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SUMMARY

An accurate magnitude estimation is necessary to properly evaluate seismic hazard, especially
in low to moderate seismicity areas such as Metropolitan France. However, magnitudes of small
earthquakes are subject to large uncertainties caused by major high-frequency propagation
effects which are generally not properly considered. To address this issue, we developed a
method to separate source, attenuation and site parameters from the elastic radiative transfer
modelling of the full energy envelopes of seismograms. The key feature of our approach is the
treatment of attenuation—both scattering and absorption—in a simple but realistic velocity
model of the Earth’s lithosphere, including a velocity discontinuity at the Moho. To reach
this goal, we developed a 2-step inversion procedure, allowing first to extract attenuation
parameters for each source-station path from the whole observed energy envelope using the
Levenberg—Marquardt and grid-search algorithms, then to determine site amplification and
the source displacement spectrum from which the moment magnitude My, is extracted. In the
first step, we use the forward modelling procedure of Heller ef al. in order to simulate energy
envelopes by taking into account the full treatment of wave polarization, the focal mechanism
of the source and the scattering anisotropy. The inversion procedure is then applied to the
2019 My 5.2 Le Teil and 2014 My 4.5 Lourdes earthquakes which both occurred in southern
France. Data from 6 stations are selected for each event. The inversion results confirm a
significant variability in the attenuation parameters (scattering and absorption) at regional
scale and a strong frequency dependence. Scattering appears to be stronger towards the French
Alps and Western Pyrenees. Absorption is stronger as frequency increases. Although not very
resolvable, the mechanism of scattering appears to be forward or very forward. By inverting
the source spectrum, we determine moment magnitudes My, of 5.02 4 0.17 for the Le Teil
earthquake and 4.17 &£ 0.15 for the Lourdes earthquake.

Key words: Numerical modelling; Coda waves; Seismic attenuation; Wave propagation;
Wave scattering and diffraction.

rupture, M,, is considered to be the most relevant magnitude scale

I INTRODUCTION to quantify earthquake size. Unfortunately, the determination of M,

An accurate estimation of earthquake magnitude and seismic atten-
uation properties is necessary to assess seismic hazard. For example,
magnitudes are necessary to calibrate the Gutenberg—Richter law
or ground motion prediction equations (see e.g. Baker et al. 2021).
The two most common magnitude scales are (1) the moment magni-
tude M, computed from the seismic moment M, (Kanamori 1977),
which is directly related to the plateau of the source spectrum at
low frequencies and (2) the local magnitude, which is empirically
computed from the logarithm of the maximum amplitude of the sig-
nal (Richter 1935). As M, can be related to a physical model of fault

is either difficult or impossible for small earthquakes, because the
low frequencies radiated by the source are buried in the ambient
noise. As a consequence, one must rely on the high-frequency con-
tent of seismograms, which is particularly difficult to model since it
is affected by complex propagation effects caused by the presence
of poorly known geological heterogeneities.

As an alternative, the My scale (or another empirical scale) is
typically used to compute the magnitude of small earthquakes (e.g.
Shelly et al. 2021). To homogenize the magnitude scale, M can
be converted to M, using an empirical linear relationship (e.g.
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Braunmiller et al. 2005; Cara et al. 2015). The drawback of this
approach is that the M| scale is often imprecise. Furthermore, it
may suffer from undetected biases, due to the lack of knowledge on
the regional propagation. This issue is acute in the case of France,
where the assessment of seismic hazard is mainly based on small
earthquakes for which mostly local magnitudes have been deter-
mined. Currently, there remain large inconsistencies between dif-
ferent earthquake magnitude estimations, especially between M
and M, (Braunmiller et al. 2005; Deichmann 2006; Cara et al.
2017; Shelly et al. 2021), which sometimes exceed 1 in magnitude
scale (Sira et al. 2016)

We propose that inconsistencies in M estimations in France
could be explained to a large extent by regional variations of at-
tenuation properties, as highlighted by previous studies (Campillo
& Plantet 1991; Sens-Schonfelder et al. 2009; Calvet et al. 2013;
Denieul et al. 2015; Mayor et al. 2016, 2018). More specifically,
Mayor et al. (2018) found that regional variations of intrinsic
attenuation (°Q;)~! could reach £50 per cent across the coun-
try, in all frequency bands between 1 and 32 Hz. These varia-
tions are currently not incorporated into M| estimations in France.
As a consequence, magnitudes may be underestimated in high-
attenuation zones (Mediterranean Basin, Aquitaine Basin, Parisian
Basin, Rhone Valley) and overestimated in low attenuation zones
(Armorican Massif, Central Massif and Ardennes). This interpre-
tation is corroborated by the findings of Mayor et al. (2018) who
identified an apparent dependence of (°Q;)~! with respect to mag-
nitude for small events in France. These preliminary remarks point
to the fact that the relative contributions of attenuation and source
to the measured ground motions are still not well separated. Fur-
thermore magnitudes of small earthquakes may be systematically
biased by the imprecise modelling of attenuation.

As outlined above, classical methods like moment tensor deter-
mination from waveform modelling (e.g. Braunmiller et al. 2002)
demand that the low-frequency content of seismogram be suffi-
ciently energetic. In Metropolitan France, this property typically
breaks down for M,, < 3 — 3.5. As an alternative to the modelling
of direct waves, a number of studies have suggested that the spe-
cific characteristics of coda waves could facilitate the separation
of source, site and path effects, thereby allowing the recovery of
earthquake magnitude from high-frequency ground motions. We
now provide a short and by no means complete review of these
studies.

Since the pioneering work of Aki & Chouet (1975), it has been
observed worldwide that the energy in the seismic coda is corre-
lated with the source size, independent of the relative location of
the source and station in a given region. This remarkable property
may be formalized with the aid of the coda normalization principle.
It stipulates that in a small frequency band, the energy contained in
a late time window ([7, 7'+ AT]) in the coda is proportional to the
energy injected by the source and to the site amplification factor but
is independent of other factors such as the epicentral distance or the
source mechanism. The key point is that the lapse-time 7'is the same
for all events in a given region. The coda normalization principle
has been intensely exploited to extract the source and site terms
(Rautian & Khalturin 1978; Tsujiura 1978; Aki 1980). Neverthe-
less, its application can become inconvenient in regions with strong
spatial variations of attenuation properties. To circumvent the diffi-
culty, Wang & Shearer (2019) introduce path dependent attenuation
properties for coda waves, while retaining the general idea that the
coda level is proportional to the source and site terms. Elaborat-
ing on the work of Mayeda & Walter (1996), Mayeda et al. (2003)
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developed a parametric and entirely empirical approach to correct
for attenuation properties. This strategy allowed them to calibrate
a distance dependent model of S-wave envelope shape for a given
region, and to calibrate magnitudes of small to moderate earth-
quakes. The method of Mayeda et al. (2003) has been improved
later on to take into account the lateral variations of attenuation
(Pasyanos et al. 2016). To exploit seismograms from the pre-digital
era, Denieul ef al. (2015) calibrated envelope shapes in the tem-
poral domain and took into account large regional variations of
attenuation, before extracting magnitudes in Metropolitan France.

The approaches presented so far are empirical and rely on ad
hoc assumptions -for instance the analytical form adopted to model
envelopes- which are not easily justified theoretically and require
empirical corrections to be applied to the data. In addition, we
note that attenuation effects are removed without being quantified.
To dispense with such assumptions, physical approaches to model
wave propagation have been developed. The approach of Takahashi
et al. (2005) is based on a simple physical model of propagation for
direct S waves and separates site and attenuation effects by a coda
normalization approach. The source parameter is then retrieved
from corrected earthquake spectra. In terms of physical modelling,
an important contribution was made by Sens-Schonfelder & Wegler
(2006). These authors developed a 2-step inversion procedure to
separate source, attenuation and site parameters by modelling the
energy envelopes of S waves using radiative transfer theory. The
key point of this approach is that the shape of the envelope is
not hypothesized a priori. Instead, the strength of scattering and
intrinsic attenuation are adjusted to match the observed envelopes
as closely as possible. This allows one to isolate the propagation
term and offers an estimate of the crustal attenuation parameters as
a by-product.

The inversion procedure of Sens-Schonfelder & Wegler (2006)
has later been improved and automated by Eulenfeld & Wegler
(2016) which facilitated the application to several regions in the
world (Eulenfeld & Wegler 2017; Eken 2019; Eulenfeld et al. 2022).
These recent developments based on multiple-scattering theory still
rely on assumptions and simplifications of the physics—acoustic
approximation, uniform half-space and isotropic scattering—that
are questionable. It is for example well established that a velocity
contrast such as the Moho, strongly influences the amplitude and
shape of seismogram envelopes (e.g. Margerin et al. 1998; Heller
et al. 2022). On the one hand, leakage of seismic energy from crust
to mantle can significantly increase the coda decay rate (Margerin
et al. 1999). On the other hand, the S-energy trapped in the crust
gives rise to a prominent Lg phase at regional propagation distance.
Consequently, taking into account the stratification of velocity and
attenuation of the lithosphere is important to synthesize realistic
seismogram envelopes. We refer the reader to the introduction of
Heller et al. (2022) for theoretical developments on the radiative
transfer theory.

Elaborating on the recent work of Eulenfeld & Wegler (2016)
and Eulenfeld et al. (2022), we present a radiative transfer approach
to separate source from attenuation and site parameters using high-
frequency seismogram envelopes. The forward modelling follows
Heller et al. (2022) and features a complete treatment of polar-
ization effects for source radiation, scattering by small-scale inho-
mogeneities and reflections at crustal boundaries. This allows us
to synthesize realistic seismogram envelopes including the main
crustal phases and their codas. The modelling tool has been in-
corporated in a 2-step procedure to separate regional propagation,
source and site effects, based on the inversion of full seismogram
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envelopes. The method is illustrated by an application to two moder-
ate regional earthquakes recorded in metropolitan France, for which
independent magnitude estimates are available and comparison of
regional attenuation parameters with independent studies (Campillo
& Plantet 1991; Lacombe et al. 2003; Sens-Schonfelder et al. 2009;
Drouet et al. 2010; Calvet & Margerin 2013; Mayor et al. 2018) is
possible.

The paper is organized as follows. In Section 2, we present the
data of the two events considered in this study: the 2019 M 5.2
Le Teil earthquake and 2014 M 4.5 Lourdes earthquake. In Sec-
tion 3, we briefly present the physical model of wave propagation in
an inhomogeneous lithosphere and recall the main elements of the
algorithm used to simulate energy envelopes. Next, we explain in
some details the 2-step inversion procedure focusing on the separa-
tion of attenuation from source and site effects. Section 4 presents
the inversion results for the selected earthquakes and Section 5
concludes.

2 REGIONAL SETTING AND DATA
SELECTION

The 2019 My 5.2 Le Teil and 2014 My 4.5 Lourdes earthquakes are
two moderate seismic events which occurred, respectively, in South-
eastern France near the Rhone Valley and in the French Pyrenees
(see Fig. 1a). The Le Teil earthquake has been the most significant
earthquake in metropolitan France in the period 2010-2019 (Du-
verger et al. 2021) and caused significant damages near the epicentre
(Schlupp et al. 2021). While the Le Teil event affected a region of
low seismicity (Ampuero et al. 2020), the Lourdes earthquake took
place in the most tectonically active region of the Pyrenees (Souriau
et al. 2014). We selected these two events to illustrate our inversion
procedure because high-quality waveforms were recorded at local
to regional distances from each epicentre, offering good azimuthal
coverage. This allows us to explore path effects across regions with
diverse geological properties.

Previous studies highlighted significant regional variations of at-
tenuation in France (Campillo & Plantet 1991; Sens-Schonfelder
et al. 2009; Calvet et al. 2013; Denieul et al. 2015; Mayor et al.
2016, 2018). Recent investigations confirm that the variability of the
shapes of seismogram envelopes cannot be explained by a unique
attenuation model in France (Heller 2021, p. 117). Hence, to sep-
arate efficiently path from source and site effects, it is important
to take into account lateral variations of attenuation properties. To
address this point, we propose a path-based inversion procedure
which is presented in the next section. The method is subsequently
applied to data from six carefully selected stations for each of the Le
Teil and Lourdes earthquakes (Figs 1b and c). The choice ensures
a good azimuthal coverage and explores a variety of lithological
and tectonic environments. Thanks to the relatively short epicentral
distances in our data set, the seismograms do not show distinguish-
able mantellic phases such as Pn and Sn. The dominantly crustal
propagation simplifies the modelling considerably. All traces show
good signal-to-noise ratio in all frequency bands and the selected
stations are not affected by strong site effects. The absence of sig-
nificant amplifications has been verified by application of the coda
normalization approach (Phillips & Aki 1986) and by inspection of
the H/V ratios in the coda (Margerin et al. 2009).

Seismic data were downloaded from the RESIF portal (Réseau
Sismologique et géodésique francais) and consist of record-
ings from the french broad-band and accelerometric perma-
nent networks (RLBP, Réseau Large-Bande Permanent; RAP,

Réseau Accélérométrique Permanent; GEOSCOPE network, (RE-
SIF 1995a, b; Romanowicz ef al. 1984)) and temporary experiments
(PYROPE, Chevrot et al. 2017). To construct the energy envelopes,
the seismic traces are first converted to velocigrams. Selected ve-
locigrams are shown in Figs 1(d) and (e) for both earthquakes.
Next, two-poles Butterworth bandpass filters are applied to the data
in 7 octave-wide frequency bands centred at fy = 0.375, 0.75, 1.5,
3, 6, 12 and 24 Hz. At each frequency f;, the energy envelope of
earthquake 7 recorded at station j, denoted E(';{)s(t, /o), 1s calculated
from the three components of the filtered velocigrams a;'g'(t, fo) as
follows:

Pj(l'lij(lv fo)z)

EY (1, fo) = ,
obs( fO) 2Af

(1
where p; is the average density of the crust at the station set at
2800 kg m~3. The quantity 27/ (¢, fy)* denotes the squared analytic
signal summed over the three components (Sato ez al. 2012, p. 41):

N 1</ y 2

HOEEDY (u;:’(r, S+ [l )] ) , 6)
k=1

where ‘H denotes the Hilbert transform. In eq. (1), the
brackets ( - ) indicate smoothing by a moving average window.
To obtain a good compromise between reduction of envelope fluc-
tuations and temporal resolution, we found it convenient to adapt
the width of the moving window to the central frequency: four cy-
cles for fy < 0.75 Hz, eight cycles for 1.5 < f; <3 Hz and 16 cycles
for fy > 6 Hz. Normalization of the kinetic energy by the filter
bandwidth Af'in eq. (1) yields a spectral energy density that can
be quantitatively compared to the predictions of radiative transfer
theory. In the next section, the stochastic description of the medium
and the simulation algorithm are briefly outlined.

3 METHOD
3.1 Energy transport model

3.1.1 Random medium characteristics

We consider a simple, realistic model of the Earth’s lithosphere,
consisting of a multiple-scattering crust overlying a homogeneous
mantle (see Fig. 2). Crust and mantle are separated by a horizontal
velocity contrast (Moho) at a depth H, where the energy can either
be reflected or transmitted. A free surface delimits the top of the
crust, where total reflection occurs. We suppose for simplicity that
the probability for a mantle-transmitted wave to return to the crust
is negligible. In reality, the mantle does contain heterogeneities (e.g.
Lee et al. 2003; Mancinelli ef al. 2016). However, they are so much
weaker than the one contained in the crust that backscattering from
the mantle may be neglected, at least on the local to regional scale. As
a consequence, the crustal energy can only decrease exponentially
over time even without absorption. This phenomenon has been
called energy leakage in the literature (Korn 1990; Margerin et al.
1998).

In our model, the crust consists of a continuous random medium
with correlated fluctuations of velocity and density da, 68 and 6 p,
superimposed on a homogeneous background characterized by the
mean velocities «, B and density p. The fluctuations S, §8 and §p
are related by Birch’s law:

S 8B 14p

« "B v 3)
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Figure 1. (a) Location of the 2019 My 5.2 Le Teil and 2014 My, 4.5 Lourdes events. (b) Locations of the six stations selected for the Le Teil earthquake. (c)
Locations of the six stations selected for the Lourdes earthquake. (d) Selected raw velocity seismograms (vertical components) for the Le Teil earthquake. (e)
Selected raw velocity seismograms (vertical components) for the Lourdes earthquake. For the Le Teil earthquake, 3-component raw and filtered seismograms
are shown in Figs S1-S6. For filtered seismograms, central frequencies are fy = 0.75 and 3.0 Hz.
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with parameter v = 0.8 as suggested for lithospheric rocks (Sato
1984). Furthermore, we suppose that the spatial correlation R(r) of
the fluctuations is described by an exponential function:

R(r) = € exp(—r/Lo), “4)

where 7 is the distance between 2 points in the medium, €? the
amplitudes of the fluctuations and /. the correlation length, which
quantifies the characteristic size of small-scale inhomogeneities.
[See Sato et al. (2012) and Sato (2019) for a review of stochastic
properties of crustal materials.]

3.1.2 Scattering and attenuation length scales

In the heterogeneous crust, we use radiative transfer theory for po-
larized elastic waves (Weaver 1990; Ryzhik et al. 1996; Margerin
2005) to model the transport of seismic energy. We refer to Heller
et al. (2022) for a detailed discussion of the treatment of scatter-
ing by small inhomogeneities and reflection/transmission at crustal
boundaries for polarized elastic waves using the Stokes vector for-
malism.

In the crust, the coherent wave attenuation due to scattering by
small-scale heterogeneities is quantified by the mean free paths
of P and S waves /p and 5, which also represent the average
distance between two scattering events for each wave type. For
fixed correlation function (exponential in our case) and Birch pa-
rameter v, these length scales depend only on the ratio /./A (A
the wavelength of the incident waves) and the ratio between the
variance of the fluctuations and the correlation length €%/l.. As
shown by (e.g. Sato 1984; Weaver 1990), /» and /s may be read-
ily evaluated based on the Born approximation. In the multiple
scattering regime, the key length scales that characterize the at-
tenuation and coda generation are the transport mean free paths
I} and I3 (e.g. Gusev & Abubakirov 1999; Gaebler et al. 2015;
Celorio et al. 2022). [} and [§ can be understood as the aver-
age distance over which a beam of waves loses ‘memory’ of its
initial direction of propagation as a consequence of multiple non-
isotropic events (e.g. Margerin et al. 1998; Turner 1998). Similar
to Ip and [g, the transport mean free paths are functions of /./A and
€2/l

The ratio [*/I quantifies the anisotropy of the scattering
and depends critically on the non-dimensional parameter [./\.
Predominantly forward (resp. backward) scattering corresponds to
I*/l > 1 (resp I*/] < 1). For elastic waves in a weakly inhomogeneous
medium, backward scattering is possible only in the propagation
regime /./A < 1, while forward scattering prevails when X is of the
order of, or less than /..

Because the Earth is imperfectly elastic, the total seismic energy
decays exponentially with time. The spatial rate of decay of P and
S waves can be quantified by the absorption lengths /% and /¢,
respectively. As usual, we assume that absorption is solely caused
by shear deformation implying /%, /[ = %(oz /B)* (adapted frome.g.
Shearer 1999, p. 114).

To make the link with seismological practice, it is convenient
to introduce scattering and intrinsic quality factors for S waves
50* and SQ; which are related to the transport mean free path
and absorption length by the following relationships (adapted from
Eulenfeld & Wegler 2016):

s 2S5

sc

‘ ®)
S — 2 fI
0 5

Note that we define Q7. in terms of the transport mean free path
[ rather than the scattering mean free path /5. The reason is that
the former is the appropriate attenuation length scale for the peak
intensity observed in a typical realization of a random medium,
whereas the latter quantifies specifically the attenuation of the co-
herent ensemble-averaged wave which is inaccessible in seismic
experiments (see Celorio et al. 2022, for numerical examples and
further discussion). We also introduce the total (or extinction) qual-

ity factor for S waves SQ,:

s -1 S -1 s -1

(o) =(Con) +(0) . ©)
We also introduce the seismic albedo B, defined as the ratio of
scattering attenuation to total attenuation for S waves:

()"

B = 1 1
(1) + (1)

(N

3.1.3 Parametrization

Assuming a Birch coefficient v = (0.8 and an exponential corre-
lation function, the three parameters /., €2 and SQ; completely
specify the scattering and attenuation properties of the crust at a
given central frequency fy. However, this parametrization is incon-
venient for the inverse problem because it combines dimensional
and non-dimensional quantities. Furthermore, a change of /. per-
turbs simultaneously the scattering pattern and the scattering mean
free path, which complicates the computation of partial derivatives
of envelopes needed for linearized inversions. As an alternative,
we find it convenient to use the attenuations (expressed in inverse
time) g = B/ls, s = B/ 15 and ps = B/1§ as the fundamental set
of parameters characterizing the random medium. At a given fre-
quency, /. is completely determined by the ratio wg/u} and €2 is
in turn determined by the magnitude of g (or 15). Note that the
P mean free paths and absorption lengths are not free parameters:
they are entirely determined by the triplet (pg, %, 1) thanks to the
assumptions listed in Sections 3.1.1 and 3.1.2 and the equations of
Sato et al. (2012).

3.2 Synthetic envelopes computation

We express the modelled energy envelopes E;{od(t, fo) in the fol-
lowing form:

EJ(t. fo) = Wi SR, (f0)Gis(t. fo. ls, I3, 19), (8)

where Wi(fy) is the spectral source energy for earthquake 7, R;(fo) is
the site term expressed in energy for stationjand G;;(¢, fo, ls, I3, I§)
is the energy propagation term for a unit source. It can be understood
as a Green’s function of the radiative transfer equation, although
this term might be a bit misleading since Gj; takes into account the
source mechanism in the form of a double-couple. As the inversion
time window extends from the direct P waves arrival to the S-wave
coda, the site term is assumed to be similar for both P and S waves.

3.2.1 Monte Carlo simulations of seismogram envelopes

For a given source-receiver pair, G;;(, fo, is, s, 1S) is calcu-
lated using the Monte Carlo approach (Heller ef al. 2022), which is
commonly used to solve the radiative transfer equations (Gusev &
Abubakirov 1987; Hoshiba 1994; Margerin et al. 2000; Lacombe
et al. 2003; Przybilla et al. 2009). For each Monte Carlo simula-
tion, 5 million phonons (or energy particles) are emitted at a point
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source and perform a random walk in the medium. To build energy
envelopes, we discretize the medium into cylindrical shells of ra-
dius and thickness both equal to 10 km and count the number of
phonons present in each elementary volume at regular time inter-
vals of 1 s (see Heller et al. 2022, for further details). We place a
double-couple source at a depth of 1 km for the Le Teil earthquake
and 9 km for the Lourdes earthquake, respectively. Fault parameters
are set as follows: strike = 62°, dip = 59° and rake = 107° for
the Le Teil earthquake according to the CEA-LDG (http://www-
dase.cea.fr/actu/dossiers_scientifiques/2019-11-11/index.html, last
accessed: July 2023) and strike = 115°, dip = 60° and rake = —69°
for the Lourdes earthquake according to the Midi-Pyrénées Obser-
vatory (Mazzotti et al. 2021). Due to the shallow depth of the Le
Teil earthquake, we expect an important excitation of surface waves
at low frequency (see Figs 1d and S1-S6), which cannot yet be
modelled in our Monte Carlo simulations. Although some progress
has been made to include surface waves in envelope simulations
(Xu et al. 2021), significant theoretical developments are still nec-
essary to properly take into account coupling between surface and
body waves in the radiative transfer modelling. The Moho depth A
is set at 30 km for all the selected stations for the Le Teil earthquake
and the stations MONQ and TERF for the Lourdes earthquake. H
is set at 40 km for the station PC25 located in the Spanish Pyre-
nees. Due to the existence of a discontinuity in the Moho along the
Northern Pyrenean fault (e.g. Chevrot ef al. 2018), we tested dif-
ferent Moho depths for three stations (ATE, PC15 and MLS) with
H =30, 40 and 50 km. Eventually, we selected the depth providing
the lowest misfit between data and synthetic envelopes as explained
in the next section. For each source-station pair, we adjust the crustal
velocity model (@ and B) to match the onset of the direct arrivals.
This step is important as small time shifts may result in biases in the
estimation of scattering properties. Depending on the source-station
path, crustal velocities are 5.41 <a < 6.09 kms~' and 3.16 < 8 <
3.61 kms~'. In the mantle, P- and S-wave velocities are fixed at 8,,
=47 kms™' and a,, = v/38,, ~ 8.14 kms~'. Crustal and mantle
densities are set to p = 2.8 and p,, = 3.3.

3.2.2 Partial derivatives of seismogram envelopes
In addition to the envelopes E :njod, the partial derivatives with re-
spect to the parameters g and ., also called sensitivity kernels, are
computed. These kernels, which are needed for the optimization of
s and u§ as discussed thereafter, are calculated by the differential
Monte Carlo method (Takeuchi 2016). To facilitate the comparison
between the scattering and absorption sensitivity kernels 0E/9 s,
dE /o, we plot these quantities on the same graph in Fig. 3 for
epicentral distances fixed at 50, 150 and 250 km. Furthermore, we
carefully distinguish between the P and S energy densities, although
only the sum of the two is considered in the forward-modelling and
the inversion. In Fig. 3, the time scale is normalized by the S wave
mean free time tg = 1/ug and the source is a unit energy double-
couple with parameters corresponding to the Le Teil earthquake.
The attenuation parameters are taken from the reference model of
Lacombe et al. (2003) for France at 3 Hz (/§ = I = 250 km, /¢ =
150 km). Note that to obtain smooth kernels such as those shown in
Fig. 3, the number of simulated phonons needs to be significantly
increased (5 x 10° in this case). In the Figure, we see that the scat-
tering and absorption sensitivity kernels have similar magnitude in
the time window between the direct P- and S-waves arrival times. It
is worth noting that even in the P-coda, a large part of the sensitiv-
ity originates from converted shear waves. Efficient mechanisms for
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Figure 3. Absolute value of the partial derivatives of P- and S-energy en-
velopes with respect to the scattering (solid line) and absorption (dashed
line) inverse times (is, (%) as a function of time normalized by the S-wave
mean free time. From top to bottom, epicentral distances are 50, 150 and
250 km (see text for other parameter settings).

such mode conversions are reflections at the free surface and scat-
tering by small-scale heterogeneities in the vicinity of the receiver.
Around the direct § waves, scattering and absorption affect the en-
ergy envelope equally, which is consistent with the well-known fact
that the separation of attenuation mechanisms is impossible from
analysis of direct waves only. The situation changes drastically in
the S coda, where it can be observed that absorption largely dom-
inates scattering. This in turn implies the important property that
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the modelling of the complete seismogram envelope allows the sep-
aration of attenuation mechanisms. Roughly speaking, the direct
S-wave constrains the total attenuation while the coda constrains
the absorption. More exotic features can also be observed such as
the decay of the S-wave scattering sensitivity kernel towards 0 vis-
ible between #/7g = 3.8 and #/t5 = 4.1 in the coda (Fig. 3). At
this lapse-time the scattering kernel changes sign (not visible in
this figure). Such a sign inversion was previously pointed out by
Mayor et al. (2014) in the scalar case. This property can be under-
stood qualitatively as follows: increasing the scattering attenuation
in the medium leads to a decrease of the coherent wave energy and
therefore results in a negative sensitivity near the ballistic arrivals
and in the early coda. By contrast, the energy backscattered at long
lapse-time is increased. This is clear, for example, from the diffu-
sion approximation whose amplitude scales like (1%)*/?. Therefore,
we expect a positive sensitivity to scattering attenuation at long
lapse-time.

In summary, we have argued that the time-dependent sensitivity
of seismogram energy envelopes can be exploited to quantify the
contributions of scattering and absorption from a single record. The
separation procedure, which requires the joint modelling of direct
arrivals and their coda is detailed hereafter.

3.3 Separation of source, attenuation and site parameters

Elaborating on previous works by Sens-Schonfelder & Wegler
(2006); Eulenfeld & Wegler (2016); Eulenfeld et al. (2022), we
developed an inversion procedure based on elastic radiative trans-
fer theory to separate the source spectrum from attenuation and
site parameters using seismogram records in the 0.375-24 Hz fre-
quency band. The inversion procedure is divided into two steps: (1)
invert the attenuation parameters g, ©3, u§ or equivalently (/s, /g
and §/ls) and the product of the spectral source energy and site
amplification (WR); for each source-station path from the selected
data envelopes and (2) with a correct attenuation model, separate
W; from R;. From the source energy, we in turn estimate the source
displacement spectrum, then M, and M,, in the framework of a
generalized Brune model (Brune 1970; Abercrombie 1995).

3.3.1 Inversion of attenuation parameters

As outlined in Section 3.1.3, three parameters suffice to completely
specify the attenuation properties of the crust at a given frequency:
s, the coherent wave attenuation, s/ the scattering anisotropy
parameter, and u§ the anelastic attenuation. Despite the small num-
ber of unknowns, the solution of the inverse problem poses some dif-
ficulties. In particular, while scattering anisotropy is an important in-
gredient to model seismogram envelopes (e.g. Gusev & Abubakirov
1987; Sato 1989; Hoshiba 1995; Jing et al. 2014), several authors
have pointed out the difficulty of resolving this parameter in inverse
problems. Gaebler e al. (2015) used elastic radiative transfer theory
to estimate scattering and absorption from observed seismogram en-
velopes and found that while 7§ is generally well constrained, the
anisotropy parameter /§/ /g is poorly resolved by the data. Similar
conclusions were reached by Calvet et al. (2023) in the framework
of MLTWA inversions in the case where forward-scattering domi-
nates. We recall that MLTWA (multiple lapse time window analysis,
see Fehler et al. 1992) is a method to estimate attenuation based on
radiative transfer theory. It allows the separation of scattering and
absorption from the measurement of energy integrals of direct .S

wave and its coda in three consecutive time windows (+ a late nor-
malization window). The conclusions of Calvet et al. (2023) are
therefore relevant to our work. In other approaches such as peak
delay time tomography (e.g. Takahashi et al. 2009), the scattering
strength/scattering anisotropy trade-off is reflected in the fact that

one usually seeks to retrieve the parameter €2//, only.

In the light of these observations, we complete step (1) by using
a hybrid inversion approach which combines a grid-search for the
scattering anisotropy (us/p%) with an iterative optimization for
ws, s and (WR);. For the later we use the Levenberg—Marquardt
algorithm as implemented in the GNU Scientific Library (Galassi
etal. 2002). Following Gaebler et al. (2015), the agreement between

modelled envelopes and data is quantified by the x? misfit function,
defined as the least-squares difference between the logarithms of
the normalized simulated energy envelopes (WR);;G;i(t,, fo) and the
data envelopes Eg} (., fo):

1 N B 2
=52 (loglo (Euttns o)) = togag (O RY (f0)Gijtn, fm)) :

7 ©

In eq. (9), ¢, denotes the sampling time of the envelopes and the
sum is carried over the total number of samples N. In practice, we
cut the records when the signal-to-noise ratio (defined in energy)
decreases below 4. The time window for noise estimation is set
before the signal onset and typically lasts several tens of seconds,
dependent on the recording. Note that two smoothing operations
are applied to simulated Gj(#,, fo) before computing the misfit x2.
(1) A moving average window with the same duration as the one
applied to data envelopes. (2) To take into account the temporal
spreading of the signal energy due to the bandpass filtering of the
waveforms, the synthetic envelopes are convolved with the normal-
ized energy envelope of the impulse response of the filter. Note
that to reduce the computational effort, the synthetic envelopes are
azimuthally averaged. Such a simplification is supported by theoret-
ical and observational studies showing that the focal mechanism is
rapidly averaged out at high-frequency as a consequence of crustal
scattering (Takemura et al. 2016). For stations located close to the
epicentre (ADHE and PC15, see Fig. 1), we verify that the azimuthal
average has no influence on the results (see Fig. S7). We also stress
that the logarithm appearing in the definition of the misfit function
is important to give similar weights to the ballistic and coda parts
of the signals in the inversion process.

In practice, the method works as follows. For each source-
station pair (7, j) and central frequency fy, the grid-search algorithm
is used to explore different levels of scattering anisotropy rang-
ing from non-preferential to strongly forward-peaked (us/p’s €
{1,2,5,10,20,40}). We note that there exists a one-to-one cor-
respondence between /./A and ws/u§. For each value of pug/u%,
the Levenberg—Marquardt algorithm is used to jointly optimize g,
ws and (WR);;. This step uses the sensitivity kernels introduced in
Section 3.2.2 to guide each iteration of the optimization process.
Such an approach has already been successfully applied to enve-
lope inversions of impacts and quake data on Mars (Menina ef al.
2021, 2023). In the vast majority of cases, we find that the algo-
rithm converges in a few steps towards a minimum which shows
little dependence to the starting model, which indicates that once
the scattering mechanism is fixed, the inverse problem for g and
w$ has a unique solution (Fehler ef al. 1992).

3.3.2 Extraction of source parameters

Once the propagation and energy terms Gy;(¢, fo,Is, I3, [§) and
(WR);; have been determined for each source-station pair and each
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frequency, we proceed to the separation of the source and site terms,
Wi(fo) and R;(fy) in eq. (8). As the notations suggest, we assume
that W;(fo) is common to all seismogram records whereas R;(f;) is
specific to each station. We chose to extract the relative site ef-
fects with respect to the whole set of inverted stations. For this
purpose, we assume that the logarithmic average of site amplifica-
tions over the network is equal to 0 (Sens-Schonfelder & Wegler
20006):

(log (Wi(f)R/(f0))) = log (Wi(f0)) . (10)

where the brackets denote the average over all the selected stations.

For a double couple, the source spectral energy W;(w) is
equal to the sum of the P- and S-wave spectra W/ (w) and
W5(w). Wi(w) may be expressed as follows (Sato et al. 2012,
p. 188):

w4|M(w)|2
107 pB>

w4|M(w)|2

Wilw) = W/ (@) + W (@) = <5

(In

M(w) designates the Fourier transform of the seismic moment time
function and w = 27zf. From eq. (11), we deduce the source dis-
placement spectrum w|M(w)|:

. Wi(w) 30ppar’
it = 142 e,

Having estimated the source displacement spectrum, key param-
eters characterizing the source size can be calculated. By applying
the source model developed by Abercrombie (1995), the seismic
moment M, (expressed in N.m) can be related to the source dis-
placement spectrum as follows:

My

(1+(2)")"

where f; denotes the corner frequency, # the high-frequency spectral
falloff exponent and y an additional exponent controlling the shape
of the transition between the low-frequency plateau of the spectrum
at M, and its decaying part in /7. In the case where n =2 and y =
1 in eq. (13), the classical Brune source model is recovered (Brune
1970). My, f., n and y can be estimated simultaneously by applying
a non-linear least-square regression to the logarithm of the source
displacement spectrum. For this purpose, eq. (13) can be rearranged
in the following way:

In (w|M(w)|) — In My — %m <1+ (%>V> (14)

Eq. (14) is still too detailed for our purposes. In practice, we
found it difficult to simultaneously resolve the exponents y and
n from the data. Since our main goal is to estimate M,, we
opted for a generalized Brune model by setting y = 1. Fi-
nally, we convert the seismic moment M, to the moment mag-
nitude M,, using the relationship given by Hanks & Kanamori
(1979):

o|M(w)| = (13)

2
My, = 3 logyo(My) — 6.07. (15)

In addition, from the parameters M, and /., it is possible to determine
additional physical quantities characterizing the source such as the
stress-drop Ao, which can be expressed as:

_ T (LY
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with £ = 0.37 (Brune 1970). The inversion results are discussed
hereafter.

4 RESULTS

4.1 Envelope modelling

The inversion procedure developed in Section 3 has been applied to
the data set presented in Section 2. Synthetic envelopes £\’ (¢, fo)

mod

are compared to data envelopes Ef,{)s(t, fo) in Fig. 4 for the six
records from the Le Teil (2019) event and in Fig. 5 for the six
records from the Lourdes (2014) event, in a frequency band centred
around fy = 3 Hz. Envelope fitting at other frequency bands between
0.375 and 24 Hz are shown in supplementary materials (Figs S8—
S14). The synthetic envelopes shown here are those obtained with
the scattering anisotropy (quantified by /§//s) minimizing the cost
function x? (see eq. 9). We note that all observed envelopes are
relatively well modelled from direct arrivals to the end of the S-
wave coda. Small discrepancies between synthetics and data are
nevertheless visible, mainly in the time window of the direct P
wave and its coda. Depending on the station and the frequency,
P-wave amplitudes may be either overestimated or underestimated.
In the case of station ADHE, which is located in the vicinity of
the epicentre of the Le Teil earthquake, direct arrivals may be more
sensitive to attenuation properties in the upper crust and the S-wave
coda sensitive to attenuation properties in the whole crust which
may explain the relatively poor fit to the data since we assume
uniform attenuation properties for the whole crust. As discussed
in Wang & Shearer (2017), a crustal attenuation stratification may
provide a better fit, but such an implementation is out of the scope
of this study.

Furthermore, at low frequency (<1.5 Hz) we remark that the
beginning of the S-wave coda is poorly modelled in the case of the
Le Teil earthquake. This is illustrated in Fig. 6, where we compare
best-fitting synthetics and data envelopes at central frequency fy =
0.75 Hz for the Le Teil earthquake. The excess energy following
the S-wave pulse and which is not explained by our model could be
related to the excitation of surface waves since the hypocentre of
this event is relatively shallow (about 1 km, e.g. Delouis et al. 2021).
Apart from these issues, we found that the Levenberg—Marquardt
algorithm converges to a model that satisfactorily explains the data
in usually less than 10 iterations.

In Fig. 7, we illustrate the effect of scattering anisotropy on the
fidelity of envelope modelling. An example of envelope fitting for
the Le Teil earthquake at station LAJAS is shown in Fig. 7 a with
the anisotropy parameter /3//s = 40, providing the best fit to the
data. For comparison, in Fig. 7 b we show the best-fitting envelope,
assuming a non-preferential scattering mechanism (/3//s = 1). Itis
apparent that non-preferential scattering provides a poorer fit to the
data. In particular, this model predicts a direct S-wave arrival which
is too impulsive and reproduces less accurately the overall shape of
the S-wave envelope. Quantitatively, we find that the misfit x? is
higher by 67.7 per cent for [/ /s = 1 than for [5/ls = 40. The latter
value corresponds to a strongly forward-peaked scattering mecha-
nism. In such a case, the applicability of the Born approximation
underlying transport theory may be questioned. To confirm the va-
lidity of our approach, we verified that the condition €2/.k% < 1
with ks = 2xfy/p was satisfied for all the best-fitting models of
heterogeneity (Ryzhik ez al. 1996).

We remark that the level of scattering anisotropy can have a large
impact on the estimated scattering attenuation. In the case illustrated
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Figure 4. Comparison between best-fitting synthetic envelopes (solid black line) and data envelopes (magenta dashed line) at central frequency fo = 3.0 Hz
for the Le Teil (2019) event. Epicentral distances are indicated in inset below the station code.
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Figure 5. Comparison between best-fitting synthetic envelopes (solid black line) and data envelopes (magenta dashed line) at central frequency fy = 3.0 Hz
for the Lourdes (2014) event. Epicentral distances are indicated in inset below the station code.

in Fig. 7, we find that when the anisotropy parameter increases from
I$/ls =1 to I3/1g =40, I decreases from 1397 to 498 km. By
contrast, /§ only increases from 135 to 166 km. This example indi-
cates that a more accurate estimation of scattering attenuation can be
expected from radiative transfer models that incorporate the effect
of scattering anisotropy compared to purely isotropic models. For
most stations, we verify that the anisotropic model improves the data
fitting (see Fig. S15). Globally we observe that a low-to-moderate
forward scattering model (/§//s ~ 1 — 10) at low frequency (fy <

0.75 Hz) and a very forward scattering model (/3 //s > 10) at higher
frequency better explain data envelopes. Overall, our results show
that iterative linearized envelope inversion based on radiative trans-
fer theory is feasible for polarized elastic waves in a crustal waveg-
uide. This approach allows an estimation of the average crustal scat-
tering and absorption properties and provides a satisfactory model
for the high-frequency propagation term. In the next section, we
examine in more details the variability of attenuation parameters
inferred from envelope inversion.
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Figure 6. Comparison between best-fitting synthetic envelopes (solid black line) and data envelopes (magenta dashed line) at central frequency fy = 0.75 Hz
for the Le Teil (2019) event. Epicentral distances are indicated in inset below the station code.
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Figure 7. (a) Comparison between best-fitting synthetic envelopes (solid black line) and data envelopes (magenta dashed line) at central frequency fy = 3.0 Hz
for the Le Teil (2019) event recorded at the station LAJAS in the Southern Central Massif. (b) Same but a non-preferential scattering (/5//s = 1) is assumed.

4.2 Attenuation parameters

4.2.1 General description

Fig. 8 shows the frequency-dependent attenuation parameters
(50%.)™" and (50,)"" inverted for each source-station pair in the
case of the Le Teil and Lourdes earthquakes. The corresponding
transport mean free paths and absorption lengths (as well as the
scattering/absorption quality factors) with their uncertainties are
reported in Tables 1 and 2, respectively. In addition, we provide
the values of the best-fitting anisotropy parameter /3//g and the
minima of the misfit function. Comparing the attenuation curves
in Fig. 8, we observe a significant variability of the attenuation pa-
rameters depending on the frequency and the source-station path.
Before delving into the details, we provide general comments on
the frequency dependence of attenuation.

To facilitate the comparison with other studies, we summarize
our attenuation measurements with a power law (Q = Qyf") for

absorption and scattering quality factors of S waves defined in
eq. (5). In each region, we determined Q, and 7 from a linear
least-square fit of the logarithm of the median of the inverse qual-
ity factors (¥ :8)71 and (°Q;)~! over the 6 inverted stations. For
the region corresponding to the Le Teil (2019) ans Lourdes (2014)
earthquakes, we find 50; = 378/*%4, SO* =283 1% and 50, =
361/, 50 =252 1113 respectively. To aid the comparison with
studies that only provide estimates of apparent attenuation, we also
determine the power law for the total (or extinction) quality factors
(eq. 6). We find 5Q, = 160/°% and 5Q, = 148/°%3 for the Le Teil and
Lourdes regions, respectively. The range of determined power-law
exponents in France is typical of the values reported in the literature
for the total attenuation (see Sato er al. 2012, chapter 5). Perhaps
more interestingly, our study highlights the distinct frequency be-
haviour of scattering versus absorption, with an exponent 7 about
twice larger for the former than the latter. The values of these
exponents put critical constraints on the possible mechanisms at
the origin of attenuation. On average, the seismic albedo (i.e. the
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Figure 8. Attenuation parameters (S Q;‘C)_1 and (5Q;)~! as a function of frequency for the Le Teil (a) and Lourdes earthquakes (b). The reported values
correspond to the scattering mechanism providing the lowest misfit, which may change with frequency. Comparison with other studies is shown in grey and
black. In the studies marked with an asterisk, total attenuation is retrieved from direct S or Lg waves.

fraction of attenuation caused by scattering) decreases approxi-
mately like %32 with absorption dominating scattering for fre-
quencies typically greater than 1.5-3 Hz. This trend is generally in
line with what has been found in different regions of the world (Sato
etal. 2012).

Looking at our attenuation estimates in more details, it is clear
from Fig. 8 that scattering shows greater intraregional variability
than absorption. Quantitatively, for a fixed frequency band, scatter-
ing typically varies by a factor of 3—5 depending on the source-
station path, while absorption varies by a factor of only 1.5-2. This
observation must be counter-balanced by analysing the uncertain-
ties in attenuation parameters reported in Tables 1 and 2. Indeed,

we remark that they are significantly larger for scattering than ab-
sorption. Looking at the sensitivity kernels in Fig. 3, we remark that
envelopes are mostly sensitive to scattering near ballistic arrivals,
which correspond to only a small fraction of the inversion time
window. In addition, we note that direct waves are subject to large
variability in amplitude due to the source mechanism. By contrast,
absorption affects the envelope in the whole inversion time window,
suggesting that this quantity is better constrained.

In the region of the Le Teil earthquake (Fig. 8a), absorption in
the Central Massif (stations OCOL and LAJAS) is weaker than in
the Alps (stations ARTF and OGVG) at low frequency, a pattern
that reverses at high frequency. In the Pyrenees (Fig. 8b), (50;)~!
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Table 1. Inverted attenuation parameters [lengths /g and /S, quality factors (eq. 5), best model misfit x? and the corresponding value of I5/1s
minimizing x2] for the Le Teil (2019) earthquake, as a function of frequency. All uncertainties correspond to the 95 per cent confidence interval.

Station name  fj (Hz) [5 (km) 1§ (km) SQ;‘C S0, I3/l %2

0.375 148.62 4+ 29.34 335.79 £ 10.95 100.02 + 19.74 225.99 +7.37 10 0.0246

0.75 152.53 £30.39 24492 £ 6.95 205.31 +£40.90 329.67 £9.35 10 0.0289

1.5 389.53 £+ 74.53 230.06 + 6.24 1048.62 £ 200.65 619.32 +16.79 40 0.0207

OCOL-00-HN 3.0 412.35+79.35 158.79 +3.82 2220.08 +427.23 854.93 £+ 20.57 40 0.0253
6.0 361.99 £ 66.56 9234+ 1.15 3897.89 £ 716.67 994.31 + 12.41 40 0.0169

12.0 331.03 £ 60.28 77.78 + 0.80 7129.12 £+ 1298.24 1675.11 £ 17.17 40 0.0149

24.0 295.42 +52.41 70.88 + 0.74 12724.48 £+ 2257.38 3052.76 £+ 31.81 40 0.0107

0.375 402.18 +48.35 238.08 +4.23 272.32 +£32.74 161.21 £2.87 1 0.0141

0.75 140.43 4+ 16.33 258.54 £ 6.16 190.18 +22.12 350.12 + 8.34 2 0.0308

1.5 120.53 £+ 14.15 244.12 +4.32 326.44 £+ 38.32 661.18 + 11.69 5 0.0185

SSB-00-HN 3.0 180.75 +22.28 152.86 +1.43 979.09 + 120.69 828.05 + 7.74 40 0.0081
6.0 209.17 +26.39 86.62 £+ 0.72 2266.11 +285.89 938.45 +17.75 40 0.0082

12.0 212.70 + 24.40 71.51 £0.39 4608.73 + 528.77 1549.55 £+ 8.46 40 0.0105

24.0 218.75 £ 28.17 72.15+0.74 9479.45 4+ 1220.84 3126.59 £+ 32.10 40 0.0083

0.375 52.88 + 10.06 251.84 £9.76 38.32+7.29 182.48 + 7.07 2 0.0151

0.75 60.87 £ 11.11 200.88 +5.88 88.21 +£16.10 291.10 + 8.52 5 0.0143

1.5 144.56 + 28.66 166.64 £+ 3.56 418.97 + 83.05 482.95 £10.31 20 0.0254

OGVG-00-HH 3.0 195.71 +£37.83 143.57 +2.89 1134.43 £+ 219.30 832.19 £ 16.73 40 0.0308
6.0 220.52 +41.21 114.62 +2.32 2556.44 + 477.78 1328.76 + 26.88 40 0.0459

12.0 289.89 + 54.16 116.47 £+ 2.65 6721.44 £ 1255.81 2700.41 + 61.36 40 0.0433

24.0 223.72 +42.12 97.49 +1.63 10374.40 £ 1953.34 4520.76 + 75.73 20 0.0326

0.375 115.06 + 16.13 852.56 £ 30.13 79.94 + 11.21 592.37 £+ 20.93 5 0.0112

0.75 131.06 + 18.63 288.95 + 6.59 182.12 £+ 25.89 401.53 £9.15 2 0.0354

1.5 348.23 +48.17 202.47 +2.69 967.84 4+ 133.88 562.70 &+ 7.47 5 0.0335

LAJAS-00-HH 3.0 498.22 + 69.71 166.24 £ 2.65 2769.35 +387.48 924.06 + 14.75 40 0.0265
6.0 320.39 £ 43.69 92.47 +0.82 3561.77 £+ 485.70 1027.97 £9.15 40 0.0087

12.0 331.33 +£44.86 80.52 £ 0.74 7366.93 £+ 997.37 1790.26 £+ 16.47 40 0.0109

24.0 254.28 + 34.05 69.60 + 0.50 11307.16 £ 1513.93 3095.07 £+ 22.36 40 0.0091

0.375 199.90 + 14.39 263.79 +3.51 145.28 +10.46 191.71 £ 2.55 2 0.0081

0.75 100.85 + 7.09 189.02 +2.20 146.59 £+ 10.30 274.74 £ 3.20 1 0.0460

1.5 88.44 £ 6.27 170.18 + 1.97 257.10 + 18.22 494.72 £ 5.71 1 0.0617

ADHE-00-HH 3.0 304.36 +23.13 13845 £ 1.15 1769.59 £ 134.46 804.93 £ 6.67 10 0.0598
6.0 427.23 +31.52 68.15+0.29 4967.95 + 366.54 792.46 £+ 3.33 1 0.0255

12.0 262.95 +19.90 57.85+0.24 6115.20 £+ 462.77 1345.47 £ 5.59 20 0.0263

24.0 419.16 +39.17 59.49 +0.41 19496.37 + 1822.09 2766.98 £+ 19.13 20 0.0186

0.375 68.59 + 12.34 282.82 +10.68 49.93 +8.98 205.88 +7.77 5 0.0213

0.75 48.26 + 6.47 163.11 £ 4.19 70.27 +£9.43 237.47 £ 6.10 5 0.0207

1.5 61.84 +10.73 140.26 £+ 2.85 180.07 + 31.26 408.41 +8.31 5 0.0241

ARTF-00-HH 3.0 215.65 +43.42 120.46 £+ 2.19 1255.82 £+ 252.85 701.52 + 12.77 20 0.0200
6.0 365.93 +70.83 110.20 £+ 2.46 4262.02 + 82491 1283.48 £+ 28.70 40 0.0341

12.0 383.41 £+ 74.90 111.40 £+ 2.61 8931.26 £ 1744.71 2594.97 + 60.79 40 0.0515

24.0 373.07 &+ 74.03 101.80 & 2.01 17380.48 + 3448.87 4742.92 +93.82 10 0.0439

decreases in a similar way at stations TERF, ATE, PC15 and PC25
for frequencies larger than 1.5 Hz. Large variability of absorption
properties is visible at the lowest frequency (0.375 Hz). In particular,
anomalously weak absorption is found at station MLS. We could
not determine whether this feature is real or an artefact related to the
competition between energy leakage and absorption in modelling
the coda decay.

In the region of the Le Teil earthquake, scattering is generally
more pronounced at stations located in the Alps than at those lo-
cated in the Central Massif at low frequency (<3 Hz; Fig. 8a). At
high frequency (>6 Hz), little variability is observed among the
different stations. In the region of the Lourdes earthquake, patterns
of scattering attenuation that deviate from the general trend are ob-
served at stations MONQ and TERF in the Aquitaine Basin. Stations
PC15, PC25, ATE and MLS in the central Pyrenees show similar

frequency dependence with three times larger attenuation at MLS
than at other stations at all frequencies.

Owing to the grid-search exploration, we find that a moderately
forward scattering mechanism best explains the data at low fre-
quency (I5/ls~1—10 for fy < 0.75 Hz). By contrast, strong
forward scattering is the preferred mechanism to explain high-
frequency data, with /%//s reaching the value of 40—the largest
explored—in most cases for f; > 3 Hz (see Tables 1 and 2). This
result is consistent with independent studies carried out in different
regions of Europe (e.g. Przybilla et al. 2009; Calvet et al. 2013;
Gaebler et al. 2015). Nevertheless, we remark that a broad range of
I%/ls can give similar misfits (see Fig. S15) which shows that the
anisotropy parameter is poorly resolvable. For further discussions
of the trade-off between scattering strength and anisotropy, we refer
the reader to Gaebler et al. (2015) or Calvet et al. (2023).
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Table 2. Inverted attenuation parameters (lengths /5 and [§, quality factors (eq. 5), best model misfit x2, and the corresponding value of I5/1s
minimizing x2) for the Lourdes (2014) earthquake, as a function of frequency. All uncertainties correspond to the 95 per cent confidence interval.

Station name  fp (Hz) I’ (km) 1§ (km) SQ;‘C S0, I5/1s %2

0.375 30.89 +4.41 208.49 +10.44 23.00 +3.29 155.20 +£7.77 2 0.0219

0.75 52.25 £ 10.04 134.46 £3.88 77.78 £ 14.95 200.19 £5.78 1 0.0218

1.5 121.23 £ 26.18 137.64 £+ 3.58 360.97 + 77.95 409.84 £+ 10.67 40 0.0198

TERF-00-HH 3.0 24488 £ 52.32 124.59 £2.96 1458.27 £ 311.55 741.98 £ 17.64 40 0.0197
6.0 217.55 +£47.22 97.95 + 1.76 2591.07 + 562.40 1166.58 £ 20.94 40 0.0139

12.0 121.16 +£26.73 70.38 +0.99 2886.08 & 636.69 1676.44 £ 23.64 40 0.0143

24.0 102.06 £ 19.98 60.34 + 0.80 4862.30 +951.93 2874.58 + 38.05 40 0.0115

0.375 198.96 £+ 52.76 230.32 +8.97 148.30 +39.33 171.67 + 6.68 40 0.0413

0.75 181.63 +49.10 164.01 + 5.65 270.77 £ 73.19 244.50 + 8.42 40 0.0595

1.5 289.29 + 80.18 140.69 £+ 3.73 862.52 £ 239.07 41947 £ 11.11 40 0.0502

PC15-00-HH 3.0 283.09 + 77.17 110.97 £ 2.36 1688.05 £ 460.14 661.74 £ 14.08 40 0.0428
6.0 268.84 + 70.05 80.57 + 1.34 3206.20 £ 835.36 960.82 £+ 15.99 40 0.0349

12.0 235.75 £ 53.92 62.95 +0.94 5623.04 £ 1286.19 1501.37 &+ 22.41 20 0.0646

24.0 165.56 4 38.28 51.62 +£0.73 7897.68 + 1826.05 2462.35 +34.74 40 0.0591

0.375 4514 £5.20 166.29 £+ 5.32 31.10 +3.58 114.56 + 3.66 2 0.0302

0.75 211.71 £ 46.75 225.75+17.37 291.71 + 64.42 311.06 &+ 10.16 5 0.0237

1.5 230.99 +51.43 191.97 £+ 5.37 636.54 + 141.74 529.03 £+ 14.81 40 0.0243

MONQ-00-HH 3.0 182.69 +41.01 135.08 £ 3.17 1006.88 £ 226.03 744.47 £ 17.48 40 0.0267
6.0 302.38 £+ 67.73 108.56 + 2.26 3333.19 £ 746.64 1196.70 & 24.91 40 0.0163

12.0 280.99 + 62.19 90.27 £ 1.53 6194.74 & 1370.97 1990.15 £ 33.65 40 0.0207

24.0 251.79 + 53.67 83.42 +1.36 11102.10 £ 2366.29 3678.36 + 59.77 40 0.0252

0.375 150.25 4 34.34 329.71 £21.29 110.83 +25.33 243.21 £ 15.70 2 0.0675

0.75 115.43 +26.29 222.80 +9.63 170.29 + 38.79 328.69 &+ 14.20 5 0.0381

1.5 127.68 £ 29.39 178.98 &+ 6.28 376.72 + 86.71 528.10 & 18.52 10 0.0169

ATE-00-HH 3.0 112.50 £ 26.02 128.94 +3.45 663.84 &+ 153.57 760.86 & 20.36 5 0.0260
6.0 147.54 £+ 33.59 89.17 + 1.65 1741.33 £+ 396.44 1052.45 +19.42 20 0.0257

12.0 158.18 +35.74 69.77 + 1.02 3733.76 + 843.58 1646.88 £ 24.05 40 0.0664

24.0 156.81 +36.03 63.07 +0.84 7402.72 £+ 1701.05 2977.42 +39.50 40 0.0907

0.375 151.41 +£31.61 275.22 + 14.31 110.06 + 22.98 200.06 £+ 10.40 40 0.0165

0.75 139.52 +£29.45 287.53 £13.26 202.83 +42.82 418.03 £19.28 40 0.0283

1.5 144.74 £+ 30.94 145.58 + 4.07 420.86 + 89.95 42329 +£11.82 10 0.0141

PC25-00-HH 3.0 182.65 + 38.62 100.64 £+ 1.93 1062.18 £ 224.59 585.27 £ 11.25 20 0.0311
6.0 195.43 +41.88 76.28 + 1.21 2272.99 + 487.07 887.15 £+ 14.02 40 0.0215

12.0 205.70 + 40.28 63.31 +£0.87 4784.79 + 936.99 1472.69 £+ 20.21 40 0.0318

24.0 155.86 4 24.99 52.42 +0.66 7251.12 + 1162.81 2438.53 +30.59 40 0.0301

0.375 77.77 + 14.86 2699.06 + 557.95 50.71 +9.69 1759.79 + 363.78 5 0.0282

0.75 58.75 +£9.30 3016.93 £ 265.15 76.61 +12.13 3934.08 £ 345.75 40 0.0342

1.5 39.39 + 6.45 258.33 +10.67 102.73 +16.83 673.73 +27.84 10 0.0233

MLS-00-HH 3.0 59.19 +£9.96 184.57 +£5.28 308.72 + 51.94 962.69 £+ 27.53 40 0.0342
6.0 63.75 £ 11.40 124.35 £ 2.55 665.07 + 118.94 1297.24 £+ 26.57 40 0.0293

12.0 67.83 +12.02 93.85 + 1.57 1415.21 £+ 250.79 1958.06 £ 32.66 40 0.0398

24.0 49.25 £8.17 7745+ 1.03 2055.12 4+ 340.80 3231.87 £43.10 40 0.0414

4.2.2 Comparison with other studies

In the case of Metropolitan France, some attenuation estimates are
available from the literature, which we now discuss. The studies by
Lacombe et al. (2003), Sens-Schonfelder ez al. (2009) and Calvet
& Margerin (2013) are the most relevant to our work since these
authors provide separate estimates for scattering and absorption
based on radiative transfer theory. Lacombe et al. (2003) consider
a waveguide geometry in the scalar approximation with isotropic
scattering and analyse data from Central France. Their estimates
for both scattering and absorption attenuation at 3 Hz (1/50Q%, ~
1.2 x 1073, 150; &= 7.4 x 107*) are in excellent agreement with
our findings for the Le Teil region.

Sens-Schonfelder e al. (2009) consider elastic radiative trans-
fer theory in a waveguide geometry and focus particularly on the
blockage of L, waves in the western part of the Pyrenees. Their
estimate for absorption in the Eastern part of the range agrees

well with ours for the Lourdes region. By contrast, these authors
report anomalously high absorption across the Labourd area which
is delimited by strongly positive Bouguer and velocity anomalies
(Vacher & Souriau 2001). The only path in our data set that grazes
the Labourd anomaly is from Lourdes to ATE but it does not show
particularly high (5Q;)~!. In the case of scattering attenuation, the
estimate of Sens-Schonfelder et al. (2009) for the Eastern Pyrenees
(1/50%, ~ 2.5 x 107*) is about three to four times lower than ours,
while the strong scattering attenuation in the western part of the
range (1/50% = 2.9 x 107?) coincides with our finding at station
MLS. It is worth noting that the Lourdes—MLS path crosses longi-
tudinally the Saint—Gaudens area which, like the Labourd region, is
characterized by strongly positive Bouguer and velocity anomalies
(Vacher & Souriau 2001). In addition, we remark that scattering
attenuation at station ATE, whose source-station path lies close to
the Labourd anomaly, is two times larger in Sens-Schonfelder et al.
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(2009) than in our study. This apparent discrepancy is most likely
related to the very limited spatial extension of the Labourd anomaly.

Calvet & Margerin (2013) use scalar radiative transfer theory
with non-isotropic scattering in a half-space geometry to model
the lapse-time dependence of coda-Q at multiple frequencies in the
Pyrenees. These authors generally find slightly weaker scattering
attenuation and slightly stronger intrinsic attenuation than in our
study. It is worth keeping in mind that the separation method of
Calvet & Margerin (2013) is not based on the usual ratio between
coherent and incoherent energies which, in addition to the much
larger data set analysed by these authors, may partly explain the
difference with our study.

Other studies that report estimates of the total apparent attenu-
ation in France are worth mentioning. Campillo & Plantet (1991)
estimated “6Q = 320/ for the apparent attenuation of L, waves
in the 1-10 Hz frequency band, which is in reasonable agreement
with our findings for absorption. Mayor et al. (2018) performed
an attenuation tomography for France based on the decay of the
coda of S waves, taking into account their spatial sensitivity (Mayor
et al. 2014). The average of their estimates of the coda quality fac-
tor over a radius of 150 km around the epicentre of the Le Teil
earthquake yields Q. = 125/%% in the 1-32 Hz frequency bands.
The frequency exponent is close to our estimate for total attenua-
tion but suggests stronger attenuation than in our study. With Q. =
136/%% in the Lourdes region, the results of Mayor et al. (2018) are
in rather good agreement with our findings for the total attenuation
in this region. As a final point of comparison, we report the results
of the generalized inversion by Drouet et al. (2010). For the Alps
region, these authors determined $Q = 3367%3? which differs quite
significantly from our findings in the Le Teil region, particularly at
high-frequency. The discrepancy is even more pronounced in the
Pyrenees where Drouet ef al. (2010) report (5Q = 790/%13) lead-
ing to an underestimation of attenuation at low-frequency and an
overestimation at high-frequency. As pointed out by the authors,
attenuation is the most difficult parameter to determine using gen-
eralized inversion all the more so as trade-offs between different
parameters of the model are possible.

In the next section, we identify the site response using our enve-
lope modelling method and compare the results with the classical
coda normalization approach.

4.3 Site parameters

Site amplifications in energy R;(fy) have been calculated using
eq. (10). Note that there is no reference station in our approach,
so that amplifications are measured with respect to the network av-
erage. In Fig. 9, we plot the frequency dependent site factors for
each of the six selected stations from the Le Teil (Fig. 9a) and
Lourdes (Fig. 9b) events. The results are compared with the site
amplifications R;"da( /o) given by the coda normalization approach
(Phillips & Aki 1986). We define Rj"da( /o) as the ratio between the
integrated energy in the coda recorded at station j and its average
over all stations, calculated in a 20s time window starting 140s after
the origin time. For our data set, this corresponds to a portion of
the signal where all seismogram envelopes follow a common decay
(in a given region). The site amplifications determined by each ap-
proach show good similarity, despite moderate differences that can
reach a factor of 2 to 3, likely to be caused by the regional vari-
ations in attenuation properties highlighted in Section 4.2. Indeed,
at most stations, we observe that differences in site amplification
are correlated with attenuation along the source-station path. For
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instance, at station OCOL, attenuation (both scattering and absorp-
tion) is weak, which tends to increase the energy in the coda. This
explains the larger site amplification found in our approach than the
one predicted by the coda normalization method. On the contrary,
in strong attenuation zones, for example at station ARTF, we deter-
mined a lower site amplification than the one predicted by the coda
normalization approach. This shows that a path-dependent attenu-
ation model is crucial to estimate site amplifications. This remark
also applies to empirical approaches, as already proposed by Wang
& Shearer (2019).

4.4 Source parameters

Fig. 10 shows the source displacement spectrum for the Le Teil
and Lourdes earthquakes, obtained from eq. (12), in the 0.375—
24 Hz frequency band. Raw spectra derived for each station, i.e.
uncorrected from site amplifications, are also shown in the figure.
For each event, the best-fitting source model given by eq. (13) with
y = 1 is superimposed on the inverted spectra. For the Le Teil
earthquake, the linear regression (see eq. 14) yields My = 4.37 +
2.52.10" N.m, f; = 0.72 4 0.26 Hz and n = 2.73 4 0.23. Applying
eq. (15), we determine a moment magnitude M,, = 5.02 £ 0.17. All
uncertainties correspond to the 95 per cent confidence interval. For
the Lourdes earthquake, we obtain M, = 2.31 £ 1.19.10" N.m, £;
= 1.29 £ 0.67 Hz, y = 1.0 (constrained), n = 2.07 + 0.34 and a
moment magnitude M,, = 4.17 £ 0.15.

The estimated magnitude M,, for the Le Teil earthquake is slightly
higher than those determined by other independent studies, where
M,, is typically found around 4.8-4.9 (e.g. Ritz et al. 2020; De
Novellis et al. 2020; Causse et al. 2021; Delouis et al. 2021; Vallage
etal. 2021). This overestimation may be caused by site effects which
have not been fully removed, since amplifications are defined with
respect to the network of stations selected for the inversion, rather
than a reference station at a rock site. In the case of the Lourdes
earthquake, the magnitude M,, estimated by our approach is in
good agreement with the FMHex-20 database (Mazzotti et al. 2021)
which reports M,, = 4.2. The later value has been determined from
centroid-moment tensor inversions, using the method of Pondrelli
et al. (2002).

We remark that the high-frequency fall-off of the source spectrum
of the Lourdes earthquake (n = 2.07) is very close to the value n =
2 predicted by the Brune (1970) model. By contrast, in the case of
the Le Teil earthquake, the exponent n = 2.73 implies that this event
radiates less high frequency than expected from Brune’s model. Sig-
nificant departures from the omega-squared model have previously
been reported in the literature for small-to-moderate earthquakes
(Abercrombie 1995; Eulenfeld & Wegler 2016; Picozzi et al. 2017;
Eken 2019). Such deviations maybe explained by the rupture pro-
cess itself (e.g. Kaneko & Shearer 2014) or by the unusual depth of
the fault rupture, of the order of 1 to 2 km (e.g. Delouis et al. 2021)
with observable surface discontinuity in the Le Teil area. Indeed, for
such a shallow source, the high-frequency radiation may be greatly
attenuated by near-surface absorbing layers located in the vicinity
of the epicentre. While neglected in our model, such a stratifica-
tion of attenuation properties may be taken into account in future
works.

In the case of the Lourdes earthquake, we remark that the source
spectrum does not exhibit a clear plateau below the corner fre-
quency. Several hypotheses may be invoked to explain this obser-
vation. The most trivial one is that the corner frequency is lower
than can be determined from the data. This explanation is to be
ruled out since we generally find an energy S/N of the order of 100
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Figure 9. Energy site amplification terms R;(fy) retrieved from envelope inversion (continuous lines) compared with the coda normalization approach R‘/"'."da( )
(dashed lines) for stations of the Le Teil (a) and Lourdes (b) earthquakes. Site effects are relative to the selected station network. ‘

at 0.375 Hz. Another hypothesis is that the spectra can be better
explained by a double-corner frequency model (e.g. Ji & Archuleta
2021). The last hypothesis implies a complex rupture process, which
has previously been invoked for moderate earthquakes with M, <
4.0 (e.g. Uchide & Imanishi 2016).

From eq. (16) we determined stress-drops Ao = 3.35.10° Pa and
Ao = 9.89.10° Pa for the Le Teil and Lourdes events, respectively.
These values lie in the range typically found in the scientific litera-
ture (e.g. Abercrombie 1995; Ruff 1999; Allmann & Shearer 2009).
For the Le Teil event, our estimate is larger than the one reported
by De Novellis ef al. (2020) (Ao = 1.3.10° Pa) or Causse et al.
(2021), who found M,, = 4.85, f, = 0.44 Hz and Ao = 0.41.10°
Pa. Such differences in stress drops can be traced back to differ-
ent estimates of f., which are amplified by the cubic exponent in
eq. (16).

We also examined the effect of the propagation model on the
source term by considering a non-stratified half-space model instead

of the crustal waveguide presented in Fig. 2. We found that the
displacement spectrum o M(a))‘ is overestimated by a factor of
about 2 in the 0.375-24 Hz frequency band when the velocity and
heterogeneity contrasts at the Moho are neglected. This in turn
implies an overestimation of the moment magnitude on the order
of 0.2. This overestimation may be traced back to the stronger
absorption (°Q;)~! required to explain the coda decay at long lapse
time when leakage is neglected. In this case, larger energy radiation
at the source is required to compensate for the stronger attenuation
of the direct arrivals while maintaining an overall good fit of the
entire energy envelope.

5 CONCLUSION

We have presented a new physical approach to invert for frequency-
dependent source, attenuation and site parameters from a modelling
of the complete energy envelopes of seismograms between 0.375
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Figure 10. Source displacement spectra IwM(w)\ determined from envelope inversion for the Le Teil (a) and Lourdes (b) earthquakes. The colour lines show
the results uncorrected for site effects. Source displacement spectra after correction are represented by the solid black lines.

and 24 Hz, including direct P and S phases and their coda. Our ap-
proach, based on the radiative transfer theory for polarized elastic
waves in a crustal waveguide geometry, models the entire enve-
lope from direct P-arrivals to the late seismic S-coda. The 2-step
inversion procedure, which first extracts attenuation parameters,
then source and site contributions, combines the Levenberg—
Marquardt algorithm with a grid search.

We applied our approach to two moderate events which occurred
in metropolitan France: the 2019, M = 5.2 Le Teil and 2014, M,
= 4.5 Lourdes earthquakes. Our results show strongly frequency-
dependent and moderately spatially dependent attenuation param-
eters with very distinguishable behaviours for scattering and ab-
sorption. Scattering attenuation dominates over absorption at suffi-
ciently low frequency (f < 1-2 Hz) but decreases more rapidly than
intrinsic attenuation with frequency so that the latter mechanism
largely controls attenuation for /' > 3 Hz. Although poorly resolv-
able, we find that the scattering mechanism is generally peaked in
the forward direction, all the more so as the central frequency of the
signal increases. We derived source spectra for each earthquake and
estimated relevant source parameters, in particular moment magni-
tudes M, = 5.02 & 0.17 and M, = 4.17 £ 0.15 for the Le Teil and
Lourdes events, respectively. In the case of the Le Teil earthquake,
a moderate deviation from Brune’s w?-model was found, with an
estimated spectral fall-off parameter n = 2.73.

Our work also illustrates that scattering anisotropy and P-to-
S coupling by random heterogeneities are key in modelling the
envelope of the whole seismic signal. If these effects are ignored,
interesting parts of the signal cannot be modelled, such as the P-
wave arrivals and their coda. In the case of small earthquakes, these
parts of the records are often among the most energetic and could
be fruitfully exploited to improve estimates of the magnitude. This
issue is particularly critical in low-to-moderate seismic areas where
small events represent the vast majority of earthquake catalogues.

To conclude, we would like to point out that there remains much
room to improve the physical modelling of envelopes without in-
creasing substantially the numerical effort. In particular, we have
identified the excitation of surface waves as a physical process
which should be taken into account in future works. First steps in
this direction have been taken by (Xu et al. 2021) who proposed
a Monte Carlo algorithm to couple body and surface waves in a

multiple-scattering elastic half-space. Besides this effort, the addi-
tion of intracrustal stratification of velocity could probably improve
the modelling of the direct P and S arrivals in some regions. Recent
progresses have been made by Sanborn & Cormier (2018) on this
aspect. The most important conclusion from our work is that the
separation of path, site and source effects for moderate earthquakes
based on elastic radiative transfer theory is operational and could
be applied more systematically to larger data sets, thereby offering
an alternative to empirical or semi-empirical approaches.
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