascaded form, i.e., for the purpose of analysis, we replace
the state variable θi in Eqs. (17) with an arbitrary trajectory
t ÞÑ θiptq, so these equations take the form

9̄zi “ ϕpθiptqqvi (28a)

9vi “ ´
1

mi

“

fvivi ` kviϕpθiptqq
Jtanhpz̄i ´ ϑviq

‰

(28b)

:ϑvi “ ´dvi 9ϑvi ´ kvitanhpϑvi ´ z̄iq ´ pviẽvi. (28c)

In this form, Σvi in (17) is a nonlinear time-varying system
with state pz̄i, vi,ϑvi, 9ϑviq. The solutions to (28), however,
are defined only on the interval of definition of t ÞÑ θiptq. If
(and only if) this interval extends to infinity we may consider
the system (28) in cascade with (13a), (13b), and (24), with
αi playing the role of the cascade interconnection. Hence, the
behavior of the closed-loop solutions may be inferred by that
of the separate nonlinear time-varying systems (28) on one
hand, and (13a), (13b), and (24) on the other. This, provided
that the trajectories are forward complete (i.e., that the interval
of existence of solutions extends to infinity) and that they
remain bounded under the cascade interconnection. The proof
of Proposition 1 starts with the establishment of these two
properties.

A. Proof of forward completeness
Consider the linear-motion closed-loop dynamics Σvi in

(17) and the Lyapunov-Krasovskii functional

V :“
N
ÿ

i“1

«

1

pvi
Evi `Υvi `

1

4

ÿ

jPNi

aij |ϑvi ´ ϑvj |
2

ff

(29)

with

Evi :“
1

2

”

miv
2
i ` |

9ϑvi|
2

` 2kvi
“

lnpcosh pϑxi ´ x̄iqq ` lnpcosh pϑyi ´ ȳiqq
‰

ı

,

Υvi :“
1

2βi

ÿ

jPNi

aij T̄ji

ż 0

´T̄ji

ż t

t`η

| 9ϑvjpσq|
2dσdη, βi ą 0.

The functional V pt, v, eϑv ,
9ϑv, pϑv´ z̄qq is positive definite

and radially unbounded, since so is lnpcosh p¨qq “ 0, Υviptq ě
0 for all t ě 0, and all the other terms are quadratic.
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Now, evaluating the total derivative along the trajectories of
(17) we obtain

9V “ ´
N
ÿ

i“1

«

fvi
pvi

v2
i `

dvi
pvi
| 9ϑvi|

2 `
ÿ

jPNi

aij 9ϑ
J

vj

ż t

t´T̄ji

9ϑvjpσq dσ

`
1

2βi

ÿ

jPN
aij T̄ji

˜

ż t

t´T̄ji

| 9ϑvjpσq| dσ ´ T̄ji| 9ϑvjptq|
2

¸ff

,

which, after a successive application of Young and Cauchy-
Schwartz inequalities leads to—cf. [27]

9V ď ´
N
ÿ

i“1

˜

fvi
pvi

v2
i `

«

dvi
pvi

´
ÿ

jPNi

aij

˜

βi
2
`
T̄ 2
ji

2βj

¸ff

| 9ϑvi|
2

¸

.

Hence, after (26), for each i ď N , there exist constants c1i
and c2i ą 0 such that

9V ď ´
N
ÿ

i“1

c1iv
2
i ´ c2i|

9ϑvi|
2 ď 0. (30)

From the above and the positivity of V it also follows that
9V ď V . Strictly speaking, the above computations are valid

only on the interval of existence of the solutions.
Next, let us consider the angular-motion closed-loop equa-

tions (13a), (13b), and (24) and the Lyapunov-Krasovskii
functional

W :“
N
ÿ

i“1

«

1

pωi
Eωi `Υωi `

1

4

ÿ

jPNi

aij pϑωi ´ ϑωjq
2

ff

where, for each i ď N ,

Eωi :“
1

2

”

Iiω
2
i `

9ϑ2
ωi ` 2kωi lnpcosh pϑωi ´ θiqq

ı

,

Υωi :“
1

2εi

ÿ

jPNi

aij T̄ji

ż 0

´T̄ji

ż t

t`η

| 9ϑωjpσq|
2dσdη,

and εi ą 0. The functional W is positive definite and radially
unbounded in ωi, pϑωi ´ θiq, 9ϑωi, and eωi. Also, its total
time derivative along the trajectories of (13a), (13b), and
(24) yields, upon applying the Young and Cauchy Schwartz
inequalities,

9W ď ´

N
ÿ

i“1

˜

fωi
pωi

ω2
i `

«

dωi
pωi

´
ÿ

jPNi

aij

˜

εi
2
`
T̄ 2
ji

2εj

¸ff

| 9ϑωi|
2

´
1

pωi
αi 9ϑωi

˙

.

So, after (27), for each i ď N , there exists λωi ą 0 such that

9W ď ´

N
ÿ

i“1

„

fωi
pωi

ω2
i ` λωi|

9ϑωi|
2 ´

1

pωi
αi 9ϑωi



. (31)

Furthermore, note that αi, which is defined in (22), is bounded;
more precisely, |αi| ď

?
2ψ̄ikαi. Hence, there exists a ą 0

such that 9W ďW ` a.
Thus, we conclude that the total derivative of V :“ V `W

along the overall closed-loop system (17), (13a), (13b), and
(24) satisfies 9V ď V`a. Integrating on both sides of the latter
along the systems’ trajectories we conclude that the latter exist
over rt˝,8q for any t˝.

B. Proof of Boundedness
Because the interval of existence of solutions extends to

infinity, the closed-loop system defined by (17), (13a), (13b),
and (24) may be regarded as a cascaded system constituted
by (28), (13a), (13b), and (24). In this setting, (28) is seen
as decoupled from the rest of the dynamics and αi as the
interconnection term. Then, the two systems may be analyzed
separately.

Consider, first, the linear-motion closed-loop dynamics (28)
and the Lyapunov-Krasovskii functional V defined in (29). The
total derivative of V along the trajectories of (28) satisfies (30).
Integrating along the trajectories on both sides of the second
inequality in (30) we obtain that V is uniformly bounded along
the trajectories and so are the latter. More precisely, vi, eϑvi ,
9ϑvi, and |ϑvi ´ z̄i| P L8 for all i ď N .

Next, consider the angular-motion closed-loop dynamics,
given by the equations (13a), (13b), and (24). The latter
equation is that of a Lagrangian system with the Identity
as inertia matrix and input νωi “ kωi tanhpθi ´ ϑωiq `
kαiψiptqϕpθiq

KJtanhpϑvi ´ z̄iq, which is bounded. So, as
explained in Section III-A, after [31, Proposition 1], (24) is
input-output stable and because νωi is bounded, so are eωi
and 9ϑωi

. Then, after Equation (13b), which corresponds to
an exponentially stable first-order system perturbed by the
bounded input tanhpθi ´ ϑωiq and with output ωi, we also
conclude that ωi P L8 and, in turn, from the same equation
we conclude that 9ωi P L8.

The boundedness of other functions follows after further
computations and are established below as needed, in the proof
of convergence of the trajectories.

C. Proof of convergence
Again, we start by studying the linear-motion dynamics

(28), so we turn back to the Lyapunov-Krasovskii functional
V in (29), which satisfies (30). Then, by integrating along
the trajectories on both sides of the first inequality, and since
V is bounded along the trajectories, we have that vi and
9ϑvi P L2. From this, it follows that both converge to zero: To
see that vi Ñ 0 follows from the fact that vi P L2 X L8 and
9vi P L8—see [32, Lemma 3.2.5]; that 9vi is bounded follows
from the fact that both terms on the right-hand side of (28b)
are bounded. That 9ϑvi Ñ 0 follows also from [32, Lemma
3.2.5] and the fact that 9ϑvi P L2 X L8 and :ϑvi P L8. The
former was established above; the boundedness of :ϑvi follows
by observing that all the terms on the right-hand side of (28c)
are bounded. Indeed, by adding all terms on both sides of the
equation (18), over i ď N , we obtain

ẽvi “ evi `
ÿ

iďN

ż t

t´Tjiptq

9ϑvjpσqdσ. (32)

So, since evi and 9ϑvj P L8 for all j ď N , and |Tjiptq| ď T̄ji
for all t ě 0 and all i, j ď N , it follows that ẽvi P L8.

Next, we establish the convergence of 9vi, using Barbălat’s
Lemma. To that end, we verify that 9vi is uniformly continuous,
which holds because all the terms on the right-hand side of

:vi “ ´
1

mi

`

fvi 9vi ` kviωiptqϕpθiptqq
KJtanhpz̄i ´ ϑviq
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`kviϕptqpθiptqq
J

„

sech2
px̄i ´ ϑxiqp 9̄xi ´ 9ϑxiq

sech2
pȳi ´ ϑyiqp 9̄yi ´ 9ϑyiq

˙

,

(33)

which results from differentiating on both sides of (28b), are
bounded. Therefore, noting that

lim
tÑ8

ż t

0

9vipσqdσ “ lim
tÑ8

viptq ´ vip0q “ ´vip0q,

we conclude after Barbălat’s Lemma that 9vi Ñ 0. Thus, from
the latter, the fact that vi Ñ 0, and (28b), we obtain that

lim
tÑ8

ϕpθiptqq
J tanhpz̄iptq ´ ϑviptqq “ 0. (34)

On the other hand, one can also establish that :vi Ñ 0—
see farther below, which in turn, together with 9ϑvi Ñ 0 and
9vi Ñ 0, imply from (33) that

lim
tÑ8

ωiptqϕpθiptqq
KJtanhpz̄iptq ´ ϑviptqq “ 0. (35)

After (34) and (35) we obtain that the trajectories converge
to the manifold where both ϕpθiqJ tanhpz̄i ´ ϑviq “ 0 and
ωiϕpθiq

KJtanhpz̄i ´ ϑviq “ 0 hold.
Now, that :vi Ñ 0 follows from Barbălat’s Lemma, provided

that :vi is uniformly continuous. Indeed, since 9vi Ñ 0, we have

lim
tÑ8

ż t

0

:vipσqdσ “ lim
tÑ8

9viptq ´ 9vip0q “ ´ 9vip0q.

Uniform continuity of :vi follows from the fact that vp3qi P

L8. To see that the latter holds true, note that vp3qi is a
continuous function of the bounded functions :vi, 9ωi, 9ϑvi,
:ϑvi, ϕp¨qKJtanhp¨q, ϕp¨qJ sech2

p¨q, as well as of the partial
derivatives of the latter evaluated along bounded trajectories.

Now, under (34), which we established to hold, we con-
sider two cases in which (35) holds too: either because
limtÑ8ϕpθiptqq

KJtanhpz̄iptq ´ ϑviptqq “ 0, irrespectively
of the behavior of ωiptq, which is bounded, or because ωi Ñ 0
irrespectively of the behavior of ϕpθiptqqKJtanhpz̄iptq ´
ϑviptqq, which is also bounded.

In the first case, since ϕpθiqK and ϕpθiq belong to orthog-
onal spaces and (34) holds, necessarily, lim

tÑ8
tanhpz̄iptq ´

ϑviptqq “ 0. Now, considering the term tanhpz̄i´ϑviq “: νvi
as an input, the equation (28c) has the form of a network
of Lagrangian systems as in (8), which we know from [31,
Proposition 1] to be input-output stable and asymptotically
stable with νvi ” 0. Hence, since νviptq Ñ 0 for all i ď N , it
follows that evi Ñ 0. That is, lim

tÑ8
rϑviptq ´ ϑvjptqs “ 0, for

all i, j ď N , so we conclude that

lim
tÑ8

z̄iptq “ lim
tÑ8

ϑviptq “ zc, @ i ď N.

That is, consensus formation is achieved in the linear motion
coordinates. On the other hand, tanhpz̄iptq ´ ϑviptqq Ñ 0
also implies that αi Ñ 0 along the systems’ trajectories. That
is, αi in (24) constitutes an additive vanishing input to the
system (13), which is input-output stable—cf. [26, Proposition
1]. Therefore, the same vanishing-input argument as above
leads to the conclusion that lim

tÑ8
θi “ θc, lim

tÑ8
ϑωiptq “ ϑc,

and lim
tÑ8

ωiptq “ 0. The statement of Proposition 1 follows in
this case.

Alternatively, if (35) holds because ωi Ñ 0 irrespectively
of the behavior of ϕpθiptqqKJtanhpz̄iptq ´ ϑviptqq, then we
observe that the following holds.

Claim 1: If 9ϑωi P L8 and ωi converges to zero, so do the
functions 9ωi, :ωi, 9ϑωi, :ϑωi, and ϑp3qωi .
Under the statement of Claim 1, which is proved farther below,
and the fact that vi and 9ϑvi Ñ 0, all the terms on the right-
hand side of

kαi 9ψiptqϕpθiptqq
KJtanhpϑvi ´ z̄iq “ ϑ

p3q
ωi ` dωi

:ϑωi

` kωisech2
pϑωi ´ θiqp 9ϑωi ´ ωiq

` pωi 9̃eωi ` kαiψiptqωiϕpθiptqq
Jtanhpϑvi ´ z̄iq

´ kαiψiptqϕpθiptqq
KJ

„

sech2
pϑvix ´ x̄iqp 9ϑvix ´ 9̄xiq

sech2
pϑviy ´ ȳiqp 9ϑviy ´ 9̄yiq



,

which results from differentiating on both sides of (24),
individually converge to zero. That is,

lim
tÑ8

9ψiptqϕpθiq
KJtanhpϑviptq ´ z̄iptqq “ 0

and, since 9ψiptq is persistently exciting (by assumption), it
necessarily holds that

lim
tÑ8

ϕpθiq
KJtanhpϑviptq ´ z̄iptqq “ 0.

Again, in view of (34) and the orthogonality of ϕpθiq and
ϕpθiq

K, we have lim
tÑ8

tanhpz̄iptq ´ ϑviptqq “ 0. The state-
ment follows as in the previous case.

Proof of Claim 1: First, we differentiate on both sides of
(13b); we obtain

:ωi “ ´
1

Ii

”

fωi 9ωi ` kωisech2
pθi ´ ϑωiqpωi ´ 9ϑωiq

ı

. (36)

Since ωi Ñ 0, it is bounded. Then, since 9ϑωi and sech2p¨q are
also bounded 9ωi P L8. The latter follows from the fact that
(36) constitutes a first-order stable filter with bounded input
and output 9ωi. We also conclude from (36) that :ωi P L8,
which implies that 9ωi is uniformly continuous. Furthermore,
observing that the derivatives of all the terms on the right-
hand side of (36) are bounded, we deduce that ωp3qi P L8,
so :ωi is also uniformly continuous. Then, we apply Barbălat’s
Lemma successively to conclude that 9ωi Ñ 0 and, then, :ωi Ñ
0. Indeed, note that ωi Ñ 0 implies that lim

tÑ8

şt

0
9ωipσqdσ “

´ωip0q so, in turn, lim
tÑ8

şt

0
:ωipσqdσ “ ´ 9ωip0q. It follows that

all the terms on the right-hand side of

kωi
Ii

sech2
pθi ´ ϑωiq 9ϑωi “

´ :ωi ´
1

Ii

“

fωi 9ωi ` kωisech2
pθi ´ ϑωiqωi

‰

, (37)

which is equivalent to (36), converge to zero. Now, since ωi,
9ωi Ñ 0, it follows from (13b) and the nature of tanh, that
|θi´ϑωi| Ñ 0 so |θi´ϑωi| is bounded. In turn, since sech2psq
is bounded and separated from zero for all bounded |s|, we
conclude from (37) that 9ϑωi Ñ 0.

The statement that :ϑωi Ñ 0 and ϑ
p3q
ωi Ñ 0 follows along

similar lines as for the proof of convergence of 9ωi and :ωi
above, i.e., using (24) and applying successively Barbălat’s
Lemma. �
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V. NUMERICAL SIMULATIONS

We realized two simulation experiments: one pertaining to
the pre-bounded control inputs (12) and (14) and another
in which the saturating function tanhpsq is replaced by its
argument s, resulting in a non pre-bounded control input.
The simulation involves six differential-drive vehicles whose
respective controllers communicate according to the topology
depicted in Fig. 3. Each interconnection weight is set to one.

The physical parameters and the actuator bounds are orga-
nized in Table I. These parameters include the mass mi, the
moment of inertia Ii, the wheels’ axis distance Ri, the wheel
radius ri, and the maximal torque τ̄i for each vehicle. The
initial conditions and offsets defining a triangular formation
are presented in Table II. These initial conditions include the
initial positions (xip0q, yip0q) and the initial orientations θip0q
of the vehicles, along with the offsets (δxi, δyi), which define
the formation.

TABLE I
PHYSICAL PARAMETERS AND ACTUATOR BOUNDS

Index mi [kg] Ii [kg m2] Ri [m] ri [m] τ̄i [N]
1, 2 1.52 0.4 0.12 0.0266 0.8
3, 4 1.9 0.5 0.15 0.0333 0.9
5, 6 0.95 0.25 0.075 0.0166 0.7

TABLE II
INITIAL CONDITIONS

Index xip0q yip0q θip0q δxi δyi
1 4 10 ´3π{4 ´5 ´2.75
2 10 10 ´π{2 ´2.5 1.75
3 19 10 3π{4 0 6.75
4 7 10 π{2 2.5 1.75
5 16 10 ´π{4 5 ´2.75
6 13 10 π{4 0 ´2.75

The control gains for each robot are set to satisfy the
conditions (25), (26), and (27). They are defined as follows:
kvi “ 0.6, kωi “ 1, pvi “ 5.5, pωi “ 6, dvi “ 52, dωi “ 30,
and kαi “ 30 for all i P N . The persistently exciting function
t ÞÑ ψiptq is defined as ψiptq :“ 1.25` sinp0.05tq. For a fair
comparison, we used identical initial conditions, gains, and
persistently exciting functions for both control schemes.

1 2 3 4 5 6

Fig. 3. Undirected-graph topology used in the numerical simulations

In order to emulate the time-varying UDP/IP internet delays,
we use a uniform delay signal for all the agents, based on a
normal Gaussian distribution with mean, variance, and seed set
to 0.45, 0.005, and 45, respectively, as depicted in Fig. 4. For
this example, the upper bound of delays is set as T̄ji “ 0.65s.
It is important to mention that, to model the system’s behavior
under more challenging conditions, the emulated delays are
intentionally larger compared to real-world Internet delays.

70 72 74 76 78 80
0.2

0.3

0.4

0.5

0.6

Fig. 4. Emulated UDP/IP Internet delay, as a piece-wise constant
function taking random values in the interval XXX. We show a snapshot
of a 10s-short window of simulation.

The vehicles’ paths on the plane are illustrated in Figures
5 and 6, for the non pre-bounded and the pre-bounded con-
trol laws, respectively. In both cases, the formation goal is
achieved, and the final orientations are depicted by pointing
arrows. In the same order, in Figures 7 and 9 are depicted the
systems’ trajectories z̄ptq and θ̄ptq; it is appreciated that under
the action of the non pre-bounded unbounded control law the
systems take a longer time to reach consensus, and with a
somewhat undesired transient behavior. Finally, in Figures 8
and 10 we show the control torques in both cases. Note that
there is a factor of ten to twenty between the torques applied
in one case and the other; moreover, the proposed scheme
maintains the required torques within the saturation levels.

-5 0 5 10 15 20

0

5

10

Fig. 5. Vehicles’ paths on the plane, sitrred by the non pre-bounded
controller (the final orientation of each agent is represented by an arrow.

-5 0 5 10 15 20

-5

0

5

10

Robot 1
Robot 2
Robot 3
Robot 4
Robot 5
Robot 6

Fig. 6. Vehicles’ paths on the plane, sitrred by the pre-bounded
controller (the final orientation of each agent is represented by an arrow.



9

0

5

10

15

20

0

5

10

0 10 20 30 40 50 60 70 80 90 100

-15
-10

-5
0
5

Fig. 7. Consensus under the action of the non pre-bounded control law.

-1

0

1

-0.5
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1

0 10 20 30 40 50 60 70 80 90 100
-1

0

1

Fig. 8. Torques under the action of the non pre-bounded control law.

VI. CONCLUSIONS

We solved the consensus-based formation problem for
multi-agent nonholonomic vehicles in the scenario that the
communications induce time-varying delays and actuator sat-
uration must be avoided. The proposed controller is smooth,
time-varying, dynamic, and relies on output feedback. The
controller injects damping through its second-order dynamics
and this damping back-propagates to the plant. We assume
that the interconnection topology of the vehicles is static and
undirected.

0

5

10

15

20

0

5

10

0 10 20 30 40 50 60 70 80 90 100

-6

-4

-2

0

2

Fig. 9. Consensus under the action of the pre-bounded control law.

-0.05

0

0.05

-0.05

0

0.05

0 20 40 60 80 100
-0.1

0

0.1

Fig. 10. Torques under the action of the pre-bounded control law.

Current research is devoted to extending these results
to consider time-varying topologies and/or directed
interconnections. Another possible future research avenue
is to eliminate the assumption that the time-delays are
differentiable. For this, one possible avenue is to design a
strict Lyapunov function, e.g., along the lines of [31], but in
the latter reference the controllers rely on full-state feedback
and the extension to the higher relative-degree case is far
from evident.
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