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PARAMETRIZATION AND CONVERGENCE OF A PRIMAL-DUAL
BLOCK-COORDINATE APPROACH TO LINEARLY-CONSTRAINED
NONSMOOTH OPTIMIZATION

OLIVIER BILENNE

ABSTRACT. This note is concerned with the problem of minimizing a separable, convex,
composite (smooth and nonsmooth) function subject to linear constraints. We study a
randomized block-coordinate interpretation of the Chambolle-Pock primal-dual algorithm,
based on inexact proximal gradient steps. A specificity of the considered algorithm is its
robustness, as it converges even in the absence of strong duality or when the linear program
is inconsistent. Using matrix preconditiong, we derive tight sublinear convergence rates
with and without duality assumptions and for both the convex and the strongly convex
settings. Our developments are extensions and particularizations of original algorithms
proposed by Malitsky (2019) and Luke and Malitsky (2018). Numerical experiments are
provided for an optimal transport problem of service pricing.

1. INTRODUCTION

In an p-agent network, we consider the problem

m]'kn g(x) + h(z) subject to Az =b, (P)
TER™

where A € R™*" b € R™, and = (x1,...,x,) € R" contains p decision variables z; €
R™, ..., z, € R™, each locally assigned to one of the agents (n = >_"_ n;). The functions h

and g are assumed to be additively separable for the local variables, i.e.,
p p
h(x) = Z hi(z;), g(x) = Zgi(xi)u
i=1 i=1

where local functions hy, ..., h, are smooth and differentiable, and g, . . ., g, are convex lower
semi-continuous (possibly non-smooth) functions with easily computable resolvents. We call
G(z) = Y_F | G;(z;) the total objective function, where G;(x;) = g;(z;)+hi(z;), and we give A
the block matrix structure A = (A1 Ay --- A,), with 4; € R™™ /A, € R™" so that
the equality constraint in (P) rewrites as » ©_; A;x; = b. Problem (P) finds application in
numerous fields, including linear programming, optimal transport, composite minimization,
distributed optimization, and inverse problems.
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To solve (P) we consider a semi-distributed algorithm in the spirit of the primal-dual
algorithm (PDA) of Chambolle and Pock (2011). Our developments build on the convergence
study issued in Malitsky (2019) for the primal-dual method as applied to equality-constrained
convex optimization. In the original analysis, the problem is reformulated as an instance of
the more general constrained optimization problem

m%@n h(x) + g(x) subject to x € argmin f(Z), (P?)
reR™ T
where the residual function f is given the quadratic form
1
f (@) = 5llAz — blJ*. (1)

The primal-dual algorithm is then regarded as a variant of the accelerated proximal gradient
method of Tseng (2008). An advantage of this viewpoint, as compared the classic primal-dual
analysis, is that convergence can be guaranteed in the absence of a constraint qualification
for strong duality, or even when the constraint Az = b is inconsistent and (P) admits no
solution, in which case (P’) remains feasible. We refer to Luke and Malitsky (2018) for a
thorough discussion on the benefits of this particular approach to solving (P).

In the present work we revisit the coordinate-descent implementation of the PDA proposed
in Luke and Malitsky (2018), extending the latter to random coordinate block selection, and
to composite objective functions with smooth and nonsmooth parts by implementing inexact
proximal gradient steps. The demand for proximal gradient methods, in particular, is high
in the practical appplications where proximal steps cannot be implemented exactly.

For the case of strongly convex objectives, we derive a specific stepsize sequence that leads
to accelerated convergence rates, which we obtain using suitable matrix preconditioners. To
our knowledge, these faster rates were, to date, only available for the centralized implemen-
tation of the algorithm. Numerical experiments are eventually reported for a simple problem
in optimal transport.

Notation. In the real space R", the identity matrix is denoted by I,,, the vector of ones
by 1, = (1,1,...,1), and diag(aq,...,a,) is the diagonal matrix with ay, ..., a, as diagonal
entries. For z,z € R", we let (z,2) = > | x;2; = =" 2z denote the Euclidean inner product
of z and z, and ||z|| = (z,x)"/? the Euclidean norm of 2. Given a symmetric and positive
definite matrix A € RP*? we write ||z||4 = (Az,2)!/2 for + € R*. We call S the set of
solutions of (P’) and call G* its optimal value, so that G(z*) = G* for all z* € S.

2. ALGORITHM AND MAIN RESULTS

Before discussing the algorithm, we formulate the assumptions that are made in the intro-
duction on the convexity of g and the smoothness of h.
Assumption 2.1. Fori=1,...,p:

(i) The effective domain dom(g;) C R™ is nonempty, closed, and convex. There ezists a
symmetric, positive semi-definite matriz T; € R™*™ such that g;(-) — 3||-||%, is conveu.

(i1) Function h; is convex differentiable, and there exists a symmetric, positive semi-definite
matriz A; € R™*™ such that, for every x;, &; € dom(r;),

1
0 < hi(Z:) — hi(zi) = (Vhi(z:), & — @) < §||53i — ][, (2)
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We write T = diag(13,...,7,), and A = diag(Ay, ..., A,).

We note that in the general convex problem the matrices 7 and /A are positive semi-definite
(Y, A= 0). Strong convexity of G implies as well the existence of a positive definite 1" > 0.
Under these assumptions, we consider the following iterative algorithm (Algorithm 1), in
which we use

proxy' (z) = (I + M'0f) ™"z = arg mingcgn {f(a:) + %Hx — z||?w}

to denote the (scaled) proximal operator associated with a function f and a symmetric and
positive definite scaling matrix M.

Algorithm 1: Primal-dual block coordinate descent

Parameters :P,T" oF
Initialization: z° € R", 3° = 6%(Az° — b), u® = Az° — b
Output sk
for k=0,1,2,... do
1 | select random block B*(w) C {1,...,p}
for:=1,...,pdo

if i € B*(w) then 2/ = proxg! ™ (aF — (PTF) ™ (Vhi(x}) + ATy¥)
else 2/ = oF

UF = o 4 AR — 2b)
yFl = yk 4 gR AP (2R — gk) 4 ghtlyh

[SLEE SV V)

At each step, Algorithm 1 proceeds on Line 2 to individual proximal gradient steps for the
primal vectors ¥, ... ,x’; along a randomly selected subset of coordinate direction blocks.
The full dual vector »* is then upated on Line 5, using the dual residual uf*! = Axz**! — b
(recursively computed on Line 4) and a linear extrapolation term derived from the last two
primal iterates. The random block selection routine on Line 1 consists in drawing successive
subsets of coordinate block indices; this is done by simulating a Bernoulli process B : 2 —
(2{LPHN with underlying probability space (€, F,P), where the probability measure P
satisfies P(B* = () = 0 and P(i € B*|B~*) = P(i € B*) = m; > 0 at each step k and for any
block index ¢ € {1,...,p}. In the algorithm, a weighting matrix P = diag(Py,...,P,) > 0 is
combined with a sequence of block diagonal scaling matrices T% = diag(TF, ... ,Tlf) where,
fori=1,...,p, Pi:=(1/m) I,, and TF € R"*"i is positive definite. The products BT} are
then used as a sequence of preconditioners for the proximal gradient steps.

It can be seen that the global implementation of Algorithm 1 obtained by setting p = 1
with P = I,, and ¢ = o yields the dual update rule y**! = y* + o[A(22%T! —2*) —b], in which
case the algorithm then reduces to a simple application the PDA with parameter § = 1. The
main differences between Algorithm 1 and the method studied in Luke and Malitsky (2018)
are (i) the proximal steps are not computed exactly, (ii) the primal vectors are updated
simultaneously in random subsets, and (iii) there is flexibility in the choice of the step size
sequences T% and o*. Also, we consider two distinct implementations of Algorithm 1, with
either constant or decreasing stepsizes.



Constant stepsize. With fixed parameters 7% = T and o = o, Algorithm 1 is a mere ex-
tension of Luke and Malitsky (2018) to composite objective functions with updates involving
random blocks of coordinates. A suitable choice for the preconditioner T', then, is to set

I, :
Ty = 4 mA + 0 Al A i=1,...,p (3a)
T
for some nonegative parameters (7, ...,7,) and o satisfying
1 /1, 1 /1,
diag (—(—1+0—A1TA1),...,—< cAT A )) _0E 0, (3b)
T \T1 iy Tp

where we define = = (Z;), with Zj; = m ;A A;/(mm;) and m; = P{w € Qli,j € w}).
We note that the matrix = features nondiagonal terms only when the the coordinates are
updated by blocks, i.e., if m; ; # 0 for some 7 # j.

Theorem 2.2 characterizes the convergence of Algorithm 1 when stepsize (3) is used. Its

k

. . 1 k 1 .
statement involves a particular sequence s* = > ", 2' or, equivalently,

Z O‘ :l? Z O.lzl—i-l
= (In - )( i +P| =S| (4)
Zl o 0! Zz o 0
which has the quality of a weighted time average of the primal iterates.

Theorem 2.2 (Constant stepsize). Let sequence (x%), be issued by Algorithm 1 with parame-
ters TF = T, 0% = o satisfying (3), and consider the sequence (s¥); such that s* = %Zle .
(i) If there exists a Lagrange multiplier for Problem (P’), then (z*) and (s*) almost surely
converge to a solution of (P’) and, almost surely, f(z*) — f* = o(1/k), f(s*) — f* =
O(1/k?).
(i) If S is a bounded set and h + g is bounded from below, then all limit points of (s*)
almost surely belong to S with f(s*) — f* = O(1/k), and E[f(s*) — f*] = o(1/k).

Decreasing stepsizes. Accelerated convergence rates can be obtained when the objective
function is strongly convex, i.e., if 7" = diag(13,...,7,) > 0. In the strongly convex case, we
set TF = T'/7%, and

ak = ﬁ - B7 (5)
where o = oL (E77'P) and 8 = 0pax(AT ' P) @, in which 0., (-) denotes the spectral
radius. Define

K= h_ Omax (AT 1 P).

a

k

k+1 s recursively computed from 7% using

Given an initial 7° < 1/k, the stepsize T

HE 1R+ (143 - ) 32 - 1 2e) e 7
T T elion T+ (L = R)e — m(r)? |

(6)

The primal stepsize sequence (6) is shown in Section 4 to have the asymptotic behavior

Tk—i—l o Tk + # =0 ((Tk)?,) ’
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so that 7% is O(1/k) decreasing with exact local convergence rate 2/k, and the stepsize o*

for the dual iterates increases as O(k). Alternatively, one can use a stepsize sequence given
by the polynomial computation rule

k)2 1 1 1
o O (G Qe ) e e (e ) w6t @

2 8 8 2

.....

gt () oy )

on condition that 7° is taken small enough. An actual upper bound on the initial stepsize
can be obtained by combining the conditions (C1), (C2) and (C3) derived in Section 4.

The following accelerated convergence rates for Algorithm 1 were derived by adjusting to
our distributed setting the discussions of (Malitsky, 2019, Section 4.2).

Theorem 2.3 (Strong convexity). Let T > 0, and denote by x* the solution of (P’).
Let (z%);, be a sequence issued by Algorithm 1 with parameter o® given by (5) and with T* =
P27 /7%, where 7% satisfies either (6) or (7). Consider the sequence (s*);, such that s* =
r Ef:l 2!,

(i) If there exists a Lagrange multiplier for Problem (P’), then (z*) almost surely converges
to x* with rate |2 — 2*||per = O(1/k) and, almost surely, f(z*) — f* = o(1/k%),
f(*) = fr=01/k"), f(s*) — f* = O(1/k").

(ii) Otherwise, (s*) almost surely converges to x* with f(s*)— f* = O(1/k?), and E[f(s"*) —
fr]=o(1/k?).

3. CONVERGENCE ANALYSIS

3.1. Interpretation as a proximal gradient algorithm. The proofs for Theorems 2.2
and 2.3 rest on rewriting Algorithm 1 as the (primal-only) proximal gradient algorithm given
as Algorithm 2, which shares similarities with the accelerated proximal gradient algorithm
of Tseng (2008), now used with stepsize 0% = 0% /S*  where S* = Zf:o ol

Algorithm 2: Expression of Algorithm 1 as an accelerated proximal gradient

Parameters :P, T¢ oF
Initialization:2° = s ¢ R?, =1 =0, S = ¢*
Output sak, sk
for k=0,1,2,... do
1| 2F = (1/8%) (SF71sk + oPak)
2 | select random block B*(w) C {1,...,p}
fori=1,...,pdo
if i € B*(w) then 2+ = proxt/ ™" (o — (PTH) (Vhi(ah) + S4V.£(21))
else 7™ = ¥
L= k4 (k) SF) P(ahH — o)
Sk—i—l — Sk 4 Uk—i—l

(=2 ) SN}




The equivalence between Algorithms 1 and 2 can be shown by introducing a dual variable
y* = S*(Az* —b). The dual variable allows us to write, on Line 3 of Algorithm 2,

SV f(2F) = Al SF(AZF —b) = Al y". (9)
Line 5 also gives us
SF(As" T —b) = % + P AP (2P — 2F). (10)
Algorithm 2-Line 1 then yields the dual update rule

yk-i-l — Sk-i—l(AZk-i-l _ b)
— A(sksk—i-l +0k+1xk+1) _ Sk—i—lb
= SE(AsET — b) 4+ oF T (Agk T — p) (11)

(10) yF 4+ oF AP(2F Y — k) g Rty
where a second dual variable u* = (Ax* — b) has been introduced, which satisfies
Pt = uF 4 AT — 2h). (12)

Algorithm 1 can eventually be recovered after inclusion of (9), (11), and (12) into Algorithm 2.
Straightforward computations also lead to the expression previously given in (4) for the
sequence s*, which can be derived by induction on k. We note that the sequences s* and z*
are bounded whenever the algorithm produces a bounded sequence z*.
In Sections 3.2 to 3.5 we study the convergence of the sequences produced by Algorithm 2.
For analysis purposes, we consider the auxiliary sequence defined by
#F 1 = proxIT" (aF — (PT®)"Y(Vh(z*) + SFVF(24))) (13)

g

which would coincide with iterate 2F+!

in the event B* = {1,...,p}).

if all coordinates were to be udpated at step k (i.e.,

3.2. ESO for block coordinate sampling. Let F* := o(2°,°,2°,..., 2%, s*, 2*) denote

the sigma algebra of the process history up to step k. The upcoming property for Algorithm 2
relates to the concept of expected separable overapprozimation (ESO), as seen in Richtérik
and Takac (2014, 2016); Fercoq and Richtérik (2015).

Lemma 3.1 (Proximal step). In Algorithm 2, Vx € R",

9(41) — g(@) < (V). — #) < (@) — @) — Slle = oy (14)
where
C(x) = h(a®) + (Vh(z*), x — 2%) + SH(V f(2F), 2 — 2%) + %Hx — xk||2PTk. (15)

Proof. Equation (13) rewrites as #%t1 = argminz{g(%) + ((Z)}. Hence, 0 € dg(z*F*1) +
V(¢ (%), which yields the first inequality. The second inequality follows by strong convexity
of g + ¢ with modulus PT* + 7. O



3.3. Extrapolation. The next lemma characterizes the sequence (s*) as a convex combina-
tion of past primal iterates. It is an extension of Lemma 2 in Fercoq and Richtarik (2015).

Lemma 3.2. In Algorithm 2, we have
k
sF=>"rHa k1, (16)
1=0

where (I'™') is a sequence of diagonal matrices such that 'Y = I, — P, I'' = P and,
fork>1,

Sk—1k)l forl1=0,... k-1,
Skt — ) Gk=1p _ ak(P —1I,) ifl=k, (17)
ok P if l=k+1.

Moreover, ['*bk = [Sk=1kE _gk(P — T)]/S* and Ef:o rkb=7,.

Proof. We proceed by induction. By combining Lines 1 and 5 in Algorithm 2, we find

1
G o (S51sh 4 oF Pl — gM(P — I,)2") (18)

which yields s! = (I, — P)z° + Pz!, and the values of 'Y and I''*'. Suppose now that (16)
holds for k£ > 1, then we infer from (18) that
Skghtl — Zf:o Skl ok Pabtt — ok (P — I,)2"
= STy Sheirklgl p Sh=ipkkgk 4 gk Pkt _ gk (P — T,)2" (19)
= STy ShTrklgl  [SELPRE gk (P — )] 2 + oF Pabt.

Equation (17) follows by inspection of (16) and (19). Hence, (16) holds for all k.

It can be checked that s* is a convex combination of z°,...,2%. Again, we do this by

induction. We already know that S°,_, ' = (I, — P) + P = I,, and, by (17), 37, I'*! =
(1/8) [S°1*0 4+ 0P — o'(P — I,,) + o' P] = (1/S")[S° + ¢']I, = I,. Suppose now that
Zf:o I'*t =1, is true for some k > 1, then

ijol i (1/5%) [Sk_l Zf__ol '+ o"'P—o"(P—1I,) + akp}
= (1/8") [S¥ (I, — ™) + 0" ' P + 6" 1,]
2 (1/8%) [$57 (I = (0" /S P) + 0F TP 4 oML ] = (1/8%) [SV 4 0] L = I,

and the last identity holds by induction on k. Observe that this last result could also be
obtained immediately by simple inspection of (4). O

Now, define G = (G, ...,G)p) and Gk = <Qk, 1,), where
k
Gkt =Y "r*g@h, k=1 (20)
1=0

By convexity, it follows from (16) and (20) that G* > G(s*) and G* > G(s*). We show the
following result.



Lemma 3.3. In Algorithm 2 and for any positive definite M = diag(My, ..., M,),
E[Ja** — 2| Bpg| F*) = 125 — 213, + [l2* — 21 Fp_pya0 (21)
E[ék+1|fk] [Sk 1Gk + O'kG( k+1)] (22>
where &% and G* are defined as in (13) and (20).

Proof. For i =1,...,p, We find,

k+1 *|2

k+1 %2
7; .

gl_ﬂ-l)k 2
(= 1ok =t By

Summing up the above for i = 1,...,p gives (21). Next, observe that E[G;(z*T1)|F*] =
;G (2F ) + (1 — ) Gi(a%) for i € {1 .., p}, which in matrix form rewrites as

E[G(z" )| F* = PTIG(a") + (L, — PTG (a"). (24)

] = mil|Z;
||£L’k+1

Eflz;

(23)

It follows that
[gk+1|]:k] fz—ol Fk+1,lg(xl)+rk+1,kg( )+Fk+1 k+1E[ ( k+1)|]_—k]
1n) (s;kl) l:_01 IHG(2h) 4+ THLRG (1) + ( )PIE[ (z k+1)|]_-k]

(20)

(24) (gk—1 k—l kil k+1,k ok Skl (25)
= (%) YiZg TG () + [THYF 4 (Ge)(P = L)]G () + ()G (#4+)
29 (S’“ 1))gk ( )g( k1),

which yields (22) since G = (G, 1,) and G* = (GF, 1,). O

3.4. Properties of f. In this section we report useful properties related to the penalty
function f. First notice that, for all z, 2,z € RY,

(Vf(x), & —1) = (V[(z),7 —x) = (Vf(2),T —x)
= [(2) = f(2) = 3l A@ — 2)|” — [f(2) = f(2) =3 Az = 2)|"]  (26)
= f(@) = f(z) = 51A@ - 2)|” + 31 Az — 2)|*

For all z,Z € R?, and « € [0, 1], we also have

flaz+ (1= a)t) = af(z)+ (1 —a)f(2) -
For any z* € argmin, f(x), we have Vf(z*) = 0, and f satisfies

WD jae-n. @)

1 1
flr) — fa) = AT A — o) a — 0 = Sl A -2, VeeRL (28)
Besides, we know from Line 1 in Algorithm 2 that

V() = V(8" s + ohak) 15F) = AT[A(S sk + gkak) /S — b
= ge [T AT(As" —b) + o AT (At —b)]z%( V(R + otV ("),

and it follows from Lines 1 and 5 in Algorithm 2 that
f(sk—i-l) =f <(S;;1)8k 4 (a_k)[xk + P(Ik+1 _ xk)]>

(27) k—1 kgk—1
= (55 ) (M) + (g0) flaF + P(@h — o) = S (e ) 1A + P(aF+! — ab) — sh)%
(30)
The last result of this section requires new notions to be introduced. For ¢ € {1,...,p} let
U; be the n x n block matrix defined by U; = diag(0, ..., I,,,0,...,0). Clearly > * | U; = I,,
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and Uiz = (0,...,2;,...,0) for any x = (x1,...,2,) € R". Then, for any random block
B € I, we define the n x n matrix U(B) = >, U;. We find E[U(B)P] = I,, and = =
E[U(B)PAT APU(B)], where the expectations are taken with respect to the probabbility
measure P. It follows that

SIAGH — M) = 2 EIAG* + P — o) — 55|

= SE[AGH+ P(* = a)— s5)PIFS) - SE[|APU(B) — 1) (24— o) 2|7

1 L.
= SE[AG@" + P —2f) = HPIF = S =22 s

2
(30) (i_:>f(8k) _ (%)E[f(sk-%l)‘fk] X (Skz:)E[f(xk + P2 — )|
—%Hikﬂ — i s
2 (S50~ (L s - e e
+% (SiZ)EHI [AFMHY — b] + A[a" + P(a*t — 2F) — a2 7
k kN2
= (5)76) — (S BIFHIF - 1 — 2y
(25 ) + SBIAPU(B) - D@ ) F17)
= (5) 1) = (SEL BT 4 (o) 1541 = 12 g+ () £,
3

where we have used E[A[z* + P(2*! — 2F) — 21| FF = 0.

3.5. Main descent argument. We now derive the main argument for the theorems. Let x*
be a solution of (P’). It follows from Lemma 3.1 that

1
< 9@ + h(a") = G+ (VA(ah), #5 = ab) + S35 =M

T I S . . A L
< o) +a") = Sl =2 ey y] = G7 = SV (), #71=28) — S8 =¥

* * * - 1 *
= h(z") = h(z") + (Vh(z"), 2" —a*) + SNV ("), 2" — ") + §||Ik — 2B

95k||?DTk—A

1.,
_§||37k+1 - x*||12DTk+T -

Lk
-l

(2) . . 1 . 1. N 1.
< SHT(E) @ = )+ Sl = 0l — 5185 = 0 gy — 5185 = 2 ey

9



1
(@S“%Vﬂﬁxf—f“9+aWVﬂﬁxf—f“w+—m*—ﬁﬁw

” ~k+1 ” ~k+1

- ||PTk+T kHPTkA
Sk 1 Sk 1 A k i
JA(z" — s")]1* + 5 —— [ A@EMT = M) - 7||A(fv — z")|?

—SH(f@EM) = f7) =

o" Akl V12 4 1 Lk 12 Lokt k
+_||A(I —z")|I* + ||5C - ||PTk - _|| - HPTk-i-T - in - HPTk—A
k-1

= wvw“w+s“vwﬂ+awuﬁ—2ﬁfﬂ+§;WA@“4—¢w2

1 . L. L.
+§||37k - H12DTk - _kaﬂ -z HPTk—i—T - §ka+1 - kaszTk—crkATA—A
(1) 1 . (S*1)? . .
D ot — e+ () (65 — 1) = 18— o g
. (Sk)2 E k+1y *Fk sk+1 k 2 _ kK ky _ rx
( JE[f(s"FY) — 5| FF] - || Iprr_grz_a — 0" (f(2) = f).

ok
Using (21) and (22), setting T* = T'/7*, and multiplying by o*, we find

E [%szﬂ - I*H?ﬂkaPT + SkF’f“u:k] S ;_Zka - ||P2T+rk(P rt SR,
27-k H Rt — kHPT Tk (okZ+A) (Uk)z(f(xk) - f*)>

where we define Fj, = GF — G* + SF=L(f(s*) — f*). For the convergence of the above sequence
we require, at every k,

(32)

™(*Z 4+ A) - PT <0, (33a)
Uk-',-l O.k
e (PT + " Y(P - I,)T) — ﬁ(zﬂT +7"PT) < 0. (33b)

After introducing
ok
VH) = oo alfoag gy + 5 F
we can rewrite (32) as the inequality

k
E [V (@) F] < VA@) = gl = ot ey — (0 (FEH 1), (39)

which becomes the focal point in our convergence analysis. Moreover, taking the total
expectation in (34) and iterating on k gives

Ak 12
|: +Zl —0 27 l|| - ||PT—Tl(O'lE+A)

where C = %Hx — ]|P2T+T0(P 1yr- 1t follows from G* > G(s*) and the definitions
of V¥(x*) and F}, that

N

C. (35)

C
Q-1

k
Ekﬁ%;ﬂﬁ—xw%mﬂm}+S“%vwﬂ—fﬂ+Emw%—Gﬂ< (36)
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Besides, if G is bounded from below by a finite constant G,;,, then we also find

C G* - Gmin
E[f(sk) - 1< (SF-1)2 + Gk—1
Recall the sequence (34). Convergence of (V*(z)) follows almost surely from (34) on
condition that V*(z) is bounded from below, in which case Doob’s supermartingale theorem
applies. As we see below, such a lower bound exists in the case when strong duality holds
in (P’) with respect to the constraint Vf(z) = AT(Az — b) = 0 and an optimal multiplier
can be found (Section 3.6). In the negative, it is necessary to step back and to consider the
convergence of a downscaled version of the sequence V¥(x) (Section 3.7).

(37)

3.6. Duality and existence of a Lagrange multiplier. Rewrite the constraint in (P’)
as Vf(x) =0, ie, AT Az — ATb = 0. First assume that (P’) admits an optimal primal-dual
pair (z*,v*) satisfying 0 € 9G(x*) + AT Av*, or

G(s*) — G* = G(s*) — G(a*) = (—AT Av*, sF —x> —(Av*, A( - *)

> A AGE - 2] 2 A/ (3%)
where we have used AT (Az* —b) = 0. Since G* > G(s*), we find
Sk—le — Sk_l[ék —G* + ‘(S;;_l(f( ) _ f*)] > Sk—l[G(Sk) —G* + Sk—l(f(sk) _ f*)]
> (SE(f(sF) — f1) — V2 ||Av w SR = )
= LS 1)+ (EEREE) - ) - ) - e
> %(Sk‘l)z(f(sk) > | Av* 12 > | v
(39)

It follows that for all z the sequence V*(z) > —| Av*||? is bounded from below, and the
supermartingale theorem applies in (34), so that the sequence (V*(z*)) converges almost
surely to a random quantity not smaller than —||Av*||?, and

> k
S | il = Bz + @PUG - )] <0 as o
k=0

k

The convergence analysis of the sequences z¥, s* and z* is deferred to the proofs of Theo-

rems 2.2(i) and 2.3(i) in the Appendix.

3.7. Without a Lagrange multiplier. Suppose now that no such optimal primal-dual
pair exists. If G is bounded from below by a finite constant Gy, then G* > G(s*) > G,
and we find

Fk = Gk - G" + Sk_l(.f(sk) - f*) 2 Gmin - G" + Sk_l(f(sk) - f*) 2 GYmin - G". (41)
The supermartingale theorem can now be applied to the sequence defined by WO(z*) =
VO(x*) = %on - x*||?32T+TO(P_In)T and W*(z*) = V¥(2*)/S*! for k > 1. This downscaled
sequence is bounded from below by G, — G* and satisfies

E [WEH (2)| F*] < [V ()| FF

Sk
(34) § Uk Uk 2 . (42)
< Wk(z ) - ok Gh—1 ||$k+1 k||2PT—Tk(O'kE+A) - %(f(zk) - f )a
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where we have used S¥ > S*=1. We find that W¥*(2*) converges almost surely to a random
quantity Z(w) = Guin — G*, and

- k\2
R k2 (c") L .
; lQTkSk 1|| 4 ||pT_Tk(Uk5+A) + Th-1 (f(z") = f")| <oo as. (43)

See the proofs of Theorems 2.2(ii) and 2.3(ii) in the Appendix for a derivation of the conver-
gence rates of the individual sequences. We note that the orders of convergence lost in the
absence of a Lagrange multiplier are due to the scaling factor 1/5*! in the sequence W¥(z*).

4. DECREASING STEPSIZES FOR THE STRONGLY CONVEX CASE

In this section we derive the decreasing stepsize sequence (6) for the strongly convex case
(T = 0). First, we ensure (33a) holds by setting o* = a/7%— 3, with a = O'max( (PT)™!) and
B = Omax(A (PT) D a. Indeed, we find 1/7% = 0% /a+0ax (A(PT)™Y) = 0% Opax (Z(PT) 1)+
Omax (A(PT) ™). Consequently,

™" Z 4+ A) - PT = 7% [ (o*Z + A)(PT)™* ]—Z) PT
T

=7 ((0"Z+ ) (PT)™" ~ [0" 0wax(Z(PT) ™) + Owax(A(PT)™N)]L,) PT <0,

and (33a) is true. Then, solving (33) for 7% yields a lower bound for the sequence 7%, which
must satisfy

(@ = 8PP + PAPT) = B(r)2(L, — P2 + (RPEPT + (L, — PT)r
—a(7F)2P?T 3= 0.

A close inspection (omitted in this study) of the above condition yields an upper bound for
the sequence (7%), which decreases with asymptotic convergence rate O(20,a (11 P?T)/k).
In view of this conjecture, we can maximize the sequence by balancing the eigenspectrum of
the matrix 7' P*T. We do so by choosing T' = QY", where Q = diag(qi1,, - . ., qply,), and
the condition becomes

[[(a = Br*)(P?Q + 7%P) = B(7*)* (L, — P)|(T51)? + (75)2(BP*Q + (I, — P))r*+!
—a(TM)?P*Q]T = 0.
(44)
where a = oL (Z(PQY)™") and B = 0nax(A(PQT)™ ) a. The stepsize sequence (6) is
obtained by letting Q = P~2 (i.e., T = P~2T) and by recursively taking for 75+! the positive
solution of (44). As we proceed to show next, the sequence (6) is decreasing with asymptotic
rate 2/k.

Fix T = QT, where Q = diag(¢:11y,, - . ., ¢pln,), and ensure that (33a) holds by setting o* =
a/tF — B, where a = ol (Z(PQY)™!) and 8 = Opax(A(PQT) 1) a. Then, Condition (33b)
reduces to (44), which rewrites as

(@ — Br¥)(g + mr®) + B — ) (1)) (r4+1)? (45)
+(Bg; — ami(1 — Wi))(Tk)27k+1 - OéQi(Tk)2 20, +=1...,p
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The discriminant of (45), given by

2 2 k2
, (2 — 1) 2 :
At |14 (& é)w (&_é) ) <u+_ﬁ) @] u] 2
qi (e} q; Q q; a ) oq; 4
: YTV (m2m) | 28) w2 o
T T (2 —m (T
a2 (1 (BT (e Tm) 20\ T\T )| 20 ky2
“ <+<Qi a)2) < 4 +a) 4q; ]ql(T)7
is nonnegative for
2
™ < 8 (2-m) | 28 (2-m) | 28 NN (1)
e L i (2—m; 2 5 i (2—5 2 5
mac (0, (2= 5) = /= + B 2 2 - (5 2)
Under (C1), Condition (45) reduces to
k1 —(Bq; — am;(1 — Wi))(Tk)z +VA (47)
" 2(a = BTR) (@i + k) + Bi(1 — ) (7))
holding for i = 1,...,p. Now, define §, § and § as
J = min {E—ﬁ}, § = max {E—é}, § = max(|d], |4]). (48)
ie{l,....p} | Qi (e} i€{l,...p} | ¢; Q
Let v > 1, and assume that
-1 2 . -1
_7 < (67‘-@) (Tk>2 - <E _ é) Tk < v ’ (49)
v aqg; 4% « g
or, equivalently,
. [ 2 -1 1
k < agi 2 4 ﬁﬂ-z Y
T (257%2 O+ /0" + on J\ )|
- - (C2)
. _ _ 2 -1 -
b (9% 15 e (P7) (221 ] 50
T (257%2 ot 5 ito>0
Using the identities /1 +x < 1+ (2/2), and (1 —2)' < 1+z+v2? for z < 1—1/7, we

find
1

Tk

—(fa; — am(1 — m)) (1)’ + VA
2l(a = Br) (g + mr®) + B (1 — ) (7))

[ )

oy 1+ (= B _ ;r_i>7k+ {(Z_ B §)2 B <7ri(2qi7ri) +%) ‘12} Gl
<
L= (G2 = (3 = 2]
<o (s-g) e [Goo) - (e 8] ]
Br? B B Br?




(48)7(49) 2 2 r* e
S I R

=1- (”_2) 7 ("), (50)

2q;

where u(€e) = O(e?). The above result can be balanced by setting ¢; = 7?2 fori =1,...,p. In
particular, it can be seen from (47) and (50) that 7%*1 < 7% — (1 — €)(7%)?/2 whenever

o [(176% 460 + 1o + 88 1603(46 + 1) €
T { 8(40+1)p } \/1+ (1762 4 65 + 1)a + 82y _1]' (C3)

It follows that the stepsize sequence (7) satisfies (33) and decreases with complexity 7%+ <
78 — (1 — €)(7%)2/2 on condition that 7° satisfies (C1), (C2) and (C3).
Now we show that the tight stepsize rule (6) vanishes with asymptotic behavior 75! =

™ —(7%)2/24O((7%)3). To see this, observe that (45) has two fixed points, 0 and 5, where 0
2

is the unique attracting fixed point. Indeed, the positive solution of (45) with ¢; = 77 is

given by (6), which reduces for 7% = g —e€to

Skl kL pri +
B+ (1 — m)a
Hence, stepsize sequence (6) will run away from «/5 and decrease towards 0 provided that

7% < §. Moreover, we will have o* > 0 for all k in (5).

To find the asymptotic rate of 7% under ¢; = 72 for i = 1,...,p, we apply V1 +z =
1+ (2/2) + O(2?) and (1 — )" < 1+ 2+ O(2?) to (6). Proceeding as in (50), we find
TRl = 7k — (7%)2/2 + O((7%)3). We infer that 7% — 2/k = o(1/k), and it follows from (5)
that 0% — (ak/2 — B) = o(1), S¥ — [ak(k +1)/4 — (k+1)B] = o(k).!

e+ O(e?). (51)

5. NUMERICAL EXPERIMENTS FOR AN OPTIMAL TRANSPORT PROBLEM

We consider an optimal transport problem where a number of customers are willing to
buy a service available at various sites 1,...,p. The customers are identical within each of m
distinct classes indexed by 1,...,m. Site j is characterized by a cost vector ¢; = (¢ , . . ., Cmj),
where ¢;; denotes the cost charged to any customer from class ¢ for buying the service at
site j (¢ = 1,...,m; j = 1,...,p). We use the following notation: for i = 1,...,m and
j=1...,p,

e 1; € Rog: mass of customers from class ¢,

UTf 0 < a[1] < 2, the solution of the difference equation a[k+ 1] = a[k] — sa[k)? is alk] = 2 4+ o(1/k) for k> 1.
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e v; € Ry capacity at site 7,
e 7,; € R.(: mass of customers from class ¢ receiving service at site 7,
o ;= (215,...,%m;) € R service schedule at site j,
™ :
oz = (1,...,2,) € RIJ: global service schedule,
o ¢; = (c1j,...,Cm;): cost vector associated with site j,

e ¢;;: cost charged to a customer from class ¢ when receiving service at site j.
One would like to the maximize the overall attractiveness of the service by solving

minimize Z§:1 [(cj, z5) + dj ()]

subject to D T = (i=1,...,m) (OT)
Zyilxijgyj (]:]-77]9)
zi; 2 0 (it=1,....m,57=1,...,p)

where d; : R, — Ry is a smooth, convex function such that d;(z;) models an additional
congestion cost around site j under service schedule z;.

Problem (OT) rewrites as as an instance of (P) in which n; = m for j = 1,...,p, the
equality constraint is specified by b =y = (pt1, ..., pty) and A = (A; --- Ay) with A; = I,
the feasible sets are given for j =1,...,p by

Xy =Aa; € RZy rvy — [Jlh = 03, (52)

and the objective functions by

3

1 1
hi(x;) = {¢j,25) + dj(x;) — §||~”Cj!|§rj, g9j(x;) = Ly, (z;) + 5“%‘!@@ (53)

where h; is smooth convex and g; is proper convex lower semi-continuous, and I denotes
the indicator function of the set C. The stationarity condition for (OT) implies that every
primal-dual solution (z,y) satisfies

Cij + dej(l’j) +yi >0 = Tij = 0, (54)
Tij > 0 = Cij + dej(l’j) + 5]‘ +y = 0, (55>

for some ¢; > 0, where ¢; denotes the dual variable relative to the side inequality constraint
> oy Tij — v < 0, and y; relates to the equality constraint Y 7, 2y — p; = 0.

Customer guidance through pricing. The interpretation of these dual variables as prices
allows the operator to maximize the service quality by assigning unit prices py, ..., p, to the
service at each site, under the assumption that all customers are willing to be served at
lowest cost, i.e., a customer from class ¢ is going to purchase the service at a site j that
minimizes their prospective total cost ¢;; + p;. Indeed, implementing the price profile

p; = V;dj(z;) +0; — a, (56)
where a is an arbitrary constant parameter, yields
;>0 = c¢j+pj+yi+a=0, (57)
cGj+pit+yita>0 = ;=0 (58)
or, equivalently,
xi; > 0= j € argmin; {c;; + pj }. (59)

which is the desired result. Any indecisions in (59) may be dealt with in practice using a
booking system.
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(m,p) : [ (10,10) (20,20) (50,50) (100,100)](10,40) (10,250) (10,1000)

Constant (o = 1): 261 519 1091 1927 914 3929 9350
Constant (f.t. o): 221 99 44 56 41 96 278
Accelerated: 130 128 152 122 107 92 62

(A) Epochs until ||Az — b||oo < 1076

(m,p) : ][ (10,10) (20,20) (50,50) (100,100)(10,40) (10,250) (10,1000)

Constant (o = 1): 409 816 1988 3861 1655 10762 /
Constant (f.t. o): 221 99 53 64 45 141 472
Accelerated: 1589 1288 2333 1094 1092 1771 1773

(B) Epochs until disteg ((95, —8y)L(z*,4"*),0) < 107¢ where L(z,y) = h(z) + g(z) + (y, Az — b)

TABLE 1. Application of Algorithm 1 to (OT) with d;(z;) = %||z;|*. Con-

stant (3) with 0 = 1 and with finely-tuned o, and accelerated (6) scaling.

Experiments. In our numerical experiments we use the basic congestion model d;(z;) =
%||:cj||%] for 5 = 1,...,p, where 1; > 0, which implies convexity in the sense of Assump-
tion 2.1(i) with characteristic 7" = diag(Y1,...,7;). In particular, if we set 1; = M;I,, for
some M; > 0, the primal step on Line 2 of Algorithm 1 reduces to

= proxy, (M X0) T (k= (1)) (60)
where we have used P; = (1/m;) I, and either the constant preconditiong T = T} with T; =
(1/7j 4 0)1,, derived from (3), or the decreasing sequence TF = T} /7% with T; = (M;/n?)1,,
and 7% satisfying (6), which respectively give Af = (1/m;)(1/7; + o) and \¥ = (M;m; /7).
The proximal operation in (60) thus involves a (scaled) gradient descent and an Euclidean
projection on X;, which are straightforward to compute.

In our tests, we set My; = --- = M,,; = 1 for j = 1,...,p. All the entries of c,...,cp,
Hiy. - ofbm, and vy,. .., v, are picked randomly, independently and uniformly in [0,1]. The
populations i1,. .. ,u, are then normalized so that the total load over total capacity satu-

ration factor is 0.8 i.e., Y .*  p; = 0.8 Z;’:l ftj. Algorithm 1 is then implemented with the
following block selection policy: at every step, each agent updates their primal variables inde-
pendently with probability 1/p. Ignoring all update-free steps, which occur with probability

o= (1-1/p)?, wefindm; = --- =7, = [p(1—m)] ' and m; ; = [p*(1—mo)] " if i # j. For the
constant stepsize policy, we fix o and we set 77 = -+ - =7, = (1/20) p(1 — 7)) (Opmax (=) — 1) 7"
in accordance with (3). For the accelerated implementation, the decreasing stepsize se-
quence 7F is computed as in (6) with 7° = 1. Since in this problem A = 0, we have
b=r=0.

Table 1 displays the number of updates per agent (epochs) that were needed to approach
optimality. As stopping criteria we consider the feasiblity residual ||Az — b||o, and the KKT
residual dists ((9,, —9,)L(z*,y*),0), where L(z,y) = h(z) + g(z) + (y, Az — b) denotes the
Lagrangian of (P). In our simulations, the constant scaling implementation proved quite
sensitive to the chosen parameters. Setting ¢ = 1 was fine with smaller networks, though
performance deteriorated as the size of the problem increased, and in particular for a larger
number p of agents. Speed of convergence can be considerably increased by fine tuning the
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parameter values, as can be seen on the second lines of Table 1a and Table 1b, where we
used o = 0.1 for (m,p) = (10,10) and ¢ = 0.01 for the larger networks. The accelerated
scaling, on the other hand, offered good and consistent (near dimension-free) performance
even in the larger networks with tens of thousands of variables and many agents.

APPENDIX A. PROOFS OF THEOREMS 2.2 AND 2.3

A.1. Convex case (T = 0). If T = 0, then we take the constant stepsizes 7% = 1 and o* = o
all k, so that (33a) reduces to a condition on o,

o=+ A=< PT. (61)

Besides, in Algorithm 2 we get S*¥ = (k 4 1)o, while Fy, = G¥ — G* + ok(f(s*) — f*) and
VHz) = g||la* — 2|3y + ko Fi.

We are now in a position to show Theorem 2.2. Part (i) in the proof, in particular, follows
the lines of (Luke and Malitsky, 2018, proof of Theorem 1, part (i)), with a few changes
required by the presence of the smooth component h. All the developments are detailed

below for completeness.

Proof of Theorem 2.2. (i) First suppose there is a Lagrange multiplier. Then, (39) becomes

2 Av* 2 Av* 2
kh > T (p(sty - pry - 0 VD (62)

o o

and we have V¥(x) > —| Av*||%. The supermartingale theorem applies, and (43) reduces to
00 1 A .
517 = oz o) - 1) <00 as. (63)
k=0

which almost surely yields f(a*) — f* = o(1/k) and [|#*"" — a*(|3 =1, — 0 (hence,
by (28), f(&*) — f* = L||2" — 2|3+, = 0), and the sequence V*(z*) converges almost
surely to a random quantity not smaller than —||Av*||2. Tt follows that V*(z*) is almost
surely bounded from above by a constant C'(w), so that

62

O HIAV P 5 VA A2 = T et g b ok Bt A [P S Tl g > 0,

(64)
which shows that the sequence z” is pointwise almost surely bounded, and so are the se-
quences s* and z* as a consequence of (4). Since almost surely koFj, = V*(z*) — g||z* —
2*||%,, < VF(2*) is bounded from above, we infer from (62) that f(s*) — f* = O(1/k?)
almost surely. Since we also have f(z*) — f* = o(1/k) almost surely, S¥~1/S* = O(1), and
ok /Sk = O(1/k) as k — oo, it follows from Line 1 of Algorithm 2 and from the convexity
of f that f(z¥) — f* = O(1/k?*) almost surely. Then, using Az* = b, we find

k

(VF(F), a7 — ak1) 2 (AT (Ak —b), 0" — 35+1)
= (ATA(F —a%), 2" — 1) < AR — a") || A(e” — &) (65)

B2 /FE = VI — T = o(1/k),
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where we have used f(2**1) — f* — 0. By convexity and smoothness of h, we find
(Vh(z®), z* — 2+ 1) (Vh(z®), z* — %) — (Vh(z?), 281 — 2F)

[h(a*) = h(a®)] = [A(@*1) = h(a*) - §la++ —ot)3] (66)

h(z*) = h(Z*F1) + gl — 2b)13.

Consider a bounded sequence (z*) (this event happens with probability one), and one of
its convergent subsequence (z*) with accumulation point Z, which is feasible since f(Z) =
lim;_,o f(2¥) = f*. Now, applying Lemma 3.1 at point z* gives

o) — g(a*)

I AE

(14)
(Vh(zh) + SV f(2k) + PTR(gktt — ght) o* — ghitl)
)
h(x*) = h(&*H) 4 Zf|ahtt — ah 3
+(SHN f(2M) + PTh(ghtt — gh) g* — ghitl)

(

NE IN

which rewrites as
Gk ) = G(a*) < B84 — ah |3 + S5 (V (k) a* — i)

— 2"}y sz 4y = O, the sequence (2**7) is bounded and, by taking the limit of

(67)
Since || 2k +!
the last equation for [ — oo, we find, using (65), S* = k;o and the lower-semicontinuity of G:
G(z) < limyo G(271Y) < G(2*), and 2* € S. To show that the bounded sequence (z*)
has a unique accumulation point, we consider a second convergent subsequence z* — Z.

Recall that V*(z) = §[la* — #||}op + ko Fy and that V*(x) is convergent for our bounded

sequence (z*), thus admitting the same limit for subsequences (2*') and (2*'). Computing
these limits at x = & yields limy_,oo V*(Z) = lim;_o ko Fy, and limy_,o, VF(Z) = sllz —
I %o + limy 00 l;:laF,;L, hence lim;_,c kjo Fy, = 5|7 — I %o + limy o0 l;;laF,;l. Repeating this
operation at = Z gives || — Z|| %oy + limy_o0 k1o Fy, = limy_o0 kio Fy,. Thus || —Z||%2p = 0
and ¥ = 7, which shows that almost surely (%) converges pointwise to a point of S. Let x*
be that limit point. From Lemma 3.2, we know that Zf:o TR = Zf:o I'*' = 1,. Moreover,
(17) gives I'**Ll = (SU/SHY ML = O(1/k) and thus, for all [, I'**5 — 0 as k — oo, It
follows from (16) and the Toeplitz Theorem, Toeplitz (1911), that s* = Zf:o It — 2% e 8
almost surely, which completes the proof of (i).

(ii) We know from Section 3.7 that almost surely W*(z*) converges to Z(w) > Gupin — G*
and is thus bounded from above by a constant C(w), so that C(w) > Wk(x*) > F,. Tt
follows from (41) that f(s*) — f* < [Fx + G* — G/ (ko) < [C(w) + G* — G/ (ko)
and, consequently, we find f(s¥) — f* = O(1/k) almost surely. From (43) we also have
(f(z*) — f*) = o(1) almost surely. It follows from Line 1 in Algorithm 2 and from the
convexity of f that almost surely f(2*) — f* = O(1/k).

Now, consider the sublevel sets defined by

L(c) =Az:max(f(z) — f*,G(x) — G*) < ¢}, c>0. (68)
Since £(0) = S is bounded and both f and G are convex functions, the sets L(c) are
bounded for all ¢ > 0. From G* > G(s*) and the definitions of W*(x*), we find W*(z) >
G(s*) — G* + Sk1(f(s*) — f*), which yields

F) = < g (WRE) + G = Gu) and G(sH) =G < TWHE), (69
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in which W*(z*) — Z(w) for any outcome w € §2, where {2 is an event of probability 1
It follows that both sequences (f(sk(w)) — f*) and (G(s*(w)) — G*) are bounded by a con-
stant C’(w). Hence, the sequence s*(w) belongs to £(C’(w)), which is a bounded set. Thus,
the sequence s*(w) is bounded if w € £2.

Since S¥~1 = ok, (69) also yields f(s*(w))—f* = O(1/k) if w € £2. Hence f(s*(w))—f* =
O(1/k) almost surely, as seen previously. Besides, all the accumulation points of (s*(w)) are
feasible if w € (2. It follows that liminf,_,. G(s*) > G* if w € (2, hence with probability
one. Now, observe that (36) reduces in the convex case to

E %H:pk — 2| Fopypr| + OKE[f(s") — f] + E[G(s") — G*] < © (70)

and suppose that there is an event 2 with nonzero probability such that lim sup,,_,._ G(s*(w)) >
G*. Then, taking the limit superior in (70) leads to a contradiction. Hence, limsup,,_,. G(s*) <
G* with probability one. Thus, limy_,, G(s*) = G* with probability one, and almost surely
the accumulation points of (s*) belong to S.

It remains to derive the convergence rate of the sequence (f(s*(w))). We know that
G(s*(w)) — G* = o(1) for every w € 2. Consider the nonnegative sequence u*(w) =
max(0, G* — G(s*(w))). For all k and for all w € §2, we have E[G* — G(s*(w))|w € 2] <
E[u*(w)|w € 2] where (u*) converges pointwise towards 0 on §2. Since (u*) satisfies |u*(w)| <
G* — Gupn for all k, with E[|G* — Gun||lw € 2] = G* — Guin < 00, Lebesgue’s domi-
nated convergence theorem applies, and we find limy_,., E[u*(w)|lw € £2] = 0. It follows
that limy_ . E[G* — G(s*(w))] < Prob(w € ) limy_,o E[u*(w)lwe 2] + (1 — Prob(w €
2)) limy_ oo E[u*(w)|w ¢ 2] < 0, where we have used Prob(w € 2) =1 and v* < G* — Gin.
Combining this result with (70) gives

C E[G* — G(s")]

BIf(+) = 1) < s + =gt = ol1/b)

which completes the proof of Theorem 2.2. O

A.2. Strongly convex case. The proof of 2.3 under strong convexity is similar to that of
Theorem 2 2. Recall from Section 4, however, that in Algorithm 2 we now have 7% — 2/k =
o(1/k), o* — (ak/2 — B) = o(1), and S* — [ak(k +1)/4 — (k+1)5] = o(k).

Proof of Theorem 2.3. (i) We begin as in the proof of Theorem 2.3(i) by showing that kF,
is bounded from below. If (P’) admits an optimal primal-dual pair (z*,v*) satisfying (38),
then, it follows from (39) that the sequence V*(x) > —||Av*||? is bounded from below, and
the supermartingale theorem applies in (34) to the nonnegative sequence V*(x) + || Av*||?,
so that

ok
g “ *
Z [2—Tk||5’3k+1 - IkHzPT—Tk(okE—i-A) + () (f(a®) = f)]| <00 as, (71)
k=0
where PT — 78(c*=Z + A) — PT — a2, which almost surely ylelds f(a®) — f* = o(1/k?) and
K?|| 2%t — 2*||2, — 0 (hence, by (28), k2[f(2*T!) — f*] = || thtt — |3+, — 0), and the

sequence V*(z*) converges almost surely to a random quantlty not smaller than —||Av*|]2.
It follows that V*(z*) is almost surely bounded from above by a constant C, so that

)
C+ [|AvT|1* = V(") + | Av|* > ||$ — 2 |[hr 20 as, (72)

2k
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which shows that [|2* — 2*||p2 = O(1/k) and, since P?T has full rank, the sequence (%)
converges pointwise almost surely to the solution z*. Since (17) in Lemma 3.2 gives I'* 1! =
(SY/SMYIFH = O(1/k?) for all I, so do sequences (s¥) and (2*) as a consequence of (16),
Line 1 in Algorithm 2, and the Toeplitz Theorem. Since almost surely S*¥~1F, = V¥(z*) —
%ka — 2|22k py < VF(2*) is bounded from above, we infer from (39) that f(s*)— f* =
O(1/k*) almost surely. Since we also have f(2*) — f* = o(1/k?®) almost surely, Sk¥~1/S* =
O(1), and o*/S* = O(1/k) as k — oo, it follows from Line 1 of Algorithm 2 and from the
convexity of f that f(z*) — f* = O(1/k*) almost surely.

(ii) In the strongly convex case, we know from Section 3.7 that almost surely W*(z*)
converges to Z(w) = Gupin — G* and is thus bounded from above by a constant C'(w), so
that C(w) = Wk(x*) > Fj. It follows from (41) that f(s*) — f* < [Fx + G* — Guin)/S*! <
[C(w) + G* — Guin]/S*! and, since S* = O(k?), we find f(s*) — f* = O(1/k?) almost
surely. From (43) we also have (f(z*) — f*) = o(1/k) almost surely. It follows from Line 1
in Algorithm 2 and from the convexity of h that f(2*) — f* = O(1/k?) almost surely.

Since (69) still holds, we find that the sequence s*(w) is bounded for w € £2, with f(s*(w))—
f*=0(1/k).

All the accumulation points of (s*(w)) are thus feasible if w € 2. As a consequence, we
find lim inf;_,., G(s*) > G* almost surely. Under strong convexity, (36) now reduces to

o = a* | + S UL () — ]+ BIG(GH) - 6] < o

1

D 289k-1

(73)

Reasoning as we did for (70), we also find lim sup,,_,., G(s*) < G* with probability one. It
follow that, almost surely, limy,_,, G(s*) = G* and z* is the unique accumulation point of (s*).
As for the convergence rate of the sequence (f(s*(w))), it still holds that G(s*(w))—G* = o(1)
almost surely, and that limy,_,, E[G* — G(s*(w))] < 0. Applying this last resul to (70) yields

C E[GT - G(sY)

E[f(sk) - 1< (SF-1)2 + Gk—1 - O<1/k2>’
which completes the proof of Theorem 2.3. U
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