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BOUNDEDNESS OF DISCOUNTED TREE SUMS
ELIE AIDEKON, YUEYUN HU, AND ZHAN SHI

ABSTRACT. Let (V(u), uw € T) be a (supercritical) branching random walk and (1, u €
T) be marks on the vertices of the tree, distributed in an i.i.d. fashion. Following Aldous
and Bandyopadhyay [2], for each infinite ray £ of the tree, we associate the discounted
tree sum D(¢) which is the sum of the e~V (*)y, taken along the ray. The paper deals
with the finiteness of sup; D(§). To this end, we study the extreme behaviour of the local
time processes of the paths (V(u), u € €). It answers a question of Nicolas Curien, and
partially solves Open Problem 31 of Aldous and Bandyopadhyay [2]. We also present
several open questions.

1. INTRODUCTION

Let V := {V(u),u € T} be a discrete-time branching random walk on the real line
R, where T is a Ulam-Harris tree which describes the genealogy of the particles and
V(u) € R is the position of the particle u. When a particle u is at n-th generation, we
write |u| = n for n > 0. The branching random walk V' is constructed as follows: initially,
there is a single particle @ located at 0. The particle @ is considered as the root of 7. At
the first generation, the root dies and gives birth to a certain number of children, these
children along with their spatial positions form a point process X on R and constitute
the first generation of the branching random walk {V(u),|u| = 1}. We may identify
N = Z\u|=1 drv(u)}- For the next generations, the process is constructed recursively: for
each |u| = n (if such u exists) with n > 1, the particle u dies in the (n + 1)-th generation
and gives birth to an independent copy of N shifted by V' (u). The collection of all children
of all u together with their positions gives the (n + 1)-th generation. The whole system
may survive forever or die out after some generations.

Define the measure p(dz) := E[RX(dz)]. We assume that pu(R) > 1, so that T is a
supercritical Galton—Watson tree. We denote by S the event of non-extinction of 7, and
P*:=P(- | §). By an infinite ray & of 7, we mean a path £ = {{, = 9,&1, ..., &, ...} such
that for all n > 0, &, is the parent of &, as vertices of 7. Denote by 07 the set of all
infinite rays. In particular 0T # () on the event S. Let

1.1 M = sup e~V (),
1 2

The starting point of this work is the following question: when do we have M < oo, P*-
a.s? This question was raised by Nicolas Curien (personal communication) in relation to
the construction of self-similar Markov trees [6], see in particular the discussion in Section
3.4 there.

Let m, = infj,—, V(u) and ¢(t) = log [ e *u(dz) for ¢ € R. We have M >
sup,sge "". Hence M = oo if liminf, ,,cm, = —oo. This happens P*-a.s. when
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2 ELIE ATDEKON, YUEYUN HU, AND ZHAN SHI

e(t)
t

inft>o@ € (0,00). Actually, as soon as inf;~g

of large numbers ([15, 17, §]): P*-a.s.,

< o0, we have the following law

(1.2) lim — = —%n

Notice that the upper bound

(1.3) M<y e

implies that M < oo a.s. when v > 0. The critical case is therefore v = 0, where the
upper bound (L3)) is not good enough in general. From now on, we suppose that one of
the following assumptions holds:

(H1) There exists ¢t > 0 such that ¢(t) = 0 and we let t* be the minimal such ¢. The
integral [, ze™"" " p(dx) is well-defined and nonzero.

(H2) There exists t* > 0 such that ¢(t*) = 0 and ¢(t) € [0,00] for all ¢ > 0. The
integral [, ze™""p(dx) is well-defined, is equal to 0 and [ z%e ™" p(dz) € (0,00).

In (H1) and (H2), we say that [, ze " “u(dz) is well-defined if at least one of the
quantities [___ o [zle™"“u(dx) or [  xe™"*pu(dz) is finite. Note that o(t*) = 0 yields
that m, — oo, P*-a.s. (see [20, Lemma 3.1]) and v > 0.

Let us discuss the case (HL): if v > 0, then [, ze ""u(dz) > 0. Otherwise, one
necessarily has v = 0. If furthermore fR xve "%y (dx) is negative, resp. positive, then
one necessarily has ¢(t) = oo for all ¢ < t*, resp. for all ¢ > t*. The case (H1) with
Jpre " *pu(dz) > 0 and p((—o0,0)) > 0 will be denoted by (H1’).

In case (H2), one necessarily has v = 0. The case (H2) is called “boundary case” in the
literature, see [I] for the precise asymptotic of m,, and [20] for further references. There
exist cases where v = 0 but neither (H1) nor (H2) holds, for example when p((—00,0)) =0
and ({0}) > 1. In that case v = 0 while there is no ¢ > 0 such that ¢(t) = 0. We refer
to the appendix of the arXiv version of [16] for such discussions.

Theorem 1.1. Under (H1) or (H2), M < oo P*-a.s. Actually,

=p = su 14+ V(N < o0
b 6681;;( V(&)

for all b > 2 under (H1), and for all b > 3 under (H2).

In the case v > 0, Z, < oo for b > 1 by ([L2) and (L3). The fact that there exist
rays such that limsup,,_, V) — o0 implies that =, = oo for b = 1. On the other hand,

according to Jaffuel [I6], under (H2) with some further integrability conditions on i, there
exists an explicit constant ay > 0 such that P*-a.s.

inf limsup Vign) _

= ayp.
§€0T n—oo nl/3

It implies that =, = oo for b = 3 in this case. Finally, the following theorem shows there
are cases under (H1’) where =, = oo for b = 2.

Theorem 1.2. We suppose that (H1’) holds and there exist 1 < a; < ay such that
E[ 3 e VOV @] < oo

ful=1



BOUNDEDNESS OF DISCOUNTED TREE SUMS 3

and for all y > 0 large enough,
PEul=1:V(u < —y)>e Yy o2
We further assume that
E [Sy log, Sy < oo,
where Xy 1= szl e VW and log, x := max(logx,0) for > 0. Then there exists a
constant a; € (0,00) such that P*-a.s.

inf limsup M =a.
£€0T npooo V/mlogn

The issue of the finiteness of M is a particular case of the following problem stated
in Aldous and Bandyopadhyay [2] as Open Problem 31, Section 4.4. It is related to the
recursive distributional equation
(1.4) x4 n -+ \m|a}1< e VWX,
where on the right-hand side, conditionally on (n, V(u), |u| = 1), the r.v. (X, |u| = 1)
are i.i.d. with the law of X. A possible endogenous solution of (IL4]) can be constructed
as follows. Consider a pair (1, X) where n > 0 is a positive r.v. and X is a point process as
above. We do not suppose that n and N are independent. We then construct recursively
the branching random walk as before: for each vertex u at position V' (u), we take an
independent copy of (n,N), call it (n,,8,), so that the children of u are at positions
V(u) + N,. Following [2], we introduce the discounted tree sum

(1.5) D)= e, VEeIT.
n=0
Define
X := sup D(§).

£eoT
Then X is a solution of (I4]). Observe that X = M if n = 1. Theorem 32 of [2] shows
(among other results) that X < oo a.s. when p((—o00,0]) = 0, E[n?] < oo for all p > 1
and (t) < oo for some t > 1. It was left open to study general conditions under which
X < 0o. Again, it is clear from ([L2) that X = oo P*-a.s. if v < 0. Notice that v > 0 no
longer ensures that X < oo a.s. because of the influence of the variable 1. The property
{X < oo} is inherited, namely, {X < 0o} = My =1 {X™ < oo}, where X® is defined as
X but for the branching random walk indexed by the subtree of 7 rooted at u. Therefore
(see [19]) P*(X = ) € {0,1}.
Theorem 1.3. Suppose that
(1.6) ¢ = lim —08P01 > )
T—00 log x

exists and ¢ € (0,00]. Under (H1) or (H2),

(1) if ¢ < t*, then P*(X = o0) = 1.

(i1) if ¢ > t*, then P*(X = o0) = 0.

Remark 1.4. (1) Theorem (i) comes from the fact that sup,cre”" Wy, = oo,
P*-a.s., see Lemmal[f.1. We refer to [4], [13] for much more precise results on this
model, which is called last progeny modified branching random walk there.

(2) Theorem I3 (ii) was proved in [3] when V (u) = clu| for some constant ¢ > 0.
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(3) If OT is equipped with the usual ultra metric, then in the case (i), & — D(&) is
continuous on OT . For more details, see Remark[{.2

The way we address these problems is by looking at the local times of the random walk
along a ray defined as for any £ € 97 and k € Z,

(1.7) Nf = Z Lik<v(gn)<ht1}-

n=0

Theorem [[. 1] is then a consequence of the following result.
Theorem 1.5. We have P*-a.s.

1
lim — sup N{ =0
n—oo Nk ﬁGaT

for all k > 1 under (H1) and all k > 2 under (H2).

We can readily prove Theorem [L.1]

Proof of Theorem[I1l Let b > 0. As mentioned before, lim,,_,o, m,, — oo P*-a.s under our
assumptions. Since Y Ly (e,)zo03(1+ V(€)™ < 3007 (1+n) "N, we may conclude
by Theorem O

To study the critical cases of Theorem [[L5], we will restrict our attention to some integer-
valued right-continuous branching random walks. Recall that (H1") is the assumption (H1)
together with the positivity of [, xze " *u(dz) and p((—o0,0)) > 0.

Theorem 1.6. We suppose that u is supported on Z_ U {1} and
E[ Z e VW=tV < oo,
|ul,|v|=1,u#v

Notice that Ngk defined in ([L2) is now simply equal to >~ 1iv(e,)=k} when k> 0.
(i) Under (H1”),

1 t*
lim — sup N¢' = ———, P*-a.s.,
n—00 N ¢eoT log q
where g € (0,1) is given by (G.3).
(i1) Under (H2), then
1 t*
lim — sup N* = —.  P*as.
S e N =gy Pas.

where 0 is given by (&.4).

It implies that, for such branching random walks,
t*

1
sup limsup — N = — , under (H1’),
€€OT n—ooo N log ¢
and . i}
gseua;; liin_)s;p ﬁNgn =op under (H2).

One can ask the same question for liminf instead of limsup. Theorem suggests that
the renormalisation should be different under its conditions.

Open question 1.
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(i) Under the assumptions of Theorem [LZ is supgcyr liminf, o loinNg‘ € (0,00)7
What is its value?

(ii) Under the assumptions of Theorem (ii), is supgeyr liminf, o #Ng € (0,00)7
What is its value?

Open question 2. In Theorem [[L2] what is the value of a7

Open question 3. Let a > 0. Under the conditions of Theorem (ii), what is the
Hausdorft dimension of the rays £ € 97 such that limsup,,_, #Ng = a? Same question
with liminf instead of lim sup.

The rest of the paper is organized as follows: Section [2] introduces the usual many-to-
one formula. Theorem [[LH, Theorem [L3] Theorem are proved in Section Bl Section
M and Section [ respectively. A common tool in these proofs is the construction of
some suitable optional lines in the sense of [I0] by using the local times of the branching
random walk. The proof of Theorem is given in Section [0] and relies on a certain
inhomogeneous Galton—Watson process, building on the fact that under (H1’) and some
additional assumptions, the minimum of the branching random walk is achieved by a large
drop (see [0]). The Appendix [A] contains some estimates on random walks which are used
in the course of the proof of Theorem

Throughout this paper, ¢, c, ¢”, eventually with some subscripts, denote positive con-
stants whose values may vary from one line to another.

Acknowledgments. We thank Nicolas Curien for introducing us to this question and
explaining the link with self-similar Markov trees.

Shortly before completion of this work, we learnt that Bastien Mallein (personal commu-
nication) proved that M < oo in the case of the branching Brownian motion by a similar
argument, hence solving the question of Nicolas Curien in that case.

2. MANY-TO-ONE FORMULA

Since (1) = 0, My := 37, _, e~V defines a martingale. Foru € T and 0 < k < |ul,
we let u; be the ancestor of u at generation k. In particular uy = &. We recall a very

convenient tool in the study of branching random walks, namely the many-to-one formula,
see [20, Theorem 1.1]:

Fact 2.1 (The many-to-one formula). Under (H1) or (H2), there exists a one-dimensional
random walk (Sk)r>o0 such that So = 0 and for any k > 1 and any measurable function
f:RF 5 R, we have

(2.1) E[ 3 f(V(ul),...,V(uk))] —E [ f(S), . Su)]
|u|=Fk
where the step distribution of S is given by
E[a(S)] =E| 3 e VRV (w)),
|u|=1
for any Borel bounded function h. In particular,

E[S:] = E[ Z e*t*v(“)V(u)} = /Rxet*x,u(dx).

ful=1



6 ELIE ATDEKON, YUEYUN HU, AND ZHAN SHI

For x € R, we write P, for a probability distribution under which the random walk
(Sn)n>o starts at x. Notice that E[S;] # 0 under (H1) whereas E[S;] = 0 under (H2).
Under (H2), (S,)n>0 is a centered random walk with finite variance so that by Lawler and
Limic [I8, Theorem 5.1.7|: there exists some positive constant ¢ such that for any a,b > 0
and = € (—a,b),

b—x+1

(2.2) P, (T(,OO,,G} < T[b,oo)) > Cb NI

with the notation
for any Borel set A.

The many-to-one formula can be extended to optional lines in the sense of [I0], Section
6]. In our applications, an optional line . will be of the form

(2.4) L =&, (£, k) € OT x N such that 7(§) = k}

where 7(€) == inf{k > 0 : (V(&),V(&),...,V(&)) € Ax} and for each k > 0, Ay is a
Borel set of R A consequence of the many-to-one formula is that

(2.5) E#Z] =E[e" " 1{;<o0]

where 7 :=inf{k > 0 : (S, S1,...,Sk) € Ax}. Here and before, we used the convention
that inf ) = co. Finally, consider

(2.6) My =Y eV,
ue?
Its first moment is

(2.7) E[Mgy] = P(1 < 00).
It is a consequence of the many-to-one formula. We will need to compute its second
moment. For real numbers s, ..., Sk, Sgi1, let

(2.8) P(S0y- -y Sk, Skr1) =Pk+1<7<00|Sy=50,...,5% = Sk, Skt1 = Sk+1)
and
(2.9) P(so, ..., Sk) 1= E[ Z e_t*v(”)e_t*v(”)pupv}

|ul,[ol=1,uzv
where p, = p(So, ..., Sk, sk + V(u)), py = p(S0, - .., Sk, Sk + V(v)). With this notation,
71
D e k(S ., Sk)
k=0
Let us prove it. For w € T, we write w < .Z if (V(wp), V(wy),...,V(wg)) ¢ Ay for
all k < |w|. By decomposing (Mg)* =3, o e V@ e=t"V©) with respect to the most
recent common ancestor w of x and y, we get

(Mg)Q _ Z e—Zt*V(w) + Z Z MgﬂMgﬂ

weL w<. % u#v children of w

(2.10) E[(Mg)’] =E e " 1rcoy] +E

with MY =3 . e V@) for any u € T, where .Z* is the set of vertices o descendants
of u which belong to .. By the branching property and (2.7]),

ElY, > MMy YooY W,

w< L uFv children of w w<Z u7#v children of w

=K
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with p, := p(V(up), V(u1),...,V(u)) and the analog for p,. Another use of the branching
property shows that

Z Z e—t*V(u)e—t*V(v)'ﬁu'ﬁv

w< ¥ u#v children of w

E =E | > e VWy(V (w), V(w), ..., V(w))

w<¥

With another use of the many-to-one formula,

E Z €f2t*V(w) =E [eit*s‘rl{r<oo}] )
weL i
7] T—1
E Z e 2 VWV (wp), V(w),..., V(w)| =E Z e "k (So, . Sk)] :
w<.¥ - k=0

It yields (Z.I0).

3. PROOF OF THEOREM

It is enough to prove that P*-a.s. for n large enough,

(3.1) sup N{ < n”
€eaT

for any x > 1 under (H1) and x > 2 under (H2). Fix such a k. Let a > 0 be a small
constant whose value will be determined later. Without loss of generality, we will prove

(B.I) where N/ is rather defined as

Ngn - Z v (g)efan,a(m+1))}-
=0

For any u € T and k € Z, we let
|ul

Ny = Z Liv (up)efana(nr1)]} -
=0
We first prove (B.1) under (H1). We introduce the following set
Ly ={ueT:N;>|[n"], max N, <|[n"]|}

0<k<|ul

which is the optional line of the particles in the branching random walk stopped when
they first visited [n”| times the set [an, a(n + 1)]. It corresponds to ([Z4]) with 7(§) given
by

(3.2) To(§) == inf{k >0 : NJ > [n"]}.

Note that

(3.3) { sup N{' > n“} c {&, # 0}.
£eoT

Equation (2.5) yields that

(3.4) E#%,) =E (" 1 <o01) »

where

(35) Th - — inf {Z Z 0: Z 1{S¢€[an,a(n+1)]} Z Ln“J} .

£=0



8 ELIE ATDEKON, YUEYUN HU, AND ZHAN SHI
We have S, € [an,a(n + 1)] on {7, < co}. If we set X, := >",2 11s,eana(nt1)}, then
(3. P(%, #0) S E[#2] < e B3, > [n]).

Under (H1), the random walk (.S,,),>0 either drifts to +00 a.s. or to —oo a.s. according
to E[S;] > 0 or E[S;] < 0. Suppose for example that S, — oo a.s. In particular
P(S, > 0,¥n > 0) > 0. Choose a > 0 such that P(S; > a) > 0. For any n > 0 and
x € [an,a(n + 1)],

P, (T[an’a(nﬂ)] = oo) >P(S,>a,Vn>1)=:1¢>0

with the notation ([2.3) for Tjun am41y- By the Markov property, for any ¢ > 1, P(X, >
() < (1—¢)*"'. In view of ([B.0), using that £ > 1, we get that Y P(%, # 0) is summable.
The Borel-Cantelli lemma implies that %, = ) for n large enough, and we deduce from
B3) that (3.1 holds. The same reasoning deals with the case S,, — —oc.

It remains to prove (B.1) under (H2). We apply the same arguments using the standard
strategy of introducing a barrier. Recall that under (H2), m, — +oco P*-a.s. Let ¢ > 0.
Now %, = Z,(c) is defined as

= NP> n” N ® i —ct.
Ly ={ueT:Nj=|n J’ogi@ v, < [n J70§,§1Sﬂ1u|v<“k> > —c}

It is of the form ([2.4]) with 7(£) = 7,,(§) of B.2) if ming<j<r, (&) V(&) > —c and 7(§) = oo
otherwise. Using (B.3]) for the definition of 7,,, the many-to-one formula (23]) tells us that

P(Zn 7& (b) S E [#Zn] =K [et*sml{minoéigm Si>—C}] S 6at*(n+1)]P>< min Sz > _C> .

0<i<my

With the notation (Z3]) and .= KTLB“”] L{s,clan,an+1)]}> We get

P(Z, £0) < eat*<n+1>1@<255> > [n J).

We now choose a > 0 small enough such that P(S; < —a) > 0. By (22), there exists
¢1 > 0 such that for any n > 1 and z € [an,a(n + 1)],

&1
]P:v (T(foo,fc] < T[an,a(nJrl)}) > g

This, in view of the Markov property, implies that for any ¢ > 1,

P(SE > ¢) < (1 - %)H.

Hence we get that

P(gn ?é @) < eat*(n+1)€—cl(\_nﬁj—1)n’l.
For any k > 2, the sum over n converges. The Borel-Cantelli lemma yields that almost
surely, for all large n, £, = ), hence supgcyr N§' < n* on the event {inf,c7 V' (u) > —c}.
Since P*-a.s. inf,e7 V(u) > —o0, we conclude by letting ¢ — oo. [J

4. PROOF OF THEOREM
4.1. Proof of Part (i). It is a consequence of the following lemma.
Lemma 4.1. Under the conditions of Theorem[I3 (i), sup e~V Wn, = +oo P*-a.s.

Proof of the lemma. Let b > 0 be small enough such that t* — 2b > ¢(1410b). For a point
process X < R, let 11 := E[R], §(t) := log [ e i(dx). Since ¢(t*) = 0 and p(t) > 0 for
all £ < t*, monotone convergence implies that we can choose R < N such that:

(i) there exists a > 0 such that /I‘E(R) <a as.,
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(ii) the support of N is in (—a,a) as.,
(i) £(0) >0,
(iv) @(s) = 0 for some s € (0,t*) which satisfies s —2b > ((1 + b).

We let (V(u), u € T) be the branching random walk associated to the point process

X, which is contained in the original branching random walk (V(u), u € T), i.e. T C T.
Necessarily @(t*) < 0. Since sp’(s) < 0 = @(s), Biggins’ theorem 1] 1mphes that

E|u\:rﬁ,\ue7\’ eiSV(U)
on {0T # 0}. Let

converges a.s. and in L' to some random variable W which is positive

Li={ueT : V() >k max V(uj) < k}
0<j<|ul
be the set of particles which first cross level k. Notice that for any u € Ek, V(u) € [k, k+al.

Theorem 6.1 in [10] shows that 3 7 e=*V(®) also converges a.s. to W. Since

Z efsV u) < efsk#‘ck’

uEZk
we deduce that a.s. on {ﬁ/\ > 0}, for k large enough,
#Ek > e(s—b)k.
On the other hand, (L)) implies the existence of a constant ¢ > 0 such that for any > 1,
P(n < z) <1—cr ¢ ¢ where € > 0 is such that (1+b)(¢ +¢) = s — 2b. By the branching
property applied to the optional line L,

e(sfb)k bk

<Vu € Ly, nu < 0Tk p > olo- W‘“) (1 — ce”(=720k) <e e,

The right-hand side is summable in k, hence the Borel-Cantelli lemma shows that a.s. on
{W > 0}, for all k large enough one can find u € L, such that 1, > e¢1*?* For such a u,
e VWp, > e kragltbk — pbk=a  Therefore P (supueT eV Wy, = oo) > P (W > O) > 0.

—V(u)

Since {sup,cr e N, = oo} is an inherited property, P*(sup,cre”V®n, = 00) =1. O

4.2. Proof of Part (ii). Suppose now that ¢ > t*. Let r € (t*,() and b € (0, 1) be such
that t* — br < 0. By (ILG), there exists a constant ¢ > 0 such that for all x > 1,

(4.1) Pn>x) <cx™.

By Theorem [L3l (already proved in Section[), there exists x > 0 such that sup; N < [n" ]
for all n large enough. Since

Ze (&n) Ne, < Ze " Z < Ze "N supnul{n<v( )y<n+1}
uEﬁ:nSV(u)<n+1 n=0
it is enough to show that for n large enough, for all u € T,
(42) nul{nSV(u)<n+1} < ebn

For w € T and n > 0, define N} := ZI;Z\O li<v(u)<ns1y. Forn > 0 and k& > 1, we
consider the optional line

Ln(k) :={ueT : max N <k, Nj=k}.

0<j<|ul
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It is the optional line ([Z.4]) associated to 7(§) = inf{¢ > 0 : N{ = k}. The many-to-one
formula (23] implies that E[#L, (k)] < "1, By the branching property and the union
bound, we get that

]P)(Elu c En(k') Xy > 6bn) < et*(n—i—l)]P)(n > 6bn) < Cet*(n—i—l)—brn

by (@I). The sum on the right-hand side over £ < |n”]| and n > 0 is finite. The
Borel-Cantelli lemma implies that for n large enough, 7,1 n<v(w)y<nt1, Np<|ns]y < et for
all w € T a.s. Since sup,s Ny < |n*]| a.s. for n large, we proved ({.2). O

Remark 4.2. Suppose that ( > t*. For £, & € 87, let dor(€,€") = 271871 be the
usual ultra metric, where | N €'| == sup{n > 0 : = &'}, Recall from (LH) that

D(&) =3 e Vien Mg, Since |D(§) — D(E')] < Z " eneen (€7 Ene, + eV EIne ), an
application of [E2) yields that P*-a.s., D(E®) — D(€) for k — oo, if dar(&,€H) — 0.
In other words, P*-a.s., £ — D(&) is continuous on OT .

5. PROOF OF THEOREM

Recall that (S, n > 0) is associated to the branching random walk through ([ZI]). From
the assumptions on p, (S,, n > 0) is integer-valued and P(S; > 2) = 0. We introduce the
local times

(5.1) b= L(s,—0)
j=0

and the inverse local times defined by oy := 0 and for j > 1

(5.2) o; =1inf{k > 0,1 : S, = 0}

with the convention that inf () = co. In the case (i) (namely under (H1’)), E[S;] > 0 and
P(S; < 0) > 0. We let

(5.3) q:=P(oy < 00) €(0,1).

In the case (ii) (namely under (H2)), the random walk (S,,, n > 0) is centered with finite
variance and by Lemma [A2] there exists some 6 > 0 such that

(5.4) q(n) == IP’( min 5; < —n) ~ %, n — oo.

0<i<o1

Recall that the minimum of the branching random walk goes to co, P*-a.s. in both
cases. Notice that the sets {u € T : V(u) = k, maxo<;<jy V (u;) < k} indexed by k& > 0
form a Galton—Watson process. According to (Z1), its mean offspring is e!". In particular,
the line {u € 7 : V(u) = n, maxo<j<py V(u;) < n} has size e’ ") as n — co P*-a.s.
By considering the descendants of these particles, we see that in order to prove that
Supgeyr Vg < dn as n — o0, it is enough to show that there exists ¢4 > 0 such that for n
large enough

(5.5) P(N, > dn) < e~ "'m7ean

where N, := supgcor Ng. Indeed, it would be a consequence of the Borel-Cantelli lemma.
Similarly, to prove that supgcyr N > dn as n — oo, it is enough to show that there
exists €/, > 0 such that for n large enough

5.6 P(N, > dn) > e-tmim,
For u € T and k > 0, we let N¥ := Z 0 L{v(u)=k}-
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5.1. Proof of Theorem (i). Let d > —10 -2~ We want to prove (B.5). For notational
brevity, we treat dn as an integer. We consider the optional line

Ly ={ueT:N’>dn, max N) <dn}

T0<j<lul "

which is the set of particles stopped when their local time at level 0 exceeds dn. It is of
the form (24) with 7(£) given by

(5.7) Ogn (&) :=inf{k >0 : Ngk > dn}.
The many-to-one formula (Z3]) implies that
E#2,] =P (04n < 00) = ¢

with the notation (5.2). Then (5.5) follows from P(N, > dn) <P(Z, £ 0) <E[#2,].
We turn to the lower bound. Let d € (0, —==—). We want to prove (5.6). Take K > 1

large enough such that e ¢ > 1 where

log q

gk = P(o; < o0, mln Sy > —K).

<n<oi

We let
LK) ={u€eT:N}>dn, max NJ <dn, min V(u;) >

T0<j<lul " 0<j<[ul

so that if .Z,(K) is nonempty then N, > dn. Using the notation (B.7), -Z,(K) is of the
form 2.4)) with 7(§) = 04n (&) if ming<j<o,, ) V(&) > —K, and 7(§) = oo otherwise. We

introduce
an(K) = Z etV
weZn(K)

—K}

We have by (2.7)
(5.8) E[Mg, k)] = P(1 < 00) = P(0gy, < 00, 0<m1n S; > —K)=q»
.] Odn

where now 7 = 0y, if ming<j<,, S; > —K, and 7 = oo otherwise. Recall the notation

(S0, -+ Sky1) and ¥(so, ..., sx) in (Z8) and (29), which read in our setting

P50,y 8k, Skp1) = P(7 <00 | So = s0,..., Sk = Sk, Sky1 = Skt1)
=P(og, < o0, Omln S; > —K | Sy=5S0,..,S = Sk, Skt1 = Sk+1)
<j<oan
and

U(s0, -, 8k) = E[ Y eVt )pupv}

Jul,Jo|=Luzv

where p, = p(So, ..., Sk, sk + V(u)), p» = p(S0, - - -, Sk, Sk + V(v)). The second moment of
Mg, k) is given by (2ZI0), i.e.

(5.9) E[(Mg, )] = E e 1rco)] +E

7—1
e —t* Skw k)] )
k=0

Notice that

Y(Sos - Sk)Lk<ry = ¥(S0, -+ -5 Sk) L{k<og,, ming< <1, S;>—K}-
Indeed, p(so, ..., sk41) = P(k+1 <7 < 00| Sy = S0, .-+, Spg1 = Sikt1) = 1{0dn2k+1}P<adn <
oo,minogjgadn Sj > —K‘SO = S0, - - .,Sk+1 = 8k+1). Therefore "Lp(So,,Sk) = 0 on
{oan <k} U {ming<;<; S; < —K}, and the above equality follows.
In B.9),

E[e" Lircoy] = P(T < 00) = gi"
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by (5.8). The last term of of (5.9) is

Tgn—1
(5.10) E Z e_t*sk@/)(so’ ey Sk)l{minogjgk SJZK}] .
k=0
We bound p(s, . . ., Sk, Sk+1) for so, ..., s such that £ := Z?:o 1(s,—0y < dnand ming<j<p 5; >

— K. By the strong Markov property at the first hitting time of 0 after time £+ 1, we see
that p(So, - -, Sk, Skr1) < ¢4 ¢ Hence 9(sg, ..., 8) < c’q%dn*z) with

c/:E[ Z eft*V(u)eft*V(v)]
|ul,|v|=1,u#v

Therefore the expectation in (B.I0) is less than

Tan—1
! 2dn —t*Sy —20
B Y e G  ing 5,5 k)

k=0

with the notation (B.J]). Discussing over the value of ¢, and using the strong Markov
property at o,_1 below, we obtain that

dan—1 dn op—1
E —t*S}, —20, o —20 —t* S}
E € QK 1{m1n0§1§k SJZ*K} - QK E € 1{min0§j§ijZfK,ag<oo}
k=0 (=1 k=oy_1
dn
_n -2/ :
=c E g Plopg <00, min §;>—-K
0<j<o¢—1
/=1
dn
= 3 g
=cC QK )
/=1
with

' =F

o1—1
E —t*S
€ kl{minogjgk SjZ—K7O'1<OO} .
k=0

By Lemma[AT] ¢" < co. We get that the second moment of Mg, (k) is bounded by ¢”g¢".
Recall (5.8). Since

E[Mgm)] _ 1
* _ n _ dn
P(N" > dn) > P(#2,(K) > 0) = P(Mz, (K) > 0) > = (Mg e)?] = 6

and ¢4 > ™", we proved (5.6) and then the lower bound in Theorem (i).

5.2. Proof of Theorem (ii). Upper bound. Let d > .. We show (535). We

2
consider a family of continuous non-increasing functions f, : R, — R, such that f,(0) =

n, fa(t) >0 for 0 <t < dn®and f,(t) =0 for all t > dn?. We introduce the optional line
. : 0 : 0
(5.11) Ly ={ueT :V(u) < —fu(N,), V0 < j <lul, V(uz) > —fu(Ny)}

where we have stopped the particles « which go below —f,,(N?) for the first time. It is
the optional line (24]) associated to 7(§) which is

(5.12) (€)== 1nf{k >0 : V(&) < —fu(N)}-

We notice that {N, > dn*} C {.%, # 0} as f,,(dn?) = 0 so that P (N, > dn?) < E[#.2,].
It follows from (Z.H) that

(5.13) ]P(N* > dn2> < E[et*sm} — by,
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where 7, := inf{i > 0:5; < —f,(¢;)} with the notation (G.I]) for the local time process
(¢;). Observe that 7, < 07427, with 0; defined in (5.2)). In the case (i), (S,) is a centered
random walk with finite variance, so 7,, is finite almost surely.

To estimate b,,, we discuss on the value of ¢, . Note that

[dn?]
(5.14) b, < E [e7tnltn)] Z e I BP = k)

where we used the fact that £, < [dn®]. Recall the notation ¢(n) in (5.4). We observe
that, for any k£ > 1,

P((,, = k)= ]P’(Vl <j<k min Si>—f(j), min S < —fn(k)>

0j—1<i<0; o¢-1<i<0y

(5.15) (1= q(fn(1))) a(fn(k))

with the convention [], = 1. Hence, for all £ > 1,

(5.16) e*t*fn(k)[[»(gm = k)< e*t*fn(k)*Z;?;l a(fn(4)
As d > L, we may choose and fix some ¢’ € (0,6) such that o := y/2d% > 1. By (54),
there exists kg > 1 such that for all k& > ko, q(k) > %/. Let f(t) := ay/(1—%)4 and
Ja(t) :=nf(t/n*) for t > 0. We check that for any t < dn?,

bods
(5.17) " fu(t) + 0’/0 D) = at™n.
It implies that t*f, (k) + ¢’ Ef;l f%(]) > at*n for any k > 0. Let m, be the minimal

integer such that f,(m, + 2) < ko. We can check that f,(m,) is bounded in n. For
k < m,, we get

k—1 k—1 20/
FhB) Y q(fa) =t fulk) + 9’2 > at'n — —
j=1 fn( ) kO
while for k& > m,,, we write
k—1 mp—1 29/
t*fn(k)+zq fn Z Z qfn >atn_k__tfn(mn)

7j=1 7j=1
In view of (5I0), equation (5I4) becomes b, < e~ [dn2]e o ™) proving (GH).

5.3. Proof of Theorem (ii). Lower bound. Let 0 < d < L. For o € (d, L;), let
a = /2oL and take f,(t) = nf(t/n?) with f(t) = a,/(1 - §)+ for t > 0. Note that

a < 1. We set d,, := [dn*] + 1 for concision. Notice from (5.4) and (5.17)) that uniformly
in k <d,,

k—1

(5.18) e POTT = g(fai)) = e,

J=0
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We consider a slightly modified version of the optional line %, defined in (E.I1): Let
(An)n>0 be a sequence of positive real numbers such that A, = o(n) as n — oco. Consider
L0 = {u €T V(u) < —foa(N), [V(u) + fu(N)] < A,
VO << ul, V() > —fu(Ng), Ny = du}.
In other words, we only select those u € ., such that N? = d,, and the overshoot

[V (u) + f(N?)| is less than \,. If 2 is not empty, then N, > d,, > dn?. We use the

definition of 7,,(¢) in (512)). The optional line 2\ is of the form 24) with 7(£) given
by 7(&) := 1,() if Ng . dy, and |V (&5, ¢)) + fa(dn)] < Ay, and 7(§) := oo otherwise.

Let
M_%d) = Z e VW),
ue.i”,&d)
We will use (27), with the notation 7 = 7, on the event {(, = d,, |5, + fu(dn)| < A},
and 7 = oo otherwise, where as before, 7, := inf{i > 0: S; < —f,(¢;)}. We then get
that E [M (d):| = IP’(ETn = dp, |S:, + fuldy)] < )\n), and by the strong Markov property

Zn

at Od,, s

dn—1
P(lr, = dn, |Sr, + fuldn)| < An) = H (1 =q(fa())) zn,

=0

where

z, =P (T}n(dn) <o S, Faldy)] < )\n>
with 7% , v :=inf{i > 0:5; < —f.(d,)}. By (A.2), if we choose A, := K, (a,)] (Which

we will), then A\, = o(n) and z,, ~ % ~ q(fn(d,)) as n — oo. Then by (B.I3]) and
(BI8), we get that

(519) E |:M_Sf,5d)i| — e—at*n-l—t*fn(dn)-f—o(n).

We compute now the second moment of M. Recall (210) and the notation p(so, . . ., sx+1)
and ¢(so, ..., sx) in (Z8) and (29). Note that p(sg,..., k1) =Pk +1 <7 < o0|S) =
805+ -+ Sk+1 = Sk—l—l) - 1{Tn2k}+1}IP)(€Tn = dn7 |S’rn + fn(dn)| < )\n | SO = S0y, Sk+1 =
Sk+1), one has ¥(S, ..., Sk) = 0 on {1, < k} U {l; > d,}. Therefore

Tn—1

> Lg<ane S (So, - Sk)] .
k=0

Let us compute p(So, ..., Sky1). Let £ = Z?:o 1(s,—0}- Suppose that ¢ < d,, — 1. By the
strong Markov property of S at the first hitting time of 0 after time k+ 1, p(sq, ..., Sk+1)
is less than

P(V1<j<d(0), min Si>—f(j+0, min S <—f(d)

0j—1<i1<0; Odp (£) 151504, (¢)

E =K

7—1
Z eit*skiﬂ(»go, e Sk)
k=0

with d,(0) == d, — 0. Tt is ] ,L (1 — q(f.(1))) ¢(fu(dy)). We deduce that

C Y (H (1- Q(fn(j)))q(fn(dn))>

with ¢ := E[} i i=tuzo etV VW] Therefore, in view of (5.I8), uniformly over

S0y« -5 Sk,
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When ¢ = d,,, we use the bound (s, ..., s;) < ¢ since p(so, ..., Sky1) is always smaller
than 1. We get

E

T—1
Ze’t*s’“w(&], e Sk)] <e’™E
k=0

Tn—1
Z 1{€k§dn}€t*ske2t*(fn(dn)fn(gk))] _
k=0

We discuss on the local times ¢, to obtain

Tn—1 dn o
E|> 1{zkgdn}e‘t*5ke%*(fn(dﬂ—fn(fk))] S E| Y Lpenye S| 2 Unld-u0),
k=0 =1 k=04,

By the strong Markov property,

gy
E| Y lp<nye 5| <P(r >0 1)E

k=0¢_1

o0
—_—
Z Liming<icr Si>—fu(0)}€ k]
k=0

< "P(1, > apy)el IO

with ¢ = sup,>oE D070 Limingeicy Si4az0pe " ¢~ *] which is finite by Lemma [AT]
Since P(7, > 0/-1) = Hf:(l — q(fa(5))), we obtain by (EI8) P(1, > o, )et /O =
e—at*n+2t*fn(€)+o(n) hence

7—1

k=0
Moreover E [e" 1, )] = E [e7 5 1*{£mfdn,|Sm+fn(dn)\9n}] < eI TAP(L, = d,,).
By (GI5) and (BIR), P(4,, = d,) = e~ '+t faldn)+o(n) " Recall that A, = o(n). Therefore
ZI0) implies E[(M ) )?] < e=ot n+2t faldn)Fo(m) - From

Ln
(E[M @)])
P(N, > dn?) > P(M 0) > “n’""
(Ne > i) 2 P o > 0) > s

we get P(N, > dn?) > e~°t""*+o") which yields (5.6) since o < 1.

6. PROOF OF THEOREM

Recall that P*-a.s., minj,—, V' (u) = oo. Let © := infecor limsup,,_, J‘%' For any

a > 0, the event {© > a} is inherited in the sense that {© > a} = N, =1 {OW > a},
where ©® is defined exactly as © but for the branching random walk indexed by the
subtree T rooted at u. Hence (see [19]) P*(© > a) € {0,1}. It follows that P*-a.s., © is
a constant. We only need to check that © € (0, 00), which will be done separately in the
next two subsections.

6.1. Lower bound: Proof of © > 0. Let a > 0 whose value will be determined later.
Fix K > 0. We will show that for any ng > 1,

(6.1) lim IP’(EI|u| =n:—K <V(u) <ay/llogl,¥ny << n) = 0.
n—oo

In fact, on the event {inf,c7 V' (u) > — K}, ([6J) yields that a.s. for all ng, there is no
¢ € OT such that V(&) < av/llogl,Vny < ¢, which a fortiori yields that © > a. Since
P*-a.s. inf,er V(u) > —00, we get © > a.

It remains to show (GI). Let C' > 0, L > 1 and r; := ng + [Ci*logi] for 1 <i < L,
and consider the set

Loy = ul =1y =K <V(u,,) < ay/rilogr, V1 <i < L}
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Note that the probability term in (G.1)) is less that P(#.Z% (»,) > 0) for any L (indeed
we will let L — 00). By the Markov inequality and the many-to-one formula (21]),

P(#"%Lv(?"i) > O) < E[#"%L,(Ti)]

*ST
=K [et L 1{7K§STi§a\/ri logri,VISigL}]
S €at* TL]OgrLP(ﬂlgiSL {—K S Sri S an/T; IOgTZ}>

By the Markov property for the random walk S

L
(62) ]P)< ﬂlSiSL {—K S Sri S an/T; lOgT‘Z}> S HP<STi+1—7’i S an/T; lOgT‘Z’ + K)
i=1

Let us recall some useful estimates on the random walk S. Under (H1’), E(S;) =
Jpxe " ¥ p(dz) =:m > 0. By assumption, ¢,, = E(|S|*) = E [szl e*t*v(“)|V(u)|al] <
oo for some o > 1. Applying [12, Lemma 2.1], we get some constant ¢’ > 0 such that for
all n > 1, y > nmax(/a11/2) and 2 > 0,

]P’(Sn <mn —x, min (S; — S;_1) > —y) < de /Y.

1<i<n

Using P(S5) < —y) < ¢y~ for any y > 0, we get that
(6.3) IP’(Sn <mn — x) < de Y 4eq ny”.

We apply (6.3)) to the probability terms on the right-hand side of (6.2)). Since ;1 —7; ~
2C1 logi and ay/r;logr; ~ av/Cilogi, we will choose C' > 0 such that

Cm > aVC.
For all large i, ay/r;logr; + K < §(riy1 — ;). Applying [63) to n = ripy — 1,2 =
2(rip1 —ry) and y = (riz — )"0 with 0 < § < min(3,1 — o%)v we have for all large i,

say ¢ > 11,
P(Sppsor, < av/rilogri + K) P8, < S i = r) < (s )
where ¢ € (0,a;(1 — &) — 1) is a positive constant. It follows that
P(#Z1, ) > 0) < pat*Vrplogry ;=0 Si;, log(rit1—ri)

Note that Ef:il log(ri41 — 1) ~ Llog L and at*/rplogry, ~ at*/CLlogL. Now we

choose an arbitrary constant @ > 0 such that a*t* < §'m, and we can find C' > 0 such that
* & L . .

Cm > av/C and at*/C < §', so that e VrlogrLe 0" ity 108(rin1=m) 4 () a5 [, — 0o. This

proves (G.T]).

6.2. Upper bound: Proof of © < oco. We want to construct an infinite ray & € 97T

such that limsup,,_, \/‘% < 00. The idea is to construct a (inhomogeneous) Galton-

Watson process (#2Z2;);>0 which will survive with positive probability. Let 1 > 1 be a
large integer and consider r; := 7 + [i%logi| for i > 2. Let Z, = {u € T : |u| = ri}
be the set of particles alive in the r-th generation of 7. Let C' > 0 whose value will be
determined later. For i > 2, we construct the set Z; recursively by letting

Z; = UvegH{u €T, lul =1 : V(ug) = V(v) < Ck—1i1),Vriog <k <y,

V(up,—1) — V(v) >2Clogi, V(u) —V(v) < Clogi},
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where 7T, denotes the set of descendants of v. We note that for each i, Z; is a subset
of {u € T : |u| = r;}. By the branching property, (Z;) constitues an inhomogeneous
Galton-Watson tree. If (Z;) survives with positive probability, on the survival set of (Z;),
we may find an infinite ray for the system (Z;), say . Then £ can be also considered as
an infinite ray of 07. Moreover by definition of (Z;), V(&) — V (&, ,) < Clogi for any
i > 2, hence V(&) < ZFl C'logj < 2Cilogi for all large 7.

Therefore for any large n, there is a unique j such that r; < n < 744, and V(§,) <
V(&,)+C(n—r;) <2Cjlogj+ C(rjy —1;) ~4Cjlogj. Since y/nlogn > \/r;logr; ~
V2jlogj, we see that for all large n, V(&,) < 3Cy/nlogn. This yields © < 3C with
positive probability. Since © is deterministic, we get © < 3C, the desired upper bound.

It remains to show that (Z;) can survive with positive probability. We will make a
coupling between (#Z;) and a homogenous Galton-Watson process. Let b; :==r; —r;_1 —1
and

v = Z L{v () <CRY k<bs,V (w)>2C log i} L{Bue T ul=bi+1,V (1) <C log i} -
lw|=bs

Observe that (#Z;) is stochastically larger than an inhomogeneous Galton-Watson
process, say (Z;), with v; as the reproduction law of the particles in the (i—1)th generation
of Z'. It is enough to show that (Z!) can survive with positive probability (if we choose
C sufficiently large).

We claim that for any Ky > 1,
(6.4) lim sup lim sup P(v; < Ky) < qr,

C—oo i—00

with ¢r := P(T is finite) € [0, 1) is the extinction probability of the Galton-Watson tree
T. In fact, ([64]) is an equality, as v; = 0 for all large i on the set of extinction of 7.

Assume for the moment ([G4]). Let ¢ € (g7,1). Let Ky be an integer such that
Ko(1 —¢') > 1. We may choose (and then fix) C' > 0 large enough such that for all
large i, P(v; < Ky) < ¢'. Then for all large i, v; is stochastically larger that a Bernoulli
variable which equals K with probability 1 — ¢’ and 0 with probability ¢’. Since the
(homogenous) Galton-Watson process with such a Bernoulli variable as reproduction law
is supercritical, we see that the inhomogeneous Galton-Watson process (Z;) will survive
with positive probability.

The rest of this subsection is devoted to the proof of (6.4]).

Recall that E[S;] =m > 0. Let C' > m be large enough such that

(6.5) i b o0, as i — 00.

Let for £ > 0, F; := o{u,V(u) : |u| < €} be the o-field generated by the BRW up to
generation ¢. Conditionally on Fy,, v; is a sum of independent Bernoulli random variables:
Elvi | Fol = Y Lv(wosonvhsovwzaciogy 9V (w) — Clogi),

|w|=b;

with 9(y) := P(3lu] = 1 : V(u) < —y). By assumption for all large y, J(y) > e~t¥yo2.
We also have

I) SB[ Lvz—n] <€ B e ywey] < ca ey,

lu|=1 |u|=1
with o, == E[}2), e VWV (u)|*] < oo. Therefore

(6.6) E[v; | Fy,] > i (Cb) ™2 W/,
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with
W@'I = Z 1{V(w,€)§0k,\1kgbi,\/(w)zzc1ogz‘}€7t*v(w)-

|w|=b;

Observe that
Var(vi | Fo) = > Ly <cryi<tviw)z2ciogs ¥ (V(w) — Clogi) (1—9 (V(w) — Clogi))

|w|=b;
This implies that for any € € (0,1),
Var(v; | Fp,)
IP(Z-—E A Fo] < —eR[v | Fy ], W! > ><E[—11 ]
1
<E[71 , ]
o &'QE[% | }-bl] wize)
- 1
= 2300 (COb;)
— 0,

as i — 0o, where the last convergence follows from (6.5).
On the set {W/! > e}, E[v; | Fp,] > i€ (Cb;)~*2 > Ky /(1 —¢) for all large i. Therefore,

P(y; < Ky) < P(W Bl | F] < Bl | Foll, W > 5) + P(W; < 5),

yielding that
(6.7) limsup P(v; < Ky) < limsup P(W, < ¢).

1—00 1—00
To estimate P(W/ < ), we compare W/ with W, where

W; = Z e VW),

|w|=b;

Since by assumption E [szl e VW) long(ZM:l e*t*v(“))] < 00, we may apply Biggin’s
theorem ([8]) to see that W; — W, which is positive P*-a.s. By the many-to-one formula

Y

E[W, - W/]=1— ]P’(Sk < CkYk<b, Sy, > 2010gi>

< P(max% > C) —HP’(Sbi < QClogi).

k>1
Recall that E[S;] =m > 0 and b; ~ 2ilogi as i — oo. The law of large numbers yields
that P(S,, < 2Clogi) — 0. Using P(W/ <) < P(W; < 2e) + P(W; — W/ > ) <P(W; <
2¢) + LE[W; — W], we get that

limsup P(y; < Ky) < limsup P(W/ < ¢)
1—00 1—00
. 1 Sk
< limsup P(W; < 2¢) + —P(rilaxz > C).
€

1—00 >1

Since P(maxy>, % > () = 0as C — oo and P(W,, = 0) = g7, we complete the proof of
64) by letting C' — oo then € — 0.
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APPENDIX A. ESTIMATES ON RANDOM WALKS

Lemma A.1. Let (S,, n > 0) be a real-valued random walk such that P(S; # 0) > 0.
Then

sup E
x>0

Z 1{mln0<z<k Si+x>0}€ k_x] -

Proof. Let v := 0 and v; := inf{n > v;_; : 5, < S,,_, } for j > 1, be the weak descending
ladder times of S, with the convention that inf ) = co. We have

E Z Liming<ics Sz‘”ZO}e_Sk] B ZE [1{5“1 2*5’37”1@0}675%] £

k=0 §=0

k=0

The term E [Ziio e*S’fl{k@l}} can be evaluated through the ladder heights. Let v :=
0,v/ ==inf{i > v, : 5; > S,+ }for j>1. By the time-reversal for the random walk,

0 ®© g N 9] s j
-9 v 'u+
E g e lipcvyy| = E E e " 1{U;_r<oo}] = E (E [e 1 1{U1+<OO}D < 0
k=0 §=0 §=0

as E [e’s o1 {Uf@}} < 1. Finally, Y% E [1{sujz—$7yj<oo}6_s“f] < Sl e*U(2) where
Z]P’ SUJ €l—z—24+1),v; < oo).
7=0

By the classical renewal theorem (see for example [I4, Theorem I1.4.2]), sup,., U™ (2) =
¢ < 0o. Therefore

—Su.; T
ZE |:1{Svj2—ar,vj<oo}e J S o _ 16’— ]
=0

It completes the proof. [

Lemma A.2. Let (S,, n > 0) be a random walk with values in Z such that P(Sy > 2) = 0.
In agreement with (B.2)), let o = inf{k > 1 : S, = 0}. Suppose that E[S;] = 0 and
E[S?] < co. Then there exists 0 > 0 such that

6
(A1) P(T', <o)~ —, n — oo,
n
where T", = inf{i > 0 : S; < —n}. Furthermore, there exists some sequence (K,)n>o0

such that K, > 1, K, = o(n) as n — oo and
0
(A.2) P(T", < o1, |Sr +n|<K,)~—, n — oo.
- o

Proof. We will prove the lemma with 6 := E[| Sy, [1{y,<s,}] where vy := inf{i > 1:5; < 0}.
The optional stopping theorem applied to 7", A oy implies that for —n <z <0,

© = Bo[Soinr | = Ea[ S L1 <o) £ —nPu(T, < 01).

Hence P, (1", < 01) < ‘in‘ for any —n < x < 0, and also for any x < —n. By the strong
Markov property applied to vy,

(A.3) P (T, <o1) =E [1{y<onPs,, (T7, < 01)] <

S
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Discussing the last value taken by S before leaving [—(n — 1), —1], we have for any —n <
x <0,

E.[[Sr, + n|lizr <o) = Z G E[|S1 +n — k|15, <k—n}]
where G, (z, —k) := > "2 P.(S, = —k, E < T", Aoy). Hence the inequality
—1
(A4) EollS7, + nllirr <o) < Z E[lS1[1s,<h-nyl-
k=1

As in 23), let T{_jy = inf{ > 1 : S; = —k}. In the sequel, the constant ¢ does not
depend on n, k,z and can change its value from line to line. By (22, for all —k <2 <0

]P)x(T{_k} <op) < C%.
We can suppose that the inequality stays true when x < —k by taking a bigger c if
necessary. Moreover, by (22), for all 0 < k < n,

1 1
P (Ty g >T , Noy) > - —).

Ty > T, 01)_Cmax(k=n_k)
The last two inequalities imply that G, (z, —k) < ¢min(k,n — k)% forall —n <2 <0
and 0 < k < n. Splitting the sum on the right-hand side of ([A.4)) according to whether
k< |5]ork>|[%] gives

(A.5) EollS7r, +nllirr <o) < clz[(I1 + 1)
where
L5 1 5]
I = 2 E[lS11s,<h-my],  I2:= - ;kEHSﬂl{Slg—k}]-

We observe that
n
L < LgJEHSﬂl{zslg—n}] < E[S{1as,<—ny] = 0

as n — oo by dominated convergence. Similarly, since szn(p D < ep min(p, q) for
p =[S and ¢ = [3],

L < E[SQM] — 0,
n
We deduce that limy, o Ep[|S7 4+ 0|1 <53] = 0. Writing
r=E[Soiprr | = —nP.(T", < o1) + Eo[(Srr, +n) Lzr <oyl
it implies that for all fixed x < 0, P,(T", < 071) ~ m. By Fatou’s lemma,
liminf nP (77, < 01) = liminf E [14, <o ynPs, (17, < 01)] > 6.

n—o0 n—o0

Together with ([A.3)), it completes the proof of (A.T]).
To prove ([A.2), it is sufficient to show that we can find a sequence K, = o(n) with

K, > 1, such that
1
(A.6) P(T', <oy, |Sp +n]>K,) =0 (—) : n — 00.
- n

In fact, the probability term in ([AL6]) is less than

]P(Svl < —’I’I,) + E |:1{v1<01,5v1>—n}]P)Su1 (Tin < 01, ‘ST/—n + ’I’I,| > Kn) = I3+ 1.
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By the Markov inequality,

1
I3 S EE [|SU1|1{SU1§—7L}] .

According to Doney [I1], Corollary 1|, E[|S,,|] < oo, hence

1
13:0(—), n — 00.
n

For I,, using (A.5]), we have

1
I < fE [1{U1<UI,SU1>—n}ESU1 (1S + n|1{T'_n<ol})]

I I /
ME 150,11 < ﬂ’

<
- K, - K,

with some positive constant ¢’ and &, 1= E[S71{25,<_n}] + E [512 min(':”’")] — 0.
If we choose K, := max(1,n,/,), then K, = o(n) and I, < %671/2 = 0(%). Thus, we

obtain ([A.6) and complete the proof of Lemma [A.2 [
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