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ABSTRACT

Context. Precovery of asteroids, that is, finding older observations of already discovered asteroids, allows us to refine our knowledge
of their orbits, glean information about close encounters and the probability of collisions with Earth, and to determine some dynamical
and physical properties, such as the Yarkovsky acceleration. Existing approaches generally look for an observation next to the predicted
position from the nominal orbit, and often do not take into account the .

Aims. We aim to develop a computationally fast technique for predicting the possible spherical coordinates of near-Earth asteroids in
order to find observations in existing catalogs or archived observations (plates, CCDs, etc.).

Methods. We modified the partial banana mapping method, and used it to estimate impact probabilities of asteroids with the Earth.
For a near-Earth asteroid, a Gaussian law for the equinoctial orbital elements well approximates the uncertainty region of the object
at the epoch of the observation. We virtual asteroids on the main line of the curved uncertainty region at the epoch of observation, all
of them with their small uncertainty vicinity onto the celestial sphere, and the brightness of the asteroids. We also the probability of
finding the asteroids on the image, and the length of the uncertainty region (which shows the quality of the orbit) in order to establish
a priority list among the images. The higher the probability and the poorer the quality of the orbit, the more interesting it is to find the
object for further improvement of its orbit and to refined its impact probability computation.

Results. We demonstrate the applicability of the developed method. We tested it on the case of precovery observations of asteroid
(506074) Svarog (provisional designation 2015 UMg;) as if it had recently been discovered, meaning the orbit is obtained with only
3 months of observations. In this case, we estimated a probability of precovery of about 10%, predicted the possible positions, and
actually found the object close to the constructed uncertainty region. The nominal position is outside of the image’s field of view,
meaning that conventional methods. The uncertainty region is curved and asymmetric, which shows that using only the covariance
matrix of celestial coordinates for the nominal orbit would poorly approximate the actual uncertainty region in the place of the sky,
preventing the asteroid from being found.

Conclusions. The developed method selects interesting images and guides us in our search for asteroids on them, even if the position

predicted for the nominal orbit is out of the image window.

Key words. methods: numerical — celestial mechanics — minor planets, asteroids: general —

minor planets, asteroids: individual: (506074) Svarog

1. Introduction

In recent years, we have witnessed some imminent impactors,
that is, asteroids detected in space only several hours before they
impact the Earth, and sometimes leaving several meteorites on
the ground. After discovery, not only were their orbits com-
puted by impact monitoring systems, but their impact probability
rapidly increased to 100%, meaning that they were destined to
enter the Earth’s atmosphere (Farnocchia et al. 2019). The alert
and predicted trace on the ground allowed us to observe their
atmospheric entry and perform field research to collect the mete-
orites. However, this situation is far from common to all newly
discovered near-Earth objects (NEOs; presently approximately
3000/yr). The impact probability (IP) of such new NEOs, which
is automatically computed by monitoring systems (CLOMON-2,
Sentry-II, Aegis, Del Vigna et al. 2019; Roa et al. 2021; Faggioli
et al. 2023), can sometimes be large enough to enter the top of
the so-called risk-list catalog of all objects on a possible impact
trajectory, even if it is less than 1%. Luckily, all of these recently

discovered imminent impactors were small asteroids of a few
meters wide, but the risk associated with larger NEOs or (PHAs)
can be high, even if they have a much lower impact probability
upon discovery (Rumpf et al. 2017). Thus, rapid and reliable IP
monitoring is an important asset to planetary .

For impact monitoring and IP computation of NEOs, we
rely on knowledge of their orbits. A fraction of newly discov-
ered NEOs show a non-negligible collision probability within
the next century due to their proximity to the Earth’s orbit and
poor knowledge of their orbit. Thus, once an object has been
discovered during an apparition and observed over a short arc,
follow-up observations (recovery) during the next apparition are
generally necessary to refine its orbit and collision probability.
As shown in Micheli et al. (2014), “precovery’ observations, that
is, observations made fortuitously predating the discovery, are as
valuable as “recovery” ones for the computation of the orbits of
these objects. In order to look for ancient observations, or plan
future ones, one needs some prediction of an object’s location
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in the sky. We therefore need not only the position of the aster-
oid but also some knowledge of the uncertainty region within
which to look. The same general problem applies to both follow-
up and precovery. The present work focuses on precovery. can be
processed rapidly, without the need to wait for the next appari-
tion, which in the case of long-synodic-period bodies can take
up to a decade. , corresponding to several apparitions — which
is beneficial to improvement of the orbit (Desmars et al. 2013).
The discovery of asteroid (99942) Apophis in December 2004,
then designated 2004 MNy, highlights the importance of plane-
tary defence. It also serves as a good illustrates of the evolution
of orbit uncertainty characterization, and the corresponding IP
changes, as additional astrometric data are ingested in the orbit
computation; including, in this case, beneficial precovery images
taken several months before the discovery (Sansaturio & Arratia
2008, see).

Several works and programs of precovery have been under-
taken since the increase in SSA and NEO risk awareness
(Boattini et al. 2001; Micheli et al. 2014, 2016; Weryk &
Wainscoat 2016; Saifollahi et al. 2023), often using modern CCD
observations and archives accessible online, but also making use
of more ancient observations from the late 19th to the 20th cen-
tury, which were usually made with photographic plates, and
archived at the observatories (e.g., Perlbarg 2023). However, sev-
eral limitations can reduce precovery efficiency. Nevertheless,
some NEOs are bright enough to be seen on archived pho-
tographic plates, depending on their absolute magnitude and
distance. Another limitation arises when our knowledge of the
orbit of an asteroid is poor: when propagating this orbit back
in time, we obtain an uncertainty region that can cover a large
fraction of the sky, making the search very difficult (similarly
difficult to searching for lost objects). As a consequence, pre-
covery searches are often focused on objects with well-known
orbits, or do not take into account orbital uncertainty (e.g., Perl-
barg et al. 2023). Alternatively, authors filter out some regions
to narrow down the search to sources that are more likely to
be detectable (Saifollahi et al. 2023); thus, they can be biased
toward precovery of positions close to the nominal position, that
is, the position predicted from the nominal orbit; a limitation that
is a consequence of not taking into account the possible large
expansion of the uncertainty region and also not accounting for
the velocity of the asteroid at time of observation.

In the present work, we develop a technique to better take into
account the uncertainty region around the predicted position at
the time of observation. This technique is based on propagation
of the uncertainty of the orbit in equinoctial elements using the
method (PBM) (Vavilov 2020). It improves both the chance and
efficiency of precovery, and is computationally fast enough to
be applied to a large set of targets. The technique moreover pro-
vides the probability of finding a NEO on a given archived plate
or CCD/CMOS image. In a future paper, we will demonstrate the
effect of this technique on orbit improvement, determination of
impact probability, and the Yarkovsky effect when such precov-
ery astrometry is added. is expected to be particularly valuable
when the asteroid’s predicted nominal position is far from the
observed position.

Apart from the possible low brightness of the object, another
problem that we encounter when trying to find an asteroid on
an old CCD or photographic plate is the uncertainty of its
position. If the uncertainty is high then the asteroid can be far
from the expected position and even outside of the field of view.
To handle this issue, Milani et al. (2005) proposed sampling
clones of the asteroid (“virtual asteroids”) along the main line of
the orbital confidence region. The orbits of the virtual asteroids
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Fig. 1. Schematic illustration of the confidence curvilinear ellipsoid .
Point “A” is the nominal position of the asteroid, and the small black
points are the virtual asteroids that we take on the main line of the confi-
dence region at time ¢. The bold line is the nominal orbit of the asteroid.

should be integrated to the epoch of the interested observa-
tion. This approach requires the integration of all orbits, which
increases the orbit integration and hence computation time by
several orders of magnitude. However, it is more efficient than
a simple Monte Carlo approach, where at least thousands of
orbits of must be propagated. In this study, we developed a
technique that requires only integration of the nominal asteroid
orbit, and can correctly approximate the uncertainty region of
the asteroid’s position. We modified a linear partial banana map-
ping method (Vavilov 2020) the applicability of which to impact
probability estimation has already been demonstrated.

The article is organized as follows. In Sect. 2, we describe
our modification of the partial banana mapping method for the
assigned task. In Sect. 3, we test the technique on a model exam-
ple and compare it to other possible linear approaches, showing
the advantages of the proposed technique. Finally, we present our
conclusions in Sect. 4.

2. Modification of PBM

In general, the orbit of an asteroid is derived through orbital
fitting to observations using the least-squares method (Gauss
1809), and the errors of the obtained orbital parameters are well
approximated by the Gaussian law. If we consider only the two-
body problem (the Sun and the asteroid) then Furthermore, the
mean anomaly is linearly related to the mean motion and time.
As there is a difference in mean motion among VAs, after some
time the positions of VAs in space are going to occupy a narrow
region (Vavilov & Medvedev 2015) stretched mostly along the
nominal orbit of an asteroid (see Fig. 1).

2.1. Uncertainty region expression

A Gaussian law of errors of the Keplerian orbital elements
can approximately describe the uncertainty region mentioned in
Sect. 1. However, a special approach is required to draw this
uncertainty region on the celestial sphere, so that we know where
to look for the asteroid in the image. Here, we modify the partial
banana mapping method (Vavilov 2020) to apply the projection
of the uncertainty region. Classically, the PBM method involves
the use of a special curvilinear coordinate system, with the mean
anomaly M being one of the coordinates. Nevertheless, for the
identification problem, we decided to use an equinoctial set of
orbital elements (Broucke & Cefola 1972), with the semi-major
axis replaced by the mean motion. This set of orbital elements is
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determined by:

n=n
h=esin(w + Q)

k =ecos(w+ Q) )
A=M+w+Q ’

p = tan(i/2) sin(Q)

q = tan(i/2) cos(Q2)

where n is the mean motion, e is the eccentricity, w is the argu-
ment of perihelion, Q is the longitude of the ascending node, i is
inclination, and M is the mean anomaly.

The negative values of eccentricities are forbidden, and so
the Gaussian law of eccentricity error with a small value of
eccentricity can lead to a problem. However, the equinoctial set
of orbital elements does not have this singularity in the case of
small eccentricities. We replaced the semi-major axis with the
mean motion because of the linear relation between the mean
motion and the mean anomaly, and therefore the longitude A.

2.2. Possible position predictions

Our method entails checking whether some of the possible
positions of the chosen asteroid are on the particular image
at time ¢. Let wy = (x0, Yo, 20, X0, Yo, Z0) be a vector of coordi-
nates and velocities at the epoch of observations fy, and Cy be
the variance—covariance matrix. Then the variance—covariance
matrix at time 7 is:

C.yuigz = P(to, 1) Co D (1o, 1), ()

where T denotes the matrix transpose operation and ®(f, ) is a
matrix of partial derivations:

ox . 0x
6){() (920
O, )= ., 3)
& .
0xo Az

where w = (x,y, z, X, i, Z) is a vector of coordinates and velocities
at time t. In general, this matrix is computed while integrat-
ing the equations of motion of the asteroid with the variational
equations (Battin 1964).

We can express the variance—covariance matrix in equinoc-
tial orbital elements, C,px1p4, as:

Cnhk/lpq =Q- nyzfcyz' ) QTs 4

where Q is the transfer matrix (partial derivatives of orbital
elements over Cartesian coordinates and velocities):

ox 0z

Q=] : o (5)
9 .. 9
ox 0z

Although matrix Q can be derived numerically, the analytical
way (Broucke & Cefola 1972) is more accurate and computa-
tionally faster.

Now we have an analytical approximation of the possible
positions of the asteroid at time ¢, but it is an expression in
equinoctial orbital elements (Gaussian law). In order to find the
uncertainty region of the asteroid on the celestial sphere (in right
ascension and declination), we could randomly choose virtual
asteroids from this Gaussian law, convert each orbit to a state

vector in Cartesian coordinates, and then map these onto the
celestial sphere (Monte Carlo approach), but this is computa-
tionally expensive. Instead, we take only 51 VAs on the main
line of the uncertainty region in the [-507; 5o] interval. We con-
sider each of the VAs as a representative of its small vicinity of
the uncertainty region and map them onto the celestial sphere
with their small vicinities. We do this as follows.

The covariance matrix C, ka4 is a positive definite matrix.
Hence, we can use a spectral decomposition of this matrix:

Cnhk/lpq =V-A- VT’ (6)

where V is an orthogonal matrix composed of eigenvectors of
matrix Cppq and A is a diagonal matrix with eigenvalues on a
diagonal.

Let the eigenvalue in the first row and first column be the
maximal one. Let wy = (ny, ho, ko, 1o, Po, qo,) be the equinoc-
tial orbital elements of the nominal asteroid and w be a six-
dimensional random vector in the equinoctial orbital elements.
The covariance matrix of w is Cyapg. A is a covariance matrix
for the random vector # = VI(w — wy) (Rao 1952). As A is a
diagonal matrix if the last five components of vector u equal
zero (u = (u1,0,0,0,0,0)), it defines a VA on the main axis of
the six-dimensional confidence ellipsoid in orbital elements.

With a given u;, one can compute orbital elements and , and
then map them onto the celestial sphere (getting right ascension
a, and declination &, with ¢, and §,). As mentioned above, we
take 51 uniformly distributed VAs, or in other words we sample
u; uniformly in the interval [-5 VA1, +5 VA11], where Aj; is
the component of matrix A in the first row and first column, and
is also the largest one.

For a given VA, we first correct its position for aberration.
As the speed of light, ¢, is limited, we observe the position of the
object not at time ¢, but slightly before, at r — Az, which is found
from

t— At
AIZM,

c

@)

where rg(¢ — At) is the distance between the observatory and the
asteroid at  — Af and c is the speed of light.

We then map the small uncertainty area around the VA
as follows. Let (x., Yx, Z«, Xs, Us, 2+) and (n.h.k.A.p.q.) be the
Cartesian state vector and equinoctial orbital elements of the
found VA, respectively. First, we shrink the uncertainty region
along the main axis by 50 times (because we decided to take
51 VAs). This is done by dividing A, by 50, yielding matrix A*.
The matrix that expresses the small uncertainty region around
this VA (in orbital elements) is

th/lpq =V-A"- VT‘ (8)

However, this shrunken region is much shorter, and its curva-
ture is not significant. Therefore, we then compute the covariance
matrix for this VA in Cartesian coordinates. The transfer matrix
is

on, ... on
0x, 0%
Q= : - | ©)
9¢- ... 9%
0x, 0%

The covariance matrix in Cartesian coordinates and veloci-

ties corresponding to the chosen VA is given by
* _ -1 * T_l

nyz)'cyi - Q* ’ Cnhk/lpq ’ Q* . (10)
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The covariance matrix in right ascension and declination of
the VA is obtained from

. oal” ., da |
Cosas = [a] 'nyzxyz'[a] ’

where [g—‘;]  is the matrix of partial derivatives of right ascension,

declination and their velocities over Cartesian coordinates and
velocities for the chosen VA.

We follow the steps described above for each VA (for each
value of u;), thus obtaining the spherical coordinates and the
uncertainty region of all VAs. These data show us the possi-
ble position in the sky of the asteroid at the time of the image
(CCD or photographic plate). We mark the VAs, the coordinates
of which are inside the image boundaries, in order to gauge the
possibility that this asteroid can be found on this image.

For each of the VAs, the estimated apparent magnitude is
computed using the following equation:

an

mag = H + 5log,(r.rg) — 2.51og,o(D(y)), (12)
where H is the absolute magnitude of the asteroid, r is the aster-
oid heliocentric distance, and rg is the distance between the
observatory and the asteroid. The last term in Eq. (12) is related
to the dimming of the asteroid from the nonzero Sun—asteroid—
observatory angle, v (Bowell et al. 1989). We use the following
version of the function:

®(y) = (1 - G) exp[-A;(tan(y/2))"' ] + G exp[~Aa(tan(y/2))*].
(13)

The coefficients are A| = 3.332,A, = 1.862, B; = 0.631, and
B, = 1.218, and G is the slope parameter, which is generally
assumed to be 0.15.

2.3. Prioritizing the images

As well as computing the possible positions of each Near-Earth
for all available photographic plates and CCDs, we also com-
puted the length of the main line of the uncertainty region on the
celestial sphere. This length shows the accuracy of our predic-
tion of the asteroid ephemeris. For instance, if the length is less
than 1 arcsec, the accuracy of the ephemeris is probably better
than the . On the other hand, if the length is thousands of arc-
seconds or more, then this observation can significantly improve
the accuracy of the calculated orbit.

The second important term is the probability that the asteroid
is located inside the image boundaries. We estimate this value
using the following equation:

1 1 25 2
P=——— ) 0Ox)e?, (14)
10 v2r i:z_;s

where the set {xi}?j_zs is the sampling of u; for the chosen VAs in

terms of VA1, (meaning they take values from —5 to +5 with a
step of 0.2), and O(x;) is equal to 1 if the VA corresponding to x;
is on the image and O otherwise. We normalize this by dividing
the sum by ten. Thus, it is an approximation of the Gaussian
integral.

We this method to search for known near-Earth asteroids
on old photographic plates available at the Paris observatory.
Scanning the image and looking for an asteroid takes up to
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Fig. 2. Possible positions of asteroid (506074) Svarog on 06:00:00
1 March 1990 on the orbit constructed from observations made dur-
ing the first 3 months following its discovery. The purple box is the
photographic plate. The orange dot is the nominal position. The blue
dots are the 50 virtual asteroids, and the lines connecting them are the
uncertainty regions of each VA (they are very narrow). The red dot is
the actual observation. The green line is the uncertainty region of the
nominal position constructed from only the covariance matrix in right
ascension and declination.

1 h, and therefore we the plates on which we ran this pro-
cedure. First, we all the asteroids that are than 19™ or 20™
. The rest we by the probability value and the length of the
uncertainty region. The higher the probability, the greater the
chance of successful . Also, the larger the uncertainty region,
the more valuable the observation will be for improving the
orbit and potentially determining the Yarkovsky effect. Finally,
the asteroids that are in an impact risk table, such as NASA
Sentry', are given high priority, even if the probability of finding
them is below that of other asteroids that are not on an impact
risk table.

3. Test

In order to test this technique based on PBM, we performed
the following experiment. We chose asteroid (506074) Svarog
(2015 UMg7), which was discovered on 28 October 2015
by MASTER-SAAO observatory and was the subject of 195
observations up to 15 January 2016. For almost a year (until
23 December 2016), no observations of this asteroid were car-
ried out. Here we decided to check whether or not it would be
possible to find this object on the photographic plates available
at the Paris observatory, in an imaginary scenario where subse-
quent observations were unavailable (e.g., if got lost, or if this
analysis were being carried out in 2016).

We chose this asteroid because we already knew it had
been detected on a photographic plate of the Palomar observa-
tory dated 06:00:00 on 1 March 1990 (Perlbarg 2023). The 50
ephemeris uncertainty at this epoch for the orbit derived from
the entire set of observations is only 27 arcsec. However, for the
orbit derived from only the first 3 months of data following the
discovery, the uncertainty length is 74 134 arcsec, making it more
difficult to detect.

Figure 2 shows the possible positions of this asteroid on
that date if the orbit is constructed from observations in the
first 3 months following its discovery (blue dots). The nominal
ephemeris position (orange dot) is outside of the plate (pur-
ple box), making it impossible to find the object using a more
classical approach based only on the position of the nominal
without taking into account the uncertainty region (Perlbarg
et al. 2023). The red dot is the actual observation. The proba-
bility of finding the asteroid on this plate was estimated to be
around 10%.

! https://cneos. jpl.nasa.gov/sentry/
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Fig. 3. Zoom onto the observation shown in Fig. 2. The red line is the
observation found by Perlbarg et al. (2023). The observation has the
appearance of a line, because the photographic plate has an exposure
time of 50 min. The blue dots and thin blue ellipsoids around them
predict the beginning of the actual observation. The green thin part of
the ellipsoid is as before the uncertainty region of the nominal position
constructed from only the covariance matrix. The light-blue lines start-
ing from the blue dots predict the direction and the length of the actual
observation.

We note that the region of possible positions (blue dots) is
curved and asymmetric, as expected. The figure also shows the
uncertainty region computed by taking the covariance matrix in
right ascension and declination for the nominal position (green
line). This latter is symmetric and straight, because it follows
the equation of an ellipsoid in spherical coordinates. Using only
this will give us inaccurate information and may prevent us from
finding the object, especially if the real uncertainty region is
more curved. It should also be noted that the most computa-
tionally expensive procedure is the integration of the orbit from
the epoch of observations to the plate epoch, and therefore cal-
culating 51 positions of VAs is almost as fast as drawing the
uncertainty region from the covariance matrix.

Figure 3 presents a zoom onto the observation presented in
Fig. 2. The red line is the observation found by Perlbarg et al.
(2023). The observation has the appearance of a line because the
photographic plate has an exposure time of 50 min. The blue dots
and thin blue ellipsoids around them predict the beginning of the
observation. The green thin part of the ellipsoid is as before the
uncertainty region of the nominal position constructed from only
the covariance matrix. The light-blue lines starting from the blue
dots predict the direction and the length of the observation.

We note that the length and the direction of the observational
trail were predicted accurately. There is a small discrepancy
between the start of the observational trail and the prediction;
there are two possible sources of this difference. The first is
related to the fact that the technique still assumes a linear rela-
tion between the errors of the orbital elements at the epoch of
observations and the plate epoch. It correctly approximates the
uncertainty region in the two-body formalism, but gravitational
perturbations from major planets can violate the linear relation
and distort the region. In any case, the accuracy of this PBM pre-
diction is much higher than that made by the covariance matrix
of the nominal solution with similar CPU time. The second pos-
sible source of the above discrepancy is the timing of the plates,
which is sometimes imprecise. This discrepancy due to timing
error can be adjusted during the orbit fitting by including this
in the error model in the astrometry position along the apparent
motion (Perlbarg et al. 2023).

It took approximately 0.359 s to compute these results for
asteroid Svarog on a PC with a 12th Gen Intel(R) Core(TM) i7-
12700H 2.30 GHz processor. This demonstrates that our method
is an efficient technique for asteroid follow-up and precovery.

We compared our method with a simple Monte Carlo approach,
whereby at the epoch of observations, several virtual asteroids
are randomly taken from the uncertainty region according to the
probability distribution function, their orbits are propagated until
the time of the photographic plate, and then spherical coordi-
nates for each VA are obtained. In order to properly cover a
30 uncertainty region, one needs to use at least 1000 virtual
asteroids. This approach also allowed us to successfully find the
observation, however it took approximately 109.51 s (which is
305 times longer). This computation speed difference becomes
crucial for a search for NEOs in a large set of images. The
approach of Milani et al. (2005) would be approximately 51 times
slower than the proposed technique if one were to consider the
same number of virtual asteroids.

It should be noted that the proposed technique is “linear”,
meaning that it can fail if an asteroid has a complex dynami-
cal behavior; for example, with close approaches with planets
between the observed arc and the possible precovery epoch.
For these kinds of objects, nonlinear methods, such as a Monte
Carlo, are required.

4. Conclusion

Precovery of asteroids, that is, finding old observations of
already discovered asteroids, is an important technique for
improving the orbit of an object, refining the information about
its close encounters and impact probability with the Earth,
and determining its physical properties, such as the Yarkovsky
acceleration.

In this paper, we present a new approach to searching for
possible precoveries . We modified the Partial Banana Map-
ping method in which we approximate the uncertainty region
of an asteroid at the time of an observation as a Gaussian law
of equinoctial orbital elements. We 51 virtual asteroids on the
50 segment of the main line of the uncertainty region and them
onto the celestial sphere. We the small uncertainty of each of
the virtual asteroids as well. The coordinates of virtual asteroids
approximate the possible positions of the asteroid at the epoch of
the observation. If all these positions are outside of the field of
view, the asteroid cannot be in this CCD or photographic plate.

For each of the known near-Earth asteroids, we computed
the probability that the asteroid is in the CCD, as well as the
length of the uncertainty region and the expected visual magni-
tude. With these values, we rank the CCD and plates so that the
probability is high but the uncertainty region is not excessively
small and the object is . If the uncertainty region for an asteroid is
relatively small, any precovery observation will not significantly
improve its orbit.

We tested the developed algorithm on an example asteroid,
(506074) Svarog (2015 UMg7). We constructed the orbit of the
asteroid using only observations from the first 3 months follow-
ing its discovery. Using our method, we computed a possible
10% probability of precovery of the asteroid on the photographic
plate of 1 March 1990, on which the asteroid was indeed found.
We stress that the nominal position of the asteroid is outside of
the plate, and so conventional approaches, such as that used by
Perlbarg et al. (2023) and Saifollahi et al. (2023), would not have
led to a successful precovery. This example also demonstrates
that the covariance matrix for a nominal position cannot prop-
erly simulate the uncertainty region. Comparison with the Monte
Carlo approach shows that our method is 300 times faster, which
is important when looking for precoveries of a set of asteroids in
large databases, or using large data-mining approaches.
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