N
N

N

HAL

open science

A multislope MUSCL method for vectorial

reconstructions
Arthur Tételin, Clément Le Touze

» To cite this version:

Arthur Tételin, Clément Le Touze. A multislope MUSCL method for vectorial reconstructions. Jour-
nal of Computational Physics, 2024, 513, pp.113185. 10.1016/j.jcp.2024.113185 . hal-04684780

HAL Id: hal-04684780
https://hal.science/hal-04684780v1

Submitted on 3 Sep 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-04684780v1
https://hal.archives-ouvertes.fr

20

25

A multislope MUSCL method for vectorial reconstructions

Arthur Tételin®, Clément Le Touze**

“DMPE, ONERA, Universite Paris Saclay, F-91123, Palaiseau, France

Abstract

Variables interpolation is one of the key concepts of MUSCL schemes. Originally developed for one-
dimensional frameworks, many improvements have been made over the last decades to extend these methods
to general unstructured multi-dimensional meshes. It results that scalar interpolation in a finite volume
cell-centered framework is already quite well understood. It is known that linear reconstructions have to be
limited in order to prevent non-physical oscillations of the solutions while ensuring a spatial second-order
accuracy for smooth solutions. This is done thanks to a limiting function which allows the reconstruction to
satisfy a monotonicity property, which then ensure the stability of the scheme. Nevertheless, some difficulties
arise when we try to extend this process to vectorial variables. Generally, vectorial reconstructions are done
componentwise, but this process reveals to be frame-dependent and leads to a loss of precision due to false
detection of extrema. In this paper, we present a new method dealing with vectorial reconstructions in a
multislope MUSCL context.

Keywords: Cell-Centered Finite-Volume Methods, Unstructured Meshes, Multislope MUSCL Schemes,
Vectorial Slope Limitation, Frame Invariance

1. Introduction

In the context of the cell-centered finite volume method applied to hyperbolic systems of conservation
laws, it is usual to compute reconstructions of the variables in each control volume in order to improve
the spatial accuracy of the convective fluxes approximation. To achieve this goal, van Leer developped
at the end of the 70’s an approach widely known today as the MUSCL approach [1-5]. Despite its lower
accuracy [6] compared to ENO/WENO [7, 8] or Galerkin methods [9, Chap. 2], this class of method is
very popular in industrial cell-centered CFD codes due to its higher efficiency. As it has been proved by
Godunov and Bohachevsky [10], there is no high-order accurate scheme being both linear and not generating
new extrema. To solve this issue, the idea of van Leer has been to introduce a limiting function whose aim
is to limit the gradient of the variable in order to ensure some monotonicity criterion for the reconstructed
variable [11, 12]. For one-dimensional schemes, this monotonicity criterion is designed so that the scheme
satisfy a Total Variation Diminishing (TVD) property [13] which leads to the scheme stability. But for
meshes of dimension two or higher, it has been proved that the TVD property and high order accuracy in
space are incompatible [14]. Many studies have been published in order to ensure some stability for the
scheme [15-17]. Today, several MUSCL schemes have been designed in order to deal with cells with any kind
of polygonal shape on multidimensional meshes. These multidimensional schemes can be divided into two
groups [18] : monoslope schemes computing a single gradient for each cell [19, 20], and multislope schemes
computing a single directional gradient for every face of each cell [21-23].

All the studies on multidimensional grids mentioned above have been conducted for scalar variables.
For vectorial variables, such as velocity, as far as the authors know, only very few studies have been made.
In many codes, vectorial reconstructions mainly consist in a componentwise reconstruction. For instance,
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this is the case of ONERA’s software CEDRE, dedicated to multi-physics problems in energetics on general
unstructured meshes [24, 25]. Nevertheless, this kind of process turns out to be frame-dependent and leads
to a loss of accuracy. In the literature, methods developed to solve this problem can be divided into two
categories. The first one, developed by Luttwak and Falcovitz [26-28] has been originally designed for an
Arbitrary Lagrangian-Eulerian framework. With a scalar conservation law, the variable satisfies a maximum
principle in the form min;cy ;) U; < Ui"+1 < maxjey(;) Uj, where V(i) is some neighborhood of the control
volume K;. For a vectorial conservation law, the extension of this maximum principle is a maximum principle
componentwise, whatever basis we choose. In other words, the vector V?‘H has to lie in the convex hull
of vectors from a certain neighborhood. This convex hull has been called VIP (for Vector Image Polygon
/ Polyhedron) by Luttwak and Falcovitz and is the main element of their method. They indeed imposed
on their reconstructed vector to lie within this area. Other works extended this method for other contexts,
as Hoch and Labourasse [29] who extended the formalism on finite volume schemes, Velechovsky et al. [30]
who adapted it for problems with radial velocity, or Luttwak [28] who defined the much simpler bounding
box concept to deal with many dimensional problems. Luttwak and Falcovitz [27] also used this method to
define a scalar limitation. The second category has been initially developed by Maire [31, 32] in a monoslope
context. It consists in defining a local basis in which all vectors will be limited componentwise. As the local
basis is frame-independent, the limited componentwise vector is also frame-independent. This method has
been used in many papers, each proposing different local bases [33-38]. All these methods present some
advantages and drawbacks. The VIP method is the most natural extension of the monotonicity criterion in
the vectorial case. But its major drawback is its CPU cost which makes it unsuitable for industrial CFD
codes. Indeed, the VIP method requires to compute for each control volume a convex hull to determine if a
reconstructed vector satisfies the monotonicity constraint or not. In industrial codes solving equations from
fluid dynamics problems on arbitrary meshes, the computational cost of the VIP area can be really heavy.
From this point of view, projections methods are simpler and have a lower computational cost than VIP
methods. However, as the projections methods still involve a componentwise limiting procedure, they are
prone to the same drawbacks as the classical componentwise methods (except from the frame dependency).
This means in particular accuracy issues related to the detection of extrema for each component, as it will
be explained in section 2.4.

For all the reasons mentioned above, we propose in this article a new reconstruction method for vectorial
variables in the context of multislope MUSCL methods. This new method is based on an extension of the
monotonicity constraint of the scalar case to a vectorial framework. In section 2, we recall the classical
scalar multislope method. We also introduce the Limited-« schemes, defined in order to avoid the use of the
classical slope ratio r. We finish this section with a description of the issues arising with a componentwise
reconstruction. In section 3, we present our strategy for vectorial reconstructions. We extend the Limited-«-
schemes introduced in section 2 to a vectorial framework, and we propose some vectorial limiting functions.
Finally, numerical tests are performed in section 4 in order to assess the new vectorial method.

2. Multislope MUSCL scheme for scalar variables

In this section, we describe the multislope MUSCL scheme developed by Le Touze et al. [22], which is the
basis of the vectorial reconstruction method we propose. It has been introduced to deal with the discretiza-
tion of hyperbolic systems of conservation laws using the finite volume method on general unstructured
meshes.

2.1. Finite volume discretization of hyperbolic conservation laws
We consider a computational domain €2 of dimension d. If, for x € R?, we note Q = Q(x,t) the vector
of conserved variables, A = A(x,t) the velocity vector field, and f the physical flux, then the system reads:

0Q B
5 V@A) =0. (1)

To get the finite volume scheme, we first discretize 2 in N, non-overlapping cells denoted by K; (with |K;|
their volume), and which may have any kind of polygonal geometry in a 2- or 3-dimensional framework.
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Each of these cells has a barycenter B;, and two adjacent cells are separated by a common face S;; = K;NK
(with |S;;] their surface area), whose barycenter is denoted by M,;. Let n;; stand for the unit normal vector
of the face S;; pointing outwards K;, V(i) be the face neighborhood of the cell K;, and W(i) its vertex
neighborhood. We will sometimes use the notations V(i) and W(i) when we want to include K; in these
neighborhoods. In order to have the semi-discretized form of the scheme, we integrate over each cell K, and
skipping the classical details of the finite volume method, we get the semi-discretized finite volume scheme:

vk, S 3 B0y Q0. e
jeve)

Here, Q;(t) is by definition the mean value of Q(x,t) in the cell K;, which also approximates the value
of Q(x,t) at the barycenter B; with a second-order accuracy. Similarly, ®;; is the numerical flux function
approximating the mean value of the physical flux at the face S;;. To achieve a second-order accuracy, a
MUSCL approach has been used, that is replacing Q;(¢) and Q;(¢) in the numerical flux by approximations
Q;;(t) and Q,;(t) at the faces barycenters M,;. In this form, we still have to establish a time discretization.
This is classically done by means of explicit Strong Stability Preserving Runge-Kutta (SSPRK) schemes,
which are convex combinations of forward Euler steps [39]:

dQi(t) _ Q' - Qy
dt At '

(3)

In the sections that follow, we will focus on the way variables are reconstructed at the faces centroids
M;;. When dealing with systems of conservation equations, a crucial issue of the reconstruction process
is the choice of the interpolated variables. This means for instance interpolating primitive variables rather
than conserved quantities so as to preserve the positivity of physical variables like pressure or density. In this
paper, we will especially focus on the way vectorial variables (like velocity for example) are reconstructed.
To do so, we first need to recall the principles of the multislope method applied to scalar variables, which is
the purpose of the next section.

2.2. Summary of the scalar multislope method: reconstruction procedure and properties

In order to describe the multislope reconstruction applied to scalar variables, we consider a simplified
version of equation (1), namely a conservation law for a scalar quantity u(x,t) of the form:

ou(x,1)

P T Al 1) =0, (4)

According to the finite volume framework described above, this equation is discretized as:

Si;
| K|

UMttt =Ur - At Y
Jev()

(U5, US). (5)

17

If we also assume that the velocity field A is such that V - A = 0, then we have a scalar advection equation
for which any solution u(x,t) has to respect a maximum principle in the sense that

Vit > to, Vxo € Q, minu(x,t) < u(xop,t) < maxu(x,to). (6)
x€N xEQ

This maximum principle should be verified also by the discrete solution, in the sense that

~ +1
V" > to, VK; € Q, II(IJHE% an < UZ” < 2}%}5 an7 (7)

so as to ensure the stability of the scheme. To achieve this goal, it all depends on the way the reconstructions
U;; and Uj; are defined, in addition to a classical CFL criterion on the time step.

3
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The multislope reconstruction algorithm for the scalar case has been introduced by Le Touze et al. [22].
We will only summarize here the main aspects of this method, so that an interested reader should refer to
this article to get more details. All definitions introduced here are also illustrated in figure 1. The principle
of the multislope MUSCL method is as follows: rather than computing a single limited gradient for the whole
cell as in monoslope methods [18-20], dedicated scalar slopes are computed for each face S;; of the cell.
More precisely, two slopes are computed on the axis B;MM,;;: a forward slope pjj and a backward slope p;;.
Hence, introducing the well-known slope-limiting function ¢ [11, 12, 40-42], we can write the reconstruction
as

B e p o, BEHL . BHG|
Uij = Ui + ||B1Mw||pij90(7“w»771‘;"77@‘)» Tijg = ;;7 Nij = IB:M; ||’ iy = [EEYHIK (8)
where r;; is the slope ratio, while ni‘; and 7;; are two geometrical parameters. In what follows, we will
assume that the mesh is such that the following property holds:

=1 > L (9)

This is a property that most meshes will naturally exhibit, otherwise it can still be enforced when selecting
the neighbors in the reconstruction process. Interpolating U at both a forward point H;; and a backward

point H;; on the axis B;M;; (see details in [22]), these two slopes can be expressed as:

U+ — Ui Ui — Uy
B

+ = = 10
P = Y0 B 1o

Figure 1: Multislope MUSCL scheme from Le Touze et al. [22] for two-dimensional meshes.

In the MUSCL framework, the slope limiting function ¢ plays an important role, as it ensures both accuracy
and stability of the scheme. For the reconstructions to be second-order accurate in space, the limiting
function has to satisfy

p(rij) = 1. (11)
Indeed, this property ensures that, if the variable w is linear in the vicinity of the cell K; (i.e. u(x) =
u(xg) + Vul; - (x —xg)), then the reconstructed value U;; at the point M,; will be exact. If the physical flux
is linear and if we use an upwind numerical flux ®;;(U;;,Uj;) = max(0, X - n;;)U;; + min(0, A - n;;)Uj;, then
the method approximates the term V- (Au) with a second- order accuracy. Generally, slope limiting functions
are also built as convex combinations of Beam-Warming and Lax-Wendroff schemes [11, 21, 40-44], namely:

‘min(l,mj) < (rij) < max(1,7;5). ‘ (12)

4
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Another property proved by Le Touze et al. [22] is that the scheme satisfies a discrete maximum principle
similar to (7), but localized to the vertex neighborhood of the cell:

VK; €Q, min U'<UM' < max U}, (13)
K;eW(q) K;eW(i)

implying the L stability of the scheme. Without going into details regarding the proof of Le Touze et al.
[22], let us just recall that it results in two sufficient conditions, one is a classical CFL-like condition on the
time step, the other one is a monotonicity condition imposed to the limiter function, which reads:

0 < @(rij, 135, m;) < max (0, min(n;;ri5, n)). (14)

Both conditions (12) and (14) (respectively accounting for second-order and monotonicity) have to be com-
bined, giving rise to the classical ”second-order monotonicity area” for the limiter:

max [0, min(1,r;;)] < @(rij,ni;, n;’;) < min [max((),min(m—jrij,n;;)),rnax(l,mj)] , (15)

whose lower and upper bounds respectively define the Minmod and Superbee limiters. This is illustrated
by the Sweby diagram in figure 3. Note that the monotonicity constraint (14) is written here as a condition
on the limiter function ¢, but it can be expressed under other equivalent forms as well (see next section).
Also note that it has to be distinguished from the maximum principle (13). The monotonicity constraint
is a condition imposed at the reconstruction level only, which happens to be a sufficient condition in order
to get the maximum principle (13), and therefore the L>-stability of the whole space-time scheme for the
scalar advection equation.

2.8. Alternative formulations of the multislope reconstruction

In section 3, a new reconstruction method for vectorial variables will be introduced. It is based on an
alternative way of defining reconstructions in the scalar case, which we will describe here. A first alternative
definition of the reconstructions U;; is based on the s-scheme introduced by van Leer [4, 45]:

1

e
Wi+ Tgrs). RelLl (16)

1+k
2

%ZM+WMU(

In this form, the reconstruction is linear and we have to introduce a limiting function. When defining limiting
functions based on k-schemes, it is usual to define them piecewise by combining the monotonicity constraint
(14) and the k-scheme [12, 42]. For instance, we can write the Monotonized Central limiter proposed by
van Leer [4] (sometimes called MUSCL limiter), based on the value x = 0':

_ . T+mry
@Mc(rijvnijan;;) = max |:07m1n (77;7 2]77713')} ) (17)

or the Koren limiter [46], based on the value x = 1/3%:

_ . 2471y
@K(Tiﬁni_jan;j_‘) = max |:0,m1n (77:]_, 3 ! 7nij):| . (18)

In our alternative formulation of the reconstructions, we will follow another approach. Rather than introduc-
ing the k-scheme in a piecewise function, we will replace the scalar s by a function x;; = fi(pjj, Dijs 77;;, um

LA k-scheme based on the value x = 0 corresponds to the standard second-order central scheme.
2This limiter provides a third-order accuracy on regular one-dimensional meshes. However, on multi-dimensional or un-
structured meshes, it loses its third-order accuracy as stated in [12].
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with slopes (or their ratio 7;;) and geometrical parameters as arguments. This function is called the Limited-
% (LK) function. We also introduce a sensor function o;; based on the slopes sign, whose aim is to make
the reconstruction degenerate to a first-order accuracy at extrema:

1 ifplp: >0
- 34745
74 { 0 i pjjp; <0 (19)
When using these functions, the Limited x-scheme (LKS) reads:
1+ Kij 1-— Rii _
U = Ui+ [BMy oy (5205 + 27 ). (20
The link between the LK function and the slope-limiting function is quite obvious, as:
_ 1+ K45 1— kK _
p;;@(rijanijvn;;) = 0yj ( 5 JP;;' + 5 jpij) . (21)
For r;; > 0 and r;; # 13, it is equivalent to
2 Tijy ia e 7177'2" 1- Tijgs iv e
Kij = 90( J 771] nl]) J —1_9 30( J nz] nz]). (22)
1-— rij 1-— rij

Hence, all classical limiters can be expressed as LK functions. For example, the Monotonized Central limiter
(17) reads in this form:

(2n5; — Driy — 1 s — 1=y

RMC(TU,??;;’ m}) = 1= 7y H[O,(Qni—j,l)q](ﬁj) + 1—r; H[gn;rj,l,oo[(rij)a (23)
with I4(r;;) an indicator function defined such that
o 1 if Tij € A
) ={ o 10 g4 - (24)

From relation (22) and the monotonicity constraint on the limiter (14), it is possible to deduce an interval
for the Limited-x function such that the reconstruction is limited adequately for the scheme stability. If
Vri; > 0,7 # 1, we introduce

+

_ 27]ij7"ij —1—ry +
= rijﬂ?ij) = Kij

_ _ 2’f]+ — 1 — rij
K (rij777ij) =Ry = =—4—

( : (25)

K
177‘1']' ’

1-— Tij
namely the monotonicity bounding r-functions, respectively corresponding to ¢;; = n;;7; and ¢;; = 77;;,
then the numerical scheme with reconstructions under the LKS form (20) is stable if the LK function satisfies:

kij € [-1,1)\ [min(k;;, &), max(k;;, k)] . (26)

i ij i i
Both x;; and n;;» blow up when r;; is close to 1 (and are undefined when r;; = 1). But this does not matter
since in this area any suitable scheme is bounded by the linear second-order schemes obtained with x = 1

and k = —1. This is illustrated in figure 3b where all four bounding x functions are plotted versus the slope

3Note that k;; is undefined when r;; = 1, but this is not a problem. It only means that all k-schemes are equivalent in the
+
ijo
also implies that |1 — ¢;;| < |1 — 75|, thereby ensuring that x;; does not blow up.

linear case Pi; =P i.e when the limiter function can only take the value ¢;;(1) = 1. When r;; is close to 1, the relation (12)



w  ratio (in log scale). Let us now consider another formulation of the reconstruction. Let U;; and U; be the

linear k-schemes (16) respectively obtained using £ = —1 and k = 1:
_ A B
Uij = Ui + ||B1M”||p” = Ui + % (Ui - UH;J) (27)
a )
U5 2 Uit IBMyleh = Uit (Vs - U)

and let U;;~ and U{;Jr be the monotonicity bounds from (14) expressed on Uj;:
—— A
U, =

++
U

U, + (U; — U, - = 2Ui7UHi
ij

ij

(28)
Ui+ (Ug+r —Ui) = Uyt

A

Thus the ”second order monotonicity area” can be defined also as the set of all reconstructions U;; being a

convex combination of U;; and U;, namely:

1+ k&
2

1;“(U—.—Ui) . kel-1,1], (29)

)

Uij = Ui = 0ij U = Ui) +

s provided that they are bounded by the monotonicity bounds U;; ™ and Ui‘;"’ in the following way:
IUij _Uil Smin (le;_ _Ui|a|Ui—;+_Ui|)- (30)

Finally, we can sum up all the alternative (but equivalent) formulations of the ”second-order monotonicity
area” as described in figure 2 and illustrated in figure 3. The main advantage of the LKS and “|U;; — U;|
bounding” formulations is that they do not directly involve the slope ratio r;;, which will simplify the
extension to the vectorial case (see section 3).

Limiter function formulation

Uij = Ui+ By |Ipe(riz, nij. m35)

max [0, min(1, r;;)] < W(Tijvm_jﬂ?:}) < min [min(nfjrij,n;;),max(l,rij)]

14+ K45 1—riy; _ 1+ k& 1—K, _
Uij = Ui +[|BiMyjoi ( B “p+ 5 1'71’,:]') Uij—Ui = aij|—, U5 = Us) + —— W =U)|, wel-11],
Kij € [-1,1]\ [min(/{;j, /{;;.),max(/{;j, HZ)} |Ui; —U;| < min (\Ui;_ - Ui, \Ui';'*' — UZ|)
Limited xk-scheme (LKS) formulation "U;; — U;” bounding formulation

Figure 2: Alternative but equivalent formulations of the ”second-order monotonicity area” in the scalar case.

10 2.4. Componentwise reconstructions for vectorial variables
When dealing with vectorial variables, the straightforward approach is to apply the scalar reconstruc-
tion procedure to each component independently, which we refer to as the componentwise reconstruction.
However, as already noticed in the literature [26, 31] this approach is frame-dependent (see the example
given in Appendix A). In fact, we can precise this behavior of componentwise reconstructions by examining
15 the slopes. First, notice that whether the vectorial quantities to be reconstructed are defined in a 2D or 3D
space, the reconstruction procedure can always be tackled in the 2D plane generated by the slope vectors
P;; and pjj This is an interesting feature that will be used when designing a vectorial approach in section
3. Now if the slopes are non-vanishing, then we can state the following results (a summary is provided in
table 1 and proofs are given in Appendix B):

190 1. If slopes are colinear, then we have the only totally frame-independent componentwise reconstruction,
since it is actually just a scalar problem. By the way, reverting to the scalar case when slopes are
colinear is a natural behavior that we would like to preserve when we design a new vectorial scheme
in section 3.
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(b) “k-scheme” diagram.

(a) Sweby’s diagram.

U U
Ut Hy;
100 “
80
+ 2 .
U . Nij
60 U
ij P .
T ® y.
" U; Nij
U;
20 E
LVL o =032
X
0 H;; B; M;; Hj;
- — e ——
2 10 32 100
0 U; = Uil |U; Uil U - Uil U5+ = Uil |Ui; — Uil
-40
p=r p=nr p=1 p=n"
K=-1 4, =k k=1 Kk=r"

(¢) “|U;; — U;| bounding” representation.

Figure 3: Several representations of the ”second-order monotonicity” area for the scalar case (example taken with a value
r = 0.32). This figure is extracted from a Geogebra applet available online [47], and allows to visualize the evolution of the

”second-order stability” area when moving the cursors Uy, -, Ui, Upg+, ni_j et n;;.
ij ij

2. If slopes are noncolinear, then we have several cases depending on the scalar product p;-;- Py
105 (a) Case p;; p;; >0
i. For any basis, there is always at least one component reconstructed at second-order accuracy.
ii. There exists at least one basis in which at least one component is first-order accurate.
iii. There exists at least one basis in which all components are second-order accurate.
(b) Case pjj p;; <O
200 i. For any basis, there is always at least one component reconstructed at first-order accuracy.
ii. There exists at least one basis in which at least one component is second-order accurate.
iii. There exists at least one basis in which all components are first-order accurate.
(c) Case pjj p; =0
i. For any orthonormal basis By with at least one component colinear with one of the vectorial
205 slope, all components will be reconstructed with a first-order accuracy.
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Mlustration Configuration of the slopes Properties

D e p;; = ap;; and p; - p;; >0 VBeRY, Yk, (p5)k(Pi)k >0

Py o7 pj; = ap,; and pj'j p; <0 VB e R4, Vk, (p;';)k(pl_j)k <0
VB € Rd, Jk, pj;)k pP;i)r >0
Pi; - - _
/ P, p;; =+ ap;; and pjj P > 0 IBeRY, 3k, p;;»)k p;i )k <0
>

( (p3;)
( (py;)
BeR?, Yk, (p))r(Pi;)k =0
VBeR?Y, 3k, (p)k(py;)k <0
P~ || Pl #apjand pi-p;; <0 | IBERYL Tk, (pf)r(py)k >0
IBeRY, Yk, (pH)r(P;)k <0
By € R, VEk,  (pH)k(py;)k =0
P;; L% p,; # ap;; and p;; - p;; = 0 VB # Bo, 3k, (pj;)k(pi;)k >0
VB # Bo, Jk. (pi)k(py)k <0

Table 1: Summary of the properties of the componentwise reconstruction. When the product of the forward and backward
slopes for a given component is nonpositive, then the component is reconstructed only with a first-order accuracy.

ii. For all other bases, there is always one component reconstructed with a second-order accuracy,
and one component reconstructed with a first-order accuracy.

These properties illustrate the issue with the componentwise reconstruction. While we expect all com-
ponents to be reconstructed with the same accuracy, the slope limiting function can falsely detect some
extrema for some components. When this happens, the reconstruction degenerates to first-order for that
particular component, which degrades the overall precision of the scheme. As the accuracy of the solution
depends only on the basis chosen to express the vectors, the method is thus frame-dependent, meaning that
changing the basis changes the solution. This is a problem for the reliability of the simulations of physical
systems, whose governing equations are supposed to exhibit a Galilean invariance, such as the FEuler equa-
tions. This can even lead to practical problems in CFD simulations, for example with conservation issues
when dealing with rotationally periodic boundary conditions (see the numerical test of section 4.2).

As detailed in the introduction, this issue has been studied in the literature, but none of the proposed
solutions is entirely satisfactory. Moreover, the accuracy problem highlighted in this section still occurs
in the projection methods [31-38], as they are not really vectorial, meaning that some vectors can still
be reconstructed with a different order for each component. For all these reasons, we propose in the
next section a new reconstruction method for vectorial variables, which we want to respect the following
properties: frame-invariance, accuracy preserving, ensuring the stability of the scheme, low computational
cost, reducing to a scalar method when slopes are colinear.

3. A new multislope MUSCL method for vectorial variables

3.1. Strategy for the reconstruction of vectorial variables

In order to introduce our strategy regarding the reconstruction of vectorial variables, let us consider
the natural extension of the scalar framework used in section 2.2. Starting with the conservation law for a
vectorial quantity v, if we consider a linear physical flux f (v) = A® v, and if we assume a time-independent
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velocity field such that V - A = 0, then we get the vectorial advection equation:

ov
— 4+ A-V)v=0 31
(Vv =0, (31)
with (X - V) defined as:
0 0 0
AV)=d—+ A —+ . —. 32
( ) or + Yoy + 0z (32)
As in the scalar case, this equation is discretized according to the finite volume framework described in
section 2.1:
|31
|1

Like in the scalar case there exists a maximum principle on v(x,t) in the sense that each of its components
satisfies a maximum principle whatever the basis considered:

D (VY V). (33)

177

Vit =vr - At Y
Jev(i)

Vit > to, Vxo € Q, Vk € {1---d}, Hleigvk(x, to) < vg(xo,t) < méag(vk(x, to), (34)

where v is the k-th component of vector v in any given basis. In other words, this means that each vector
has to be in the convex hull spanned by the vector field at time t:

Vit > to, Vxo € Q, v(xq,t) € Conv ({v(x,ty) | x € Q}), (35)

which is the vectorial extension of the maximum principle (6) in the scalar case. By extension there also
exists a maximum principle on the L? norm of the vectors, which reads:

Yt > o, VX0 € Q, |[v(xo,1)]]2 < max Iv(x,to)]l2. (36)

Ideally, these properties should be also verified at the discrete level with a good vectorial reconstruction
method. This would mean a discrete maximum principle for V?H, typically with respect to the vertex-
neighborhoud W(%) of the local cell K;, namely:

V" > 1o, VEK; € Q, VT e Conv ({V} | K; e W(i)}), (37)
as well as
VEr > g, VK €Q, [V 2 < max [V .. (38)
K_,’GW(i)

Like in the scalar case, this would automatically imply the stability of the overall space-time scheme.
However the approach undertaken below is not primarily designed for this purpose. It rather consists in
extending the monotonicity properties of the scalar reconstructions U;; to the vectorial ones V;;, in a way
that is frame-independent (not operating on individual components but on the whole vector), does not lead
to a loss of accuracy due to false detection of extrema, and which remains compact (i.e localized to the
three-point stencil (H;, B;, H:;)) to preserve the computational cost. Even though it turns out that these

a5
extended monotonicity properties are not sufficient conditions to prove any maximum principle for V?H
(unlike the scalar case), they are still expected to be a solid empirical tool to get the stability in practice.
Of course, this will then have to be assessed with numerical tests, which will be the purpose of section 4.

Remark 1. With componentwise vectorial reconstructions, we only get a scalar maximum principle on each
individual component, which means that (37) does not hold. Indeed, one cannot guarantee that V?H will
lie in the convex hull, but only in the frame-dependent bounding box generated by the extremal values of
the components, as illustrated in figure 4. This is enough though to prove the L°°-stability because this
bounding box is time-invariant. But interestingly, this means that the discrete maximum principle on the
norm (38) does not hold either (see figure 4), which can lead to surprising results in practice (see section
4.1 for an illustration).
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Figure 4: Illustration of the maximum principle in the vectorial case. A maximum principle on each individual component
only results in a frame-dependent box (blue). The natural extension of the scalar maximum principle is the convex hull, i.e
the intersection of all the possible boxes whatever the basis considered (in red). The green box corresponds to a bounding box

in some other random basis. The componentwise maximum principle does not imply the maximum principle on the norm as
V?J’l can lie inside a given box but outside the circle defined by the red dashed line.

3.2. Definition of the multislope vectorial reconstructions

In a similar way as in the scalar case, let us define the vectorial multislope reconstruction V;; as:

Vij = Vi+ |B:Mj;||pi;. (39)
f (pjj, P nfj, 77;) is the effective limited slope vector, which is a function of both p;; and pj‘j,
respectively the backward and forward slope vectors, (computed in the same way as their scalar counter-
parts), and of the geometrical parameters 7,; and 17;; In the scalar case we simply had p;; = ¢(r;; )p;'; But
difficulties arise with this form in the vectorial case, because the slope ratio 7;; cannot be easily defined
anymore. Here comes the purpose of the LKS formulation introduced in the scalar case (see relation (20) of
section 2.3). Indeed, the LKS formulation for vectorial variables can be easily expressed as:

Here p;; =

Vi;—V; T+nmy o+ T—ky _
Pij ||B1M”|| Oij ( 2 pz] + 9 pzj ( )
with K = K (p;;,p;j,n;;,ni}) € [-1,1] a vectorial limited-x (VLK) function. Besides, o;; is a sensor

function accounting for vectorial extrema, which can be defined based on the scalar analysis of section 2.4
as: N
““‘{o ifptopo <0 (41)
¥ ij —

This definition of o;; leads to a natural geometrical interpretation of extrema when variables are vectors. If
we consider the three vectors (Vig—, V;, Vig+) from the local three-point stencil (H;;, B;, H;;), then V; is
ij ij
an extremum if the angle between the two vectorial slopes is greater than 7/2 (see Figure 5). As k;; has
a unique value for all components, the method is frame-invariant and potentially second-order accurate for
all components. Now, we have to determine x;; depending on the slopes pjj and p;;, in a way that extends

the monotonicty properties of the scalar case.

To start with, and like in the scalar case (see relation (27)), let V;; and Vj'j be the linear k-schemes
respectively obtained using Kk = —1 and xk = 1:

_ A _
Vi = VitlBMlp; = Vit -t (Vi - VH_,)
+ A + nij A (42)
k%] vJ
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and let V;;~ and V;;Jr be the monotonicity bounds similar to relation (28):

1>

Vi_j_

++
\&r

Vit (Vi-Vy-) = 2V, - Vo

i A (43)
2 Vi+ VHf_Vi = VH‘.*'.

Using these vectors, we can extend the "U;; — U; bounding” formulation of the ”scalar second-order mono-
tonicity area” (see relations (29) and (30), or figure 2). The ”vectorial second-order monotonicity area” is

thus defined as the set of all the reconstructions V;; that are a convex combination of V,;; and V;;, provided
that they are bounded by the monotonicity bounds V.~ and ijJr in the following sense:
_ 1+k 0 1—Kk  _
Vij = Vi = 0ij | ——(Vi; = Vi) + ——=(V;; = Vi), rel-11], (44)
I Vig = Vill < min (|| Vi~ = Vil L[| VT =Vl ).

Note that the bounding property hence operates on the norm of the effective slope, which can be expressed
also as:
Ipijll < oy min (n5;][p5; 1, m 1P - (45)
Now it may be useful to provide some geometrical interpretation (see figure 5). First of all, let us recall
that whether we deal with a 2D or 3D vector field v, the reconstruction problem can be handled in the 2D
plane generated by the vector slopes p;;- and p;; (unless they are colinear in which case we revert to the
scalar case). Then, in the case o;; = 1 (i.e when the angle §;; = (p;;»7 p;;) < m/2), the set of all admissible
reconstructions V;; is geometrically defined in this plane by the segment linking V;; and Vj'j, potentially
restricted to its part contained in the smallest of the two circles C~ and C™, i.e the circles of center V; and
radii |V;;~ = Vi| and |[V;" — V,| respectively. When o;; = 0, no reconstruction is admissible and we just
get V;; = V,;. Now the final step is to propose VLK functions that fit in with this ”vectorial second-order
monotonicity area”. But before that, we need to translate it in terms of the admissible interval for the
values of k;j, because this is what will provide the more efficient implementation of VLK functions. This is
the aim of the following section.

ot
\ Rij = 0.34
" 0;; = 69.8°
Kp \ K € [71, (]35}
2.1 _
15 L3 ij
15 b
hd Tij
| 10
5
V- ,
\ o ,
5 0 5 10 15 20 25 30 35

Figure 5: Representation of the ”vectorial second-order monotonicity area” (figure extracted from a Geogebra applet available
online [48]).
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3.8. Admissible interval for k

In this section, we will assume that p;;. ‘P;; > 0, otherwise we have a local extrema and the reconstruction
is just set to V;; = V;. We also assume that p;; #+ p;;, otherwise the reconstruction is trivial as p;; =
p;"j = p;; and we just get V;; = V; + ||B;M;;|[[pi;. Let us now associate vectors to points in the slopes
plane and proceed to some geometrical calculations in this plane, mapping the values taken by x;; with the
line generated by V., and V$ Indeed, the values k;; = —1 and k;; = 1 are respectively associated with the
points V. and V:;, and we seek the values of x;; corresponding to the intersection points of the line with
the circles C~ and C*. Provided that n;; = 1 and 77;; > 14, two intersection points (coincident if n;; =1or
17;; = 1) do exist for both circles C~ and C*, which correspond to values of x;; that we note respectively
k4, kg and K, K5 (see figure 5).
Computing K, and kg

To obtain k), and k5, we need to solve for x the equation

IVij(r) = Vill = [IVi;~ = Vill, (46)

with

-k _ 14k
Vil = Vi B | (S5 e+ ). (a7)

which can be recast as

= 25 (1)

Hl—i—/{ n 1_Hp-_-
ij

9 Pij Ty

Recalling that 6;; is the angle between the slope vectors pj;- and p;;, and introducing R;; as the ratio of
their length:

P
P3|
then by squaring (48), and using the fact that ||a||* = a-a as well as pj'j ‘P = ||p;§|\||pl_]|| cos ;;, we can

write

1++x 2 1—+x 2 1++x 11—k _ 2
( 5 ) +( 5 )R?j+2< 5 )( 5 )Rijcoseijz(%Rz‘j)‘ (50)

This second-order polynomial equation can be written under the form ax? + bx + ¢ = 0, with:

a = 1+R%j—2RijCOS(9ij):Ll2j
b= 2(1- ) , (51)
¢ = 14 R} +2R;jcos(0i5) — (Qn;jRij)Q
" e VSVl e el .
e 7= 2
v ? ij

i.e the length of the segment [Vij,

discriminant of (50) as

ij], normalized by that of segment [Vi7Vi+j]. We can then write the

A =16R2, [(@Lij)2 — gin? eij} = 16(Ry; Ly;)? (nigz — gin? aij) , (53)

4These conditions are naturally exhibited by almost all meshes used in practice, otherwise they can still be enforced when
selecting the neighbors in the multislope geometrical algorithm.
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where the angle a;; has been introduced thanks to the law of sines (see figure 5):

Ipi; — vl el
sin 917' sin Q4 ’

(54)
We get that A is non-negative for any 7;; > 1, which leads to the following real roots of the polynomial:

1/2 1/2
R, —142RyLy (0 —sin ayy ) Ry 1= 2RyLy (" sin® ayy) )
ka= 2 » kp = 2 :
2 2

ij
V,; =V, implying that k; = K = —1. When A >0, we have K < —1 < k4, meaning that only &, is

We have A = 0 only when 7;; =1 and a;; = /2, i.e when the line (V ij) is tangent to the circle C~ in

able to impose a restriction of the admissible interval [—1,1]. Such a restriction happens when k3, < 1, i.e
when 7, R;; < 1.

Computing 7y and Kk}
To obtain £ and £}, we need to solve for k the equation

Vi (5) = Vill = [ V5T = Vi (56)

with V;;(k) given by (47). As for £, and k5 above, we can write (56) as:

1+x\2 1—k\? 1+ kK 11—k 2
( > ) +( 2 )ngjw( 2 )(2)1%”0056”:(@)’ o0

which is once again a second-order polynomial equation that can be written under the form ax?+ bk +c = 0,
with:

a = 1+ R% - QRZ‘]‘ COS(@Z‘J‘) = L%j
b = 2(1-R}) . (58)
¢ = 14 R} +2R;jcos(f;) — (277;;)2
We can write its discriminant as:
A =16 |:(7]:;L”)2 - (R” sin gij)2:| = ].GLZ (77;;2 - sin2 ﬁ”) s (59)

after introducing the angle 3;; through the law of sines. As A is non-negative for any 77;9 > 1, we obtain
the following real roots of the polynomial:

2 +2_ 52 1/2
Rij —1- 2L” (’I]” — Sin Blj)
2
L3

2 +2 _ 2 1/2
Rij -1+ 2L” (’I]” — Sin BZ])
2 )
L3;

o= Wb = (60)

We have A = 0 only when 7;; = 1 and f;; = /2, i.e when the line (V;;, V}j}) is tangent to the circle C* in
V;; = V;;‘”', implying that k7 = H,E = 1. When A > 0, we have /@E < 1 < Kk}, meaning that only 7}, is able
to impose a restriction of the admissible interval [—1,1]. Such a restriction only happens when KE > —1,ie
when Rij > 77:;

Summary
To summarize, any VLK function k;; = Ii(p;;-, Pij: nfj, n;;) has to satisfy:

max (—1, HE(RU‘, Hij, 77;;)) < Kij < min (1, Ii;l (Rij7 Qij, 77;)) . (61)
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In other words, the admissible interval I, is defined as:

I, = [max (=1, kh(Rij, 035, m;)) ,min (1, KZ(Rijaeijvni_j))]a (62)

with

/2 /2

_ . 1
_RZ =1+ 2Ry; ((n;L45)° — sin” 0;5)

. 1
_ R% —1—2((nj;Lij)* — sin® 0;;)
Fa = 12 ’
ij

2
L2

h = (63)

Note that when slopes are colinear with 6;; = 0, the bounding functions x and KJE reduce to the scalar
functions k~ and T defined by (25) (see details in Appendix C.4). This means that the vectorial framework
described above does reduce to the classical multislope scalar framework when slopes are colinear, which
fulfills one of the initial objectives. Let us also stress that the method described above can be implemented
very easily, and with a very limited additional cost versus a componentwise approach. Indeed, we only deal
with the slopes vectors in the usual compact stencil, without needing to compute a convex hull or any similar
heavy geometric object.

3.4. Definition of VLK functions

We introduce in this section some VLK functions derived from classical scalar LK functions, namely
Monotonized Central, Minmod and Superbee. These VLK functions are illustrated on the example given in
Figure 6, and also plotted in figures 7 and 8 with R;; as the z-variable, for different values of 0;;, 17;; and 7;;.
It is also worth mentioning that it is possible to express VLK functions in a ”limiter function” formalism,
which provides additional understanding regarding the connection with the scalar case (see Appendix C).

Pjj .

+
e bi;

Figure 6: Representation of the Monotonized Central (ko = 0), Minmod and Superbee VLK functions in terms of the effective
slope pij(kij)-

3.4.1. Monotonized Central VLK

The Monotonized Central VLK function is defined such that x;; = ko as long as that there is no local
extremum (o;; = 1) and k¢ belongs to the admissible interval I,, defined by relation (62). Otherwise, we
retain the bound of I); which is the closest to k9. When o;; = 1, we can therefore write:

ko if ko € I
mﬁ‘j/-fc(Rij,&jmg,ni}) =max (k5, min (ko,k3)) =< kf if ko <k} . (64)

Ky if ko >k,

If 0;; = 0, no reconstruction is admissible and we just take V;; = V;. A Monotonized Central function is
usually based on the Fromm scheme such that ko = 0, but it is possible to use any value k¢ € [—1, 1]. For
example, a Koren VLK function could be built using ko = 1/3.
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3.4.2. Minmod VLK

By extension of the scalar Minmod limiter, we define the Minmod VLK function as the one which brings
about the smallest effective slope ||p;;||, provided that ;; belongs to the admissible interval (62). In the
scalar case, the smallest effective slope is always either the forward slope p;-;, or the backward slope Dijs
but this is no longer true in the vectorial case. In the vectorial case indeed, the smallest effective slope is
defined by the altitude of triangle (V;j, Vi, V;;) from V;, under the condition that it intersects the segment
[Vi_j, V;] , i.e if there is no obtuse angle in Vi_j or V;; Otherwise the effective slope is equal to the backward
slope (respectively to the forward slope) if the obtuse angle is in V. (respectively in V;';) For o;; = 1, this
Minmod VLK function then reads:

Ii?]/»[i”(Rij7 0;;) = max (—1, min (ng, 1)) , (65)
with Hg the value of k corresponding to the intersection point of the altitude from V; with the line (Vi_j, V;’;),
which is given by:
1— R;;cosb;; 2
H 1] ij
Rij=1-2——5——=1- — sl (66)
L% 14 R;j — cos 8;;

-1 50,
R —cosb;;

Note that like in the scalar case, the geometrical parameters 7;; and 77;; are not involved in the definition of
the Minmod VLK function. Since we consider the smallest slope, the monotonicity constraint in which the
geometrical paramaters 7);; and 771‘; appear is not relevant anymore.

3.4.8. Superbee VLK

Equivalently to its scalar definition, we can define the Superbee VLK function as the one giving the
highest effective slope ||pi;||, provided that k;; belongs to the admissible interval (62). As we have the
following inequalities:

1
/i;‘<lifRij<F<l, g > —1if Ry > nf > 1, (67)
ij

then we have to distinguish four cases to write this limiting function, which reads:

/{2 if 0 < Rij < 1/171_]
1 if 1/nn < Ry < 1

Sup B T ) — 771] — 1]

Rij (szaezjvnijvnij) -1 if 1 < Rij < 7];+ (68)
Iig if Rl‘j > 7];5-

However the Superbee VLK function is not entirely defined as this, because we still have to define a value
/{fj“p for R;; = 1, knowing that both /ﬁfj“p =1 and /@'fj"p = —1 are possible choices. In the scalar case, all
k-schemes are equivalent when r;; = 1, but this is no more true in the vectorial case when R;; = 1 (except
of course when 6;; = 0, i.e when we recover the scalar case). The ambiguity could be resolved by making
an arbitrary choice between both possibilities. Nevertheless, this limited reconstruction does not seem to
be a very good idea as it is likely to result in bad convergence properties for the overall scheme, due to
the Superbee VLK function switching between two very different solutions. The vectorial extension of the
Superbee limiter is thus possible, but does not seem really judicious.

4. Numerical results

In this section, several test-cases are provided to assess the new vectorial reconstruction method. Different
methods are tested for each case, which are referred to with acronyms throughout the section. Hence, CW
stands for a Component-Wise reconstruction, while VLKS stands for the new Vectorial Limited Kappa
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Figure 7: Plot of k;; (Rij,Gij,n;rj,n;) for the Monotonized Central (ko = 0), Minmod and Superbee VLK functions, with

Ny = n;E = 2 (cartesian mesh) and several values of 0;;.

Scheme. Regarding the limiting function, MC, Sup and Min respectively stand for the Monotonized Central
(with kg = 0), Superbee and Minmod limiting functions (either in scalar or in vector forms). Furthermore
we will denote by NL a non-limited scheme using kg = 0 as parameter, which basically corresponds to
the Fromm scheme, and by O1 a scheme with a first-order reconstruction. Unless stated otherwise, the
time discretization is performed with the low-storage fourth-order Strong Stability Preserving Runge-Kutta
method described in [49] and usually noted as SSPRK(10,4), with a Courant number CFL = 2. For the
physical benchmarks of sections 4.2 to 4.5, the computations are performed with the CFD platform CEDRE
[24], which solves the compressible Euler or Navier-Stokes equations. The HLLC approximate Riemann
solver is then used together with the multislope MUSCL method, with the scalar variables like pressure,
temperature or density reconstructed with a classical scalar limiter (MC or van Leer).

4.1. Rotation test cases

In order to test the accuracy, robustness and performance of the vectorial reconstruction methods, let us
consider the rotation of several 2D or 3D vector fields v by a velocity field A, as decribed by the vectorial
advection equation (31). For each case, the eight vectorial reconstruction methods listed in the introduction
of the section are compared. Each 2D simulation is run for a duration ¢{; = 10ms corresponding to ten
revolutions of the vector field, while the 3D simulations are run for a duration ¢y = 1ms corresponding to
one revolution only. In order to evaluate the spatial accuracy, we consider triangular (in 2D) or tetrahedral
(in 3D) unstructured meshes of increasing refinement. Each refinement is characterized through the size h
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Figure 8: Plot of k;j; (Rz‘jﬂij,??:;,m;) for the Monotonized Central (ko = 0), Minmod and Superbee VLK functions, with

n;; = 1.5 et n;E = 6 (unstructured mesh) and several values of 6;;.

defined by:

/d
ihY
h~|— , 69
(% (69)
with A the number of cells in the mesh, d the dimension of the space and || the measure of the domain (area
or volume). Six different mesh refinements are considered for the 2D cases, namely h = 5,10, 15, 20, 25, 30
mm, while for the 3D case we only consider four different meshes with A = 10, 20,40, 80 mm. To assess the
spatial accuracy of each approach, we define the error in L' norm as follows:

e =Y _|Ki|[Vi(ty) = Vi(to)ll2, (70)
K;
a5 while the error in L norm is defined as
€oo = max [[Vi(ty) — Vi(to) - (71)

In these definitions, V;(ty) is the discrete solution at the center of each cell K; at the final time, and
V,(to) is the initial solution and also the expected exact solution. The L' norm is interesting for both
discontinuous and smooth cases, as it stands for the global diffusive error of the scheme, while the L> norm
is only relevant for smooth cases since it represents the loss of amplitude of the convected function. In the
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asymptotic limit h — 0, the error satisfies €, = C,,h%" (with C,, a constant depending on the norm L"),
therefore the effective order of the scheme a,, can be approximated by computing the linear regression of
log(ey) = ay, logh + log C,.

4.1.1. Smooth annular vector field (2D)

For this test-case and all the 2D cases, we consider a circular computational domain Q with a radius
Ro = 1 and a divergence-free velocity field A(x,y) = 103 x 27(—y x)!. Each face at the boundary has a
normal vector orthogonal to the velocity vector, hence their scalar product and the numerical flux vanish.

Let us consider a smooth annular vector field vo(z,y) whose direction is radial and with a norm given by:

0 if 0 < R < 01
sin® (3 R—%) if 01 < R < 03

[[voll = Vo x 1 if 03 < R < 06, (72)
sin® (-3 R+2r) if 06 < R < 08
0 if 08 < R < 1

with R = /22 4+ y? and V) = 5000. Figure 9a shows the time evolution of ||V||ec = maxg,eq || V|| obtained
with all schemes on the coarsest mesh, figure 10 displays the error in both L' and L® norms versus the
mesh size for the different methods, while figure 11 shows the contour plot of the vector norm at the final
time ¢y for the mesh h = 30 mm obtained with each method (except for the overly diffusive O1 and the
unstable VLKS-Sup methods that we have skipped). We see that the accuracy of VLKS and CW methods
is very comparable when using MC and Min limiters, and that both MC schemes show an accuracy similar
to that of NL. This is expected on such a smooth case where limitation is not really required, since the
NL scheme is based on the same second-order linear scheme as MC (with ko = 0). It also appears that
CW-Sup exhibits the lowest accuracy among the stable second-order schemes, which is an expected result
due to its well-known squaring effect on smooth solutions, while VLKS-Sup is clearly unstable (the error
increases when the mesh is refined). Moreover, figure 12 shows the same final solutions as figure 11, but
with a 7/4 rotation of the initial vector field. This mimics a rotation of the reference frame, to which a
frame-independent vectorial method should be insensitive due to the radial symmetry of the vector field.
What we see is that all CW methods break the radial symmetry of the solution, which also means that
they turn out to be frame dependent. Indeed, four spots of increased value of the norm are created, whose
location at the final time depends on the orientation of the reference frame. On the other hand, symmetry
and frame-independency are verified by the VLKS schemes. Finally, normalized CPU costs are provided
in table 2. Note that these costs sould be compared only between the different methods on a given mesh.
The comparison between different meshes is not relevant as each set of simulations for a given mesh may
have run on a different machine. It appears that VLKS methods are slightly more expensive than their CW
counterparts, with an increase of the CPU cost between 10 and 15 %. This is very reasonable for a real
vectorial reconstruction method, especially when we consider that on these simple rotation cases, the cost
of the reconstruction procedure represents most of the CPU time consumption. This should be much less
significant when applied to a real system of PDE with physical models.

4.1.2. Sinusoidal vector field (2D)
We now consider a sinusoidal vector field that mimics a vortical flow which reads:

B sin(27x) + sin(27y)
vo(z,y) = Vo ( sin(27x) — sin(27rz) ) ’

(73)
with Vo = 5000. Figure 9b shows the time evolution of ||V ||+ obtained with all schemes on the coarsest mesh,
which illustrates a behavior previously exposed regarding the CW approach and the maximum principle. As
explained in section 3.1, the CW approach does not imply a maximum principle on the vector magnitude but
only a maximum principle on each component individually. This means that the magnitude can increase but
only to the point that it reaches the maximum allowable value characterized by the corner of the ”bounding
box” represented in a schematic way in figure 4. Considering the definition (73) of the initial vector field,
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Method | h=10.005|h=0.01|~=0.015|h=0.02| h=0.025 | h =0.03
01 14.17 10.08 8.50 6.61 5.50 4.84
CW-Min 22.88 16.62 14.54 11.76 9.42 8.29
CW-MC 20.46 16.40 14.66 11.72 9.50 8.27
CW-Sup 20.50 16.82 14.72 11.65 9.50 8.27
VLKS-Min 21.57 17.70 16.05 12.97 10.83 9.60
VLKS-MC 22.55 17.66 15.93 13.03 10.78 9.53
VLKS-Sup 22.20 18.31 16.66 13.67 11.36 10.05
NL 20.98 16.41 14.65 11.65 9.48 8.29

Table 2: CPU cost (ps/iteration/mesh cell) for the case of the smooth vector field (annular).
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(a) Smooth case (annular)

(b) Sinusoidal case

(c) Discontinuous case

Figure 9: Time evolution of ||V||ec on the mesh A = 30 mm for the 2D cases.
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Figure 10: Errors in L' and L norms for the smooth case (annular). Data for the last points of the VLKS-Sup method is
out of scale as the computation is unstable (the error increases as the mesh is refined).

this maximum value can be computed as V4. =

V2

T, max

+ 02 ax ~ 14,142, which is almost exactly the

maximum value reached here with the CW-Sup scheme. Figure 13 displays the error in both L' and L
norms versus the mesh size for the different methods, while figure 14 shows the contour plot of the vector
norm at the final time ¢ for the mesh h = 30 mm obtained with each method (except again for O1 and
VLKS-Sup). The behavior of the different schemes regarding accuracy is similar on this case to what was
observed on the smooth annular case. The normalized CPU costs are also similar to those provided in table
2 for the smooth annular vector field and are thus not provided here.
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Figure 11: Comparison of the final vector fields for the smooth case
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Figure 12: Comparison of the final vector fields for the rotated smooth case (annular). Mesh h = 30 mm.

4.1.3. Sinusoidal vector field (3D)
For the 3D test-case, we consider a cylindrical domain with the divergence-free velocity field

-2y
2rx | .
2

Xz,y,2) = 10°
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Figure 13: Errors in L' and L> norms for the sinusoidal case. Data for the VLKS-Sup method is out of scale as the computation
is unstable (the error increases as the mesh is refined).

The circular domain of the 2D cases is here extruded in the z direction, and periodic boundaries are set at the
top and bottom sides of the cylinder. Similarly, the velocity field is an extension of the one previously used
for 2D cases, with a constant z-component such that the streamlines follow a spiral shape. The following
3D vector field is considered: . )
SInx + siny
vo(z,y,2) =Vo | sinZ —sing |, (75)
Rsinz

with Z = 2nx/L,, § = 2ny/Ly, Z = 2nz/L., R = /2?2 +y?, Vo = 5000 and the wavelengths set to
L, =L,=1and L, =2. We only compute one revolution of the vector field (vs. ten revolutions in the
2D case) due to the high cost of the 3D meshes, and only provide the error plots for the different methods
in figure 15. Regarding both accuracy and CPU costs, the results for this case are again similar to those of
the smooth annular vector field, demonstrating that VLKS behaves in a similar way on 3D meshes.

4.1.4. Discontinuous vector field (2D)

For this discontinuous case, we split the circular domain in four sectors in which the initial vector field
vo(z,y) is set constant with only one component nonvanishing and equal to Vo = 5000. This discontinuous
vector field reads:

( 1 O)t if y<0 and x>0,

7 (-1 O)t if y<0 and =z <0,
vo(z,y) =V (0 1)t if y>0 and x>0, (70

(0 ,1)t if y>0 and x<0.

Figure 9c shows the time evolution of ||V||s obtained with all schemes on the coarsest mesh, figure 16
displays the error in L' norm versus the mesh size for the different methods, while figure 17 shows the
contour plot of the vector norm at the final time ¢y for the mesh h = 10 mm, obtained with each method.
CW-Sup is here the most accurate of all methods, which is not surprising. As the CW approach deals
with each vector component as a scalar, we naturally get the well-established good behavior of the classical
Superbee when it comes to transport scalar discontinuities. On the other hand, VLKS-Sup is unstable
once again and therefore not even suitable for the transport of discontinuous solutions, whereas VLKS and
CW show similar results when equipped with both MC and Min limiting functions, thereby preserving the
scheme stability.

4.1.5. Conclusions from the rotation cases
Let us now sum up the main conclusions from the rotation cases described above. Whether it be with the
CW or the VLKS approach, we have the expected result that the Monotonized Central versions are the most
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Figure 14: Comparison of the final vector fields for the sinusoidal case. Mesh h = 30 mm.
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Figure 15: Errors in L' and L® norms for the sinusoidal case (3D).

accurate, while Minmod are the most dissipative and Superbee is only good at capturing discontinuities.
Actually, CW-Sup is the most accurate when it only comes to capture discontinuities, while VLKS-Sup is
mostly unstable, even for smooth cases. It seems that selecting always the maximum vector slope leads to
a very poor stability behavior of the VLKS-Sup scheme, despite the limiting procedure described in section
3.4.3. As expected, the second-order non limited Fromm scheme shows a good accuracy for smooth solutions
for which limiting is not required. However it triggers more or less severe overshoots when discontinuities or
stiff variations are involded. On smooth solutions, the order of accuracy of the VLKS schemes (apart from
VLKS-Sup) is very comparable with their CW counterparts (sometimes better, see e.g the L error on the
sinusoidal and 3D case for VLKS-MC vs. CW-MC). This means a lesser diffusion of the amplitude of the
solutions, which can have an importance for the simulations involving physics (see e.g. the CFD cases of
sections 4.3 and 4.4). Besides, the overall quality of the solution seems better. Indeed, the CW approach
tends to break the symmetry of the solution as can be seen for instance in figure 11, and in top of that in
a way that is frame-dependent (compare figures 11 and 12 which show the same computation on the same
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Figure 18: View of the geometry, mesh and boundary condi- Figure 19: Volume integral of the enstrophy over time for the
tions for the turbomachinery test-case (initial position). The four tested methods on each geometry (initial and rotated).
second position is obtained by applying a 90°rotation around

the axis defined by the origin and the vector (1,1, 1).

mesh, but with a rotation of the reference frame). The results obtained with the VLKS-MC scheme are
very close to that of the Fromm scheme for smooth solutions, while they are better for discontinuities. We
still notice small overshoots of the vector magnitude (the method exhibits no maximum principle on the
vector magnitude) but they remain very limited and are not amplified. Anyhow they are not higher than
the overshoots on the magnitude also exhibited by CW methods.

To conclude, these rotation test cases show that the new VLKS approach exhibits a good second-
order accuracy, similar or sometimes slightly better than CW, especially regarding the preservation of the
amplitude of solutions. In the meantime, it avoids some defects of CW, such as the frame-dependency and
the tendency to break the radial symmetry, with a very limited extra CPU cost. Especially, the VLKS-MC
method seems the best VLKS option, so it will be primarily used for the numerical tests of the next sections
dedicated to physical cases.

4.2. Turbomachinery test-case with rotationally periodic boundary conditions

We consider a test-case representative of turbomachinery engineering applications in CFD, whose objec-
tive is twofold. First, we want to illustrate the non-frame-invariant behavior of the componentwise vectorial
approach when using non-linear second-order limiters. And secondly, we want to illustrate that when using
rotationally periodic boundary conditions, which is classical in such applications, this non-frame-invariant
feature can turn into a conservation issue. The vectorial approach proposed in this paper is shown to be
frame-invariant and therefore naturally avoids the conservation issue.

The case we consider is very simplified in order to focus on the point we want to make, so it does not
represent any real engineering application. The 3D geometry is represented in figure 18 with the boundary
conditions and the associated structured mesh, made up with approximately 4,000 cells and 12,000 faces.
It consists of a cavity rotating with an angular velocity w = 50 rad/s around the x-axis, initially filled with
air at rest under atmospheric conditions. The air injected through the inlet with a velocity of 300 m/s
(normal to the boundary) is then driven into a rotational motion due to the rotating reference frame, so
that it crosses the periodic boundaries before exhausting through the outlet. The rotational periodicity
is defined by the x-axis and a 28°angle, while the other boundary conditions are adiabatic walls. Time
integration is performed with a RK2 scheme and a time step driven by a maximum CFL value of 0.4, for a
total computation time of 2 ms.

In order to assess the frame invariance of these different methods, we will also consider an alternative
geometry with a different orientation in space. It is obtained by applying to the first geometry represented
in figure 18 a 90°rotation around the axis passing through the origin and whose direction is given by the
vector (1,1,1). In what follows, INT will refer to the initial geometry represented in figure 18, while ROT
will refer to the rotated geometry. In order to provide a quantitative assessment of the frame invariance,
any integral quantity based on the velocity vector field can be used. We choose the volume integral of the
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enstrophy, defined as:

&) = 5 [ eIV x V.0 (77)

where p(x,t) and V(x,t) are the fluid density and velocity vector at a given point x at time ¢, and with
V x the rotational operator. For each vectorial reconstruction method, we plot in figure 19 the enstrophy
evolution over time obtained on both the initial and rotated geometries. It is clear that for the componentwise
second-order method, the enstrophy plots are gradually diverging. This is a direct consequence of the method
being not frame-invariant due to the non-linearity of the scalar limiter used for each component. On the
other hand, all the other methods are indeed frame-invariant.

Now we want to highlight the fact that the non-invariance issue may turn into a conservation issue
when dealing with rotationally periodic boundary conditions. Indeed, in such cases the fluxes through the
periodic boundaries are computed twice, once for each boundary. And for the simulation to be conservative,
we need that the numerical flux computed through one boundary be the exact opposite of the flux computed
through the other boundary. To achieve this, an exchange of information is required (potentially through
MPI communications for instance) so that each boundary knows the ”left” and ”right” velocity vectors to be
used in the Riemann solver. More specifically, the usual procedure for that in a cell-centered finite volume
code is as follows: exchange the physical quantities (including the velocity vectors V; and V) at the cell
centers adjacent to the boundary faces, apply the rotation to vectors to account for the periodicity, perform
the MUSCL interpolations of the variables (including the velocity vectors V;; and V;), and finally compute
the numerical flux. If the MUSCL interpolation of vectors is not frame-independent, then in the general
case we won't have the equality of the scalar product V;; - n;;, which directly implies that we cannot have
the conservation of the flux. To illustrate this issue, figure 20 shows the temporal evolution of the energy
flux integrated over the surface area of both periodic boundaries, as well as their sum, for all the considered
methods on the initial geometry. Once again, only the second-order componentwise method is found to be
non frame-invariant and therefore not conservative through the periodic boundaries. The conservation error
fluctuates throughout the computation but can rise up to the same order of magnitude as the value of the
flux itself. For all the other methods, the conservation error is almost zero (of the order of machine epsilon).

To conclude, let us mention that it remains sometimes possible to apply a patch to correct the compo-
nentwise approach. Indeed, degenerating to first-order or using a linear second-order scheme will enforce
the flux conservation at the periodic boundaries, but then at the expense of a potential loss of accuracy or
robustness. Sometimes it is also possible to apply specific exchanges through rotationnally periodic bound-
aries. If we take the vectors V;; and Vj; interpolated on one boundary and send them to override the
ones interpolated on the other boundary (choosing arbritarily one boundary over the other), then we force
the conservation (but not the frame-independence). However this kind of patch is not always possible to
implement in a code. It depends on its architecture, and more specifically whether it is possible or not to
perform MPI communications between MUSCL reconstructions and the flux calculation. In such a case, the
only way to solve the problem properly is to have a real, frame-independent vectorial interpolation method,
like the one proposed in this paper.

4.8. Taylor-Green vortex

Let us now consider the case of the Taylor-Green vortex [50]. This is a classical test-case in the CFD
community to assess the accuracy and performance of high-order methods. It has been considered for
instance in all the editions of the International Workshop on High-Order CED Methods [51, 52]. It consists
of the direct numerical simulation of a viscous flow within a periodic cube of size Q = [—7L, 7TL]3, with L =
1 x 1073 m. The initial solution of velocity and pressure is given by:

u = Vj sin (%) cOS E%) cos Ezg

- _ T gin (¥ Z
Z} - VOCOS(L)sm L)cos 7 ’ (78)
po= o+ 2 [eos (3) +cos ()] [eos (%) + 2]
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Figure 20: Total energy flux through the periodic boundaries over time (initial geometry) for the different methods.

with po = 1 x 10° Pa, pp = 1.1626kgm 3 and V; = 34.7ms~'. The physical properties are similar to those
described in [51], and correspond to a temperature Tp = 300K, a Reynolds number Re = 1600, a Mach
number My = 0.1 and a Prandtl number Pr = 0.71. This flow then transitions to turbulence, with the
creation of small scales, followed by a decay phase similar to decaying homogeneous turbulence (yet here
non isotropic), as shown in figure 21.
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Figure 21: Z-vorticity field obtained with the VLKS method on the mesh 2562, at times £ = 0 on the left (two iso-surfaces)
and ¢ = 8 on the right.

The objective here is to focus on the accuracy of the vectorial reconstruction. As the initial velocity field
is smooth (no shock or strong shear layer involved), this means that linear second-order reconstructions for
the velocity are likely to show a good stability and therefore be more accurate than any limited second-order
method. However, since in real more complicated cases, limited reconstruction methods are necessary to
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avoid unphysical oscillations, it is interesting to compare them in terms of accuracy on such an academic test-
case. The aim is to highlight and quantify the loss of accuracy with componentwise vectorial reconstructions,
compared with the VLK reconstruction introduced in section 3. As we face here a low Mach number flow,
a modified version of the HLLC approximate Riemann solver is used in order to reduce the numerical
dissipation in the low-Mach regime (see [53] for more details). We also consider three different cartesian
grids of increasing refinement, namely with 642, 1282 and 2567 cells.

The results obtained with the different methods on each grid are presented in figure 22 in terms of the
temporal evolution of the integrated kinetic energy Fj, the kinetic energy dissipation rate ¢ = —% and
the integrated enstrophy £. These quantities are also non-dimensionnalized as follows:

— E dEy dEy L - L\?
Ly = k27 b = u 3 =&\ 5 (79)
poVs de dt poVg Vo
and plotted against a non-dimensionnalized time ¢ = ti, where t. = VLO is the convective time. This way

they can be compared with reference data obtained with a spectral code. The CPU costs of each simulation
are also indicated in table 3 for reference. All simulations were performed on a cluster equipped with 48-core
Cascade Lake nodes, respectively using 144, 960 and 2448 cores for grids 643, 1282 and 2563. The increase in
CPU cost with the VLKS method over a CPC method is very decent, ranging from 1% up to 9% depending
on the grid refinement. With an optimized implementation, the effective cost of the VLKS method may
indeed vary with the mesh resolution. With finer grids, the discrete solution is smoother overall, which
means that there are fewer reconstructions that do require the full execution of the algorithm (i.e including
the computation of £, or x5 to enforce the monotonicity).
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Figure 22: Temporal evolution of the integrated kinetic energy (left), kinetic energy dissipation rate (middle) and enstrophy
(right), obtained with the different vectorial reconstruction methods on grids 643 (dashed lines), 1283 (dotted lines) and 2563
(solid lines).

CW | VLKS | NL
mesh 64 56.40 61.66 56.20
mesh 128° 89.83 90.81 87.19
mesh 256° 83.72 86.08 83.56

Table 3: Taylor-Green vortex: CPU cost (us/iteration/mesh cell).

The results shown in figure 22 demonstrate the gain of accuracy with the new VLKS method over a
componentwise method. Indeed, the VLKS results are significantly closer to that obtained with the linear
second-order scheme than they are to the results obtained with the componentwise method. This is especially
noticeable during the time range of maximum decrease of the kinetic energy, i.e roughly between t = 7 and
t = 12. Of course, the gain is not comparable with a switch to high-order methods, but it is still far from
being negligible.
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4.4. Advection of a 2D vortex

Let us now consider the advection of a vortex by an inviscid flow within a 2D periodic domain Q =
[—L, L]z, with L = 1 x 1072 m. This case is described by the 2D compressible Euler equations for an ideal
gas (v = 1.4 and physical properties similar to that of air under standard conditions). The initial solution
is uniform in temperature with Ty = 300 K, while Gaussian velocity and pressure fields are prescribed:

u = uo—ch e_(5>2
o
Vo +‘/c£ e_( )2 . (80)
o s
Do (1 — aoef(;) )

Here ug = 50ms™—!, vg = 20ms~! and py = 1 x 10° Pa are the velocity components and pressure far from
the vortex, V. = £ is the characteristic velocity of the vortex, with € = 5 x 103 m? s~ ! its intensity and o =

1 x 1073 m the standard deviation of the Gaussian. Moreover, r = /22 + 2 is the radius from the origin,

als

v

b

1 1

2
ag = % (CKT"‘) stands for the maximum relative depression inside the vortex, corresponding to a maximum

absolute depression of Py — Ppin = aPy ~ 14.04Pa, while ¢y = M%To is the isothermal speed of sound,

with R the ideal gas constant and W ~ 28.01 gmol ™' the molar weight of air.

Asin the previous test-case, the focus here is on the accuracy of the vectorial reconstruction and its impact
on the quality of the solution. We use an unstructured mesh made up with approximately 26,000 triangular
cells, which leads to an effective time step At ~ 3 x 107 s throughout the computation (corresponding to
CFL = 2 with the SSPRK(10,4) method). Figure 23 shows the pressure field obtained with the different
methods at time ¢ = 2ms, i.e after one full revolution of the vortex (5 and 2 revolutions in the = and y
directions respectively), such that the exact solution at that time is given by the initial solution. The CPU
cost of each method is also indicated in table 4. We can notice that the solution obtained with the CW
method is polluted with first-order dispersive errors of acoustic nature, due to the false detection of extrema
in the velocity components inherent to this approach. On the other hand, the solution obtained with the
VLKS method is very close to the solution obtained with a linear (non-limited) second-order cheme for the
velocity, which is here the closest to the exact solution. These results show that the new VLKS method
entails a significant improvement in the description of acoustics over a classical componentwise approach.
This is an important feature for the simulation of acoustics in real industrical applications, when non linear
phenomena are also involved, requiring the use of limited reconstructions for stability. Now we have yet to
assess the robustness of the VLKS method on such challenging cases that do require limiting the velocity
reconstruction, and this is the purpose of the next section.
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Figure 23: 3D view of the pressure field in the x-y plane for the 2D vortex advection case (pressure is shown on the z-axis) at
time ¢ = 2ms. From left to right: CW, VLKS, NL and exact solution.
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CW | VLKS | NL
3048 | 3000 | 27.33

Table 4: Advection of a 2D vortex: CPU cost (ns/iteration/mesh cell).

4.5. Liquid implosion (multi-dimensional shock tube)

In order to assess the robustness of the vectorial reconstruction methods, we finally consider a liquid
implosion test case which can be seen as a multi-dimensional generalization of a classical 1D shock tube,
as described for example in [54]. The 2D computational domain is a square of size Q = [~1,1]? with solid
walls as boundary conditions. A cartesian grid made up with 200 x 200 cells is projected on the domain,
which is then rotated of an angle § = 7/4 so that the mesh is not aligned with the reference frame (see
figure 24). We consider the compressible barotropic Euler equations for a single-species fluid made up with
liquid water. The radially symmetrical initial solution, represented in figure 24, is given by (in SI units):

p = 1000 p = 1499.95
ifr<06then { p = 10° ifr>0.6then { p = 10° , (81)
v = 0 v = 0

with r = /22 + 92 the radial coordinate and v, the radial velocity. The following barotropic equation of
state is used to close the system:

p=po+cg(p—po), (82)

where ¢y = (ngo)_l/ % is the constant sound speed of the liquid and By = 5 x 10710 is the isothermal
compressibility at the reference state py = 1000, py = 10°.

P
1E+10

I 1E+09
1E+08
1E+07
1E+06
100000
10000
1000

N

Figure 24: Pressure field for the liquid implosion test-case at t = 0 with the white line used to extract 1D profiles. On the
right-hand-side: zoom on the 200 x 200 cartesian grid rotated with respect to the reference frame.

As explained in [54], the solution of the 2D problem can be obtained by solving the 1D Euler equations in
radial coordinates, as long as the expansion and shock waves do not reach the boundaries of the square box,
which breaks the radial symmetry. Therefore we set the computation time to ¢; = 100 ps, early enough for
the radial symmetry to still hold. This way we can extract 1D profiles at this time for the pressure, density
and radial velocity and compare it with the exact solution, which can be obtained by solving numerically
the 1D Euler equations in radial coordinates with a very fine mesh. A second-order explicit RK2 method is
used here with a constant time step At = 2 x 107 %s.

It appears from figures 25 and 26 that with the non-limited approach, the lack of monotonicity of the
velocity reconstruction entails strong undershoots and overshoots on the pressure, which can even lead to
a failure of the computation for a negative pressure. When using either the componentwise or the VLKS
method, the solution is completely free of these undershoots and overshoots on the pressure when the most
diffusive limiter (Minmod) is used. When using a less diffusive limiter such as the Monotonized Central,
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Figure 25: Comparison of several vectorial reconstruction methods for the liquid implosion test-case. Pressure, density and

velocity profiles along the line of interest (0.3 < z < 0.8, y = 0) at the final time ¢t = 100 ps.
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Figure 26: Minimum (first row) and maximum (second row) values over time of pressure,
vectorial reconstruction methods on the liquid implosion test-case.

density and radial velocity for several

both the componentwise and the VLKS methods exhibit some overshoots and undershoots on the pressure,
although they are much weaker than with the linear reconstruction. This indicates that for such CFD cases,
involving very strong discontinuities, with shocks and stiff equations of state, it may be necessary to use
limiter functions that prioritize robustness over accuracy, such as Minmod rather than Monotonized Central
(whether in scalar or vector form). The important conclusion is that, when using limiter functions with
equivalent accuracy properties, the new VLKS method seems to exhibit similar robustness properties than
the classical scalar componentwise approach, even on such a challenging test-case for robustness, for which
a linear velocity reconstruction basically fails.

5. Conclusion

In this paper, we dealt with the reconstruction of vectorial variables in the context of finite volume
multislope MUSCL methods. Until now this kind of variables were usually reconstructed unsing a compo-
nentwise (CW) framework, in which each vector component is treated as a scalar variable. This approach
had some drawbacks since it was known to be frame-dependent and potentially leading to a loss of accuracy
due to false detection of extrema. To address these issues, we first introduced in this paper an alternative
formulation for the scalar case. This enabled us afterwards to introduce a new reconstruction procedure
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for vectorial variables, the Vectorial Limited Kappa Scheme (VLKS) together with three Vectorial Limited
Kappa (VLK) functions, namely Monotonized Central (MC), Minmod and Superbee, each one derived from
their scalar counterparts. Each of these VLK functions has been tested on several numerical test-cases to
assess different aspects of the limiting procedure. From these results, it comes out that the VLKS method
exhibits the best behavior in terms of accuracy and robustness, while being frame-independant and with a
very limited extra CPU cost compared to CW methods (not higher than 5 % on real CFD cases). More pre-
cisely, the VLKS-MC method shows a precision quite similar to a second-order linear (non-limited) method
when smooth velocity gradients are involved, while exhibiting a robustness similar to CW methods for steep
velocity gradients that can make non-limited methods unstable. This procedure is also quite simple to
implement in a CFD code that already uses a second-order MUSCL framework, therefore we believe that it
is a promising alternative to componentwise limiting functions in such codes.

Regarding perspectives, it would be interesting to perform additional numerical tests and benchmarks in
order to provide a thorough assessment of vectorial reconstruction methods. One example would be a linear
case with a vector field transported by a velocity field that is not divergence free, in order to see how the
method handles the creation of physically admissible new extrema. Other interesting tests would be classical
CFD benchmarks where the accuracy and robustness of the velocity reconstruction plays an important role,
including for instance shock and rarefaction waves, or viscous and boundary layer effects. From a theoretical
point of view, future work could be devoted to develop a vectorial reconstruction method for which one can
prove the maximum principle on the vectorial advection equation (in the sense of the convex hull condition
(37)), while still being frame-independant and providing optimal second-order accuracy.
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Appendix A. Illustration of the frame-dependence of componentwise vectorial reconstructions

The issue with componentwise vectorial reconstructions, described in section 2.4, is illustrated here with
an example. Let us consider three square cells K7, K5, K3 in a 2D cartesian mesh with a lenght equal to 1
(see Figure A.27), in which three vectors are defined using the basis B = {e;, e, }:

Vlz((l)), V2:<1>, V3:<g>. (A1)

The reconstruction Va5 on the face delimiting K, and K3 is computed with a componentwise approach,
with the following slopes and their ratio:

p: = —17 p; = 17 Ty = —1, p;— = 1’ p; = O’ Ty = 0. (AQ)

As the slope limiting function vanishes when the slope ratio » < 0, then the reconstruction degenerates to
first-order for both components, which gives

. +
Vo, + p(ra)py 1
Voti2 = ( . . =V, = < 1 > . (A.3)

+
V2,y + @(T;)py

Let us now consider the basis B, obtained by a rotation of an angle m/3 of the basis B, that is with a
rotation matrix R_z that reads:

_ ( cos (:3?;) Sin(? ) (A4)

In this new basis, vectors are thus determined by V/} = R_zV, for i =1,2,3, which gives:

vg:<§§), v;:(fﬁ), vg;(\f), (A5)

I V3
2 2
as well as:
p/+:\/§71 p/7:1 r = ! l)/+21+\/§ plfz—ﬁ r = \/?j (A6)
v 2 v o 3o Y 2 27 Y 143 '

Thus we have a first-order reconstruction for the y component as r;, < 0, but a second-order reconstruction
for the x component as 7/, > 0. More precisely, we get:

V! Lo(r! V!t V3-1 ( 1 )
24172 = ( 2’”32%)&* >V/2+< TPV ) = Vit e, (A7)
2

Vo + 20(ry)py

with p/, > 0 for any limiting function ¢ satisfying (14). Theoretically, a frame-invariant method should give
identical reconstructed vectors whatever basis chosen, so we should have:

/2+1/2 =R_z2Vaq)s. (A.8)
This is not the case in the present example, as we have:
b1 =Votpe, =R _zVotpie, =R _zVoy+pe, #ZR z Vo) (A.9)

This illustrates the frame-dependence of the componentwise reconstruction.
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Figure A.27: Illustration of the frame-dependence of componentwise vectorial reconstructions.

Appendix B. Proofs of section 2.4

As already mentioned in section 2.4, let us begin by noticing that, whether the vectorial quantities to be
reconstructed are initially defined in a 2D or 3D space, the reconstruction procedure can always be tackled
in the 2D plane generated by the slope vectors p;; and pjj So in any case it is possible to work with 2D
slope vectors p;; and p;rj, which are potentially a projection in this plane. By extension, it is also possible
to consider 3D vectors with two components in this plane and a third vanishing component, which will be
useful for the proofs below. For the sake of conciseness, we also drop below the indices ¢j for the slopes.

Theorem 1. If slopes are colinear, then we have the only totally frame-independent componentwise recon-
struction.

Proof. As slopes are colinear, there exists a scalar o such that p~ = ap™, so any component k is re-
constructed with a limiter function ¢(p; /py) = ¢(a). And since « is frame-invariant, the slope limiting
function, as well as the reconstruction, are also frame-invariant. O

Theorem 2. If slopes are noncolinear and p* - p~ > 0, then for any basis, there is always at least one
component reconstructed at second-order accuracy.

Proof. If we develop the scalar product, we get 2221 pzp,;. For this sum to be positive, we need to have at
least one product p‘k"p,: positive, which means that at least one component has a ratio rp > 0 and therefore
a non-vanishing limiter. O

Theorem 3. If slopes are noncolinear and p*-p~ > 0, then there exists at least one basis in which at least
one component is first-order accurate.

Proof. Let us consider for example the 3D basis B = {e1, e3, e3} with:

pT+p- Pt AP~ S RAL

e1:7_7 62:7_, 93:7, (Bl)
[Pt +p~| [pt Ap~|| le1 A ez

such that the second component of the slopes vanishes in this basis. Then we get for the third component

of the slopes:
It IPlpT I — (pt - p)?

B+ _ - _ —\B
p3)” =P -e3 =-p -es=—(p3)", B.2
( 3 ”el N e2H ( 3 ) ( )
which means that r3 = —1 for the slopes ratio and therefore the limiter vanishes. Thus, a componentwise
reconstruction will have at least one component reconstructed at first-order in this basis. O

Theorem 4. If slopes are noncolinear and p™ - p~ > 0, then there exists at least one basis in which all
components are second-order accurate.
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Proof. Let us consider for example the basis B = {e;, es, e3} with

o= P " PAP
lp~ —ept|’ lp*t Ap=|’
(B.3)
0y = C1he2 _ T IPpT +elptIPp” — (pT - pT)(p” + ep™)
lex Aes|| Ip~ —ep*lp* AP ’

and € a positive scalar. The second component of the slopes vanishing in this basis, let us compute the first
and third components of both slopes. For the first component we get

+.p7) — ellp 2 “112 — e(pt - D
p+~e1:(p p_) LILP I p_.elz\lp | - (p+p ) (B.A)
[p~ —ep™| [p~ —ept|
For any € such that
—2 + -
0<e§min(|f I~ p +p2>, (B.5)
pt-p [Pt

oo then the first component of both slopes is positive, so is their ratio, and therefore the first component is
reconstructed with a second-order accuracy. Now for the third component, we have
b oy = IR IFIPTI* — (T p7)?
[P~ —ep*|lpt Ap~|

Hence we get r3 = € for the slope ratio, the limiting function is non-vanishing, and the third component is
also reconstructed with a second-order accuracy. O

— e(p" -es). (B.6)

Theorem 5. If slopes are noncolinear and p* - p~ < 0, then for any basis, there is always at least one
as  component reconstructed at first-order accuracy.

Proof. For the scalar product Zizl pr,; to be negative, we need to have at least one product p;p;
negative. The limiting function therefore vanishes for this component, which leads to a first-order accurate
reconstruction. U

Theorem 6. If slopes are noncolinear and p*-p~ < 0, then there exists at least one basis in which at least
w0 one component is second-order accurate.

Proof. Let us consider for example the basis B = {e;, €2, e3} with:
P —p~ Pr AP~ e Aey
= , €2= , €3 = 3
[t —p~| [Pt Ap~| ler A eq

such that the second component of the slopes vanishes in this basis. Then we get for the third component
of the slopes:

ex (B.7)

+ . 5= +12(p- 112
_ P P )—|P 1%
0 0 - GO B3)
[p* —p~llllp* Ap~|l
which means that r3 = 1 for the slopes ratio, the limiter returns ¢(1) = 1 and therefore the reconstruction
o5 is second-order accurate for this component. O

Theorem 7. If slopes are noncolinear and p™ - p~ < 0, then there exists at least one basis in which all
components are first-order accurate.

Proof. Let us consider for example the basis B = {e1, es, e3} with

o P et pTAPT
Ip~ +ept|’ [p* Ap~’

(B.9)
eshe;  (pt-p)(ept —p )+ p |Pp" —€llpt|*p”

" Jler Aeaf| [p~ —ep™|[[p*t Ap|
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and € a positive scalar. The second component of the slopes vanishing in this basis, let us compute the first
and third components of both slopes. For the first component we get

+ .- +112 —12 + .5
pt e = (p P )+ellrp | Cp e = Pl _+6(p+ P) (B.10)
[p~ +ept|| [p~ + ept||
For any € such that
: Ip~|I? p*~p) ( Ip~|I? p*~p>
0<e<min | — — , Oor €>max| — — >0 B.11
<min (P P bt o2 ) (31

then the first components of both slopes p™ and p~ have opposite signs. Their ratio is therefore negative
and the first component is reconstructed with a first-order accuracy. Then we get for the third component
of the slopes:

+|2

SN O D 0 it -0 1 3 —e(p* - ey). (B.12)

p -e3=c¢ — —
[P~ —ep*|llpT Ap~|
Hence the slope ratio 73 is negative, the limiting function vanishes, and the third component is also recon-
structed with a first-order accuracy. O

Theorem 8. If slopes are noncolinear and p* -p~ = 0, then for all orthonormal basis By with at least one
component colinear with one of the vectorial slopes, all components will be reconstructed with a first-order
accuracy.

Proof. Let say that p™ is colinear with the component e; of By = {e;, ez, e3}. Then the components of p*
corresponding to ey and es vanish, leading to a first-order reconstruction for these two components. When
the other slope p~ is projected on ej, then we get 0 for this slope on this component, leading to a first-order
accurate reconstruction too. O

Theorem 9. If slopes are noncolinear and pT - p~ = 0, for any basis different from By as defined in
the precedent theorem, there is always one component reconstructed with a second-order accuracy and one
component reconstructed with a first-order accuracy.

Proof. We prove it by contradiction. Let us suppose that there exists a basis B = {e], e}, €4} such that all
components are reconstructed with a second order accuracy, that is to say

Vvie{1,2,3}, <p'-el><p -e >>0. (B.13)

Then there is a contradiction with the fact that the scalar product has to be zero, as we have :
3
pTp =) <p'-ef><p -ef>=0. (B.14)
i=1

Hence, there is always at least one component nonpositive, and it is impossible to get all components recon-
structed with a second-order accuracy. Let us say now that there is an orthonormal basis B = {e}, e}, €5},
different from By as defined in the previous theorem, and such that the slope ratio is nonpositive for all
components. Then, the scalar product in this basis writes:

3
p+-p_zz<p+-e§><p_~e;>. (B.15)
i=1

As this scalar product is zero, and because the slope ratio in this basis is nonpositive for each component,
it follows:
Vie{1,2,3}, <pt-el>=0 or <p -e >=0. (B.16)

(2
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As the basis B is orthonormal, we can’t have a situation such that all components are zero for the same
slope, so there exists at least one component €, and one component e;- such that

e;-p" =0, and e -p =0 (B.17)

As €] is orthogonal with p*, it belongs to the plane spanned by the basis {p~,p™ A p~}. So there exists
two scalar o and 3 such that :
el=ap +8p" AP . (B.18)

With similar ideas, there exists & and B such that :
ef =ap* + Bpt Ap. (B.19)
As these two vectors are orthonormal, their scalar product has to be zero:
e e = BBpt Ap~ =0, (B.20)

meaning that 5 = 0 or B = 0. However, it means that at least one of the component of the basis B is
colinear with one of the two slopes, wich is a contradiction with its definition. Hence, there is no basis
different from By as defined in the previous theorem such that all components are reconstructed with a
first-order accuracy. O

Appendix C. Limiter function formalism for vectorial reconstructions

Appendiz C.1. Introducing vectorial limiter functions as complexr numbers

As explained in section 3.2, the effective slope p;; is a convex combination of the forward and backward
slopes pj'j and p;; (see relation (40)). Except in the trivial case of colinear slopes, this implies that p;;
belongs to P;; = P(p;-;, pi_j)7 the 2-dimensional plane generated by the slope vectors, wether V; is defined in
a 2- or 3-dimensional space. It is thus possible to identify this 2-dimensional plane with the complex plane.
To do this, we introduce the function F' which associates a vector V in the plane P;; with its corresponding

point of affix V in the complex plane:
F:VepP;—VeC. (C.1)

Hence, if we introduce
pij = F(piy), Dby =F(p}), b;; = F(py), (C.2)
it is possible to write the effective slope in its complex form:

~ 1+I£7;j~+ 1fl£ij~_
Dij = D) Pi; 9 pi; =

D1y ®ij» (C.3)

with B
~ ~ i~ 1-’-/{1 1—/{7;'~7 - p;
Pij = P(Ti5) = 5 2+ 5 jnj, T = T_i (C.4)
(%]

Hence the slopes ratio does have a definition in the vectorial case. It is the complex number 7;; that
describes the similarity transformation between the complex slopes ﬁ; and p;;. In the same way, ¢;; defines

the similarity transformation between ﬁj; and the effective slope p;;. This is illustrated in figure C.28 with

]’5;; placed on the real axis of the complex plane by convention. We also introduce the following notations
to stand for the modulus and argument of r;; and @;; :

D5 |Pijl 5 bij
39

izl ;5 0ij

e 1>

arg () C5
arg(piz) (€9

> 1>
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Figure C.28: A vectorial limiter function represented in the complex plane.

These complex notations being introduced, it is now possible to translate the bounding of ||[V;; — V|
described by (44) as a bounding on |V;; — V;|, and then as a condition on the modulus ®;;:

®;; < 045 min [max(l, R;;), min (U;Rij,n;;)] , (C.6)

i.e a condition similar to the one established for the scalar case (15). From the second-order condition in
(44), it is also possible to define a minimum bound on ®;;, which is actually the modulus ®}" of the
vectorial Minmod limiter (cf relation (C.14) below), exactly as the scalar Minmod limiter represents the
lower bound of ¢ in the scalar case (cf relation (15)). The vectorial ”second-order monotonicity area” is
thus defined in terms of the modulus of the limiter function by

@g‘;”” < ®;; < 05 min [max(1, R;;), min (n;jRij, n:;)] . (C.7)

As it stands, the bounding on ®;; is not yet equivalent to the vectorial ”second-order monotonicity area”
defined in (44), we still have to add some constraint on the argument ¢;;. Actually, since the point V” has
to lie on the line (VZ y ,V+) due to the second-order condition, then ¢;; is geometrically linked to <I>” and we
just need to express this relation. After a few lines of calculation with the areas of triangles (V Vi V+)

ij
Vi, Vio Vi ;) and Vi, Vit Vi j), it comes the following relation (for 0 < ¢;; < 0;; < §):

ij ij 0 =
Rij sin Gij
Rz_y 51n( ij ¢l]) + sin ¢z_]

From this relation, we can now express ¢;; as a function of ®,;, R;; and §;;. Using the relation sin(a — b) =
sinacosb — sinbcosa, we can show that sin¢;; is the solution of a second-order polynomial equation,

describing the intersection of the circle of radius ®;; with the line (V” ,V+). We can also show that its

discriminant is non-negative, and thus we have two real solutions (potentlally equal), reading:

;i (ij, Rij, 0i5) = (C.8)

1-— Rij COS 91‘]‘ + [(q)”L”)z — (le sin Gij)ﬂ 1/2

ingi; = R;jsinb;; ’ C.9
sin ¢;; = R;jsinb;; ‘I’z‘jL?j (C.9)
with L;; given by (52). Finally, solutions for the argument ¢;; are:
. /2
1 — Ryjcosby; + [(®;L:5)% — (Ri~51n9i-)2]1
ij (Pij, Rij, 0i;) = arcsin | R;j sin 0, ’ ’ — : ’
¢ij(®ij, Rij, 0;5) = arcsin ( jsin;; 2,12 (C.10)
0< ¢y <0 < g
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Thus, any complex limiter ¢;; satisfying (C.7) for its modulus ®;;, and whose argument ¢;; is given by
relation (C.10), belongs to the vectorial ”second-order monotonicity area”.

Appendiz C.2. Connection with the VLK formulation

As in the scalar case, there is a strict equivalence between the vectorial limiter formulation and the VLK
formulation introduced in section 3. Indeed, the coefficient ;; can be written as a function of 7;; and @;;,
which reads:

1/2
1+ ®2. — 2, cos ¢ F;
i (Figs @ij) = Kij(Rij, 05, ®ij, di) = 1 — 2 J ) =1-2-Y 11
Kij (Tij, Pij) = Kij(Rij, 0ij, Pij, di) <1+Ri2j_2RijCOS(9ij Ly’ (C.11)
with
V-V & =Py
Fijz\/1+q> — 20 cos ¢y = ” A _ I pj”, (C.12)

”Vij Vil ||pz+j||

representing the length of the segment [V;, V- "] normalised by that of [V, V;] For 0 < ¢; <05 < 5, we
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can also write: ]
28in ¢y

Rz] bln( ij ¢1]) + sin (bzy

These formulas are the vectorial equivalent of relation (22), giving k;; as a function of r;; and ¢;; in the
scalar case.

Kij(Rij, 0ij, ij, ¢ij) = (C.13)

Appendiz C.3. Vectorial limiter functions

According to the framework described above, it is possible to express the VLK functions introduced in
section 3.4 in the form of vectorial (complex) limiter functions. But in general this does not provide a more
practical framework for implementation than VLK functions, because the corresponding formulas for ®;;
and ¢;; can be quite heavy. Let’s still do the exercise here for the vectorial Minmod limiter, whose expression
is quite simple. If we write <pM ™ and @ <p the points in the complex plane which respectively stand for the

vectorial Minmod limiter and the intersection between the altitude from V; and the line (VZ i V ) then we
get:

o if max(a;j, Bi) < &
Min . Min i iy Mij) = 5
ij (’I”v]) max [O mln(ﬁ%vﬁm)] ) (I) ( z]) { mln(l,R”) else ; (014)
where @5 and qﬁg are the modulus and argument of @g , that read:
R;;sinb;,;
@g = %, g = arccosfbg. (C.15)

)

Note that the vectorial Minmod limiter reduces to the scalar Minmod limiter when slopes are colinear and
in the same direction. Indeed, we get in that case max(a;;, 5;;) = 7 and thus CIJ%»”” = min (R;;, 1), which is
the scalar Minmod limiter.

Appendiz C.4. Reducing to the scalar case

Actually, we can show that the whole vectorial framework introduced in this paper reduces to the classical
multislope scalar method when the slopes vectors are colinear. If they are in the same direction, i.e if 6;; = 0
(no local extremum), then we have R;; = r;; > 0 and ¢,;; = 0, as well as:

ng =1+ Rz‘Qj —2R;; = (1 — Rij)* = (1 —145)%, (C.16)
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and:

— P, )22 ,
1= 24) ‘I’“)] — 1ot % (C.17)

s=1-2
" &1—Rm2 1 —7ij

which is the formula (22) established for the scalar case. Now if the triangle (V” Vi, V ) is flat in V” ,

when «;; = 7 and $;; = 0, it comes ||p;|| < ||p;;||, hence r;; < 1 and we get L;; = 1 — r;;. Regarding the
bounding values for &;; derived in section 3.3, it comes:

KR = R2 _ 1 + 2R13771j &) = 2"7’L'_JTIJ _ 1 _ lrij = K (Tw 7)

! Lzzj 1—=rij i3> 1hij
o RZQJ — 1 — ZR”’/];L” . 72?’]1_77‘” —1- Tij

B 2 -

L 1-— Tij
R}, *1+277 Lij ot —1— 1y (C.18)

K,+ _ i v _ ij J _ Ii+(7“" 77-_-)

A L2 1— Tij g i
. R} — 277” Lij _ —2n; — 1 =1y

" L% 1—ry

On the other hand, if the triangle (V” ,V V ) is flat in ‘7;, i.e when «a;; = 0 and B3;; = m, it comes

[Pl > ||p;;||, hence 7;; > 1 and we get L;; = r;; — 1. The bounding values for x;; then read:

o = RhTURRgLy 2y~ 1oy
Lz’j 1— Tij
_ R%] —1- 2Rij77i;Lij 2’/]2-;7}‘]' —1- Tij -~ _
kp = 2 = = Kk (Tijvnij)
, LT (C.19)
,<5+ _ sz_1+2nz]LlJ _ —27’]7;]- —1—7‘Z'j
A ij 1-— ’I“ij
2 7. T 1
wp o= DuioPgle o W mlTm
B L?j 1-— Tij T i

We get back the relations (25) obtained in the scalar case for £~ (riz,7;;) and £* (rijmjj). More precisely
k4 and nz, correspond respectively to £~ and £t when r;; < 1, and x5 and Hg correspond respectively to
x~ and kT when r;; > 1. In the case [|p;;|| = Hp:;||7 i.e when r;; = R;; = 1, then we have L;; = 0 and the
bounding values for k;; are not defined, which means that all reconstructions are equivalent. Finally, if the
slopes P;; and pj'j are colinear but in opposite directions, i.e when 60;; = 7, then we have a local extremum
with 7;; = —R;; < 0. In this case, we get 0;; = 0 and the reconstruction is first-order accurate, exactly like
in the scalar case.
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