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Unified Mathematical Framework: Integrating Classical
Set Theory with Surreal Mathematics

Joseph Spurway

Abstract—This paper presents a rigorous synthesis of classical set
theory, grounded in the Zermelo-Fraenkel (ZF) axioms, and surreal
mathematics. The first part delves into the foundational elements of
classical set theory, including boundary functions, axiomatic structures,
and their classical interpretations. The second part extends these concepts
into the realm of surreal mathematics, where boundaries, sets, and axioms
are redefined within a dynamic, higher-dimensional framework. Through
this integration, the paper establishes a unified approach that preserves
the rigor of traditional mathematics while allowing for the flexibility
and depth of surreal interpretations. The implications of this synthesis
are explored, offering new perspectives on both theoretical and applied
mathematics.

CONTENTS

PART I: CLASSICAL SET THEORY
1. INTRODUCTION

Classical set theory is the foundation upon which modern mathe-
matics is built. It provides the language and tools necessary for dis-
cussing collections of objects, their relationships, and the operations
that can be performed on them. Central to this theory are the concepts
of sets, elements, and boundary functions, all of which are governed
by a rigorous set of axioms. This part of the paper will explore these
foundational elements, providing the necessary background for the
subsequent discussion of surreal mathematics.

II. SETS AND ELEMENTS

A. Basic Definitions

A set S is defined as a collection of distinct objects, called
elements, denoted as S = {z1,z2,...,2»}. The notion of set
membership, where an element x; belongs to the set S, is expressed
as x; € S. [4]

B. Operations on Sets

Sets are subject to various operations, including union, intersection,
and complement:

SUT ={z|zeSorzecT}
SNT={z|zeSandzeT}
S¢={z|xz ¢S}

These operations form the basis for much of classical set theory,
enabling the construction of more complex sets and functions.

C. The Power Set and Cardinality

The power set P(S) of a set S is the set of all subsets of S,
including the empty set and S itself. The cardinality |S| of a set S is
a measure of the size” of the set, defined as the number of elements
in S. For finite sets, |.S| is simply the number of elements, but for
infinite sets, cardinality requires more sophisticated tools, such as
ordinal and cardinal numbers.

III. BOUNDARY FUNCTIONS
A. Topological Foundations

In classical set theory, particularly within the context of topology,
the concept of boundaries is crucial. Given a topological space X
and a subset S C X, the boundary of S is defined as:

08 =SNX\S§,

where S denotes the closure of S, and X \ S is the complement of
Sin X.

B. Properties of Boundary Functions

Boundary functions have several important properties:

Theorem 1 (Basic Properties of Boundaries). For any subset S C X,
the boundary 0S satisfies the following:

1) 08 =0(X\5).

2) 0SC Sand S C X\ S.

3) S is closed if and only if S contains its boundary: S O 0S.

Lemma 2 (Commutativity of Intersection). For any sets A and B
in a topological space X, the intersection operation is commutative:

ANB=BnNA.

Proof of Theorem 1. This property follows directly from the defini-
tion of the intersection of sets. Since an element x is in AN B if
and only if x is in both A and B, the order of the intersection does
not matter, hence AN B = BN A. We will prove each property step
by step:

1. Equality of Boundaries: - Consider the boundary definition
08 = SNX \ S. - Similarly, the boundary of the complement X \ S
is given by:

AX\S)=X\5nS.
- Since the intersection operation is commutative, we have:
SNX\S=X\8n§S,

which implies that S = 9(X \ S).

2. Subset Properties: - By definition, 9S C S since dS is the
intersection of S with another set. - Similarly, S C X \ S since it
is also intersected with X \ S. - Therefore, 35S is a subset of both S
and X \ S.

3. Closed Sets and Boundaries: - If S is closed, S = S, so:

9S=SNX\S=SnXx\S.

- Since S is closed and contains all its limit points, S C S, implying
S D 0S. - Conversely, if S contains its boundary, S O 95, and
hence, S must be closed because it contains all points where the
boundary could extend. O

IV. AXIOMATIC STRUCTURE
A. Zermelo-Fraenkel Axioms

Set theory is built upon a foundation of axioms, such as the
Zermelo-Fraenkel (ZF) axioms. One of the most fundamental is the
Axiom of Extensionality:

VS, T (S=T <= Vo (z €S < z€T)).

This axiom asserts that two sets are equal if and only if they have the
same elements, forming the basis for much of the logical structure
in set theory.
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Fig. 1. Unique and shared elements of both mathematical frameworks

B. The Axiom of Choice

Another critical axiom is the Axiom of Choice, which states that
for any set .S of non-empty sets, there exists a choice function f such
that for each A € S, f(A) € A. This axiom is equivalent to several
other important results in mathematics, such as Zorn’s Lemma and
the Well-Ordering Theorem.

C. Set Theoretic Constructs

Beyond the basic axioms, set theory explores advanced constructs
such as ordinals, cardinals, and the cumulative hierarchy. These
constructs allow for a deeper understanding of infinite sets, transfinite
induction, and the continuum hypothesis. In integrating classical set
theory with surreal mathematics, we extend the traditional Zermelo-
Fraenkel axioms to accommodate the unique properties of surreal
numbers. The following extensions and adaptations are proposed:

1) Axiom of Extensionality for Surreal Sets: For surreal sets S,
and T, we define:

Ve(r€Ss <= zeTs) = S =T,

ensuring that sets are uniquely determined by their elements, even
when those elements include infinitesimals and infinities. [5]

2) Axiom of Pairing and Union in Surreal Contexts: We extend
the axioms of pairing and union to surreal sets, allowing for the
construction of sets containing surreal numbers:

Va,y3S{z,y} € S and VSIU|JS €U,

where S and U include surreal elements.
3) Infinity Axiom Adaptation: Given the nature of surreal numbers,
which inherently include infinities, we adapt the infinity axiom:

3S(ws € SAVz(z € S = zU{z} €Y9)),

where w, represents a surreal ordinal, extending the concept of
classical ordinals.

PART II: SURREAL MATHEMATICS
V. INTRODUCTION TO SURREAL MATHEMATICS
A. The Construction of Surreal Numbers

Surreal numbers are an extension of the real numbers that include
both infinitesimals and infinities. They are constructed recursively
using the formula:

x = {L|R},

where L and R are sets of surreal numbers such that every element
of L is less than = and every element of R is greater than x. The
simplest surreal number is 0 = {@|@}. [2]

B. Properties and Operations

Surreal numbers form a totally ordered field, meaning they support
addition, multiplication, and comparison operations that satisfy the
usual field axioms. Moreover, the field of surreal numbers is closed
under these operations, making it a powerful tool for mathematical
analysis. [1]

VI. NUMBER TRANSFORMATIONS IN SURREAL SPACES
A. Transformation Functions

Consider a surreal number y = {L|R}. A transformation function
T acts on y as follows:

T(y) ={T(L)|T(R)}.

Transformation functions can represent operations such as rotation,
scaling, or more complex interactions within surreal spaces.

B. Higher-Dimensional Transformations

In the context of higher-dimensional surreal spaces, transfor-
mations become more complex. For example, a rotation in a 3-
dimensional surreal space might be represented by a quaternionic
transformation:

/o —1
q =agb ",

where ¢ is a quaternion representing the surreal number, and a, b are
unit quaternions representing the rotation.

C. Applications of Transformations

These transformation functions have applications in various areas,
including physics, where they can model dynamic systems that
involve both infinitesimal and infinite quantities.

VII. DYNAMIC BOUNDARIES IN SURREAL MATHEMATICS
A. Reinterpretation of Boundary Functions

In surreal mathematics, boundaries are dynamic rather than static.
For a surreal set S5, the boundary at time ¢ is given by:

08, (t) = T (055(0)),

where T} is a time-dependent transformation function. This redefi-
nition allows boundaries to evolve based on the underlying transfor-
mations within the surreal space. [3]

B. Properties of Dynamic Boundaries

Dynamic boundaries in surreal mathematics satisfy properties anal-
ogous to those in classical set theory, but with additional complexity
due to the influence of the transformation function:

Lemma 3 (Identity Transformation Preservation). For any surreal
set Ss and identity transformation T} at time t, the transformation
preserves the set:

Ty(Ss) = Ss.

Proof. Since the identity transformation 7% is defined as a mapping
that leaves every element of the set unchanged, it follows that
applying T3 to Ss results in the same set Ss. O

Lemma 4 (Continuous Transformation Effect on Boundaries). Let
T: be a continuous transformation function applied to a surreal set
Ss. The boundary 0Ss(t) evolves continuously with t:

lim 9S4(t) = 0Ss(to).
t—to

Proof. The proof is based on the continuity of the transformation 7%,
which implies that small changes in ¢ produce small changes in the



set Sq(t). Since the boundary 05, (t) is defined in terms of S (t), it
too will evolve continuously as ¢ changes. O

Theorem 5. For any surreal set Ss in a surreal space, the dynamic
boundary 0S(t) satisfies:
1) 9Ss(t) = 9(T(Ss)).
2) If Ty is an identity transformation, then 9Ss(t) = 9Ss(0).
3) The evolution of the boundary 0Ss(t) is governed by the prop-
erties of the transformation Tk, allowing for both continuous
and discrete changes in the boundary’s structure.

Proof. The first property follows directly from the definition of
dynamic boundaries and the action of the transformation function
T: on the set Ss. The second property is a special case where the
transformation function does not alter the set, preserving the initial
boundary. The third property is a consequence of the nature of the
transformation function 73, which can induce either smooth or abrupt
changes in the boundary, reflecting the dynamic complexity of surreal
spaces. O

VIII. DYNAMIC BOUNDARIES IN SURREAL MATHEMATICS
A. Properties of Dynamic Boundaries

Dynamic boundaries in surreal mathematics satisfy properties anal-
ogous to those in classical set theory, but with additional complexity
due to the influence of the transformation function:

Theorem 6 (Properties of Dynamic Boundaries). For any surreal set
Ss in a surreal space, the dynamic boundary 0S(t) satisfies:
1) 9Ss(t) = 9(T%(Ss)).
2) If Ty is an identity transformation, then 9Ss(t) = 9Ss(0).
3) The evolution of the boundary 0S(t) is governed by the prop-
erties of the transformation Tk, allowing for both continuous
and discrete changes in the boundary’s structure.

Proof of Theorem 6. We will prove each property in detail:

1. Boundary Under Transformation: - Consider the dynamic
boundary at time ¢, 9Ss(t) = T:(8Ss(0)). - The transformation
function 7T affects both the set Ss and its boundary simultaneously.
- Hence, applying T; to S, directly impacts the boundary, and we
have:

A(Ti(Ss)) = Ti(8S4(0)).

- Thus, 05s(t) = O(T:(Ss)).

2. Identity Transformation: - If 73 is the identity transformation,
T:(Ss) = S, for all ¢, meaning the boundary does not change over
time:

8. (t) = (S.) = 8S.(0).

- Therefore, the boundary remains invariant under the identity trans-
formation.

3. Evolution of Boundaries: - The nature of the transformation 7
determines how the boundary 9.S(t) evolves. - If T} is continuous,
small changes in ¢ will lead to small, continuous changes in 9.55(t). -
If T3 is a discrete or abrupt transformation, the boundary may experi-
ence jumps or discontinuities. - This property illustrates the flexibility
and complexity inherent in surreal spaces, where boundaries are not
fixed but evolve dynamically. O

B. Implications for Surreal Topology

The dynamic nature of surreal boundaries has significant impli-
cations for the study of topology in surreal spaces. Unlike classical
topologies, where boundaries are fixed, surreal topologies must ac-
count for the evolving nature of boundaries and the resulting changes
in topological properties over time.

Corollary 6.1 (Dynamic Topological Invariance). For a surreal
topological space Xs, the topological properties that depend on
boundaries, such as connectedness or compactness, must be re-
evaluated at each time t as the boundaries evolve. This leads to a
dynamic form of topology, where properties can change in response
to boundary transformations.

IX. CATEGORY THEORETIC GENERALIZATION

A. Categories of Sets and Surreal Numbers

In category theory, a category C consists of objects and morphisms
(arrows) between those objects, satisfying specific composition and
identity properties.

Definition 1 (Category of Sets). Let Set be the category where:

o Objects are sets S € Set.

o Morphisms are functions f : S — T between sets.

o The composition of morphisms is associative, and each set has
an identity morphism ids : S — S.

Definition 2 (Category of Surreal Numbers). Let Sur be the category
where:

o Objects are surreal numbers x € Sur.

o Morphisms are surreal transformations T : x — .

o The composition of surreal transformations is associative, and
each surreal number has an identity transformation id, : * — x.

Lemma 7 (Preservation of Structure by Functors). Let F': C — D
be a functor between categories C and D. For any objects A, B in C
and morphism f : A — B, the functor F preserves the composition
and identity morphisms:

F(ida) =idpay, F(go f)=F(g)oF(f).

Proof. By the definition of a functor, F' must map identity morphisms
in C to identity morphisms in D and preserve the composition
of morphisms. This ensures that the structure of the category is
maintained under the functor F'. O

Lemma 8 (Surreal Transformation Lemma). Let T' : x — y be a
surreal transformation. For any surreal numbers x = {L, | R, } and
y ={Ly | Ry}, the transformation T acts on the sets L and R as
follows:

T({Le | Ra}) ={T(Lz) | T(Rz)}-

Proof. This follows from the recursive nature of surreal numbers,
where a transformation 7" applies to the left and right sets L and R
of a surreal number. The transformation 7" preserves the ordering and
structure within these sets, resulting in the stated form. O

Theorem 9 (Functoriality). There exists a functor F' : Set — Sur
that preserves the structure of sets and their mappings as they
are transformed into surreal numbers and surreal transformations,
respectively. Specifically:

F(ids) = idrsy, F(gof)=F(g)oF(f),

for all functions f:S — T and g: T — U.

Proof. This follows from the properties of functors, where F' must
map identity functions to identity transformations and preserve the
composition of morphisms, thus maintaining the structural integrity
across the categories. O



X. GENERALIZATION OF SET AXIOMS

A. Extension of the Axiom of Extensionality

In surreal mathematics, the Axiom of Extensionality must accom-
modate the dynamic and evolving nature of surreal sets. For surreal
sets Ss(t) and T (¢), the axiom becomes:

Ss(t) =Ts(t) <= Yy (y € Ss(t) <= y € Ts(t)),

where y is a surreal number, and the sets Ss(t) and T (t) may evolve
over time or under transformation functions.

Proof of Generalized Extensionality. The proof follows by consider-
ing the evolution of each set over time. If y € Ss(t) and y € Ts(t)
for all times ¢, then the sets must be equal at every point in their
evolution, ensuring Ss(t) = T,(t). This generalization allows the
Axiom of Extensionality to hold in a dynamic context. O

B. Generalization of the Axiom of Choice

The Axiom of Choice in surreal mathematics extends to allow for
selection from evolving sets. Given a collection of surreal sets S5 (t),
there exists a choice function fs such that:

fs(Ss(1)) € Ss(t),

where T represents the set of all possible times or parameters over
which the surreal sets evolve.

VteT,

Proof of Generalized Axiom of Choice. The proof relies on the abil-
ity to construct a choice function at each time ¢ that selects an element
from the set S (). This function must be well-defined at every point
in time, ensuring that the choice is consistent with the evolving nature
of the set. The extension of the axiom ensures that choices can be
made even as the sets themselves change over time. O

C. Implications for Set-Theoretic Constructs

The generalization of these axioms impacts several advanced set-
theoretic constructs, such as ordinals, cardinals, and hierarchies,
especially in the context of surreal mathematics.

Lemma 10 (Surreal Set Identity Under Transformation). For surreal
sets Ss(t) and Ts(t), if Ss(t) = Ts(t) for all t, then:

Va(z € So(t) <= z € Tu(t)) = Sa(t) = Tu(t).

Proof. If every element z in the set Ss(¢) is also in T(t) and vice
versa, then the sets must be identical. This holds at every time ¢,
ensuring that the transformation does not alter the identity of the
sets. O

Theorem 11 (Surreal Ordinal Hierarchies). Surreal ordinals extend
classical ordinal hierarchies by incorporating both infinitesimal and
infinite values. The structure of these hierarchies is more complex and
dense than classical ordinals, reflecting the richer nature of surreal
mathematics.

Proof. The proof involves the recursive construction of surreal or-
dinals, ensuring that every possible ordinal is included within the
hierarchy. The dense ordering of surreal ordinals allows for the
seamless integration of infinitesimal and infinite scales, thereby
enriching the hierarchical structure. O

XI. Toros THEORETIC GENERALIZATION
A. Topos Definition

A topos T is a category that behaves like the category of sets Set
but can include more general objects and morphisms.

Definition 3 (Topos). A category T is a topos if it has the following
properties:
o T has all finite limits, including pullbacks.
o T has exponentials, meaning for any objects A,B € T,
there exists an exponential object B representing the space
of morphisms from A to B.
o T has a subobject classifier, which generalizes the notion of
characteristic functions.

B. Surreal Topos

We define a surreal topos SurT, where objects are surreal numbers
and morphisms are surreal transformations.

Definition 4 (Surreal Topos). Let SurT be the category with the
following structure:

o Objects are surreal numbers x € SurT.

o Morphisms are surreal transformations T' : x — .

o SurT has finite limits, exponentials, and a subobject classifier.

C. Applications in Surreal Topology and Logic

The surreal topos SurT allows us to apply both logical and
geometric reasoning to surreal mathematics. This enables us to extend
classical results in topology and logic to the surreal setting.

Theorem 12 (Surreal Subobject Classifier). In the surreal topos
SurT, the subobject classifier can be used to define surreal analogs
of classical topological and logical constructs.

Proof. The proof involves constructing a surreal subobject classifier
that behaves analogously to the subobject classifier in classical
topos theory, but with the flexibility to handle surreal numbers and
transformations. O

XII. SURREAL SET HIERARCHIES AND ORDINALS
A. Definition of Surreal Ordinals

Surreal ordinals are defined recursively, akin to surreal numbers.
Each ordinal w; is formed from a left set L and a right set R, where
each element of L is less than ws and each element of R is greater.
This recursive definition ensures that surreal ordinals capture both
infinitesimal and infinite scales.

Lemma 13 (Ordering of Surreal Ordinals). For any surreal ordinals
o ={Ls | Ra} and = {Lg | Rg} with o < 3, there exists a
surreal ordinal -y = {L~ | Ry} such that:

a<y<p.

Proof. By selecting appropriate subsets Ly = Lo U {a} and R, =
Rs U {B}, we can construct « such that it lies between « and f.
This construction ensures that v maintains the ordering properties of
surreal ordinals. O

Definition 5 (Surreal Ordinal Construction). Let L, R be sets of
surreal ordinals such that ¥l € L,r € R,l < r. Then a surreal
ordinal ws is defined as:

ws = {L | R}.

This construction begins with the simplest ordinal 0 = {0 | 0}, and
proceeds by iterating over the construction process to include larger
ordinals.



Theorem 14 (Dense Ordering of Surreal Ordinals). The set of surreal
ordinals Qs is densely ordered, meaning that for any two surreal
ordinals o, 8 € Qg with a < B, there exists a surreal ordinal -y such
that o < v < f.

Proof of Theorem 14. Given two surreal ordinals @ = {Lo | Ra}
and B8 = {Lg | Rg}, we can construct v by selecting subsets L
and R, such that:

Ly=LoU{a}, R,=RszU{B}

This construction works as follows: - « is less than all elements of
Ra, and (3 is greater than all elements of Lg. - By defining L, =
Lo U {a}, we ensure that L., contains all elements less than +, and
similarly, R, = Rg U {8} ensures that R, contains all elements
greater than ~y. - Therefore,  satisfies o < v < (3, demonstrating
the dense ordering of 2. O

B. Applications in Transfinite Induction

Theorem 15 (Transfinite Induction on Surreal Ordinals). Let P(ws)
be a property defined for all surreal ordinals ws. If:
1) P(0) is true,
2) P(«) implies P(a+ 1) for every surreal ordinal «,
3) VYA (a limit ordinal), P(a) holds for all o < A implies P()\)
holds,
then P(ws) is true for all surreal ordinals ws.

Proof of Theorem 15. The proof follows the classical method of
transfinite induction but extends it to surreal ordinals, incorporating
both infinitesimal and infinite cases: 1. Base Case: P(0) is assumed
to be true by the hypothesis. 2. Successor Case: If P(«) holds, then
P(a+1) must hold by the definition of surreal ordinals, where o+ 1
is the next ordinal after . 3. Limit Case: For any limit ordinal A,
where )\ is not a successor ordinal, P(X) holds if P(«) holds for
all @ < A. This is ensured by the dense ordering of surreal ordinals
(Theorem 14), which guarantees that all intermediate ordinals are
covered. Thus, P(ws) is true for all surreal ordinals ws. O

Intersection: Extensions

ermelo-Fraenkel Axioms Set|Operations
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Fig. 2. The relationship between Classical Set Theory and Surreal Numbers

XIII. CONCLUSION
A. Synthesis of Classical and Surreal Perspectives

This paper has meticulously examined the unification of classical
set theory, as embodied by the Zermelo-Fraenkel axioms, with the
expansive realm of surreal mathematics. By rigorously extending
foundational elements such as boundary functions, axiomatic struc-
tures, and operations on sets into the surreal framework, we have
crafted a cohesive mathematical schema. This framework not only
preserves the rigorous logic and structured approach of traditional set
theory but also capitalizes on the broadened potential and flexibility
of surreal mathematics. The integration elucidates new theoretical

Surreal Numbers

models and mathematical insights, bridging a crucial gap between
classical mathematical doctrines and innovative surreal concepts.

B. Implications for Future Research

The innovative synthesis delineated in this paper paves the way
for transformative research opportunities across both theoretical and
applied mathematics. The introduction of dynamic surreal bound-
aries and the generalized set axioms foster novel methodologies
for deciphering complex systems, which are indispensable in disci-
plines that model phenomena exhibiting both continuous and discrete
characteristics. The conceptual expansion of classical set theory
into surreal dimensions equips researchers with enhanced tools to
probe into uncharted territories of higher-dimensional mathematics,
potentially revolutionizing fields such as topology, number theory, and
mathematical physics. Future explorations could further apply these
principles to complex data structures, algorithmic design, and even
quantum computing, reflecting the profound versatility and utility of
this unified approach.

C. Final Remarks

The integration of classical set theory with surreal mathematics
marks a pivotal advancement in our comprehension and application
of mathematical frameworks. This unification not only deepens our
theoretical understanding but also amplifies the scope of practical
applications, enabling the tackling of previously intractable problems
through new mathematical lenses. As ongoing research delves deeper
into the implications of this synthesis, we anticipate a continuation of
significant breakthroughs that will enrich both the foundational the-
ories of mathematics and their manifold applications in science and
engineering. The dialogue between classical and surreal mathematics
is just beginning, and its full potential remains to be unearthed and
harnessed in future scholarly endeavors.
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