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Abstract

We study the well-posedness, steady states and long time behavior of
solutions to Vlasov-Fokker-Planck equation with external confinement po-
tential and nonlinear self-consistent interactions. Our analysis introduces
newly characterized conditions on the interaction kernel that ensure the lo-
cal asymptotic stability of the unique steady state. Compared to previous
works on this topic, our results allow for large, singular and non-symmetric
interactions. As a corollary of our main results, we show exponential decay
of solutions to the Vlasov-Poisson-Fokker-Planck equation in dimension
3, for low regularity initial data. In the repulsive case, the result holds
in strongly nonlinear regimes (i.e. for arbitrarily small Debye length).
Our techniques rely on the design of new Lyapunov functionals based on
hypocoercivity and hypoellipticity theories. We use norms which include
part of the interaction kernel, and carefully mix “macroscopic quantities
based”—hypocoercivity with “commutators based”-hypocoercivity.

Mathematics Subject Classification (2020): 35Q83, 35Q84, 35B35,
35B65, 82CAO.

Keywords: Vlasov-Fokker-Planck; Hypocoercivity; Hypoellipticity; Con-
volution operator; Coulomb interactions.
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1 Introduction

We are interested in the study of Vlasov-Fokker-Planck (VFP) equation in the
presence of an external confining potential and self-consistent interactions. This
equation describes the time evolution of the distribution function F' in the phase
space R x R¢ with d > 1, through the kinetic equation

O F +v-VoF =V, (Up + V) VoF =V, - (vF + V,F),

Uit 2) = j k(e — ) F(t,y,0) dy dv, (L1)
]R2d

F|t:0 = En-

In this equation the Vlasov transport operator v -V, — V, (Vg +V) -V, ac-
counts for the movement of particles in the phase space under the action of
two forces. The first force is driven by an external potential V' with confining
properties. The second force is self-consistent and derives from the potential
U which is given by the convolution between a long-range interaction kernel
k and the macroscopic density. This makes the model nonlinear and non-
local. The Fokker-Planck operator vV, - (v - ) + vA,, with v > 0, accounts
for short range interactions with, typically, a fixed background of particles at
constant temperature. In appropriate contexts, it can also be viewed as a toy
model for nonlinear collisional operators such as the Dougherty-Fokker-Planck
[24] or Landau operator [50]. The Vlasov-Fokker-Planck equation can also be



interpreted as the Kolmogorov-Fokker-Planck equation for the law of a stochas-
tic process following the underdamped Langevin equations, which describes the
trajectories of individual particles.

The self-consistent Vlasov-Fokker-Planck equation appears in a variety of
physical contexts ranging from astrophysics [17], plasmas [9, [37], relativistic
beams [15] or chemical solutions [52]. It even has applications in machine learn-
ing [19], through its relation with the underdamped Langevin process. Depend-
ing on the physics at hand the interaction potential may take various forms. A
widely studied model is the Vlasov-Poisson-Fokker-Planck (VPFP) equation for
which the kernel k is given by the Coulomb kernel

Folx) = ||§ (1.2)

with d = 3. The potential k¢ describes repulsive electrostatic interactions with
I > 0 scaling as the squared inverse Debye length. In the case of attractive
gravitational interactions, the Newton potential

k() = ——|z|§,2, (1.3)

with d = 3, is used. The Coulomb and Newton interaction kernels are radially
symmetric and in particular even functions of their arguments, which is nat-
ural for particle systems arising from classical mechanics. However, for other
applications, asymmetric interaction kernels can arise.

In particle accelerator physics, the VFP equation is used to describe
the longitudinal dynamics of relativistic beams of charged particles. In this con-
text, there are several models for describing self-consistent interactions, taking
into account synchrotron radiation effects. In the simplest case of a relativistic
particle in free space on a circular orbit the interaction potential (related to the
wakefield in this context) is given by

cosh (3 sinh_l(as)) — cosh (sinh_l(:z:))
sinh (2 sinh™* (z))

ks(x) =2 Tyso(w), (1.4)

with d = 1. We refer to [I5] and references therein for further details on this
model. Observe that unlike k- and kp, the potential kg is not an even function
of its argument (see [I5], Figure 2] for a graphical representation).

Steady state The steady states solutions of the Vlasov-Fokker-Planck equa-
tion are of the form (see [25, 22, 0] or Section [3)

Fu(z,0) = pu(2)M(v), pu(z) =),

where the local Maxwellian distribution is given by




and the Gibbs potential V; is such that
VoV =V (V+Ek=p,),

where * denotes the convolution. Observe that k « p, = ¥, . The macroscopic
part of the steady state can be characterized equivalently, under the normaliza-
tion condition S px» = 1, as the fixed point of some nonlinear integral mapping

e—V—k*p*

Pr= 7.
* S]Rd e—V—k*p*dx

This steady state equation coincides with the one of the McKean-Vlasov equa-
tion
Otp=Vyg - (Vap+ pVaikxp+ pV,V).

This equation can be seen as the macroscopic version of and can be, at
least formally, related to in the diffusion limit ¥ — o0 on the appropriate
time scale. We refer to the recent [5] and references therein for more details on
diffusion limits, at least in the case of Coulomb interactions. We point out that
the existence and stability of steady states for the McKean-Vlasov equation has
been considered for instance in [44] [T8], [T4], as well as the question of bifurcations
and phase transitions.

Free energy In some cases there is a macroscopic quantity of interest (aside
of the total mass) for the Vlasov-Fokker-Planck equation (1.1)). It is usually
refered to as free energy functional and writes

E[F] = » F(z,v)log F(x,v)dadv
(1.5)
+ » F(z,v) (|v2|2 +V(r) + \PFQ(x)) dzdv,

where the first part represents the entropy of the system, and the second one
represents the sum of its kinetic and potential energy. One may check (see for
instance [I5]) that this functional satisfies the differential identity

Tt

g—H/ F(z,v)

2
dad
dt o v

V., log (

- VU5 (x)vF(x,v)dzedv,
R2d

where 0% is the part of the total interaction potential induced by the odd part
of k, namely k°(z) = (k(z) — k(—2))/2 (see Section[2.3). In particular, when k
is even, the right-hand side of the previous identity vanishes, thus the free en-
ergy is a Lyapunov functional. In this case the steady states of VFP described
previously coincide with critical points of £ under the constraint of given to-
tal mass only if £ is even. When k yields enough coercivity and convexity to



the functional £, it becomes clear that the steady state is actually unique and
asymptotically stable. This is the case for instance for Coulomb interactions,
for which allows to show non-quantitative asymptotic stability of the dy-
namics, see [9].

However, for asymmetric k, the functional £ does not yield as much informa-
tion anymore. We shall see in Section [3| that it may still be used to investigate
the uniqueness of steady states. For more details on Lyapunov functionals for
with general asymmetric kernels we refer to [I5] and [39].

State of the art and contributions In the present paper, we study the well-
posedness of self-consistent VFP equations around steady states, which we
prove to exist and be unique under appropriate conditions, and derive quanti-
tative estimates of decay and regularization of solutions.

Early works on the well-posedness of VFP include [41] [21] [49] 48] [§]. Con-
cerning the long-time behavior, in linear settings (k = 0), quantitative conver-
gence estimates can be established thanks to hypocoercivity methods [34] [51], 23],
10]. In the nonlinear case, with smooth interaction kernels (k € W?2*), hypoco-
ercivity methods have been complemented with techniques involving entropy /
free energy functionals [51] Section A.21], low regularity norms and probabilistic
techniques [7], 29] 4].

The case of singular kernels and more precisely the Coulomb interactions,
and correspondingly the Vlasov-Poisson-Fokker-Planck equation has been stud-
ied a lot. Notably, [35] provided the first quantitative decay estimates for VPFP
with confining potential in dimension 3, though their results were restricted to
weakly nonlinear regimes (for k sufficiently small). Subsequent work [37] con-
tinued in this direction. Recently, [I] demonstrated that appropriate norms
could extend these results beyond weak interaction regimes for the linearized
system, leaving the nonlinear case as a future research direction. Improvement
were obtained recently in this direction by [46]. Asymmetric kernels have only
recently been explored in [I5] and [39], with results limited to one dimension
and requiring at least Lipschitz regularity for k.

In light of the existing literature, we have identified several gaps that this
manuscript starts to address. First, we enhance state-of-the-art results by deriv-
ing quantitative decay estimates for VPFP in strongly nonlinear regimes. This
goes beyond the restrictions of [35] [37] and addresses part of the open problems
posed in [I]. We also improve the regularity requirements on the initial data,
compared to the recent [46]. Furthermore, our analysis goes beyond VPFP and
includes a large class of VFP models. Indeed we place particular emphasis on
considering general interaction potentials k, which may be non-symmetric, sin-
gular, or exhibit repulsive and/or mildly attractive behavior. In this regard we
establish sufficient criteria for the uniqueness of steady states and their asymp-
totic stability, noting that such stability is not always guaranteed.

In the following section, we precisely define our setting and present our main
results.



2 Setting and main result

In this section, we present the main results of this paper. First we introduce
some notation and the general assumptions, under which our main results hold.

2.1 Notations

In the following, for a complex number z, the real and imaginary parts are
denoted by Rz and $z. The notations z; = max(0,z) and z_ = min(0, —x)
denote the non-negative and non-positive parts respectively. Given a multi-
index a = (aq,...,aq) € N?, we write 0% for the partial derivative 0% ... 0%
and |a| = Y, ;. Given a function (or a distribution) k : R? — R, we write
ki : 2 — k(—x) and we denote by F(k)(&) = k(&) = §ga €7 Ck(x)dx the Fourier
transform of k. The symbol * denotes the convolution between a distribution
and a function, namely & * p(x) = §p. k(z — y)p(t,y) dy.

The notation (-, ) denotes a duality bracket or a scalar product. In the
latter case, a subscript may be added to precise the Hilbert space. We write
[A,B] = AB — BA to denote the commutator between two operators. Given
p € [1,00], we denote by p’ = (1—p~!)~! the conjugate Lebesgue exponent. For
weighted Lebesgue space, we denote the norms

) = | 1fPm@)s, 1<p <o

| flLem) = sup [f(w)m(w)].
weRd
For weighted Sobolev spaces, when s € N, we denote the squared norm

1 e my = 25 10% Fl32m)

|a|<s

and when s € (0,0)\N, we define H*(m) by interpolation (through the real or
complex method unambiguously, see [16, Theorems 3.3 and 3.5]).

In inequalities C' will denote a constant which may change form a line to
another and we sometimes use < instead of < C'. When it is necessary, we shall
be more presice and write C(a,b,c,...) to denote a constant depending on the
parameters a, b, c, . ...

2.2 Confining potential

Let us first describe our general assumptions on the confinement potential.

Assumption 2.1. The confining potential V : R? — R is a C?(R%) function.
It is assumed to satisfy that for any € > 0 there is some constant C. > 0, such
that

vVreRY V2V (2)| < €|VV ()| + C-. (2.1)



Moreover the following integrability and boundedness conditions hold

(1+|VVP)eVeL'nL® and eV @de = 1. (2.2)
Rd

Finally, we assume that the measure e~V admits a Poincaré inequality

2
J lu|?e™" dx — (J uevd:c> < CPJ IV ul?e™Vde, (2.3)
RY Rd Rd

for any u : R? — R such that the integrals are finite and some constant Cp > 0.

The Poincaré inequality is equivalent to the existence of a spectral gap
for the Witten Laplacian associated to V, namely —Ay = —A+1|VV|2—1AV.
A sufficient condition for —Ay to admit a spectral gap is given by Persson’s
Theorem [42, Theorem 2.1] taking a(z) = +|VV (2)|? — AV (), which requires
that

inf a(z) >0 for R large enough.
|lz|=R

In virtue of (2.1]), the Poincaré assumption (2.3|) could then be replaced by the
stronger one
[VV(z)] - o0 when |z] — .

Some simple families of such potential are given for any « € (0, o0)
V(z) =@ or Vi(w) = @)log(l + [af2)°,

up to some normalizing additive constant. We refer to [3], [51] for improvements
and more criteria leading to a Poincaré inequality.

In the following any norm involving only the confinement potential will be
denoted by Ry .

2.3 Interaction potential

Let us now discuss and state our hypotheses for the interaction potential k.
We will rather use the corresponding convolution operator K (in the sense of
[27, Definition 2.5.1]) which we assume to be bounded between some Lebesgue
spaces. In turn, this yields the existence and uniqueness [27, Theorem 2.5.2] of
a unique tempered distribution k realizing the convolution. We have

Kp=kxp and K*p=Fk=p, (2.4)

for any Schwartz function p : R? — R, where we denoted by K* the formal
adjoint of . From there we define the symmetric and skew-symmetric parts of
K,

Kep=k®xp and K°p=£k°xp, (2.5)

where the superscripts e and o refer to the fact that k° and k° are respectively
the even and odd parts of k, namely
Ck+k k—k

k° —5 and k‘ozT.



Observe that the corresponding Fourier multipliers are related by ke = Rk and
k° = i Sk. With obvious notation, we use the superscripts a = e, o to denote the
part of the potential W% related to the even or odd part of k. Before stating our
assumptions on K, let us just mention that by [27, Lemma 2.5.3], 0°K = Kd”
for any multi-index o € N9,

Assumption 2.2. We assume that for some p,q € [2,00] with ¢ > d, the
following continuity estimates hold:

K%l + VK plre <®[plrare,  a=eo0, (2.6)

and we give ourselves, to clarify the dependencies of constants, some arbitrary

Rmax > 0 such that
R

=R 4 R < Fmax -

Moreover we assume that there are 6 € [0,1] and £° > 0 such that

(K°h,hy = —k° (0|h]72 + (L — 0)|h||7.), for all he L' A L? st. Jh = 0.

(2.7)
Finally we assume the monotonicity property

p=0=IKp=>0, forall pe L' n L?. (2.8)

Remark 2.3. In the bilinear estimate (2.7), (K°h, k) is well-defined as the L? —
5 duality bracket thanks to . Observe that it involves only the symmetric
part of the kernel since (K°h,hy = (Kh,h). Moreover a sufficient condition
for to hold is that the negative part of the Fourier transform has some
integrability. Indeed one can show that for any 6 € [0, 1],

o e 2(1—-6
by = =Col[RE | o B3 217,

with Cp = 6=9(1 — )~ This yields (2.7) with £° = CQHEHLﬁ. This
implies also that if ke is merely L'+ L® then (2.7) holds with ¢ = 2“%9_ lp1yre
and 6 = 1/2.

Remark 2.4. The assumption ([2.8)) could be replaced by

Vpe L' nL?* p=0=Kp=—-C|p|:.

Indeed if the kernel k has a negative part in L®, then, without loss of generality,
it can be translated by a constant, which is C' here, to be made positive without
changing (|1.1)).

Let us now give some examples of kernels satisfying, or not, our assumptions.

Ezample 2.5 (Lipschitz kernels). Given a (possibly non-symmetric) k € W1H®,
such as , without loss of generality (see Remark , we can always as-
sume that k& > 0. Then, as consequences of Young and Holder inequalities the
hypotheses are satisfied with p = ¢ = 00, and k° = ||k®|| L= and B* = [k*| w1
for a = e, 0.



Ezample 2.6 (Repulsive Riesz and Coulomb kernel). In dimension d, let us
consider the symmetric repulsive Riesz potential

1

=—, I1>0.
($> |x‘d7a’

Then, as a direct consequence of Hardy-Littlewood-Sobolev inequalities, the
hypothesis (2.6) is satisfied under the conditions

C§1l<oz<al and d=>=2,
so that ¢ > d. This includes the Coulomb kernel (¢ = 2) in dimension 3.

Besides, (2.7)) and (2.8) follow from the non-negativity of k& and k. In particular
k°=R>=0 and &® = O().
I—0

Observe that a smallness condition on I would translate into a condition on &°
only. As we shall see there will be no such condition for our results to hold,
unlike previous works in the literature.

Ezxample 2.7 (Singular attractive kernels). Singular attractive kernels such as

1
k(l’):—W, 120,

fail to satisfy hypothesis , even if they are translated by a constant (see
Remark . This hypothesis is important in our treatment of the steady VFP
equation but we discuss an alternative in Section Otherwise, in the light of
Remark 23] and Example 2.6] it is clear that the rest of the assumptions hold
with

®°=0, k° = O(), and &® = O().

Ezample 2.8 (More singular kernels). When d > 2, if 1 < v < ¢ (which includes
Manev potentials o = 1, d = 3, see [20, [(]) using Hardy-Littlewood-Sobolev
inequalities or Calderon-Zygmund theory only provide ¢ € [2,d]. This situation
could be treated with our approach by requiring more regularity on the initial
condition, but we decided to restrict this work to H'-type regularity at most.
We refer to Section [6] for more on this perspective. When o < 1, the potential
VI maps L? to some Sobolev space which is less regular, as can be seen by the
identification K = co(—A)~/2.

Ezample 2.9 (Other kernels in weak Lebesgue spaces). The boundedness as-
sumptions on K and VK are satisfied whenever k& and Vk lie in suitable weak
Lebesgue spaces (see [27] for the definition). Namely, if k € L% for some

s € (1,00) and Vk € L»® for some t € (QTdd, oo), Young’s generalized convolu-
tion inequality [27, Theorem 1.4.25] yield ¢ = 525 > d with

K= C(|k]

Lo + [VE[Lew) and RS = C (kLo + [VE | Lew)

for some universal constant C' = C(s, t) related to Young’s inequality.



2.4 Main results

Let us first state our main result concerning steady states of ((1.1f). The following
theorem is, for the sake of presentation, a restricted version of a more general
result, Theorem that we prove in Section

Theorem 2.10. Under Assumptions[2.1] and[2.9 there is 6¢ > 0 such that if
ﬁe < 56(97Rma1‘7 RV)a

then the equation (1.1) admits a unique steady state with mass 1. It is of the
form
Fy(z,v) = e V@M (v),

with V, —V = Up, € W2, The probability measure with density F, satisfies
the Poincaré and weighted Poincaré inequalities stated in Section[3.]] for some
constant C, depending only on H (1 + |VV|2) e*VHleLOO, the Poincaré constant

of e Vdzx, as well as Rpmaz and 0.

Remark 2.11. Uniqueness is expected when K is symmetric and positive because
the steady state is characterized by minimization of a strictly convex functional.
When £ is non-symmetric and weakly non-positive, a new geometric argument
on the free energy is used to prove the uniqueness of steady states (see Sec-

tion .

Our second main result concerns the well-posedness of (1.1)), as well as the
decay and regularity of solutions around steady states.

Theorem 2.12. Under Assumptions [2.1] and [2.3, there are constants 6¢ > 0
and 0° > 0 such that if

K< 58(07Emaxa RV) and R’ < 6O(Emax7RVaﬁea V),

the unique steady state of (1.1)) is stable in the following sense. For any s € [0, 1]

such that
I -
C'_2 q 3 bl

there is a constant R > 0 such that if
|1 Fin — F*HH;Lg(F;l) <R,

then (L.1)) has a unique solution F € C([0,00); HSL2(F;')). Moreover, there
are constants C' > 0 and A such that for allt >0

|1#(t) - F*”H;Lg(F;l) < C|Fn — F*HH;Lg(F;l)e_Ma (2.9)
_3(1— —
IE(#) = Full g2ty < ClFin = Fill g 2 () (1 +17z0 s)) e, (2.10)

|E(#) = Full gz gi-e(p1y < ClFn = Full s pa 1) (1 + t’f(l’s)) e M. (2.11)

Finally, Fy, — F is Lipschitz continuous from HSL2(F1) to C([0,00); HSL2(F1)).

10



The current work also bring several novelties and improvements on the
Cauchy theory for the nonlinear Vlasov-Fokker-Planck equation close to equi-
librium.

1. Assumption 2.2 on the interaction operator K encompasses many interac-
tions potentials which are dealt with in a unified manner. They include
singular, non-symmetric potentials (see the examples of Section and
consequences of Theorem in the next section).

2. Concerning the regularity assumption on the initial data, no regularity is
required in the v variable, which can be compared with [35], [46]. This is
made possible by performing the standard interpolation argument between
the linearized theories in L2 L2 and H, L? (instead of H, ), thus allowing
to assume regularity for the initial data in position without assuming any
in velocity. Both theories are established by applying the so-called L?—
hypocoercivity method of [23] to both F and V,F. The price to pay is the

extra assumption (2.1)) on the confining potential V' (see Remark [2.14]).

3. We prove nonlinear hypoellipticity by proving linear hypoellipticity
in the presence of a source term in Proposition [f.16] During the iterative
scheme used to construct the solution, this allows to use the fact that
both the linear flow and the approximate solution enjoys regularization
properties, thus requiring less regularity for the initial condition.

4. Theorem allows for strongly nonlinear regimes, in the sense that
there is no smallness condition on %°. Following the ideas of [I], at the
linearized level, we do not consider the even part of I, namely K¢, to be
a “bad term” which is to be treated perturbatively. As it appears in the
free energy functional of the equation, it is in some sense part of
the natural metric to study the equation. As a consequence, when this
even part is positive, it does not need to be small. In the particular case
of Coulomb interactions, we thus prove uniqueness and stability of the
equilibria, even in the strongly nonlinear regime (see Example and

Corollary [2.16]).

Remark 2.13. Let us point out that, in [46] which deals with Coulomb interac-
tions, the main requirement on the confining potential V' is that |[VV|e=V e L"
for some r > d. In the present work, the integrability assumption |[VV|?e~V e
L" for some r > g would have been sufficient. Note that the control on |VV|?
we require is used only to prove Lemmas [£.7) and which allow respectively
to get rid of any smallness assumption on ¢ (as introduced in [I]) and any
regularity in the velocity variable for the initial data.

Remark 2.14. The assumption with ¢ = 1 is standard in the context of
hypocoercivity with confinement, but the version used here (for ¢ — 0) can be
found in [I2], as well in works of semi-classical analysis (in the stronger form
V2V = o(VV), see for instance [32,31}133]). This assumption is used for £ small
only in the proof of Lemma which allows to avoid assuming regularity in

11



the velocity variable for the initial condition. Without this assumption, as in
[46], a similar result can be proved for initial data in Hj , (instead of L2H3).

Remark 2.15. When s. < 0, that is to say when ¢ > 3d, the standard H;yv
hypoellipticity strategy is enough, in particular the mild growth assumption

([2.1) is unnecessary.

2.5 Particular cases and extensions

The explicit and quantitative stability of equilibria in the case of Poisson inter-
actions was first studied in [35] and improved in [46]. Our framework allows to
reduce even more the regularity required for the initial data Fj,.

Corollary 2.16 (Repulsive VPFP). Under Assumptions consider the Viasov-
Poisson-Fokker-Planck equation with Coulomb interactions, in dimension d = 3,

OF +v-VoF =V, (Up+V) -V, F =0V, (vF + V,F),

—02AVp(t, x) = f F(t,z,v)dv, (2.12)
Rd

F|t=0 = Ena

for any (arbitrarily small) 6 > 0. Then for any % < s < 1, there is a constant
R > 0 such that if
1 Fin — F*HH;Lg(F—l) <R,

*

then (2.12) has a unique solution F € C([0,00); HL?(F;1)). Moreover, there
are constants C' > 0 and A such that for allt >0

IF () = Ful gy mmry < ClFm = Full gy pa ey ™

In this result, we improve the regularity assumption on the initial condition

compared to previous works. We only require H, EJFL% instead of (at least) H. éi
regularity [35] [46]. In particular we do not require any regularity in the velocity
variable for the initial condition. Moreover the results hold for any arbitrarily
small Debye length, namely out of weakly nonlinear regimes.

As pointed out in Example the hypothesis does not hold in the
case of attractive Newtonian interactions. However, this assumption is necessary
only to prove the existence of steady states, which are already known to exist
[9]. The remaining assumptions still hold, which allows to prove the stability of
said equilibria.

Corollary 2.17 (Attractive VPFP). Under Assumptions consider the
Vlasov-Poisson-Fokker-Planck equation with Newton interactions, in dimension

d=3,

OF +v-VuF =V, (Vp+ V) -V, F =vV, - (vF + V,F),

AUp(t,z) = Ff F(t,z,v)dv, (2.13)
Rd

F|t:0 = En-
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Then there is T a0 > 0 such that if
I' < Thaz,
then for any i < s < 1, there is a constant R > 0 such that if
[Fin = Full gy 2 (1) < B

then ([2.12) has a unique solution F € C([0,00); HL?(F1)). Moreover, there
are constants C' > 0 and A such that for allt >0

IE) = Full s 2 prt) < ClFin = Full s pa m1ye ™

Remark 2.18 (Coulomb and Newton kernels in small dimensions). Our approach
allows to prove the stability of equilibria in dimension d = 1,2 for Coulomb and
(small) Newton interactions, up to a minor extra assumption on V. Let us
only briefly comment on this as these cases have already been investigated in
the literature (see [I] and references therein). Our general framework does not
exactly fit these situations because the interaction kernel blows up for large
relative distances, which prevents K from mapping L' n L? onto some Lebesgue
space. The study of steady states is classical (see [0] and references therein) and
their smoothness can be proved following the approach of Section[3.2] This then
allows to prove the various functional inequalities of Section [3:4] To prove the
stability of these equilibria, the assumption that C maps in some Lebesgue space
is used only in the proof of Lemma [4.4] which still holds up to assuming also
that (for instance) (-)> < €¥/? thanks to the observation that ||(->™3K(p)|p> <
C|{->?p| 2 - In the end, the same result as Corollaries and would then
hold with 0 < s < 1.

In the case of the synchrotron kernel (2.14)), we obtain the same result as in
[15].

Corollary 2.19 (Synchrotron kernels). Under Assumptions[2.1] (without (21)),
see Remark , consider the self-consistent Vlasov-Fokker-Planck equation
for a relativistic electron bunch in dimension d = 1

OF +v -V F =V, (Vp+ V) -V, F =vV, - (vF + V,F),
Up(t,z) = Ifdk5($—y)F(t,x,v) do, (2.14)
Fli—o = Fin, :
where kg is given by . Then there is Iq; > 0 such that if
I < Inag,
then for any 0 < s < 1, there is a constant R > 0 such that if
|1 Fin — F*HH;Lg(F;l) <R,

then (2.14) has a unique solution F € C([0,00); HL?(F;1)). Moreover, there
are constants C' > 0 and A such that for allt >0

|1£(t) — F*HH;L%(F:I) < O Fin — F*HH;ZL%(FCI)e_M

13



2.6 Outline

In Section |3| we prove several results related to the steady state equation ,
namely existence, uniqueness and regularity. These results are of independent
interest and hold under weaker assumptions than the general Assumptions [2.1
and We then proceed to prove the functional inequalities related to the
measure induced by this steady state in Section necessary to the stability
analysis.

In Section [4] we study the linearized equation around the steady state, using
the so called H'-hypocoercivity and hypoellipticity strategies of [34] [51]. We
also use the so called L?-hypocoercivity of [23], and more precisely we take
inspiration from [I] which incorporates K¢ into the functional setting so that no
smallness assumption on the upper bound %€ is required. In turn we consider
to be almost positive symmetric, that is we assume £° and k© small. One novelty
of this work is that we apply the L?-hypocoercivity strategy to V,(F — F)
in order to build a linear theory in H!L? so that no regularity in velocity is
required, which requires the mild growth assumption onV.

In Section [5| we combine all previous results to prove Theorem [2.12] We first
interpolate the hypocoercivity and hypoellipticity results to deduce that the
linearized flow maps initial data and source continuously for some appropriate
“natural” norm. In Section we show that the nonlinearity is bounded in
this “natural” norm, so that, in Section [5.3] the proof of Theorem [2.12] reduces
to a straightforward application of Banach-Picard’s fixed point theorem.

In Section [6] we present some perspectives, namely some possible improve-
ments regarding the regularity assumptions on VI and the initial data, and
some continuation of the present work.

3 Existence, uniqueness and regularity of the
steady state

The first goal of this section is to prove Theorem below (and thus Theo-
rem concerning the existence, uniqueness and regularity of steady states.
From this construction, we will derive various functional inequalities related to
the steady state in Section

Theorem 3.1. Assume that the confinement potential V' satisfies, for some
N =2

eV =1
¥1<n<N, (1 + |vnV\%) eVeLllAL®
and that the interaction operator K satisfies that for some p,q € [2, 0],

HKHLlﬁlﬁ—’L” + ||VIC||L1mL2—>Lq < K,
Vpe L' L% p=0=Kp=0,
1Kc* (efv) e < C.
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Then, smooth and rapidly decaying solutions to the stationary Vlasov-Fokker-
Planck equation

V- VeFe =V (Up, + V) -V, F =vV, - (vF, + V,F)) (3.1)
are given by all functions
Fi(z,v) = pe(x)M(v),
with p, a solution of the fixed point problem

_ L S(p) — e~ V—Kp
P =T(ps) = 7”8([)*)“”7 S(p): . (3.2)

Under the hypotheses on the potentials, there exists a solution p, = e~V > 0
to . Moreover, if additionally ¢ = d/2 and N > 1+ d/q, then any solution
satisfies V, — V € W2, Finally under the additional assumptions that
holds with k¢ < §¢(0,%, Ry ), then p, is uniquely defined, and therefore there is
a unique steady state to .

3.1 Existence of fixed points

From here we consider that the domain of 7 is the convex set
Cv:={pel'nL":|ple <1, [p|rr <M, p=0}

with M > 0 to be determined. The purpose of the Lebesgue index r is to
make the following estimates more general than what is strictly needed to prove
Theorem In the proof of Theorem we shall take r = 2.

Lemma 3.2 (Properties of T). Assume that the interaction potential satisfies
the bound
HVK:HleLT—»Lq gE, 1<T<q<0@7

and it is assumed to be positive in the sense that
Vpe L' nL", p=0=Kp=0.
The confining potential is assumed to be such that
le™Vp =1 and [(1+|VV])e V|, .. <Rv. (3.3)
Finally, we assume the following relationship between K and V :
[ () <€ (3.4)
Under these assumptions, T satisfies for any p € Cpy

IT ()l <Ry and  [T(p)|er =1, se[1,0], (3.5)
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and more precisely the concentration estimate

[T < se e, (3.6)
as well as the regularity estimate
IVT(p)| . < Rve* (1+F+REM), sel[l,q] (3.7)

Furthermore, T (Car) is precompact in L', and T satisfies the continuity estimate
spl/s’ 1/s
IT(p) = T(0)|Le < 2e5CV*RY" oo}, sello].  (38)

Proof. We first prove the integrability bound ([3.5]), then the gradient estimate
(13.7). We then deduce the compactness from these bounds, and finally proceed
to prove the Holder continuity in L® (where s < o).

Step 1: Integrability estimate. We start by exhibiting a lower bound on the
mass of S(p), using Jensen’s inequality with respect to the measure e V(@) dg:

J S(p)dz = J e VR dg
R

Rd

= exp (— Kpe™ dm)
Rd

= exp ( fRd pK* (e7) dx) ,

from which we deduce using (3.4) and the fact that ||p|; <1

» S(p)dz = e ¢. (3.9)

Clearly | T(p)| . = 1 and since Kp > 0, one easily deduces

||eVT(p)HLw <et
which then yields the upper bound (3.5)) and the concentration estimate (3.6)).
Step 2: Regularity estimate. Starting from the observation (since Kp = 0)

IVS(p)l = [VV + VE(p)IS(p) < [VV + VK (p)|e™"

and denoting % ==+ %7 one obtains the bound

1
q

IVS(p)]

e <[ VVeV] L+ VK)o |7 .

<
< Ry(1+E[plrrnrr)
<Ry(l1+R+E&M),

which, combined with (3.9) yields (3.7]).
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Step 3: Compactness. Let us consider some sequence (p,) < Cps and denote its
image o, := T (py). Since (3.6) and (3.7) imply that for some C' > 0

s < C,

le¥ onl o

the Rellich-Kondrachov theorem states that some subsequence, which we still
denote o,,, converges in LllOC to some oo, satisfying the same bounds as o,,. The
global convergence follows from the weighted L* bound because for any R > 0

H(Tn - OUDHLl <20 H1|x|2R6_VHL1 + H1|m|$R(0n - UOO)”Ll

and e~V € L*. The right-hand side can be made as small as desired by taking
R large and then n large.

Step 4: Continuity estimates. Using the inequality
Va,b>0, e — e_b| < |a — b

with a = K(p) = 0 and b = K(0) = 0, as well as |IC(p — 0)| < K(|p — o|), which
are consequences of the non-negativity of I, one has the control

1S(p) = S(o)| < K(lp—al)e™"
We then deduce that

[8(p) = S(@)r < (0= )K" (e7V)] s
< Hp - o-HLl H’C* (e_V)”Loo
<¢lo—olu, (3.10)
and observing that the following identity holds
S(p) —S(o) IS(P)zr = [S(o)]r
Tp)—T(lo)=——2—~—"—+T(o ,
e = 7 P P

one deduces from (3.9) and ( -
IT(p) = T(o)| 11 < 2¢e[lp = ol|r -
Interpolating with the bound
IT(p) = T(0)| = < 2Ry,
one deduces ([3.8). This concludes the proof. O

The following existence result is a direct consequence of Lemma and an
application of Schauder’s theorem with M = e Ry and endowing Cp; with the
topology of L' (note that T is indeed Lipschitz continuous in virtue of (3.8])).

Proposition 3.3 (Existence of the steady state). Under the assumptions of
Lemma the mapping T : L' — L' admits a fived point in Cpr with M =
eSRy. Furthermore, any other fized point satisfies the estimates of Proposi-
tion[7.2.
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3.2 Regularity of fixed points

Lemma 3.4 (Regularity of the steady state). Under the assumptions of Lemma
and assuming furthermore q = < , as well as for some N = 2

gRV;

N
¥n < N, H|V"V|We V‘
LinL®

there exists some C = C(N, &, (, Ry) such that any fized point p. of T satisfies
the inductive estimate, for 1 <n < N,

losllwres + loulwne <C @+ pslwa-ra + [pulwn-1.)" . (3.11)
Proof. Let us consider p, of the form p, = e~V*. We first prove a Faa di

Bruno—type inequality, and then proceed to prove (3.11)).

Step 1: A Faa di Bruno-type inequality. Let us prove that there exists some
C = C(N) such that for any n e {1,..., N}, one has

Vo < Cpu Y IVEVA[E (3.12)

This is true for n = 1, let us prove it by induction. Assume it holds for some
n =1 and consider a € N? such that |a| = n, there holds in virtue of Leibniz’s
formula for partial derivatives

=@ V) == X (5) @) (@)

B<a

and thus, letting & = |3| € [0,n], there holds for some C' = C(N) > 0

a+te; 55 ﬁ k 7%“ n+l—=k
0oreip | <C Y (p T VR ) (e TV pel)
k=1

Using Young’s inequality with the exponents T+1 + "Ll_lk = 1, and then re-
indexing, one obtains, up to enlarging C'
n+1 n n4l
e < ope [ 3 19T + 2 (e V)
k=1 k=1
Using the inductive assumption and Minkowski’s inequality, we deduce
n+1 ngl
oo < 3, VRV
k=1

Summing over j = 1,...,d, we deduce (3.12) at rank n + 1.
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Step 2: Inductive control. Since VV, = VV + VK(p,), the previous step yields
the estimate

n n—1
IV pullLe <C D ol VRVIE] L, +C D ol VH(VE(py)) 75T
k=1 k=0

e

The first term is bounded by C = C({, Ry, N) because of (3.6)), so we focus on
the inductive term. Holder’s inequality yield

Pl VE (VK (pa))| 75T

<lpull e |IVH (Vo)) [0

L'nLa La
b _n_
ol [ V59K )| ol
One then interpolates for £ = 0,...,n — 1 each term between the end points
k=0and k=n—1 with § = nﬁ 7 using Gagliardo-Nirenberg’s inequality :

1-6

[VAVK(p)| P < CIVK (o)l [V V()]

ng
LF+I

and then, since N > 2 and ¢ > %, the first term is controlled using the embed-
ding Wn—14 < L.

IVl r e < CIVE(p) lwn-1.a -

wh
In conclusion, using (3.5)), there holds

n—1

anp* HLlnLq < C + C Z Hv’(:(p*)Hﬁflyq ’
k=0

from which we deduce (3.11)) using the boundedness of VK, this concludes the
proof. O

Proposition 3.5 (Regularity of the confinement perturbation). Under the as-
sumptions of Lemma and assuming that N > 1 + % and

IK|LrALr—re <E®  for some pe[l,0],
any fized point p, = e~V* of T satisfies for some C = C(N, R, (, Ry)
HP*HWN=1 + HP*HWN-,q + HV — V*”W2,oo < C.

Proof. As a direct consequence of Lemma there is some Cy = Co(N, R, ¢, Ry)
such that
Ipellwaa + [ pellwra < Co

and therefore, up to enlarging Cj, and noticing that VI (p,) = V(V, = V)

[VVi =V)lww~a < Co,

19



and then by Sobolev embedding
IV(Ve = V)[wre < Co.
Finally, noticing that for any smooth enough u and = € R?, there holds

1 1
u(z)] < — lu(z) — u(y)|dy + — lu(y)| dy
Wd Jjz—y|<1 Wd Jjz—y|<1

1
< IVuls + 5 llul e
Wq

where wy is the volume of the unit ball, taking u = V,—V = K(p,), this estimate
guarantees that V, — V € L®. This concludes the proof. O

3.3 Uniqueness of fixed points

Let us introduce the macroscopic free energy functional (see ([1.5)) for its kinetic
counterpart)

1
Voe X, Flp] :=J (V + ICe(p)> pdx +f plog pdx
Rd 2 Rd
defined in the convex set
X = {peleL2 : 0<p<RveC,dex—1} ,

where the upper bound is that of (3.5) with s = c0. Here we assume that
K¢ : L' n L? — LP with p € [2,0]. Observe that, compared to the previous
section (see Proposition , the range of indices for p has been shrinked and
we take r = 2. We also introduce the differential of F with respect to p:

YheY, d,Flp]-h :J (V+K%(p) + logp) hdz,
Rd

where we denoted the vector space

Yz{heleLQ:j hdx:()}.
]Rd

Proposition 3.6 (Uniqueness of the steady state). Under the assumptions of
Lemma[33, the following properties hold.

a) If K¢ is such that F is strictly convex, then T has a unique fized point.

b) If K° = 0, fized points of T coincide exactly with critical points of F with
mass 1. In particular, under the hypothesis of a), the unique fized point
of T is the unique minimizer of F under the constraint of unit mass.
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Proof. One observes that any p € X of the form

—-V—-Kp

p=ce for some ¢ € (0,0)

is such that the first order differential of F writes

VheY, d,Flpl.h=—-| K°(p)hdz,
Rd

and in particular, the skew-symmetry of K° implies

(dpFlo1] = dpFlpo])-(p1 — po) = 0. (3.13)
for any pg and p; of the previous form. Therefore, by strict convexity of F,

p1 = po which proves a). The property b) is an immediate consequence of the
expressions of d,F and T. O

Corollary 3.7. Under the assumptions of Proposition[3.5 and if there is k¢ <
0¢(0, Ry, () such that

KRBy > —r (B]h]22 + (1 — O)[R|2,), for all he L' A I2 s.t. jh 0.

then the mapping T admits a unique fized point.

Proof. Let us show that under this additional hypothesis, F is strictly convex.
Indeed, one has

(dpFlp1]l = dpFlpol)-(p1 — po) = <Kp1 = po, p1 — poyrz + J(pl — po) log (Z(l)) )

On the one hand by the Csiszdr-Kullback-Pinsker inequality, one has

P1
J(m — po) log (p()) > |p1 — poll3a

On the other hand, thanks to the upper bound on functions in X, one also has

P1 1 2
_ 1 - > _
f(m po) log (p()) Ry eC lpr — polize

where we used the identity

1
1
Ve,y >0, (z—y)log (1;) = (m—y)Qf —dt.
Y

o ty+ (1 —1t)x

By combining these controls of the L' and L? distances with the assumption,
for a small enough §¢(0, Ry, (), one shows

(dpFlp1] = dpFlpol)-(p1 — po) =0
with equality only if pg = p1. O

Remark 3.8. If 6 = 0 then clearly §° = 1.

Remark 3.9. The lower bound assumption is not a technical one, when the
interaction kernel has large negative modes one may observe phase transition
and appearance of several equilibria. We refer to [14] in the case of the McKean-
Vlasov equation on the torus without confinement.
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3.4 Functional inequalities related to the steady state

These properties are an immediate consequence of Lemma [3.4] and the Holley-
Strook perturbation principle, and we just point out that (3.17) and (3.18])
follow from an integration by part argument.

Lemma 3.10 (Uniform bounds). Under the assumptions of Proposition
and assuming that for any € > 0 there exists some C. > 0 such that

|V2V| <elVV] +C.,

then any fized point p. of T is such that, for any € > 0, there exists a constant
Cie = Cyoe(N,R,(, Ry, C:) > 0 such that

V2V, <e|VVi| + Cuc. (3.14)
Furthermore, there exists some Cy, > 0 such that
[0+ 19V) pul e < (315

Lemma 3.11 (Poincaré inequalities). Under the assumptions of Lemma
and assuming that for any

ue H' (e7")  such that f u(z)e”V®dz =0
Rd

the Poincaré inequality holds:
lullz2e-vy < CpIVulL2(e-vy,

then, for any fized point p, = e~ v+ of T, there ewists some constant C, =
C.(N,%,(, Ry,Cp) > 0 satisfying for any

ue H'(p,) such that J u(z)pu(x)dz =0
Rd

the Poincaré inequality:

lullz2p.) < Cul VUl L2, (3.16)

as well as the following weighted variations:
lwVVilllz2 o,y < Cul V| L2 (3.17)
49Vl o0y < Cu (19012600 + Ve[ Vall a0 ) - (3.18)

Lemma 3.12 (Weighted Sobolev spaces comparison). Under the assumptions
of Proposition and for any fized point p, = e~V* of T, there exists some
C = C(C,) such that

1
5\\up1/2\|Hs <l e,y < Clulas,  sel0,1], (3.19)
furthermore, denoting V* := —V + VV,, there also holds for s =1

1
5\\“\\111(,),) < ullr2on) + VU 200y < Clul g, - (3.20)
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Proof. The bounds of (3.19)) follow from (3.15)) and (3.17)) for s = 0,1, which
(3.20),

then holds for s € [0, 1] by interpolation. To prove one writes

HVUHQL'Z(,J*) = (Vu,Vuyrz(p,)

= <V*U,V*U>L2(p*) + <[V*,V] U,U>L2(p*) .

Observing that [V,V*] = AV,, we deduce from (3.14) and (3.17) that the

second term is in fact a lower order term:
1
AV VIu,wypz,, )| < §HVUHQL2(M) + CH“H%?(M)
and therefore

1 1
—Cluliz(o,) + 51Vulz2(,) < IV ulL2(p) < ClulZag.) + 51VelTzg.)

which allows to conclude. O

3.5 Proof of Theorem [3.1] and 2.10]

Let F, solve (T.1). Then observe that G, (z,v) = e~ "’V @) =Yr () also solves
(1.1). Then by multiplying the equation by F,/G, one obtains

IVo(Fu/Ga)l226.) = 0

which shows that Fi.(xz,v) = p.(x)M(v). By plugging back this ansatz into
, it shows that p,. solves . The rest of the proof of Theorem is a
combination of the results of Proposition to Corollary For the proof of
Theorem just observe that Assumption [2.3] and Assumption [2:2] implies
all the hypotheses of Theorem In particular, since LP n W14 embeds
into L for ¢ > d, the assumption on K* (e~") is automatically satisfied and
¢ = ((%, Ry). Finally the functional inequalities of Section hold and we also
point out that, all constants depending on & can be considered to depend on
the larger bound K ax-

4 Linearized VFP

In this section, we study decay and regularization properties of the linearized
flow of the equation (1.1)) around the equilibrium F, = p, M of Section |3} where
M(v) = (2m)~%2? exp (—|v|?/2). For that we introduce a perturbation f satis-
fying
F —F,

f= T
The functional framework will rely on the Hilbert space L?(F,). In this space
the adjoints of V, and V,, are respectively

Vi=-V,+V,V. and V¥=-V,+0v.
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We introduce the subspace

Ho = {feLQ(F*) such that fF*dxdv—O},

R2d

and the orthogonal projection in L?(F,) onto local equilibrium

IMf(z) = flz,v)M(v)dv = ps(@) with  py(z) :f f(z,v) Fu(z,v)dv.
R4 ps() R4

Observe that py = pry. Let us write the linerized equation. By plugging

F = F,(1+ f) into (L.1), one finds the linearized VFP equation

(0 + M) F(t) +v - Vatps(t) = Vip(t),
A=vVEiV, +v-V, -V, V, V,

vr = Kps,
f(07$,’l)> = fin(x7v)a

with Fi, = Fo(1 + fin). In the original equation the right-hand side is given
with ¢ = fV,1¢r. However, in this section, we will assume that it is a given
source. In the following lemmas and propositions, we assume that the general
hypotheses of the paper, Assumption and Assumption [2.2] are satisfied. We
will write C for any positive constant depending only on the steady state and
therefore on Fmax, Ry and 0 only. Note that —A generates a CY—semigroup on
H (see [30, Proposition 5.5]), and thus —(A + v - V3(.)) as well since v - Vi
is a bounded operator in H in virtue of Lemma (4.1

(4.1)

4.1 Preliminary properties

The following bounds are a translation of the assumption on I to the current
L?(F,) framework and are a consequence of Holder’s inequality. We use the
notation ¢ = K%ps with o = o, e.

Lemma 4.1. The following upper bounds hold for a = e, o

1971 2(r) < CR S| L2(r), (4.2)
IVa§ L2 py + IVathf e < R || L2(ry),

as well as the lower bound:

Wpippyne = @f prore = —(Cob + (1= 0)s|ILf| o) - (4.4)

The next lemma is a consequence of the Poincaré inequalities and other
results of Section [3.41

Lemma 4.2. Let f € Ho = L?(F,) and g € L*(F.). Then there is C = C(C,)
such that

Lt 22 (my < ClIVa £z (4.5)
|(Id =IT)gll 2 () < [Voglloe (e, .
Mgllz2py < lgllzzmy < C (IVagl2my + IVoglzr) (4.7)
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Moreover
IVsalizcr,) = laliacr.) + 1VoglTe(r)- (4.8)
Finally, for any e > 0 there is C. = C.(Cy) such that

H|V2V*|9HL2(F*) < Celglrzry +elVaglrzm (4.9)

4.2 L2-hypocoercivity

In the following we want to apply the L? hypocoercivity techniques of [23].
Taking inspiration from [I], we will introduce a suitable norm which will allow us
to include some part the interaction term v-Vi)s into the dissipative mechanisms
of the equation instead of a mere perturbation of the hypocoercive operator A.
Accordingly, let us rewrite the equation as

(O +T—L)f =—v- V% + Vi,
f((),xﬂ)) = fin(xav)v

where the operators T and L are defined as

(4.10)

L:=-vV!V, and T:=v-Vy; =V, V.-V, +v-V95.

4.2.1 The linearized free energy norm

We endow the subspace Hy with a norm for which L and T" will be shown to be
respectively symmetric and skew-symmetric. Let us consider the twisted inner
product

<<fa g>> = <f7 g>L2(F,,) + <w?7p9>l/2 = <f + w;7g>L2(F*)7 (411)

and the corresponding (squared) norm

A 5= . = [[ a2 Butaododo+ | (pp@ps s (412
]R2d Rd

Remark 4.3. In the case of a purely symmetric kernel k& = k°, observe that
is related to the natural Lyapunov functional of the equation: the free
energy . More precisely, if one plugs in F = F,(1+ ef) and lets ¢ — 0,
is the main order contribution. That is why we refer to it as the linearized
free energy norm. This observation is a generalization to arbitrary kernels of
the one made in [I].

4.2.2 The Dolbeault-Mouhot-Schmeiser functional &,

For the new inner product (4.12]) we use the superscript t to denote the adjoint
of an operator for the inner product (4.11). Following [23], we introduce, for
some ¢ € (0,1/2), the following functional:

Eolf] = 5IFIP + (A, £y where A= (1d+(Tm)'TI) " (7TI)'
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On the one hand, we will show that the functional & satisfies a Lyapunov

1
inequality, and on the other hand that both quantities £F and ||-|| are equivalent
to the norm of L2(F,).

Lemma 4.4. For a small enough §¢ = §¢(C,,0) > 0, assuming that k¢ < 0°¢,
one has for some C = C(g¢,C,) that

1 2
§Hf|‘%2(F,) < |IFIF < Clf 172k, -

The inner product is compatible with the micro—-macro decomposition in the
sense that
' =T and ker(L)**0 = ker(L) +2t),

and furthermore
KUd-I)f,g) = (Id—ID) f, 9)r2(r,) (4.13)

Finally, the diffusion and transport operators L and T are skew-symmetric and
symmetric:
T'=-T and L=L"

Proof. This follows from Lemma and more precisely (4.2) and (4.4]). The
properties of T, L and II can be proved exactly as in [I, Lemma 15 and 16]. O
4.2.3 Properties of T, L, A and TI

We now prove some properties concerning the previously introduced operators.
For properties that can be proved exactly as in [I] we sketch the proof at most.
We only detail proofs when they differ substantially or when we concern addi-
tional properties not proved in [I].

Lemma 4.5. The operator T, as an operator of Hg, satisfies the parabolic
dynamics property:
IITTI = 0,

and, more precisely, there holds for any f € Hy
TIf = (Id-ITIf = v - V (IIf + %)

as well as
O7f =1T(Id-1)f = —ViU(vf).

Furthermore, assuming k¢ < 6°(C., ), there is some Ap(Cy,0) > 0 such that
the following macroscopic coercivity estimate hold, namely

ITTLf]| = Anr|TLF - (4.14)

Proof. Performing the same computations as [, Lemma 18] with the Poincaré

inequality (3.16]), one has

1 (S
T ey > g (101 +2 [ 5(00s(o0)
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thus, using the definition of ||-||| and the lower bound (4.4)), we have for some
Cc=C(.C,)
1

C.

which allows to conclude. O

HTHfH%Z(F,) > (1- ﬁeC)HHfH%Q(p*))

This next proposition can be proved following [I, Lemma 20].

Lemma 4.6. The auxiliary operator A is such that
A = TTA(Id —TI) : ker(L)* — ker(L)

and satisfies the following boundedness properties:

AL < gIIIfHL ITALN < WA AL < %Illflll-

Lemma 4.7. The composition AT satisfies for some C = C(C,,%®) the bound
[ATId I f]| < Cl|(1d =IT) f] .

Proof. In this proof, we denote by C' = C(Cy,R®) a constant that may change
from line to line. The proof follows the lines of the proof of [, Lemma 21], so we
focus on the most intricate estimate (4.17)). Let us however point out that this
boundedness result is proved by establishing it for the adjoint (AT (Id —II))T
and reducing the problem to

[(AT(1d —T0) £ 22

< C (Igl32gry + 17 Bar) + 19w VaVallar,))
where g € ker(L) is characterized by the elliptic equation

g+ VivVyw, = f with wy =g + by . (4.15)
Taking the L?(F,)-inner product against g + 1y, one can prove the control

lgll* + IVaglZe(r,y + IVawglZar, < CISI (4.16)
Let us explain how to establish the bound

IVow|VaVallZer,y < CUIFI- (4.17)

Taking the L? (F,)-inner product of with g|V,V.|?,

Va9, Ve (9IVVal?)) 1oy H{Vat5: Vi (9IVaVal)) o) = <9 F, 91V Vel Dracr),
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thus, using the Leibniz rule, we get

2
Hvxg |v;cV*|

L2(F,)
- <vm¢;7 Vzg‘vxv*|2>[‘2(p*)

+ Hg|VxV*|

2 ) 5
L2(F _<fvg|va:‘/*| >L2(F*) =: ZXk
(F) k=1
The term X is estimated using that V, (|V,Vi|?) < C|V,Vi|?+C from (3.14):

Xl <C [ Vegllalpnda +C || Vaalll| 9.V Ppude

and thus, for any 6 € (0,1)
|1 X1| < Clgls(r,) + ClVaglis(r,)

C ) 2 (4.18)
+ 5 loVaVillagey + 0] Vadl VWA
Similarly, the term X5 is controlled using Holder’s inequality for % = % + %

followed by (4.3]) and (3.15]):
Xl <C [ IVavlglonde +C [ 1,051 % gl V. Vlok x [V, V.|pbdo
R R
1
<OV 2 llize + CIVAS oo VaVall o 1V Ve 2l .

<C (1932 + 19192Vl B, ) - (4.19)

The term X3 is controlled similarly:

Xal < | 1Va05l1920] [V2V2P pud

<CIVaf el Veg I VaVill L2 m) I Va Vil ps

Ls/2
C
<gllgHiz(F,) +0 Va9 VaVill L2,y - (4.20)
The terms X4 and X5 are simply controlled as

X +|X5] 5 g1V, V2]

2 1, .05 2
- 5” VIV*QH . (421
ey T g Ny T gV L L (420)

Putting together (4.18)—(4.21)), using the weighted Poincaré inequalities (3.17)—
(3.18) (recall that g has zero mean), and using the bound (4.16)) we have

vag|vxv*|

’ C 2
< .
L2(F) (LA

Finally, as for 7, one proves a similar weighted Sobolev estimate
for 94, which together with the bound above yields . This concludes the
proof.

O
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4.2.4 Properties of the functional &

Lemma 4.8. For e € (0,1/2], the functional & is equivalent to the norm ||-||
in the sense that

L2 3 2
— < < = .
AP < &oL1 < 207
Furthermore, under the smallness assumptions
K < §°(C.,0) and R’ < 0°(Cy,R% K% V)

for some appropriate choice of €, there exists A\, i and C' depending on C,, K¢, k° K®,

0 and v such that any solution to (4.1|) satisfies the differential inequality

d
ool T+ A&l + uIVofliar,) < ClAd-TD¢|a ) -

Proof. The equivalence of norms follows from the bound of A provided by
Lemma [£.6] which gives

1_

2

1+¢
<

“I1£1I° < &lf1 < =LA

Differentiating & [f], and using that

v-Vab§ e ker(L), Lfeker(L), and Vigeker(L)",
TT= -7, and Af e ker(L)

one has the identity

SEF =C0uf, £ + CAGS, £ + (AL, auf)

=CLL ) + Lo Vat§, £
— (AT, ) + eCALS, ) + eCA (v Vat§) )
— (AL Tf)

8
+ L, Vi) + (AL Vi) = ) Xk

k=1

The term X is estimated using the microscopic coercivity estimate (4.6 and
the fact that | - |z2(x,) = ||| on ker(L)*:

v 14
X1 < g A =TI = ZIVuf [Far).

Noting that (7)1 is a self-adjoint operator whose spectrum lies in [\, +00)
by Lemma one has by functional calculus

Am 2
CATIS ) = 4 s NITLANI,
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thus, the term X3 is estimated for any 0 € (0, 1) as

Xo = —eCATf) < — {0 |ILf]? — (AT (14 -11)1.11f)
Am 2 eC 2
< e (34 - o) sl + Sl -y

for some constant C' = C(g®, C.) by Lemma Similarly, the boundedness of
T A from Lemma [4.6] yields

Xq = e(TA( -1, 1)
< <l TA(L D) FILF] + <l T A ~I1) 7 (i I £
<oeilf + 1+ 35 ) llaa -y
and that of AL
X, = (AL - £, 117 < e8IFI + ]| AL I

ev?
166

The remaining force terms are controlled using the fact that -, -) coincide with
the L?(F,)-inner product on microscopic distributions, as well as the upper

bound (4.3) on ¢ :

Xp = 0+ Vot (1 ~I) gy < C7° (7)1 + |1~ 7))

where we used the equivalence of norms in the last line, and similarly, using
that A has operator norm 1/2 from Lemma [4.6]

< ||TLAII* + = Il (Td ~TD) £

X5 < Cer||ILf .

Finally, since V¥ is microscopic in the sense that II(V¥y) = 0, one has in
virtue of Lemma [4.6] that Xg = 0 as well as

X7 = <<f, v;)k§0>> :<(Id _H)fv v:¢>L2(F*)
v 1
< ZHVUJCH%P(F*) +l(d |72k, -

Put together, these estimates yield

d v 2
&5o[f] < - Zvaf“Lz(F*)
v eC 1 ev? o 2
) {2 . (1+ 45) - o }|||<1d—n>f|||
. { ( A 35) —a+ e)%"} g2

14+ Ay

1
7 I(1d _H)(PH%P(F,) .
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Choosing ¢ = 2 and using the upper bound (4.3]), this simplifies for some
C =C(r% C,) as

d v 2
&go[f] < — Z”vfoLZ(F*)

{5 —6C 25— du— o} jad -

A
o (1 - 59) - o e

1
+ (Tl

The result then holds taking ¢ small enough, depending on C, v and Aps, so
that the dissipation rates of (Id —II) f and ILf are of order v and §2 respectively,
and then %° small enough, depending on v and §2. O

We can now state the main result of this section, which is an immediate
consequence of Lemmas [4.8| and [£.4]

Proposition 4.9 (Li.,v—hypocoercivity). Under the smallness assumptions
K® < 6°(C,,0) and R < 6°(Ch,E% S, V)

there exists A and C depending on Cy, K% R, k¢ and v such that any solution to
(4.1) satisfies the differential inequality

o0
sup e £(¢)[Z2 (s, + JO NNV f ()2t

0
<c (|fin|iz<m ol e2’\t||go(t)iz(p*)dt) |

From Proposition[£.9] one can derive a well-posedness and asymptotic stabil-
ity result for the nonlinear VFP equation if Assumptionis strengthened
by assuming that VI : L' nL? — L* is a bounded operator, namely ¢ = c0. For
kernels providing less integrability /regularity, one need to resort to higher order
estimates and regularization properties of the equation, which is the purpose of
the rest of Section [4l

4.3 Derivatives estimates

In this section, we derive preliminary estimates on the derivatives of f.

Lemma 4.10. Let f be a solution to (4.1), its velocity gradient satisfies the
equation

at(vvf) + A(Vv.f) + Z/va = _vw.f - waf + VUV:QO'
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as well as the differential inequality

1d 9 |2,
5&“va|&2@) + §vafHL2(F*)

(4.22)
< OIVaflBaey + C (5 UVofam) + Iolace) + Vo0 lRacr,))

where § € (0,1), and for some C = C(&%,E®, Cy, V).

Proof. The equation satisfied by V,, f is obtained by noticing that the following
commutator identity holds:

[VU7A] = vr + Vvv .

Integrating against V, f, there holds

1d
§&|‘va‘|%2(F*) + VHvszQL?(F*) + V\Wuf”%?(a)
== Vo, Vo ey — Vatbp, Vo ey + Vao, VaVu fr2(m,)

8 (192 Ba(ry + 19201 122m) ) + £IVEV0f 1320
1 1
+ gvafH%?(F*) + EI\V;"@H%%F*).

From there on the one hand one uses (4.8) with g = V,, f. On the other hand, one
combines (4.3]) with the Poincaré inequality (4.5)) to get for some C = C(C,,R)

IVetorlr2my < CIVaflrz(r,) -
In turn, one concludes to (4.22) by taking ¢ small enough with respect tov. O

Lemma 4.11. Let f be a solution to (4.1), its spatial gradient satisfies the
equation

VYL,

O(Vaf) + A(Vaf) = (V2V2) Vof + (v Vatp [0F f])

as well as the differential inequality

1d

1%

(4.23)
< C(IVafaqry + Vo Iagry + Vet lBaq )
for some C = C(r®, R, C4,v).

Proof. The differential equation satisfied by V. f is immediately obtained by
noticing

[VzaA] == (vgzc‘/*) V, and Vmw[f] = *¢[v:f] .
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integrating against V., f, we get
1d
2dt
d
2
={(VaVi) Vo, vwf>L2(F,) + ; (v-Vatp [0} f] ’axif>L2(F*)

+ <V7:<P7 vmvvf>L2(F*)'

IVaflemy + VIVOVafliar,)

Concerning the first source term, thanks to the weighted Poincaré inequality
(4.9) with (say) € = 1, one has for some C' = C(C,) which may change from
line to line

VIV Vol Vol ) o
< C(IVoflrzmy + 1VaVoflrae)) I Vaflrz e,

1
< O (eI9a 90 Tagry + 192y + 19 iy ) -

Concerning the second source term, we have from the bound (4.3) and the
Poincaré inequality (4.5) that for some C' = C(C,,R®,R°)

d
Z <'U -Vt [a;klf] ’aﬂfif>L2(F*) < CHfoHQLz(F*)
=1

Concerning the third term, we have that
(Vaop, VoV Hrar) <IVapllrzm) [Va Vo flr2r,)
1 2 v 2
<5va%@“m(m) + §|\vavf”L2(F*) :
This concludes the proof. O

Lemma 4.12. Let f be a solution to (4.1)), the inner product of its partial
gradients satisfies the differential inequality

d 1
Vel Vobrawmy + 5IVaf Ty < OIVaVoflizir) + Clf 12k,

C
+ 5 (190130 + 192y + el Eacry + 190pl3a(r) )
(4.24)

for any § € (0,81), where the constants C' and 61 depend on ¢, K°, Cy and v.
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Proof. On the one hand, there holds

%<vvfyvzf>L2(F*)
=0V )Vl r2p) +C0(Vaf), Vo )r2(m,)
=AYV ) Va2 = IVaf ey = V<V fs Vel ram,
— AV ), Vo raimy +{(VEVe) Vo f, va>L2(F*)

d
—(Vaty, fo>L2(F*) + Z <U Vot [a:i f] 7a”if>L2(F*)
1=1

+ VoV, Ve foremy + (Ve Vi, Vo fr2(m,)
= — [ Vafl7e(ry + X1 + Xo + X3 + Xy,

where we denoted (and using that the symmetric part of A is —L = vV*V,)

X= _<A<vvf)a wa>L2(F*) - <A(sz)a vvf>L2(F,) + <(V§V;) vvf7 vvf>L2(F*)
= _I/<vvvmf7 V12;f>L2(F*) + <(v925‘/*) vva Vuf>L2(F*)

as well as

X2 = _V<va7 v$f>L2(F*) ’

d
X3 = *<Vzl/ff, me> + Z <U ' Vz1/1 [@if] ’avif>L2(F*) )
i=1
Xy :=(Vy0, ViV firam) +{Ver, ViV fira (s, -

As in the proof of (4.23)), one has for the term X; for some C = C(C,,v) that
may change from line to line

X1 SOV Vaflrz(rm,) (vafHL‘A’(FQ + VHV%;JCHLQ(F*)) + CHva||2L2(F*)
1
SOV Vaf e + 5 (IVol I+ V25 12,y )
For the term X5, one has
1
Xo <V|Vufll2m) Ve flrz2m) < VPIVoflZ2m,) + Z”vsz%ﬁ(F,) ~

As in the proof of (4.23]), one has for the term X3 for some C = C(C., %%, &®)
that may change from line to line

X3 S C (Ifl2m)IVaflrzmy + 1Vof L2 Ve fllLzr,))
therefore, there holds

C
Xy < elVaflaey + = (1920 + Vol e, ) -
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Finally, one can show for X,
X4 < (lelr2ry + IVoelrzr)) (IVaflrzmy + 1Vofleze) + Vo Vaflize,))
<0 (IVaf By + IV f 3oy + 19V f e, ) + 670 (191 0m,) + 19000350, ) -
Gathering all estimates and taking § and ¢ small enough, we conclude the
proof. O
4.4 Mixed H, -L2 ~hypocoercivity

In this section, we introduce a Lyapunov functional for the linearized equation.
It involves a combination of the Dolbeault-Mouhot-Schmeiser L? hypocoercivity
functional and the Hérau-Nier / Villani H' hypocoercivity functional.

Define for some small parameters a, b, c € (0, 1) and the following functional:

Evalf] = &lf1+al Vo f DL (p,) + 8Vl Val)ra) + el Vaf 12, -

Lemma 4.13. Under the assumption b* < ac, the functional & 1 is equivalent
to the HY(F,)-norm in the sense that, for some M = M(C,,%%) and m =
m(a,c), one has

m|fl5npy < Ealf] < MIf I p,)- (4.25)

Furthermore, under the smallness assumptions
K < 6°(C,,0) and R’ < 02(Cy, % kS, V),

for some appropriate choice of a,b and c, there exists A\,u and C depending
on Cy, kK, K% k® and v such that any solution to (4.1)) satisfies the differential
inequality

d
agu[f] + AL + 1V f 3 gy < Clelin e, -
Proof. First of all, note that
a &
Eolf]+ §vafH%2(F*) + §vaf||%2(F*)
< E1 <&+ (@+ )V STz, + 0+ ) VaflZzr,)

which implies the equivalence of & ; with the H!(F,)-norm as stated by (4.25).
Gathering Lemma (4.22) with some 0., (4.24)) with some 0., and (4.23)), one

gets the energy estimate for some p = p(Cy, 5, R°, £°) and K = K (C,,R®,R°, k°)
d
M&AH+K&mmw+KWJ@WU@Q
+ K|V fliar, (ub—ad, — c)

b
+ KT aqr (10 - 5 )

+ KvavfoQH(F*)(MC = blzy) < CH‘PH%F(F*) .
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Considering ¢ « b « 1, it is enough to choose parameters such that
b c b
— &0z« - and a <, € —
a b a

and one checks that the scaling

a=¢%  §,=¢% and 0, =c>

fits the requirement. Taking e small enough, we conclude this proof by norm
equivalence (4.25)). O

The following hypocoercivity result is a direct consequence of Lemma,
Proposition 4.14. Under the smallness assumptions
K < 8¢(C.,0) and  R° < 0°(Cy,R% K5 V)

there exists A and C depending on C,, k% K°, k¢ and v such that any solution to
(4.1) satisfies the differential inequality

0
sup £+ [ 19Ot

=

o0
< C(Ilfmﬁ{l(m + L e2*t|<p(t)||‘;p(mdt) .

4.5 Hypoellipticity

In this section we modify the functional of the previous section with time weights
to capture regularization properties of the VFP equation.

Define for some small parameters a, b, ¢ > 0 the time-weighted homogeneous
functional

Gt 1 = at| Vo flT2(myy + 0V, Valdra ) + Ve f 22 m,),

as well as the inhomogeneous one:

g[ta f] = Eo[f] + ghom[trf]'

Lemma 4.15. Assuming b < ac, there holds

1 om om
§gh [t7 f] < atvaf“%Q(F*) + Ctgﬂv”fH%Q(F*) < 2gh [t’ f] (426)
Furthermore, under the smallness assumptions

K < 6%(C,,0) and R° < 0°(Ch,E% V),
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for some appropriate choice of a,b and c, there exists p and C' depending on
C.,R% R Kk® and v such that any solution to (4.1) satisfies the differential in-
equality, forte (0,1],

d
GO AT+ (S + 19 ey + 19 o

IV o + tf"vzv,,f%w) (4.27)

< O (198 (r) + HVol32r,) + Va0 B ) -
Proof. The comparison (4.26)) follows from the observation that

at ct3
66>V o f, Vo For2r,)| < gﬂvvf”%z(p*) + 7||foHi2(F,) :

Combined with Lemma (4.22) with 6 = 0,¢, (4.24) with § = 0.t and
(4.23), one gets the energy estimate for some p = p(Cy,%5%, 8%, £°) and K =
K(C*) Eevﬁoyﬁc)v

d b
AL+ KELF] (1 = 08%) + KIVuf 2y (u LA e m)

+ K| Vo fl72(m,y (ubt? — at®s, — ct® — ct® — 3ct?)

bt
+ KV s, (st - 1)
v
+ ]{HVUCVUfH%Q(F,)(IU/Ct3 - bt3§xv)
< Cavesuten (101330m) + Heldaer, + EIVapliae,)) -

The same choice of parameters as in the proof of Lemma[4.13]allows to conclude.
O

Proposition 4.16 (H!'-hypoellipticity). Under the smallness assumptions
Kk® < 8°(C.,0) and R’ < 0°(Cy,R% K5 V),

there exists C' depending on Cy,®¢, R, k¢ and v such that any solution to (4.1))
satisfies the short time reqularization estimates:

sup {10 F Oy + UV FO 1)
0<t<l1
1
| {PIVAOar + IV 1O

1
# | (BT Oy + VRO ry

1
<0 (Unllaqey + || (10O Bagey + V0Ol sy + E1Ta0O ) )
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Remark 4.17. Note that the pointwise estimate imply, in the case of spatial
derivatives (and ¢ = 0), that

[ V]|

however, the integral estimate from Proposition [4.16| indicates that this holds
for the endpoint r = 2 as well.

Denote for A the smallest rate of Propositions [4.14] and [4.16]

Lz (R S O?"HfinHL%N 1<r<2,

wy () := e min{1,} %, o €e0,3].

The following is a combination of Proposition for t € (0, 1] and Proposition
{16 for ¢ > 1.

Proposition 4.18. Under the smallness assumptions
K < 6%(C,,0) and R < 0°(Ch,E% S V),

there exists C' and \ depending on C,, K% K°, k°

satisfies -
sup {wa (1o (Ol ey + w1(D?I9ud O ace,y + 00l IFO ()}

and v such that any solution to

o AR O O AR AT B
< (Il + [ (wlPIeO g + 01?1900

From here one could interpolate the results of Proposition with those
of Propositions to quantify the regularization and decay of a solution to
the nonlinear equation with an initial data in H; ,(F\), for large enough

€ [0,1]. This is even possible under a slightly weaker assumption than As-
sumption on the confining potential, namely holding only for some
given €. At the price of holding for e arbitrarily small, we will be able to
lower the regularity assumptions on the initial data to H:L2(F}).

4.6 H!L? hypocoercivity

In this section, we apply the Dolbeault-Mouhot-Schmeiser L?~hypocoercivity
techniques, in the linearized free energy norm, to a first order = derivative of
the solution. More precisely we shall consider V* f instead of V, f as only the
former belongs to Hy.

Lemma 4.19. Let f be a solution to (4.1)), its twisted spatial gradient V¥ f
satisfies the equation

(Vi) + (T = L) (Vif) = —(v- Va)gu, + VIVIip + X1 + X5,
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where we denoted
X1:= (VIVJ) Vif,  Xo:=—VVi(v-Vaty).
Furthermore, under the smallness assumptions
k® < 8%Ch,0) and R <6°(Cy,R% KS V),

there exists A\, i and C depending on Cy, K, K%, K° and v such that f satisfies
the differential inequality

d
&50 Vi + A& VS + Vo Vi fl T2 m,)

< € (I9Bagry + IVapldage + 1 Bage) + VoS Bar,) ) -
Proof. The equation satisfied by V* f is obtained from the identities
[V T f == (V2Va) Vi + (VaVa) (v Vat§)
[V, 0 Veup)] £ = (VaV) (0 Vawg)  and [V2,1] =0.
Since up to the remainder terms X; and Xo, V2 f follows the same equation as

f, with the source V¢, one can follow the proof of Lemma to get (for the
same constants) C, A and p depending on k°, &%, &®, C and v that

d
&50 [VE+XE Vi + ul ViV flFem
< C(IVilar, + Y1+ Y2) |

where, using the boundedness of the operator A and the norm equivalence be-
tween | - || and |||, the remainder terms can be estimated by

V1 SEVEL XD S IVEFlrzmol(VEVOVE flams
Yo SV Xo) S Vi fleamn)l(VVR) (v Vatbg) | 2(m,)-

Then using Young’s inequality and (4.9]), one obtains
1
Yi S 0IVES ey + 5 (IVaVEf By + Cl Vi IEa(e, ) -

Then up to changing the constants, we have by the equivalence (3.20]) and (4.8)

3
Y S SIVE ey + 5 (IVEf e + V2V ey

CE 2 2
+ = (1B + Voo ) -
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For the second remainder term one can use Holder’s inequality for some % =
% + % followed by (4.3):

1
Ya S 8|VEflZa(r,) + gH|Va:V*|2P*HL% IVatsl 2,
R
S OIVEfILa (e + 51T 122,y -

Putting these estimates together with ¢ = 62, and using the fact that & is
equivalent to | - | z2(p,), we obtain

d
o VaT+(A =006+ NE VSl + (= COVEVuflTa(r,
< Cs (IV2@ L) + FITS e,y + 1 By + 190 f 135, )
thus, taking § small enough, we conclude the proof. O

Define & ¢ for some small € € (0,1) as

Erolf] = Eolf] + €& Vi f].

In virtue of (3.20)), it is clear that &) ¢ defines an equivalent norm to H1L2(F,),
thus, the following hypocoercivity result follows from Lemmas [£.8) and for
a small enough choice of e.

Proposition 4.20 (H!L2-hypocoercivity). Under the smallness assumptions
K < §°(C.,0) and R’ < 0°(Cy,R% K5 V)

there exists A and C depending on C,, kK% K, k¢ and v such that any solution to
(4.1) satisfies the differential inequality

0
sup A F(Olfs et | NIV s
0

=

Q0
<0 (Unbigaairy + [ 1o usenit)

5 Non-linear VFP

Now we turn to the proof of our main result Theorem [2.12| First, based on the
analysis of the linearized equation, we introduce norms which will encompass the
gain of regularity of the solution and the exponential decay towards equilibrium.
Then we turn to the estimate of the nonlinear quadratic contribution

¢ = Vi,

in these functional spaces. From there we prove our main results of perturbative
well-posedness and asymptotic stability using a contraction argument.
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5.1 Functional setting
As in the previous section, we consider the time weights
wy (t) = eMmin{l,t} %, o €]0,3]

and, for any s € [0, 1], we introduce the norms

a0
lelBe = | (@RIl e + 0PI O gy,

+ wS(l—s)(t)2|‘90(t)H%I;L%(F*)) dt
as well as

13- = sup (wo (0L Ol + w0 OV Ol

w1 (OO 1)) + 1B

where we denoted

W&M=J(W1@UHﬂW%quWMNWUMWHWQ&-

We can now reformulate Proposition [£.20] and Proposition .16} by the fact that
any solution f to satisfies
I fll2es < Cl(fin, @) sz (pyxns  for s=0or 1.

Tt is possible to extend these bounds to any s € [0,1]. Indeed, according to [38]
Theorem 1.1], this follows from the fact that H?® (resp. %) is the geometric
interpolation of order s € [0,1] between H° and H' (resp. H” and H'). This
can be seen by writing

[llge-- = 1(2; 0,010 = 14°(0, 05 0) e
where we denoted the Hilbert norm [7—[]0

(Fee2xt)  |03llL2 1 (me2nn

t,vTw

[(p1, 02, 03) g0 = l#allz,  (ruexrey + o]z

tzv t,x,v

and the operator A

A(p1, p2,03) = (gol,min{l,t}(V:VU)1/2<p2,min{l,t}3<p3> :
Arguing similarly for H®, one gets by interpolation using [38, Theorem 1.1]

I fll#ee < C(fins P | Hsr2(myxms  for s €[0,1].

The pointwise bounds are obtained through the same argument, but applied to
any given time ¢ € (0,00). For instance, to obtain the z—derivatives control, we
have to check that for s € [0,1] and ¢ € (0, c0)

1f Ol a2z < Cs@O(fins )l mz L2 ) x5
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where we denoted
Cs(t) = Cwz—y) )~ =Co(t)' *Ch(t)*.

We know this holds for s = 0 and s = 1, thus, by interpolation, this holds for
€ [0,1]. The same argument provides the v—derivatives estimate and the L2
exponentlal decay. The following proposition sums up the bounds estabhshed

by interpolation in this paragraph.

Lemma 5.1. For any given s € [0,1], any solution f to (4.1) satisfies

) -

Ifl2s < C (I finllars 2 e,

5.2 Nonlinear estimates

We now show that these norms are adapted to the nonlinear problem.

Lemma 5.2. For any s € [0,1] such that

L3[4 1
ssc.—2q3,

there exists some C > 0 such that the following bilinear estimate holds:

[fVatbglae < ClF] 2

Remark 5.3. Note that s, <1< ¢ > d, and s = 0 is allowed as soon as ¢ > 3d.

9||XS~

Proof. Let us denote in this proof ¢ := 1 — s and define

2 d 1 d
6—35—(q—3>>0 so that 6+5:s+%.

We start with the control
1fVatglmirzr) S A+ B.
where we denoted
A= fVatglrzrz () + Vel Vatglrzr2(py, B i=[fVitglizrz(r,) -
On the one hand, one has from the bound on V¢
IVatglLa S lglL2ry and  [Vatglwra S l9lazrze)

therefore, since we have by real interpolation with 6 = g +0=s+%¢el0,1]
(see for instance [45, Lemma 22.3])

(L9, W], = By, and [L*(F.), H;L3(F.)],,, = H{L3(F.),

xT v v
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where Bg,z denoted the suitable Besov space, the following interpolated bound
holds:

valﬂgHng S llgllaere (k) -
Using the chain of embeddings (see [2, Propositions 2.71 and then 2.39])
445
Bg,z = qu,; < Bgo,z < B(?o,l c L™,
these two facts yield the estimate

A< | flaeem)Vatbgle < HfHH;L,%(F,)HQHHy%L%(F*)~

On the other hand, using Holder’s inequality with % = % + % followed by the
bound on V.1, one has

B = |fV.y[Vigllrzrz(r,) < |Fs
Using next the Sobolev embedding

Viglrzrz ) -

o d d d
H*S = it c Hi ¢ L™ since - = = — —
q 2 m
we thus have thanks to the norm comparison (3.19)) that

B < |\f|\H<s+%L2(F*)HQHH;Lg(F*) :

Putting together the estimates on A and B, using that s + ¢ = 1, we conclude
that

3 2 2
130 vamngH”'"L? (t U”f“H”"’L? ) <t0|g|H:+§L%(F,,))

o 2 20 2
(15 ) (P19

from which we deduce, interpolating H; 3 between HS and H:™ = H!

| s POV (020

0
0
< ([ wan 211y s (o 021l )
0 F)7 ) =0 H. 3 L2(F)
0
o (O f]? oie 0 171 dt
o (0o @11 ) ([ 020020l

<[ 1% gl

Similarly, one shows

Vool e e py S 112210 () (t09|25+gL2(F )>

from which we deduce

0
f wo () f(£)Vardy ()72 g () At < 1F |22 9% -

0
This concludes the proof. O

q
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5.3 Proof of Theorem [2.12]
Fix some fi, € H:L2(F,) and denote ® : X* — X*° the mapping defined by

(0 + M) f(t) +v-Vatop(t) = VE(gVathy),
fi=®g where

f(0,2,v) = fin(z,v).

As a consequence of Lemmas [5.1] and [5.2] there exists some C' > 0 such that
19(g1) — (g2)llxs < C(lg1llxs + g2l 24) 92 — g2l 2 ,

[2(@)]2e < C (| finllerszz ) + lgles) -

It then follows from a classical Picard argument that for || fin|msr2(r,) small
enough, the mapping ® has a unique fixed point, which proves the theorem.

6 Concluding remarks

Let us end this work by stating some perspectives and natural continuations.
We first present possible improvements on the regularity assumptions.

Weakly regularizing interaction potential We have assumed the inter-
action potential to be regularizing enough, namely VK : L' n L? — L7 with
q > d, so that the initial condition only needs to have (at most) H} regularity.
In order to extend Theorem to the case when we only assume g > 2 (for
instance, Manev interactions, see Example , one would need to consider an
initial data H? with s big enough. The strategy to derive HL? estimates from
Section would need to be adapted to HFL? for any integer k € N, thus
requiring suitable adaptation of the hypothesis . The nonlinear estimate
would need to be modified, for instance in the non-regularizing case ¢ = 2, the

Sobolev algebra inequality [2] Corollary 2.86] yields for s > g — %

CUV sl sy S P sy < 02y,

Rough initial data Similarly, we have only considered initial data with at
least 0 regularity, in the sense that we excluded H; spaces for s < 0. However,
when g > 3d, the critical regularity index is s, < 0, which suggests that initial
data with regularity H; for s. < s < 0 could be considered. This would require
a duality argument in the spirit of [34] [36] T3] [26].

Let us now present some natural continuations.
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Non-perturbative setting For VPFP, one would be interested in showing
exponential convergence to equilibrium starting from an initial data F(0) as-
suming only physical bounds, namely finite entropy and energy. The strategy
would then be to use the free energy, together with regularization estimates
in order to perform a trapping argument and show that after a (possibly non-
explicit) time to > 0, the solution is close to the steady state, allowing to
conclude using Theorem with Fj, = F(tp). Similar strategies have been
considered in [40] [47, 28] for spatially homogeneous kinetic equations. Let us
also mention works concerning the global convergence to equilibrium in the case
of Vlasov-Fokker-Planck equation [9] 29].

Phase transitions and instabilities It is known, in the case of the torus
[14], that negative Fourier modes of the interaction potential may lead to phase
transitions, and more precisely non-uniqueness of steady states. In particular, in
the case of the synchrotron model , experimental and numerical evidence
suggest that instabilities may arise, and an asymptotically periodic behavior
seem to appear (see [43]). In the linearized setting, it has been shown that
when the size of kg is large, oscillating modes appear [I1]. This is to be to
be opposed to the symmetric positive setting (such as Poisson interactions) for
which global convergence to equilibrium is known to hold.
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