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Abstract: We investigate the zero-error coding for computing problem with encoder side information.
An encoder is provided an access to a source X and is furnished with side information g(Y). It
communicates with a decoder that possesses side information Y and aims to retrieve f(X,Y) with
zero probability of error, where f and g are assumed to be deterministic functions. In a previous work
we determined a condition that yields an analytic expression for the optimal rate R*(g); it covers
in particular the case where Py y is full support. In this article we review this result and study the
side information design problem, which consists in finding the best trade-offs between the quality
of the encoder’s side information g(Y) and R*(g). We construct two greedy algorithms that give
an achievable set of points in the side information design problem, based on partition refining and
coarsening. One of them runs in polynomial time.

Keywords: zero-error information theory; source coding; graph theory

1. Introduction
1.1. Zero-error coding for computing
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Figure 1. Zero-error coding for computing with side information at the encoder.

The problem of Figure 1 is a zero-error setting that relates to Orlitsky and Roche’s
coding for computing problem from [1]. This coding problem appears in video compression
[2,3], where X" models a set of images known at the encoder. The decoder does not always
want to retrieve each whole image. Instead, the decoder receives, for each image X;,t < n,a
request Y; to retrieve information f (X, Y;). This information can for instance be a detection:
cat, dog, car, bike; or a scene recognition: street/city/mountain, etc... The encoder does not
know the decoder’s exact request but has prior information about it (e.g. type of request),
which is modeled by (¢(Yt))¢<n. This problem also relates to the zero-error Slepian-Wolf
open problem, which corresponds to the special case, where g is constant and f(X,Y) = X.

Similar schemes to the one depicted in Figure 1 have already been studied. But they
differ to the one we study in two ways. First, they consider that no side information is
available at the encoder. Second, and more importantly, they consider different coding
constraints: the lossless case is studied by Orlitsky and Roche in [1], the lossy case by
Yamamoto in [4], and the zero-error “unrestricted inputs” case by Shayevitz in [5]. The
latter results can be used as bounds for our problem depicted in Figure 1 but do characterize
exactly its optimal rate.

Numerous extensions of the problem depicted in Figure 1 have been studied recently.
The distributed context, for instance, has an additional encoder which encodes Y before
transmitting it to the decoder. Achievability schemes have been proposed for this setting by
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Krithivasan and Pradhan in [6] using abelian groups; by Basu et al. in [7] using hypergraphs
for the case with maximum distortion criterion; and by Malak and Médard in [8] using
hyperplane separations for the continuous lossless case.

Another related context is the network setting, where the function of source random
variables from source nodes has to be retrieved at the sink node of a given network. For
tree networks, the feasible rate region is characterized by Feizi and Médard in [9] for
networks of depth one; and by Sefidgaran and Tchamkerten in [10] under a Markov source
distribution hypothesis. In [11], Ravi and Dey consider a bidirectional relay with zero-
error “unrestricted inputs” and characterize the rate region for a specific class of functions.
In [12], Guang et al. study zero-error function computation on acyclic networks with
limited capacities, and give an inner bound based on network cut-sets. For both distributed
and network settings, the zero-error coding for computing problem with encoder side
information remains open.

In a previous work [13], we determined a condition that we called “pairwise shared
side information” such that, if satisfied, the optimal rate R*(g) has a single-letter expression.
This covers many cases of interest, in particular the case where Py y is full-support for
any functions f,g. For the sake of completeness, we review this result. Moreover, we
propose an alternative and more interpretable expression for this pairwise shared side
information. More precisely, we show that the instances where the “pairwise shared side
information” condition is satisfied, correspond to the worst possible optimal rates in an
auxiliary zero-error Slepian-Wolf problem.

1.2. Encoder’s side information design

In the zero-error coding for computing problem with encoder side information, it
can be observed that a “coarse” encoder side information (e.g. if g constant) yields a high
optimal rate R*(g), whereas a “fine” encoder side information (e.g. ¢ = Id) yields a low
optimal rate R*(g). The side information design problem consists in determining the best
trade-offs between the optimal rate R*(g) and the quality of the encoder’s side information,
which is measured by its entropy H(g(Y)). This expression describes the optimal rate of
a zero-error code that transmits the quantized version of Y via the g function. The best
trade-offs correspond to the Pareto front of the achievable set, i.e. whose corner-points
cannot be obtained by a time sharing between other coding strategies. In short, we aim at
determining the Pareto front of the convex hull of the achievable pairs (H(g(Y)), R*(g)).

In this article, we propose a greedy algorithm that gives an achievable set of points in
the side information design problem, when Py y is full support. Studying our problem with
the latter hypothesis is interesting because, unlike the case of the Slepian-Wolf problem,
it does not necessarily correspond to a worst-case scenario. Recall indeed, that, when
Px y is full-support, the Slepian-Wolf encoder does not benefit from the side-information
available at the decoder and needs to send X. In our problem instead, if the retrieval
function f(X,Y) =Y, since the decoder already has access to Y, no information needs to be
sent by the encoder and the optimal rate is 0. Finally, the proposed algorithm relies on our
results with “pairwise shared side information” that give the optimal rate for all function
g, and performs a greedy partition coarsening when choosing the next achievable point.
Moreover, it runs in polynomial time.

The paper is organised as follows. In Section 2, we present formally the zero-error
coding for computing problem and the encoder’s side information design problem. In
Section 3, we give our theoretic results on the zero-error coding for computing problem,
including the “pairwise shared side information” condition. In Section 4 we present our
greedy algorithms for the encoder’s side information design problem.

2. Formal presentation of the problem

We denote sequences by x” = (x1, ..., x,). The set of probability distributions over X
is denoted by A(X'). The distribution of X is denoted by Px € A(X'), its support is denoted
by supp Px. Given the sequence length n € N*, we denote by A, (X) C A(X) the set of
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empirical distributions of sequences from X". We denote by {0,1}* the set of binary words.

The collection of subsets of a set ) is denoted by P()).

Definition 1. The zero-error source coding problem of Figure 1 is described by:
- Four finite sets U, X, Y, Z and a source distribution Px y € A(X x Y);

- Foralln € N*, (X",Y") is the random sequence of n copies of (X,Y), drawn in an i.i.d.

fashion using P y.
- Two deterministic functions

f:XxY—=U, @
g:V— Z. @
- An encoder that knows X" and (g(Yt))Kn

decoder that knows Y", and that wants to retrieve ( f(Xe, Yt)) < without error.

sends binary strings over a noiseless channel to a

A coding scheme in this setting is described by:

- Atime horizon n € N*, and an encoding function ¢e : X" x Z™ — {0,1}* such that Im ¢,
is prefix-free;

- Adecoding function ¢z : V" x {0,1}* — U";

- The rate is the average length of the codeword per source symbol,
ie. R=1E[lope(X",(g(Y1))t<n)], where £ denotes the codeword length function;

- N, Qe, ¢pg must satisfy the zero-error property:

P(% (", e (X", (g(¥i))i<)) # (f(xt,m)@) 0. )
The minimal rate under the zero-error constraint is defined by:
* . : 1 n
R*(g) = inf —E[lod(X", (g§(Y?))i<n)] 4)
Qe g 1

zero-error

The definition of the Pareto front that we give below is adapted to the encoder’s
side information design problem, and allows to describe the best trade-off between the
quality of the encoder side information and the rate to compute the function f(X,Y) at
the decoder. In other works, the definition of a Pareto front may differ, depending on the
minimization/maximization problem considered, and on the number of variables to be
optimized.

Definition 2 (Pareto front). Let S C R be a set, the Pareto front of S is defined by
Par(S)i{xeS‘Vx'ES\{x}, x> x orx§>x2}. 5)

Definition 3. The side information design problem in Fiqure 1 consists in determining the Pareto
front of the achievable pairs (H(g(Y)), R*(g)):

]-"iPar(Conv{(H(g(Y)),R*(g)) ’g:y—> Z}) ©)
where Conv denotes the convex hull.
In our zero-error setup, all alphabets are finite. Therefore, the Pareto front of the

convex hull in (6) is computed on a finite set of points, which correspond to the best
trade-offs for the encoder’s side information.
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3. Theoretic results

Determining the optimal rate in the zero-error coding for computing problem, with or
without encoder side information, is an open problem. In a previous contribution [13] we
determined a condition that, when satisfied, yields an analytic expression for the optimal
rate. Interestingly, this condition is general as it does not depend on the function f to be
retrieved at the decoder.

3.1. General case

We first build the characteristic graph Gy,,), which is a probabilistic graph that captures
the zero-error encoding constraints on a given number 7 of source uses. It differs from the
graphs used in [5], as we do not need a cartesian representation of these graphs to study the
optimal rates. Furthermore, it has a vertex for each possible realization of (X", (g(Y}))
known at the encoder, instead of X" as in the zero-error Slepian-Wolf problem [14].

tgn)

Definition 4 (Characteristic graph Gy,)). The characteristic graph Gy, is defined by:

- X7 X 2" as set of vertices with distribution Py ),

- (x",2")(x™, 2" are adjacent if 2" = z'™ and there exists y" € ¢~ (2") such that:

Vt < n, Pxy(xt,yt)Px vy (x;,yt) > 0, @)
and 3t < n, f(xoye) £ F(xh ) 8)

where g1(2%) = {y" € " | (g(0)) 1o = 2"}

The characteristic graph G| is designed with the same core idea as in [15]: (x",z")
and (x,z'™) are adjacent if there exists a side information symbol i compatible with the
observation of the encoder (i.e. z" = 2" and y" € g~1(z")), such that f(x",y") # f(x™,y").
In order to prevent erroneous decodings, the encoder must map adjacent pairs of sequences
to different codewords; hence the use of graph colorings, defined below.

Definition 5 (Coloring, independent subset). Let G = (V, &, Py) be a probabilistic graph. A
subset S C V is independent if xx' ¢ & for all x,x" € S. Let C be a finite set (the set of colors), a
mapping ¢ : V — C is a coloring if ¢~ 1(i) is an independent subset for all i € C.

The chromatic entropy of Gy, gives the best rate of n-shot zero-error encoding func-
tions, as in [14].

Definition 6 (Chromatic entropy Hy). The chromatic entropy of a probabilistic graph G =
(V, &, Py) is defined by

H,(G) = inf {H(c(V)) | cis a coloring of G}. )

Theorem 7 (Optimal rate). The optimal rate writes:

oy 1

R*(g) = lim —Hy(Gyy)- (10)
Proof. By construction the following holds: for all encoding function ¢,, ¢, is a coloring
of G[n] if and only if there exists a decoding function ¢, such that (n, ¢, ¢,;) satisfies the
zero-error property. Thus the best achievable rate writes

Ri(g) = i%f(pe colorihrgof G H((Pg (Xn’ (g(Yt))t§">> (11)

= lim 1HX(GM). (12)

n—o00 1

134
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where (12) comes from Fekete’s Lemma and from the definition of Hy. [

A general single-letter expression for R*(g) is missing, due to the lack of intrinsic
structure of G,j. In Section 3.2, we introduce a hypothesis that gives structure to G, and
allows us to derive a single-letter expression for R*(g).

3.2. Pairwise shared side information

Definition 8. The distribution Px y and the function g satisfy the “pairwise shared side informa-
tion” condition if

Vze ZVx,x' € X,3y € gil(z),ny(x,y)PXy(x’,y) >0, (13)

where Im(g) is the image of the function ¢.This means that for all z output of g, every pair (x, x")
“shares” at least one side information symbol y € g~ 1(z).

Note that any full-support distribution Py y satisfies the “pairwise shared side infor-
mation” hypothesis. In Theorem 9, we give an interpretation of the “pairwise shared side
information” condition in terms of the optimal rate in an auxiliary zero-error Slepian-Wolf
problem.

Theorem 9. The tuple (Pxy, g) satisfies the condition “pairwise shared side information” (13)
< R*(g) = H(X|g(Y)) in the case f(X,Y) = X, and for all z € Z, Pxjo(y)—; i
full-support.

The proof of Theorem 9 is given in Appendix A.1.

Definition 10 (AND, OR product). Let Gy = (V1,&1, Py, ), Go = (Va, &, Py,) be two proba-
bilistic graphs; their AND (resp. OR) product denoted by G1 A Gy (resp. G V Gp) is defined by:
V1 X Vs as set of vertices, Py, Py, as probability distribution on the vertices, and (v1vy), (v}v5) are
adjacent if

010} € & AND vy0h € &, (14)
resp. (v10] € & and vy # v) OR (vyvh € & and vy # vh);

with the convention that all vertices are self-adjacent. We denote by G{" (resp. G{"") the n-th AND
(resp. OR) power.

AND and OR powers significantly differ in terms of existing single-letter expression
for the associated asymptotic chromatic entropy. Indeed, in the zero-error Slepian-Wolf
problem in [14], the optimal rate lim;co %H X(G/\”), which relies on an AND power, does
not have a single-letter expression. There exists instead, closed form expressions for OR
powers of graphs. More precisely, as recalled in Proposition 12, limy e 1 Hy (G"") admits
a single letter expression called the Korner graph entropy, introduced in [16], and defined
below. This observation is key for us to derive a single letter expression for our problem.
More precisely, by using a convex combination of Kérner graph entropies, we provide a
single-letter expression in Theorem 14 for the optimal rate R*(g).

Definition 11 (Korner graph entropy Hy). Forall G = (V, &, Py), let T'(G) be the collection of
independent sets of vertices in G. The Korner graph entropy of G is defined by

H(G) = i I(W; V), 15
(@)= il ™) 1

where the minimum is taken over all distributions Pyy € AW)Y, with W = T(G) and the
constraint that the random vertex V belongs to the random set W with probability one.

139
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Below, we recall that the limit of the normalized chromatic entropy of the OR product
of graphs admits a closed form expression given by the Kérner graph entropy Hy. Moreover,
the Korner graph entropy of OR products of graphs is simply the sum of the individual
Korner graph entropies.

Proposition 12 (Properties of Hy). [14, Theorem 5] For all probabilistic graphs G and G/,

Hi(G) = lim LHy(G™"), (16)
He(GV G') = He(G) + H(G). (17)

Definition 13 (Auxiliary graph G; ). Forall z € Z, we define the auxiliary graph G; by
- X as set of vertices with distribution Px|q(y)—,
- xx' are adjacent if f(x,y) # f(x',y) for some y € g~1(z) N supp Py|x_ Nsupp Py|x_y-

Theorem 14 (Pairwise shared side information). If Pxy and g satisfy (13), the optimal rate
writes:

R*(g) = Y Py(y)(2)He(GL). (18)

zeZ

The proof is in Section A.2, the keypoint is the particular structure of G, a disjoint
union of OR products.

Remark 15. The “pairwise shared side information” assumption (13) implies that the adjacency
condition (7) is satisfied, which makes G, a disjoint union of OR products. Moreover, Korner
graph entropies appear in the final expression for R*(g), even if Gy, is not an n-th OR power.

Now consider the case where Py y is full-support. This is a sufficient condition to
have (13). The optimal rate in this setting is derived from Theorem 14, which leads to the
analytic expression in Theorem 16.

Theorem 16 (Optimal rate when Py y is full-support). When Px y is full-support, the optimal
rate writes:

R*(g) = H(j(X,8(Y))|3(Y)), (19)
where the function j returns a word in U*, defined by

JiX X Z U 20)
(.’X,Z) = (f(x/y/))y’egfl(z)'

Proof. By Theorem 14, R*(g) = YL.cz Py(y) (Z)HK(GZ). It can be shown that Gg is complete

multipartite for all z as Py y is full support; and it satisfies HK(GZ ) =H(j(X,8(Y))|g(Y) =
z).O

3.3. Example

In this example, the “pairwise shared side information” assumption is satisfied and
R*(g) is strictly less than a conditional Huffman coding of X knowing g(Y); and also
strictly less than the optimal rate without exploiting g(Y) at the encoder.

Consider the probability distribution and function outcomes depicted in Figure 2,
withtd = {a,b,c}, X = {0,..,3}, Y = {0,..,7},and Z = {0,1}. Let us show that the
“pairwise shared side information” assumption is satisfied. The source symbols 0,1,2 € X
share the side information symbol 0 (resp. 5) when g(Y) = 0 (resp. g(Y) = 1). The source
symbol 3 € X shares the side information symbols 1, 2,3 with the source symbols 0, 1,2,
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Y
Pxy
0 1 2 3 4 5 6 7
g(Y)=0 g(Y) =
0 0.1 0.05 = * 0.05 0.05 = *
X 1 01 =* 0.05 =* 0.05 0.05 0.05 =
2 0.1 * 0.05 *  0.05 = *
3 * 0.05 0.05 0.05 * 0.05 * 0.05
Y
fG.)
0 1 3 4 5 6 7
g(Y) = g(Y) =
0 a b * * b a * *
1 a * b * a a b *
X
2 b * * c * b * *
3 * c c c * c * c

Figure 2. An example of Px y and g that satisfy (13); along with the outcomes f (X, Y). The elements
outside supp Px y are denoted by *.

respectively, when ¢(Y) = 0; and the source symbol 3 shares the side information symbol 5
with all other source symbols when g(Y) = 1.

Since the “pairwise shared side information” assumption is satisfied, we can use
Theorem 14; the optimal rate writes

R¥(8) = Pyy) (0)Hy(G}) + Pyy) (1) Hi(G). (21)

First we need to determine the probabilistic graphs Gg and G{ .In Gé[ , the vertex 0 is
adjacent to 2 and 3, as f(0,0) # f(2,0) and f(0,1) # f(3,1). The vertex 1 is also adjacent to
2and3as f(1,0) # f(2,0) and £(1,2) # f(3,2). Furthermore Px/,(y)—o is uniform, hence
Gg = (C4, Unif(X')) where Cy is the cycle graph with 4 vertices.

In G{ , the vertices 1, 2, 3 are pairwise adjacent as f(1,5), f(2,5) and f(3,5) are pairwise
different; and 0 is adjacent to 1, 2 and 3 because of the different function outputs generated
by Y =4andY = 5. Thus, G| = (K4, Pyjg(y)—1) With Pyjg(yv)—1 = (L, 3,8, 1) and Ky is the
complete graph with 4 vertices.

Now let us determine HK(Gg ) and HK(G{ ). On one hand,

He(Gl) = H(V)) =  max  H(Vp|W) (22)
VoeWET(G))

—2-1=1, (23)

with Vo ~ Pxe(y)—o = Unif(X); and where H(Vp|W) in (22) is maximized by taking
W ={0,1} when V € {0,1}, and W = {2,3} otherwise.

On the other hand,
Ho(GH= min  I1(W; 1) (24)
Viewer(c))
= H(V;) =~ 1.906, (25)

with Vi ~ Px,(y)—1; where (25) follows from T(G{) = {{0},..,{3}}, as G{ is complete.

Hence R*(g) ~ 1.362.
The rate that we would obtain by transmitting X knowing ¢(Y) at both encoder and
decoder with a conditional Huffman algorithm writes: Ryp, ¢ = H(X|g(Y)) ~ 1.962.

192
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The rate that we would obtain without exploiting g(Y) at the encoder is Rnog = 208
H(X) ~ 1.985, because of the different function outputs generated by Y =4and Y = 5. 200

Flnally, H(f(X, Y) |Y) ~ 0.875. 210

In this example we have

H(X) = RNog > Ruur > R*(g) > H(f(X, Y)[Y). (26)

This illustrates the impact of the side information at the encoder in this setting, as we can 211
observe a large gap between the optimal rate R*(g) and Ryp ¢- 212
4. Optimization of the encoder side information 213
4.1. Preliminary results on partitions 214

In order to optimize the function g in the encoder side information, we propose a new  z1s
equivalent characterization of the function g in the form of a partition of the set . The =216

equivalence is shown in the Proposition 17 below. 217
Proposition 17. Forall g : Y — Z, the collection of subsets (§~'(z)),c z is a partition of ). 218

Conversely, if A C P(Y) is a partition of ), then there exists a mapping g4 : Y — Z such =21
thatVz € Img 4, A, € A, A, = g;tl (2). 220

Proof. The direct part results directly from the fact that g is a function. For the converse 22
part, we take Z such that | Z| = | A| and we define g4 : Y — Zby g4(y) =z, wherez € Z 22
is the unique index such that y € A,. The property Vz € Img 4,3A, € A, A, = g;ll(z) is 223
therefore satisfied. 224
D 225

Now, let us define coarser and finer partitions, with the corresponding notions of 2z
merging and splitting. These operations on partitions are the core idea of our greedy =7
algorithms; as illustrated in Proposition 17, the partitions of } correspond to functions 2zs
g : Y — Z for the encoder’s side information. Therefore, obtaining a partition from another 22
means finding another function g : JV — Z for the encoder’s side information. 230

Definition 18 (Coarser, Finer). Let A, B C P()) be two partitions of the finite set ). We say
that A is coarser than B if

VBe B,dJA€ A, B C A. (27)
If so, we also say that B is finer than A. 231

Example 19. Let Y = {1,2,3,4}, the partition A = {{1},{2,3,4}} is coarser than B = =x
{{1}, {2}, {34} }. -

Definition 20 (Merging, Splitting). A merging is an operation that maps a partition A = 234
{A1, ., A, -, Aj, ..y A} to the partition A’ = { Ay, ..., A; U Aj e,y Ap}. Asplitting in an opera-  2ss

tion that maps a partition A = { Ay, ..., A;, ..., Am } to the partition A’ = {Aq, ..., Agl), AEZ), vy A}, 236

where {Afl), Afz) } form a partition of the subset A;. 237
We also define the set of partitions Merge(.A) (resp. Split(.A)), which correspond to all
partitions that can be obtained with a merging (resp. splitting) of A:

Merge(A) = {m(A) ‘ misa merging}; (28)
Split(A) = {S(A) ‘ sisa splitting}. (29)

Proposition 21. If A is coarser (resp. finer) than B, then A can be obtained from B by performing  2ss
a finite number of mergings (resp. splittings). 230
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4.2. Greedy algorithms based on partition coarsening and refining

In this Section, we assume Py y to be full-support.

With Proposition 17, we know that determining the Pareto front by a brute force
approach would at least require to enumerate the partitions of ). Therefore, the complexity
of this approach is exponential in |Y|. In the following we describe the greedy Algorithms
1 and 2 that give an achievable set for the encoder’s side information design problem; one
of them has a polynomial complexity. Then we give an example where the Pareto front
coincides with the boundary of the convex hull of the achievable rate region obtained by
both greedy algorithms.

In these a argmin (resp. argmax) means any minimizer (resp. maximizer) of the
specified quantity; and the function g4 : J — Z is a function for the encoder’s side
information corresponding to the partition .A, whose existence is given by Proposition 17.

The coarsening (resp. refining) algorithm starts by computing its first achievable
point (H(g4(Y)), R*(g.4)) with A being the finest (resp. coarsest) partition: it evaluates

R*(g.4), with g4 = Id (resp. g4 constant); and H(g4(Y)) = H(Y) (resp. H(g4(Y)) = 0).

Then, at each iteration, the next achievable point will be computed by using a merging
(resp. splitting) of the current partition .A. The next partition will be a coarser (resp. finer)
partition chosen from Merge(.A) (resp. Split(.A)), following a greedy approach. Since
we want to achieve good trade-offs between H(g4(Y)) and R*(g4), we want to decrease
H(g(Y)) (resp. R*(g.4)) as much as possible while increasing the other quantity as less as
possible. We do so by maximizing over B € Merge(.A) the negative ratio

R*(g5) — R*(g4)
H(gp(Y)) — H(ga(Y))’ (30)

resp. minimizing over B € Split(.A) the negative ratio

R*(g5) —R*(g4) .
H(gp(Y)) — H(ga(Y))’ (31)

hence the use of slope maximization (resp. minimization) in the algorithm. At the end, the
set of achievable points computed by the algorithm is returned.

Algorithm 1 Greedy coarsening algorithm
s A {{1}, |V} // A starts by being the finest partition of ), i.e. g4 = Id.

[y

2: Front < [A,ndef, ..., ndef] // Will contain the list of the |)| partitions chosen
during the execution

3:

4 forie {1,..|Y|—1}do

5: // Maximize over B merging of A the slope between (H(gz(Y)),R*(gz)) and

(H(ga(Y)),R*(g.4))-

R*(g5)—R*(g4)
A ¢ argmaxgepserge(a) H(gsigylig—m(g%))

6
7. Front[i] < A
8
9

: return Front // A={{1,..|Y|}} at this point

In Figure 3, we show rate pairs associated to all possible partitions of V: a point

corresponds to a partition of ), its position gives the associated rates (H(g(Y)), R*(g))-

Two points are linked if their corresponding partitions A, B satisfy A € Merge(B) or

A € Split(B). The obtained graph is the Hasse diagram for the partial order “coarser than”.

Note that, due to symmetries in the chosen example, several points associated to different
partitions may overlap. In Figure 4 (resp. Figure 5), we give an illustration of the trajectory
of the greedy coarsening (resp. refining) algorithm.

253
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Algorithm 2 Greedy refining algorithm

A« {{1,..,1Y}} // A starts by being the coarsest partition of ), i.e. g4 = Id.
: Front < [A,ndef, ..., ndef] // Will contain the list of the |)| partitions chosen
during the execution

2

'S

: forie {1,..,|Y|—1} do

@

(

// Minimize over B splitting of A the slope between (H(g4(Y)),R*(g4)) and
H(gp(Y)), R*(85))-
R*(gB)—R* (g4

. R
A < argmingespiie 4) gy (V) Higs <)Y>>
Front[i] + A

return Front // A= {{1},..{|Y|}} at this point

Figures 3, 4, 5 are obtained with the following problem data:

R*(g)

00 0 1

' oo 11

Pxy = Unif(X x ) fG) = 1100 2
1111
Achievable rates
2.0
P1
1.8 -
1.6 -
1.4 .
P3

1.2
1.0 & 5

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
H(g(Y))

Figure 3. An illustration of the rate pairs associated to all partitions of ). The Pareto front is
the broken line corresponding to the partitions p; — p2 — p3 — ps — ps; with p; = {{1,2,3,4}},
p2={{1,24},{8}}, ps = {{1,2},{3,4}}, pa = {{1.2}, {3} {4} }, ps = {{1}, {2}, {8}, {4} }.

As stated in Theorem 22, the complexity of the coarsening greedy algorithm is poly-

nomial, since | Merge(.A)| is quadratic in | )| and the evaluation of R*(g) can be done in
polynomial time. This polynomial complexity property is not satisfied by the refining
greedy algorithm, as | Split(A)| is exponential in |)/|.

261
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Achievable rates

R*(g)

1.0 A

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
H(g(Y))

Figure 4. An illustration of the trajectory of the coarsening greedy algorithm (blue), with the Pareto
front of the achievable rates (dashed red).

Achievable rates

2.0

1.8 A

1.6 -

R*(g)

1.4

1.2 A

1.0 A

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
H(g(Y))

Figure 5. An illustration of the trajectory of the refining greedy algorithm (green), with the Pareto
front of the achievable rates (dashed red).

Theorem 22. The coarsening greedy algorithm runs in polynomial time in |)|. The refining greedy  zes
algorithm runs in exponential time in |)|. 266
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Proof. The number of points evaluated by the coarsening (resp. refining) greedy algorithm
is O(|V)?) (resp. O(2M)): O(|V|) mergings (resp. splittings) are made; and for each
of these mergings, all points from Merge(.A) (resp. Split(.A)) are evaluated, they are at
most (Dz)‘) = O(|Y|?) (resp. O(2P!) in the worst case A = {{1,...,|Y]}}). Since the
expression R*(g) = H(j(X,g(Y))|g(Y)) from Theorem 16 allows for an evaluation of
R*(g) in polynomial time in |Y|, the coarsening (resp. refining) greedy algorithm has a
polynomial (resp. exponential) time complexity. [
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Appendix A
Appendix A.1 - Proof of Theorem 9

Consider the particular case f(X,Y) = X of Figure 1. The optimal rate in this particular
case equals the optimal rate R*(g) in the following auxiliary problem, depicted in Figure
Al: (X, g(Y)) as source available at the encoder and to be retrieved by the decoder which
knows Y (thus expecting it to retrieve ¢(Y) in addition to X does not change the optimal

rate).
X% 500, X 500,
< R » <
‘Yi’l

Figure Al. An auxiliary zero-error Slepian-Wolf problem.

Definition A1 (Characteristic graph for the zero-error Slepian-Wolf problem). Let X', )
be two finite sets and Py x be a conditional distribution from A(Y)1X|. The characteristic graph
associated to Py|x is defined by:

- X as set of vertices,
- x,x' € X areadjacent if Py x (y|x)Py|x (y|x") > 0 for somey € V.

This auxiliary problem is a particular instance of the zero-error Slepian-Wolf problem;
its optimal rate writes H(G); where H(G) is the complementary graph entropy [17] and G
is the characteristic graph in the Slepian-Wolf problem, defined in Definition A1, for the pair
((X,8(Y)),Y). The graph G has X x Z as set of vertices, and (x, z) is adjacent to (x/,z') if
there exists a side information symbol y € Y such that Px y oy (x,¥,2) Px y o(v) (¥, ¥, 2') >
0. It can be observed that the vertices (x,z) and (x/,z") such that z # 2z’ are not adjacent in
G. The graph G is therefore a disjoint union indexed by Z:

G =157 G (A1)
« — — P
R'(g) = H(G) = H(LLY G:) (A2)

where for all z € Z, G; is the characteristic graph defined in Definition A1 for the pair

(X2, YL) ~ Px yig(v)=z-
(=) Assume that g and Py y satisfy the “pairwise shared side information” condi-
tion. It directly follows that Px|q(y)—, is full-support for all z € Z. Letz € Z, and let

(x,2),(x',z) be any two vertices of G,. By construction, there exists y € ¢~!(z) such that

203
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Pxy(x,y)Pxy(x',y) > 0; hence Px y () (%,¥,2) Pxy 4(v)(x',y,2) > 0,and (x,z), (x’ Z) are

adjacent in G,. Each graph G; is therefore complete, and perfect; the graph G = |_|
is a disjoint union of perfect graphs and is therefore also perfect. We have:

zeZ

R*(g) = H( 27 G) (A3)
= HK( g cz) (A4)
= Y Py (2)He(G2) (A5)
zeEZ
=) P H(Px|g(y)=z) (A6)
zeZ
= H(X|g(Y)); (A7)

where (A3) comes from (A2); (A4) and (A5) follow from [18, Corollary 12] used on the

perfect graph |_]Z A Z ) G,; and (A6) holds as the independent subsets of the complete graph
G; are singletons containing one of its vertices.

(«=) Conversely, assume that Px|q(y)— is full-support for all z € Z, and R*(g) =
H(X[g(Y)).

Assume, ad absurdum, that at least one of the (G;),c z is not complete; then there exists
a coloring of that graph that maps two different vertices to the same color. Thus, there
exists z € Z such that

H(G:) < H(Px|g(y)=z), (A8)

as Px|¢(y)= is full-support. We have

H(X|g(Y)) = R*(g) (A9)
=AY 6. (A10)
< ¥ Py (9)H(G) (A1D)

z€Z
< H(X|g(Y)); (A12)

where (A10) comes from (A2), (A11) results from [17, Theorem 2], and (A12) follows

from (A8). We arrive at a contradiction, hence all the graphs (G;),cz are complete:

forall z € Z and x,x' € X, there exists a side information symbol y € Y such that

Px v q(v)(%,Y,2)Px v o(v)(x',y,2) > 0;hencey € ¢ 1(z), and satisfies Px y(x,y)Px y(x/,y) >

0. The condition “pairwise shared side information” is satisfied by Px y, g.

Appendix A.2 — Proof of Theorem 14

Let us specify the adjacency condition in Gy,;; under the assumption (13). Two vertices
are adjacent if they satisfy (7) and (8); however (7) is always satisfied under (13). Thus
(x™,2") (2", 2") are adjacent if z" = z/" and

W' eg (2,3t <n, f(xiye) # f(xLye). (A13)

It can be observed that the condition (A13) is the adjacency condition of an OR product of
adequate graphs; more precisely,

Gu = || VG (A14)

e Zn t<n

305
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Although G, cannot be expressed as an n-th OR power, we will show that its chromatic  ses
entropy asymptotically coincide with that of an appropriate OR power: we now search for oz
an asymptotic equivalent of Hy (Gjy)). 308

Definition A2. S, is the set of colorings of Gy, that can be written as (x",z") > (T, 6(x",2")) 300
for some mapping & : X" x Z" — C; where Tyn denotes the type of z". 310

In the following, we define Z" = (g(Y})),., . Now we need several Lemmas. Lemma  su
A3 states that the optimal coloring c(x",z") of Gy has the type of z" as a prefix ata a2
negligible rate cost. Lemma A6 gives an asymptotic formula for the minimal entropy of the 31
colorings from Sj,. 314

Lemma A3. The following asymptotic comparison holds:

Hy(Gpy) = inf H(c(X",Z")) 4+ O(logn). (A15)
¢ coloring of Gy
s.t. c€Sy

Definition A4 (Isomorphic probabilistic graphs). Let G; = (Vy, &1, Py,) and Gy = (V2, &, Py, ) =1
be two probabilistic graphs. We say that Gy is isomorphic to G (denoted by G1 ~ Gy) if there exists  sie

an isomorphism between them, i.e. a bijection ¢ : V1 — V), such that: 317
- Forallvy, v} € Vi, 010 € & <= ¢(v1)yP(v)) € &, 318
- Forall v, € V1, PV1 (01) = PVZ (w(vl)) 3190

Lemma A5. Let B be a finite set, let Pg € A(B) and let (Gy)pep be a family of isomorphic 320
probabilistic graphs, then HX(|_|5,Be 5 Gy) = Hy(Gyp) forall b € B. 321

Lemma A6. The following asymptotic comparison holds:

i nonyy _ f
ccolor%;%fofG[ﬂ] H(C(X 'Z )) - nzeZZ Pg(Y) (Z)HK(GZ) + 0(”)' (A16)
s.t. ceSy

The proof of Lemma A3 is given in Appendix A.3, its keypoint is the asymptoti- sz
cally negligible entropy of the prefix Tz» of the colorings of S;;. The proof of Lemma s
A5 is given in Appendix A.5. The proof of Lemma A6 is given in Appendix A.4, and sza
relies on the decomposition G, = L, ea,(2) G[%’, where G[Qni‘ is the subgraph induced sz
by the vertices (x",z") such that the type of z" is Q,. We show that G[%’ is a disjoint 326
union of isomorphic graphs whose chromatic entropy is given by Lemma A5 and (17):  sz7
|HX(G[%') —nY ez 0Qn (z)HK(Gé( )| < ney. Finally, uniform convergence arguments enable sz
us to conclude. 320

Now let us combine these results together:

1
1 . -
= 3 ccolonibor,, THEX"21) +0(1) (A18)
s.t. c€Sy
= Y Py (2)H(GL) +0(1), (A19)
zEZ

where (A17) comes from Theorem 7, (A18) comes from Lemma A3, and (A19) comes from 331
Lemma A6. The proof of Theorem 14 is complete. 332
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Appendix A.3 — Proof of Lemma A3

Let ¢;, be the coloring of G,) with minimal entropy. Then we have:

Hy (G[”]) - c coloriil%fof Gl H(e(x",2%) (A20)
< inf H(c(X",Z™M)) (A21)
¢ coloring of Gy
s.t. ceSy,
= inf  H(Tg,&X",Z") (A22)
cx(x",z")
r—)(Tzn,c'(x”,z”))
< H(Tyn) + H(c)(X", 2) (A23)
= HX(G[n]) + O(log n), (A24)

where (A22) comes from Definition A2; (A23) comes from the subadditivity of the entropy,
and the fact that (x",z") — (Tz», c;;(x",2")) is a coloring of Gy, that belongs to S,; and
(A24) comes from H(Tz«) = O(logn), as log |A,(Z)| = O(logn). The desired equality
comes from the bounds Hy (Gy,)) and Hy (Gp,)) + O(logn) on (A21).

Appendix A.4 — Proof of Lemma A6
Forall Q, € A, (2), let

Qn _
Gr= ] Vd, (A25)
Z eZQ” t<n

with the probability distribution induced by Py ,. This graph is formed of the connected
components of G|,; whose corresponding z" has type Q.. We need to find an equivalent

for HX(G[ ] ). Since G[ Jisa disjoint union of isomorphic graphs, we can use Lemma A5:

Hy(GRp) = HX( \/ (6! )V"Q"@). (A26)
zeZ
On one hand,
HX( \/ (¢! )V"Qn@) > HK( \/ (¢! )V”Q"<Z>) (A27)
zeZ z€Z
—n Y Qu(z)He(GY), (A28)
zeZ

where (A27) comes from Hy < H, [14, Lemma 14], (A28) comes from (17). On the other
hand,

Hx( \/ (GL) etz ) Y Qu(z)Hy((GL)'") (A29)
zEZ z€Z
=n Z Qn K +n€n/ (A30)
z€Z

where €, = max; %Hx((Gg )y — HK(Gé( ) is a quantity that does not depend on Q, and
satisfies lim;, o €4, = 0; (A29) comes from the subadditivity of Hy. Combining equations
(A26), (A28) and (A30) yields

Hy(GX) = n Y. Qulz)H(GY)| < ey, (A31)
2€Z

338
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Now, we have an equivalent for HX(G[%T ).

inf  H(c(X",Z")) (A32)
¢ coloring of Gy
s.t. ceSy,

= _(igfn) H(&(X", Z™)|Tzn) 4+ H(Tzn) (A33)
> (Ton E(x" 1))
= inf Y. Pr,(Qu)H(E(X",Z")|Tzn = Qu) 4+ O(logn) (A34)

ci(x",z")
s (Ton (e zny) Qn€Bn(2)

- Y Pr.(Qu inf H(cg, (X", Z")|Tzn = Qu) +O(logn)  (A35)
Quetu(2) cQ, coloring of G[Qn]”
= ) PTZn(Qn)HX( 1)+ O(logn) (A36)
QneM,(2)
= Z Pr,,(Qn) ( Z Qn(z)Hy( :I:nen> + O(logn) (A37)
Qn€A(Z) 2€Z
=n Y 27"DQullFy)ton) (Z Qu(z) H( ) + ne, + O(log n) (A38)
QnEAn(Z) z€EZ
=1 Y Pyy) (2)He(GL) +o(n), (A39)
zeZ

where (A34) comes from H(Tz:) = O(logn), as log |A,(Z)| = O(logn); (A35) follows s
from the fact that the entropy of ¢ can be minimized independently on each GQ”, (A36) 340
follows from the definition of G[%‘ ; (A37) comes from (A31); (A38) comes from [19, Lemma 341
2.6] and the fact that €, does not depend on Q. 342

Appendix A.5 — Proof of Lemma A5 243

Let (G;)i<n be isomorphic probabilistic graphs and G such that G = |J; G;. Let
¢; : V1 — C be the coloring of G; with minimal entropy, and let ¢* be the coloring of G
defined by

c*:V=C (A40)
U+ Cik o gbiv%l(v), (A41)
where i, is the unique integer such that v € V; , and ¢; _,; : V;, — V) is an isomorphism

between G;, and G;. In other words c* applies the same coloring pattern ¢} on each
connected component of G. We have

Hy(G) < H(c" (V) (A42)
= h(ngN Py, (j)Pc*(I/j)) (A43)
= h( Zjen Py ()P (Ad4)
= H(ei (V1)) (A45)
= Hy(G1), (A46)

where /i denotes the entropy of a distribution; (A44) comes from the definition of ¢*; and  sas
(A46) comes from the definition of cj. 345
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Now let us prove the upper bound on H,(G;). Let c be a coloring of G, and let
i* = argmin, H(c(V;)) (i.e. i* is the index of the connected component for which the
entropy of the coloring induced by ¢ is minimal). We have

H(e(V)) = h( Zjen Py ()Pey ) (A47)
= Ljen Py (D (Pe(vy) (A48)
> Yj<n Piy () H(c(Vi)) (A49)
> Hy(Gy), (A50)
= Hy(G1), (A51)

where (A48) follows from the concavity of i1; (A49) follows from the definition of i*; (A50)
comes from the fact that ¢ induces a coloring of Gj+; (A51) comes from the fact that G; and

G+ are isomorphic. Now, we can combine the bounds (A46) and (A51): for all coloring ¢ of
G we have

Hy(G) < Hy(G1) < H(c(V)), (A52)

which yields the desired equality when taking the infimum over c.
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